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Abstract. In a series of papers, we have considered a non-stationary difference equation
which was originally discovered for the deformed Virasoro conformal block. The equation in-
volves mass parameters and, when they are tuned appropriately, the equation is regarded as a
quantum KZ equation for U, (Agl)). We introduce a gl generalization of the non-stationary
difference equation. The Hamiltonian is expressed in terms of g-commuting variables and al-
lows both factorized forms and a normal ordered form. By specializing the mass parameters
appropriately, the Hamiltonian can be identified with the R-matrix of the symmetric ten-
sor representation of U, (Ag\}ll% which in turn comes from the 3D (tetrahedron) R-matrix.
We conjecture that the affine Laumon partition function of type Ag\l,)_l gives a solution to
our gl non-stationary difference equation. As a check of our conjecture, we work out the
four-dimensional limit and find that the non-stationary difference equation reduces to the
Fuji-Suzuki-Tsuda system.
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1 Introduction

In [5, 6], we have explored various aspects of the non-stationary difference equation;

HsTob o Tin - U(A2) =T(Az),  T(Az)= D cmna™(N )", coo=1, (11

m,n>0

which was first introduced in [27]. The Hamiltonian has mass parameters d; and is given by

Hg = 1 B. ©(A)p(q 'didadsdyA)
plar)p(M/x) — p(=diz)p(—dar)p(—dsA/x)p(—ds/x)
1
5 = 1.2
¢(q~dydoz)p(dsdsA /) (1.2)
where p(z) := (2;¢)o0, B is the g-Borel transformation and T, . denotes the shift operator

z — az. Other notations used throughout the paper are summarized in Section 1.6 at the
end of the introduction. The non-stationary difference equation (1.1) is related to the quantized
discrete Painlevé VI equation [5]. Namely, the Hamiltonian (1.2) is equivalent to the Hamiltonian
of the discrete Painlevé VI equation given by [15], in the sense that they have the same adjoint
action on the canonical variables (F,G) with FG = ¢"'GF. On the other hand, if we tune two
of the mass parameters, say do = ¢~", d3 = ¢~", m,n € Z>q, the equation (1.1) can be also
identified with the quantum Knizhnik-Zamolodchikov (¢-KZ) equation for Uy (gA[Q) with generic
spins. Based on this fact we can prove that the K-theoretic Nekrasov partition function' coming
from the affine Laumon space provides a solution to the equation (1.1) [6].

In this paper, we propose a gA[N generalization of the non-stationary Hamiltonian (1.2). For
explicit expressions, see Definitions 1.1-1.4 below. One of the significant differences from the
N = 2 case is that the arguments of ¢ become g-commutative. Let us introduce two sets of
g-commutative variables (U;, ;) (¢ € Z/NZ) with the following commutation relations;

)

ﬂiﬂj = qéi’jfli&’l’j TFIITR Ui, = qéi*l’ji ARV TR (1.3)

and
G0 = ¢ —0nar1 =010, (1.4)

where ¢; ; is the Kronecker delta modulo N. Note that the matrix which appears in the power
of ¢ is the Cartan matrix of Ag\lf)_l. To write down the Hamiltonian of the non-stationary é\[N
difference equation with N commutative variables z; (i € Z/NZ), we employ the following
representation of the algebra generated by (U, U;);

Vi =951
)

:i'i = ouTq .fi = 51'.%'2'(]_19"—’_191'*1, (1.5)

where 1; := xia%i and «;, B; are arbitrary scaling parameters. Since the index of z; is in Z/NZ,
we will identify zg with xn throughout the paper. From p;z; = q% xjp; with p; := q", we
see that #; and #; satisfy the commutation relations (1.3) and (1.4). The non-stationary gly
Hamiltonian has 3N parameters b;, d;, d; (i € Z/NZ). It also involves the quantum deformation
parameter ¢ and the shift parameter t~1 = k. In the supersymmetric gauge theory, z; are

instanton expansion parameters, b; are Coulomb moduli and (d;, d;) are mass parameters. The
equivariant parameters (q,t) come from the torus action (21, z2) — (qz1, k22) on C2.

!There is a variety of the K-theoretic Nekrasov partition functions on the affine Laumon space (see, for
example, [25]). Among them, we consider the partition function with fundamental matter multiplets.
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Definition 1.1 (non-stationary aly Hamiltonian). Let

N N
1
A= ;(1912 —9i0i-1) = 22(1% —9i-1)° (1.6)
We define
HON (253 b5, di i, g, 5) = a3 - Ap - Ac - Ap - 2 - T, (1.7)
where
N
T=]][Tw - (1.8)
=1 i1
The shift operator T acts on z; by z; — b’jﬁ x; and hence on A := z129---zn by A = kNA =

t~1A. The middle block of the Hamiltonian is defined by

N 1

i oldpay)o(dyoy)’

Ac = (1.9)

where ¢(2) := (2;¢)c0. Other blocks Ar, and Ap are given by Definitions 1.2, 1.3 and 1.4 below.

There are three equivalent definitions of A; = .A(Li) and Ar = Ag) with 7 = s,h, n, which
is one of the remarkable consequences of the fact that Ay and Ag involve the g-commutative
variables Z; and Z;, respectively. To define Ap and AR; we choose the scaling parameters of Z;
and &; as a; = d;d; and 8; = 1 and set Dy := Hivzl dy.dy,.

Definition 1.2 (factorized form of simple root type).

. 1 1 1 1 1
AL o GL(SE‘) @(—fo) GL( )@(_ijl) 4,0( x2) (p(—SUl)SO(A)’ (110)
(). _(1-N 1 o 1 4 1 1
AY = (g DNA)@(_%M_@) S0(_@_1)(;1[,3( )¢(_§30) eREL (1.11)

1) are twisting factors

>

where GL(Z) := ¢(—%1) - p(—in—2) and Gr(Z) == p(—En_2) - ©(—
by the adjoint action.

Definition 1.3 (factorized form of higher root type).

AP = eq(—d0)eq(—F0d1) - eq(—Fo En—2) - eq(—Tn-1) - eg(—F1) - p(N),  (112)
A%) = (p(ql_NDNA) . eq<—i'1) s eq(—aﬁN_l)
eq(—En—pB0) -+ eq(—E1d0)eq(— ), (1.13)

where e,4(2) = ()71 denotes the g-exponential function (see Section 1.6).

Definition 1.4 (normal ordered form).

N 1 N
A= Il AR e a1
i=1 i=1

where : : denotes the normal ordering, which is a linear operator acting on a formal power series
in z;. It is defined as follows: for any analytic function F'(z,0) in 2N commutative variables

x = {x;}, 0 = {0;}, we first define : F(,0): by the following action on a monomial z¥ = [, z¥:

F(x,0):x” = F(z,v)z", (1.15)
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and extend it linearly to the space of formal power series. We call the symbol :e: normal ordering.
By an abuse of notation the Euler derivatives 9; are used for the commutative variables 6; inside
the normal ordering symbol : e :, for example,

qVizpa = gt = 1ig” -

In Section 2, we will prove the equivalence of three forms of the Hamiltonian. In Section 2.1,
we show the penta%on 1dent1ty implies the equivalence of two factorized forms of the Hamiltonian;
A(LS) B) and .A . On the other hand, in Section 2.2, we employ the g-binomial theo-
rem to prove the equlvalence to the normal ordered Hamiltonian: .A L = A( and A(h) A(n
These equalities among the Hamiltonians mean the identities as linear operators on the space
of formal power series in ;.

1.1 Several remarks

1.1.1. The arguments of the middle block A¢ are commutative variables x;. We note that
Z1-- N =q¢ 'DNA, &1 din =qA, n -2 = ¢V DyA and &y - &1 = ¢V 1A are central
elements in the algebra. R

1.1.2. Compared with the gl, Hamiltonian (1.2), the ¢g-Borel transformation q%A is moved
to both of the end positions. See Appendix A for the agreement of the N = 2 case of (1.7)
and (1.2). In gly case, if q%A is put between the blocks A;, the formulas for A; will become
more involved (see Proposition 2.13).

1.1.3. In terms of the Hamiltonian of normal ordered form, the Schréodinger equation for the
wave function ¢ can be written the following way:

(AP 28 = Ac - AR - 22Ty, (1.16)
7/1 = Z 691,...,91\7:’6?1 x?\]]\f’ Cp,....0 = 1. (117)
01,...,0 =0

By the gauge transformation of the form ¢ — []; m ‘.4 with an appropriate scaling of x; we can
eliminate the parameters b; in the shift operator T so that the dependence on b; only appears
in the wave function . See [5, Remark 2.9] for an explicit example in the case N = 2.

1.1.4. In Definition 1.2 of simple root type, the arguments m%,ml, ...,xn—1 of the func-
tion ¢(z) correspond to the simple roots of the affine algebra A% ; and A = zow1 - TN
corresponds to the null root. On the other hand in Definition 1.3 of higher root type, the Hamll—
tonian involves the g-exponential factors corresponding to the higher roots. Note that AL
and A R) involve N — 1 g-exponentials which correspond to the simple roots of Ay_1 and N —1
g-exponentials with variables for higher roots of the affine algebra. The factorized Hamilto-
nian of higher root type is more convenient to see the relation to the universal R-matrix of
Uy(AN,) [7]:

1.1.5. An interesting feature of the Hamiltonian of simple root type is that the factor
corresponding to the last variable xy = x¢ is twisted by the adjoint action of G (&;) or Ggr(&;),
which is the product of ¢ with variables x1,...,zny_2.2 In contrast to the nop\—afﬁne gl case,
the cyclic symmetry of the Hamiltonian in 1, ..., 2y is required for the affine gl case, which is
non-trivial, since the Hamiltonian involves the g-commuting variables. We note that the twisting
guarantees the desired cyclic 5ymmetrgf of the Hamiltonian. In Section 2.3, we give a classical
analogue of the twisting in A ;. and A More generally, due to the pentagon identity for () !
with g-commutative variables, the Hamlltonian HO'~ is invariant under the automorphism of the

Dynkin diagram of Ag\l,)_l (see Corollary 2.8).

2When N = 2 this is empty.
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1.1.6. The g-commuting variables Z; and Z; appear in the arguments of the g-exponential
function ¢(z) = e4(2)"!. By using

Ad(q%(m*ﬁifly)(aixi)":q%(i“i)”, Ad(q 2(19 —0i_1) )(5le) :qu(i,i)rz (118)

(see (A.16)), we can replace the g-exponential functions with ¢g-commuting variables by ¢(x;) =
eq(zi)~! with commuting variables z;. For example, when N = 3, the left block ALS) can be
written as follows:?

q%A ] AS) ) SO(A)_l _ q%(—191192—&-191193—}—192193)90((]%‘%1)—1q—191793(p(q%$3)—1q191793—19279390(q%331)
.qm%‘ﬂ(q%xz)_lq_§1ﬂ2@(q%x1) q2( st Iriatizds) Q%A' (1.19)

Thus, the expense of eliminating g-commuting variables from the arguments of ¢(z) is the
scattered insertion of the operators of the form gaadratic in 19’ between the g-exponential functions.
Note that the posmon of the ¢-Borel transformation q2 is changed from the left of o(Z;) to
the right of cp(qmcz) with commuting variables x;. For general g[ N case, see Section 2.4.

1.2 Affine Laumon partition function: Conjecture

In [6], we proved that the affine Laumon partition function of type Agl) provides a solution to
the non-stationary difference equation (1.1). In general, the affine Laumon partition function of
type AS\I,)_l is defined as follows.

Definition 1.5 (affine Laumon partition function). The affine Laumon partition function of

type Ag\l,)_l is a summation over N-tuples of partitions X = ()\(1), . ,)\(N)):

ai,...,anN

Zg[N bl,...,bN X1y.--, XN |4, KR
Cly...,CN
\N ( |
N Ngj )\Zﬂ az/b ‘(L )N o Z (b /CJ’(L ) k1 (X) kn (X)
_ZH (J—i|N) X XN ’
X 4g=1 N)\(’L)7A(j) (bl/b]’qa "Q)

where N( (u|q, k) is the orbifolded Nekrasov factor with color & (see [5, Definition 6.3]):

N““'N)(um, k) = N (ulq, )

_ —HiT A1 ] H Aa—pp o—f-1.
= u . u K
'>111 v Q])\ i B>a>1 g Q]MB et
JjzZrz ZazZ
j—i=k (mod N) B—a=—k—1(mod N)

with

[u; Q]n = uin/qun(nil)/Zl(u; Q)n

_ (u71/2 _ u1/2) (q71/2u71/2 _ q1/2u1/2) o (qf(nfl)/2u71/2 (nfl)/2u1/2)'

—4q

The powers of the expansion parameters x; are given by the number of boxes with a fixed color:

)= Y 9 A= ST A (1.20)

a+pB=i+1 keZ

where we denote the components of M) by (Aga) > /\éa) > .. ) and set )\EO‘) =0 fori<0.

3The arguments of the left block A are #; and we have set 8; = 1 in the definition of Apr.
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Now we are ready to present our main claim in this paper.
Conjecture 1.6. The affine Laumon partition function provides a solution to the non-stationary
difference equation:

o0

HOW (s biydiy diy )Y =0, V= Y gy oy Tk, co0=1, (121)
61,....0n=0

where 9 is the gA[ ~ Laumon partition function in the following parametrization:

grby  gkby grbn_1

~ dy 7 dy "7 dy-ay ] d
i badydq b3d2d2 bidndn
= 24N b1,ba,...,bN T . TN|q, K
AL b be by qrby q/‘ib2 gkbyn
@' d Ay

Firstly, let us make a remark on the cases N = 1,2. The é\ [, case of the conjecture was proved
in [6]. We can see it is also valid for N = 1 as follows: Dropping the indices, we simply write
x=ux1,d=d, d=d;, etc. The Hamiltonian is simplified to

s, _ Pl)e(ddr) ox 1(1—dm)(1— a”)xn
2t — o(dn) () T = < Z = )Tn,w, (1.22)

since

1
A = 0, T = T:‘i T A = =) A — 9 A — dd
: = () L =¢() r = @(ddz).

Hence, it is easy to see that the equation and the solution read

HIy = o, = exp <_27118_Z:;8_Zn§$n> . (1.23)

On the other hand, we have an impressive (double infinite product) expression for the gAll affine
Laumon partition function

a 00
ol L[p"/c"][a"/q" K"b"]
2% | b|x g,k | =exp — x* ], (1.24)
au|® N I
where we used the symbol [z] = z=1/2 — 21/2. As for a proof of the identity (1.24), see, e.g.,

[25, Proposition 4.17]. Note that in idem., the Nekrasov partition function is defined by the
ordinary Pochhammer symbol (a; ¢), (as equation (72) in idem.), instead of the shifted product
of hyperbolic sine functions [a; ¢, = [al][ga] - - - [q”_la] defined in Definition 1.5. Comparison of
these is achieved by applying Proposition B.1. We conclude that the solution v to the equation

Halw =1 is given by the affine Laumon function as

[ grb/d .
[ dd 1—-dnH(1—-d
Zfi[i b —x|q,k | =exp ( g = K%x”) = ). (1.25)
b/d ar fo— q

Secondly, some remarks are in order concerning the verification of Conjecture 1.6 for N > 3.
For simplicity, we set

1 1 1 0 0
AL 2% — AcARg2® T = Y ey opalt ool
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By straightforward brute-force calculations using MATHEMATICA, we can show that eg, . g, =0
at least for small N and lower total degree d = Zf\i 10;. For N = 3, we have checked that
€6, 05,0, = 0 for 0 < d < 5, treating all eleven parameters d;, d;, b; (i = 1,2,3), q and & as
indeterminates. For 6 < d, however, such a task becomes more computationally demanding
and practically intractable. Instead, substituting random integers for all eleven parameters, we
observe that eg, g, 9, = 0 for 6 < d < 15, which means up to instanton number five. Similarly,
for N = 4, we find that eg, g, 6,0, = 0 for 0 < d <9, when we specialize the fourteen parameters
in the same manner; for N = 5 the same method works for 0 < d < 7.

1.3 Mass truncation and relation to the R matrix

In 5[2 case [6], we introduced the mass parameter truncation where half of the mass parameters
are set to the form ¢7™ (n € Z>(). After the mass parameter truncation the non-stationary
difference equation (1.1) is identified with the quantum KZ equation. Namely, if we remove the
shift operator T from the Hamiltonian, it gives the (finite-dimensional) R-matrix of U, (Agl))
with generic spins. Based on the normal ordered Hamiltonian (1.4), we can show the same story
for gA[N case. It is quite remarkable the resulting finite-dimensional R-matrix of U, (Ag\l,ll) is
related the three-dimensional (tetrahedron) R-matrix [20]. In the formula of the components of
the three-dimensional R-matrix there appears a basic building block ®, defined by (3.13) (see
[20, Section 13.5]). We find the same function in our formula of the components of the R-matrix

(see Corollary 3.5).

1.4 Four-dimensional limit

The four-dimensional (cohomological) version of the affine Laumon partition function of type gA [,
satisfies a quantization of the differential Painlevé equation Pyy (see, e.g., [4] and references
therein). In [5], we have seen how the non-stationary difference equation (1.1) provides a way
to up grade the story to five-dimensional/g-difference version. In four-dimensional/differential
situation, the generalization to é\[N case was also considered in [34] where a quantization of
a particular kind of higher-rank generalization of Pyp (called Fuji-Suzuki-Tsuda system) was
studied as the relevant equation. One can check that the four-dimensional limit of Conjecture 1.6
is consistent with the result in [34].

1.5 Organization of the paper

The present paper is organized as follows: In Section 2, by using the pentagon identity for
the g-exponential function e,(z) = ()~ and the g-binomial theorem we prove that there are
three equivalence forms of the gly Hamiltonian (1.7); two kinds of the factorized form and
the normal ordered form. Each form has its own advantage. We also show that the Hamil-
tonian is invariant under the action of the Dynkin automorphisms of Ag\lfll. We consider the
mass truncation in Section 3. Namely, we tune half of the mass parameters in the Hamilto-
nian so that we can extract finite-dimensional blocks of the R-matrix. We find an interesting
relation to the tetrahedron (3D) R-matrix. In [6], Conjecture 1.6 for N = 2 was proved by
rewriting the affine Laumon partition function in the form of the Jackson integral. In Sec-
tion 4, we show that it is straightforward to apply the same method to N > 3, though it
does not lead to a proof of Conjecture 1.6 at the moment. Finally, in Section 5, we show that
a four-dimensional limit of our system is nothing but the Fuji-Suzuki—Tsuda system, which is
consistent with the conjecture. Some of technical details and miscellaneous topics are collected
in appendices.
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1.6 Notations and convention

We will use the following notations throughout the paper [12]:

«-—— . J— ny __ n
p(z) == (z;¢)00 = n|:|0(1 —xq") = exp <— By 77 ) .zl <1, gl <1. (1.26)

The ¢-shifted factorial is defined by

(23 9)oc
T3qQ)y = ————. 1.27
(9) (24"; @)oo (1.27)
The following formula is useful:
1
. n_ in(n—1)
T;q)n q2 , n € 7Z. 1.28
(#0)n =(=2) (g7~ ¢)-n (1.28)
We employ the formulas of two g-exponential functions [12]:
0o o -
eq(z) = =p(z)7", |2l <1, g <1, (1.29)
= (@0)n
o0 q%n(nfl)zn
Bfx) =Y T =¢(-2), <1, ld<L (1.30)
= (@Gn
Finally, the ¢g-binomial coefficients are defined by
n (4 Dn
B e S 1.31
[’fL (5 D)k(a5 @)n—k (1.31)

We have

n

(@ g = m (—a)FqzhtD), (1.32)
k=0 q

The partition function on the gauge theory side is computed by the localization for the torus
action. On the four-dimensional space-time the action is R* ~ C? > (21, 2z2) — (q121,¢222). In
this paper, we regard the equivariant parameters?

€1

ql = e y q2 = Kk = t % = 6%, (133)

as the canonical parameters of the theory. They are natural parameters of the quantum toroidal
algebras. We simply denote ¢ = ¢; unless otherwise mentioned.

2 Non-stationary gA[N difference equation

2.1 Pentagon identity and Dynkin automorphisms of Ag\l,)_l

By using the pentagon identity for the g-exponential function e,(2) = ¢(2)~!, we can recast

the blocks A L) and A R) of the Hamiltonian (1.7) of factorized form of simple root type so that the
correspondence to the factorization of the universal R-matrix becomes clear [7]. The pentagon
identity also allows us to see that the gly, Hamiltonian is actually symmetric in variables z;.

4The factor 1 /N in the definition of g2 comes from the Zy orbifold action on z2, which is an effective way of
introducing a surface defect at the divisor z2 = 0.
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Proposition 2.1 ([19]). For g-commutative variables a, b with ab = qba, the q-exponential
function eq(z) = p(2)~1 satisfies the pentagon identity:

eq(~a)ey(—b) = cq(—b)ey(—ba)ey(—a). (2.1)
Since the g-commutative variables #; and %; satisfy #;2; = q‘si»j—l_‘si—ld:@jii and I;T; =
51',1&—6

q #—1E;E;, we obtain

eq(—2i)eq(—2it1) = eq(—=Fiv1)eq(—Lit12i)eq(—2i), (2.2)
eq(—Fit1)eq(—Ti) = eq(—Ti)eq(—TiTit1)eq(—Tiv1)-

Lemma 2.2. For any N > 3,

eq(—2n—2)"" - eq(—21) leg(—o)eg(—d1) - - eg(—En—2)

=eq(—Tn_2--20) - eq(—Z1Z0)eq(—2Z0), (2.4)
eq(—EN_2) - eq(—d1)eq(—F0)eq(—F1) " -+ eq(—Fn_2) "

= eq(—T0)eq(—ToT1) - eqg(—To - TN_2). (2.5)

Proof. We show (2.5) by induction. When N = 3, the pentagon identity (2.3) with i = 0
implies e,(—%1)eq(—0)eq(—71) "1 = eq(—F0)eq(—Zod1). Now suppose (2.5) is true for N = k.
We note that #;_; commutes with Zg, Z1,...,Zr_3 and Tp_1Zp_o = qTr_oTr_1. Hence,

—Fp1)eq(—F0 - - Fpz)eq(—Fp_1) "

where for the first equality we have used the assumption of induction. We see that (2.5) is also
true for N = k+1. Similarly, we can check (2.4) for ;. For example, the pentagon identity (2.2)
with i = 0 implies e,(—21) tey(—Z0)eq(—d1) = eq(—F1%0)eq(—Zo). Note that compared with
Z;, the cyclic ordering of g-commuting variables is reversed. |

By Lemma 2.2, we can reduce the left block A5 and the right block A% of the non-station-
ary gl Hamiltonian (1.7) into the factorized form of higher root type.

Proposition 2.3. We can recast the factorized Hamiltonian of simple root type to the form of
higher root type:

AP = AP = ey(=do)eg(—oin) - eq(—0- - En—2) - eq(—En-1) -+ eq(—=E1) - o (N),
AR = AR = ("N DNA) - eq(=ir) -+ eq(—in-1)

A A A~

req(—En—2- - 20) - eq(—F1d0)eq(— o).

Let us introduce the cyclic shift 7(%;) = #;41 (¢ € Z/NZ) and similarly for #;; 7 is an auto-
morphism of the algebra. Using the pentagon identity (2.1), we can show the Hamiltonian enjoys
the cyclic symmetry m(HOW) = HO~N. It is enough to prove 7(Ar) = A, and m(Ag) = Ag, since
other parts of H'~ are manifestly symmetric under the cyclic permutation.

Proposition 2.4. We have
w(AL) = AL, m(AR) = Ag,

and the Hamiltonian of the non-stationary E;\IN difference equation has the cyclic symmetry in
the variables x;.
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Proof. Recall that Lemma 2.2 is derived by applying the pentagon identity N — 2 times for
the g-commuting pairs of variables (%o, 1), (Z0Z1,%2), - - -, (Zo&1 - EN—3,En_2). Our strategy
is to apply the pentagon identity N — 2 times for the g-commuting pairs (&1, Z2), (Z1Z2,Z3),. - .,
(Z1Z2---TN—2,ZNn—1). After the first step of applying the pentagon identity for e,(—&2)e,(—Z1),
we have

Ap = eq(=F1)eq(—En-2) - - eq(—3)eq(—E1E2)eq(—E0)eq(—E122) !
1

ceq(—E3) 7 eq(—ENn—2) T eq(—EN-1) - eq(—E3)eq(—F1Ea)eq (—E2).
Then after the second step of applying the pentagon identity for e,(—Z3)eq,(—Z122), we have

Ap = eq(=T1)eq(—T1Z2)eq(—EN—2) - - - eq(—Ta)eq(—T1Z2T3)eq(—T0)

'eq(_@)_l e -

req(—In—2)" eq(—TN-1) - eq(—Ta)eq(—T1d2E3)eq(—T3)eq(—T2).

We repeatedly apply the pentagon identity in a similar manner. After the IV — 2 steps, we arrive

Ap = eq(—Z1)eq(—T122) - - eq(—T1 -+ - Tn—2)eq(—To)

. eq(—i‘li‘Q cee :Z‘N_l)eq(—ﬁcN_l) s eq(—iz).

Since &g and &1&s---Zy_1 are commuting, this completes the proof of the first identity. The
second identity can be proved in a similar way. |

We have proved that the EIN Hamiltonian is invariant under the shift 7(Z;) := Z;41. By the
pentagon identity, we can also check the invariance under the automorphisms of the Dynkin
diagram of Ag\l,ll for N > 3. Let m and s; be the automorphism m(ab) = m(a)w(b) and the
anti-automorphisms s;(ab) = s;(b)s;(a), respectively, such that

A~

7(Zi) == Tig1, 55(Zi) = D254 (2.6)

Since sn = w" o 59 for any n € Z, the group generated by 7 and s%’s (n € Z) is generated by 7
and sg, 1.e., (m, 8g>nez = (m, s0). Note that the automorphism of the Dynkin diagram of AE\l,fl,
which is isomorphic to the dihedral group, is generated by 7w and sy with

N = s =id, S0 =T o SpoT. (2.7)
For i € Z/NZ, let us look at the following quantities:

Al = eg(—@it1) - eq(—Ripn—2) - eq(—Titn-1) - €q(—Fiyn—2) "+ eq(—Fip1)

ceq(—2:) - eq(—Fit1) - eq(—ZirN—2) (2.8)
and
B; = eq(—it1) - - eq(—Tirn—2)eq(—TirN-1)
ceq(=Tig N2 Big1®) - - - eq(—Tip 1) eq(—34),
B' = e (—iiin)eq(— iy NTitN_1) - eq(—Fis NTis N1 - Tiv2)
req(—Zit1)eq(—Tiv2) - eq(—Zipn-1). (2.9)
Then

) )
m(B") = B, 5i(B") = Baj_;. (2.10)
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Therefore, {Aﬁ_l}i c7/NZ. and {B;, B}z /Nz are invariant and transitive under the Dynkin au-
tomorphism group (7, so).

By iteratively using the pentagon identity (2.3), we have (see the proof of Lemma 2.2) the
following.

Lemma 2.5. Forany N >3 and1<j—1< N —2,

~

eq(—2i) - eq(—Zis1) - -~ €q(—;)
= eq(—Zit1) - eq(=2j) - eq(—=Fj - Tip18:) - eq(—Tit1di)eq(—24) (2.11)

and

eq(—i) - eq(=Zj-1) - eq(—1;)
= eq(=&j)eq(=2jj1) - eq(=2jdj1- - 2i) - €q(=2i) - - €g(—=Tj-1)- (2.12)
Then, the relations (2.11) and (2.12) imply the following result, which generalizes Proposi-
tion 2.4.
Lemma 2.6. For any integer N > 3, Aﬁ_l =Bl = By = A§+1.

Proof. By using (2.12) with (i,7) = (i + 1,i + N — 1), A""! = Bi=1. By using (2.11) with
(1,7) =(i+1,i+ N —2),

B = eg(—Fisn—1)eq(—FirN—1FipN—2) - eq(—Fir N_1FirN—2 * * Tiy2)
ceq(=Tip N1 TipN—2 - Tig1) - eq(—T4) - eg(—Tig2) - - eq(—TiyN—2)
ceq(=TirN—2 - BigaBiv1) - eq(—Tipadiv1)eqg(—Fiy1)- (2.13)

Acting the anti-automorphism s; on the above equations, we have Aﬁ 41 = Biy1 and

Biy1 = eq(—Zitn—1)eq(—TiyN—1ZitN—2) - - - €q(—Tit N—1TitN—2 - - - Ti42)
eq(—Ziv2) o eq(—FirN-2) - eq(—TitN) - eq(=Tig N1 Tivodit1)
ceq(=Tirn—2 Biradiv1) - eq(—Tipadit1)eq(—Tiv1). (2.14)

Since eq(—Zit2) - - eq(—TiyN—2), €g(—Ziyn) and eq(—ZiyN—1 - - - Zit2T4+1) commute each other,?
we obtain the lemma. [ |

By this lemma, Bij1 = AL, = Agi 11 =B for any 4,j € Z/NZ. Thus, A" = B; = BF for
any i, j, k € Z/NZ. Therefore, we finally obtain the following.

Proposition 2.7. For any integer N > 3, and for any i € Z/NZ, A?l = B; = B'. Hence,
B; = B! is invariant under the Dynkin automorphism group (m, sq), i.e., 7(B;) = so(B;) = B;.

Corollary 2.8. The non-stationary Hamiltonian enjoys the full invariance under the Dynkin
automorphism of As\lf)_l.

The original definition of the right block Ag of é\[N Hamiltonian employs Aév ~1 in Proposi-
tion 2.7 (see Definition 1.1). On the other hand, it is

BO == 6q(*.@0)6q(*5&0i‘]\771) te €q(*f0:ﬁ]\/,1 cee SAUQ) . 6q(*f1) cee eq(*i‘Nfl) (215)
that naturally appears in the Hamiltonian constructed from the universal R-matrix of U, (Ag\lfll)
(see [7]). We have focused on the right block Ag of the non-stationary Hamiltonian. Sim-
ilarly, we can confirm the invariance under the Dynkin automorphism of the left block Af,
with g-commutative variables &;. The dihedral group invariance of the remaining parts of the
Hamiltonian is trivial. Hence, we obtain Corollary 2.8.

5Note that [Zr, Z¢]=0for k# ¢+ 1 (mod N) and [Zi4nN—-1-* EitroZit1, Tigy;] = 0 for j # £1 (mod N).
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2.2 Normal ordered form of the Hamiltonian

In this subsection, we prove the equivalence of the Hamiltonian of factorized form and of normal
ordered form (see Definitions 1.2, 1.3 and 1.4).

Proposition 2.9. We can recast the factorized Hamiltonian of higher root type to the normal
ordered form

AP AP, AD A

Recall that z; = dﬂixiqﬁi*ﬂi* and &; := xiq*m*ﬂifl.ﬁ We are going to show the agreement
of the factorized form of the building block A%) of higher root type and the corresponding normal
ordered form Agl). The agreement of Agh) and .Agl) is proved similarly. To prove Proposition 2.9
for Ap, we need Proposition 2.11 below, which relies on the g-multinomial formula.

Lemma 2.10. If x;2; = qx;x; fori < j, we have

n n
(x1+z24 - F+op)" = § k1, ko
Koo >0 b2
k1+ka+ -tk =n

ghm .. ~x§2x’f1, (2.16)

)
q

where

[n]q' (Q; Q)n

[k:l, k2, .. -’kmL o TRg!lRelg! - [Rmle! (6 Dk (6 Dy -+ (@3 Dy

denotes the g-multinomial coefficients.

When m = 2, (2.16) is given in [12, Exercise 1.35] (see also references there). The general
case is proved by induction on m as follows.

Proof. Assume that (2.16) holds for some arbitrary m € Z>3, then

(14 -+ Tpt)” (@14 T) + Tg1)” 3 zhy (T4t )

(¢; On B (¢; Dn A2 (@ (¢:9)e
ktt=n
S Tper oy ayt

oo e GO (G Dk (G Dk (4D,
ktt=n kit +hm=E

_ Z xiqmﬁl ap . v n
s (@G Dk (G Dk (6D (GO0

P(EN—1--2180) - Ar = :p(21)p(Z2) - - - p(Zn):, (2.17)
where

.ZR =eg(—Z1)eq(—22) - eg(—Tn—1)eqg(—TN—2 - T1Z0) - - - eq(—T1Z0)eq(—2Z0). (2.18)

SWe have fixed the scaling parameters as o; = d;d; and B; = 1 to write down the building block of the
Hamiltonian.
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Proof. First note that for i = (i1,142,...,in) € ZJZVO,
i1 iz in N N
. . .. iq(iq—1) .
i pIN (:c1pl> <x2pQ> ... <wN PN ) =q qg 2 Zle:. (219
! N PN p1 PN-1 U [ % @219)

Hence, by using the expansion formulas (1.29) and (1.30), we have

N ig(ia—1)
2 . .
1%, >N

2 (@39,

ip(—d1)p(—Ea) - p(—dn):i = Y <
ez,

(G0 (i, (G Diy

ieZJZ\’0
Y P R U B0
= p@)e(@2)  e@n-1) (69iy
11 1 Lt EN)
= S Z AWM . (2.20)
p(21) p(i2)  e(@v-1) \ =, (43 @iy
INZ
where A is defined by
A= plin) o) - pr - — ! (2.21)
=PN-1) - PT1) D1 s T . .
p(21) o(TNn-1)
We can decompose A as follows:
A= plin1) - p(E)(1 - d1) -
=p(TN-1) - P(T2 )~ —= 1
e(22)  @(EN-1)
1 1
=@(@N-1) - o(@3)(1 = T1 + T221) — C— P
(o))l ey
=Ag+ A1+ + An_1, (2.22)
where
Ag=p1, A =—dp, As=isdipr, ..., An-1= (D" "in_1---dipr. (2.23)

To compute the sum on the right-hand side of (2.20) with Zx = %o, we note the following;:

(i) Since A;A;41 = qA;i+1A4; (i=0,...,N — 1), we can apply ¢-multinomial formula (2.16):

o -
(@ Div G L @Dy (60K
ko,k2,...s kN 120
(ii) A; and p]'#g are commutative for i = 0,..., N — 2.

(iii) Since AN_lpl_lig = qpl_la?oAN_l, we have

kn_ —1~ \kn_ 1 _ N
ANN—l1 (p1 15”0) M :qszfl(kal 1)(AN*1p1 13@0)ka1

= gD ()N gy g )N (2.25)
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Hence, we have

> (AZN~(P1_1§?0)Z‘N

=0 (@ Dy

_ Z AI;VN:ll (pl—ljo)kzvq (An—2p1_1£0)kN_2 . (Aopl_lio)ko

fodan im0 @Dy (4 Dby (4 Do
1 1 1
(1N s 1 g s ) - - 2.26
A T ha e B e ey M
We finally obtain
p(—21)p(=2) - - p(—2N):
11 1 N .
— _ ... - (70((_1) ZEN—1"'3315170)
o(@1) p(22)  (@n-1)
1 1 1
X ~ — — —. 2.27
P((~D)N2En g --2120)  p(—210) p(Z0) (227)
By replacing &; with —z;, this implies the desired relation. |

Since Proposition 2.3 implies that the left-hand side of (2.17) is equal to .A(RS) = A%), Propo-

sition 2.9 for Ap follows from Proposition 2.11. Note that &x_1 - -- #1209 = ¢* "V Dy A is central.

2.3 Classical analogue of .AS) and AS)

This subsection is an interesting detour. Logically, it is not necessary for the following sections
and may be skipped. But we would like to make a remark on the factorization of the classical
cyclic matrix, which is instructive for understanding AS) and .A(RS) in the gly Hamiltonian. For
0<i<n-—1and z € C, let J;(z) be the n x n elementary Jacobi matrix defined as

Ji(x) = exp(ze;) = 1 + e,
€; — Ei,i—Ha 1 < ) <n-— 1, €y — ZEnJ, (2.28)

where 1 = 1,, is the identity matrix and Ej; ; is the matrix unit: (FE; ;)i = 9;x6;;. We define
the matrix X by

1 I
1 xTo

n—1

X:1+inei: , (2.29)
=0 1 Tn_1

Toz 1

which is manifestly cyclic and plays fundamental role in tropical/geometric crystal and discrete
integrable systems.

We have the following factorization of the cyclic matrix X, where X*! may be viewed as the
classical analog of A(Ls) and .AS) which enjoy the cyclic symmetry.

Lemma 2.12. The matrix X is decomposed as
X = ng(xo)dn(vz)g_l : Jnfl(ibnfl) s J2($2)J1 ($1), (2.30)

where

n—1

g = Jn_Q(JZn_Q) ce JQ(JJQ)Jl (331), dz(l') =1+ Q?Ei,i, V= (—l)n_l H xZ;. (2.31)
=0
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Proof. A straightforward matrix computation. |

Note that the first factor in (2.30) can be written various ways as

n—1

gdo(z0)dn(v2)g™" = [ (1 + (=1 oz - 22 B j41)
j=0

1+ Z(—l)jxgml < -l'jZEn’j_H

1,1 | 0

2.32
Lvoz —wor12 -0 (=1)"2z0---TH oz ‘ vz ( )

2.4 Other forms of EIN Hamiltonian

The é\[  Hamiltonian involves the g-exponential function with g-commutative variables #; and Z;.
We can recast it in such a form that the arguments of the g-exponential function are commutative
variables x; by moving the position of the g-Borel transformation.

Let ¥ := xa Since ¥*x = z(1 + 9)* for any natural number k € N, we have ¢’z = zq¢'+?

and q219(19 1)x_xq2(1+19)19_ q19+ P(9-1) Therefore, qcﬂ no_ (q x)n @ and qz P(I-1) pn
(xq”)"q 39(0=1) for any integer n € Z and ¢ € C.

Assume N > 3. For N = 3, fn_o--- fof1 stands for fi. Let us set o; = 1 for simplicity, so
that z; = quﬂi_ﬁi_l.

Proposition 2.13. Let 2; := xiq%wi“_ﬁi—l). Then we have

A~

eq(—a1)eq(—2) -+ eq(—Bn—1)eq(—EN—2) " -+ eq(—F2) " teg(—21) 7
eq(—F0)eq(—d1) - - eq(—Rn_p)g? Zim1 PiIi=Vi-0) (2.33)
= g2 B B e (e (—dn) o eq(—Eno1)
ceq(=En-2) - eg(—Ea) leg(—E1)
eq(—G0)eq(—i1) - eq(—En—2)g> T (2:34)
= g2 2 O () g ey () g ey ()

. qﬂN—lﬁN—zeq( )*1q191v—2191v—3 .. ,eq(_:@)*lqﬁﬂ%eq(_xl)*lqﬁlﬁO*ﬁN—ﬂ%

—ITN-2

. eq(—xo)qiﬁoﬁleq(—l'l)qfﬁll% . eq(_xN_2)q*19N—219N—1q% ity i (14+Pip1) (235)

Proof. By the lemma below, each term in the Taylor series of (2.33)—(2.35) in &y, 2; and x;’s
coincides each other. [ |

Lemma 2.14. For any integers {;,m;,n; € Z (i € Z),

O . o . R . Y
B BT AN BT L GO L N 2 g T Vi(0imdin) (2.36)
_ ZN 0y (9;—91—1) 2l 2l | alN_1 S AMN-2 AmzAm1 Ano ny ANN-2 121\; ¥

=q? Ty Xg™ Ty " Ty_g Ty Ty g0yt Ty 2 2= (2.37)
:quizl i(0i— )q ﬁoﬁlelq 1911923352,,@*191\772191\/ 1 f\]fvll

. qﬁN—lﬁN72x7ﬁN52qﬁN72'§N73 L x?QQﬂQﬂlel q191”t90 In-190

ﬂoﬁlxm —019z N2 *ﬁN—2'l9N—lq% Sy Os(14+Dit1) (2.38)

.ajoq q N72q
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Proof. With the formulas

g3 Xi 9505 — (xiqﬂi)"q% L9501 (2.39)

q—ﬁi_u%-x;z _ (l,iq—ﬁi_1)nq—19i—119i’ (2.40)

we can move q% S 9i0i=D) anq q Y=Y in (2.38) to the right, which yields the equality of (2.36)
and (2.38).

N
Similarly, we can move q% Yim1 it gpd ¢~V in (2.38) to the left with the formulas

aq? Lim V3% = g3 i V3054 (g gma (G tdin)m, 2.41)

SPqOO = g (g i) (242
which gives the equality of (2.37) and (2.38). [

Since
GO =0Ty (40 00— Di)
_ xiq(ﬁrﬁiﬂ)ﬂﬂfﬁiﬂ)qﬂi(ﬁrﬁwlfﬂiﬂfl)7 (2.43)

we obtain

quzl ﬁj(ﬁj_ﬁjfl_l)mzn _ (xiq(ﬁfmfm(mfml))"qzjil V5 (0j=95-1-1) (2.44)
Therefore, we have

q% PO V50551 gn fi‘fq% PRl 95 (05 =05-1-1) (2.45)

which also yields the equality of (2.36) and (2.37).

Remark 2.15. The equation (2.33) equals to cp(ql_NDNA)_lAg)q%A. As e,-1(x) = eqlqr) 1,
by replacing ¢ and x;’s with 1/q and z;/¢’s, respectively, the equations (2.33) and (2.35) reduce
to @(A) (.Af))flq_%A with Af) in (1.10) and (1.19), respectively.

3 Mass truncation and finite-dimensional R matrix

In this section we study the gly equation (1.21) by imposing a truncation condition (3.5) on
mass parameters. We show that the normal ordered Hamiltonian (1.4) gives rise to the finite-
dimensional R-matrix for the symmetric representation of U, (Ag\l,)_l) It is quite remarkable
that the resulting R-matrix is also related the three-dimensional (tetrahedron) R-matrix [20].
Namely, in the formula of the components of the three-dimensional R-matrix there appears
a basic building block ®, defined by (3.13) (see [20, Section 13.5]). Exactly the same function
is obtained in our formula of the components of the R-matrix (see Corollary 3.5). We note that
the mechanism for deriving these formulas is common to both cases.

3.1 The mass truncation

We can recast the normal ordered form of the non-stationary gA[N equation as follows:

~

o eldizg) 1 e(E)
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Here the normal ordering : : is defined as
F(x,9):2¥ = F(z,v)z", (3.2)

for any commutative function F(z,9) = F({x,},{0,}) and monomial z* = [[2_, 2. By the
g-binomial theorem

i (@) n _ plaz) .

= (¢ Dn o(z)
we have
N _—
d.g¥i—vi-1. _
Z :H(dil‘i)ai( i _ ’q)alzq%A.Tw
Q1o >0 i=1 (4 @)as

N - 9
; d; ﬁl_ﬁl_l; a; _1
R D | [ A iy VTR V) (3.4)

Y (3 q)a (g Vi)

a,...,an>0 i=1
Let us impose the mass truncation condition,
di=q ™,  m; € Lo, 1<i<N. (3.5)

Set M :=mji 4+ ma + --- + my. Note that dids---dy = ¢~™. Under the condition (3.5), the
coefficient for z;" in (3.4) vanishes for a; > 1+ m; — J; + ¥;—1. By using

> (q(;;";)qia 2% = (g2 @, (3.6)

a=0

we obtain the following statement.

Proposition 3.1. After the mass truncation (3.5), the non-stationary gAIN equation becomes’
N 1 N 1
™ s ) ging, 0T = ™5 @m—vio, a2
i=1 i=1

for the terminated function

6 0
b= D eyl (3.7)
01,...,0nN>0,
0;—0;_1<m;

Recall that we identify A = x129---xn as the parameter of the instanton expansion. If
we fix Oy > 0 and regard it as the instanton number, the number of terms in the terminated
expansion (3.7) is finite. They are labeled by the set S(m) C ZN~! defined by

S(m) :={(b1,...,0n-1) | 61 <my,02—01 <ma,...,0N_1—0On_2 <mpn_1,—0On_1 <mn}.
For example, when N = 3,
S(m) = {(61,02) € Z* | 61 < mq,02 — 6y < ma, —02 < m3},

and the allowed (6, 603) in Z2-lattice is bounded by the triangle (see Figure 3 in Appendix C).

For general N, we have [S(m)| = (M;J_Vl_l) = (MJ“A]/}[_l).

;s := d; are the remaining mass parameters after the mass truncation. When N = 2, this should be compared
with equation (2.12) in [6].
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Let us make a shift 91 := 0; + miy1 + - +my so that the defining conditions for S(m) can
be written by 0 < 0N 1 < GN 9 < o < 92 < «91 < M. See also Appendlx C for the meaning

of such a shift. Then define i1 := M — 91,22 —91—02, - L IN—1 —0N 2—6N 1,iN = On_1,
then i = (i1,19,...,in) belongs to the set
I o= {i=(ir,d0,...,in) € Z | iy +ia + -+ iy = M}. (3.8)

In fact we can define a bijection between S(m) and I as follows: let us define z := x29 - - - g,
k=1,...,N —1 and set

2tz ZJ%/N 1= 5‘7?1 : m?\lfv -
Then we have ap = g1,k = 1,...,N —1 and ag + ag + --- + ay—1 < M. Introducing
ay =M — (1 +ag+ -+ an—_1) = i1, we see that the elements of S(m) are in one to one

. . (0% .
correspondence with the monomials 27" - - - 2\" ' 23, 2y = A with homogeneous degree M.

3.2 R matrix as a connection matrix

We study the finite-dimensional matrix R arising from the gA [y Hamiltonian by the mass trunca-
tion. For N, M € Zx(, we have introduced I} = I} in the last subsection (see (3.8)). Note that
|Ins] = (N+M 1) For variables z = (21, 22, . . ., zn) and parameters® (u1, ..., uy), we define the
polynomials By ; (k =1,2) as

N N
Za i Za ia
Bys(zA) =[] </~La ;1;q>‘ ze, Bai(zA) =] ( ;q>' 251 (3.9)

Z
a=1 a a=1 a+1

Here and in the followings, we always put zy41 = Az; regarding A as a free parameter.® Note
that we can change the normalization of the base polynomials (3.9) freely keeping the main
structure of the matrix R. See the remark at the end of the section. For generic A, both
{B1i(z,A) | i€ Iy} and {B2i(z,A) | i € Ips} form a basis of the homogeneous polynomials of
degree M in Clzy,...,2zy]. Hence we have a relation

Bii(z, ) Z Ri;(A)Byj(z, A). (3.10)
j€lnm

The coefficients R(A);; are polynomial in y, and rational in A and q.
Since the size of R-matrix is |[Ips], one can determine R;;(A) by specializing (3.10) at [Ip/|
points. It is convenient to choose such || reference points zy as follows:

201 =1, Zeq = ¢ T Ra1 1<a<N, (3.11)

with k = (k1, ko, ..., kn) € Iny. We will solve the matrix equation

B].l Zk7 Z RIJ B2_] zkaA)
J€Im

As we will see in Proposition 3.4, the inverse of the matrix (ng(zk, A))i . is obtained explicitly,
hence one can derive an explicit formulae of R;j;(A).

8These are the remaining mass parameters after the mass truncation.
9We do not assume, for example, A = z1z2 - - T
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To describe the inversion formulae, we prepare some notations. Let n > 1. For any sequences
of integers i = (i1,42,.--,in), J = (J1,J2, - -, Jn) € Z" of length n, we put

n
i =D oy I=(1esin1), (LI = ) dals (3.12)
a=1

1<a<b<n

For B, € Z™ and \, u € C, we define'®

7 (A Dy (53 Digl—1v1 T [@z}
(k5 q )|B| Ya q7

where the ¢-binomial coefficients are define by (1.31).

Note that Q,(v|B; A, ) = 0 unless v < B (ie, Va 74 < ;). The function &, and the
function A i P defined below (see (3.25)), which is quadratic in ®,, originate in the study of
the three-dimensional R-matrix, where it was shown that the trace reduction of the three-
dimensional R-matrix gives fundamental examples of the quantum R-matrix of U, (AEV) 1) with
higher “spin” representations. See [20, Chapter 13] and references therein.

Dq(v185 M, ) = ¢~ “’”(A) (3.13)

Proposition 3.2. For any i,k € Z% and a,b,c € C, the function ®, satisfies the transition
pr’opertyll

> @ (ilj; a,b) Ry (§[k; b, ¢) = Dy (ifk; a, ). (3.14)

ij<k

Proof. Let i,j,k € Z% and i, j;, k; be their truncations to the first [ components. Assuming
@, (iulkiia. ) # 0, we put

q)q(il ’jl; a, b)q)q(.]l ’kl; b, C)
dy(ir|ks; a,c)

It is not difficult to see
Fi (w9)s(0;@r—s 5 (@

F = (1>1), F=1. (3.15)

= v , [>1, 3.16

Fra o (@@ (w0 (3.16)
where

b fo c B—a . . .
u=-q-, v=-q""", s = J;— 1, k =k — g,

a b

-1 -1
o = Z(ja - Z.a)a 5 = Z(ka - ja)' (3'17>

a=1 a=1

Then, the ¢g-binomial formula (3.3) implies

i<u>s<v>k_s (va)eat—s — (003 Do (0030w, _ (003 0)o0 (0030,

1=0 s=0 (q)s(Q)k—s (U-T;(Z)oo (CC;(])OO a (x;q)oo P (Q)k

Comparing the coefficients of z!, we have

ZFH_, ie. ZFZ F_y (I>1). (3.18)

= ]l 1
By iterating this, the desired relation Zj F, = Fy = 1 is obtained. |

1%See equations (13.49) and (13.50) in [20] (or equations (19) and (20) in [21]).
A similar formula 225 Pq(ili; b, ) g (jlk; a, b) = Pq(ilk; a, c) also seems to be true.
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Lemma 3.3. The specializations By (25, A), Bai(zj, A) are given as follows:

e (€70 9) 1

By;(z,A) = ¢! —— (4 Q)i - Pg(c—1—Jlc—Ji ¢ 1A, g71¢lA), (3.19)
(Gowm
TR oM A—1 (A1 q)arAM T
Bi(zj, A) = Ni(A)@y(ilj; ¢, A7), Ni(A) = BCTITEE H(Q; @i (3.20)
! =1

where i,j € Iy and pg = q~ .
Proof. A direct computation. Note that the expression (3.19) is valid also for ¢, € C where
Py (]85 A, 1) with X = pugM is expressed as

oyt (10750) (5D g 7 (),

q (78 ug™ ) = ¢ o (3.21)
ol ) (@) (ngiq) g 1y oy (@G Dsara

by analytical continuation. |

From (3.20), we see Baji(zj,A) = 0 unless i < j. Moreover, the transition property (3.14)
with @ = ¢ implies the following.

Proposition 3.4. Let B;; = By (25, A) and
Bi; = Nj(A) '@, (ilj; A~ ¢ M), (3.22)
then the matriz (Bj;) gives the inverse of (Bjj).
Thanks to (3.19) and the inversion formulae (3.22), we have the following.

Corollary 3.5. Fori,j € Iy the coefficients R;;(A) are given by

Rii(A) =C (Aq’|0|,q H zaAc ii c=at+b=it]j (3.23)
1,) (Aq M+1’q Ma 1 c—j.j’ ) .
o (_1)qu+zza:1<<2>—<f';>>+@+w, P (324

Here the function A is given by'?

(i,j)—(b,a)
A:’ib = q% Z (k]_], ,q M) <I>q(5— klc —k; Aqu‘c‘,Aqf‘c‘). (3.25)
kezZN-1

In [20], the same function A was introduced in the formula of a trace reduction of the
tetrahedron (3D) R-matrix R = R“’J}:

R'3 (2 )a b Z 501 Rotbicr pazbaca | panby.en (3.26)

1) 11,J1,C2 ~ 12,)2,C3 IN,JN,C1
C1,...,eN 20

where i,j,a,b € I);. By the weight conservation ¢ := i+ j = a+ b, one can regard Rtr3(z)?3b

as a function R(z;c)jp of j,b € Ips and c € ZZON. The dependence on the parameter ¢ seems
to be analytically continued to polynomials in ¢~¢.

The following two results are relevant to our current problem.

28ee equation (13.51) in [20], where (q2,z,l,m) = (q,qf“:‘/zA7 le| — M, M)

there here”
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Theorem 3.6 ([20, Theorem 13.3]). For a,i € I; and b,j € I,,,'3 we have

Aﬁ,m(za q) 1Rtr3( ) 6i::]bA( )1.] )

where

—f—m

(a2 ¢%)
Af,m(»’% q) _ (_1)mqm(€+l) — m_
(qZ Z3 q2)m+1

Theorem 3.7 ([20, Theorem 13.10]). Up to normalization R™3(z) coincides with the quantum
- (1 .
R-matriz of U, (AN_l) as follows:

Rtr3 ( ) wal,mwl (271)7
where kwy stands for the k-th symmetric representation of U, (Ag\l,)_l)

Combining Corollary 3.5 and these two theorems, we see that R;;(A) is nothing but the
R-matrix of U, (A( ) ) for the symmetric representations presented in [8].

Remark 3.8. In a similar manner, one can compute the relation between two B ; polynomials
with different A as

Bos(mA) = 3 ]]éi((ﬁ,)) B, <i|j;§/,llx> Byj(z, ). (3.27)

J€In

In view of this, the transition property (3.14) is obvious.

The coefficients R; ;(A) explicitly given by (3.23) are to be related to the Hamiltonian with-
out the shift operator T of the mass truncated gA[N equation in Proposition 3.1. Actually they
are related by a gauge transformation of the form R — K 'RL, where K and L are diag-
onal matrices, which corresponds to a change of the normalization of a basis of homogeneous
polynomials. The diagonal components of K and L come from the ¢-Borel transformation on
monomials in z and the inversion of the g-factorial, hence they are of the form K = diag (q%)
and L = diag (q‘si), where «; and J; are at most quadratic in the powers i € I of z.

4 Affine Laumon partition function as Jackson integral

When we impose the mass truncation, the affine Laumon partition function is represented as
a Jackson integral, which was a key to the relation to the ¢-KZ equation. See [1] for the general
method of representing Nekrasov partition functions as Jackson integrals with the help of the
truncation of Young diagrams to finite length. In this section by recasting the affine Laumon
partition function as a Jackson integral we will show that it is identified with an N + 2 point
correlation function, which provides a solution to the ¢-KZ equation of U, (E/u\[g) [23, 33]. In the
last section _we have seen that after the mass parameter truncation the Hamiltonian of the non-
stationary g[N difference equation is related to the finite-dimensional R-matrix of U, (5[N) (see
Corollary 3.5 and Theorems 3.6, 3.7). On the other hand what we will see in this section is the
affine Laumon partition function, which is conjecture to be a solution to the non-stationary gl
difference equation, actually gives a solution to the ¢-KZ equation of U, (f/,\lg) (see Proposition 4.2
and [17, 18]). At the moment, unfortunately, we are not able to fill the gap between U, (5[N) on
the Hamiltonian side and U, (5[2) on the wave function side. It is natural to expect a duality
of ¢-KZ equations between U, (5[2) and U, (5[ N) Towards a proof of our conjecture such a duality
may play an important role.

31n the present case we take £ = m = M. In [20], I, I, are denoted by By, By.



22 H. Awata, K. Hasegawa, H. Kanno, R. Ohkawa, S. Shakirov, J. Shiraishi and Y. Yamada

4.1 Jackson integral of symmetric Selberg type

The Jackson integral of symmetric Selberg type is'*

oo
6.6= | ¢(z)<I>M,N(z)A(z)dZ1A...Ad;;M
= (1 - t)M Z [¢(Z)(I)M7N(Z)A(Z)]Zz:&t”i’ (4'1>
vezZM
where
- N Zz (tq 12k/2“ )
o = @ ’ 27’ 1 7 ’ 49
o 11;[1 [Zl rl_Il TZ”t)‘X’ ]1§j1<_k[§M ! (921/2j 1) oo (4.2)
with ¢ = t7
Az):= [ Gi—2) (4.3)
1<i<j<M

and ¢(z) is an arbitrary symmetric function on (C*)™ [17]. For later convenience, we also define

Al(q, z) :== H (2 —q %)), A(z) = A1, 2). (4.4)
1<i<j<M
Here as in [6], we have exchanged ¢ and ¢, because the shift parameter of the quantum Knizhnik—
Zamolodchikov (¢-KZ) equation of our interest is ¢, while it was ¢ in [17]. In the context of two-
dimensional conformal field theory, N is the number of the vertex operators in the correlation
function and (a,,b,) are evaluation parameters of each vertex operator of U, (Agl)). On the
other hand, each integration variable z; is associated with the screening operator inserted in
the correlation function. Hence, the Jackson integral (4.1) corresponds to N-point correlation
function (or N 42 point vacuum expectation value) with the insertion of M screening operators.
Aomoto and Kato [2, 3] showed that the Jackson integral (4.1) satisfies a ¢-difference system
of rank (N]J(,Affl) In [17] the case N = 2 was studied and the R-matrix appearing in the
g-difference system of rank M + 1 is identified with the R-matrix for the symmetric tensor
representation of U, (Agl)) obtained in [8, 21]. Later in Section 4.3, we will see that up to
a pseudo-constant the weight function @,/ n(z) arises from the affine Laumon partition function
after the mass parameter truncation (see (4.46)). Moreover, the rank of a basis (see (4.49)
and (4.50)) of the cocycle function ¢(z) is exactly the same as that of the g-difference system of
Aomoto—Kato.

4.2 Affine Laumon partition function
(1)

The affine Laumon partition function of type Ay,
of partitions X = ()\(1), e ,)\(N)):

”, is expressed as a summation over N-tuples

ai, , AN
Zgjﬁ’ bi,...,bN |X1,...,XN|q, K
Cly...,CN
N NE—iIN) (G—iN) (g, /..
i Z H N@ 2@ (az/b ‘(L )N,\()g (b /C]"Zv’i) 'Xkl(x) ---XkN(X) (4 5)
A NYZIY) b, /bl g ) ' Mo '
i,j=1 A A 4K

where N( (u|q, k) is the orbifolded Nekrasov factor (see Definition 1.5). The powers of the
expansion parameters x; are given by the number of boxes with a fixed color (see (1.20)).

“We have changed the notation (n,m) — (M, N) from [17].
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4.2.1 Exchange symmetry of the orbifolded Nekrasov factor

The orbifolded Nekrasov factor Ng\kLN) (u|g, t) has the exchange symmetry. We employ the infinite
product form of the orbifolded Nekrasov factor obtained in [6, Appendix F]?

Vv %
Ky +k*>\j

00 [qu—itl—%-ﬂ ~ J;t]oo [qu‘—i—1t1—%;t]m

k| N 1
NN (ulg,t=%) = T — —— , (4.6)
i,j=1 [qu_i_ltl_%'ﬂ i JJ%ﬂoo [uq] 't N;t}oo
where [u;t] is a regularized version of [u; |, as n — oo, which is defined by
o ul/2; 4172
st 1= — 0 )= (4.7)
ﬁtl/Q (_ul/2) (_tl/2u—1/2;t1/2)oo
with 9,(2) := (2; D)oo (P2 15 p)oo. One can check
(3 oo (u1/2; q1/2) (_q(l—n)/Qu—l/Q; q1/2)
("0 e - (—q'2u=172; q1/2)oo CREE ql/z)oo
= (uM?¢"?) (=g 2u2612) = [us g, (4.8)
Proposition 4.1. The orbifolded Nekrasov factor has the following symmetry:
NI (ulg, v) = ENOTF N (g fulg, r),  m= Y, (4.9)
where the sign factor depends on the pair (A, u).
Proof. By using (4.8) with ¢ replaced by ¢, we can recast (4.6) in the following form:
.. k
o [ug! TN
NE\]TLN)(M(]? K) = — (4.10)
R (17 Y] ni;
Vo k—AY
where we set n;; = L%J € Z and it is understood
[u; t]—n = [t "ust);, 7, n > 0. (4.11)
Similarly by combining (4.11) with the inversion formula of the floor function
l — -1
1 — | =- leZ 4.12
Hlyl=- 7] ez (412

we obtain

00 [uilqjiit%ﬁ] LA\./—k—l—M}/
N—k—1|N 1| —Fx—1]
NN g fulg,w) = T — 5
[Uilq]ﬂJrltN ; t] AY —k—1—pY
I+ ——Fx—2]

1,j=1

e [utg e e 413
- H [u—lqi—jt%*mj;t] ' (4.13)

,5=1 nij

5Qriginally the orbifolded Nekrasov factor is defined in terms of the finite g-shifted factorial [u; g],. But to see
the relation to the Jackson integral it is convenient to employ the ¢t = %~ N -shifted factorial [u; t] o -
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Finally, the formula
(=) [u_l,t]n = [u; t_l}n = [ut_""'l;t}n, (4.14)

implies the desired relation. Note that the right-hand side of (4.13) is actually a finite product
after the cancellation of the infinite product. In general the sign factors from the denominator
and the numerator do not cancel and we need the sign factor. See Appendix B for an explicit
formula of the sign factor from the data of (A, ). [

The exchange symmetry of the orbifolded Nekrasov factor implies that the matter contribu-
tion to the affine Laumon partition function is symmetric under d; <> d;. For matter contribu-
tion, one of the partitions in the Nekrasov factor is empty and we have general formulas of finite
product form (see [6, equations (F.29) and (F.30))]):

NSV (ulg, k) = T [ug™ 6" 6N ayvinoaoa (4.15)
i>1 =
(ZIN) i NN N
(ulg, k) = [ J[ug~'x Y] v (4.16)
i>1 =5

We compute

+Z

[ qr 1 1—i A
N(g,liV)(F q, k) = H[d gl it NI JS"GN] AY +e -
i>1 =5
AY 4+ L Y e B
i>1 =5
AY +¢
:H<_1 [~y J[dq’ 1,.N-1 E, ] Atz
i>1 =5
N—1—(|N
=][(-1 NS (dlg k), (4.17)
i>1
where we have used (4.14).
In general, if we take the specialization
qrb;_1 b;
a; = , 0=N, c;i = =, 4.18
di—1 T (4.18)

the anti-fundamental factor is

N (bz Lig e ) ~ NNy di g m) = NG (bjrdilg, k), (4.19)
where b;; := b;/b;. On the other hand, the fundamental factor is

NV o (bigdjlg, ). (4.20)

Hence, up to sign, they are the same under the exchange of mass parameters.
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4.2.2 Vector multiplet

Let us parametrize the lengths of the columns of an N-tuple of Young diagrams as follows:
A = (869, .),  1<i<N. (4.21)

For ¢ < j, the (inverse of) vector multiplet contribution is

FONRPON
e N m—kgl—1= Z+LLJ.
(§—i|N) _1 [(bl/by) vt N N 7t]
NXo A (bi/bjla,t V) = 11 ) =, (4.22)
Rem=1[(b; /bj)qm—k= B ]

where we have deleted the normalization factor which is independent of ﬁé). When i > j,
j —1 <0 in equation (4.22) should be replaced by N + j — i. But, since

7) (2) () (2)
N4 Z +(n+j—i)—£y) i 07 +j—i—Ly))
L N | = - FH—x ! (4.23)

)

we may use equation (4.22) for any 1 < 1,5 < N.
Let us assume that the width of A is at most L;andset L =Li+ Lo+ ---+ Ly. We
introduce a disjoint decomposition of the index set {1,2,...,L} by S1, S, ..., Sy, where

Si={Li+- -4+ Li1+1,..., L1+ -+ Li}, S| = L. (4.24)
When I = Ly + -+ Li—1+m € S;, 1 <m < L;, we denote I = (i,m). Then we define the
variables

_b 1 1 —m i—1 Liﬂ 1J ,{:t—l/N. (425)

Z(i;m)

We can order L variables z; in the lexicographic manner. In [6], in order to write down the
weight function Wm+n(z) in a symmetric way, we defined (see below equation (4.18)):

e = QT = (@)Y, (4.26)
When N = 2, the definition (4.25) implies

L <2)+ 42
2 = by tg T, 2 = b3 'q" gt = byl TR 1tL

1, (4.27)

After the scaling by by, this agrees with (4.26) with Q = x(b2/b1).
Now we note'®

= | ] e m, (4.28)

where for a pair (r, s) of the residue classes modulo N we define

(4.29)

0(r, s) 1 0<r<s<N-—-1,
/]"’ g
0 otherwise.

By making use of the formula (4.28), we can recast the (double product part of)!” vector
multiplet contribution as follows:

N(Ajml%)(b/b gt~ N): H H

I=(im)es; J=Gikyes; [(tzr/qz0)t

() g g
[(tZJ/Z[)t_G(Zk] +i—1,60 —H—l); t]

_ _ (430
—0(0)+j—1,65) +i-1). 4 (4:30)

o

18[f]x and [m]n denote the residue class modulo N. Not to be confused with the g-integer.
7 There is also a single product part coming from the boundaries of semi-infinite regions.
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where for i = j, we should remove the factor with m = k. Hence

40 09 41,68 +i-1).
[(tzg/zn)t 0+~ LE D]

L
H NG (bifbila,tw) = ] . (4.31)
A \(G) J11 (5) (1)
ij=1 1 [(t2g/qzp)t 0 LG D ]

The additional factor t_e(glgj)” ~165) i) is a generalization of ) =1}(ts) appearing in equa-
tion (4.19) of [6], where (¢1) := [¢1]2 is nothing but the parity of ¢;.

For each pair (i,7), 1 < ¢,5 < N, the boundary contribution of the mass truncation comes
from

M1<m<L, Lij+1<k<oo, and (I)Li+1<m<oo, 1<k<L; (4.32)

i)

where we can assume either Kl(j )= 0or f,(n = 0. With the same integration variables as above,
we compute the boundary contribution as follows:

Case (I):
= i—i it
[T [uopygnsrmo=5=s
m=1
L; .
1t q—Lj,{j—ltl—(?(j—l,fgfl)+z‘—1)‘t] . (4.33)
7m [o'e)
m=1
Case (II):
L; .
I(c)+7 i
k=1 [(b/b) L; ktl +L 1. t}
1
H 11— 100 45 -1,i—1) : (4.34)
ket [biz( a0 04
Taking the product of the inverses of all the boundary contributions, we obtain
ﬁ IL_[ N by gl T 1O i1 =1) ]
—= (4.35)
Simetjo (2 (! m)b Lg=Li pi=141-0i— 1.6 +i=1). 1]

4.2.3 Matter multiplet

Substituting the specialization (4.18), we obtain the matter multiplet contributions as follows:

(1) fundamental matter

0 (1)
i—i|N — j—i G-D— (Z +i—1)
Ng\](l)?; ) l I [bijd]qm 1t1 vt J’ﬂoo

m=1

[b] lde 1 K ltl 0(3—1,0n +1i l)t

(3,m) ) ]oo’ (436)

I
=3

m=1
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(2) anti-fundamental matter
G-ilV) _ T 1
J—i|N
NZ )\(J) H it chj) o
[bim1gd; gt Rt T ]

k=1

i 1
-1 e (4.37)
k=

- 17 )N

o0

where the normalization factor is omitted in the same manner as (4.22).

4.3 Mass parameter truncation and a basis of the cocycle

Let us impose the mass truncation condition dy = ¢~™*, my € Z>o. Then by identifying ¢; in
the previous section with my, we see that the fundamental matter contribution cancels half of
the boundary part of the vector multiplet contribution. After the mass parameter truncation,
the number of the columns of A is at most m;, hence we have M :=my + --- + my columns
in total. It is convenient to introduce the index I, 1 < I < M, which is identified with the
multi-index (i,m): the m-th column of the i-th Young diagram through a bijection

{1,2,..., M} = {(1,1),...,(1,m1),(2,1),...,(2,ma),...,(N,1),...,(N,mn)}.  (4.38)

Using this identification, we define the shifted residue R({;) as the residue class of 57(7? +i—1
modulo N. The shifted residue R(¢;) tells the color of the end box in the corresponding column,
see Figure 1. Then the affine Laumon partition function is obtained from the following weight
function:

al N Zlbkq
Wi = 1111

[2rbi— 1d ﬁz—’ftl—@(R(Mk—n;t]m

my—1 lfktlfa(R(ZI),kfl);t]
o

I=1k=1
ﬁ [(t2 gz )t REDRED) 4] .
ramy (B2 /2t P REDRED ] '

with the cycle of the Jackson integral that is chosen according to the corresponding lattice trun-
cation. Note that the weight function Wf}N (z) depends on the fixed point data {)\(i)} only
through the shifted residues R(¢r).

L]1] 2[2]

(1) (2 \®3)) —
(A AR = (

BEE

[\V]
’l\Dl—‘Ol\D

’l\')|l—‘ol\')l—l

Figure 1. There are 544 + 2 = 11 columns (see the bijection (4.38)). Corresponding shifted residues
R(¢r)LL, are given by the number in the end box of each column, namely (2,0,2,1,1;2,1,2,2;2,1).

When N = 2, (X, Y) is non-vanishing only when X is even and Y is odd. Namely, we have
0(X,Y)=(1- (X)) (Y). Hence,
M m—1y4. n—1414R(4y).
Wﬁ}? 1] [zrq™ M t]  [21Qq" " HRED 4]

e z;Qdalt;t]oo [zfdl—ltR(m;t}oo
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I

I£J=1

tZJ/qZI) R(Ls)=1)R(D); ]
[(tzy/z)tRED=DRED) 4] 7

(4.40)

where we have substituted m; = m, mg = n and by = 1, by = by = Q/k. We see that this is
exactly equation (4.19) in [6] with dy <> d4.
For a matching with the formulas in [17], we define

aj 1= b gt MR by, == bed, 'k, (4.41)
with by = tbg. Note that azb, = ql_mkd,:l.18 We obtain
tl 9 é]) k— 1 7.[: t_e(R(ZJ)vR(EI))' t]

M
g[N k ZI o) [(tZJ/qZI) s Ujoo
4.42
IHM;Hl (b2t~ OREDAD 8] fgl (s ) ot TRETRE, g, 0 442)

which should be compared with the weight function ®ys v (2) (see (4.2) and also equation (4.27)
of [6] in the case of N = 2).

We may note that the sum in the Jackson integral (4.1) is bilateral, namely it is taken over
{v;} € ZM. On the other hand, the affine Laumon partition function involves a sum over Young
diagrams. After the mass parameter truncation, the discrepancy is remedied by an appropriate
choice of the cycle &€ = (&1,...,&xr). In fact by taking the following cycle:'?

mi1—1

E=Em, = (al,alq,...,alq e 7aN,aNq,...,aquNfl), (4.43)

~
mi mpy

the lattice summation over {z; = &t} is truncated to a cone [18, Section 3.2]:

0<i << <vp1 < Upy,

0< Vmi+1 < Vmq+2 < o<y < Vmi+ma>

0 <vM—my+1 S VM-myt2 < <1 < v (4.44)
In order to identify the cocycle factor ¢(z) in the Jackson integral (4.1), let us introduce

a disjoint decomposition of {1,2,...,M} = RoU---URNx_1 by Ry :={I | R(¢;) = k}. Then we
can decompose the weight function as

Wg[N( ) = WO ) P iry 3 (2), (4.45)

where

T § y G  (ERTER RS (.46

I=1k=1 bk 1215 ]oo I£J=1 [(tZJ/ZI)vt]oo

and

N N—
P{ROU"'L'RNfl}(Z) ~ H H H (1- aI;lZJ) H H H (1 —bgzy)
k=1 k<t JERy

k=2(<k—1J€R,

18 Compare this with [6, Theorem 4.1]. The original ¢-KZ equation is reproduced by considering the simultaneous
t-shift ar — tay, bxy — t_lb;€7 which is equivalent to the t-shift of the Coulomb moduli by — t~1bs.
19Recall that we have exchanged g and ¢, compared with the original literature.
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-1
ZJ ZJ
X I 1II 11 — . (4.47)
0<k<{<N-1I€Ry JerR, 7~
By [6, Lemma 3.1}, the second factor of WﬁN’(O)(z) is

M

[[ Gesfamithe _ oopn oo [ arrlG/enite

125o1 [(E20/20); 8] =1 1<I<J<M (927/21); t]oo

where 7 = log, ¢ and C(z) is a pseudo-constant that is invariant under z; — tz; for each
variable zj.

The last factor of Pg,u..ury_,}(#) is exactly such that we can apply [6, Proposition G.1].
To apply the proposition, we recast the remaining factors as follows:

N-1
II I1 fez0) o2y = T (1—a3'2) - T (1 = be2). (4.49)

(=0 JeR, l+1<k k<t

For example, when N = 3,
folz) = (1—a2 z)(1—az 1z) fi(z) = (1—a3 z)(1—by2),
fa(z) = (1 = b12)(1 — baz).

Now let consider all the partitions RoUl---U Ry_1 of {1,..., M} with fixed |Rj| = r. Then
[6, Proposition G.1] tells

d)(ro,rl,...,r]\r,l)(z) = Z P{RoLIu-LIRN,l}(Z)

R()U"'URN_l

N-1 1
=11 Alz)!
o [kle-
TN-1
x A HfO (zip) Hfl (2Zroti1) * - H IN=1(Zro4try atin 1)A(g,2) | - (4.50)
io=1 11=1 iN—1=1

In summary, we have the following.?"

Proposition 4.2. By the identification of parameters (4.41), the affine Laumon partition func-
tion (4.5) with the mass parameter truncation coincides with the Jackson integral (4.1) with the
choice of the integration cycle (4.43), where the cocycle functions in (4.1) are given by (4.50).

The functions ¢, ...y ,)(2) are supposed to give a basis of the cocycle factors. In fact,
in [18] the set Zyy = {u = (w1, p2,-,on) € Z5glpn + p2 + -+ + py = M} is intro-
duced?! and the functions E)(z) labeled by A\ € Zy s are considered. We expect the functions
B(ro,r,...rn_1)(2) gives a basis of solutions to t-difference equation of rank

\Zaar] = N+M—-1\ (N+M-1
—ANM= M -\ N-1 )

Note that the rank agrees with the size of Rj; block of the R-matrix computed in Section 3.
We can check the functions ¢y, . ry_,)(2) coincide with the basis of the cocycle functions for
U, (5[2) q¢-KZ equation by Matsuo and Varchenko [23, 33].

20Precisely speaking, the Pochhammer type factors are used in the Jackson integral, while we employ the
sinh type factors in the definition of the affine Laumon function. They agree up to some monomial factor (see
Appendix B).

213We changed s — N and n — M from [18].
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Example 4.3. When N = 3, up to the normalization factor, we have

T ro+r1
¢(T0:T1:T2)(2) = A(Z)il‘A (H(l - 32_121') H (1- aglzz‘)
1=1 i=1
M M
X H (1 — blzz) H (1 — bQZi)A(q, Z)> . (451)
1=ro+1 i=ro+ri+1

The cocycle function @y, ,, ,,)(2) corresponds to z{'23? = 217"} term (modulo the power of

A = z1x923) in the expansion of the partition function (see Table 1 in Appendix C).

In [6], we rely on the Jackson integral representation of the affine Laumon partition function
to prove that it is a solution to the non-stationary difference equation (1.1). As we have shown
in this section the Jackson integral representation of the affine Laumon partition function is also
valid for gl. Unfortunately, it only tells us the relation to the ¢-KZ equation of U, (5[2). Namely,
we can see the g[N affine Laumon partition function corresponds to N + 2 point correlation
functions for the U, (5[2) ¢-KZ equation, where the shift operator acts on the mass parameters d;,
not on the expansion parameters x;. In Section 3, we have seenf\that after imposing the mass
truncation condition the non-stationary difference equation for gly is related to the R-matrix
of U, (Ag\lf)_l) It is natural to expect a duality of ¢-KZ equations between U, (5[2) and U, (s[N).
In fact, when N = 2, we have a dual pair of the U, (slz) KZ equations [6, 17]. Such a duality
may be crucial for a proof of our conjecture.

5 Four-dimensional limit and Fuji—Suzuki—Tsuda system

The following computation uses almost the same method as that in [5, Appendix C].
We start with the equation satisfied by the five-dimensional sly affine Laumon function 54
written in the normal ordered form

(A1 — Ag) - th5q = 0, (5.1)
N 1951+'ﬁ1ax , N a_mam ’ ,

Al = (q (x ‘ )a q)ooq'yaﬁa:7 Ay =: H ((qﬁ/ — a q)oo qfﬁaﬂa:. (52)
iy arq)oo a1 \d 7 xayQ)oo

To take the four-dimensional limit, we have set the parameters as

= 7 ba+1 0

de =q", do=4q¢"", k—F—= q%7 Vg = $a%, 79; =1Vq — Vg1, (53)

where a € Z/NZ.
For ¢ = e/, h — 0, we have

(¢°z;q)p = (1 — z)° {1 + % <ab + (g)) + O(h2)} . (5.4)

Namely, by taking the limit of the g-binomial theorem (see [6, equation (5.2)])

(¢“2; ¢)oo
(

Dk k(] _ - b " 2
7 Q) e’ =(1-x) {1+ (a—1) +O(h)}, (5.5)

2 1—z

Qoo _ g v 1 P ava g1 2
(0% 0) (1+x) {1+2( B)(a+pB 1)1_$+O(h)}. (5.6)
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By using (5.4), the operators A;, Ay are expanded as

N N
A =: H(l — xa)_%_fn“ {1 + hZKLa + O(hz)} :,
a=1 a=1
N : N
Ag = H(l — y) Yam e {1 + hZKQ’a + O(hz)} 5
a=1 a=1
where
o (O 4+ 1M,
K a — aﬁa “ )
Le =7 +1xa< 2 >
—¥ —m
Ky — — 1 Ta S g~ a a .
2,a 790,19@ 1_ Lo <(ma ma)( ﬁa ma) + < 9 ))

Then, since (3) + (5') = a?, we have

K1 = Kz = 0a(0, +7a) + 7 (0, + ma) (7, + ).

Define an operator R acting only on z-variables (not on 9’s) as

R: 24 > 2 00t a€Z/(NZ),

U, ’
N—-1i—1
U, = Z Hxa-‘rj = Xq + TaZa+1 + -+ A,
=0 j=0 X

AN=xyroy1- Tpx1 Te1 =T129- - TN.

The following relation is useful.

U, — :L'aUa+1 = (:L'a + xqlogq1 + 0+ A) - l‘a(anrl + Tor1Tay2 + 0+ A)

=1x4(1 = A).

Lemma 5.1. For any function F(x,9), we have the following operator identity:

N
C™'R: H(l — 24) Ve F(z,0) := :F(C_lR(x), 9):,
a=1

where C' acts only on x-variables (not on 9’s) as x4 — xq41, a € Z/(NZ).

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

Proof. The action of the left-hand side (LHS) on a monomial z¥ = Hflvzl xq"* is computed as

N
(LHS)2” =C™ 'R (H(l — xq) VeV P (x, 1/)33”)

a=1
=C 'R (al;[l <11—_x;:1> F(z, V)a;”>
—C”f&R L= ot VY P(R(), )
- 41 1 To a )

N Va
_ o1 H Ust1 — Usy2Tat1 ) F(R(x)v)
Us — U174 ’
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N N
=C™! H(waﬂ)yaF(R(x)v v) = F((C™'R(z)),v) H z,"e. (5.17)
a=1 a=1
The last expression is nothing but the desired one (RHS)z". [

Theorem 5.2. If Conjecture 1.6 is true, the four-dimensional limit Yyq = 1/15(1‘,1_)0 of the
partition function satisfies the equation

N

3 {ﬂaw’a ) + O )7+ ﬂ;>} baa = 0. (5.18)

a=1
Namely, (5.1) implies (5.18).

Proof. By using (5.11) and the Lemma 5.1, apply C~'R from the left to the h-expansion of
the equation(A; — As) - 154 = 0. Then the equation (5.18) is obtained as O(h) term. [

Remark 5.3. In [34], in the context of four-dimensional gauge theories, the equation (5.18) has
been obtained as a quantization of the differential Fuji-Suzuki-Tsuda (FST) system.

The FST system (called Pyr-chain in [31]) was first considered by Tsuda as a similarity reduc-
tion of his UC-hierarchy which is a certain generalization of the KP hierarchy. Independently,
in the context of the Drinfeld-Sokolov hierarchy, it was obtained by Fuji-Suzuki [11] (N = 3)
and Suzuki [29] (N > 3). The FST system relevant here is an isomonodromic deformation of
the N x N Fuchsian equation on P! with four regular singularities at z = 0,1,¢, 00 with the
following spectral type

(AY), (N = 1,1),..., (N —-1,1), (1Y), k=2

k

Its multi-time extensions (k > 3) has also been studied in [32]. The case N = 2, k = 2 is Pyy and
the cases N = 2,k > 3 are the Garnier system. The g¢-difference version of the FST system is also

known. Interestingly, in g-case, there exists a duality between the system of type (N, k) = (m, 2)
and (N, k) = (2,m) (see, e.g., [24]).

Recently, some constructions of the ¢-FST system through the cluster algebra were obtained
(see, e.g., [26, 30]). Since such formulation will also give a natural way of the quantization
(see, e.g., [22]), the relation to our construction from the affine Laumon space is an interesting
problem. The relation to the tetrahedron R-matrix uncovered in Section 3 also gives a link to
the cluster algebra. In [14], it was argued that the conjugation by the tetrahedron R-matrix can
be described by a sequence of mutations (see also [16] for the quantum case).

In [13], it was shown that the Wy conformal block with a fully degenerate field gives a solution
to the FST system. This opens a problem of a higher-rank generalization of the relation of the
Virasolo conformal block with a degenerate field and the conformal block of the SL(2) current
algebra which is described by the KZ equation. We find it intriguing in what sense the affine
Laumon partition function gives a conformal block of the deformed W algebra.

A Symmetric form of gl, Hamiltonian
The gAlz—non—stationary difference equation considered in [5, 27] is

Hs T Tin - YA, 2) = V(A ). (A1)
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The Hamiltonian is

Hg = 1 B- ‘P(A)w(q_1d1d2d3d4A)
> olqz)p(A/x) o(—diz)o(—dox)p(—dsA/x)p(—dsA /x)

1
¢(q ' didow) p(dsdsA /)’

(A.2)

where ¢(2) := (2;¢)s and B is the ¢-Borel transformation on a formal Laurent series in x:

B <Z cna;”> Z qfn (e, . (A.3)

In order to generalize the non-stationary difference equation (A.1) to higher rank, it is instructive
to recast Hg into more “symmetric” form. In terms of homogeneous coordinates z; := x and
x9 := ¢ 'A/x, the total Hamiltonian becomes

HeT=L T 1 B. o(qr122)p(d1dodsdszi )
e = o(qr1)p(gze) p(—d1w1)p(—daz1)p(—qd3za) p(—qdsz2)
1
B- T8 Tooa.. A4
(p(q_ldldg.’ﬂl)(p(ngd4$2) qtQ,z1 qQ,r2 ( )
Since x4’ ~ 2"~ the ¢g-Borel transformation in coordinates (z1,x2) is
11
B= B _ ooyt (4
where 9¥; := x; 62 and p; = q = T4.4;- Hence, we have
ST T = — s g3
#Qa o(gr1)p(gr2)

) Lp(q.r1$2)(p<d1d2d3d4$1$2)
‘P(_q%dlxl) cp(—q%dzm) @(—q%d:;ﬂ?z)cp(—q%dﬂz)

E 1 -1 T, A6
v (p(dld2x1)¢(d3d4$2) tQ,x1+ @2 ( ) )

1

1
The shift operator pip, ? in (A.5) is combined with the 0r1g1nal shift operator TtQ o Lt

qQ,z2 -
Note that the factors in the numerator commute with q2(191 92)?,

Parametrizing ) = /4;22 with k=t~ 2, we finally obtain

1

o(qr1)p(gr)
o(qr122)p(drdodsdszi )

p(—qzdiz1)p(—q? doar ) p(—qZ d3a) p(—q2 dyzs)

o3 (91—02)% 1 T - .
Q2 (P(dldel)SO(digdzll'Q) bl;ly 1 %121‘2‘ ( . )

1 _ 2
HS ththAl _q2(191 ¥2)

The rescaling x; — —q%:ci and the exchange of mass parameters ds <> d3 implies a complete
matching of the Hamiltonian (1.7) with N = 2 and (A.7). When N = 2, A = (J1 —92)? and the
twist operation on ¢(—io)~! and ¢(—#g) ! is trivial. Hence the Hamiltonian (1.7) reduces to

Ha[2(xi;bi7di7%t> =297 A A A 2D T, T, (A.8)

»T1 » L2
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where

1 1
p(—I2) p(—i1)
Ar = ¢(q" ' didadsds ) 5

Ap =

p(A),
1 1
(—didsir) p(—dadsisa)’

1
Ao = ,
T pldiz) p(darr) p(dowz)p(das)

and we have identified 2y with z2. In order to compare the Hamiltonian (A.8) with the symmetric

form of the 3[2 Hamiltonian (A.7), we have to commute q%wl*ﬁz)Q with Ay, or Agr by using the

formula (A.16) in the next subsection. This commutation removes the hat and the check on x;:
£; — x; and &; — x; and also it scales z; by qi%. Namely,

1 1
o(—q2a2) p(—q2))
Ap — Ap = (g 'didydsdsA)

p(A), (A.9)

1 1
@(—d1d3q_%$1) cp(—dgd4q_%x2) ’

.AL—L/ZL:

(A.10)

Then as claimed above by the rescaling x; — —q%xi and the exchange of mass parameters, we
see the agreement of the Hamiltonians (A.8) and (A.7).
A.1 g@g-Borel transformation for multi-variables

In the higher-rank generalization of g, there appear the operators of the form ¢~, where £
is a second order polynomial in the Euler derivative v;. For later convenience, let us work out

the commutation relations with coordinate variables z;. Since q%ﬁ?mi STy = q%("+1)2x?+1 =
q”*éxiq%ﬁ% Ty = q%a:ipiqéﬁzz - Ty, we see

Ad(qF27) -2 = gF el (A.11)
We also have

Ad(q=05) - ;= $ip]¢1’ i (A.12)

Let us introduce the relative ¢-Borel transformation gxy by (see equation (A.5))

By 1= 3000 =0u D) _ (O340 =00ty 25 (A.13)
Namely,

gxy syt = q%("_m)("_mﬂ)a:”ym. (A.14)
From (A.11) and (A.12), we obtain the commutation relation

Ad(Bry) - =popy 'z, Ad(Bay) -y = yps "Dy (A.15)
We note that for 2/ = pxpgjlaz and y' = yp; 1py, we have 2’y = 'z’ = zy. On the power of z;,
we have

Ad(qi%(ﬂi*f}jp) Ll = qi%”2a;?piij” = ¢tz (xip?;l)n, pij = pi/Pj, i # . (A.16)

This formula is useful in the computation of the normal ordered Hamiltonian.
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B Two types of the affine Laumon partition function

There are two types of the Nekrasov factor, which we call Pochhammer type and hyperbolic-sine
(sinh) type. From the view point of the index theorem for the instanton moduli space, they
come from the Dolbeault operator and the Dirac operator, respectively. Consequently we have
the affine Laumon partition function of Pochhammer type and of sinh type. When the moduli
space is hyperKéahler, the index of the Dolbeault operator and the Dirac operator coincide,
since the discrepancy is measured by the first Chern class. However, the affine Laumon space
is not hyperKé&hler, because of the asymmetry of the chain-saw quiver [9, 10] and two types of
the partition function are different in general. In this appendix, we will show that the g-Borel
transformation transforms the affine Laumon partition function of sinh type into of Pochhammer

type.

B.1 g-Borel transformation from sinh type into Pochhammer type

Let A be a Young diagram, i.e., a partition A = (A1, A, - - - ), which is a sequence of nonnegative
integers such that A\; > A\iy1 and || = Y, A < oo. AV denotes its conjugate (dual) diagram.
We define

Ak =Y Aynn,  k€Z/NZ, (B.1)
nez

where we set A; = 0 for ¢ < 0. Throughout Appendix B, we use the notation

= (qm)%. (B.2)

In this appendix, the notation = always means the congruence of integers modulo N.
For a pair of Young diagrams A and u, we define the orbifolded Nekrasov factor of Pochham-
mer type as

Poch(k|N iyl vy 1
N)\:C (k| )(VQ|(],/€) — H (1_Qq>\z JH3 g Hy T 2)
(@, 7)6u
i —ity=—k—j
H (I—Qq_“iﬂ_%/ﬁ;’\ﬂv it3 ) (B.3)

(3,7)€X
V_;p 1= 1
Aj —it5=k+35

The orbifolded Nekrasov factor of sinh type (4.6) is written as

k|N iyl vl
NVl r) = [ (@M TITERT TR
(i,5)€En
mj 7z+777k7%
H [QqHti~ 3 ]—z+2] (B.4)
(4,4)EX

N ity =kt
with [z] := 77 — g3 (see [6, Appendix F]). It satisfies??

N vQlg, k) = (—1)"NIEY (v Qg s, (B.5)

where n = |p|—r + |A|14+%, as we will show in (B.34).

223uch a simple symmetry is specific to the Nekrasov factor of sinh type. But both NE\Z‘N)(VQM, k) and

NfOCh(k‘N) (vQ|q, k) satisfy the inversion formula of type

“w
Poch(k|N Poch —k—1|N —1 —1 -1
N)\p, (k! >(VQ|q KL) y)\ ( | )(V Q|q KR )a

which follows directly from the definition.
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For N-tuple of Young diagrams A\ with i € Z/NZ let X = ()\( ) A2 ..,)\(N)). For N

variables x; € C with i € Z/NZ, let & := (x1,22,...,7y). For 3N? varlables Q”, i @5, €C
with i, j € Z/NZ, let
N (G—i|N) a (j_i‘N) c )
zﬂ@;:IIN”m Wit Nyt WQﬂ%mﬂwm“ﬂ, (B.6)
= N§onor (V@2 la. )
1,j=1 2@ NG 1,7 q, K
N 1 ‘)\(J)|
2@ = I — A (B.7)

(G=iN) b
iji=1 Ny (VQi 5l % )

We define Zf‘mh( 7) and Z Poch.pure ) 1y replacing the orbifolded Nekrasov factor of sinh type
with that of Pochhammer type

As we will show in (B.43), the denominators and the numerators of (B.6) and ( 7) have
even numbers of factors or brackets [ |. Therefore, even if we change the sign of [z], Z;(Z) an
Z;’ure(f) are unchanged.

Let 9., := xia%i and

N N

1
A= 5 Z(ﬁ%—l - 199&')2 - Z(ﬁfm o 19$i_119$i). (B'8>
i=1 =1
Since ¥,x = x(14+Y,), ¥z 1 = ang(mt¥=)* .1 = gngn” .1, Thus, for any ¢ € C, Z5 5 (7) satisfies
qgﬁwizq(—*) — Z~(_')q§ PO I)\(j)\1+i—j’ (B.9)

A2 qg LAD =D ga,)) (B.10)

H’:]z

The same relations are also valid for Zpure( %), Z POCh( r) and Z POCh’pure(ai')

Proposition B.1. When

: . Iy
a ? b c v
o _ % op b oo b (B.11)
2,] IR 1,] ) 2,] )
bj bj &

with 3N wvariables a;, b; and c;, we have

Ly,
1 271 .
ZPoch — QA H (bl - 1> . ZX(JU)’ (B12)

ZPoch pure

X - ;AH<

Remark that, in the case of N = 2, A = 92 — 29,,U,, + ¥2,. Remark also that, since
smash3 ;L A = AW,

BRSS! ure
)  ZP(3). (B.13)

Poch,pure (f)

23The inverse square of the last factor of (B.14)
q—%@;v:l(w”\H—|W'>|1+,-7j))2bi2_?’:1(w”\i-r\W)\1+i—j>ﬁ—u<i>|

up to qlk(i)‘ is the same as the prefactor s;miq_m?/zm_"\(i)‘ of (12) in [28]. Here s; := 1/b; and m; :=

S (AP = AP ).



Non-Stationary Difference Equation and Affine Laumon Space II1 37

N ) .
_ zre(p) H L NPy =Nl 3 B Wi =Pl (b1 1y

For any function f of a;, bj, cx, ¢, t, let

f(a17a2;"'ab1,b27"'7017027"'7q”{)
= f(afl, a;l, e bfl, b;l, e ,cfl, cgl, gL /{_1). (B.15)
Since, Zy(¥) = Z5(&) and Zpure( r) = Zpure( %), we have
Poch (= —1iA al a; bl—l 2191171 —
203 = 4 ] (2 2@, (B.16)
i=1 7 Ci—1
o o aay (bir, )2
@ =t 1l ( n qff) ET@). (B.17)
1=
Let [z]. := x2[z] with [2] = 272 — z2. From Z5(7) and Zf{ure(:i’), we define Z_ (%) and

Zfl/f\»re(a?) y replacing [z] in the orbifolded Nekrasov factor of sinh type with [z].. For example,

Zs@) = Z(@),  Z3@) =20 and 2 (&) = Z5ND).
In view of (B.9) and (B.10), it should be clear that even if we replace ZfOCh( ) and Z§°Ch PUe(7)
with Z_ (%) and Zpire(x), respectively, Proposition B.1 is true, if A and 39,, , are replaced

with CA and §9,_,, respectively.

B.2 Proof of the Proposition B.1

Before embarkmg on a proof of Proposition B.1, it is convenient to introduce a few notations.

Since (1 —z) = 3 [x], we have

Ny (vQlg, k) = N§

M wQla, v) (FE g (@),

o
where
(k|N) RS R VT § v_;jal
f)\l = H q)\z Ty T Timg H q —pitj— 2[{)\ it+3
(4,5)€ER (4,5)EX
p;/fiJr%szkf% A‘;/7i+%£k+%
(K|N) —
o @= I e I @

(iij)eu
V_jal_n_p_1
,u,]. z+2,N k 5

Let us denote

N (- Z|N)fj i|N)

@, ) PNON-]
=11

1 f(] i|N) ’
5,j=1 A \()
num ,_ (G- ZlN) (J—iN) _
5 H Fono o g
i,5=1

num . (G- llN a\,(J 1\N
H 9z 26 u)gx ). ,j

5,j=1

(&,3)ex

V_ i+ l—p 1
)\]. z+2,k+2

N (j—i\N)( ) (3— zIN)( )
i, i,j

L ZAU) UNOE
T @)
i,5=1 )\(1))\(]) ,J
H (G— Z\N —j—1|N)
@A) ,\(J)@ ’

3,j=1

3,j=1

H 0 (@) M (@5m),

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)
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N N
[T Sy T (B.24)

X num L(—iIN)’ A num (G—iN) [ b
fA ij=1 f AG) AG) 9% i,j=1 I\ \() (Q ,])

From (B.18), we have

1 —
22N (3) = (frg5)? Z5(3), (B.25)
Poch,pure / — ure pure\ ure ; —
ZRobpue () — ( goure gourey 3 e ), (B.26)

Hence to prove Proposition B.1, it is enough to evaluate fy, g, f§‘um and gf\i“m. This is achieved
by the following four steps.

B.2.1 Step 1: Good combination

We have
—k|N il AV 1 “N4i—Lt Vil
f;S,Al ) _ | | g Itz Ajti—g | | q Aiti—3 h l+27 (B.27)
(m’%ek ) (i,lj)Eu L
)\g/fiJﬁjzk—? ,u,;./fi+§EN7k+7

and we can eliminate x from f-factors by taking the following combinations:

éklN) /(\kIN)
M g =i | i
— N = [ ] q [ (B.28)
f)\ (i,5)ep L (1,5)EX

u]Vﬂ'Jr%szkfj )\;/—iJr%szr%
(—)\kIN)f(—gklN)
g, H, . —li i
“RNY II 11 a-- (B.29)

(
f e
LA (}J%E_ L (i,5)en

We also have

£ f( RN =, (B.30)
k k (k
ANy = I e I @@ =¢"M(Q). B3
(ZJ)Eu (4,5)EX
n: Yoiti=N-k-1 /\}/—i+%5k+%

Note that, by (B.28),

N ) )
=11 I I1 - (B.32)

5,J=1  (a,b)ex(d) (a,b)ex(d)

A(j>;/7a+%zi7jf% /\(j)l\,/faJr%zifjJr%

B.2.2 Step 2: Box product

Since )\JV — i is the leg length of the square (7, j) in the Young diagram of a partition A\, we have

S 1= ey = A (5.33)

(i,)EX n=0
A]V—i-uzk

Hence, the power of Q’s in (B.20) is |u|_x + |A14%, and

g(kLN)(Q) = QM-+ 1tk (B.34)
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Lemma B.2. For 1 <k <N -1,

SE) FURIN) (HN) p(HIN)

A D
(k|N) k|IN
f}\l fu, IN)
N
H qg(l;u"z 1=|pla) (A j—1=[Al7) H q% im1 = [ (lj -1 =luls) (B.35)
i,j=1 i,j=
ji=k j-i=—
(OIN) #(0|N)
fﬂ){l\f) - q% S (M= [A1)? (B.36)

%
For0<k<N-1,

KIN)  ~ay - (KIN) /e
g;(a'“ )(Q )9,\‘@ (@) _ (Q“)“"“ <Q0>|M+k (B.37)
and**
PN — a0 @) M@ = (@)t AR (B.38)
Proof. By (B.34),
(k|N)(Qa) k‘N (QC) (Qa)|u|—k (Qc)|/\\1+k
_ B.39
k|N (Qb) (Qb)‘.“"fk‘i")‘lHk ( )
which gives (B 37). From (B.30), (B.31) and (B.34), we get (B.38).
For any j, s € Zy, )\- =sifand only if 1 + X171 < j < Ag. Thus, for 0 < k< N —1,
M-I 1
(i,5) €N i>1n>0 j=>1
Ajv,H%EkJr% AJV:¢+k+nN
=1I1I II «>0=I1 II ¢ (B.40)
i>1n>0  s>1 n>0  ijez
s=i+k+nN j—i=k+nN

where we have used )\}/ =5 14+ A1 < j < A for the second equality. By replacing ¢, k, A
and p in (B.40) with 1/q, N — 1 — k, p and A, respectively, we have

H q—)\i _ H H q_Aifl(Mjfl_Uj)

(3,5)€p n>0 4,JEL

Va1l 1 j—i+1=N—k+nN
,u,j z+2,N k 5

— H H g NilHi-1=h5) (B.41)

n>1 i,JEL
j—i=—k4+nN

Similarly, by replacing ¢, k in (B.40) and (B.41) with 1/¢, k — 1, respectively, we obtain the
formulas for 1 < k < N. Combining them, we have

H g - H g M= H H qrim1=m)(Ai—1=2)

(1,5)EX (4,5)EX n>0 4,JEL
V_jyl=py1 V_jrl—p_1 j—i=k+nN
)\j 'L+2,k+2 )\j 'L+2,k 2

#4For the Nekrasov partition function without surface defect, the f-factors corresponding to (B.35) and (B.36)
are equal to 1 and the g-factors corresponding to (B.37) and (B.38) are given by replacing |A|x with |[A|. Thus
the Nekrasov partition function without surface defect satisfies (B.12) without g-Borel transformation q%A and
by replacing |A|r with |A|.
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H g H = H H gPimt A=)

(4,7)En (4,7)Ep n>1  4,j€L
H]V7i+%zN7k7% y,;./f'i%»%Ekaﬁ»% j—i=—k+nN

Then, for 1 <k < N —1,

(k|N) f(klN)f@ kIN) ¢(=K[N)

FEEIN) ((RIN) - q q
A 7.\ (i,5)en (4,5)eX
HJVfiJr%szkf% Ay71+%zk+%
oo I @
(i,5)EX (4,5)En
A]Vﬂ'j%zkf% u}/—i+%EN—k+%

_ H H qri—1—m) (X -1=25)

neZ i,JEL
j—i=k+nN

N
— H H q(Mi—1+nN*Mi+nN)(/\j—1+mN*>\j+mN)
)

4,5=1 n,m>0
j—i=k

j—i=
fk|N>f(kIN f( kIN)f( k|N)
which reduces to (B.35). In an— and —imy > k should be 0 < k£ < N —1 and
1 < k < N, respectively. But ols T
1
f 0|N f)\O|N) f( N|N) f>\ N|N) f(0|N f>\0|N f(_ANIN)f)(\_NIN) 2
@\ - a, N}

o) (=NIN) - (0[NV) (=NIN) ’

A A A AN
which gives (B.36). [

B.2.3 Step 3: N? product

We have the following lemma.

Lemma B.3.

N
) ) 5

f = [T a2 B (WA i) g, (B.A2)
=1
T (%2 2 G|

_ ,J % 5,i—1 B Do

s (grat) - T ™ .

,] 1 ’L] .]71 1 7/7]:1

Proof. (B.43) follows from (B.37) and (B.38). By using (B.35) and (B.36), we obtain

N N
fz = H H 2 (APla=1=NP1a) (AD]pa =N Dy )
i,j:l . a,b=1 )
—a=j—1

For any variables g’ such that yiV = yé IN= v, we have

N-1 . N-1/N-1 2
>oovm=>, (Z yfm) : (B.44)

a,b,i,j=0 a=0 =0
j—i=+(b—a)
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Therefore, when 7% = ’)\(i)’ail — |>\gi),

N-1 ‘ A } N [N 2
> (A =LAy = A2 =7 Z (Ao = NP yn) | -
a,b,i,j=0 i=1 \ j=1
j—i=t(b—a)
Here is a remark on (B.44) in the case of N = 2. It should read, if y},, = —y},
1 1 2 1?2
>t =X (L) (3] -
a,b,i,j=0 a=0 =0
j—i=x(b—a)
B.2.4 Final step
By using relations (B.25), (B.26), (B.24) and Lemma B.3, we obtain
N ) 0 s N a. (e 2Pl
— — ) I\ i , 1
ZRN(3) = Z4(@)h S (S (W hOhes)) T (QJQ“ )
i,j=1 4,5 %j5—1
L N a e 2|)‘(J)‘1 J
=22 2:(%) [ ( b gl 1) (B.45)
i,j=1 QJQJZ 1

and

N 2|’\(] ‘1 J

Poch, N (A [ —AD 1)) 1

Z)\OC pure( ) Zpure( )q421 1(2J71(| | J | [1+ J)) H (Qb 1)
,J JT

N A
—e@ I (] (B.46)
=gq y @ Qb , .
2% Jl 1

ij=1
where we also used (B.9) and (B.10) for recasting the first line to the second.
Since (B.11) implies
(17]@57, 1 G bi—1 1 _ bi—1
b - qar,
Q75951 b Q75951 bi

we finally obtain Proposition B.1.

B.3 Inversion symmetry

By usmg the partition function of Pochhammer type ZPOCh( 7), we can rewrite the non-station-

ary g[ N equation (1.21) without ¢-Borel transformation q2A Suppose ¢" # 1 for any integer n.
Let us define the g-exponential without using the ¢g-Pochhammer symbol by

1
AW }: CXx B.47
6q(ﬂfq2 —eXP< Z 1nqz v 2>, qc ) ( )

which is a formal power series in z. Then it satisfies e, (a:q%)eqfl (acq_§) =1
Let di = qnbi/aiﬂ, di = bi/Ci,

T.= j ( fsz‘ >19i 7 ﬂ <qd>q9i T = ﬁ ((j;) ; , (B.48)

=1
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then
Z/E\"och(i:) _ (qAT/T)%ZX(f), sz(j’) = (TS)%Q/) (B.49)

with 1 in Conjecture 1.6. Also let

N
=] e (x“/q(d,-/ai)ﬂ), A =S3AS"3,  «=L,C,R, (B.50)

i=1
then
N

— -1
o= Ao Ao A =:]ea(an/adidig” ") (B.51)
i=1

The non-stationary gA[ ~ equation (1.21) can be rewritten by

(PT/T) T3 AL A A AT (PT/T) 2 Y 25(0) = Y 25(@) (B.52)
X X
Let wPoch — ZX Z§0Ch(f> — (qAT/T)%(TgS‘)%’(/} Since
«4'61_ _ Tc_p .A/El _ I, (B.53)

we have

Proposition B.4. The non-stationary QTIN equation (1.21), i.e., q%A.ALAcARq%ATz/J =1, is
equivalent to the following inversion symmetry

A/CJFA/RT%wPOCh — AL, IRT%wPochj (B.54)

i.e.,

.N eq<wi qdi/az-)
H e z.g%i—vi-1 d:d:
q( iqd qa; z)
)
'izl €q-1 (xiq_ﬁiwm/ qdﬂi)

Note that (B.54) is also equivalent to the equation where C'+ is replaced by C—.

. 7—% wPoch

LTz pPoch, (B.55)

C Instanton expansion with mass truncation

Let us examine the instanton expansion of the partition function with mass parameter trunca-
tion. For the gl3 case, the truncation condition is

di=q ™, da=q "™, dzg=q ™. (C.1)

Recall that the partition function is a summation over triplets of the Young diagramsx =
()\(1), A2 )\(3)). After the mass parameter truncation, the summation is restricted to the triplets
such that the length of the first row of A9 is at most m;. Set M := mq + mg + ms. In the
main text we argued that the rank of the g¢-difference equation for the partition function is
(M + 1)(M + 2) which depends only on the sum of (my,ma,m3). For each column of the
Young diagram A" we define its shifted residue by (()\(i))l\c/ 41— 1), k =1,...,m;, where
()\(i))z is the length of the k-th column and (e) means the residue of the integer module 3.
When the coloring of A is such that the color of the first row is i, the shifted residue agrees
with the color (the number) of the end box of each column.
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C.1 The case M = 2
The rank of the g-difference system is 6.

1. (m1,me,m3) = (2,0,0); There are 9 possibilities of the shifted resides of the first two
columns of the first Young diagram.

In the table below, 7y is the number of columns with the shifted residue k (see Section 4.3).
Note that ro + 1 + 72 = 2 = M and the set of possible (ro,71,72) has (M + 1)(M +2)
elements, which agrees with the rank of the truncated g-difference system. We have intro-
duced z1 = x1, 29 = 122 and z3 = x1x9w3 = 1. Then the Young diagram with (rq,r1,72)

contributes to z7'z5?z3°, which is a monomial in z; with homogeneous degree M = 2.

Shifted residues | Contribues to | (79, r1,72) | homogeneous monomial

(1,1) rIAF (0,2,0) 23

(2,1) r2ro AF (0,1,1) 2122
(0,1) z1AF (1,1,0) 2123
(1,2) r2ro AR (0,1,1) 2129
(2,2) 22 AR (0,0,2) P

(0,2) r119AF (1,0,1) 2923
(1,0) r1AF (1,1,0) 2123
(2,0) 1z AF (1,0,1) 2923
(0,0) AF (2,0,0) 22

2. (m1,ma,m3) = (1,1,0); There are 9 possibilities of the shifted resides of the first columns

of two Young diagrams. The Young diagram with (rq,r1,79) contributes to 'z} 25?25,

Compared with the first case, the monomials are uniformly shifted by :cfl.

Shifted residues | Contribues to | (79, 71,72) | homogeneous monomial

(1;2) x1x9AF (0,1,1) 1’1_12’12’2
(2;2) r123AF (0,0,2) xy 22

(0;2) ro AP (1,0,1) x] 2923
(1;0) AF (1,1,0) x 223
(2;0) zoAF (1,0,1) x] 2923
(0;0) x AR (2,0,0) xy 23

(1;1) x1AF (0,2,0) xyt2?

(2;1) z1xo\F (0,1,1) xl_lzle
(0;1) AF (1,1,0) x 2123

Other four cases (m1,m2,m3) = (0,2,0),(0,0,2),(1,0,1),(0,1,1) are obtained by the cyclic
permutation of (z1, z2, z3).

C.2 The case M = 3

The rank of the g¢-difference system is 10. There are 10 possibilities of (mj,mg, ms3), which
coincides with the rank. They are (3,0,0) and its cyclic permutations (3 cases), (2,1,0) and its
permutations (6 cases) and (1,1,1). In each case, there are 3% = 27 possibilities of the three
shifted residues, which are classified according to (rg,71,72) with rg + r; + 79 = 3 as follows:

1. (my,ma2,m3) = (3,0,0): The Young diagrams with (ro,r1,72) contribute to

1,72 T0 — ,T1 .72
21 29° 23 = 21 29"
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2. (m1,ma,m3) = (2,1,0): The Young diagrams with (rg, 1, r2) contribute to

—1_r1_ro_ro — r1—1_ro
Ty 21 2923 =21 29"

3. (m1,ma,m3) = (1,1,1): The Young diagrams with (rg, 1, r2) contribute to

-2 —1_7ri_ro_ro — r1i—1_ro—1
$1 .’EQ Zl Z2 23 = Zl Z2

Table 1. The number of cases in the table is the number of terms involved in the formula (4.51) of the
bases ¢(ry.r, ) (2) of the cocycle function.

(ro,r1,72) | Number of cases || (ro,71,72) | Number of cases
(3,0,0) 1 (2,1,0) 3
(2,0,1) 3 (1,2,0) 3
(1,1,1) 6 (1,0,2) 3
(0,3,0) 1 (0,2,1) 3
0,1,2) 3 (0,0,3) 1

The allowed terms in the Laurent polynomial in (x1,x2) are plotted in Figure 2. The
fundamental triangle for the case m = (3,0,0) has the vertices (0,0),(3,0),(3,3). The tri-
angle for the general case m = (mj, mg, mg) is obtained from the fundamental triangle by
—(mg + mg)-shift in 7 direction and —mg-shift in x9 direction. We also note that these ver-
tices come from the Young diagrams whose shifted resides are the same, namely (rg,r1,72) =
(3,0,0),(0,3,0),(0,0,3).

m = (3,0,0)

T2 A

m=(1,1,1)

T2 A

N
AN

i
4
Y

N
o

Z1

Figure 2. After the mass truncation d; = ¢~ ™, the affine Laumon partition function becomes a Laurent
polynomial in (x1,x2), while it is still a formal power series in A. The circles represent the positions of
allowed terms in the (x1, z2)-lattice. The total number of the circles agrees with the rank of the truncated
g-difference equation.

C.3 General M

From the above examples we now see the general rule for the possible terms of the partition
function after the mass truncation. In the case m = (M,0,0), the vertices of the triangle is
(0,0), (M,0) and (M, M). In general case the three vertices are determined by considering
the Young diagrams with r = (M,0,0), (0,/,0) and (0,0, M). Each case gives the following
contribution:
mi me ms
—N— —— —
1. r = (M,0,0); the shifted residues are (0,...,0;0,...,0;0,...,0), which gives the terms
with (ngg)mz’a:g%/\k = :L‘fmrm?’a:;m?’AkerQ*m?
my mo ms3
2. r = (0, M, 0); the shifted residues are (1,...,1;1,...,1;1,...,1), which gives the terms
with (z1)™ (z321) ™ AF = 2" 25 "3 ART™Ms,
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. . 4 S N S >/ IS N . .
3. r = (0,0, M); the shifted residues are (2,...,2;2,...,2;2,...,2), which gives the terms

with (129)™ (2) ™ AF = 2" 2f HTAR,

Hence the vertices are (—mg — mg, —ms), (m1, —ms) and (m1, m; + mg), We see that they are
(—ma — ms, —mg)-shift of (0,0), (M,0) and (M, M). The boundary of the shifted triangle is

x1 =my, xa = —mg and xo = x1 + my (see Figure 3).
A
T2 (m1, m1 4+ ma)
ma
mi
L my 1
(*m2 — mgs, *ms) —ms3 (mh *mz)

Figure 3. The triangle on the (z1,z2) lattice which indicates possible terms in the instanton expansion
after the mass truncation by m = (m, ma, ms).

C.4 Generalization to gA[N

Now it is easy to figure out the combinatorics for gA[N case. It is convenient to introduce the
following coordinates;

21 =11, 2Z9=2x1T9, ..., EN_1=T1To  TN_1, 2ZN=T1--xzy=A=1 (C.2)
We also introduce the fundamental (N — 1)-dimensional polyhedron AN~V in (zy,...,2x_1)
space. The vertices of AV—1 are
k N-1-k

vi:=(M,...,M,0,...,0), k=0,...,N—1.

In terms of the coordinates (C.2), these vertices correspond to z% M z%_l, respectively.
By the Pascal’s relation
N+M-1 N+M-2\ (N+M-2 (C.3)
M M-1 ) M ’ '

one can check by induction that the number of the lattice points in A=Y or on the boundary of
AWV g (N E]\ff 1) as it should be. Another way to see it is to note that under the identification
2y = 1, the lattice points in A=Y are in one to one correspondence with the monomials in z;

with homogeneous degree M.

e When the mass truncation is given by m = (mj,mao,...,my), we make the shift by
(—=mjy1 — -+ —my) in x; coordinate to obtain the shifted polyhedron A(Nfl)(m). The
possible terms in the instanton expansion of the partition function correspond to the lattice
points in A=Y (m) or on its boundary.

e If the N-tuple of the Young diagrams has the shifted residue r = (rg,r1,...,rny_1), it
contribute to the coefficient of z7'~ 22527 . .. z?VN_’ll_mN z). This follows from the fact
that a column of A has the shifted residue k gives the factor 2 11zk up to a power of
A= zpn.
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