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Abstract. In a series of papers, we have considered a non-stationary difference equation
which was originally discovered for the deformed Virasoro conformal block. The equation in-
volves mass parameters and, when they are tuned appropriately, the equation is regarded as a
quantum KZ equation for Uq

(︁
A

(1)
1

)︁
. We introduce a ˆ︁glN generalization of the non-stationary

difference equation. The Hamiltonian is expressed in terms of q-commuting variables and al-
lows both factorized forms and a normal ordered form. By specializing the mass parameters
appropriately, the Hamiltonian can be identified with the R-matrix of the symmetric ten-
sor representation of Uq

(︁
A

(1)
N−1

)︁
, which in turn comes from the 3D (tetrahedron) R-matrix.

We conjecture that the affine Laumon partition function of type A
(1)
N−1 gives a solution to

our ˆ︁glN non-stationary difference equation. As a check of our conjecture, we work out the
four-dimensional limit and find that the non-stationary difference equation reduces to the
Fuji–Suzuki–Tsuda system.
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1 Introduction

In [5, 6], we have explored various aspects of the non-stationary difference equation;

HST
−1
qtQ,xT

−1
t,Λ ·Ψ(Λ, x) = Ψ(Λ, x), Ψ(Λ, x) =

∑︂
m,n≥0

cm,nx
m(Λ/x)n, c0,0 = 1, (1.1)

which was first introduced in [27]. The Hamiltonian has mass parameters di and is given by

HS =
1

φ(qx)φ(Λ/x)
· B ·

φ(Λ)φ
(︁
q−1d1d2d3d4Λ

)︁
φ(−d1x)φ(−d2x)φ(−d3Λ/x)φ(−d4Λ/x)

· B · 1

φ
(︁
q−1d1d2x

)︁
φ(d3d4Λ/x)

, (1.2)

where φ(z) := (z; q)∞, B is the q-Borel transformation and Tα,z denotes the shift operator
z → αz. Other notations used throughout the paper are summarized in Section 1.6 at the
end of the introduction. The non-stationary difference equation (1.1) is related to the quantized
discrete Painlevé VI equation [5]. Namely, the Hamiltonian (1.2) is equivalent to the Hamiltonian
of the discrete Painlevé VI equation given by [15], in the sense that they have the same adjoint
action on the canonical variables (F,G) with FG = q−1GF . On the other hand, if we tune two
of the mass parameters, say d2 = q−m, d3 = q−n, m,n ∈ Z≥0, the equation (1.1) can be also
identified with the quantum Knizhnik–Zamolodchikov (q-KZ) equation for Uq

(︁ˆ︁gl2)︁ with generic
spins. Based on this fact we can prove that the K-theoretic Nekrasov partition function1 coming
from the affine Laumon space provides a solution to the equation (1.1) [6].

In this paper, we propose a ˆ︁glN generalization of the non-stationary Hamiltonian (1.2). For
explicit expressions, see Definitions 1.1–1.4 below. One of the significant differences from the
N = 2 case is that the arguments of φ become q-commutative. Let us introduce two sets of
q-commutative variables (ûi, ǔi) (i ∈ Z/NZ) with the following commutation relations;

ûiûj = qδi,j−1−δi−1,j ûj ûi, ǔiǔj = qδi−1,j−δi,j−1 ǔj ǔi, (1.3)

and

ûiǔj = q2δi,j−δi,j+1−δi,j−1 ǔj ûi, (1.4)

where δi,j is the Kronecker delta modulo N . Note that the matrix which appears in the power

of q is the Cartan matrix of A
(1)
N−1. To write down the Hamiltonian of the non-stationary ˆ︁glN

difference equation with N commutative variables xi (i ∈ Z/NZ), we employ the following
representation of the algebra generated by (ûi, ǔi);

x̂i := αixiq
ϑi−ϑi−1 , x̌i := βixiq

−ϑi+ϑi−1 , (1.5)

where ϑi := xi
∂
∂xi

and αi, βi are arbitrary scaling parameters. Since the index of xi is in Z/NZ,
we will identify x0 with xN throughout the paper. From pixj = qδi,jxjpi with pi := qϑi , we

see that x̂i and x̌i satisfy the commutation relations (1.3) and (1.4). The non-stationary ˆ︁glN
Hamiltonian has 3N parameters bi, di, di (i ∈ Z/NZ). It also involves the quantum deformation
parameter q and the shift parameter t−1 = κN . In the supersymmetric gauge theory, xi are
instanton expansion parameters, bi are Coulomb moduli and (di, di) are mass parameters. The
equivariant parameters (q, t) come from the torus action (z1, z2) → (qz1, κz2) on C2.

1There is a variety of the K-theoretic Nekrasov partition functions on the affine Laumon space (see, for
example, [25]). Among them, we consider the partition function with fundamental matter multiplets.
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Definition 1.1 (non-stationary ˆ︁glN Hamiltonian). Let

∆ :=

N∑︂
i=1

(ϑ2i − ϑiϑi−1) =
1

2

N∑︂
i=1

(ϑi − ϑi−1)
2. (1.6)

We define

Hˆ︁glN (xi; bi, di, di, q, κ) = q
1
2
∆ · AL · AC · AR · q

1
2
∆ · T, (1.7)

where

T :=
N∏︂
i=1

T κbi
bi+1

,xi
. (1.8)

The shift operator T acts on xi by xi → κbi
bi+1

xi and hence on Λ := x1x2 · · ·xN by Λ → κNΛ =

t−1Λ. The middle block of the Hamiltonian is defined by

AC :=
N∏︂
k=1

1

φ(dkxk)φ(dkxk)
, (1.9)

where φ(z) := (z; q)∞. Other blocks AL and AR are given by Definitions 1.2, 1.3 and 1.4 below.

There are three equivalent definitions of AL = A(i)
L and AR = A(i)

R with i = s, h, n, which
is one of the remarkable consequences of the fact that AL and AR involve the q-commutative
variables x̂i and x̌i, respectively. To define AL and AR, we choose the scaling parameters of x̂i
and x̌i as αi = didi and βi = 1 and set DN :=

∏︁N
k=1 dkdk.

Definition 1.2 (factorized form of simple root type).

A(s)
L :=

1

GL(x̌)

1

φ(−x̌0)
GL(x̌)

1

φ(−x̌N−1)
· · · 1

φ(−x̌2)
1

φ(−x̌1)
φ(Λ), (1.10)

A(s)
R := φ

(︁
q1−NDNΛ

)︁ 1

φ(−x̂1)
1

φ(−x̂2)
· · · 1

φ(−x̂N−1)
GR(x̂)

1

φ(−x̂0)
1

GR(x̂)
, (1.11)

where GL(x̌) := φ(−x̌1) · · ·φ(−x̌N−2) and GR(x̂) := φ(−x̂N−2) · · ·φ(−x̂1) are twisting factors
by the adjoint action.

Definition 1.3 (factorized form of higher root type).

A(h)
L := eq(−x̌0)eq(−x̌0x̌1) · · · eq(−x̌0 · · · x̌N−2) · eq(−x̌N−1) · · · eq(−x̌1) · φ(Λ), (1.12)

A(h)
R := φ

(︁
q1−NDNΛ

)︁
· eq(−x̂1) · · · eq(−x̂N−1)

· eq(−x̂N−2 · · · x̂0) · · · eq(−x̂1x̂0)eq(−x̂0), (1.13)

where eq(z) = φ(z)−1 denotes the q-exponential function (see Section 1.6).

Definition 1.4 (normal ordered form).

(A(n)
L )−1 := :

N∏︂
i=1

1

φ(x̌i)
:, A(n)

R := :
N∏︂
i=1

φ(x̂i):, (1.14)

where : : denotes the normal ordering, which is a linear operator acting on a formal power series
in xi. It is defined as follows: for any analytic function F (x, θ) in 2N commutative variables
x = {xi}, θ = {θi}, we first define :F (x, θ): by the following action on a monomial xν =

∏︁N
i=1 x

νi
i :

:F (x, θ):xν = F (x, ν)xν , (1.15)
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and extend it linearly to the space of formal power series. We call the symbol :•: normal ordering.
By an abuse of notation the Euler derivatives ϑi are used for the commutative variables θi inside
the normal ordering symbol : • :, for example,

:qϑixi:x
ν = :xiq

ϑi :xν = xiq
νi · xν .

In Section 2, we will prove the equivalence of three forms of the Hamiltonian. In Section 2.1,
we show the pentagon identity implies the equivalence of two factorized forms of the Hamiltonian;
A(s)

L = A(h)
L and A(s)

R = A(h)
R . On the other hand, in Section 2.2, we employ the q-binomial theo-

rem to prove the equivalence to the normal ordered Hamiltonian: A(h)
L = A(n)

L and A(h)
R = A(n)

R .
These equalities among the Hamiltonians mean the identities as linear operators on the space
of formal power series in xi.

1.1 Several remarks

1.1.1. The arguments of the middle block AC are commutative variables xi. We note that
x̂1 · · · x̂N = q−1DNΛ, x̌1 · · · x̌N = qΛ, x̂N · · · x̂1 = q1−NDNΛ and x̌N · · · x̌1 = qN−1Λ are central
elements in the algebra.

1.1.2. Compared with the ˆ︁gl2 Hamiltonian (1.2), the q-Borel transformation q
1
2
∆ is moved

to both of the end positions. See Appendix A for the agreement of the N = 2 case of (1.7)
and (1.2). In ˆ︁glN case, if q

1
2
∆ is put between the blocks Ai, the formulas for Ai will become

more involved (see Proposition 2.13).
1.1.3. In terms of the Hamiltonian of normal ordered form, the Schrödinger equation for the

wave function ψ can be written the following way:(︁
A(n)

L

)︁−1
q−

1
2
∆ψ = AC · A(n)

R · q
1
2
∆Tψ, (1.16)

ψ =
∞∑︂

θ1,...,θN=0

cθ1,...,θNx
θ1
1 · · ·xθNN , c0,...,0 = 1. (1.17)

By the gauge transformation of the form ψ →
∏︁

i x
βi
i ·ψ with an appropriate scaling of xi we can

eliminate the parameters bi in the shift operator T so that the dependence on bi only appears
in the wave function ψ. See [5, Remark 2.9] for an explicit example in the case N = 2.

1.1.4. In Definition 1.2 of simple root type, the arguments x0, x1, . . . , xN−1 of the func-
tion φ(z) correspond to the simple roots of the affine algebra A

(1)
N−1 and Λ := x0x1 · · ·xN−1

corresponds to the null root. On the other hand in Definition 1.3 of higher root type, the Hamil-
tonian involves the q-exponential factors corresponding to the higher roots. Note that A(h)

L

and A(h)
R involve N − 1 q-exponentials which correspond to the simple roots of AN−1 and N − 1

q-exponentials with variables for higher roots of the affine algebra. The factorized Hamilto-
nian of higher root type is more convenient to see the relation to the universal R-matrix of
Uq

(︁
A

(1)
N−1

)︁
[7].

1.1.5. An interesting feature of the Hamiltonian of simple root type is that the factor
corresponding to the last variable xN = x0 is twisted by the adjoint action of GL(x̌i) or GR(x̂i),
which is the product of φ with variables x1, . . . , xN−2.

2 In contrast to the non-affine glN case,
the cyclic symmetry of the Hamiltonian in x1, . . . , xN is required for the affine ˆ︁glN case, which is
non-trivial, since the Hamiltonian involves the q-commuting variables. We note that the twisting
guarantees the desired cyclic symmetry of the Hamiltonian. In Section 2.3, we give a classical
analogue of the twisting in A(s)

L and A(s)
R . More generally, due to the pentagon identity for φ(z)−1

with q-commutative variables, the Hamiltonian Hˆ︁glN is invariant under the automorphism of the

Dynkin diagram of A
(1)
N−1 (see Corollary 2.8).

2When N = 2 this is empty.
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1.1.6. The q-commuting variables x̂i and x̌i appear in the arguments of the q-exponential
function φ(z) = eq(z)

−1. By using

Ad
(︁
q

1
2
(ϑi−ϑi−1)

2)︁
(αixi)

n = q
n
2 (x̂i)

n, Ad
(︁
q−

1
2
(ϑi−ϑi−1)

2)︁
(βixi)

n = q−
n
2 (x̌i)

n, (1.18)

(see (A.16)), we can replace the q-exponential functions with q-commuting variables by φ(xi) =
eq(xi)

−1 with commuting variables xi. For example, when N = 3, the left block A(s)
L can be

written as follows:3

q
1
2
∆ · A(s)

L · φ(Λ)−1 = q
1
2
(−ϑ1ϑ2+ϑ1ϑ3+ϑ2ϑ3)φ

(︁
q

1
2x1
)︁−1

q−ϑ1ϑ3φ
(︁
q

1
2x3
)︁−1

qϑ1ϑ3−ϑ2ϑ3φ
(︁
q

1
2x1
)︁

· qϑ1ϑ2φ
(︁
q

1
2x2
)︁−1

q−ϑ1ϑ2φ
(︁
q

1
2x1
)︁−1

q
1
2
(−ϑ1ϑ3+ϑ1ϑ2+ϑ2ϑ3) · q

1
2
∆. (1.19)

Thus, the expense of eliminating q-commuting variables from the arguments of φ(z) is the
scattered insertion of the operators of the form qquadratic in ϑi between the q-exponential functions.
Note that the position of the q-Borel transformation q

1
2
∆ is changed from the left of φ(x̂i) to

the right of φ
(︁
q

1
2xi
)︁
with commuting variables xi. For general ˆ︁glN case, see Section 2.4.

1.2 Affine Laumon partition function: Conjecture

In [6], we proved that the affine Laumon partition function of type A
(1)
1 provides a solution to

the non-stationary difference equation (1.1). In general, the affine Laumon partition function of
type A

(1)
N−1 is defined as follows.

Definition 1.5 (affine Laumon partition function). The affine Laumon partition function of

type A
(1)
N−1 is a summation over N -tuples of partitions λ⃗ =

(︁
λ(1), . . . , λ(N)

)︁
:

Z
ˆ︁glN
AL

⎛⎝ a1, . . . , aN
b1, . . . , bN
c1, . . . , cN

⃓⃓⃓⃓
⃓⃓ x1, . . . , xN

⃓⃓⃓⃓
⃓⃓ q, κ

⎞⎠
=
∑︂
λ⃗

N∏︂
i,j=1

N
(j−i|N)

∅,λ(j) (ai/bj |q, κ)N(j−i|N)

λ(i),∅ (bi/cj |q, κ)

N
(j−i|N)

λ(i),λ(j)(bi/bj |q, κ)
· xk1(λ⃗)1 · · · xkN (λ⃗)

N ,

where N
(k|N)
λ,µ (u|q, κ) is the orbifolded Nekrasov factor with color k (see [5, Definition 6.3]):

N
(k|N)
λ,µ (u|q, κ) = N

(k)
λ,µ(u|q, κ)

=
∏︂

j≥i≥1
j−i≡k (modN)

[︁
uq−µi+λj+1κ−i+j ; q

]︁
λj−λj+1

·
∏︂

β≥α≥1
β−α≡−k−1 (modN)

[︁
uqλα−µβκα−β−1; q

]︁
µβ−µβ+1

,

with

[u; q]n = u−n/2q−n(n−1)/4(u; q)n

=
(︁
u−1/2 − u1/2

)︁(︁
q−1/2u−1/2 − q1/2u1/2

)︁
· · ·
(︁
q−(n−1)/2u−1/2 − q(n−1)/2u1/2

)︁
.

The powers of the expansion parameters xi are given by the number of boxes with a fixed color:

ki(λ⃗) =
∑︂

α+β≡i+1

⃓⃓
λ(α)

⃓⃓
β
,

⃓⃓
λ(α)

⃓⃓
β
:=
∑︂
k∈Z

λ
(α)
β+Nk, (1.20)

where we denote the components of λ(α) by
(︁
λ
(α)
1 ≥ λ

(α)
2 ≥ · · ·

)︁
and set λ

(α)
i = 0 for i ≤ 0.

3The arguments of the left block AL are x̌i and we have set βi = 1 in the definition of AL.
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Now we are ready to present our main claim in this paper.

Conjecture 1.6. The affine Laumon partition function provides a solution to the non-stationary
difference equation:

Hˆ︁glN (xi; bi, di, di, q, κ)ψ = ψ, ψ =
∞∑︂

θ1,...,θN=0

cθ1,...,θNx
θ1
1 · · ·xθNN , c0,...,0 = 1, (1.21)

where ψ is the ˆ︁glN Laumon partition function in the following parametrization:

ψ = Z
ˆ︁glN
AL

⎛⎜⎝
qκbN
dN

, qκb1d1
, . . . ,

qκbN−1

dN−1

b1, b2, . . . , bN
b1

d1
, b2
d2
, . . . , bN

dN

⃓⃓⃓⃓
⃓⃓⃓
√︄
b2d1d1
qκb1

x1,

√︄
b3d2d2
qκb2

x2, . . . ,

√︄
b1dNdN
qκbN

xN

⃓⃓⃓⃓
⃓⃓⃓ q, κ

⎞⎟⎠ .

Firstly, let us make a remark on the cases N = 1, 2. The ˆ︁gl2 case of the conjecture was proved
in [6]. We can see it is also valid for N = 1 as follows: Dropping the indices, we simply write
x = x1, d = d1, d = d1, etc. The Hamiltonian is simplified to

Hˆ︁gl1 =
φ(x)φ(ddx)

φ(dx)φ(dx)
Tκ,x = exp

(︄
−

∞∑︂
n=1

1

n

(1− dn)(1− d
n
)

(1− qn)
xn

)︄
Tκ,x, (1.22)

since

∆ = 0, T = Tκ,x, AC =
1

φ(dx)φ(dx)
, AL = φ(x), AR = φ(ddx).

Hence, it is easy to see that the equation and the solution read

Hˆ︁gl1ψ = ψ, ψ = exp

(︄
−

∞∑︂
n=1

1

n

(1− dn)(1− d
n
)

(1− qn)(1− κn)
xn

)︄
. (1.23)

On the other hand, we have an impressive (double infinite product) expression for the ˆ︁gl1 affine
Laumon partition function

Z
ˆ︁gl1
AL

⎛⎝ a
b
c

⃓⃓⃓⃓
⃓ x
⃓⃓⃓⃓
⃓q, κ

⎞⎠ = exp

(︄ ∞∑︂
n=1

1

n

[bn/cn][an/qnκnbn]

[qn][κn]
xn

)︄
, (1.24)

where we used the symbol [x] = x−1/2 − x1/2. As for a proof of the identity (1.24), see, e.g.,
[25, Proposition 4.17]. Note that in idem., the Nekrasov partition function is defined by the
ordinary Pochhammer symbol (a; q)n (as equation (72) in idem.), instead of the shifted product
of hyperbolic sine functions [a; q]n = [a][qa] · · ·

[︁
qn−1a

]︁
defined in Definition 1.5. Comparison of

these is achieved by applying Proposition B.1. We conclude that the solution ψ to the equation

Hˆ︁gl1ψ = ψ is given by the affine Laumon function as

Z
ˆ︁gl1
AL

⎛⎝ qκb/d
b

b/d

⃓⃓⃓⃓
⃓
√︄
dd

qκ
x

⃓⃓⃓⃓
⃓q, κ

⎞⎠ = exp

(︄
−

∞∑︂
n=1

1

n

(1− dn)(1− d
n
)

(1− qn)(1− κn)
xn

)︄
= ψ. (1.25)

Secondly, some remarks are in order concerning the verification of Conjecture 1.6 for N ≥ 3.
For simplicity, we set

A−1
L q−

1
2
∆ψ −ACARq

1
2
∆Tψ =

∞∑︂
θ1,...,θN=0

eθ1,...,θNx
θ1
1 · · ·xθNN .
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By straightforward brute-force calculations using Mathematica, we can show that eθ1,...,θN = 0
at least for small N and lower total degree d =

∑︁N
i=1 θi. For N = 3, we have checked that

eθ1,θ2,θ3 = 0 for 0 ≤ d ≤ 5, treating all eleven parameters di, di, bi (i = 1, 2, 3), q and κ as
indeterminates. For 6 ≤ d, however, such a task becomes more computationally demanding
and practically intractable. Instead, substituting random integers for all eleven parameters, we
observe that eθ1,θ2,θ3 = 0 for 6 ≤ d ≤ 15, which means up to instanton number five. Similarly,
for N = 4, we find that eθ1,θ2,θ3,θ4 = 0 for 0 ≤ d ≤ 9, when we specialize the fourteen parameters
in the same manner; for N = 5 the same method works for 0 ≤ d ≤ 7.

1.3 Mass truncation and relation to the R matrix

In ˆ︁gl2 case [6], we introduced the mass parameter truncation where half of the mass parameters
are set to the form q−n (n ∈ Z≥0). After the mass parameter truncation the non-stationary
difference equation (1.1) is identified with the quantum KZ equation. Namely, if we remove the
shift operator T from the Hamiltonian, it gives the (finite-dimensional) R-matrix of Uq

(︁
A

(1)
1

)︁
with generic spins. Based on the normal ordered Hamiltonian (1.4), we can show the same story
for ˆ︁glN case. It is quite remarkable the resulting finite-dimensional R-matrix of Uq

(︁
A

(1)
N−1

)︁
is

related the three-dimensional (tetrahedron) R-matrix [20]. In the formula of the components of
the three-dimensional R-matrix there appears a basic building block Φq defined by (3.13) (see
[20, Section 13.5]). We find the same function in our formula of the components of the R-matrix
(see Corollary 3.5).

1.4 Four-dimensional limit

The four-dimensional (cohomological) version of the affine Laumon partition function of type ˆ︁gl2
satisfies a quantization of the differential Painlevé equation PVI (see, e.g., [4] and references
therein). In [5], we have seen how the non-stationary difference equation (1.1) provides a way
to up grade the story to five-dimensional/q-difference version. In four-dimensional/differential
situation, the generalization to ˆ︁glN case was also considered in [34] where a quantization of
a particular kind of higher-rank generalization of PVI (called Fuji–Suzuki–Tsuda system) was
studied as the relevant equation. One can check that the four-dimensional limit of Conjecture 1.6
is consistent with the result in [34].

1.5 Organization of the paper

The present paper is organized as follows: In Section 2, by using the pentagon identity for
the q-exponential function eq(z) = φ(z)−1 and the q-binomial theorem we prove that there are

three equivalence forms of the ˆ︁glN Hamiltonian (1.7); two kinds of the factorized form and
the normal ordered form. Each form has its own advantage. We also show that the Hamil-
tonian is invariant under the action of the Dynkin automorphisms of A

(1)
N−1. We consider the

mass truncation in Section 3. Namely, we tune half of the mass parameters in the Hamilto-
nian so that we can extract finite-dimensional blocks of the R-matrix. We find an interesting
relation to the tetrahedron (3D) R-matrix. In [6], Conjecture 1.6 for N = 2 was proved by
rewriting the affine Laumon partition function in the form of the Jackson integral. In Sec-
tion 4, we show that it is straightforward to apply the same method to N ≥ 3, though it
does not lead to a proof of Conjecture 1.6 at the moment. Finally, in Section 5, we show that
a four-dimensional limit of our system is nothing but the Fuji–Suzuki–Tsuda system, which is
consistent with the conjecture. Some of technical details and miscellaneous topics are collected
in appendices.
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1.6 Notations and convention

We will use the following notations throughout the paper [12]:

φ(x) := (x; q)∞ =

∞∏︂
n=0

(1− xqn) = exp

(︄
−

∞∑︂
n=1

1

n

1

1− qn
xn

)︄
, |x| < 1, |q| < 1. (1.26)

The q-shifted factorial is defined by

(x; q)n =
(x; q)∞
(xqn; q)∞

. (1.27)

The following formula is useful:

(x; q)n = (−x)nq
1
2
n(n−1) 1

(qx−1; q)−n
, n ∈ Z. (1.28)

We employ the formulas of two q-exponential functions [12]:

eq(z) =

∞∑︂
n=0

zn

(q; q)n
= φ(z)−1, |z| < 1, |q| < 1, (1.29)

Eq(z) =

∞∑︂
n=0

q
1
2
n(n−1)zn

(q; q)n
= φ(−z), |z| < 1, |q| < 1. (1.30)

Finally, the q-binomial coefficients are defined by[︃
n
k

]︃
q

:=
(q; q)n

(q; q)k(q; q)n−k
. (1.31)

We have

(x; q)n =
n∑︂

k=0

[︃
n
k

]︃
q

(−x)kq
1
2
k(k−1). (1.32)

The partition function on the gauge theory side is computed by the localization for the torus
action. On the four-dimensional space-time the action is R4 ≃ C2 ∋ (z1, z2) −→ (q1z1, q2z2). In
this paper, we regard the equivariant parameters4

q1 := eϵ1 , q2 := κ = t−
1
N = e

ϵ2
N , (1.33)

as the canonical parameters of the theory. They are natural parameters of the quantum toroidal
algebras. We simply denote q = q1 unless otherwise mentioned.

2 Non-stationary ˆ︁glN difference equation

2.1 Pentagon identity and Dynkin automorphisms of A
(1)
N−1

By using the pentagon identity for the q-exponential function eq(z) = φ(z)−1, we can recast
the blocksA(s)

L andA(s)
R of the Hamiltonian (1.7) of factorized form of simple root type so that the

correspondence to the factorization of the universal R-matrix becomes clear [7]. The pentagon
identity also allows us to see that the ˆ︁glN Hamiltonian is actually symmetric in variables xi.

4The factor 1/N in the definition of q2 comes from the ZN orbifold action on z2, which is an effective way of
introducing a surface defect at the divisor z2 = 0.
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Proposition 2.1 ([19]). For q-commutative variables a, b with ab = qba, the q-exponential
function eq(z) = φ(z)−1 satisfies the pentagon identity:

eq(−a)eq(−b) = eq(−b)eq(−ba)eq(−a). (2.1)

Since the q-commutative variables x̂i and x̌i satisfy x̂ix̂j = qδi,j−1−δi−1,j x̂j x̂i and x̌ix̌j =
qδi−1,j−δi,j−1 x̌j x̌i, we obtain

eq(−x̂i)eq(−x̂i+1) = eq(−x̂i+1)eq(−x̂i+1x̂i)eq(−x̂i), (2.2)

eq(−x̌i+1)eq(−x̌i) = eq(−x̌i)eq(−x̌ix̌i+1)eq(−x̌i+1). (2.3)

Lemma 2.2. For any N ≥ 3,

eq(−x̂N−2)
−1 · · · eq(−x̂1)−1eq(−x̂0)eq(−x̂1) · · · eq(−x̂N−2)

= eq(−x̂N−2 · · · x̂0) · · · eq(−x̂1x̂0)eq(−x̂0), (2.4)

eq(−x̌N−2) · · · eq(−x̌1)eq(−x̌0)eq(−x̌1)−1 · · · eq(−x̌N−2)
−1

= eq(−x̌0)eq(−x̌0x̌1) · · · eq(−x̌0 · · · x̌N−2). (2.5)

Proof. We show (2.5) by induction. When N = 3, the pentagon identity (2.3) with i = 0
implies eq(−x̌1)eq(−x̌0)eq(−x̌1)−1 = eq(−x̌0)eq(−x̌0x̌1). Now suppose (2.5) is true for N = k.
We note that x̌k−1 commutes with x̌0, x̌1, . . . , x̌k−3 and x̌k−1x̌k−2 = qx̌k−2x̌k−1. Hence,

eq(−x̌k−1) · · · eq(−x̌1)eq(−x̌0)eq(−x̌1)−1 · · · eq(−x̌k−1)
−1

= eq(−x̌0)eq(−x̌0x̌1) · · · eq(−x̌0 · · · x̌k−3)eq(−x̌k−1)eq(−x̌0 · · · x̌k−2)eq(−x̌k−1)
−1

= eq(−x̌0)eq(−x̌0x̌1) · · · eq(−x̌0 · · · x̌k−3)eq(−x̌0 · · · x̌k−2)eq(−x̌0 · · · x̌k−1),

where for the first equality we have used the assumption of induction. We see that (2.5) is also
true for N = k+1. Similarly, we can check (2.4) for x̂i. For example, the pentagon identity (2.2)
with i = 0 implies eq(−x̌1)−1eq(−x̌0)eq(−x̌1) = eq(−x̌1x̌0)eq(−x̌0). Note that compared with
x̌i, the cyclic ordering of q-commuting variables is reversed. ■

By Lemma 2.2, we can reduce the left block As
L and the right block As

R of the non-station-
ary ˆ︁glN Hamiltonian (1.7) into the factorized form of higher root type.

Proposition 2.3. We can recast the factorized Hamiltonian of simple root type to the form of
higher root type:

A(s)
L = A(h)

L = eq(−x̌0)eq(−x̌0x̌1) · · · eq(−x̌0 · · · x̌N−2) · eq(−x̌N−1) · · · eq(−x̌1) · φ(Λ),

A(s)
R = A(h)

R = φ
(︁
q1−NDNΛ

)︁
· eq(−x̂1) · · · eq(−x̂N−1)

· eq(−x̂N−2 · · · x̂0) · · · eq(−x̂1x̂0)eq(−x̂0).

Let us introduce the cyclic shift π(x̌i) = x̌i+1 (i ∈ Z/NZ) and similarly for x̂i; π is an auto-
morphism of the algebra. Using the pentagon identity (2.1), we can show the Hamiltonian enjoys
the cyclic symmetry π

(︁
Hˆ︁glN )︁ = Hˆ︁glN . It is enough to prove π(AL) = AL and π(AR) = AR, since

other parts of Hˆ︁glN are manifestly symmetric under the cyclic permutation.

Proposition 2.4. We have

π(AL) = AL, π(AR) = AR,

and the Hamiltonian of the non-stationary ˆ︁glN difference equation has the cyclic symmetry in
the variables xi.
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Proof. Recall that Lemma 2.2 is derived by applying the pentagon identity N − 2 times for
the q-commuting pairs of variables (x̌0, x̌1), (x̌0x̌1, x̌2), . . . , (x̌0x̌1 · · · x̌N−3, x̌N−2). Our strategy
is to apply the pentagon identity N − 2 times for the q-commuting pairs (x̌1, x̌2), (x̌1x̌2, x̌3), . . . ,
(x̌1x̌2 · · · x̌N−2, x̌N−1). After the first step of applying the pentagon identity for eq(−x̌2)eq(−x̌1),
we have

AL = eq(−x̌1)eq(−x̌N−2) · · · eq(−x̌3)eq(−x̌1x̌2)eq(−x̌0)eq(−x̌1x̌2)−1

· eq(−x̌3)−1 · · · eq(−x̌N−2)
−1eq(−x̌N−1) · · · eq(−x̌3)eq(−x̌1x̌2)eq(−x̌2).

Then after the second step of applying the pentagon identity for eq(−x̌3)eq(−x̌1x̌2), we have

AL = eq(−x̌1)eq(−x̌1x̌2)eq(−x̌N−2) · · · eq(−x̌4)eq(−x̌1x̌2x̌3)eq(−x̌0)
· eq(−x̌4)−1 · · · eq(−x̌N−2)

−1eq(−x̌N−1) · · · eq(−x̌4)eq(−x̌1x̌2x̌3)eq(−x̌3)eq(−x̌2).

We repeatedly apply the pentagon identity in a similar manner. After the N−2 steps, we arrive

AL = eq(−x̌1)eq(−x̌1x̌2) · · · eq(−x̌1 · · · x̌N−2)eq(−x̌0)
· eq(−x̌1x̌2 · · · x̌N−1)eq(−x̌N−1) · · · eq(−x̌2).

Since x̌0 and x̌1x̌2 · · · x̌N−1 are commuting, this completes the proof of the first identity. The
second identity can be proved in a similar way. ■

We have proved that the ˆ︁glN Hamiltonian is invariant under the shift π(x̂i) := x̂i+1. By the
pentagon identity, we can also check the invariance under the automorphisms of the Dynkin

diagram of A
(1)
N−1 for N ≥ 3. Let π and sj be the automorphism π(ab) = π(a)π(b) and the

anti-automorphisms sj(ab) = sj(b)sj(a), respectively, such that

π(x̂i) := x̂i+1, sj(x̂i) := x̂2j−i. (2.6)

Since sn
2
= πn ◦ s0 for any n ∈ Z, the group generated by π and sn

2
’s (n ∈ Z) is generated by π

and s0, i.e., ⟨π, sn
2
⟩n∈Z = ⟨π, s0⟩. Note that the automorphism of the Dynkin diagram of A

(1)
N−1,

which is isomorphic to the dihedral group, is generated by π and s0 with

πN = s20 = id, s0 = π ◦ s0 ◦ π. (2.7)

For i ∈ Z/NZ, let us look at the following quantities:

Ai−1
i := eq(−x̂i+1) · · · eq(−x̂i+N−2) · eq(−x̂i+N−1) · eq(−x̂i+N−2)

−1 · · · eq(−x̂i+1)
−1

· eq(−x̂i) · eq(−x̂i+1) · · · eq(−x̂i+N−2) (2.8)

and

Bi := eq(−x̂i+1) · · · eq(−x̂i+N−2)eq(−x̂i+N−1)

· eq(−x̂i+N−2 · · · x̂i+1x̂i) · · · eq(−x̂i+1x̂i)eq(−x̂i),
Bi := eq(−x̂i+N )eq(−x̂i+N x̂i+N−1) · · · eq(−x̂i+N x̂i+N−1 · · · x̂i+2)

· eq(−x̂i+1)eq(−x̂i+2) · · · eq(−x̂i+N−1). (2.9)

Then

π
(︁
Ai−1

i

)︁
= Ai

i+1, sj
(︁
Ai−1

i

)︁
= A2j−i

2j−i+1,

π(Bi) = Bi+1, sj(Bi) = B2j−i,

π(Bi) = Bi+1, sj(Bi) = B2j−i. (2.10)
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Therefore,
{︁
Ai−1

i

}︁
i∈Z/NZ and {Bi,Bi}i∈Z/NZ are invariant and transitive under the Dynkin au-

tomorphism group ⟨π, s0⟩.
By iteratively using the pentagon identity (2.3), we have (see the proof of Lemma 2.2) the

following.

Lemma 2.5. For any N ≥ 3 and 1 ≤ j − i ≤ N − 2,

eq(−x̂i) · eq(−x̂i+1) · · · eq(−x̂j)
= eq(−x̂i+1) · · · eq(−x̂j) · eq(−x̂j · · · x̂i+1x̂i) · · · eq(−x̂i+1x̂i)eq(−x̂i) (2.11)

and

eq(−x̂i) · · · eq(−x̂j−1) · eq(−x̂j)
= eq(−x̂j)eq(−x̂j x̂j−1) · · · eq(−x̂j x̂j−1 · · · x̂i) · eq(−x̂i) · · · eq(−x̂j−1). (2.12)

Then, the relations (2.11) and (2.12) imply the following result, which generalizes Proposi-
tion 2.4.

Lemma 2.6. For any integer N ≥ 3, Ai−1
i = Bi−1 = Bi+1 = Ai

i+1.

Proof. By using (2.12) with (i, j) = (i + 1, i + N − 1), Ai−1
i = Bi−1. By using (2.11) with

(i, j) = (i+ 1, i+N − 2),

Bi−1 = eq(−x̂i+N−1)eq(−x̂i+N−1x̂i+N−2) · · · eq(−x̂i+N−1x̂i+N−2 · · · x̂i+2)

· eq(−x̂i+N−1x̂i+N−2 · · · x̂i+1) · eq(−x̂i) · eq(−x̂i+2) · · · eq(−x̂i+N−2)

· eq(−x̂i+N−2 · · · x̂i+2x̂i+1) · · · eq(−x̂i+2x̂i+1)eq(−x̂i+1). (2.13)

Acting the anti-automorphism si on the above equations, we have Ai
i+1 = Bi+1 and

Bi+1 = eq(−x̂i+N−1)eq(−x̂i+N−1x̂i+N−2) · · · eq(−x̂i+N−1x̂i+N−2 · · · x̂i+2)

· eq(−x̂i+2) · · · eq(−x̂i+N−2) · eq(−x̂i+N ) · eq(−x̂i+N−1 · · · x̂i+2x̂i+1)

· eq(−x̂i+N−2 · · · x̂i+2x̂i+1) · · · eq(−x̂i+2x̂i+1)eq(−x̂i+1). (2.14)

Since eq(−x̂i+2) · · · eq(−x̂i+N−2), eq(−x̂i+N ) and eq(−x̂i+N−1 · · · x̂i+2x̂i+1) commute each other,5

we obtain the lemma. ■

By this lemma, Bi+1 = Ai
i+1 = Aj

j+1 = Bj for any i, j ∈ Z/NZ. Thus, Ai−1
i = Bj = Bk for

any i, j, k ∈ Z/NZ. Therefore, we finally obtain the following.

Proposition 2.7. For any integer N ≥ 3, and for any i ∈ Z/NZ, Ai−1
i = Bi = Bi. Hence,

Bi = Bi is invariant under the Dynkin automorphism group ⟨π, s0⟩, i.e., π(Bi) = s0(Bi) = Bi.

Corollary 2.8. The non-stationary Hamiltonian enjoys the full invariance under the Dynkin
automorphism of A

(1)
N−1.

The original definition of the right block AR of ˆ︁glN Hamiltonian employs AN−1
0 in Proposi-

tion 2.7 (see Definition 1.1). On the other hand, it is

B0 = eq(−x̂0)eq(−x̂0x̂N−1) · · · eq(−x̂0x̂N−1 · · · x̂2) · eq(−x̂1) · · · eq(−x̂N−1) (2.15)

that naturally appears in the Hamiltonian constructed from the universal R-matrix of Uq

(︁
A

(1)
N−1

)︁
(see [7]). We have focused on the right block AR of the non-stationary Hamiltonian. Sim-
ilarly, we can confirm the invariance under the Dynkin automorphism of the left block AL

with q-commutative variables x̌i. The dihedral group invariance of the remaining parts of the
Hamiltonian is trivial. Hence, we obtain Corollary 2.8.

5Note that [ x̂k , x̂ℓ ] = 0 for k ̸= ℓ± 1 (mod N) and [ x̂i+N−1 · · · x̂i+2x̂i+1 , x̂i+j ] = 0 for j ̸= ±1 (mod N).



12 H. Awata, K. Hasegawa, H. Kanno, R. Ohkawa, S. Shakirov, J. Shiraishi and Y. Yamada

2.2 Normal ordered form of the Hamiltonian

In this subsection, we prove the equivalence of the Hamiltonian of factorized form and of normal
ordered form (see Definitions 1.2, 1.3 and 1.4).

Proposition 2.9. We can recast the factorized Hamiltonian of higher root type to the normal
ordered form

A(h)
R = A(n)

R , A(h)
L = A(n)

L .

Recall that x̂i = didixiq
ϑi−ϑi−1 and x̌i := xiq

−ϑi+ϑi−1 .6 We are going to show the agreement
of the factorized form of the building blockA(h)

R of higher root type and the corresponding normal
ordered form A(n)

R . The agreement of A(h)
L and A(n)

L is proved similarly. To prove Proposition 2.9
for AR, we need Proposition 2.11 below, which relies on the q-multinomial formula.

Lemma 2.10. If xixj = qxjxi for i < j, we have

(x1 + x2 + · · ·+ xm)n =
∑︂

k1,...,km≥0
k1+k2+···+km=n

[︃
n

k1, k2, . . . , km

]︃
q

xkmm · · ·xk22 x
k1
1 , (2.16)

where[︃
n

k1, k2, . . . , km

]︃
q

:=
[n]q!

[k1]q![k2]q! · · · [km]q!
=

(q; q)n
(q; q)k1(q; q)k2 · · · (q; q)km

,

denotes the q-multinomial coefficients.

When m = 2, (2.16) is given in [12, Exercise 1.35] (see also references there). The general
case is proved by induction on m as follows.

Proof. Assume that (2.16) holds for some arbitrary m ∈ Z≥2, then

(x1 + · · ·+ xm+1)
n

(q; q)n
=

((x1 + · · ·+ xm) + xm+1)
n

(q; q)n
=
∑︂
k,ℓ≥0
k+ℓ=n

xkm+1

(q; q)k

(x1 + · · ·+ xm)ℓ

(q; q)ℓ

=
∑︂
k,ℓ≥0
k+ℓ=n

∑︂
k1,...,km≥0
k1+···+km=ℓ

xkm+1

(q; q)k

xkmm
(q; q)km

· · · xk22
(q; q)k2

xk11
(q; q)k1

=
∑︂

k1,...,km+1≥0

k1+···+km+1=n

x
km+1

m+1

(q; q)km+1

xkmm
(q; q)km

· · · xk22
(q; q)k2

xk11
(q; q)k1

. ■

Proposition 2.11. We have

φ(x̂N−1 · · · x̂1x̂0) · ˜︁AR = :φ(x̂1)φ(x̂2) · · ·φ(x̂N ):, (2.17)

where

˜︁AR := eq(−x̂1)eq(−x̂2) · · · eq(−x̂N−1)eq(−x̂N−2 · · · x̂1x̂0) · · · eq(−x̂1x̂0)eq(−x̂0). (2.18)

6We have fixed the scaling parameters as αi = didi and βi = 1 to write down the building block of the
Hamiltonian.
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Proof. First note that for i = (i1, i2, . . . , iN ) ∈ ZN
≥0,

x̂i11 · · · x̂iNN =

(︃
x1
p1
pN

)︃i1 (︃
x2
p2
p1

)︃i2

· · ·
(︃
xN

pN
pN−1

)︃iN

= q−i1iN

N∏︂
a=1

q
ia(ia−1)

2 :
N∏︂
a=1

x̂iaa :. (2.19)

Hence, by using the expansion formulas (1.29) and (1.30), we have

:φ(−x̂1)φ(−x̂2) · · ·φ(−x̂N ): =
∑︂
i∈ZN

≥0

(︄
N∏︂
a=1

q
ia(ia−1)

2

(q; q)ia

)︄
:x̂i11 · · · x̂iNN :

=
∑︂
i∈ZN

≥0

(qiN x̂1)
i1

(q; q)i1

x̂i22
(q; q)i2

· · ·
x̂iNN

(q; q)iN

=
∑︂
iN≥0

piN1
1

φ(x̂1)

1

φ(x̂2)
· · · 1

φ(x̂N−1)

(p−1
1 x̂N )iN

(q; q)iN

=
1

φ(x̂1)

1

φ(x̂2)
· · · 1

φ(x̂N−1)

⎛⎝∑︂
iN≥0

AiN
(p−1

1 x̂N )iN

(q; q)iN

⎞⎠ , (2.20)

where A is defined by

A := φ(x̂N−1) · · ·φ(x̂1) · p1 ·
1

φ(x̂1)
· · · 1

φ(x̂N−1)
. (2.21)

We can decompose A as follows:

A = φ(x̂N−1) · · ·φ(x̂2)(1− x̂1)
1

φ(x̂2)
· · · 1

φ(x̂N−1)
p1

= φ(x̂N−1) · · ·φ(x̂3)(1− x̂1 + x̂2x̂1)
1

φ(x̂3)
· · · 1

φ(x̂N−1)
p1

...

= A0 +A1 + · · ·+AN−1, (2.22)

where

A0 = p1, A1 = −x̂1p1, A2 = x̂2x̂1p1, . . . , AN−1 = (−1)N−1x̂N−1 · · · x̂1p1. (2.23)

To compute the sum on the right-hand side of (2.20) with x̂N = x̂0, we note the following:

(i) Since AiAi+1 = qAi+1Ai (i = 0, . . . , N − 1), we can apply q-multinomial formula (2.16):

AiN

(q; q)iN
=

∑︂
k0+···+kN−1=iN
k0,k2,...,kN−1≥0

A
kN−1

N−1

(q; q)kN−1

· · · A0
k0

(q; q)k0
. (2.24)

(ii) Ai and p
−1
1 x̂0 are commutative for i = 0, . . . , N − 2.

(iii) Since AN−1p
−1
1 x̂0 = qp−1

1 x̂0AN−1, we have

A
kN−1

N−1

(︁
p−1
1 x̂0

)︁kN−1 = q
1
2
kN−1(kN−1−1)(AN−1p

−1
1 x̂0)

kN−1

= q
1
2
kN−1(kN−1−1)((−1)N−1x̂N−1x̂N−2 · · · x̂1x̂0)kN−1 . (2.25)
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Hence, we have∑︂
iN≥0

AiN

(q; q)iN

(︁
p−1
1 x̂0

)︁iN
=

∑︂
k0,k2,...,kN−1≥0

A
kN−1

N−1

(︁
p−1
1 x̂0

)︁kN−1

(q; q)kN−1

(︁
An−2p

−1
1 x̂0

)︁kN−2

(q; q)kN−2

· · ·
(︁
A0p

−1
1 x̂0

)︁k0
(q; q)k0

= φ
(︁
(−1)N x̂N−1 · · · x̂1x̂0

)︁ 1

φ((−1)N−2x̂N−2 · · · x̂1x̂0)
· · · 1

φ(−x̂1x̂0)
1

φ(x̂0)
. (2.26)

We finally obtain

:φ(−x̂1)φ(−x̂2) · · ·φ(−x̂N ):

=
1

φ(x̂1)

1

φ(x̂2)
· · · 1

φ(x̂N−1)
φ((−1)N x̂N−1 · · · x̂1x̂0)

× 1

φ((−1)N−2x̂N−2 · · · x̂1x̂0)
· · · 1

φ(−x̂1x̂0)
1

φ(x̂0)
. (2.27)

By replacing x̂i with −x̂i, this implies the desired relation. ■

Since Proposition 2.3 implies that the left-hand side of (2.17) is equal to A(s)
R = A(h)

R , Propo-
sition 2.9 for AR follows from Proposition 2.11. Note that x̂N−1 · · · x̂1x̂0 = q1−NDNΛ is central.

2.3 Classical analogue of A(s)
L and A(s)

R

This subsection is an interesting detour. Logically, it is not necessary for the following sections
and may be skipped. But we would like to make a remark on the factorization of the classical
cyclic matrix, which is instructive for understanding A(s)

L and A(s)
R in the ˆ︁glN Hamiltonian. For

0 ≤ i ≤ n− 1 and x ∈ C, let Ji(x) be the n× n elementary Jacobi matrix defined as

Ji(x) = exp(xei) = 1+ xei,

ei = Ei,i+1, 1 ≤ i ≤ n− 1, e0 = zEn,1, (2.28)

where 1 = 1n is the identity matrix and Ei,j is the matrix unit: (Ei,j)k,l = δi,kδj,l. We define
the matrix X by

X = 1+
n−1∑︂
i=0

xiei =

⎡⎢⎢⎢⎢⎢⎣
1 x1

1 x2
. . .

. . .

1 xn−1

x0z 1

⎤⎥⎥⎥⎥⎥⎦ , (2.29)

which is manifestly cyclic and plays fundamental role in tropical/geometric crystal and discrete
integrable systems.

We have the following factorization of the cyclic matrix X, where X±1 may be viewed as the

classical analog of A(s)
L and A(s)

R which enjoy the cyclic symmetry.

Lemma 2.12. The matrix X is decomposed as

X = gJ0(x0)dn(vz)g
−1 · Jn−1(xn−1) · · · J2(x2)J1(x1), (2.30)

where

g = Jn−2(xn−2) · · · J2(x2)J1(x1), di(x) = 1+ xEi,i, v = (−1)n−1
n−1∏︂
i=0

xi. (2.31)
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Proof. A straightforward matrix computation. ■

Note that the first factor in (2.30) can be written various ways as

gJ0(x0)dn(vz)g
−1 =

n−1∏︂
j=0

(︁
1+ (−1)jx0x1 · · ·xjzEn,j+1

)︁
= 1+

n−1∑︂
j=0

(−1)jx0x1 · · ·xjzEn,j+1

=

[︃
1n−1 0

x0z −x0x1z · · · (−1)n−2x0 · · ·xn−2z vz

]︃
. (2.32)

2.4 Other forms of ˆ︁glN Hamiltonian

The ˆ︁glN Hamiltonian involves the q-exponential function with q-commutative variables x̂i and x̌i.
We can recast it in such a form that the arguments of the q-exponential function are commutative
variables xi by moving the position of the q-Borel transformation.

Let ϑ := x ∂
∂x . Since ϑkx = x(1 + ϑ)k for any natural number k ∈ N, we have qϑx = xq1+ϑ

and q
1
2
ϑ(ϑ−1)x = xq

1
2
(1+ϑ)ϑ = xqϑ+

1
2
ϑ(ϑ−1). Therefore, qcϑxn = (qcx)nqcϑ and q

1
2
ϑ(ϑ−1)xn =

(xqϑ)nq
1
2
ϑ(ϑ−1) for any integer n ∈ Z and c ∈ C.

Assume N ≥ 3. For N = 3, fN−2 · · · f2f1 stands for f1. Let us set αi = 1 for simplicity, so
that x̂i = xiq

ϑi−ϑi−1 .

Proposition 2.13. Let ˆ̂xi := xiq
1
2
(ϑi+1−ϑi−1). Then we have

eq(−x̂1)eq(−x̂2) · · · eq(−x̂N−1)eq(−x̂N−2)
−1 · · · eq(−x̂2)−1eq(−x̂1)−1

· eq(−x̂0)eq(−x̂1) · · · eq(−x̂N−2)q
1
2

∑︁N
i=1 ϑi(ϑi−ϑi−1) (2.33)

= q
1
2

∑︁N
i=1 ϑi(ϑi−ϑi−1−1)eq(−ˆ̂x1)eq(−ˆ̂x2) · · · eq(−ˆ̂xN−1)

· eq(−ˆ̂xN−2)
−1 · · · eq(−ˆ̂x2)

−1eq(−ˆ̂x1)
−1

· eq(−ˆ̂x0)eq(−ˆ̂x1) · · · eq(−ˆ̂xN−2)q
1
2

∑︁N
i=1 ϑi (2.34)

= q
1
2

∑︁N
i=1 ϑi(ϑi−1)q−ϑ0ϑ1eq(−x1)q−ϑ1ϑ2eq(−x2) · · · q−ϑN−2ϑN−1eq(−xN−1)

· qϑN−1ϑN−2eq(−xN−2)
−1qϑN−2ϑN−3 · · · eq(−x2)−1qϑ2ϑ1eq(−x1)−1qϑ1ϑ0−ϑN−1ϑ0

· eq(−x0)q−ϑ0ϑ1eq(−x1)q−ϑ1ϑ2 · · · eq(−xN−2)q
−ϑN−2ϑN−1q

1
2

∑︁N
i=1 ϑi(1+ϑi+1). (2.35)

Proof. By the lemma below, each term in the Taylor series of (2.33)–(2.35) in x̂i, ˆ̂xi and xi’s
coincides each other. ■

Lemma 2.14. For any integers ℓi,mi, ni ∈ Z (i ∈ Z),

x̂ℓ11 x̂
ℓ2
2 · · · x̂ℓN−1

N−1 · x̂mN−2

N−2 · · · x̂m2
2 x̂m1

1 · x̂n0
0 x̂

n1
1 · · · x̂nN−2

N−2 q
1
2

∑︁N
i=1ϑi(ϑi−ϑi−1) (2.36)

= q
1
2

∑︁N
i=1ϑi(ϑi−ϑi−1−1) ˆ̂xℓ11 ˆ̂xℓ22 · · · ˆ̂xℓN−1

N−1 · ˆ̂xmN−2

N−2 · · · ˆ̂xm2
2

ˆ̂xm1
1 · ˆ̂xn0

0
ˆ̂xn1
1 · · · ˆ̂xnN−2

N−2 q
1
2

∑︁N
i=1ϑi (2.37)

= q
1
2

∑︁N
i=1ϑi(ϑi−1)q−ϑ0ϑ1xℓ11 q

−ϑ1ϑ2xℓ22 · · · q−ϑN−2ϑN−1x
ℓN−1

N−1

· qϑN−1ϑN−2x
mN−2

N−2 qϑN−2ϑN−3 · · ·xm2
2 qϑ2ϑ1xm1

1 qϑ1ϑ0−ϑN−1ϑ0

· xn0
0 q

−ϑ0ϑ1xn1
1 q

−ϑ1ϑ2 · · ·xnN−2

N−2 q
−ϑN−2ϑN−1q

1
2

∑︁N
i=1 ϑi(1+ϑi+1). (2.38)
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Proof. With the formulas

q
1
2

∑︁N
j=1 ϑj(ϑj−1)xni =

(︁
xiq

ϑi
)︁n
q

1
2

∑︁N
j=1 ϑj(ϑj−1), (2.39)

q−ϑi−1ϑixni =
(︁
xiq

−ϑi−1
)︁n
q−ϑi−1ϑi , (2.40)

we can move q
1
2

∑︁N
i=1 ϑi(ϑi−1) and q−ϑi−1ϑi in (2.38) to the right, which yields the equality of (2.36)

and (2.38).

Similarly, we can move q
1
2

∑︁N
i=1 ϑiϑi+1 and q−ϑiϑi+1 in (2.38) to the left with the formulas

xni q
1
2

∑︁N
j=1 ϑjϑj+1 = q

1
2

∑︁N
j=1 ϑjϑj+1

(︁
xiq

− 1
2
(ϑi+1+ϑi−1)

)︁n
, (2.41)

xni q
−ϑiϑi+1 = q−ϑiϑi+1

(︁
xiq

ϑi+1
)︁n
, (2.42)

which gives the equality of (2.37) and (2.38). ■

Since

qϑi(ϑi−ϑi−1−ϑi+1−1)xi = xiq
(1+ϑi)(ϑi−ϑi−1−ϑi+1)

= xiq
(ϑi−ϑi−1)+(ϑi−ϑi+1)qϑi(ϑi−ϑi−1−ϑi+1−1), (2.43)

we obtain

q
∑︁N

j=1 ϑj(ϑj−ϑj−1−1)xni =
(︁
xiq

(ϑi−ϑi−1)+(ϑi−ϑi+1)
)︁n
q
∑︁N

j=1 ϑj(ϑj−ϑj−1−1). (2.44)

Therefore, we have

q
1
2

∑︁N
j=1 ϑj(ϑj−ϑj−1−1) ˆ̂xni = x̂ni q

1
2

∑︁N
j=1 ϑj(ϑj−ϑj−1−1), (2.45)

which also yields the equality of (2.36) and (2.37).

Remark 2.15. The equation (2.33) equals to φ
(︁
q1−NDNΛ

)︁−1A(s)
R q

1
2
∆. As eq−1(x) = eq(qx)

−1,
by replacing q and xi’s with 1/q and xi/q’s, respectively, the equations (2.33) and (2.35) reduce

to φ(Λ)
(︁
A(s)

L

)︁−1
q−

1
2
∆ with A(s)

L in (1.10) and (1.19), respectively.

3 Mass truncation and finite-dimensional R matrix

In this section we study the ˆ︁glN equation (1.21) by imposing a truncation condition (3.5) on
mass parameters. We show that the normal ordered Hamiltonian (1.4) gives rise to the finite-
dimensional R-matrix for the symmetric representation of Uq

(︁
A

(1)
N−1

)︁
. It is quite remarkable

that the resulting R-matrix is also related the three-dimensional (tetrahedron) R-matrix [20].
Namely, in the formula of the components of the three-dimensional R-matrix there appears
a basic building block Φq defined by (3.13) (see [20, Section 13.5]). Exactly the same function
is obtained in our formula of the components of the R-matrix (see Corollary 3.5). We note that
the mechanism for deriving these formulas is common to both cases.

3.1 The mass truncation

We can recast the normal ordered form of the non-stationary ˆ︁glN equation as follows:

:
N∏︂
i=1

φ(x̂i)

φ(dixi)
: q

1
2
∆ · Tψ = :

N∏︂
i=1

φ(dixi)

φ(x̌i)
: q−

1
2
∆ · ψ. (3.1)



Non-Stationary Difference Equation and Affine Laumon Space III 17

Here the normal ordering : : is defined as

:F (x, ϑ):xν = F (x, ν)xν , (3.2)

for any commutative function F (x, ϑ) = F ({xa}, {ϑa}) and monomial xν =
∏︁N

a=1 x
νa
a . By the

q-binomial theorem

∞∑︂
n=0

(a; q)n
(q; q)n

zn =
φ(az)

φ(z)
, (3.3)

we have

∑︂
α1,...,αN≥0

:

N∏︂
i=1

(dixi)
αi
(diq

ϑi−ϑi−1 ; q)αi

(q; q)αi

: q
1
2
∆ · Tψ

=
∑︂

α1,...,αN≥0

:
N∏︂
i=1

xαi
i

(diq
ϑi−ϑi−1 ; q)αi

(q; q)αi(q
ϑi−ϑi−1)αi

: q−
1
2
∆ · ψ. (3.4)

Let us impose the mass truncation condition,

di = q−mi , mi ∈ Z≥0, 1 ≤ i ≤ N. (3.5)

Set M := m1 +m2 + · · · +mN . Note that d1d2 · · · dN = q−M . Under the condition (3.5), the
coefficient for xαi

i in (3.4) vanishes for αi ≥ 1 +mi − ϑi + ϑi−1. By using

n∑︂
α=0

(q−n; q)α
(q; q)α

zα = (q−nz; q)n, (3.6)

we obtain the following statement.

Proposition 3.1. After the mass truncation (3.5), the non-stationary ˆ︁glN equation becomes7

:

N∏︂
i=1

(︁
q−mi+ϑi−ϑi−1µixi; q

)︁
mi−ϑi+ϑi−1

: q
1
2
∆ · Tψ = :

N∏︂
i=1

(q−mixi; q)mi−ϑi+ϑi−1
: q−

1
2
∆ · ψ,

for the terminated function

ψ =
∑︂

θ1,...,θN≥0,
θi−θi−1≤mi

cθ1,...,θNx
θ1
1 · · ·xθNN . (3.7)

Recall that we identify Λ = x1x2 · · ·xN as the parameter of the instanton expansion. If
we fix θN ≥ 0 and regard it as the instanton number, the number of terms in the terminated
expansion (3.7) is finite. They are labeled by the set S(m) ⊂ ZN−1 defined by

S(m) := {(θ1, . . . , θN−1) | θ1 ≤ m1, θ2−θ1 ≤m2, . . . , θN−1−θN−2 ≤mN−1,−θN−1 ≤mN}.

For example, when N = 3,

S(m) =
{︁
(θ1, θ2) ∈ Z2 | θ1 ≤ m1, θ2 − θ1 ≤ m2,−θ2 ≤ m3

}︁
,

and the allowed (θ1, θ2) in Z2-lattice is bounded by the triangle (see Figure 3 in Appendix C).
For general N , we have |S(m)| =

(︁
M+N−1
N−1

)︁
=
(︁
M+N−1

M

)︁
.

7µi := di are the remaining mass parameters after the mass truncation. When N = 2, this should be compared
with equation (2.12) in [6].
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Let us make a shift ˜︁θi := θi +mi+1 + · · ·+mN so that the defining conditions for S(m) can
be written by 0 ≤ ˜︁θN−1 ≤ ˜︁θN−2 ≤ · · · ≤ ˜︁θ2 ≤ ˜︁θ1 ≤ M . See also Appendix C for the meaning
of such a shift. Then define i1 := M − ˜︁θ1, i2 := ˜︁θ1 − ˜︁θ2, · · · , iN−1 := ˜︁θN−2 − ˜︁θN−1, iN := ˜︁θN−1,
then i = (i1, i2, . . . , iN ) belongs to the set

IM :=
{︁
i = (i1, i2, . . . , iN ) ∈ ZN

≥0 | i1 + i2 + · · ·+ iN =M
}︁
. (3.8)

In fact we can define a bijection between S(m) and IM as follows: let us define zk := x1x2 · · ·xk,
k = 1, . . . , N − 1 and set

zα1
1 zα2

2 · · · zαN−1

N−1 = x
˜︁θ1
1 · · ·x

˜︁θN−1

N−1 .

Then we have αk = ik+1, k = 1, . . . , N − 1 and α1 + α2 + · · · + αN−1 ≤ M . Introducing
αN := M − (α1 + α2 + · · · + αN−1) = i1, we see that the elements of S(m) are in one to one
correspondence with the monomials zα1

1 · · · zαN−1

N−1 z
αN
N , zN = Λ with homogeneous degree M .

3.2 R matrix as a connection matrix

We study the finite-dimensional matrix R arising from the ˆ︁glN Hamiltonian by the mass trunca-
tion. For N,M ∈ Z≥0, we have introduced I

N
M = IM in the last subsection (see (3.8)). Note that

|IM | =
(︁
N+M−1

M

)︁
. For variables z = (z1, z2, . . . , zN ) and parameters8 (µ1, . . . , µN ), we define the

polynomials Bk,i (k = 1, 2) as

B1,i(z,Λ) =

N∏︂
a=1

(︃
µa
za+1

za
; q

)︃
ia

ziaa , B2,i(z,Λ) =
N∏︂
a=1

(︃
za
za+1

; q

)︃
ia

ziaa+1. (3.9)

Here and in the followings, we always put zN+1 = Λz1 regarding Λ as a free parameter.9 Note
that we can change the normalization of the base polynomials (3.9) freely keeping the main
structure of the matrix R. See the remark at the end of the section. For generic Λ, both
{B1,i(z,Λ) | i ∈ IM} and {B2,i(z,Λ) | i ∈ IM} form a basis of the homogeneous polynomials of
degree M in C[z1, . . . , zN ]. Hence we have a relation

B1,i(z,Λ) =
∑︂
j∈IM

Ri,j(Λ)B2,j(z,Λ). (3.10)

The coefficients R(Λ)i,j are polynomial in µa and rational in Λ and q.

Since the size of R-matrix is |IM |, one can determine Ri,j(Λ) by specializing (3.10) at |IM |
points. It is convenient to choose such |IM | reference points zk as follows:

zk,1 = 1, zk,a = qk1+···+ka−1 , 1 < a ≤ N, (3.11)

with k = (k1, k2, . . . , kN ) ∈ IM . We will solve the matrix equation

B1,i(zk,Λ) =
∑︂
j∈IM

Ri,j(Λ)B2,j(zk,Λ).

As we will see in Proposition 3.4, the inverse of the matrix
(︁
B2,i(zk,Λ)

)︁
i,k

is obtained explicitly,

hence one can derive an explicit formulae of Ri,j(Λ).

8These are the remaining mass parameters after the mass truncation.
9We do not assume, for example, Λ = x1x2 · · ·xN .
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To describe the inversion formulae, we prepare some notations. Let n ≥ 1. For any sequences
of integers i = (i1, i2, . . . , in), j = (j1, j2, . . . , jn) ∈ Zn of length n, we put

|i| =
n∑︂

a=1

ia, i = (i1, . . . , in−1), ⟨i, j⟩ =
∑︂

1≤a<b≤n

iajb. (3.12)

For β,γ ∈ Zn and λ, µ ∈ C, we define10

Φq(γ|β;λ, µ) = q⟨β−γ,γ⟩
(︂µ
λ

)︂|γ| (λ; q)|γ|(µλ ; q)|β|−|γ|

(µ; q)|β|

n∏︂
a=1

[︃
βa
γa

]︃
q

, (3.13)

where the q-binomial coefficients are define by (1.31).
Note that Φq(γ|β;λ, µ) = 0 unless γ ≤ β (i.e., ∀a γa ≤ βa). The function Φq and the

function Aa,b
i,j defined below (see (3.25)), which is quadratic in Φq, originate in the study of

the three-dimensional R-matrix, where it was shown that the trace reduction of the three-
dimensional R-matrix gives fundamental examples of the quantum R-matrix of Uq

(︁
A

(1)
N−1

)︁
with

higher “spin” representations. See [20, Chapter 13] and references therein.

Proposition 3.2. For any i,k ∈ Zn
≥0 and a, b, c ∈ C, the function Φq satisfies the transition

property11∑︂
i≤j≤k

Φq(i|j; a, b)Φq(j|k; b, c) = Φq(i|k; a, c). (3.14)

Proof. Let i, j,k ∈ Zn
≥0 and il, jl, kl be their truncations to the first l components. Assuming

Φq(il|kl; a, c) ̸= 0, we put

Fl =
Φq(il|jl; a, b)Φq(jl|kl; b, c)

Φq(il|kl; a, c)
(l ≥ 1), F0 = 1. (3.15)

It is not difficult to see

Fl

Fl−1
=
(u; q)s(v; q)k−s

(q)s(q)k−s
vs

(q)k
(uv; q)k

, l ≥ 1, (3.16)

where

u =
b

a
qα, v =

c

b
qβ−α, s = jl − il, k = kl − jl,

α =

l−1∑︂
a=1

(ja − ia), β =

l−1∑︂
a=1

(ka − ja). (3.17)

Then, the q-binomial formula (3.3) implies

∞∑︂
l=0

k∑︂
s=0

(u)s(v)k−s

(q)s(q)k−s
(vx)sxk−s =

(uvx; q)∞
(vx; q)∞

(vx; q)∞
(x; q)∞

=
(uvx; q)∞
(x; q)∞

=

∞∑︂
l=0

(uv; q)k
(q)k

xk.

Comparing the coefficients of xl, we have

kl∑︂
jl=il

Fl

Fl−1
= 1, i.e.

kl∑︂
jl=il

Fl = Fl−1 (l ≥ 1). (3.18)

By iterating this, the desired relation
∑︁

j Fn = F0 = 1 is obtained. ■
10See equations (13.49) and (13.50) in [20] (or equations (19) and (20) in [21]).
11A similar formula

∑︁
j Φq(i|j; b, c)Φq(j|k; a, b) = Φq(i|k; a, c) also seems to be true.
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Lemma 3.3. The specializations B1,i(zj,Λ), B2,i(zj,Λ) are given as follows:

B1,i(zj,Λ) = q⟨c,i⟩
(︁
q−|c|Λ; q

)︁
M

(q; q)M

N∏︂
a=1

(q; q)ia · Φq(c− i− j|c− j; qM−|c|Λ, q−|c|Λ), (3.19)

B2,i(zj,Λ) = Ni(Λ)Φq(i|j; q−M ,Λ−1), Ni(Λ) =
(Λ−1; q)MΛM

(q; q)M

N∏︂
a=1

(q; q)ia , (3.20)

where i, j ∈ IM and µa = q−ca.

Proof. A direct computation. Note that the expression (3.19) is valid also for ca ∈ C where
Φq(γ|β;λ, µ) with λ = µqM is expressed as

Φq

(︁
γ|β;µqM , µ

)︁
= q⟨β−γ,γ⟩−M |γ|

(︁
µq|γ|; q

)︁
M

(µ; q)M

(︁µ
λ ; q
)︁
|β|−|γ|(︁

µq|γ|; q
)︁
|β|−|γ|

n∏︂
a=1

(︁
qγa+1; q

)︁
βa−γa

(q; q)βa−γa

, (3.21)

by analytical continuation. ■

From (3.20), we see B2,i(zj,Λ) = 0 unless i ≤ j. Moreover, the transition property (3.14)
with a = c implies the following.

Proposition 3.4. Let Bi,j = B2,i(zj,Λ) and

B′
i,j = Nj(Λ)

−1Φq

(︁
i|j; Λ−1, q−M

)︁
, (3.22)

then the matrix (B′
i,j) gives the inverse of (Bi,j).

Thanks to (3.19) and the inversion formulae (3.22), we have the following.

Corollary 3.5. For i, j ∈ IM the coefficients Ri,j(Λ) are given by

Ri,j(Λ) = C

(︁
Λq−|c|; q

)︁
M(︁

Λq−M+1; q
)︁
M

N∏︂
a=1

(q; q)ia
(q; q)ja

Ac−i,i
c−j,j, c = a+ b = i+ j, (3.23)

C = (−1)Mq
M(|c|−M+1)

2
+ 1

4

∑︁N
a=1((

ia
2 )−(

ja
2 ))+

c·(j−2i)
2

+
⟨j−i,c⟩

2 , µa = q−ca . (3.24)

Here the function A is given by12

Aa,b
i,j = q

⟨i,j⟩−⟨b,a⟩
2

∑︂
k∈ZN−1

Φq

(︃
k|j; 1

Λ
, q−M

)︃
Φq

(︁
a− k|c− k; ΛqM−|c|,Λq−|c|)︁. (3.25)

In [20], the same function Aa,b
i,j was introduced in the formula of a trace reduction of the

tetrahedron (3D) R-matrix R = Ra,b,c
i,j,k :

Rtr3(z)a,bi,j :=
∑︂

c1,...,cN≥0

zc1Ra1,b1,c1
i1,j1,c2

Ra2,b2,c2
i2,j2,c3

· · ·RaN ,bN ,cN
iN ,jN ,c1

, (3.26)

where i, j,a,b ∈ IM . By the weight conservation c := i + j = a + b, one can regard Rtr3(z)a,bi,j

as a function R(z; c)j,b of j,b ∈ IM and c ∈ Z≥0
N . The dependence on the parameter c seems

to be analytically continued to polynomials in q−ci .

The following two results are relevant to our current problem.

12See equation (13.51) in [20], where
(︁
q2, z, l,m

)︁
there

=
(︁
q, q−|c|/2Λ, |c| −M,M

)︁
here

.
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Theorem 3.6 ([20, Theorem 13.3]). For a, i ∈ Iℓ and b, j ∈ Im,13 we have

Λℓ,m(z, q)−1Rtr3(z)a,bi,j = δa+b
i+j A(z)

a,b
i,j ,

where

Λℓ,m(z, q) = (−1)mqm(ℓ+1)

(︁
q−ℓ−mz; q2

)︁
m(︁

qℓ−mz; q2
)︁
m+1

.

Theorem 3.7 ([20, Theorem 13.10]). Up to normalization Rtr3(z) coincides with the quantum
R-matrix of Uq

(︁
A

(1)
N−1

)︁
as follows:

Rtr3
ℓ,m(z) = Rℓϖ1,mϖ1

(︁
z−1
)︁
,

where kϖ1 stands for the k-th symmetric representation of Uq

(︁
A

(1)
N−1

)︁
.

Combining Corollary 3.5 and these two theorems, we see that Ri,j(Λ) is nothing but the
R-matrix of Uq

(︁
A

(1)
N−1

)︁
for the symmetric representations presented in [8].

Remark 3.8. In a similar manner, one can compute the relation between two B2,i polynomials
with different Λ as

B2,i(z,Λ) =
∑︂
j∈IM

Ni(Λ)

Nj(Λ′)
Φq

(︃
i|j; 1

Λ′ ,
1

Λ

)︃
B2,j(z,Λ

′). (3.27)

In view of this, the transition property (3.14) is obvious.

The coefficients Ri,j(Λ) explicitly given by (3.23) are to be related to the Hamiltonian with-
out the shift operator T of the mass truncated ˆ︁glN equation in Proposition 3.1. Actually they
are related by a gauge transformation of the form R −→ K−1RL, where K and L are diag-
onal matrices, which corresponds to a change of the normalization of a basis of homogeneous
polynomials. The diagonal components of K and L come from the q-Borel transformation on
monomials in z and the inversion of the q-factorial, hence they are of the form K = diag

(︁
qγi
)︁

and L = diag
(︁
qδi
)︁
, where γi and δi are at most quadratic in the powers i ∈ IM of z.

4 Affine Laumon partition function as Jackson integral

When we impose the mass truncation, the affine Laumon partition function is represented as
a Jackson integral, which was a key to the relation to the q-KZ equation. See [1] for the general
method of representing Nekrasov partition functions as Jackson integrals with the help of the
truncation of Young diagrams to finite length. In this section by recasting the affine Laumon
partition function as a Jackson integral we will show that it is identified with an N + 2 point
correlation function, which provides a solution to the q-KZ equation of Uq

(︁ˆ︁sl2)︁ [23, 33]. In the
last section we have seen that after the mass parameter truncation the Hamiltonian of the non-
stationary ˆ︁glN difference equation is related to the finite-dimensional R-matrix of Uq

(︁ˆ︁slN)︁ (see
Corollary 3.5 and Theorems 3.6, 3.7). On the other hand what we will see in this section is the
affine Laumon partition function, which is conjecture to be a solution to the non-stationary ˆ︁glN
difference equation, actually gives a solution to the q-KZ equation of Uq

(︁ˆ︁sl2)︁ (see Proposition 4.2
and [17, 18]). At the moment, unfortunately, we are not able to fill the gap between Uq

(︁ˆ︁slN)︁ on
the Hamiltonian side and Uq

(︁ˆ︁sl2)︁ on the wave function side. It is natural to expect a duality
of q-KZ equations between Uq

(︁ˆ︁sl2)︁ and Uq

(︁ˆ︁slN)︁. Towards a proof of our conjecture such a duality
may play an important role.

13In the present case we take ℓ = m = M . In [20], Iℓ, Im are denoted by Bℓ, Bm.
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4.1 Jackson integral of symmetric Selberg type

The Jackson integral of symmetric Selberg type is14

⟨ϕ, ξ⟩ :=
∫︂ ξ∞

0
ϕ(z)ΦM,N (z)∆(z)

dtz1
z1

∧ · · · ∧ dtzM
zM

= (1− t)M
∑︂

ν∈ZM

[ϕ(z)ΦM,N (z)∆(z)]zi=ξitνi , (4.1)

where

ΦM,N (z) :=

M∏︂
i=1

[︄
zαi

N∏︂
r=1

(︁
ta−1

r zi; t
)︁
∞

(brzi; t)∞

]︄ ∏︂
1≤j<k≤M

z2τ−1
j

(︁
tq−1zk/zj ; t

)︁
∞

(qzk/zj ; t)∞
, (4.2)

with q = tτ ,

∆(z) :=
∏︂

1≤i<j≤M

(zi − zj), (4.3)

and ϕ(z) is an arbitrary symmetric function on (C×)M [17]. For later convenience, we also define

∆(q, z) :=
∏︂

1≤i<j≤M

(︁
zi − q−1zj

)︁
, ∆(z) = ∆(1, z). (4.4)

Here as in [6], we have exchanged q and t, because the shift parameter of the quantum Knizhnik–
Zamolodchikov (q-KZ) equation of our interest is t, while it was q in [17]. In the context of two-
dimensional conformal field theory, N is the number of the vertex operators in the correlation
function and (ar, br) are evaluation parameters of each vertex operator of Uq

(︁
A

(1)
1

)︁
. On the

other hand, each integration variable zi is associated with the screening operator inserted in
the correlation function. Hence, the Jackson integral (4.1) corresponds to N -point correlation
function (or N+2 point vacuum expectation value) with the insertion ofM screening operators.

Aomoto and Kato [2, 3] showed that the Jackson integral (4.1) satisfies a q-difference system
of rank

(︁
N+M−1
N−1

)︁
. In [17] the case N = 2 was studied and the R-matrix appearing in the

q-difference system of rank M + 1 is identified with the R-matrix for the symmetric tensor
representation of Uq

(︁
A

(1)
1

)︁
obtained in [8, 21]. Later in Section 4.3, we will see that up to

a pseudo-constant the weight function ΦM,N (z) arises from the affine Laumon partition function
after the mass parameter truncation (see (4.46)). Moreover, the rank of a basis (see (4.49)
and (4.50)) of the cocycle function ϕ(z) is exactly the same as that of the q-difference system of
Aomoto–Kato.

4.2 Affine Laumon partition function

The affine Laumon partition function of type A
(1)
N−1 is expressed as a summation over N -tuples

of partitions λ⃗ =
(︁
λ(1), . . . , λ(N)

)︁
:

Z
ˆ︁glN
AL

⎛⎝ a1, . . . , aN
b1, . . . , bN
c1, . . . , cN

⃓⃓⃓⃓
⃓⃓ x1, . . . , xN

⃓⃓⃓⃓
⃓⃓ q, κ

⎞⎠
=
∑︂
λ⃗

N∏︂
i,j=1

N
(j−i|N)

∅,λ(j) (ai/bj |q, κ)N(j−i|N)

λ(i),∅ (bi/cj |q, κ)

N
(j−i|N)

λ(i),λ(j)(bi/bj |q, κ)
· xk1(λ⃗)1 · · · xkN (λ⃗)

N , (4.5)

where N
(k|N)
λ,µ (u|q, κ) is the orbifolded Nekrasov factor (see Definition 1.5). The powers of the

expansion parameters xi are given by the number of boxes with a fixed color (see (1.20)).

14We have changed the notation (n,m) → (M,N) from [17].
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4.2.1 Exchange symmetry of the orbifolded Nekrasov factor

The orbifolded Nekrasov factor N
(k|N)
λ,µ (u|q, t) has the exchange symmetry. We employ the infinite

product form of the orbifolded Nekrasov factor obtained in [6, Appendix F]15

N
(k|N)
λ,µ

(︁
u|q, t−

1
N
)︁
=

∞∏︂
i,j=1

[︁
uqj−it1−

k
N
+⌊

µ∨i +k−λ∨j
N

⌋; t
]︁
∞[︁

uqj−i−1t1−
k
N
+⌊

µ∨
i
+k−λ∨

j
N

⌋; t
]︁
∞

[︁
uqj−i−1t1−

k
N ; t
]︁
∞[︁

uqj−it1−
k
N ; t
]︁
∞

, (4.6)

where [u; t]∞ is a regularized version of [u; q]n as n→ ∞, which is defined by

[u; t]∞ :=
(u; t)∞

ϑt1/2
(︁
−u1/2

)︁ =

(︁
u1/2; t1/2

)︁
∞(︁

−t1/2u−1/2; t1/2
)︁
∞
. (4.7)

with ϑp(z) := (z; p)∞(pz−1; p)∞. One can check

[u; q]∞
[qnu; q]∞

=

(︁
u1/2; q1/2

)︁
∞(︁

−q1/2u−1/2; q1/2
)︁
∞

(︁
−q(1−n)/2u−1/2; q1/2

)︁
∞(︁

qn/2u1/2; q1/2
)︁
∞

=
(︁
u1/2; q1/2

)︁
n

(︁
−q(1−n)/2u−1/2; q1/2

)︁
n
= [u; q]n. (4.8)

Proposition 4.1. The orbifolded Nekrasov factor has the following symmetry:

N
(k|N)
λ,µ (u|q, κ) = ±N

(N−k−1|N)
µ,λ (qκ/u|q, κ), κ = t−1/N , (4.9)

where the sign factor depends on the pair (λ, µ).

Proof. By using (4.8) with q replaced by t, we can recast (4.6) in the following form:

N
(k|N)
λ,µ (u|q, κ) =

∞∏︂
i,j=1

[︁
uqj−i−1t1−

k
N ; t
]︁
nij[︁

uqj−it1−
k
N ; t
]︁
nij

, (4.10)

where we set nij =
⌊︁µ∨

i +k−λ∨
j

N

⌋︁
∈ Z and it is understood

[u; t]−n = [t−nu; t]−1
n , n > 0. (4.11)

Similarly by combining (4.11) with the inversion formula of the floor function

1 +

⌊︃
ℓ

N

⌋︃
= −

⌊︃
−ℓ− 1

N

⌋︃
, ℓ ∈ Z, (4.12)

we obtain

N
(N−k−1|N)
µ,λ (qκ/u|q, κ) =

∞∏︂
i,j=1

[︁
u−1qj−it

k
N ; t
]︁
1+⌊

λ∨
i
−k−1−µ∨

j
N

⌋[︁
u−1qj−i+1t

k
N ; t
]︁
1+⌊

λ∨
i
−k−1−µ∨

j
N

⌋

=
∞∏︂

i,j=1

[︁
u−1qi−j+1t

k
N
−nij ; t

]︁
nij[︁

u−1qi−jt
k
N
−nij ; t

]︁
nij

. (4.13)

15Originally the orbifolded Nekrasov factor is defined in terms of the finite q-shifted factorial [u; q]n. But to see

the relation to the Jackson integral it is convenient to employ the t = κ− 1
N -shifted factorial [u; t]∞.



24 H. Awata, K. Hasegawa, H. Kanno, R. Ohkawa, S. Shakirov, J. Shiraishi and Y. Yamada

Finally, the formula

(−1)n
[︁
u−1, t

]︁
n
=
[︁
u; t−1

]︁
n
=
[︁
ut−n+1; t

]︁
n
, (4.14)

implies the desired relation. Note that the right-hand side of (4.13) is actually a finite product
after the cancellation of the infinite product. In general the sign factors from the denominator
and the numerator do not cancel and we need the sign factor. See Appendix B for an explicit
formula of the sign factor from the data of (λ, µ). ■

The exchange symmetry of the orbifolded Nekrasov factor implies that the matter contribu-
tion to the affine Laumon partition function is symmetric under di ↔ di. For matter contribu-
tion, one of the partitions in the Nekrasov factor is empty and we have general formulas of finite
product form (see [6, equations (F.29) and (F.30)]):

N
(k|N)
λ,∅ (u|q, κ) =

∏︂
i≥1

[︁
uqi−1κk;κN

]︁
⌊
λ∨
i
+n−1−k

N
⌋
, (4.15)

N
(ℓ|N)
∅,λ (u|q, κ) =

∏︂
i≥1

[︁
uq−iκℓ−N⌊λ∨i +ℓ

N
⌋;κN

]︁
⌊
λ∨
i
+ℓ

N
⌋
. (4.16)

We compute

N
(ℓ|N)
∅,λ (

qκ

d
|q, κ) =

∏︂
i≥1

[︁
d−1q1−iκ1+ℓ−N⌊λ∨i +ℓ

N
⌋;κN

]︁
⌊
λ∨
i
+ℓ

N
⌋
.

=
∏︂
i≥1

(−1)⌊
λ∨i +ℓ

N
⌋[︁dqi−1κ−1−ℓ+N⌊λ∨i +ℓ

N
⌋;κ−N

]︁
⌊
λ∨
i
+ℓ

N
⌋

=
∏︂
i≥1

(−1)⌊
λ∨i +ℓ

N
⌋[︁dqi−1κN−1−ℓ;κN

]︁
⌊
λ∨
i
+ℓ

N
⌋

=
∏︂
i≥1

(−1)⌊
λ∨i +ℓ

N
⌋ · N(N−1−ℓ|N)

λ,∅ (d|q, κ), (4.17)

where we have used (4.14).

In general, if we take the specialization

ai =
qκbi−1

di−1
, 0 ≡ N, cj =

bj

dj
, (4.18)

the anti-fundamental factor is

N
(j−i|N)

∅,λ(j)

(︃
bi−1,j

qκ

di−1
|q, κ

)︃
∼ N

(N+(i−1)−j|N)

λ(j),∅ (bj,i−1di−1|q, κ) = N
(k−j|N)

λ(j),∅ (bjkdk|q, κ), (4.19)

where bij := bi/bj . On the other hand, the fundamental factor is

N
(j−i|N)

λ(i),∅ (bijdj |q, κ). (4.20)

Hence, up to sign, they are the same under the exchange of mass parameters.
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4.2.2 Vector multiplet

Let us parametrize the lengths of the columns of an N -tuple of Young diagrams as follows:(︁
λ(i)
)︁∨

=
(︁
ℓ
(i)
1 , ℓ

(i)
2 , . . .

)︁
, 1 ≤ i ≤ N. (4.21)

For i ≤ j, the (inverse of) vector multiplet contribution is

N
(j−i|N)

λ(i),λ(j)

(︁
bi/bj |q, t−

1
N
)︁
=

∞∏︂
k,m=1

[︁
(bi/bj)q

m−kt1−
j−i
N

+⌊
ℓ
(j)
k

+j−i−ℓ
(i)
m )

N
⌋; t
]︁
∞[︁

(bi/bj)qm−k−1t1−
j−i
N

+⌊
ℓ
(j)
k

+j−i−ℓ
(i)
m )

N
⌋; t
]︁
∞

, (4.22)

where we have deleted the normalization factor which is independent of ℓ
(i)
k . When i > j,

j − i < 0 in equation (4.22) should be replaced by N + j − i. But, since

t1−
N+j−i

N
+⌊

ℓ
(j)
k

+(n+j−i)−ℓ
(i)
m )

N
⌋ = t1−

j−i
N

+⌊
ℓ
(j)
k

+j−i−ℓ
(i)
m )

N
⌋, (4.23)

we may use equation (4.22) for any 1 ≤ i, j ≤ N .
Let us assume that the width of λ(i) is at most Li and set L = L1 + L2 + · · · + LN . We

introduce a disjoint decomposition of the index set {1, 2, . . . , L} by S1, S2, . . . , SN , where

Si = {L1 + · · ·+ Li−1 + 1, . . . , L1 + · · ·+ Li}, |Si| = Li. (4.24)

When I = L1 + · · · + Li−1 +m ∈ Si, 1 ≤ m ≤ Li, we denote I = (i,m). Then we define the
variables

z(i,m) = b−1
i q1−mκi−1t⌊

ℓ
(i)
m +i−1

N
⌋, κ = t−1/N . (4.25)

We can order L variables zI in the lexicographic manner. In [6], in order to write down the
weight function Wm+n(z) in a symmetric way, we defined (see below equation (4.18)):

zN1+j = Q−1q1−jt⌊
kj−1

2
⌋, kj = (λ(2))∨j . (4.26)

When N = 2, the definition (4.25) implies

z(1,i) = b−1
1 q1−it⌊

ℓ
(1)
i
2

⌋, z(2,j) = b−1
2 q1−jκt⌊

ℓ
(2)
j

+1

2
⌋ = b−1

2 q1−jκ−1t⌊
ℓ
(2)
j

−1

2
⌋. (4.27)

After the scaling by b1, this agrees with (4.26) with Q = κ(b2/b1).
Now we note16⌊︃

ℓ−m

N

⌋︃
=

⌊︃
ℓ

N

⌋︃
−
⌊︂m
N

⌋︂
− θ([ℓ]N , [m]N ), (4.28)

where for a pair (r, s) of the residue classes modulo N we define

θ(r, s) =

{︄
1 0 ≤ r < s ≤ N − 1,

0 otherwise.
(4.29)

By making use of the formula (4.28), we can recast the (double product part of)17 vector
multiplet contribution as follows:

N
(j−i|N)

λ(i),λ(j)

(︁
bi/bj |q, t−

1
N
)︁
=

∏︂
I=(i,m)∈Si

∏︂
J=(j,k)∈Sj

[︁
(tzJ/zI)t

−θ(ℓ
(j)
k +j−1,ℓ

(i)
m +i−1); t

]︁
∞[︁

(tzJ/qzI)t
−θ(ℓ

(j)
k +j−1,ℓ

(i)
m +i−1); t

]︁
∞

, (4.30)

16[ℓ]N and [m]N denote the residue class modulo N . Not to be confused with the q-integer.
17There is also a single product part coming from the boundaries of semi-infinite regions.
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where for i = j, we should remove the factor with m = k. Hence

N∏︂
i,j=1

N
(j−i|N)

λ(i),λ(j)

(︁
bi/bj |q, t−

1
N
)︁
=

L∏︂
I ̸=J=1

[︁
(tzJ/zI)t

−θ(ℓ
(j)
k +j−1,ℓ

(i)
m +i−1); t

]︁
∞[︁

(tzJ/qzI)t
−θ(ℓ

(j)
k +j−1,ℓ

(i)
m +i−1); t

]︁
∞

. (4.31)

The additional factor t−θ(ℓ
(j)
k +j−1,ℓ

(i)
m +i−1) is a generalization of t{(ℓI)−1}·(ℓJ ) appearing in equa-

tion (4.19) of [6], where (ℓI) := [ℓI ]2 is nothing but the parity of ℓI .

For each pair (i, j), 1 ≤ i, j ≤ N , the boundary contribution of the mass truncation comes
from

(I) 1 ≤ m ≤ Li, Lj + 1 ≤ k <∞, and (II) Li + 1 ≤ m <∞, 1 ≤ k ≤ Lj , (4.32)

where we can assume either ℓ
(j)
k = 0 or ℓ

(i)
m = 0. With the same integration variables as above,

we compute the boundary contribution as follows:

Case (I):

Li∏︂
m=1

[︁
(bi/bj)q

m−Lj−1t1−
j−i
N

+⌊ j−i−ℓ
(i)
m

N
⌋; t
]︁
∞

=

Li∏︂
m=1

[︁
b−1
j z−1

(i,m)q
−Ljκj−1t1−θ(j−1,ℓ

(i)
m +i−1).t

]︁
∞. (4.33)

Case (II):

Lj∏︂
k=1

1[︁
(bi/bj)qLi−kt1−

j−i
N

+⌊
ℓ
(j)
k

+j−i

N
⌋; t
]︁
∞

=

Lj∏︂
k=1

1[︁
biz(j,k)qLi−1κ1−it1−θ(ℓ

(j)
k +j−1,i−1).t

]︁
∞

. (4.34)

Taking the product of the inverses of all the boundary contributions, we obtain

N∏︂
i=1

Li∏︂
m=1

N∏︂
j=1

[︁
z(i,m)bjq

Lj−1κ1−jt1−θ(ℓ
(i)
m +i−1,j−1); t

]︁
∞[︁

z−1
(i,m)b

−1
j q−Ljκj−1t1−θ(j−1,ℓ

(i)
m +i−1); t

]︁
∞

. (4.35)

4.2.3 Matter multiplet

Substituting the specialization (4.18), we obtain the matter multiplet contributions as follows:

(1) fundamental matter

N
(j−i|N)

λ(i),∅ =

∞∏︂
m=1

[︁
bijdjq

m−1t1−
j−i
N

+⌊ (j−1)−(ℓ
(i)
m +i−1)

N
⌋; t
]︁
∞

=
∞∏︂

m=1

[︁
b−1
j djz

−1
(i,m)κ

j−1t1−θ(j−1,ℓ
(i)
m +i−1); t

]︁
∞, (4.36)
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(2) anti-fundamental matter

N
(j−i|N)

∅,λ(j) =
∞∏︂
k=1

1[︁
bi−1,jd

−1
i−1q

1−kt1−
j−i+1

N
+⌊

ℓ
(j)
k
N

+j−i⌋; t
]︁
∞

=
∞∏︂
k=1

1[︁
bi−1d

−1
i−1z(j,k)κ

2−it1−θ(ℓ
(j)
k +j−1,i−1)

]︁
∞

, (4.37)

where the normalization factor is omitted in the same manner as (4.22).

4.3 Mass parameter truncation and a basis of the cocycle

Let us impose the mass truncation condition dk = q−mk , mk ∈ Z≥0. Then by identifying ℓk in
the previous section with mk, we see that the fundamental matter contribution cancels half of
the boundary part of the vector multiplet contribution. After the mass parameter truncation,
the number of the columns of λ(i) is at most mi, hence we have M := m1 + · · ·+mN columns
in total. It is convenient to introduce the index I, 1 ≤ I ≤ M , which is identified with the
multi-index (i,m): the m-th column of the i-th Young diagram through a bijection

{1, 2, . . . ,M} → {(1, 1), . . . , (1,m1), (2, 1), . . . , (2,m2), . . . , (N, 1), . . . , (N,mN )}. (4.38)

Using this identification, we define the shifted residue R(ℓI) as the residue class of ℓ
(i)
m + i − 1

modulo N . The shifted residue R(ℓI) tells the color of the end box in the corresponding column,
see Figure 1. Then the affine Laumon partition function is obtained from the following weight
function:

W
ˆ︁glN
M (z) =

M∏︂
I=1

N∏︂
k=1

[︁
zIbkq

mk−1κ1−kt1−θ(R(ℓI),k−1); t
]︁
∞[︁

zIbk−1d
−1
k−1κ

2−kt1−θ(R(ℓI),k−1); t
]︁
∞

×
M∏︂

I ̸=J=1

[︁
(tzJ/qzI)t

−θ(R(ℓJ ),R(ℓI)); t
]︁
∞[︁

(tzJ/zI)t−θ(R(ℓJ ),R(ℓI)); t
]︁
∞
, (4.39)

with the cycle of the Jackson integral that is chosen according to the corresponding lattice trun-
cation. Note that the weight function W

ˆ︁glN
M (z) depends on the fixed point data

{︁
λ(i)
}︁

only
through the shifted residues R(ℓI).

(︁
λ(1), λ(2), λ(3)

)︁
=
(︁ 1 1 1 1 1

2 2 2

0 0

1

2

,
2 2 2 2

0 0

1 1

2

,
0 0

1 1

2

)︁

Figure 1. There are 5 + 4 + 2 = 11 columns (see the bijection (4.38)). Corresponding shifted residues

R(ℓI)
11
I=1 are given by the number in the end box of each column, namely (2, 0, 2, 1, 1; 2, 1, 2, 2; 2, 1).

When N = 2, θ(X,Y ) is non-vanishing only when X is even and Y is odd. Namely, we have
θ(X,Y ) = (1− (X)) · (Y ). Hence,

W
ˆ︁gl2
M (z) =

M∏︂
I=1

[︁
zIq

m−1t; t
]︁
∞[︁

zIQd
−1
0 t; t

]︁
∞

[︁
zIQq

n−1t1+R(ℓI); t
]︁
∞[︁

zId
−1
1 tR(ℓI); t

]︁
∞
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×
M∏︂

I ̸=J=1

[︁
(tzJ/qzI)t

(R(ℓJ )−1)·R(ℓI)); t
]︁
∞[︁

(tzJ/zI)t(R(ℓJ )−1)·R(ℓI)); t
]︁
∞
, (4.40)

where we have substituted m1 = m, m2 = n and b1 = 1, b0 = b2 = Q/κ. We see that this is
exactly equation (4.19) in [6] with d0 ↔ d4.

For a matching with the formulas in [17], we define

ak := b−1
k q1−mkκk−1, bk := bkd

−1
k κ1−k, (4.41)

with bN = tb0. Note that akbk = q1−mkd−1
k .18 We obtain

W
ˆ︁glN
M (z) =

M∏︂
I=1

N∏︂
k=1

[︁
a−1
k zIt

1−θ(R(ℓI),k−1); t
]︁
∞[︁

bk−1zIt1−θ(R(ℓI),k−1); t
]︁
∞

·
M∏︂

I ̸=J=1

[(tzJ/qzI)t
−θ(R(ℓJ ),R(ℓI)); t]∞

[(tzJ/zI)t−θ(R(ℓJ ),R(ℓI)); t]∞
, (4.42)

which should be compared with the weight function ΦM,N (z) (see (4.2) and also equation (4.27)
of [6] in the case of N = 2).

We may note that the sum in the Jackson integral (4.1) is bilateral, namely it is taken over
{νi} ∈ ZM . On the other hand, the affine Laumon partition function involves a sum over Young
diagrams. After the mass parameter truncation, the discrepancy is remedied by an appropriate
choice of the cycle ξ = (ξ1, . . . , ξM ). In fact by taking the following cycle:19

ξ = ξmi =
(︁
a1, a1q, . . . , a1q

m1−1⏞ ⏟⏟ ⏞
m1

, . . . . . . , aN , aNq, . . . , aNq
mN−1⏞ ⏟⏟ ⏞

mN

)︁
, (4.43)

the lattice summation over
{︁
zi = ξit

νi
}︁
is truncated to a cone [18, Section 3.2]:

0 ≤ ν1 ≤ ν2 ≤ · · · ≤ νn−1 ≤ νm1 ,

0 ≤ νm1+1 ≤ νm1+2 ≤ · · · ≤ νn−1 ≤ νm1+m2 ,

...
...

...

0 ≤ νM−mN+1 ≤ νM−mN+2 ≤ · · · ≤ νM−1 ≤ νM . (4.44)

In order to identify the cocycle factor ϕ(z) in the Jackson integral (4.1), let us introduce
a disjoint decomposition of {1, 2, . . . ,M} = R0 ⊔ · · · ⊔RN−1 by Rk := {I | R(ℓI) = k}. Then we
can decompose the weight function as

W
ˆ︁glN
M (z) =W

ˆ︁glN ,(0)
L (z) · P{R0⊔···⊔RN−1}(z), (4.45)

where

W
ˆ︁glN ,(0)
M (z) =

M∏︂
I=1

N∏︂
k=1

[︁
ta−1

k zI ; t
]︁
∞[︁

bk−1zI ; t
]︁
∞

·
M∏︂

I ̸=J=1

[(tzJ/qzI); t]∞
[(tzJ/zI); t]∞

, (4.46)

and

P{R0⊔···⊔RN−1}(z) ∼

⎛⎝ N∏︂
k=2

∏︂
ℓ<k−1

∏︂
J∈Rℓ

(1− a−1
k zJ)

⎞⎠⎛⎝N−1∏︂
k=1

∏︂
k≤ℓ

∏︂
J∈Rℓ

(1− bkzJ)

⎞⎠
18Compare this with [6, Theorem 4.1]. The original q-KZ equation is reproduced by considering the simultaneous

t-shift ak → tak, bk → t−1bk, which is equivalent to the t-shift of the Coulomb moduli bk → t−1bk.
19Recall that we have exchanged q and t, compared with the original literature.
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×

⎛⎝ ∏︂
0≤k<ℓ≤N−1

∏︂
I∈Rk

∏︂
J∈Rℓ

zJ − q−1zI
zJ − zI

⎞⎠ . (4.47)

By [6, Lemma 3.1], the second factor of W
ˆ︁glN ,(0)
M (z) is

M∏︂
I ̸=J=1

[(tzJ/qzI); t]∞
[(tzJ/zI); t]∞

= C(z)∆(z)

M∏︂
I=1

z
−τ(M−1)
I

∏︂
1≤I<J≤M

z2τ−1
I

[(tzJ/qzI); t]∞
[(qzJ/zI); t]∞

, (4.48)

where τ = logt q and C(z) is a pseudo-constant that is invariant under zI → tzI for each
variable zI .

The last factor of P{R0∪···∪RN−1}(z) is exactly such that we can apply [6, Proposition G.1].
To apply the proposition, we recast the remaining factors as follows:

N−1∏︂
ℓ=0

∏︂
J∈Rℓ

fℓ(zJ), fℓ(z) :=
∏︂

ℓ+1<k

(︁
1− a−1

k z
)︁
·
∏︂
k≤ℓ

(1− bkz). (4.49)

For example, when N = 3,

f0(z) =
(︁
1− a−1

2 z
)︁(︁
1− a−1

3 z
)︁
, f1(z) =

(︁
1− a−1

3 z
)︁
(1− b1z),

f2(z) = (1− b1z)(1− b2z).

Now let consider all the partitions R0 ⊔ · · · ⊔RN−1 of {1, . . . ,M} with fixed |Rk| = rk. Then
[6, Proposition G.1] tells

ϕ(r0,r1,...,rN−1)(z) :=
∑︂

R0⊔···⊔RN−1

P{R0⊔···⊔RN−1}(z)

=

N−1∏︂
k=0

1

[rk]q−1 !
·∆(z)−1

×A

⎛⎝ r0∏︂
i0=1

f0(zi0)

r1∏︂
i1=1

f1(zr0+i1) · · ·
rN−1∏︂

iN−1=1

fN−1(zr0+···+rN−2+iN−1)∆(q, z)

⎞⎠ . (4.50)

In summary, we have the following.20

Proposition 4.2. By the identification of parameters (4.41), the affine Laumon partition func-
tion (4.5) with the mass parameter truncation coincides with the Jackson integral (4.1) with the
choice of the integration cycle (4.43), where the cocycle functions in (4.1) are given by (4.50).

The functions ϕ(r0,r1,...,rN−1)(z) are supposed to give a basis of the cocycle factors. In fact,

in [18] the set ZN,M = {µ = (µ1, µ2, . . . , µN ) ∈ ZN
≥0|µ1 + µ2 + · · · + µN = M} is intro-

duced21 and the functions Eλ(z) labeled by λ ∈ ZN,M are considered. We expect the functions
ϕ(r0,r1,...,rN−1)(z) gives a basis of solutions to t-difference equation of rank

r := |ZN,M | =
(︃
N +M − 1

M

)︃
=

(︃
N +M − 1

N − 1

)︃
.

Note that the rank agrees with the size of RM block of the R-matrix computed in Section 3.
We can check the functions ϕ(r0,r1,...,rN−1)(z) coincide with the basis of the cocycle functions for
Uq

(︁ˆ︁sl2)︁ q-KZ equation by Matsuo and Varchenko [23, 33].

20Precisely speaking, the Pochhammer type factors are used in the Jackson integral, while we employ the
sinh type factors in the definition of the affine Laumon function. They agree up to some monomial factor (see
Appendix B).

21We changed s → N and n → M from [18].
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Example 4.3. When N = 3, up to the normalization factor, we have

ϕ(r0,r1,r2)(z) = ∆(z)−1A

(︄
r0∏︂
i=1

(1− a−1
2 zi)

r0+r1∏︂
i=1

(1− a−1
3 zi)

×
M∏︂

i=r0+1

(1− b1zi)
M∏︂

i=r0+r1+1

(1− b2zi)∆(q, z)

)︄
. (4.51)

The cocycle function ϕ(r0,r1,r2)(z) corresponds to z
r1
1 z

r2
2 = xr1+r2

1 xr22 term (modulo the power of
Λ = x1x2x3) in the expansion of the partition function (see Table 1 in Appendix C).

In [6], we rely on the Jackson integral representation of the affine Laumon partition function
to prove that it is a solution to the non-stationary difference equation (1.1). As we have shown
in this section the Jackson integral representation of the affine Laumon partition function is also
valid for ˆ︁glN . Unfortunately, it only tells us the relation to the q-KZ equation of Uq

(︁ˆ︁sl2)︁. Namely,
we can see the ˆ︁glN affine Laumon partition function corresponds to N + 2 point correlation
functions for the Uq

(︁ˆ︁sl2)︁ q-KZ equation, where the shift operator acts on the mass parameters di,
not on the expansion parameters xi. In Section 3, we have seen that after imposing the mass
truncation condition the non-stationary difference equation for ˆ︁glN is related to the R-matrix
of Uq

(︁
A

(1)
N−1

)︁
. It is natural to expect a duality of q-KZ equations between Uq

(︁ˆ︁sl2)︁ and Uq

(︁ˆ︁slN)︁.
In fact, when N = 2, we have a dual pair of the Uq

(︁ˆ︁sl2)︁ KZ equations [6, 17]. Such a duality
may be crucial for a proof of our conjecture.

5 Four-dimensional limit and Fuji–Suzuki–Tsuda system

The following computation uses almost the same method as that in [5, Appendix C].

We start with the equation satisfied by the five-dimensional ˆ︁slN affine Laumon function ψ5d

written in the normal ordered form

(A1 −A2) · ψ5d = 0, (5.1)

A1 = :
N∏︂
a=1

(︁
qϑ

′
a+m̃axa; q

)︁
∞

(xa; q)∞
qγaϑa :, A2 = :

N∏︂
a=1

(︁
qm̃a−maxa; q

)︁
∞(︁

q−ϑ′
a−maxa; q

)︁
∞
q−ϑaϑ′

a :. (5.2)

To take the four-dimensional limit, we have set the parameters as

da = qma , da = qm̃a , κ
ba+1

ba
= qγa , ϑa = xa

∂

∂xa
, ϑ′a = ϑa − ϑa−1, (5.3)

where a ∈ Z/NZ.
For q = eh, h→ 0, we have

(qax; q)b = (1− x)b
{︃
1 +

hx

1− x

(︃
ab+

(︃
b

2

)︃)︃
+O

(︁
h2
)︁}︃

. (5.4)

Namely, by taking the limit of the q-binomial theorem (see [6, equation (5.2)])

(qαx; q)∞
(x; q)∞

=
∞∑︂
k=1

(qα; q)k
(q; q)k

xk = (1− x)−α

{︃
1 +

h

2
α(α− 1)

x

1− x
+O

(︁
h2
)︁}︃

, (5.5)

(−qαx; q)∞
(−qβx; q)∞

= (1 + x)β−α

{︃
1 +

h

2
(α− β)(α+ β − 1)

x

1− x
+O

(︁
h2
)︁}︃

. (5.6)
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By using (5.4), the operators A1, A2 are expanded as

A1 = :
N∏︂
a=1

(1− xa)
−ϑ′

a−m̃a

{︄
1 + h

N∑︂
a=1

K1,a +O
(︁
h2
)︁}︄

:, (5.7)

A2 = :
N∏︂
a=1

(1− xa)
−ϑ′

a−m̃a

{︄
1 + h

N∑︂
a=1

K2,a +O
(︁
h2
)︁}︄

:, (5.8)

where

K1,a = γaϑa +
xa

1− xa

(︃
ϑ′a + m̃a

2

)︃
, (5.9)

K2,a = −ϑaϑ′a −
xa

1− xa

(︃
(m̃a −ma)(−ϑ′a − m̃a) +

(︃
−ϑ′a − m̃a

2

)︃)︃
. (5.10)

Then, since
(︁
a
2

)︁
+
(︁−a

2

)︁
= a2, we have

K1 −K2 = ϑa(ϑ
′
a + γa) +

xa
1− xa

(ϑ′a +ma)(ϑ
′
a + m̃a). (5.11)

Define an operator R acting only on x-variables (not on ϑ’s) as

R : xa ↦→ xa
Ua+1

Ua
, a ∈ Z/(NZ), (5.12)

Ua =
N−1∑︂
i=0

i−1∏︂
j=0

xa+j = xa + xaxa+1 + · · ·+ Λ⏞ ⏟⏟ ⏞
N

, (5.13)

Λ = xaxa+1 · · ·xnx1 · · ·xa−1 = x1x2 · · ·xN . (5.14)

The following relation is useful.

Ua − xaUa+1 = (xa + xaxa+1 + · · ·+ Λ)− xa(xa+1 + xa+1xa+2 + · · ·+ Λ)

= xa(1− Λ). (5.15)

Lemma 5.1. For any function F (x, ϑ), we have the following operator identity:

C−1R :
N∏︂
a=1

(1− xa)
−ϑ′

aF (x, ϑ) := :F
(︁
C−1R(x), ϑ

)︁
:, (5.16)

where C acts only on x-variables (not on ϑ’s) as xa ↦→ xa+1, a ∈ Z/(NZ).

Proof. The action of the left-hand side (LHS) on a monomial xν =
∏︁N

a=1 xa
νa is computed as

(LHS)xν = C−1R

(︄
N∏︂
a=1

(1− xa)
−νa+νa−1F (x, ν)xν

)︄

= C−1R

(︄
N∏︂
a=1

(︃
1− xa+1

1− xa

)︃νa

F (x, ν)xν

)︄

= C−1
N∏︂
a=1

R

(︃
1− xa+1

1− xa
xa

)︃νa

F (R(x), ν)

= C−1
N∏︂
a=1

(︃
Ua+1 − Ua+2xa+1

Ua − Ua+1xa
xa

)︃νa

F (R(x), ν)
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= C−1
N∏︂
a=1

(xa+1)
νaF (R(x), ν) = F

(︁(︁
C−1R(x)

)︁
, ν
)︁ N∏︂
a=1

xa
νa . (5.17)

The last expression is nothing but the desired one (RHS)xν . ■

Theorem 5.2. If Conjecture 1.6 is true, the four-dimensional limit ψ4d = ψ5d

⃓⃓
h→0

of the
partition function satisfies the equation

N∑︂
a=1

{︃
ϑa(ϑ

′
a + γa) +

Ua

1− Λ
(ma + ϑ′a)(m̃a + ϑ′a)

}︃
ψ4d = 0. (5.18)

Namely, (5.1) implies (5.18).

Proof. By using (5.11) and the Lemma 5.1, apply C−1R from the left to the h-expansion of
the equation(A1 −A2) · ψ5d = 0. Then the equation (5.18) is obtained as O(h) term. ■

Remark 5.3. In [34], in the context of four-dimensional gauge theories, the equation (5.18) has
been obtained as a quantization of the differential Fuji–Suzuki–Tsuda (FST) system.

The FST system (called PVI-chain in [31]) was first considered by Tsuda as a similarity reduc-
tion of his UC-hierarchy which is a certain generalization of the KP hierarchy. Independently,
in the context of the Drinfeld–Sokolov hierarchy, it was obtained by Fuji–Suzuki [11] (N = 3)
and Suzuki [29] (N ≥ 3). The FST system relevant here is an isomonodromic deformation of
the N × N Fuchsian equation on P1 with four regular singularities at z = 0, 1, t,∞ with the
following spectral type(︁(︁

1N
)︁
, (N − 1, 1), . . . , (N − 1, 1)⏞ ⏟⏟ ⏞

k

,
(︁
1N
)︁)︁
, k = 2.

Its multi-time extensions (k ≥ 3) has also been studied in [32]. The case N = 2, k = 2 is PVI and
the cases N = 2, k ≥ 3 are the Garnier system. The q-difference version of the FST system is also
known. Interestingly, in q-case, there exists a duality between the system of type (N, k) = (m, 2)
and (N, k) = (2,m) (see, e.g., [24]).

Recently, some constructions of the q-FST system through the cluster algebra were obtained
(see, e.g., [26, 30]). Since such formulation will also give a natural way of the quantization
(see, e.g., [22]), the relation to our construction from the affine Laumon space is an interesting
problem. The relation to the tetrahedron R-matrix uncovered in Section 3 also gives a link to
the cluster algebra. In [14], it was argued that the conjugation by the tetrahedron R-matrix can
be described by a sequence of mutations (see also [16] for the quantum case).

In [13], it was shown that theWN conformal block with a fully degenerate field gives a solution
to the FST system. This opens a problem of a higher-rank generalization of the relation of the
Virasolo conformal block with a degenerate field and the conformal block of the SL(2) current
algebra which is described by the KZ equation. We find it intriguing in what sense the affine
Laumon partition function gives a conformal block of the deformed W algebra.

A Symmetric form of ˆ︁gl2 Hamiltonian

The ˆ︁gl2-non-stationary difference equation considered in [5, 27] is

HST
−1
qtQ,xT

−1
t,Λ ·Ψ(Λ, x) = Ψ(Λ, x). (A.1)
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The Hamiltonian is

HS =
1

φ(qx)φ(Λ/x)
· B ·

φ(Λ)φ
(︁
q−1d1d2d3d4Λ

)︁
φ(−d1x)φ(−d2x)φ(−d3Λ/x)φ(−d4Λ/x)

· B · 1

φ
(︁
q−1d1d2x

)︁
φ(d3d4Λ/x)

, (A.2)

where φ(z) := (z; q)∞ and B is the q-Borel transformation on a formal Laurent series in x:

B

(︄∑︂
n

cnx
n

)︄
=
∑︂
n

q
1
2
n(n+1)cnx

n. (A.3)

In order to generalize the non-stationary difference equation (A.1) to higher rank, it is instructive
to recast HS into more “symmetric” form. In terms of homogeneous coordinates x1 := x and
x2 := q−1Λ/x, the total Hamiltonian becomes

HST
−1
qtQ,xT

−1
t,Λ =

1

φ(qx1)φ(qx2)
· B · φ(qx1x2)φ(d1d2d3d4x1x2)

φ(−d1x1)φ(−d2x1)φ(−qd3x2)φ(−qd4x2)

· B · 1

φ(q−1d1d2x1)φ(qd3d4x2)
T−1
qtQ,x1

TqQ,x2 . (A.4)

Since xn1x
m
2 ∼ xn−m the q-Borel transformation in coordinates (x1, x2) is

B = q
1
2
(ϑ1−ϑ2)(ϑ1−ϑ2+1) = q

1
2
(ϑ1−ϑ2)2p

1
2
1 p

− 1
2

2 , (A.5)

where ϑi := xi
∂
∂xi

and pi = qϑi = Tq,xi . Hence, we have

HST
−1
qtQ,xT

−1
t,Λ =

1

φ(qx1)φ(qx2)
· q

1
2
(ϑ1−ϑ2)2

· φ(qx1x2)φ(d1d2d3d4x1x2)

φ
(︁
−q

1
2d1x1

)︁
φ
(︁
−q

1
2d2x1

)︁
φ(−q

1
2d3x2)φ

(︁
−q

1
2d4x2

)︁
· q

1
2
(ϑ1−ϑ2)2 · 1

φ(d1d2x1)φ(d3d4x2)
T−1
tQ,x1

TQ,x2 . (A.6)

The shift operator p
1
2
1 p

− 1
2

2 in (A.5) is combined with the original shift operator T−1
qtQ,x1

TqQ,x2 .
Note that the factors in the numerator commute with q

1
2
(ϑ1−ϑ2)2 .

Parametrizing Q = κ b2
b1

with κ := t−
1
2 , we finally obtain

HST
−1
qtQ,xT

−1
t,Λ =

1

φ(qx1)φ(qx2)
· q

1
2
(ϑ1−ϑ2)2

· φ(qx1x2)φ(d1d2d3d4x1x2)

φ(−q
1
2d1x1)φ

(︁
−q

1
2d2x1

)︁
φ
(︁
−q

1
2d3x2

)︁
φ
(︁
−q

1
2d4x2

)︁
· q

1
2
(ϑ1−ϑ2)2 · 1

φ(d1d2x1)φ(d3d4x2)
Tκb1

b2
,x1
Tκb2

b1
,x2
. (A.7)

The rescaling xi → −q
1
2xi and the exchange of mass parameters d2 ↔ d3 implies a complete

matching of the Hamiltonian (1.7) with N = 2 and (A.7). When N = 2, ∆ = (ϑ1−ϑ2)2 and the
twist operation on φ(−x̌0)−1 and φ(−x̂0)−1 is trivial. Hence the Hamiltonian (1.7) reduces to

Hˆ︁gl2(xi; bi, di, q, t) = q
1
2
(ϑ1−ϑ2)2 · AL · AC · AR · q

1
2
(ϑ1−ϑ2)2 · Tκb1

b2
,x1
Tκb2

b1
,x2
, (A.8)
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where

AL =
1

φ(−x̌2)
1

φ(−x̌1)
φ(Λ),

AR = φ
(︁
q−1d1d2d3d4Λ

)︁ 1

φ(−d1d3x̂1)
1

φ(−d2d4x̂2)
,

AC =
1

φ(d1x1)φ(d3x1)φ(d2x2)φ(d4x2)
,

and we have identified x0 with x2. In order to compare the Hamiltonian (A.8) with the symmetric

form of the ˆ︁gl2 Hamiltonian (A.7), we have to commute q
1
2
(ϑ1−ϑ2)2 with AL or AR by using the

formula (A.16) in the next subsection. This commutation removes the hat and the check on xi:

x̌i → xi and x̂i → xi and also it scales xi by q
± 1

2 . Namely,

AL −→ ˜︁AL =
1

φ
(︁
−q

1
2x2
)︁ 1

φ
(︁
−q

1
2x1
)︁φ(Λ), (A.9)

AR −→ ˜︁AR = φ(q−1d1d2d3d4Λ)
1

φ
(︁
−d1d3q−

1
2x1
)︁ 1

φ
(︁
−d2d4q−

1
2x2
)︁ , (A.10)

Then as claimed above by the rescaling xi → −q
1
2xi and the exchange of mass parameters, we

see the agreement of the Hamiltonians (A.8) and (A.7).

A.1 q-Borel transformation for multi-variables

In the higher-rank generalization of HS, there appear the operators of the form qL, where L
is a second order polynomial in the Euler derivative ϑi. For later convenience, let us work out
the commutation relations with coordinate variables xi. Since q

1
2
ϑ2
i xi · xni = q

1
2
(n+1)2xn+1

i =

qn+
1
2xiq

1
2
ϑ2
i · xni = q

1
2xipiq

1
2
ϑ2
i · xni , we see

Ad
(︁
q±

1
2
ϑ2
i
)︁
· xi = q±

1
2xip

±1
i . (A.11)

We also have

Ad
(︁
q±ϑiϑj

)︁
· xi = xip

±1
j , i ̸= j. (A.12)

Let us introduce the relative q-Borel transformation ˜︁Bxy by (see equation (A.5))

˜︁Bxy := q
1
2
(ϑx−ϑy)(ϑx−ϑy+1) = q

1
2
(ϑ2

x+ϑ2
y)q−ϑxϑyp

1
2
x p

− 1
2

y . (A.13)

Namely,

˜︁Bxy · xnym = q
1
2
(n−m)(n−m+1)xnym. (A.14)

From (A.11) and (A.12), we obtain the commutation relation

Ad( ˜︁Bxy) · x = pxp
−1
y x, Ad( ˜︁Bxy) · y = yp−1

x py. (A.15)

We note that for x′ = pxp
−1
y x and y′ = yp−1

x py, we have x′y′ = y′x′ = xy. On the power of xi,
we have

Ad
(︁
q±

1
2
(ϑi−ϑj)

2)︁ · xni = q±
1
2
n2
xni p

±n
ij = q±

n
2
(︁
xip

±1
ij

)︁n
, pij = pi/pj , i ̸= j. (A.16)

This formula is useful in the computation of the normal ordered Hamiltonian.
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B Two types of the affine Laumon partition function

There are two types of the Nekrasov factor, which we call Pochhammer type and hyperbolic-sine
(sinh) type. From the view point of the index theorem for the instanton moduli space, they
come from the Dolbeault operator and the Dirac operator, respectively. Consequently we have
the affine Laumon partition function of Pochhammer type and of sinh type. When the moduli
space is hyperKähler, the index of the Dolbeault operator and the Dirac operator coincide,
since the discrepancy is measured by the first Chern class. However, the affine Laumon space
is not hyperKähler, because of the asymmetry of the chain-saw quiver [9, 10] and two types of
the partition function are different in general. In this appendix, we will show that the q-Borel
transformation transforms the affine Laumon partition function of sinh type into of Pochhammer
type.

B.1 q-Borel transformation from sinh type into Pochhammer type

Let λ be a Young diagram, i.e., a partition λ = (λ1, λ2, · · · ), which is a sequence of nonnegative
integers such that λi ≥ λi+1 and |λ| =

∑︁
i λi < ∞. λ∨ denotes its conjugate (dual) diagram.

We define

|λ|k :=
∑︂
n∈Z

λk+nN , k ∈ Z/NZ, (B.1)

where we set λi = 0 for i ≤ 0. Throughout Appendix B, we use the notation

v := (qκ)
1
2 . (B.2)

In this appendix, the notation ≡ always means the congruence of integers modulo N .
For a pair of Young diagrams λ and µ, we define the orbifolded Nekrasov factor of Pochham-

mer type as

N
Poch(k|N)
λµ (vQ|q, κ) :=

∏︂
(i,j)∈µ

µ∨
j
−i+1

2≡−k− 1
2

(︁
1−Qqλi−j+ 1

2κ−µ∨
j +i− 1

2
)︁

·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

(︁
1−Qq−µi+j− 1

2κλ
∨
j −i+ 1

2
)︁
. (B.3)

The orbifolded Nekrasov factor of sinh type (4.6) is written as

N
(k|N)
λµ (vQ|q, κ) =

∏︂
(i,j)∈µ

µ∨
j
−i+1

2≡−k− 1
2

[︁
Qqλi−j+ 1

2κ−µ∨
j +i− 1

2
]︁

·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

[︁
Qq−µi+j− 1

2κλ
∨
j −i+ 1

2
]︁
, (B.4)

with [x] := x−
1
2 − x

1
2 (see [6, Appendix F]). It satisfies22

N
(k|N)
λµ (vQ|q, κ) = (−1)nN

(k|kN)
λµ

(︁
v−1Q−1|q−1, κ−1

)︁
, (B.5)

where n = |µ|−k + |λ|1+k, as we will show in (B.34).

22Such a simple symmetry is specific to the Nekrasov factor of sinh type. But both N
(k|N)
λµ (vQ|q, κ) and

N
Poch(k|N)
λµ (vQ|q, κ) satisfy the inversion formula of type

N
Poch(k|N)
λµ (vQ|q, κ) = N

Poch(−k−1|N)
µλ

(︁
v−1Q|q−1, κ−1)︁,

which follows directly from the definition.
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For N -tuple of Young diagrams λ(i) with i ∈ Z/NZ, let λ⃗ :=
(︁
λ(1), λ(2), . . . , λ(N)

)︁
. For N

variables xi ∈ C with i ∈ Z/NZ, let x⃗ := (x1, x2, . . . , xN ). For 3N2 variables Qa
i,j , Q

b
i,j , Q

c
i,j ∈ C

with i, j ∈ Z/NZ, let

Z
λ⃗
(x⃗) :=

N∏︂
i,j=1

N
(j−i|N)

∅λ(j) (vQa
i,j |q, κ)N

(j−i|N)

λ(i)∅ (vQc
i,j |q, κ)

N
(j−i|N)

λ(i)λ(j) (vQ
b
i,j |q, κ)

x
|λ(j)|1+i−j

i , (B.6)

Zpure

λ⃗
(x⃗) :=

N∏︂
i,j=1

1

N
(j−i|N)

λ(i)λ(j) (vQ
b
i,j |q, κ)

x
|λ(j)|1+i−j

i . (B.7)

We define ZPoch
λ⃗

(x⃗) and ZPoch,pure

λ⃗
(x⃗) by replacing the orbifolded Nekrasov factor of sinh type

with that of Pochhammer type.
As we will show in (B.43), the denominators and the numerators of (B.6) and (B.7) have

even numbers of factors or brackets [ ]. Therefore, even if we change the sign of [x], Z
λ⃗
(x⃗) and

Zpure

λ⃗
(x⃗) are unchanged.

Let ϑxi := xi
∂
∂xi

and

∆ :=
1

2

N∑︂
i=1

(ϑxi−1 − ϑxi)
2 =

N∑︂
i=1

(︁
ϑ2xi

− ϑxi−1ϑxi

)︁
. (B.8)

Since ϑxx = x(1+ϑx), q
ϑ2
xxn ·1 = xnq(n+ϑx)2 ·1 = xnqn

2 ·1. Thus, for any c ∈ C, Z
λ⃗
(x⃗) satisfies

q
c
2
ϑxiZ

λ⃗
(x⃗) = Z

λ⃗
(x⃗)q

c
2

∑︁N
j=1 |λ(j)|1+i−j , (B.9)

q
c
2
∆Z

λ⃗
(x⃗) = Z

λ⃗
(x⃗)

N∏︂
i=1

q
c
4(

∑︁N
j=1(|λ(j)|i−j−|λ(j)|1+i−j))

2

. (B.10)

The same relations are also valid for Zpure

λ⃗
(x⃗), ZPoch

λ⃗
(x⃗) and ZPoch,pure

λ⃗
(x⃗).

Proposition B.1. When

vQa
i,j =

ai
bj
, vQb

i,j =
bi
bj
, vQc

i,j =
bi
cj
, (B.11)

with 3N variables ai, bi and ci, we have

ZPoch
λ⃗

(x⃗) = q
1
2
∆

N∏︂
i=1

(︃
ai
bi

bi−1

ci−1

)︃ 1
2
ϑxi−1

· Z
λ⃗
(x⃗), (B.12)

ZPoch,pure

λ⃗
(x⃗) = q

1
2
∆

N∏︂
i=1

(︃
bi−1

bi
qκ

)︃ 1
2
ϑxi−1

· Zpure

λ⃗
(x⃗). (B.13)

Remark that, in the case of N = 2, ∆ = ϑ2x1
− 2ϑx1ϑx2 + ϑ2x2

. Remark also that, since

smash
∑︁N

i=1 |λ(j)|i−j = |λ(j)|,23

ZPoch,pure

λ⃗
(x⃗)

23The inverse square of the last factor of (B.14)

q−
1
2
(
∑︁N

j=1(|λ
(j)|i−j−|λ(j)|1+i−j))

2

b
∑︁N

j=1(|λ
(j)|i−j−|λ(j)|1+i−j)

i κ−|λ(i)|

up to q|λ
(i)| is the same as the prefactor s−mi

i q−m2
i /2κ−|λ(i)| of (12) in [28]. Here si := 1/bi and mi :=∑︁N

j=1

(︁
|λ(j)|i−j − |λ(j)|1+i−j

)︁
.
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= Zpure

λ⃗
(x⃗)

N∏︂
i=1

q
1
4
(
∑︁N

j=1(|λ(j)|i−j−|λ(j)|1+i−j))
2

b
− 1

2

∑︁N
j=1(|λ(j)|i−j−|λ(j)|1+i−j)

i (qκ)
1
2
|λ(i)| . (B.14)

For any function f of ai, bj , ck, q, t, let

f(a1, a2, . . . , b1, b2, . . . , c1, c2, . . . , q, κ)

:= f
(︁
a−1
1 , a−1

2 , . . . , b−1
1 , b−1

2 , . . . , c−1
1 , c−1

2 , . . . , q−1, κ−1
)︁
. (B.15)

Since, Z
λ⃗
(x⃗) = Z

λ⃗
(x⃗) and Zpure

λ⃗
(x⃗) = Zpure

λ⃗
(x⃗), we have

ZPoch
λ⃗

(x⃗) = q−
1
2
∆

N∏︂
i=1

(︃
ai
bi

bi−1

ci−1

)︃− 1
2
ϑxi−1

· Z
λ⃗
(x⃗), (B.16)

ZPoch,pure

λ⃗
(x⃗) = q−

1
2
∆

N∏︂
i=1

(︃
bi−1

bi
qκ

)︃− 1
2
ϑxi−1

· Zpure

λ⃗
(x⃗). (B.17)

Let [x]c := x
c
2 [x] with [x] = x−

1
2 − x

1
2 . From Z

λ⃗
(x⃗) and Zpure

λ⃗
(x⃗), we define Z

c,λ⃗
(x⃗) and

Zpure

c,λ⃗
(x⃗) by replacing [x] in the orbifolded Nekrasov factor of sinh type with [x]c. For example,

Z
0,λ⃗

(x⃗) = Z
λ⃗
(x⃗), Z

1,λ⃗
(x⃗) = ZPoch

λ⃗
(x⃗) and Z−1,λ⃗

(x⃗) = ZPoch
λ⃗

(x⃗).

In view of (B.9) and (B.10), it should be clear that even if we replace ZPoch
λ⃗

(x⃗) and ZPoch,pure

λ⃗
(x⃗)

with Z
c,λ⃗

(x⃗) and Zpure

c,λ⃗
(x⃗), respectively, Proposition B.1 is true, if 1

2∆ and 1
2ϑxi−1 are replaced

with c
2∆ and c

2ϑxi−1 , respectively.

B.2 Proof of the Proposition B.1

Before embarking on a proof of Proposition B.1, it is convenient to introduce a few notations.
Since (1− x) = x

1
2 [x], we have

N
Poch(k|N)
λµ (vQ|q, κ) = N

(k|N)
λµ (vQ|q, κ)

(︁
f
(k|N)
λ,µ g

(k|N)
λ,µ (Q)

)︁ 1
2 , (B.18)

where

f
(k|N)
λ,µ :=

∏︂
(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

qλi−j+ 1
2κ−µ∨

j +i− 1
2 ·

∏︂
(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

q−µi+j− 1
2κλ

∨
j −i+ 1

2 , (B.19)

g
(k|N)
λ,µ (Q) :=

∏︂
(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

Q ·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

Q. (B.20)

Let us denote

f
λ⃗
:=

N∏︂
i,j=1

f
(j−i|N)

∅,λ(j) f
(j−i|N)

λ(i),∅

f
(j−i|N)

λ(i),λ(j)

, g
λ⃗
:=

N∏︂
i,j=1

g
(j−i|N)

∅λ(j)

(︁
Qa

i,j

)︁
g
(j−i|N)

λ(i)∅

(︁
Qc

i,j

)︁
g
(j−i|N)

λ(i)λ(j)

(︁
Qb

i,j

)︁ , (B.21)

fnum
λ⃗

:=
N∏︂

i,j=1

f
(j−i|N)

∅,λ(j) f
(j−i|N)

λ(i),∅ =
N∏︂

i,j=1

f
(j−i|N)

∅,λ(j) f
(i−j−1|N)

λ(j),∅ , (B.22)

gnum
λ⃗

:=

N∏︂
i,j=1

g
(j−i|N)

∅,λ(j)

(︁
Qa

i,j

)︁
g
(j−i|N)

λ(i),∅

(︁
Qc

i,j

)︁
=

N∏︂
i,j=1

g
(j−i|N)

∅,λ(j)

(︁
Qa

i,j

)︁
g
(i−j−1|N)

λ(j),∅

(︁
Qc

j,i−1

)︁
, (B.23)
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fpure
λ⃗

:=
f
λ⃗

fnum
λ⃗

=

N∏︂
i,j=1

1

f
(j−i|N)

λ(i),λ(j)

, gpure
λ⃗

:=
g
λ⃗

gnum
λ⃗

=

N∏︂
i,j=1

1

g
(j−i|N)

λ(i)λ(j)

(︁
Qb

i,j

)︁ . (B.24)

From (B.18), we have

ZPoch
λ⃗

(x⃗) =
(︁
f
λ⃗
g
λ⃗

)︁ 1
2 Z

λ⃗
(x⃗), (B.25)

ZPoch,pure

λ⃗
(x⃗) =

(︁
fpure
λ⃗

gpure
λ⃗

)︁ 1
2Zpure

λ⃗
(x⃗). (B.26)

Hence to prove Proposition B.1, it is enough to evaluate f
λ⃗
, g

λ⃗
, fnum

λ⃗
and gnum

λ⃗
. This is achieved

by the following four steps.

B.2.1 Step 1: Good combination

We have

f
(−k|N)
µ,λ =

∏︂
(i,j)∈λ

λ∨
j
−i+1

2≡k− 1
2

qµi−j+ 1
2κ−λ∨

j +i− 1
2 ·

∏︂
(i,j)∈µ

µ∨
j
−i+1

2≡N−k+1
2

q−λi+j− 1
2κµ

∨
j −i+ 1

2 , (B.27)

and we can eliminate κ from f -factors by taking the following combinations:

f
(k|N)
∅,µ f

(k|N)
λ,∅

f
(k|N)
λ,µ

=
∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

q−λi ·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

qµi , (B.28)

f
(−k|N)
∅,λ f

(−k|N)
µ,∅

f
(−k|N)
µ,λ

=
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k− 1
2

q−µi ·
∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k+1
2

qλi . (B.29)

We also have

f
(k|N)
λ,µ f

(−1−k|N)
µ,λ = 1, (B.30)

g
(k|N)
λ,µ (Q)g

(−1−k|N)
µ,λ

(︁
Q′)︁ = ∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

QQ′ ·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

QQ′ = g
(k|N)
λ,µ

(︁
QQ′)︁. (B.31)

Note that, by (B.28),

f
λ⃗
=

N∏︂
i,j=1

∏︂
(a,b)∈λ(j)

λ(j)
∨
b −a+1

2≡i−j− 1
2

q−λ
(i)
a ·

∏︂
(a,b)∈λ(j)

λ(j)
∨
b −a+1

2≡i−j+1
2

qλ
(i)
a . (B.32)

B.2.2 Step 2: Box product

Since λ∨j − i is the leg length of the square (i, j) in the Young diagram of a partition λ, we have

∑︂
(i,j)∈λ

λ∨
j
−i+1≡k

1 =

∞∑︂
n=0

λk+nN = |λ|k. (B.33)

Hence, the power of Q’s in (B.20) is |µ|−k + |λ|1+k, and

g
(k|N)
λ,µ (Q) = Q|µ|−k+|λ|1+k . (B.34)
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Lemma B.2. For 1 ≤ k ≤ N − 1,

f
(k|N)
∅,µ f

(k|N)
λ,∅ f

(−k|N)
∅,λ f

(−k|N)
µ,∅

f
(k|N)
λ,µ f

(−k|N)
µ,λ

=

N∏︂
i,j=1
j−i≡k

q
1
2
(|µ|i−1−|µ|i)(|λ|j−1−|λ|j)

N∏︂
i,j=1

j−i≡−k

q
1
2
(|λ|i−1−|λ|i)(|µ|j−1−|µ|j), (B.35)

f
(0|N)
∅,λ f

(0|N)
λ,∅

f
(0|N)
λ,λ

= q
1
2

∑︁N
i=1(|λ|i−1−|λ|i)2 . (B.36)

For 0 ≤ k ≤ N − 1,

g
(k|N)
∅,µ (Qa)g

(k|N)
λ,∅ (Qc)

g
(k|N)
λ,µ (Qb)

=

(︃
Qa

Qb

)︃|µ|−k
(︃
Qc

Qb

)︃|λ|1+k

(B.37)

and24

f
(k|N)
λ,µ f

(−1−k|N)
µ,λ = 1, g

(k|N)
λ,µ (Q)g

(−1−k|N)
µ,λ

(︁
Q′)︁ = (QQ′)|µ|−k+|λ|1+k . (B.38)

Proof. By (B.34),

g
(k|N)
∅,µ (Qa)g

(k|N)
λ,∅ (Qc)

g
(k|N)
λ,µ (Qb)

=
(Qa)|µ|−k (Qc)|λ|1+k

(Qb)
|µ|−k+|λ|1+k

, (B.39)

which gives (B.37). From (B.30), (B.31) and (B.34), we get (B.38).
For any j, s ∈ Z>0, λ

∨
j = s if and only if 1 + λs+1 ≤ j ≤ λs. Thus, for 0 ≤ k ≤ N − 1,∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

qµi =
∏︂
i≥1

∏︂
n≥0

∏︂
j≥1

λ∨
j
=i+k+nN

qµi

=
∏︂
i≥1

∏︂
n≥0

∏︂
s≥1

s=i+k+nN

qµi(λs−λs+1) =
∏︂
n≥0

∏︂
i,j∈Z

j−i=k+nN

qµi−1(λj−1−λj), (B.40)

where we have used λ∨j = s ⇔ 1 + λs+1 ≤ j ≤ λs for the second equality. By replacing q, k, λ
and µ in (B.40) with 1/q, N − 1− k, µ and λ, respectively, we have∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

q−λi =
∏︂
n≥0

∏︂
i,j∈Z

j−i+1=N−k+nN

q−λi−1(µj−1−µj)

=
∏︂
n≥1

∏︂
i,j∈Z

j−i=−k+nN

q−λi(µj−1−µj). (B.41)

Similarly, by replacing q, k in (B.40) and (B.41) with 1/q, k − 1, respectively, we obtain the
formulas for 1 ≤ k ≤ N . Combining them, we have∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

qµi ·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k− 1
2

q−µi =
∏︂
n≥0

∏︂
i,j∈Z

j−i=k+nN

q(µi−1−µi)(λj−1−λj),

24For the Nekrasov partition function without surface defect, the f -factors corresponding to (B.35) and (B.36)
are equal to 1 and the g-factors corresponding to (B.37) and (B.38) are given by replacing |λ|k with |λ|. Thus

the Nekrasov partition function without surface defect satisfies (B.12) without q-Borel transformation q
1
2
∆ and

by replacing |λ|k with |λ|.
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(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

q−λi ·
∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k+1
2

qλi =
∏︂
n≥1

∏︂
i,j∈Z

j−i=−k+nN

q(λi−1−λi)(µj−1−µj).

Then, for 1 ≤ k ≤ N − 1,

f
(k|N)
∅,µ f

(k|N)
λ,∅ f

(−k|N)
∅,λ f

(−k|N)
µ,∅

f
(k|N)
λ,µ f

(−k|N)
µ,λ

=
∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k− 1
2

q−λi ·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k+1
2

qµi

·
∏︂

(i,j)∈λ

λ∨
j
−i+1

2≡k− 1
2

q−µi ·
∏︂

(i,j)∈µ

µ∨
j
−i+1

2≡N−k+1
2

qλi

=
∏︂
n∈Z

∏︂
i,j∈Z

j−i=k+nN

q(µi−1−µi)(λj−1−λj)

=

N∏︂
i,j=1
j−i≡k

∏︂
n,m≥0

q(µi−1+nN−µi+nN )(λj−1+mN−λj+mN ),

which reduces to (B.35). In
f
(k|N)
∅,µ f

(k|N)
λ,∅

f
(k|N)
λ,µ

and
f
(−k|N)
∅,λ f

(−k|N)
µ,∅

f
(−k|N)
µ,λ

, k should be 0 ≤ k ≤ N − 1 and
1 ≤ k ≤ N , respectively. But

f
(0|N)
∅,λ f

(0|N)
λ,∅

f
(0|N)
λ,λ

=
f
(−N |N)
∅,λ f

(−N |N)
λ,∅

f
(−N |N)
λ,λ

=

⎛⎝f (0|N)
∅,λ f

(0|N)
λ,∅

f
(0|N)
λ,λ

f
(−N |N)
∅,λ f

(−N |N)
λ,∅

f
(−N |N)
λ,λ

⎞⎠ 1
2

,

which gives (B.36). ■

B.2.3 Step 3: N2 product

We have the following lemma.

Lemma B.3.

f
λ⃗
=

N∏︂
i=1

q
1
2(

∑︁N
j=1(|λ(j)|i−j−|λ(j)|1+i−j))

2

, fnum
λ⃗

= 1, (B.42)

g
λ⃗
=

N∏︂
i,j=1

(︄
Qa

i,jQ
c
j,i−1

Qb
i,jQ

b
j,i−1

)︄|λ(j)|i−j

, gnum
λ⃗

=
N∏︂

i,j=1

(︁
Qa

i,jQ
c
j,i−1

)︁|λ(j)|i−j . (B.43)

Proof. (B.43) follows from (B.37) and (B.38). By using (B.35) and (B.36), we obtain

f
λ⃗
=

N∏︂
i,j=1

N∏︂
a,b=1

b−a≡j−i

q
1
2(|λ

(j)|a−1−|λ(j)|a)(|λ(i)|b−1−|λ(i)|b).

For any variables yia such that yi+N
a = yia+N = yia, we have

N−1∑︂
a,b,i,j=0

j−i≡±(b−a)

yiay
j
b =

N−1∑︂
a=0

(︄
N−1∑︂
i=0

yia±i

)︄2

. (B.44)
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Therefore, when yia =
⃓⃓
λ(i)
⃓⃓
a−1

−
⃓⃓
λ
(i)
a ,

N−1∑︂
a,b,i,j=0

j−i≡±(b−a)

(︁⃓⃓
λ(i)
⃓⃓
a−1

−
⃓⃓
λ(i)
⃓⃓
a

)︁(︁⃓⃓
λ(j)

⃓⃓
b−1

−
⃓⃓
λ(j)

⃓⃓
b

)︁
=

N∑︂
i=1

⎛⎝ N∑︂
j=1

(︁⃓⃓
λ(j)

⃓⃓
i±j

−
⃓⃓
λ(j)

⃓⃓
i±j+1

)︁⎞⎠2

. ■

Here is a remark on (B.44) in the case of N = 2. It should read, if yia+1 = −yia,

1∑︂
a,b,i,j=0

j−i≡±(b−a)

yiay
j
b =

1∑︂
a=0

(︄
1∑︂

i=0

yia±i

)︄2

= 2

(︄
1∑︂

i=0

yii

)︄2

.

B.2.4 Final step

By using relations (B.25), (B.26), (B.24) and Lemma B.3, we obtain

ZPoch
λ⃗

(x⃗) = Z
λ⃗
(x⃗)q

1
4

∑︁N
i=1(

∑︁N
j=1(|λ(j)|i−j−|λ(j)|1+i−j))

2
N∏︂

i,j=1

(︄
Qa

i,jQ
c
j,i−1

Qb
i,jQ

b
j,i−1

)︄ 1
2
|λ(j)|i−j

= q
1
2
∆Z

λ⃗
(x⃗)

N∏︂
i,j=1

(︄
Qa

i,jQ
c
j,i−1

Qb
i,jQ

b
j,i−1

)︄ 1
2
|λ(j)|i−j

(B.45)

and

ZPoch,pure

λ⃗
(x⃗) = Zpure

λ⃗
(x⃗)q

1
4

∑︁N
i=1(

∑︁N
j=1(|λ(j)|i−j−|λ(j)|1+i−j))

2
N∏︂

i,j=1

(︄
1

Qb
i,jQ

b
j,i−1

)︄ 1
2
|λ(j)|i−j

= q
1
2
∆Zpure

λ⃗
(x⃗)

N∏︂
i,j=1

(︄
1

Qb
i,jQ

b
j,i−1

)︄ 1
2
|λ(j)|i−j

, (B.46)

where we also used (B.9) and (B.10) for recasting the first line to the second.
Since (B.11) implies

Qa
i,jQ

c
j,i−1

Qb
i,jQ

b
j,i−1

=
ai
bi

bi−1

ci−1
,

1

Qb
i,jQ

b
j,i−1

=
bi−1

bi
qκ,

we finally obtain Proposition B.1.

B.3 Inversion symmetry

By using the partition function of Pochhammer type ZPoch
λ⃗

(x⃗), we can rewrite the non-station-

ary ˆ︁glN equation (1.21) without q-Borel transformation q
1
2
∆. Suppose qn ̸= 1 for any integer n.

Let us define the q-exponential without using the q-Pochhammer symbol by

eq
(︁
xq

1
2
)︁
:= exp

(︄
−

∞∑︂
n=1

xn

n

1

q
n
2 − q−

n
2

)︄
, q ∈ C×, (B.47)

which is a formal power series in x. Then it satisfies eq
(︁
xq

1
2

)︁
eq−1

(︁
xq−

1
2

)︁
= 1.

Let di := qκbi/ai+1, di := bi/ci,

T :=
N∏︂
i=1

(︃
κbi
bi+1

)︃ϑi

, S :=
N∏︂
i=1

(︃
q

didi

)︃ϑi

, T :=
N∏︂
i=1

(︄
di

qdi

)︄ϑi

, (B.48)
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then

ZPoch
λ⃗

(x⃗) =
(︁
q∆T/T

)︁ 1
2Z

λ⃗
(x⃗),

∑︂
λ⃗

Z
λ⃗
(x⃗) = (TS)

1
2ψ (B.49)

with ψ in Conjecture 1.6. Also let

A′
C± :=

N∏︂
i=1

eq

(︂
xi

√︂
q(di/di)±1

)︂
, A′

∗ := S
1
2A∗S− 1

2 , ∗ = L,C,R, (B.50)

then

A′
C = A′

C+A′
C−, A′

R = :
N∏︂
i=1

eq

(︂
xi

√︂
qdidiq

ϑi−ϑi−1

)︂−1
:. (B.51)

The non-stationary ˆ︁glN equation (1.21) can be rewritten by(︁
q∆T/T

)︁ 1
2T

1
2A′

LA′
C−A′

C+A′
RT

1
2
(︁
q∆T/T

)︁ 1
2
∑︂
λ⃗

Z
λ⃗
(x⃗) =

∑︂
λ⃗

Z
λ⃗
(x⃗). (B.52)

Let ψPoch :=
∑︁

λ⃗
ZPoch
λ⃗

(x⃗) =
(︁
q∆T/T

)︁ 1
2 (TS)

1
2ψ. Since

A′−1
C− = A′

C+, A′−1
L = A′

R, (B.53)

we have

Proposition B.4. The non-stationary ˆ︁glN equation (1.21), i.e., q
1
2
∆ALACARq

1
2
∆Tψ = ψ, is

equivalent to the following inversion symmetry

A′
C+A′

RT
1
2ψPoch = A′

C+A′
RT

1
2ψPoch, (B.54)

i.e.,

:

N∏︂
i=1

eq

(︂
xi

√︂
qdi/di

)︂
eq

(︂
xiqϑi−ϑi−1

√︂
qdidi

)︂ : T 1
2ψPoch

= :
N∏︂
i=1

eq−1

(︂
xi

√︂
di/qdi

)︂
eq−1

(︂
xiq−ϑi+ϑi−1/

√︂
qdidi

)︂ : T − 1
2ψPoch. (B.55)

Note that (B.54) is also equivalent to the equation where C+ is replaced by C−.

C Instanton expansion with mass truncation

Let us examine the instanton expansion of the partition function with mass parameter trunca-
tion. For the ˆ︁gl3 case, the truncation condition is

d1 = q−m1 , d2 = q−m2 , d3 = q−m3 . (C.1)

Recall that the partition function is a summation over triplets of the Young diagramsλ⃗ =(︁
λ(1), λ(2), λ(3)

)︁
. After the mass parameter truncation, the summation is restricted to the triplets

such that the length of the first row of λ(i) is at most mi. Set M := m1 + m2 + m3. In the
main text we argued that the rank of the q-difference equation for the partition function is
1
2(M + 1)(M + 2) which depends only on the sum of (m1,m2,m3). For each column of the

Young diagram λ(i) we define its shifted residue by
(︁(︁
λ(i)
)︁∨
k
+ i− 1

)︁
, k = 1, . . . ,mi, where(︁

λ(i)
)︁∨
k
is the length of the k-th column and (•) means the residue of the integer module 3.

When the coloring of λ(i) is such that the color of the first row is i, the shifted residue agrees
with the color (the number) of the end box of each column.
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C.1 The case M = 2

The rank of the q-difference system is 6.

1. (m1,m2,m3) = (2, 0, 0); There are 9 possibilities of the shifted resides of the first two
columns of the first Young diagram.

In the table below, rk is the number of columns with the shifted residue k (see Section 4.3).
Note that r0 + r1 + r2 = 2 = M and the set of possible (r0, r1, r2) has

1
2(M + 1)(M + 2)

elements, which agrees with the rank of the truncated q-difference system. We have intro-
duced z1 = x1, z2 = x1x2 and z3 = x1x2x3 ≡ 1. Then the Young diagram with (r0, r1, r2)
contributes to zr11 z

r2
2 z

r0
3 , which is a monomial in z1 with homogeneous degree M = 2.

Shifted residues Contribues to (r0, r1, r2) homogeneous monomial

(1, 1) x21Λ
k (0, 2, 0) z21

(2, 1) x21x2Λ
k (0, 1, 1) z1z2

(0, 1) x1Λ
k (1, 1, 0) z1z3

(1, 2) x21x2Λ
k (0, 1, 1) z1z2

(2, 2) x21x
2
2Λ

k (0, 0, 2) z22
(0, 2) x1x2Λ

k (1, 0, 1) z2z3
(1, 0) x1Λ

k (1, 1, 0) z1z3
(2, 0) x1x2Λ

k (1, 0, 1) z2z3
(0, 0) Λk (2, 0, 0) z23

2. (m1,m2,m3) = (1, 1, 0); There are 9 possibilities of the shifted resides of the first columns
of two Young diagrams. The Young diagram with (r0, r1, r2) contributes to x

−1
1 zr11 z

r2
2 z

r0
3 .

Compared with the first case, the monomials are uniformly shifted by x−1
1 .

Shifted residues Contribues to (r0, r1, r2) homogeneous monomial

(1; 2) x1x2Λ
k (0, 1, 1) x−1

1 z1z2
(2; 2) x1x

2
2Λ

k (0, 0, 2) x−1
1 z22

(0; 2) x2Λ
k (1, 0, 1) x−1

1 z2z3
(1; 0) Λk (1, 1, 0) x−1

1 z1z3
(2; 0) x2Λ

k (1, 0, 1) x−1
1 z2z3

(0; 0) x−1
1 Λk (2, 0, 0) x−1

1 z23
(1; 1) x1Λ

k (0, 2, 0) x−1
1 z21

(2; 1) x1x2Λ
k (0, 1, 1) x−1

1 z1z2
(0; 1) Λk (1, 1, 0) x−1

1 z1z3

Other four cases (m1,m2,m3) = (0, 2, 0), (0, 0, 2), (1, 0, 1), (0, 1, 1) are obtained by the cyclic
permutation of (x1, x2, x3).

C.2 The case M = 3

The rank of the q-difference system is 10. There are 10 possibilities of (m1,m2,m3), which
coincides with the rank. They are (3, 0, 0) and its cyclic permutations (3 cases), (2, 1, 0) and its
permutations (6 cases) and (1, 1, 1). In each case, there are 33 = 27 possibilities of the three
shifted residues, which are classified according to (r0, r1, r2) with r0 + r1 + r2 = 3 as follows:

1. (m1,m2,m3) = (3, 0, 0): The Young diagrams with (r0, r1, r2) contribute to

zr11 z
r2
2 z

r0
3 ≡ zr11 z

r2
2 .
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2. (m1,m2,m3) = (2, 1, 0): The Young diagrams with (r0, r1, r2) contribute to

x−1
1 zr11 z

r2
2 z

r0
3 ≡ zr1−1

1 zr22 .

3. (m1,m2,m3) = (1, 1, 1): The Young diagrams with (r0, r1, r2) contribute to

x−2
1 x−1

2 zr11 z
r2
2 z

r0
3 ≡ zr1−1

1 zr2−1
2 .

Table 1. The number of cases in the table is the number of terms involved in the formula (4.51) of the

bases ϕ(r0,r1,r3)(z) of the cocycle function.

(r0, r1, r2) Number of cases (r0, r1, r2) Number of cases

(3, 0, 0) 1 (2, 1, 0) 3
(2, 0, 1) 3 (1, 2, 0) 3
(1, 1, 1) 6 (1, 0, 2) 3
(0, 3, 0) 1 (0, 2, 1) 3
(0, 1, 2) 3 (0, 0, 3) 1

The allowed terms in the Laurent polynomial in (x1, x2) are plotted in Figure 2. The
fundamental triangle for the case m = (3, 0, 0) has the vertices (0, 0), (3, 0), (3, 3). The tri-
angle for the general case m = (m1,m2,m3) is obtained from the fundamental triangle by
−(m2 +m3)-shift in x1 direction and −m3-shift in x2 direction. We also note that these ver-
tices come from the Young diagrams whose shifted resides are the same, namely (r0, r1, r2) =
(3, 0, 0), (0, 3, 0), (0, 0, 3).

-

6

�
�
�
�

d d d dd d dd dd
x2

x1

m = (3, 0, 0)

-

6

�
�
�
�

d d d dd d dd dd
x2

x1

m = (2, 1, 0)

-

6

�
�

�
�

d d d dd d dd dd
x2

x1

m = (1, 1, 1)

Figure 2. After the mass truncation di = q−mi , the affine Laumon partition function becomes a Laurent

polynomial in (x1, x2), while it is still a formal power series in Λ. The circles represent the positions of

allowed terms in the (x1, x2)-lattice. The total number of the circles agrees with the rank of the truncated

q-difference equation.

C.3 General M

From the above examples we now see the general rule for the possible terms of the partition
function after the mass truncation. In the case m = (M, 0, 0), the vertices of the triangle is
(0, 0), (M, 0) and (M,M). In general case the three vertices are determined by considering
the Young diagrams with r = (M, 0, 0), (0,M, 0) and (0, 0,M). Each case gives the following
contribution:

1. r = (M, 0, 0); the shifted residues are (

m1⏟ ⏞⏞ ⏟
0, . . . , 0 ;

m2⏟ ⏞⏞ ⏟
0, . . . , 0 ;

m3⏟ ⏞⏞ ⏟
0, . . . , 0 ), which gives the terms

with (x2x3)
m2xm3

3 Λk = x−m2−m3
1 x−m3

2 Λk+m2+m3 .

2. r = (0,M, 0); the shifted residues are (

m1⏟ ⏞⏞ ⏟
1, . . . , 1 ;

m2⏟ ⏞⏞ ⏟
1, . . . , 1 ;

m3⏟ ⏞⏞ ⏟
1, . . . , 1 ), which gives the terms

with (x1)
m1(x3x1)

m3Λk = xm1
1 x−m3

2 Λk+m3 .
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3. r = (0, 0,M); the shifted residues are (

m1⏟ ⏞⏞ ⏟
2, . . . , 2 ;

m2⏟ ⏞⏞ ⏟
2, . . . , 2 ;

m3⏟ ⏞⏞ ⏟
2, . . . , 2 ), which gives the terms

with (x1x2)
m1(x2)

m2Λk = xm1
1 xm1+m2

2 Λk.

Hence the vertices are (−m2 −m3,−m3), (m1,−m3) and (m1,m1 +m2), We see that they are
(−m2 − m3,−m3)-shift of (0, 0), (M, 0) and (M,M). The boundary of the shifted triangle is
x1 = m1, x2 = −m3 and x2 = x1 +m2 (see Figure 3).

-

6

�
�

�
�
�

�
�
�

m1

m2

−m2

−m3

(m1,m1 +m2)

(m1,−m3)(−m2 −m3,−m3)

x2

x1

Figure 3. The triangle on the (x1, x2) lattice which indicates possible terms in the instanton expansion

after the mass truncation by m = (m1,m2,m3).

C.4 Generalization to ˆ︁glN
Now it is easy to figure out the combinatorics for ˆ︁glN case. It is convenient to introduce the
following coordinates;

z1 = x1, z2 = x1x2, . . . , zN−1 = x1x2 · · ·xN−1, zN = x1 · · ·xN = Λ ≡ 1. (C.2)

We also introduce the fundamental (N − 1)-dimensional polyhedron ∆(N−1) in (x1, . . . , xN−1)
space. The vertices of ∆(N−1) are

vk := (

k⏟ ⏞⏞ ⏟
M, . . . ,M,

N−1−k⏟ ⏞⏞ ⏟
0, . . . , 0), k = 0, . . . , N − 1.

In terms of the coordinates (C.2), these vertices correspond to zMN , zM1 , . . . , zMN−1, respectively.
By the Pascal’s relation(︃

N +M − 1

M

)︃
−
(︃
N +M − 2

M − 1

)︃
=

(︃
N +M − 2

M

)︃
, (C.3)

one can check by induction that the number of the lattice points in ∆(N−1) or on the boundary of
∆(N−1) is

(︁
N+M−1
N−1

)︁
as it should be. Another way to see it is to note that under the identification

zN ≡ 1, the lattice points in ∆(N−1) are in one to one correspondence with the monomials in zi
with homogeneous degree M .

� When the mass truncation is given by m = (m1,m2, . . . ,mN ), we make the shift by
(−mi+1 − · · · −mN ) in xi coordinate to obtain the shifted polyhedron ∆(N−1)(m). The
possible terms in the instanton expansion of the partition function correspond to the lattice
points in ∆(N−1)(m) or on its boundary.

� If the N -tuple of the Young diagrams has the shifted residue r = (r0, r1, . . . , rN−1), it
contribute to the coefficient of zr1−m2

1 zr2−m3
2 · · · zrN−1−mN

N−1 zr0N . This follows from the fact
that a column of λ(i) has the shifted residue k gives the factor z−1

i−1zk up to a power of
Λ = zN .
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