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Abstract. Krall-type polynomials are orthogonal polynomials for a Stieltjes measure ob-
tained by adding jumps at the boundary of the orthogonality interval of either the generalized
Laguerre polynomials or the Jacobi polynomials. We show that both the recurrence relations
and the second-order linear differential equations defining these polynomials are explicitly
determined in terms of specific solutions of certain integrable systems. When only one jump
is present, this leads to integrable cases of the Painlevé III or the Painlevé V equation. In
the case of two jumps, first studied by Koornwinder [Canad. Math. Bull. 27 (1984), 205–
214], we obtain a new integrable system of partial differential equations of Schlesinger type.
When the jumps are equal and the starting polynomials are the Gegenbauer polynomials,
this system reduces to an integrable case of the Painlevé V equation.
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1 Introduction

Let w(x) denote the weight function for either the generalized Laguerre or Jacobi orthogonal
polynomials. For the generalized Laguerre polynomials, the interval of orthogonality is [a, b) =
[0,∞), while for the Jacobi polynomials we choose either [a, b] = [0, 1] or [a, b] = [−1, 1], for
convenience. Krall-type polynomials are orthogonal polynomials with respect to the Stieltjes
measure dσt1,t2(x), defined as follows

σt1,t2(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if x ≤ a,
1

t1
+

∫︂ x

a
w(t) dt if a < x < b,

1

t1
+

1

t2
+

∫︂ b

a
w(t) dt if x ≥ b,

(1.1)

with t1, t2 > 0, and possibly t1 or t2 infinite, corresponding to a single jump. Alternatively,
Krall-type polynomials are orthogonal with respect to the weight distribution

σ′
t1,t2(x) = w(x)(H(x− a) −H(x− b)) +

1

t1
δ(x− a) +

1

t2
δ(x− b), (1.2)

where H(x) is the Heaviside function and δ(x) is the Dirac delta function. Throughout, we
normalize Krall-type orthogonal polynomials pn(x, t1, t2), n ≥ 0, to be monic, so they satisfy the
three-term recurrence relation

xpn(x, t1, t2) = pn+1(x, t1, t2) + bn(t1, t2)pn(x, t1, t2) + an(t1, t2)pn−1(x, t1, t2), (1.3)
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for n ≥ 0 with p−1 = 0 and p0 = 1. The terminology “Krall-type polynomials” is justified by the
fact that certain special cases first appeared in the work of H.L. Krall [32, 33], who studied the
problem of finding all Chebyshev sets of polynomials that are eigenfunctions of a differential op-
erator of arbitrary order, generalizing the classical orthogonal polynomials (which correspond to
order two). Except for the first non trivial case of order four, which was completely solved in [33],
the general problem remains partially open. We refer the reader to A.M. Krall [30, 31] and Lit-
tlejohn [37], who revived the subject in the 1980’s, for more references, and to Kwon and Lee [34]
for characterizations of Bochner–Krall orthogonal polynomials of Jacobi type. Using an explicit
formula for Krall-type polynomials discovered by Koornwinder [29], J. Koekoek and R. Koekoek
[27, 28] showed that, in general, Krall-type polynomials solve an “infinite order version” of
Krall’s problem, reducing to finite order only for special choices of the classical weights w(x).

In previous work [15], it was shown that the polynomials discovered by Krall [33] can be
obtained via Darboux transformations, starting from certain instances of classical orthogonal
polynomials. Further developments [17, 18, 19, 24, 25] led to new solutions to Krall’s problem as
posed in [32]. Krall-type polynomials, as defined in (1.1), were also constructed by Zhedanov [51]
using Darboux transformations. In contrast, the present work does not rely on Darboux trans-
formations; instead, it constructs Krall-type polynomials explicitly, using a method originating
from a remarkable work by Laguerre [36]. For a historical review, see Dieudonné [7] as well as
Magnus and Ronveaux [43]. As noted by Nuttall [45], G. Chudnovsky observed that Laguerre’s
method allows orthogonal polynomials corresponding to certain generalized Jacobi weights with
three factors to be constructed in terms of specific solutions of the Painlevé VI equation (see
also [4, 41]). Similarly, in previous work [20], certain orthogonal polynomials arising in the con-
text of the Jacobi polynomial ensemble were characterized in terms of the Painlevé VI equation,
at first sight using unrelated tools from the theory of the Toda lattice hierarchy and its master
symmetries [1, 5, 10]. As will be shown, these tools are closely tied to isomonodromic defor-
mations. The central result of this work is that Krall-type polynomials lead to integrable cases
of the Painlevé equations and, more generally, to integrable isomonodromic deformations. The
integrability of these equations yields explicit expressions for Krall-type polynomials. For a com-
prehensive overview of the intriguing connections between Painlevé equations and orthogonal
polynomials, up to 2018, we refer the reader to Van Assche’s excellent monograph [50]. However,
the integrable cases of interest in this paper are frequently excluded from these studies.

To introduce our main approach, let us consider the Stieltjes transform

ft1,t2(x) =

∫︂ b

a

dσt1,t2(s)

x− s
, x ∈ C \ [a, b], (1.4)

with σt1,t2 given in (1.1). Throughout this paper, the prime symbol ′ denotes d/dx, and t1, t2 are
treated as parameters. We observe that Krall-type polynomials satisfy Laguerre’s hypothesis,
which states that

W (x)f ′
t1,t2(x) = 2V (x)ft1,t2(x) + U(x, t1, t2), (1.5)

where U , V and W are polynomials in x. The fact that only U depends of (t1, t2) is a character-
istic feature of Krall-type polynomials. As Laguerre [36] established, condition (1.5) implies that
for all (t1, t2), the x-dependent functions pn(x, t1, t2) and εn(x,t1,t2)

v(x) , with εn(x, t1, t2) and v(x)
defined by

εn(x, t1, t2) =

∫︂ b

a

pn(s, t1, t2)

x− s
dσt1,t2(s), x ∈ C \ [a, b],

v(x) = exp

(︃∫︂
2V (x)

W (x)
dx

)︃
, (1.6)
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form a basis of solutions for a linear second-order differential equation

WΘng
′′
n + [(2V + W ′)Θn −WΘ′

n]g′n + Kngn = 0. (1.7)

Here, Θn and Kn are polynomials in x (depending on n, t1, t2) whose degrees are independent
of n. In the limit as t1, t2 → ∞, this equation reduces to the standard second-order differen-
tial equation satisfied by either generalized Laguerre or Jacobi polynomials. In this limit, Θn

becomes independent of n, and Kn becomes a constant. As will be demonstrated in Section 2,
the linear second-order differential equation (1.7) is isomonodromic with respect to the param-
eters t1 and t2. When there is only one jump or two equal jumps, this indicates that certain
Painlevé equations may be lurking in the background.

Among the six Painlevé equations PI–PVI, the only ones which admit a first integral which
is an elementary function of q, dq

dt and t, are the PIII equation

(PIII)
d2q

dt2
=

1

q

(︃
dq

dt

)︃2

− 1

t

dq

dt
+

1

t

(︁
aq2 + b

)︁
+ cq3 +

d

q
, (1.8)

when a = c = 0, with first integral

t2

q2

(︃
dq

dt

)︃2

− 2t

q

dq

dt
+ d

t2

q2
+ 2b

t

q
= C,

or when b = d = 0, with first integral

t2

q2

(︃
dq

dt

)︃2

+
2t

q

dq

dt
− 2atq − ct2q2 = C, (1.9)

and the PV equation

(PV)
d2q

dt2
=

(︃
1

2q
+

1

q − 1

)︃(︃
dq

dt

)︃2

− 1

t

dq

dt
+

(q − 1)2

t2

(︃
aq +

b

q

)︃
+

cq

t
+

dq(q + 1)

q − 1
, (1.10)

when c = d = 0, with first integral

t2

2q(q − 1)2

(︃
dq

dt

)︃2

− aq +
b

q
= C, (1.11)

with C an arbitrary constant. This result was established by Gromak [12, 13], building on
work by Lukaševič [40], who discovered these cases and showed that they reduce to elementary
quadratures. Subsequently, Żo la̧dek and Filipuk [52] offered a new proof. It is worth mention-
ing that the Painlevé property for PIII and PV was rigorously established by Hinkkanen and
Laine [22, 23] as part of a general program for all Painlevé equations. While these references
serve as comprehensive sources on the subject, they also contain an accessible discussion of the
integrable cases of interest here. Alternatively, the reader may consult the authoritative treatise
by Gromak, Laine, and Shimomura [14, Sections 29 and 36]. Specifically, we shall establish the
following theorem.

Theorem 1.1. The recurrence relation (1.3) and the differential equation (1.7) for

(a) the Krall–Laguerre-type polynomials, with weight distribution

1

Γ(α + 1)
xαe−xH(x) +

1

t
δ(x), α > −1, (1.12)
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(b) the Krall–Jacobi-type polynomials, with weight distribution

Γ(α + β + 2)

Γ(α + 1)Γ(β + 1)
xβ(1 − x)α(H(x) −H(x− 1)) +

1

t
δ(x), α, β > −1, (1.13)

(c) the Krall–Gegenbauer-type polynomials with weight distribution

Γ(α + 3/2)√
πΓ(α + 1)

(︁
1 − x2

)︁α
(H(x + 1) −H(x− 1)) +

1

t
(δ(x + 1) + δ(x− 1)),

α > −1, (1.14)

are completely determined by a sequence of solutions qn(t), n ≥ 1, of integrable cases of
the PIII or the PV equation. Specifically, for cases (a), (b) and (c), these correspond to

(a) PIII with a = −2n+1+α
(α+1)2

, b = 0, c = 1
(α+1)2

, d = 0,

(b) PV with a = (α+β+2n+1)2

2(β+1)2
, b = − α2

2(β+1)2
, c = 0, d = 0,

(c) PV with a = (2α+2n+1)2

8(α+1)2
, b = − 1

8(α+1)2
, c = 0, d = 0.

For Koornwinder’s polynomials studied in [29], with the weight distribution

Γ(α + β + 2)

2α+β+1Γ(α + 1)Γ(β + 1)
(1 − x)α(1 + x)β

(︁
H(x + 1) −H(x− 1)

)︁
+

1

t1
δ(x + 1) +

1

t2
δ(x− 1), α, β > −1, (1.15)

one obtains a similar result, except that the polynomials Θn and Kn in Laguerre’s equation (1.7)
now involve two functions depending on two variables, t1 and t2, whereas Theorem 1.1 involves
only one function depending on a single variable, t. These two functions satisfy a Schlesinger
system of partial differential equations, which we prove to be integrable by exhibiting its first
integrals and solving it via separation of variables. When t1 = t2 = t and α = β, the two
functions become equal and the system reduces to an integrable case of the Painlevé V equation,
as stated in Theorem 1.1 (c).

The paper is organized as follows. Section 2 summarizes known results on semi-classical
orthogonal polynomials, isomonodromic deformations and the master symmetries of the Toda
lattice hierarchy that will be needed in the rest of the paper. Sections 3 and 4 establish, re-
spectively, cases (a) and (b) of Theorem 1.1. Section 5 deals with Koornwinder’s polynomials
and introduces a new integrable system of partial differential equations of Schlesinger type.
Specializing this system to Krall–Gegenbauer-type polynomials with equal jumps establishes
case (c) of Theorem 1.1. In Sections 3 to 5, we also derive from the Schlesinger equations, dif-
ferential and partial differential equations satisfied by the coefficients of the recurrence relations
defining Krall-type polynomials, which can be expressed in terms of the Toda lattice hierarchy
and its master symmetries. Some particular cases of these equations have already appeared
in [16, Sections 7 and 8], inspired by the results of Zubelli and Magri [53], which relate the
work of Duistermaat and Grünbaum [8] on differential equations in the spectral parameter to
the Korteweg–de Vries hierarchy and its master symmetries. However, in [16] the relation to
isomonodromic deformations was not established. The potential relation of [8, 53] to integrable
isomonodromic deformations remains an interesting open problem.

Some special cases of the second-order differential equations satisfied by Krall-type polyno-
mials were obtained by Littlejohn and Shore [39], and by Littlejohn [38]. Their method requires
these polynomials to be solutions of Krall’s original problem [32], and the differential operator
of which these polynomials are eigenfunctions must be explicitly known. Magnus, Ndayiragije,
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and Ronveaux [42] derived the general differential equations satisfied by the Krall–Laguerre-type
and the Krall–Jacobi-type polynomials. Although the authors based their work on Laguerre’s
theory [36], they did not observe the connection to integrable cases of the Painlevé III and the
Painlevé V equation. Instead, they resorted to computing Krall-type polynomials via the Dar-
boux transformation method [15, 17, 18, 51] to determine Θn and Kn in (1.7) – an approach we
avoid in this paper. Koornwinder [29] devised a method for deriving the second-order differen-
tial equation in the general case, without using Laguerre’s equation (1.7). Introducing different
tools, Kiesel and Wimp [26] derived this equation explicitly, although not in its simplest form.
Finally, Section 6 relates our results to Koornwinder’s method.

2 Semi-classical orthogonal polynomials and master symmetries
of the Toda lattice hierarchy

In this section, we briefly survey the theory of semi-classical orthogonal polynomials and their
relation to isomonodromic deformations, focusing specifically on the Krall-type polynomials
studied in this paper. For foundational references on semi-classical orthogonal polynomials, we
refer the reader to Hendriksen and van Rossum [21], Maroni [44], and Ronveaux [47]. The con-
nection to Painlevé equations was remarkably developed by Magnus [41]. For an excellent recent
overview of these contributions, see Rebocho [46]. Adopting the convention of Laguerre [36],
we normalize the polynomials to be monic and preserve most of his notation. Furthermore, we
review the Toda lattice hierarchy and its master symmetries, which are closely linked to isomon-
odromic deformations. We note that after completing this work, M. Bertola kindly informed us
that the connection between semi-classical orthogonal polynomials and isomonodromic defor-
mations in the context of matrix models was independently investigated in [2].

Let σ(x) be a non-decreasing function with infinitely many points of increase in the finite or
infinite interval [a, b], and assume that the moments

µk =

∫︂ b

a
xk dσ(x), k ≥ 0,

exist. Let pn(x), n ≥ 0, be the system of orthogonal polynomials with respect to the Stieltjes
measure dσ(x), normalized to be monic, satisfying the orthogonality relations∫︂ b

a
pm(x)pn(x) dσ(x) = hnδmn, (2.1)

where δmn is the Kronecker symbol. The orthogonal polynomials (normalized to be monic) have
a well known expression in terms of the moments

pn(x) =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓

µ0 µ1 . . . µn

µ1 µ2 . . . µn+1
...

...
. . .

...
µn−1 µn . . . µ2n−1

1 x . . . xn

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓ /∆n−1, n = 1, 2, . . . , (2.2)

with ∆n−1 = det(µi+j−2)1≤i,j≤n.
The Stieltjes transform f(x) of dσ(x) generally admits the asymptotic expansion

f(x) =

∫︂ b

a

dσ(s)

x− s
∼

∞∑︂
k=0

µk

xk+1
, as x → ∞, (2.3)
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which converges for |x| > max(|a|, |b|) if the interval [a, b] is compact. The motivation behind
Laguerre’s work [36], which predates and influenced Stieltjes (see the introduction of [49]), was
to explicitly approximate (2.3) (in some special cases, most notably what is now called the
generalized Laguerre weight) by a convergent continued fraction. The starting point is the
identity

pn(x)f(x) =

∫︂ b

a

pn(x) − pn(s)

x− s
dσ(s) +

∫︂ b

a

pn(s)

x− s
dσ(s),

= qn(x) + εn(x), x ∈ C \ [a, b], (2.4)

which defines qn(x), the so-called numerator polynomials, and the functions εn(x). The orthog-
onal polynomials

pn(x) = xn + cnx
n−1 + dnx

n−2 + enx
n−3 + · · · , (2.5)

satisfy the three-term recurrence relation

pn+1(x) = (x− bn)pn(x) − anpn−1(x), n ≥ 0, (2.6)

subject to the initial conditions p−1 = 0 and p0 = 1, where the coefficients are given by

an =
hn
hn−1

, n ≥ 1, bn = cn − cn+1, n ≥ 0, (2.7)

and hn is defined in (2.1). Similarly, the polynomials qn(x) satisfy (2.6) for n ≥ 1, with the
initial conditions q0 = 0 and q1 = µ0. From (2.4), using (2.1), it follows that

εn = hn

(︃
1

xn+1
− cn+1

xn+2
+

cn+1cn+2 − dn+2

xn+3

+
cn+3(dn+2 − cn+1cn+2) + cn+1dn+3 − en+3

xn+4
+ · · ·

)︃
, as x → ∞. (2.8)

One computes that

cn = −
n−1∑︂
i=0

bi, (2.9)

dn = −
n−1∑︂
i=1

ai +
∑︂

0≤i<j≤n−1

bibj , (2.10)

en =
n−1∑︂
i=1

ai

(︄
i−2∑︂
j=0

bj +
n−1∑︂

j=i+1

bj

)︄
−

∑︂
0≤i<j<k≤n−1

bibjbk. (2.11)

Formula (2.2) is often impracticable for explicit computation. Laguerre [36] introduced a con-
dition which sometimes leads to an explicit determination of the orthogonal polynomials.

Definition 2.1. A family of orthogonal polynomials with respect to a Stieltjes measure dσ(x)
is called semi-classical if there exist polynomials U(x), V (x) and W (x) such that

Wf ′ = 2V f + U, (2.12)

where f is the Stieltjes transform (2.3). Necessarily, deg(U) ≤ max(deg(W ) − 2, deg(V ) − 1),
where deg(U), deg(V ) and deg(W ) denote the degrees of U , V and W .
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Under this condition, Laguerre [36] showed that pn(x) and εn(x)/v(x), with εn(x) defined
in (2.4) and v(x) = exp

(︁∫︁ 2V (x)
W (x) dx

)︁
, form a basis of solutions for a linear second-order differential

equation, already displayed in (1.7). The polynomials Θn and Kn in (1.7) are defined as follows

Θn =
W (pnq

′
n − qnp

′
n) − 2V qnpn − Up2n
hn

, (2.13)

Kn = (V − Ωn)′Θn − (V − Ωn)Θ′
n +

(︁
anΘn−1Θn + V 2 − Ω2

n

)︁
Θn

W
, (2.14)

where qn is the numerator polynomial defined in (2.4), and

Ωn =
W (q′npn−1 − p′nqn−1) − V (pnqn−1 + qnpn−1) − Upnpn−1

hn−1
. (2.15)

The fact that Kn is a polynomial follows from establishing that

anΘn−1Θn + V 2 − Ω2
n = W

n−1∑︂
i=0

Θi, (2.16)

which implies that the left-hand side is divisible by W . Using (2.4) and (2.12), one can verify
that the two polynomials Θn and Ωn can be written as

Θn =
W (εnp

′
n − pnε

′
n) + 2V εnpn

hn
, (2.17)

Ωn =
W (εn−1p

′
n − ε′npn−1) + V (εn−1pn + εnpn−1)

hn−1
, (2.18)

which shows that the degree of these polynomials (which are n dependent) is bounded by

deg(Θn) ≤ max(deg(W ) − 2,deg(V ) − 1), deg(Ωn) ≤ max(deg(W ) − 1,deg(V )),

hence Kn is also of bounded degree. Since Θn and Ωn are polynomials, formulas (2.17) and (2.18)
allow their computation in terms of cn, dn, en, . . . from (2.5) and (2.8).

For Krall-type polynomials as defined in (1.2), the Stieltjes transform (1.4) is given by

ft1,t2(x) =

∫︂ b

a

w(s)

x− s
ds +

1

t1(x− a)
+

1

t2(x− b)
. (2.19)

Hence, applying the Stieltjes inversion formula (also called the Sokhotski–Plemelj formula) and
denoting f±

t1,t2
(x) = limε→0+ ft1,t2(x± iε), x ∈ (a, b), it follows that

f−
t1,t2

(x) − f+
t1,t2

(x) = 2πiw(x), ∀x ∈ (a, b). (2.20)

Using (1.5), we deduce from (2.20) that W (x)w′(x) = 2V (x)w(x), ∀x ∈ (a, b). Therefore,
v(x) = exp

(︁∫︁ 2V (x)
W (x) dx

)︁
is given by

v(x) = cxαe−x, cxβ(x− 1)α, and c(x− 1)α(x + 1)β, (2.21)

in the Krall–Laguerre, Krall–Jacobi and Koornwinder cases respectively, where c is a nonzero
constant. The second solution to the Laguerre equation (1.7), εn(x, t1, t2)/v(x) with εn(x, t1, t2)
as in (1.6), is uniquely determined by choosing an appropriate branch of v(x), which can always
be taken to be holomorphic on C\[a,∞). When pn(x, t1, t2) and εn(x, t1, t2)/v(x) are analytically
continued around positively oriented closed loops encircling a or b, the polynomial pn(x, t1, t2)
returns to its original value, while the second solution maps to a linear combination of the initial
solutions. This behavior determines the 2 × 2 monodromy matrices Ma(t1, t2) and Mb(t1, t2),
depending a priori on t1 and t2, and defined by

(pn, εn/v) ↦→ (pn, εn/v)Ma(t1, t2), (pn, εn/v) ↦→ (pn, εn/v)Mb(t1, t2).
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Proposition 2.2. The monodromy matrices Ma and Mb, computed around two positively ori-
ented closed loops with a base point in the upper half-plane encircling a and b respectively, are
given by

M0 =

(︃
1 2πie−2πiα

0 e−2πiα

)︃
, (2.22)

in the Krall–Laguerre case (where a = 0 and b = ∞), and

Ma =

(︃
1 2πie−πi(α+2β)

0 e−2πiβ

)︃
, Mb =

(︃
1 −2πie−πiα

0 e−2πiα

)︃
, (2.23)

in the Krall–Jacobi (with a = 0, b = 1) and the Koornwinder (with a = −1, b = 1) cases. In
particular, they are independent of (t1, t2).

Proof. Define v±(x) = limε→0+ v(x ± iε), x ∈ (a,∞), ε±n (x, t1, t2) = limε→0+ εn(x ± iε, t1, t2),
x ∈ (a, b). From (2.4) and (2.20), we find that(︂εn

v

)︂−
(x, t1, t2) = 2πi

w(x)

v−(x)
pn(x, t1, t2) +

v+(x)

v−(x)

(︂εn
v

)︂+
(x, t1, t2), x ∈ (a, b).

This shows that the monodromy matrix around a is given by

Ma =

⎛⎜⎜⎝1
2πiw(x)

v−(x)

0
v+(x)

v−(x)

⎞⎟⎟⎠ , x ∈ (a, b), (2.24)

since a positively oriented closed loop around a crosses the cut once on (a, b). Similarly, when b
is finite, we find that the monodromy matrix around b is given by

Mb =

⎛⎜⎜⎝1 −2πiw(x)

v+(x)

0
v−(x)v+(y)

v+(x)v−(y)

⎞⎟⎟⎠ , x ∈ (a, b), y ∈ (b,∞), (2.25)

taking into account that a positively oriented closed loop around b now crosses the cut twice:
once on (a, b) and once on (b,∞). Choosing c > 0 in (2.21) such that

⃓⃓
v±(x)

⃓⃓
= w(x) for

x ∈ (a, b), and specializing (2.24) and (2.25) to the three cases, yields (2.22) and (2.23). ■

Setting

Z =

⎛⎝ pn
εn
v

pn−1
εn−1

v

⎞⎠ , (2.26)

recalling that Z depends on (x, t1, t2), Laguerre’s equation (1.7) can be written as a linear system
of two first-order equations

∂Z

∂x
= AZ, (2.27)

with

A =
1

W

(︃
Ωn − V −anΘn

Θn−1 −Ωn − V

)︃
. (2.28)



Krall-Type Orthogonal Polynomials and Integrable Isomonodromic Deformations 9

The matrix form (2.27) of (1.7) appears in [41]. The matrix (2.26) – without dividing the
second column by v – was employed by Fokas, Its, and Kitaev [11] and Deift [6] to characterize
orthogonal polynomials as solutions of a Riemann–Hilbert problem.

By Proposition 2.2, the monodromy of the solutions to (2.27) around x = a and x = b is
independent of (t1, t2) for Krall-type polynomials; hence, the matrices

Hi =
∂Z

∂ti
Z−1, i = 1, 2, (2.29)

are single-valued functions of x on C \ {a, b}. From (2.27) and (2.29), a straightforward compu-
tation yields

∂2Z

∂x∂ti
=

∂

∂x

∂Z

∂ti
=

∂Hi

∂x
Z + Hi

∂Z

∂x
=

∂Hi

∂x
Z + HiAZ

=
∂

∂ti

∂Z

∂x
=

∂A

∂ti
Z + A

∂Z

∂ti
=

∂A

∂ti
Z + AHiZ,

which leads to the system of partial differential equations

∂A

∂ti
=

∂Hi

∂x
+ [Hi, A], i = 1, 2, (2.30)

known as the Schlesinger equations.
Since detZ = pnεn−1−pn−1εn

v = hn−1

v , hn defined as in (2.1), recalling that ∂v
∂t1

= ∂v
∂t2

= 0,
from (2.26) and (2.29) we obtain

Hi =
1

hn−1

⎛⎜⎜⎝
∂pn
∂ti

εn−1 − pn−1
∂εn
∂ti

pn
∂εn
∂ti

− ∂pn
∂ti

εn

∂pn−1

∂ti
εn−1 − pn−1

∂εn−1

∂ti
pn

∂εn−1

∂ti
− ∂pn−1

∂ti
εn

⎞⎟⎟⎠ , i = 1, 2. (2.31)

From (2.19), we have

∂

∂t1
ft1,t2(x) = − 1

t21(x− a)
,

∂

∂t2
ft1,t2(x) = − 1

t22(x− b)
,

hence, equations (2.4) and (2.31) yield

H1 =
1

hn−1

⎛⎜⎜⎝ pn−1
∂qn
∂t1

− ∂pn
∂t1

qn−1
∂pn
∂t1

qn − pn
∂qn
∂t1

pn−1
∂qn−1

∂t1
− ∂pn−1

∂t1
qn−1

∂pn−1

∂t1
qn − pn

∂qn−1

∂t1

⎞⎟⎟⎠
+

1

hn−1t21(x− a)

(︃
pn−1pn −p2n
p2n−1 −pn−1pn

)︃
. (2.32)

Formula (2.32) shows that H1, as a function of x, is a Laurent polynomial with a simple pole
at x = a. Returning to expression (2.31), and using (2.5) and (2.8), one readily deduces
that limx→∞H1 = H∞, with

H∞ =
1

hn−1

⎛⎝0 0

0
∂hn−1

∂t1

⎞⎠ , (2.33)

whence

H1 =
Ra

x− a
+ H∞, (2.34)
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with Ra the residue of H1 at x = a,

Ra = Resx=aH1 =
1

hn−1t21

(︃
pn−1(a)pn(a) −p2n(a)

p2n−1(a) −pn−1(a)pn(a)

)︃
. (2.35)

The entries of Ra are easily computed using (2.13) and (2.15). As shown later for Krall-type
polynomials, we always have V (a) = W (a) = 0, which yields

p2n(a) = −hnΘn(a)

U(a)
, pn−1(a)pn(a) = −hn−1Ωn(a)

U(a)
. (2.36)

Naturally, a similar formula holds for H2, with t1 replaced by t2 and a replaced by b.
For a single jump – meaning either the interval is [a,∞) with t1 = t, or the interval [a, b] is

finite with t1 = t and t2 = ∞ – the Schlesinger system (2.30) reduces to

∂A

∂t
=

∂H

∂x
+ [H,A], (2.37)

where A is given as in (2.28),

H =
Ra

x− a
+ H∞, H∞ =

1

hn−1

(︄
0 0

0
dhn−1

dt

)︄
, (2.38)

and Ra is defined as in (2.35).
We conclude this section with some reminders about the Toda lattice hierarchy and its master

symmetries. Let L denote the semi-infinite Jacobi matrix

L =

⎛⎜⎜⎜⎝
b0 1 0 0 . . .
a1 b1 1 0 . . .
0 a2 b2 1 . . .
...

...
...

. . .

⎞⎟⎟⎟⎠ , (2.39)

and let X(L) be the Lie derivative of L in the direction of some vector field X. The Toda lattice
hierarchy is the family of commuting vector fields Tk, k ≥ 0, defined by

Tk(L) =
[︁
L,
(︁
Lk
)︁
−−
]︁
, k ≥ 1,

where
(︁
Lk
)︁
−− denotes the strictly lower part of Lk. Setting a0 = 0 and b−1 = 0, the first two

Toda vector fields are explicitly given by

T1 :

{︄
T1(an) = an(bn − bn−1),

T1(bn) = an+1 − an,
(2.40)

T2 :

{︄
T2(an) = an

(︁
an+1 − an−1 + b2n − b2n−1

)︁
,

T2(bn) = an+1(bn+1 + bn) − an(bn + bn−1).
(2.41)

It is known that the Toda lattice hierarchy admits a family of master symmetries Vk, k ≥ −1,
that satisfy the commutation relations [Vk, Vl] = (l− k)Vk+l, [Vk, Tl] = (l + 1)Tk+l, thus forming
a semi-infinite Virasoro algebra. These master symmetries were studied by Damianou [5] and by
Adler and van Moerbeke [1] for symmetric Jacobi matrices. By defining the matrices P and P ∗

via

dp

dx
= Pp, p = (p0, p1, p2, . . .)

T,
dp∗

dx
=
(︁
P ∗)︁Tp∗, p∗ =

(︃
p0
h0

,
p1
h1

,
p2
h2

, . . .

)︃T

,
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where AT denotes the transpose of A, Faybusovich and Gekhtman [10] found a version adapted
to the non-symmetric form of the Jacobi matrix (2.39). Specifically, the master symmetries
acting on L are given by

Vk(L) = Lk+1 +
[︁(︁
PLk+1

)︁
+
−
(︁
Lk+1P ∗)︁

−−, L
]︁
, k = −1, 0, 1, 2, . . . ,

where + and −− denote respectively the upper part and the strictly lower part of the corre-
sponding matrices. The first few master symmetries are given by

V−1 :

{︄
V−1(an) = 0,

V−1(bn) = 1,
(2.42)

V0 :

{︄
V0(an) = 2an,

V0(bn) = bn,
(2.43)

V1 :

{︄
V1(an) = 2an

(︁
nbn − (n− 2)bn−1

)︁
,

V1(bn) = b2n + (2n + 1)an+1 − (2n− 3)an,
(2.44)

V2 :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

V2(an) = 2an

(︂
(3 − n)

(︁
an−1 + b2n−1

)︁
+ an + n

(︁
an+1 + b2n

)︁
+ (bn − bn−1)

n−1∑︁
i=0

bi

)︂
,

V2(bn) = bn
(︁
b2n − 2(n− 2)an + 2(n + 1)an+1

)︁
+ (2n + 1)an+1bn+1

+ (5 − 2n)anbn−1 + 2(an+1 − an)
n−1∑︁
i=0

bi.

(2.45)

3 Krall–Laguerre-type polynomials and PIII

For convenience, we introduce the shifted factorial (a)n (Pochhammer’s symbol) for a real or
complex number a and any nonnegative integer n, where (a)0 = 1 and (a)n = a(a + 1) · · · (a +
n − 1), for n > 0. This section proves case (a) of Theorem 1.1. Throughout this section, the
prime symbol ′ denotes d/dx for functions of x, which may depend on a parameter t. More
precisely, we will establish the following result.

Theorem 3.1. The Krall–Laguerre-type polynomials with weight distribution defined in (1.12)
are completely characterized by a sequence of rational functions yn(t) = tqn(t), n ≥ 0, where qn(t)
is a solution of the integrable case of the PIII equation (1.8), with parameters

a = −2n + 1 + α

(α + 1)2
, b = 0, c =

1

(α + 1)2
, d = 0, (3.1)

and is uniquely determined by the asymptotic behavior

qn(t) =
(α + 1)(α + 1)n

n!t2
+ O

(︃
1

t3

)︃
, as t → ∞. (3.2)

The coefficients of the recurrence relation (1.3) satisfied by these polynomials are given by

an = −un(un + (2n + α)yn)

y2n
, (3.3)

bn = 2n + 1 + α− yn, (3.4)

where

2un = y2n − (2n + 1 + α)yn − (α + 1)t
dyn
dt

. (3.5)
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The Laguerre differential equation (1.7) satisfied by these polynomials is given by

x(−x + yn)g′′n +
(︁
(x− yn)(x− α− 2) + x

)︁
g′n

+
1

2

{︃
(α + 1)

(︃
t

yn

dyn
dt

+ 1

)︃
+ (2n− 1)yn − 2nx

}︃
gn = 0. (3.6)

As t → ∞, the coefficients (3.3) and (3.4) reduce to those of the recurrence relation satisfied by
the generalized Laguerre polynomials, while the differential equation (3.6) reduces to the standard
differential equation for these polynomials

−xg′′n + (x− α− 1)g′n − ngn = 0. (3.7)

Remark 3.2. When α = 0, Littlejohn and Shore [39] obtained the differential equation (3.6) sat-
isfied by the Krall–Laguerre-type polynomials. They derived this equation from the fourth-order
differential operator, discovered by Krall [33], for which these polynomials are eigenfunctions.
The differential equation (3.7) for the generalized Laguerre polynomials (occasionally called So-
nine polynomials) appears in Laguerre’s papers [35, 36] – specifically in 1880 for α = 0 and
in 1885 for α > −1 – as a primary example of his theory. Equation (3.7) also appears in an 1880
paper by Sonine [48] on cylindrical functions. In this notable, independent work, Sonine proved
the orthogonality of these polynomials with respect to the weight function xαe−x and provided
their generating function. For a detailed historical account, see [3, Chapter 31, p. 419].

Theorem 3.1 follows from Lemmas 3.3 and 3.4, Lemma 3.5 and Proposition 3.6, which together
yield the explicit formula for yn(t) presented in Proposition 3.8.

Lemma 3.3. The Krall–Laguerre-type polynomials are semi-classical; precisely, the Stieltjes
transform f (2.3) satisfies the equation

Wf ′ = 2V f + U, (3.8)

with

W = x2, 2V = −x2 + αx, U = x +
x− 1 − α

t
. (3.9)

Proof. For the Krall–Laguerre weight distribution (1.12), the Stieltjes transform (1.4) is

ft(x) = F (x) +
1

tx
,

with

F (x) =
1

Γ(α + 1)

∫︂ ∞

0

sαe−s

x− s
ds.

One easily proves, as already observed by Laguerre [36], that xF ′(x) = (α − x)F (x) + 1, from
which (3.8) follows immediately, with U , V and W as in (3.9). ■

From (2.17) and (2.18), since Θn and Ωn are polynomials, using (2.5) and (2.8), one easily
computes that

Θn = −x + yn, (3.10)

Ωn = −x2

2
+
(︂
n +

α

2

)︂
x + un, (3.11)
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with

yn = cn+1 − cn + 2n + 1 + α = −bn + 2n + 1 + α, (3.12)

2un = c2n − 2cn − cncn+1 + dn+1 − dn − hn
hn−1

= −2an + 2

n−1∑︂
i=0

bi, (3.13)

where we have used (2.7), (2.9) and (2.10) to obtain yn, un in terms of an, bn. From (3.9), (3.10)
and (3.11), the system of first order equations (2.27) is explicitly given by

Z ′ =

(︃
A0

x2
+

A1

x
+ A∞

)︃
Z,

with

A0 =

(︃
un −anyn
yn−1 −un

)︃
, A1 =

(︃
n an
−1 −n− α

)︃
, A∞ =

(︃
0 0
0 1

)︃
. (3.14)

From (2.38) with a = 0, we obtain

H =
R0

x
+ H∞, H∞ =

1

hn−1

(︄
0 0

0
dhn−1

dt

)︄
, (3.15)

and, using (2.35) (with a=0 and t1 = t), (2.36), (3.9), (3.10) and (3.11), we find

R0 =
1

(α + 1)t

(︃
un −anyn
yn−1 −un

)︃
=

A0

(α + 1)t
. (3.16)

Expressing that the polynomial in the left-hand side of (2.16) is divisible by W = x2, gives
the two conditions

anyn−1yn − u2n = 0, (3.17)

an(yn−1 + yn) + (2n + α)un = 0. (3.18)

From these equations, we obtain

an = −un(un + (2n + α)yn)

y2n
, (3.19)

yn−1 = − unyn
un + (2n + α)yn

. (3.20)

We note that (3.19) agrees with (3.3) and (3.12) yields (3.4), as stated in Theorem 3.1.
Using (3.14), (3.15) and (3.16), the Schlesinger equation (2.37) amounts to

[H∞, A∞] = 0, (3.21)

dA1

dt
= [R0, A∞] + [H∞, A1], (3.22)

dA0

dt
= −R0 + [R0, A1] + [H∞, A0], (3.23)

[R0, A0] = 0. (3.24)

Equations (3.21) and (3.24) are automatically satisfied. Entries (1, 1) and (2, 2) of (3.22) are
automatically satisfied. Entry (2, 1) of (3.22) gives

(α + 1)t
dhn−1

dt
= −hn−1yn−1, (3.25)
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and, after substitution of (3.25) into entry (1, 2) of (3.22), we get

(α + 1)t
dan
dt

= an(yn−1 − yn). (3.26)

Entries (1, 1) and (2, 2) of (3.23) give the same equation

(α + 1)t
dun
dt

= −un + an(yn − yn−1). (3.27)

After substitution of (3.25) into entry (2, 1) of (3.23), we get

(α + 1)t
dyn−1

dt
= −y2n−1 + (2n + α− 1)yn−1 + 2un,

and, after substitution of (3.25) and (3.26) into entry (1, 2) of (3.23), we obtain

(α + 1)t
dyn
dt

= y2n − (2n + α + 1)yn − 2un. (3.28)

Lemma 3.4. The function yn(t) satisfies the second-order differential equation

d2yn
dt2

=
1

yn

(︂dyn
dt

)︂2
− 1

t

dyn
dt

− (2n + α + 1)y2n
t2(α + 1)2

+
y3n

t2(α + 1)2
. (3.29)

Furthermore, by setting yn(t) = tqn(t), the function qn(t) solves an integrable case of the Painlevé
equation PIII (1.8), with the parameters a, b, c, d given in (3.1).

Proof. Substituting (3.19) and (3.20) into (3.27) yields

t(α + 1)
dun
dt

= −un

(︃
2n + α + 1 +

2un
yn

)︃
, (3.30)

which, together with (3.28), forms a system of two first-order differential equations for yn and un.
Solving (3.28) for un yields

2un = y2n − (2n + 1 + α)yn − (α + 1)t
dyn
dt

, (3.31)

which corresponds to (3.5). Finally, substituting (3.31) into (3.30) leads to the second-order
differential equation (3.29). By setting yn(t) = tqn(t), a straightforward calculation verifies
that qn satisfies the PIII equation (1.8) with the parameters a, b, c, d stated in (3.1). ■

Lemma 3.5. The function yn(t) is a rational function of t. Its Taylor expansion around t = ∞
on the Riemann sphere is given by

yn(t) =
(α + 1)(α + 1)n

n!t
+ O

(︃
1

t2

)︃
, as t → ∞. (3.32)

Proof. From (3.25), we have

yn(t) = −(α + 1)t

hn(t)

dhn(t)

dt
. (3.33)

The moments for the Krall–Laguerre weight (1.12) are

µ0 = ν0 +
1

t
, µk = νk, k ≥ 1, with νk = (α + 1)k. (3.34)
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Let pn(x, t) denote the monic Krall–Laguerre-type polynomials, where the dependence on α is
omitted for brevity. From the explicit expression (2.2) and using (3.34), it follows that

pn(x, t) = pn(x,∞) +
rn−1(x)

t
+ O

(︃
1

t2

)︃
,

where pn(x,∞) = limt→∞ pn(x, t) represent the monic generalized Laguerre polynomials, and
rn−1(x) is a polynomial of degree n− 1. The orthogonality relations imply that∫︂ ∞

0
p2n(x, t)xαe−x dx =

∫︂ ∞

0
p2n(x,∞)xαe−x dx + O

(︃
1

t2

)︃
. (3.35)

Since the coefficients of the polynomial pn(x, t) are rational functions of t, hn(t) is a rational
function of t. Thus, by (3.33), yn(t) is a rational function of t. Using (3.35) and standard
formulas for the generalized Laguerre polynomials (see [9, equation (10.12)]), we obtain

hn(t) =
1

Γ(α + 1)

∫︂ ∞

0
p2n(x, t)xαe−x dx +

p2n(0, t)

t
,

=
1

Γ(α + 1)

∫︂ ∞

0
p2n(x,∞)xαe−x dx +

p2n(0,∞)

t
+ O

(︃
1

t2

)︃
,

= (α + 1)nn!

(︃
1 +

(α + 1)n
n!t

+ O

(︃
1

t2

)︃)︃
,

which, combined with (3.33), establishes (3.32). ■

Proposition 3.6. The first integral of (3.29) reads

t2

y2n

(︃
dyn
dt

)︃2

− y2n
(α + 1)2

+
2(2n + 1 + α)yn

(α + 1)2
= 1. (3.36)

As a consequence, for Krall–Laguerre-type orthogonal polynomials, the differential equation (1.7)
is given by (3.6) as announced in Theorem 3.1, and reduces to the standard differential equa-
tion (3.7) satisfied by the generalized Laguerre polynomials as t → ∞.

Proof. Substituting qn = yn/t in the first integral (1.9) of (1.8) with parameters as in (3.1),
we obtain that the left-hand side of (3.36) is a constant C. From (3.32), by taking the limit
as t → ∞, it follows that C = 1, which establishes (3.36). Substituting (3.9), (3.10), (3.11)
into (2.14), using (3.17) and (3.18), we obtain

Kn = x
(︁
n(n + α + yn − x) − an − un

)︁
+ yn

(︃
an + un − n(n + α + 1) − un

yn

)︃
. (3.37)

Using (3.19), (3.31) and (3.36) gives

an + un − n(n + α + 1) − un
yn

= −(α + 1)2

4

{︄
t2

y2n

(︃
dyn
dt

)︃2

− y2n
(α + 1)2

+
2(2n + 1 + α)yn

(α + 1)2
− 1

}︄
= 0. (3.38)

Hence, from this equation and (3.31), we have

Kn = x

(︃
n(yn − 1 − x) − un

yn

)︃
=

x

2

{︂
(α + 1)

(︃
t

yn

dyn
dt

+ 1

)︃
+ (2n− 1)yn − 2nx

}︂
. (3.39)

Remembering (1.7), using (3.9), (3.10) and (3.39), (3.6) follows. As t → ∞, using again (3.32),
this equation reduces to the standard equation (3.7) satisfied by the generalized Laguerre poly-
nomials, which completes the proof. ■
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Remark 3.7. For later use in Section 5, we observe from (3.37) and (3.38) that the polyno-
mial Kn is divisible by x if and only if (3.36) is satisfied.

Combining Lemma 3.5 with the integration of (3.36) yields an explicit formula for yn(t),
as stated in the next proposition. In particular, it shows that the solution yn(t) of (3.29) is
uniquely determined by the asymptotic behavior (3.32), as stated in (3.2). This completes the
proof of Theorem 3.1, establishing that Krall–Laguerre-type polynomials are fully characterized
by the PIII family of solutions qn(t) = yn(t)

t , n ≥ 0, t ∈ R, t > 0.

Proposition 3.8. Let

τn(t) = n!t + (α + 2)n, n ≥ 0. (3.40)

Then,

y0(t) =
α + 1

t + 1
, yn(t) =

(n− 1)!(α + 1)2(α + 2)n−1t

τn−1(t)τn(t)
, n ≥ 1. (3.41)

Proof. From (3.36), an elementary quadrature yields

yn(t) =
k(α + 1)2t

(kt + 1)(k(α + n + 1)t + n)
, (3.42)

where k ̸= 0 is an arbitrary constant. The asymptotic behavior (3.32) implies that

k =
n!

(α + 2)n
. (3.43)

Substituting (3.43) into (3.42) yields (3.41), with τn(t) defined as in (3.40). ■

Finally, we obtain a system of differential equations for the recurrence coefficients in terms
of the Toda lattice hierarchy and its master symmetries.

Corollary 3.9. The recurrence coefficients an(t) and bn(t) for the Krall–Laguerre-type polyno-
mials satisfy the following system of differential equations

(α + 1)t
dan
dt

= (T1 − V0)an, (3.44)

(α + 1)t
dbn
dt

= (T1 − V0)bn, (3.45)

where T1 and V0 are the vector fields defined in (2.40) and (2.43).

Proof. It follows immediately from (3.12) and (3.26) that

(α + 1)t
dan
dt

= an(bn − bn−1) − 2an,

which, recalling (2.40) and (2.43), yields (3.44). From (2.9) and (3.13), we have

cn = −an − un, (3.46)

hence, from (3.26) and (3.27), we obtain (α + 1)tdcndt = un. From (2.9) and (3.46), we deduce
that

(α + 1)t
dbn
dt

= un − un+1 = −an − cn + an+1 + cn+1 = an+1 − an − bn,

which, recalling (2.40) and (2.43), establishes (3.45) and completes the proof. ■
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4 Krall–Jacobi-type polynomials and PV

In this section, we prove case (b) of Theorem 1.1. Throughout the section, we set

γn = α + β + 2n + 1, for n = 0, 1, 2, . . . , (4.1)

where α, β ∈ R and α, β > −1. Furthermore, as in the previous section, the prime symbol ′

denotes d/dx. More precisely, we shall establish the following theorem.

Theorem 4.1. The Krall–Jacobi-type polynomials with the weight distribution defined as in
equation (1.13) are completely characterized by a sequence of rational functions yn(t) = 1−qn(t),
n ≥ 0. Here, qn(t) is a solution of the integrable case of the PV equation (1.10), with the
parameters

a =
γ2n

2(β + 1)2
, b = − α2

2(β + 1)2
, c = 0, d = 0, (4.2)

where γn is given by (4.1). This solution is uniquely determined by the asymptotic behavior

qn(t) = 1 − (β + 1)(β + 1)n(α + β + 2)n−1

n!(α + 1)nt
+ O

(︃
1

t2

)︃
, as t → ∞. (4.3)

The coefficients of the recurrence relation (1.3) satisfied by these polynomials are given by

an = −(γn − 1)2un(2vnyn + un)

4γn−1γny2n
, (4.4)

bn =
(1 − γn)vn + 1 − γnyn

γn + 1
, (4.5)

where

un =
α2yn

2(γn − 1)2(yn − 1)
− 1

2(γn − 1)2yn(yn − 1)

(︃
t(β + 1)

dyn
dt

+ γnyn(1 − yn)

)︃2

, (4.6)

vn = − (β + 1)t

(γn − 1)2yn

dyn
dt

− (β + 1)2t2

2(γn − 1)2y2n(1 − yn)

(︃
dyn
dt

)︃2

+
α2

2(γn − 1)2(1 − yn)

− γn(γn − 2)(yn + 1) + 2

2(γn − 1)2
. (4.7)

The Laguerre differential equation (1.7) satisfied by these polynomials is given by

x(x− 1)(x− yn)

{︃
g′′n +

(︃
β + 2

x
+

α + 1

x− 1
− 1

x− yn

)︃
g′n

}︃
+

1

2

{︃
(β + 1)

(︃
t

yn

dyn
dt

+ 1

)︃
+
(︁
(2n− 1)(α + β + 1) + 2n2

)︁
yn

− 2n(α + β + n + 1)x

}︃
gn = 0. (4.8)

As t → ∞, the coefficients (4.4) and (4.5) reduce to the recurrence coefficients of the Jacobi poly-
nomials, and the differential equation (4.8) reduces to the standard hypergeometric differential
equation for these polynomials

x(x− 1)g′′n + ((α + β + 2)x− β − 1)g′n − n(α + β + n + 1)gn = 0. (4.9)
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Remark 4.2. The linear second-order differential equation (4.8) features four regular singular
points (including the point at infinity) and is thus of the Heun type. The case β = 0 corresponds
to the Jacobi-type polynomials in Krall’s classification [33], for which equation (4.8) was first
derived by Littlejohn and Shore [39] using a fourth-order differential operator with these polyno-
mials as eigenfunctions. As noted in the introduction, Magnus, Ndayiragije, and Ronveaux [42]
also obtained equation (4.8) via Laguerre’s theory, though without establishing a connection to
the Painlevé V equation. They established that Krall–Jacobi-type polynomials are the only fam-
ilies of orthogonal polynomials satisfying Heun’s differential equation – a notable result based
on a proof by W. Hahn.

Theorem 4.1 will be proved following a scheme similar to the one used in the previous section.

Lemma 4.3. The Krall–Jacobi-type polynomials are semi-classical; precisely, the Stieltjes trans-
form f (2.3) satisfies the equation

Wf ′ = 2V f + U, (4.10)

with

W = x2(1 − x), 2V = x
(︁
β − (α + β)x

)︁
, U = µ0(α + β + 1)x− β + 1

t
. (4.11)

Proof. By analytic continuation, it suffices to establish the result for the power series (2.3),
which converges for |x| > 1. From (1.13), we have

µ0 = c

∫︂ 1

0
xβ(1 − x)α dx +

1

t
, µk = c

∫︂ 1

0
xβ+k(1 − x)α dx, k ≥ 1,

where c is a constant irrelevant to the argument. Integrating by parts yields

µk+1 =
c(β + k + 1)

(α + 1)

∫︂ 1

0
xβ+k(1 − x)α(1 − x) dx, k ≥ 0,

which implies (α + β + k + 2)µk+1 = (β + k + 1)µk − β+1
t δk0, k ≥ 0, where δk0 denotes the Kro-

necker delta. Rewriting this equation as −(k+1)µk = βµk−(α+β)µk+1−(k+2)µk+1− β+1
t δk0,

we obtain

f ′ =
β

x
f + (α + β)

(︂µ0

x
− f

)︂
+ x

(︂
f ′ +

µ0

x2

)︂
− β + 1

tx2
,

which leads to (4.10) with U , V and W defined as in (4.11). ■

From (2.17), (2.18) and (4.11), using (2.7), (2.9) and (2.10), we get

Θn = −γn(x− yn), (4.12)

Ωn =
(1 − γn)

(︁
x2 + vnx + un

)︁
2

, (4.13)

with

γnyn = −(1 + γn)bn + β + 2cn + 2n + 1, (4.14)

(1 − γn)vn
2

=
β

2
+ cn + n, (4.15)

(1 − γn)un
2

= −γnan − cn(cn + 1) + 2dn. (4.16)
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With the notations introduced in (4.12) and (4.13), using (4.11), the system (2.27) reads

Z ′ =

(︃
A0

x2
+

A1

x
+

A2

x− 1

)︃
Z,

with

A0 =

⎛⎜⎝−(γn − 1)un
2

−γnanyn

γn−1yn−1
(γn − 1)un

2

⎞⎟⎠ ,

A1 =

⎛⎜⎝−(γn − 1)(un + vn) + β

2
−γnan(yn − 1)

γn−1(yn−1 − 1)
(γn − 1)(un + vn) − β

2

⎞⎟⎠ ,

A2 = −A1 +

⎛⎜⎝γn − 1 − α− β

2
0

0 −γn − 1 + α + β

2

⎞⎟⎠ . (4.17)

From (2.38) with a = 0, we obtain H = R0
x + H∞, and, using (2.35) (with a = 0 and t1 = t),

(2.36), (4.11), (4.12) and (4.13), we find

R0 =
A0

(β + 1)t
, H∞ =

1

hn−1

(︄
0 0

0
dhn−1

dt

)︄
. (4.18)

The polynomial on the left-hand side of (2.16) must be divisible by W = x2(1−x). Expressing
it is divisible by x2 leads to the two relations

yn−1 = − unyn
2vnyn + un

, (4.19)

an = −(γn − 1)2un(2vnyn + un)

4γn−1γny2n
, (4.20)

and imposing it is divisible by 1 − x, using (4.19) and (4.20), leads to a third relation

(γn − 1)2(un + vnyn)2 =
(︁
α2 − (γn − 1)2 − 2(γn − 1)2(un + vn)

)︁
y2n. (4.21)

Equation (4.20) corresponds to (4.4), while (4.14) and (4.15) lead to (4.5).
The Schlesinger equation (2.37) amounts to

[R0, A0] = 0, (4.22)

dA0

dt
= −R0 + [R0, A1] + [H∞, A0], (4.23)

dA1

dt
= [H∞, A1] + [A2, R0], (4.24)

dA2

dt
= [H∞, A2] + [R0, A2]. (4.25)

From (4.18), equation (4.22) is automatically satisfied. Using (4.17), equation (4.25) is identical
to equation (4.24). From entries (1, 1) (or (2, 2)) of (4.23) and (4.24) we obtain

(β + 1)t
dun
dt

= −un +
2γn−1γnan(yn−1 − yn)

γn − 1
, (β + 1)t

dvn
dt

= un. (4.26)
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Solving entries (2, 1) of (4.23) and (4.24) for dhn−1

dt and dyn−1

dt , we obtain

(β + 1)t
dhn−1

dt
= (2 − γn)hn−1yn−1,

(β + 1)t
dyn−1

dt
= (1 − γn)(un + vnyn−1) + (2 − γn)y2n−1 − yn−1. (4.27)

Substituting (4.27) into entries (1, 2) of (4.23) and (4.24) allows us to solve for dan
dt and dyn

dt ,

(β + 1)t
dan
dt

= an
(︁
γn(yn−1 − yn) − 2yn−1

)︁
, (4.28)

(β + 1)t
dyn
dt

= (γn − 1)(un + vnyn) + γny
2
n − yn. (4.29)

Lemma 4.4. The function yn(t) solves the second-order differential equation

d2yn
dt2

=

(︃
1

yn
+

1

2(yn − 1)

)︃(︂dyn
dt

)︂2
− 1

t

dyn
dt

+
y2n

2t2(β + 1)2

(︃
γ2n(yn − 1) − α2

yn − 1

)︃
. (4.30)

Setting yn(t) = 1−qn(t), the function qn(t) solves an integrable case of the Painlevé equation PV

(1.10), with the parameters a, b, c, d given in (4.2).

Proof. By rewriting (4.29) in the form

(β + 1)t
dyn
dt

− γny
2
n + yn = (γn − 1)(un + vnyn), (4.31)

squaring both sides, and using (4.21), we obtain(︃
(β + 1)t

dyn
dt

− γny
2
n + yn

)︃2

=
(︁
α2 − (γn − 1)2 − 2(γn − 1)2(un + vn)

)︁
y2n. (4.32)

Solving (4.31) and (4.32) for un and vn yields (4.6) and (4.7). Substituting these expressions
into (4.26) leads to (4.30) after a lengthy but straightforward calculation. Finally, setting yn(t) =
1 − qn(t), it is readily verified that qn(t) satisfies (1.10) with the parameters a, b, c, d specified
in (4.2). ■

Lemma 4.5. The function yn(t) is a rational function of t, whose Taylor expansion around
t = ∞ on the Riemann sphere is given by

yn(t) =
(β + 1)(β + 1)n(α + β + 2)n−1

n!(α + 1)nt
+ O

(︃
1

t2

)︃
, as t → ∞. (4.33)

Proof. Equation (4.27) yields

yn(t) = − (β + 1)t

(γn+1 − 2)hn(t)

dhn(t)

dt
. (4.34)

Let pn(x, t) denote the Krall–Jacobi-type polynomials (omitting their dependence on α and β),
and let pn(x,∞) = limt→∞ pn(x, t) be the standard Jacobi polynomials, with parameters α, β >
−1, normalized to be monic on the interval [0, 1]. Following the same argument as in the proof
of Lemma 3.5, we deduce that hn(t) is a rational function of t satisfying

hn(t) =
Γ(α + β + 2)

Γ(α + 1)Γ(β + 1)

∫︂ 1

0
p2n(x,∞)xβ(1 − x)α dx +

p2n(0,∞)

t
+ O

(︃
1

t2

)︃
. (4.35)
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Setting hn(∞) = limt→∞ hn(t), standard formulas for the Jacobi polynomials (see [9, equa-
tion (10.8)]) imply that

hn(∞) =
n!(α + 1)n(β + 1)n

(α + β + 2n + 1)(α + β + 2)n−1[(α + β + n + 1)n]2
,

and

pn(0,∞) =
(−1)n(β + 1)n

(α + β + n + 1)n
.

The result (4.33) then follows directly from (4.34) using (4.35). ■

Proposition 4.6. The first integral of (4.30) reads

t2

(1 − yn)y2n

(︃
dyn
dt

)︃2

− α2

(β + 1)2(1 − yn)
+

γ2nyn
(β + 1)2

= 1 − α2

(β + 1)2
. (4.36)

Consequently, for Krall–Jacobi-type orthogonal polynomials, the differential equation (1.7) is
given by (4.8) as announced in Theorem 4.1, and reduces to the standard differential equa-
tion (4.9) satisfied by the Jacobi polynomials as t → ∞.

Proof. Substituting qn = 1 − yn into the first integral (1.11) of PV with parameters a, b, c, d
given in (4.2), shows that the left-hand side of (4.36) is a constant C. Taking the limit as t → ∞
and using (4.33) yields C = 1 − α2

(β+1)2
. Next, substituting (4.11), (4.12) and (4.13) into (2.14),

while employing (4.19), (4.20) and (4.21), one obtains

Kn =
γnx

2

{︁
2n(α + β + n + 2)yn − (γn − 1)2vn − 2n(n + α + β) − β(α + β)

− 2n(α + β + n + 1)x
}︁

+
γnyn

2

{︃
(α + β + 2n)

(︃
un
yn

+ γnvn

)︃
+ β(α + β + 1) + 2n(α + β + n)

}︃
. (4.37)

It follows from (4.6) and (4.7) that

(α + β + 2n)

(︃
un
yn

+ γnvn

)︃
+ β(α + β + 1) + 2n(α + β + n)

= −(β + 1)2

2

{︄
t2

(1 − yn)y2n

(︃
dyn
dt

)︃2

− α2

(β + 1)2(1 − yn)
+

γ2nyn
(β + 1)2

+
α2

(β + 1)2
− 1

}︄
= 0, (4.38)

where we have used (4.36). Using (4.36) once more to eliminate
(︁dyn

dt

)︁2
in (4.7), we obtain

−(γn − 1)2vn =
(β + 1)t

yn

dyn
dt

− γnyn + β(α + β + 1) + 2n(α + β + n) + 1,

which implies

Kn =
γnx

2

{︃
(β + 1)

(︃
t

yn

dyn
dt

+ 1

)︃
+
(︁
(2n− 1)(α + β + 1) + 2n2

)︁
yn

− 2n(α + β + n + 1)x

}︃
.

Consequently, (4.8) follows directly from (1.7), (4.11), (4.12) and (4.13). Finally, taking the
limit as t → ∞ and invoking (4.33), the equation (4.8) reduces to (4.9). ■
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Remark 4.7. As already observed in Remark 3.7, we point out that it follows from (4.37)
and (4.38) that the polynomial Kn is divisible by x if and only if (4.36) is satisfied.

Combining Lemma 4.5 with the integration of (4.36) yields an explicit formula for yn(t),
as stated in the next proposition. In particular, it shows that the solution yn(t) of (4.30) is
uniquely determined by the asymptotic behavior (4.33), as stated in (4.3). This completes the
proof of Theorem 4.1, confirming that Krall–Jacobi-type polynomials are fully described by the
family of PV solutions qn(t) = 1 − yn(t), n ≥ 0, t ∈ R, t > 0.

Proposition 4.8. Let

τn(t) = n!(α + 1)nt + (α + β + 2)n(β + 2)n, n ≥ 0. (4.39)

Then,

y0(t) =
β + 1

(α + β + 1)(t + 1)
, (4.40)

yn(t) =
(n− 1)!(β + 1)(α + 1)n−1(β + 1)n(α + β + 2)n−1t

τn−1(t)τn(t)
, n ≥ 1. (4.41)

Proof. From (4.36), where γn is defined in (4.1), an elementary quadrature yields

yn(t) =
k(β + 1)2t

[kt + 1][k(β + n + 1)(α + β + n + 1)t + n(α + n)]
,

where k ̸= 0 is an arbitrary constant. The asymptotic behavior (4.33) yields

k =
n!(α + 1)n

(β + 2)n(α + β + 2)n
,

which leads to (4.40) and (4.41), with τn(t) as in (4.39). ■

Corollary 4.9. The recurrence coefficients an(t) and bn(t) for the Krall–Jacobi-type polynomials
satisfy the following system of differential equations

(β + 1)t
dan
dt

= ((α + β + 2)T1 + V1 − V0)an, (4.42)

(β + 1)t
dbn
dt

= ((α + β + 2)T1 + V1 − V0)bn, (4.43)

where T1, V0 and V1 are defined as in (2.40), (2.43) and (2.44).

Proof. Equation (4.28) can be rewritten as

(β + 1)t
dan
dt

= an(γn−1yn−1 − γnyn).

From (2.9) and (4.14), we have γn−1yn−1 − γnyn = (γn + 1)bn − (γn−1 − 1)bn−1 − 2, which, by
virtue of (2.40), (2.43) and (2.44), establishes (4.42). Next, from (2.9) and (4.15), it follows that

bn − 1 =
(1 − γn)vn

2
− (1 − γn+1)vn+1

2
.

Thus, from (4.26), we deduce

(β + 1)t
dbn
dt

=
(1 − γn)un

2
− (1 − γn+1)un+1

2
.
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Hence, using (2.9) and (4.16), we obtain

(β + 1)t
dbn
dt

= (α + β + 2n + 3)an+1 − (α + β + 2n + 1)an

+ 2(dn − dn+1) + c2n+1 − c2n − bn. (4.44)

From (2.9) and (2.10), a straightforward computation yields

2(dn − dn+1) + c2n+1 − c2n − bn = 2an + bn(bn − 1).

Therefore, taking (2.40), (2.43) and (2.44) into account, (4.44) matches (4.43). ■

5 Koornwinder’s polynomials and a new integrable Schlesinger
system of partial differential equations

In this section, we prove that Koornwinder’s polynomials [29] are completely characterized by
an integrable Schlesinger system of partial differential equations. Throughout this section, we
set

γn = α + β + 2n + 1, for n = 0, 1, 2, . . . , (5.1)

where α, β ∈ R with α, β > −1. Some proofs involve technically complex computations. How-
ever, with the hints provided, the reader will have no difficulty verifying the results using any
computer algebra system. Here, the prime symbol ′ denotes differentiation with respect to x for
functions of x that may also depend on the parameters t1 and t2.

Theorem 5.1. The Koornwinder polynomials, orthogonal with respect to the weight distribu-
tion (1.15), are completely characterized by a sequence of functions yn(t1, t2, α, β) and zn(t1, t2,
α, β), which are rational in t1 and t2 and satisfy the following system of partial differential
equations

∂2yn
∂t21

=
1

2yn

(︃
∂yn
∂t1

)︃2

− 1

t1

∂yn
∂t1

+
1

zn

∂yn
∂t1

∂zn
∂t1

+
γ2nynz

2
n

32(β + 1)2t21
, (5.2)

∂2zn
∂t21

=
1

zn

(︃
∂zn
∂t1

)︃2

− 1

t1

∂zn
∂t1

+
1

yn

∂yn
∂t1

∂zn
∂t1

− zn − 4

2y2n

(︃
∂yn
∂t1

)︃2

+
γ2n(zn − 4)z2n
32(β + 1)2t21

, (5.3)

∂2yn
∂t22

=
1

yn

(︃
∂yn
∂t2

)︃2

− 1

t2

∂yn
∂t2

+
1

zn

∂yn
∂t2

∂zn
∂t2

− yn − 4

2z2n

(︃
∂zn
∂t2

)︃2

+
γ2n(yn − 4)y2n
32(α + 1)2t22

, (5.4)

∂2zn
∂t22

=
1

2zn

(︃
∂zn
∂t2

)︃2

− 1

t2

∂zn
∂t2

+
1

yn

∂yn
∂t2

∂zn
∂t2

+
γ2ny

2
nzn

32(α + 1)2t22
, (5.5)

together with

(β + 1)t1
∂yn
∂t1

= (α + 1)t2
∂zn
∂t2

, (5.6)

(α + 1)znt2
∂yn
∂t2

+ (β + 1)ynt1
∂zn
∂t1

= (β + 1)(yn + zn − 4)t1
∂yn
∂t1

− ynzn. (5.7)

The solution is uniquely determined by the following asymptotic behavior as t1, t2 → ∞

yn(t1, t2, α, β) =
a

t2
+

a2
(︁
β2 − (α + 1)2 − γ2n

)︁
8(α + 1)2t22

− ab(α + β + 1)

4(β + 1)t1t2
+ O

(︄(︃
1

t21
+

1

t22

)︃ 3
2

)︄
, (5.8)
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zn(t1, t2, α, β) =
b

t1
+

b2
(︁
α2 − (β + 1)2 − γ2n

)︁
8(β + 1)2t21

− ab(α + β + 1)

4(α + 1)t1t2
+ O

(︄(︃
1

t21
+

1

t22

)︃ 3
2

)︄
, (5.9)

with γn as in (5.1), and a, b given by

a =
4(α + 1)(α + 1)n(α + β + 2)n−1

n!(β + 1)n
, b =

4(β + 1)(β + 1)n(α + β + 2)n−1

n!(α + 1)n
. (5.10)

In fact, only four equations – either (5.2) and (5.3), or (5.4) and (5.5) – together with (5.6)
and (5.7) are required, since the remaining equations follow as a consequence.

We begin by establishing the system of partial differential equations (5.2), (5.3), (5.4),
(5.5), (5.6), (5.7), introducing in particular the definitions of yn and zn. Then, starting with
Lemma 5.3, we develop the necessary tools to prove the integrability of this system and to solve
it via separation of variables in Theorem 5.6. Along the way, explicit expressions are obtained
for the recurrence coefficients (1.3), as well as for the Laguerre equation (1.7), in terms of yn
and zn. As a limiting case, Theorem 5.8 shows that the Krall–Gegenbauer-type polynomials
with equal jumps are completely described by an integrable case of the PV equation. Through-
out this section, the dependence of yn, zn, and related quantities on (t1, t2) or (t1, t2, α, β) will
only be noted when required by the context.

Lemma 5.2. The Koornwinder polynomials are semi-classical; precisely, the Stieltjes trans-
form f (2.3) satisfies the equation

Wf ′ = 2V f + U, (5.11)

with

W =
(︁
x2 − 1

)︁2
, 2V =

(︁
x2 − 1

)︁
((α + β)x + α− β),

U = −2(β + 1)(1 − x)

t1
− 2(α + 1)(1 + x)

t2
− µ0(α + β + 1)

(︁
x2 − 1

)︁
. (5.12)

Proof. By analytic continuation, it suffices to establish the result on the power series (2.3)
which converges for |x| > 1. From (1.15), the moments defining the Koornwinder polynomials
are given by

µk = νk +
(−1)k

t1
+

1

t2
, k ≥ 0, (5.13)

with

νk = c

∫︂ 1

−1
xk(1 − x)α(1 + x)β dx,

c a constant irrelevant to the argument. Since (α+β +k+ 2)νk+1 = (β−α)νk +kνk−1, we have

(α + β + k + 2)µk+1 = (β − α)µk + kµk−1 + (−1)k+1 2(β + 1)

t1
+

2(α + 1)

t2
,

k ≥ 0. (5.14)

Rewriting (5.14) as

−(k + 2)µk+1 = (α + β)µk+1 + (α− β)µk − kµk−1 + (−1)k
2(β + 1)

t1
− 2(α + 1)

t2
,
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since, from (2.3), we have

f ′ +
µ0

x2
= −

∞∑︂
k=0

(k + 2)µk+1

xk+3
,

we obtain

f ′ +
µ0

x2
=

α + β

x

(︂
f − µ0

x

)︂
+

α− β

x2
f +

f ′

x2
+

2(β + 1)

t1x2(x + 1)
− 2(α + 1)

t2x2(x− 1)
,

which establishes (5.11) with U , V and W as in (5.12). ■

From (5.13), we observe that µk(t2, t1, β, α) = (−1)kµk(t1, t2, α, β). Hence, using (2.2), we
deduce that pn(x, t2, t1, β, α) = (−1)npn(−x, t1, t2, α, β), which, in light of (1.3), implies

an(t2, t1, β, α) = an(t1, t2, α, β), bn(t2, t1, β, α) = −bn(t1, t2, α, β). (5.15)

From (2.17) and (5.12), using (2.9) and (2.10), one computes that

Θn = γn

(︃
x2 − 1 + yn(t1, t2, α, β)

1 + x

2
+ zn(t1, t2, α, β)

1 − x

2

)︃
, (5.16)

where

γnyn(t1, t2, α, β) = (α + β + 2n + 3)
(︁
an + an+1 + b2n

)︁
− 2bncn + 4

n−1∑︂
i=1

ai + 2
n−1∑︂
i=0

b2i

+ 2(α + n)bn − 2cn+1 + α− β − 2n− 1, (5.17)

and, applying (5.15), one obtains

zn(t1, t2, α, β) = yn(t2, t1, β, α). (5.18)

This implies that

γn(zn − yn) = 2
(︁
β − α− (α + β + 2n)bn + 2cn+1

)︁
. (5.19)

From (2.18) and (5.12), using (2.7), (2.9), (2.10) and (2.11), one computes that

Ωn =
γn − 1

2

(︃(︁
x2 − 1

)︁
(x + un(t1, t2, α, β)) + vn(t1, t2, α, β)

1 + x

2

+ wn(t1, t2, α, β)
1 − x

2

)︃
, (5.20)

where

(γn − 1)un(t1, t2, α, β) = α− β − 2cn, (5.21)

(γn − 1)vn(t1, t2, α, β)

2
= (α + β)an(bn−1 + bn) + 2αan + 2

n−1∑︂
i=1

ai + 3
n−1∑︂
i=1

ai(bi−1 + bi)

+ 2an

n−2∑︂
i=0

bi +
n−1∑︂
i=0

(︁
b3i + b2i − bi

)︁
+ an

(︁
(2n + 3)bn−1 + (2n + 2)bn + 2n + 1

)︁
− n, (5.22)
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and, applying (5.15), one obtains

wn(t1, t2, α, β) = −vn(t2, t1, β, α). (5.23)

It follows that

(γn − 1)(wn − vn) = 4

(︄
n− γnan − 2

n−1∑︂
i=1

ai −
n−1∑︂
i=0

b2i

)︄
. (5.24)

Note already that (5.21) yields

2bn = (γn+1 − 1)un+1 − (γn − 1)un. (5.25)

Since the polynomial on the left-hand side of (2.16) is divisible by W , imposing this condition
with W =

(︁
x2 − 1

)︁2
as in (5.12), leads to the four relations

yn−1 =
4v2nzn(wnyn − vnzn)

(wn − vn)(vnzn − wnyn)2 + 4vnwn(wnyn − vnzn + 4ynzn)
, (5.26)

zn−1 =
4w2

nyn(wnyn − vnzn)

(wn − vn)(vnzn − wnyn)2 + 4vnwn(wnyn − vnzn + 4ynzn)
, (5.27)

an = −(γn − 1)2

γn−1γn

{︄
(wn − vn)(vnzn − wnyn)

16ynzn
+ vnwn

(︃
1

vnzn − wnyn
− 1

4ynzn

)︃}︄
, (5.28)

un =
(yn − zn)(znvn − ynwn)

8ynzn
+ (znvn + ynwn)

(︃
1

2ynzn
− 1

znvn − ynwn

)︃
. (5.29)

From (2.28), using (5.12), (5.16) and (5.20), it follows that (2.27) reads Z ′ = AZ, with

A =
A1

(x + 1)2
+

A2

(x− 1)2
+

A3

x + 1
+

A4

x− 1
, (5.30)

and

A1 =
1

4

⎛⎜⎝(γn − 1)wn

2
−γnanzn

γn−1zn−1 −(γn − 1)wn

2

⎞⎟⎠ , A2 =
1

4

⎛⎜⎝(γn − 1)vn
2

−γnanyn

γn−1yn−1 −(γn − 1)vn
2

⎞⎟⎠ ,

A3 =
1

8

⎛⎜⎝−4β +
(γn − 1)(vn + wn − 4un + 4)

2
−γnan(yn + zn − 4)

γn−1(yn−1 + zn−1 − 4) −4β − (γn − 1)(vn + wn − 4un + 4)

2

⎞⎟⎠ ,

A4 =
1

8

⎛⎜⎝−4α− (γn − 1)(vn + wn − 4un − 4)

2
γnan(yn + zn − 4)

−γn−1(yn−1 + zn−1 − 4) −4α +
(γn − 1)(vn + wn − 4un − 4)

2

⎞⎟⎠ .

The Schlesinger equations (2.30) are given by

∂A

∂t1
=

∂H1

∂x
+ [H1, A], (5.31)

∂A

∂t2
=

∂H2

∂x
+ [H2, A], (5.32)

where A is defined as in (5.30), and

H1 =
A1

t1(β + 1)(x + 1)
+

1

hn−1

⎛⎝0 0

0
∂hn−1

∂t1

⎞⎠ ,
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H2 =
A2

t2(α + 1)(x− 1)
+

1

hn−1

⎛⎝0 0

0
∂hn−1

∂t2

⎞⎠ .

These matrices are computed according to (2.33), (2.34), (2.35) and (2.36) for a = −1, and
analogously for b = 1 (with t2 replaced by t1), while recalling from (2.7) that hn = anhn−1.

The Schlesinger equation (5.31) gives at the (1, 1) entry

(β + 1)t1
∂un
∂t1

= −wn

4
, (5.33)

(β + 1)t1
∂vn
∂t1

= −γn−1γnan(yn−1zn − zn−1yn)

4(γn − 1)
, (5.34)

(β + 1)t1
∂wn

∂t1
= −wn +

γn−1γnan(zn − zn−1)

γn − 1
− γn−1γnan(yn−1zn − zn−1yn)

4(γn − 1)
, (5.35)

then entry (2, 2) is automatically satisfied. At the (2, 1) entry, we get

(β + 1)t1
∂hn−1

∂t1
= −(γn − 2)hn−1zn−1

4
,

(β + 1)t1
∂yn−1

∂t1
= −(γn − 2)yn−1zn−1

4
+

(γn − 1)(zn−1vn − yn−1wn)

8
,

(β + 1)t1
∂zn−1

∂t1
= −

zn−1

(︁
(γn − 2)zn−1 − 2γn + 6

)︁
4

− (γn − 1)zn−1un
2

+
(γn − 1)wn

2
+

(γn − 1)(zn−1vn − yn−1wn)

8
, (5.36)

and at the (1, 2) entry, using (5.36), we get

(β + 1)t1
∂yn
∂t1

=
γnynzn

4
− (γn − 1)(znvn − ynwn)

8
, (5.37)

(β + 1)t1
∂zn
∂t1

=
zn(γnzn − 2γn − 2)

4
+

(γn − 1)znun
2

− (γn − 1)wn

2
− (γn − 1)(znvn − ynwn)

8
, (5.38)

(β + 1)t1
∂an
∂t1

= −
an
(︁
γn(zn − zn−1) + 2zn−1

)︁
4

. (5.39)

The Schlesinger equation (5.32) gives at the (1, 1) entry

(α + 1)t2
∂un
∂t2

= −vn
4
,

(α + 1)t2
∂vn
∂t2

= −vn +
γn−1γnan(yn−1 − yn)

γn − 1
− γn−1γnan(yn−1zn − zn−1yn)

4(γn − 1)
,

(α + 1)t2
∂wn

∂t2
= −γn−1γnan(yn−1zn − zn−1yn)

4(γn − 1)
, (5.40)

then entry (2, 2) is automatically satisfied. At the (2, 1) entry, we get

(α + 1)t2
∂hn−1

∂t2
= −(γn − 2)hn−1yn−1

4
,

(α + 1)t2
∂yn−1

∂t2
= −

yn−1

(︁
(γn − 2)yn−1 − 2γn + 6

)︁
4

+
(γn − 1)yn−1un

2
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− (γn − 1)vn
2

+
(γn − 1)(zn−1vn − yn−1wn)

8
,

(α + 1)t2
∂zn−1

∂t2
= −(γn − 2)yn−1zn−1

4
+

(γn − 1)(zn−1vn − yn−1wn)

8
, (5.41)

and at the (1, 2) entry, after substituting (5.41), we get

(α + 1)t2
∂yn
∂t2

=
yn
(︁
γnyn − 2γn − 2)

4
− (γn − 1)ynun

2

+
(γn − 1)vn

2
− (γn − 1)(znvn − ynwn)

8
, (5.42)

(α + 1)t2
∂zn
∂t2

=
γnynzn

4
− (γn − 1)(znvn − ynwn)

8
, (5.43)

(α + 1)t2
∂an
∂t2

= −
an
(︁
γn(yn − yn−1) + 2yn−1

)︁
4

. (5.44)

One can solve (5.29), (5.37) and (5.38) for un, vn, wn in terms of yn, zn and ∂yn
∂t1

, ∂zn
∂t1

, which
gives

un =
γn(γn − 2)(yn − zn)

4(γn − 1)2
− 1

(γn − 1)2
+

2t1(β + 1)

(γn − 1)2zn

(︃
∂yn
∂t1

− ∂zn
∂t1

)︃
+

8t21(β + 1)2

(γn − 1)2ynz2n

∂yn
∂t1

∂zn
∂t1

− 4t21(β + 1)2(yn + zn − 4)

(γn − 1)2y2nz
2
n

(︃
∂yn
∂t1

)︃2

, (5.45)

vn =
4t1(β + 1)∂yn∂t1

− γnynzn

4(γn − 1)2ynz2n

{︃
−4t1(β + 1)(yn + zn − 4)

∂yn
∂t1

+ 8t1(β + 1)yn
∂zn
∂t1

+ ynzn
(︁
γn(yn − zn) − 4(γn − 2)

)︁}︃
, (5.46)

wn =
4t1(β + 1)∂yn∂t1

− γnynzn

4(γn − 1)2y2nzn

{︃
−4t1(β + 1)(yn + zn − 4)

∂yn
∂t1

+ 8t1(β + 1)yn
∂zn
∂t1

+ γnynzn(yn − zn + 4)

}︃
. (5.47)

Equation (5.6) follows directly from (5.37) and (5.43), whereas equation (5.7) follows from
equation (5.37), (5.38) and (5.42). Substituting (5.26), (5.27) and (5.28) into (5.34) yields

(β + 1)t1
∂vn
∂t1

=
(γn − 1)

(︁
y2nw

2
n − z2nv

2
n

)︁
16ynzn

. (5.48)

Then, substituting (5.45), (5.46), (5.47) into (5.33) and (5.48) results in two equations involving
only yn, zn and their partial derivatives with respect to t1 up to second order. Solving this
system for ∂2yn

∂t21
and ∂2zn

∂t21
leads to (5.2) and (5.3). One can verify that (5.35) is then automatically

satisfied. Equations (5.4) and (5.5) can be obtained in a similar manner, or alternatively, derived
from (5.2), (5.3), (5.6) and (5.7).

Note that equations (5.25) and (5.28), together with (5.45), (5.46) and (5.47), already imply
that the recurrence coefficients an and bn are determined by the functions yn and zn. Conse-
quently, it remains to find these functions explicitly.

Lemma 5.3. The functions yn(t1, t2) and zn(t1, t2) are rational functions of (t1, t2), thus ex-
tending to meromorphic functions on the product of two Riemann spheres P1(C)× P1(C). They
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are holomorphic in a neighborhood of (∞,∞) ∈ P1(C) × P1(C) and vanish at that point, with
the following Taylor expansions as (t1, t2) → (∞,∞)

yn(t1, t2) =
4(α + 1)(α + 1)n(α + β + 2)n−1

n!(β + 1)nt2
+ O

(︃
1

t21
+

1

t22

)︃
, (5.49)

zn(t1, t2) =
4(β + 1)(β + 1)n(α + β + 2)n−1

n!(α + 1)nt1
+ O

(︃
1

t21
+

1

t22

)︃
. (5.50)

Proof. Throughout the proof, we denote by pn(x, t1, t2) the Koornwinder polynomials normal-
ized to be monic (omitting the dependence on α, β), and by pn(x,∞,∞) their limit as t1, t2 → ∞,
and similarly for related quantities. From (5.41), we have

yn(t1, t2) = −4t2(α + 1)

γnhn

∂hn
∂t2

(t1, t2). (5.51)

Recalling the definition of hn (2.1) and the weight distribution defining the Koornwinder poly-
nomials (1.15), we obtain

hn(t1, t2) = c

∫︂ 1

−1
p2n(x, t1, t2)(1 − x)α(1 + x)β dx +

p2n(−1, t1, t2)

t1
+

p2n(1, t1, t2)

t2
, (5.52)

with

c =
Γ(α + β + 2)

2α+β+1Γ(α + 1)Γ(β + 1)
.

By expressing pn(x, t1, t2) in terms of the moments (5.13) via the classical formula (2.2), it
is clear that hn(t1, t2) is a rational function of (t1, t2). Moreover, since pn(x, t1, t2) is monic,
from (2.2) we also deduce that

pn(x, t1, t2) = pn(x,∞,∞) +
rn−1(x)

t1
+

sn−1(x)

t2
+ O

(︃
1

t21
+

1

t22

)︃
,

with pn(x,∞,∞) the Jacobi polynomials, normalized to be monic, and rn−1(x), sn−1(x) certain
polynomials in x of degree n − 1. Consequently, by invoking the orthogonality of the Jacobi
polynomials, it follows from (5.52) that

hn(t1, t2) = hn(∞,∞) +
p2n(−1,∞,∞)

t1
+

p2n(1,∞,∞)

t2
+ O

(︃
1

t21
+

1

t22

)︃
, (5.53)

with

hn(∞,∞) = c

∫︂ 1

−1
p2n(x,∞,∞)(1 − x)α(1 + x)β dx,

=
22nn!(α + 1)n(β + 1)n

(α + β + 2n + 1)[(α + β + n + 1)n]2(α + β + 2)n−1
,

where the last equality arises from standard formulas for the Jacobi polynomials (see [9, equa-
tion (10.8)]). This same reference provides the formulas required to evaluate

pn(1,∞,∞) =
2n(α + 1)n

(α + β + n + 1)n
, pn(−1,∞,∞) = (−1)n

2n(β + 1)n
(α + β + n + 1)n

.

Hence, yn(t1, t2) is a rational function of (t1, t2). The Taylor expansion (5.49) then follows
from (5.51) and (5.53). A similar argument starting with (5.36) establishes (5.50). ■



30 L. Haine

Using (5.16), (5.20), (5.26), (5.27), (5.28) and (5.29), the polynomial Kn from (2.14) involved
in Laguerre’s differential equation (1.7) can be explicitly computed in terms of yn, zn, un, vn, wn.
Substituting (5.45), (5.46) and (5.47) yields an expression for Kn purely in terms of yn, zn and
their partial derivatives. As pointed out in Remarks 3.7 and 4.7, for the Krall–Laguerre and the
Krall–Jacobi cases, the first integrals of the Painlevé equations can be obtained by requiring Kn

to be divisible by x. By analogy, this suggests that now imposing Kn to be divisible by x2 − 1
will provide two first integrals of the Schlesinger system of partial differential equations satisfied
by yn and zn. This intuition turns out to be correct, as established in the following proposition.

Proposition 5.4. Let

rn = t1
∂

∂t1
log

yn
zn

, sn =
t1
zn

∂

∂t1
log yn, (5.54)

then

r2n − 4zns
2
n +

γ2nzn
4(β + 1)2

= 1, (5.55)

((β + 1)(4sn − rn) + 1)2 − 4(β + 1)2yns
2
n +

γ2nyn
4

= (α + 1)2, (5.56)

are two first integrals of the system of partial differential equations (5.2), (5.3), (5.4), (5.5),
together with (5.6) and (5.7). Consequently, the Laguerre differential equation (1.7) satisfied by
the Koornwinder polynomials is explicitly given by(︁

x2 − 1
)︁(︃

x2 − 1 + yn
1 + x

2
+ zn

1 − x

2

)︃
g′′n +

{︃(︁
x2 − 1

)︁(︁
(α + β + 2)x + α− β

)︁
+

1 + x

2

(︁
(α + β + 3)x + α− β + 1

)︁
yn +

1 − x

2

(︁
(α + β + 3)x + α− β − 1

)︁
zn

}︃
g′n

−
{︃(︁

x2 − 1
)︁
n(α + β + n + 1) − (β + 1)(4x + yn − zn)

2
(t1

∂

∂t1
log zn + 1)

+
(β + 1)

2

(︁
2(x + 1)(yn + zn − 4) + zn(yn − zn + 4)

)︁(︃ t1
zn

∂

∂t1
log yn − α + β + 1

4(β + 1)

)︃
+

1 + x

2

(︁
n(α + β + n + 1)yn −

(︁
(n− 1)(α + β) + n2 + n− 1

)︁
zn
)︁

+
zn
8

(︁
(α + β + 1)(yn − zn) + 4

(︁
(2n− 1)(α + β) + 2n2 + 2n− 1

)︁)︁}︃
gn

= 0. (5.57)

In the limit as t1, t2 → ∞, this equation reduces to the standard differential equation satisfied by
the Jacobi polynomials(︁

x2 − 1
)︁
g′′n + ((α + β + 2)x + α− β)g′n − n(α + β + n + 1)gn = 0. (5.58)

Proof. We start by establishing that the left-hand sides of (5.55) and (5.56) are first integrals
of the system. From (5.2) and (5.3), we deduce that

t1
∂rn
∂t1

= −2zns
2
n +

γ2nzn
8(β + 1)2

. (5.59)

Using (5.6), one computes that

∂rn
∂t2

=
α + 1

(β + 1)yn

{︃
t2
∂2zn
∂t22

+
∂zn
∂t2

− t2
yn

∂yn
∂t2

∂zn
∂t2

}︃
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− t1(β + 1)

t2(α + 1)zn

{︃
t1
∂2yn
∂t21

+
∂yn
∂t1

− t1
zn

∂yn
∂t1

∂zn
∂t1

}︃
,

hence, from (5.2), (5.5) and (5.6), we obtain

∂rn
∂t2

=
1

2t2(α + 1)(β + 1)ynzn

{︃
t22(α + 1)2

(︃
∂zn
∂t2

)︃2

− t21(β + 1)2
(︃
∂yn
∂t1

)︃2}︃
= 0. (5.60)

Similarly, using (5.2),(5.5) and (5.6), one computes that

32t1(β + 1)2
∂sn
∂t1

=
(︁
γ2n − 16(β + 1)2s2n

)︁
zn, (5.61)

32t2(α + 1)(β + 1)
∂sn
∂t2

=
(︁
γ2n − 16(β + 1)2s2n

)︁
yn. (5.62)

From (5.59), (5.60), (5.61) and (5.62), using (5.6), (5.7) and (5.54), it is easily checked that
the partial derivatives with respect to t1 and t2 of the left-hand sides of (5.55) and (5.56)
vanish.

It remains to determine the constants on the right-hand sides of (5.55) and (5.56). By di-
rect substitution into (5.3), (5.4), (5.6) and (5.7), the Taylor expansions for yn(t1, t2) in (5.49)
and zn(t1, t2) in (5.50), obtained in Lemma 5.3, can be further evaluated, leading to (5.8)
and (5.9) with a, b as in (5.10). Hence,

lim
t1,t2→∞

t1
∂

∂t1
log

yn
zn

= − lim
t1,t2→∞

t1
∂

∂t1
log zn = 1, (5.63)

lim
t1,t2→∞

t1
zn

∂

∂t1
log yn =

α + β + 1

4(β + 1)
, (5.64)

from which the constant values of the two first integrals follow immediately.
Equation (5.57) then follows from (1.7), by computing Kn in terms of yn, zn and their par-

tial derivatives, and using (5.55) and (5.56). Finally, (5.63) and (5.64) show that in the limit
as t1, t2 → ∞, (5.57) reduces to (5.58). ■

Remark 5.5. We note that the differential equation (5.57) now possesses five regular singular
points, including the point at infinity. In the special case α = β = 0, (5.57) was derived by Little-
john [38], from the sixth-order differential operator of which the polynomials are eigenfunctions.
Kiesel and Wimp [26] obtained the differential equation in the general case, introducing new
tools alongside the use of Maple. However, they overlooked the fact that the polynomial coef-
ficient of gn is divisible by x2 − 1, which leaves it as a polynomial of degree 4. As demonstrated
by Proposition 5.4, this divisibility property is equivalent to the integrability of the associated
Schlesinger system. The explicit expressions in [26, 38] are extremely cumbersome, highlighting
the utility of the solutions yn and zn of the Schlesinger system in simplifying the problem.

In the next theorem, we obtain explicit formulas for yn and zn, showing in particular that the
solution of the Schlesinger system of partial differential equations in Theorem 5.1 is completely
determined by the asymptotic behaviour (5.8), (5.9), with a, b as in (5.10).

Theorem 5.6. The rational functions yn(t1, t2, α, β) and zn(t1, t2, α, β) that characterize the
Koornwinder polynomials are explicitly given by

yn(t1, t2, α, β) =
4(α + 1)2k2t2(k1t1 + n)2

σn(t1, t2, α, β)τn(t1, t2, α, β)
, n ≥ 0, (5.65)

where

σn(t1, t2, α, β) = n2(n− 1) + n(β + n)k1t1 + n(α + n)k2t2 + (α + β + n + 1)k1k2t1t2,
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τn(t1, t2, α, β) = k1k2t1t2 + (α + n + 1)k1t1 + (β + n + 1)k2t2 + n(α + β + n + 2), (5.66)

and the coefficients k1, k2 are defined as follows:

k1 =
n!(β + 1)(α + 1)n

(β + 1)n(α + β + 2)n
, k2 =

n!(α + 1)(β + 1)n
(α + 1)n(α + β + 2)n

. (5.67)

Moreover, we have

zn(t1, t2, α, β) = yn(t2, t1, β, α). (5.68)

Proof. The strategy of the proof is to first determine rn and sn, from which the final result
will follow. From (5.59), using (5.55), we obtain

2t1
∂rn
∂t1

= 1 − r2n. (5.69)

From (5.60), rn depends only on t1. Hence, integrating (5.69) gives

rn =
k1t1 − n

k1t1 + n
, (5.70)

with k1 ̸= 0 being an arbitrary constant that depends on n, α, β, still to be determined. We
have chosen to write rn in this form so that the limit exists when n = 0. Remembering the
definition of rn (5.54), from the expansions (5.8) and (5.9), we find that

k1 =
4(β + 1)2

(α + β + n + 1)b
, (5.71)

which, using (5.10), gives the expression for k1 in (5.67). Defining r̃n(t1, t2, α, β) = rn(t2, t1, β, α),
it follows that r̃n depends only on t2 and is given by

r̃n =
k2t2 − n

k2t2 + n
, (5.72)

with k2 obtained by permuting α with β in k1,

k2 =
4(α + 1)2

(α + β + n + 1)a
, (5.73)

thus yielding the expression for k2 in (5.67), using (5.10).

Recalling again the definition of rn (5.54), we can integrate (5.70) to obtain the quotient

qn(t1, t2, α, β) =
yn(t1, t2, α, β)

zn(t1, t2, α, β)
= f(t2, α, β)

(k1t1 + n)2

t1
, (5.74)

where f(t2, α, β) is an arbitrary function of t2 depending on α, β. Recalling (5.18), we have

qn(t2, t1, β, α) =
1

qn(t1, t2, α, β)
,

hence, we deduce that necessarily

f(t2, α, β) = c(α, β)
t2

(k2t2 + n)2
,
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with c(α, β) a constant still to be determined. Setting t1 = t2 = t in (5.74), using (5.8), (5.9)
and taking the limit as t → ∞, we find that

c(α, β) =
ak22
bk21

=
(α + 1)2k2
(β + 1)2k1

,

where the last equality is obtained from (5.71) and (5.73). Putting everything together leads to

qn =
(α + 1)2k2t2(k1t1 + n)2

(β + 1)2k1t1(k2t2 + n)2
=

(α + 1)2
(︁
r̃2n − 1

)︁
(β + 1)2

(︁
r2n − 1

)︁ . (5.75)

Solving (5.55) and (5.56) for yn and zn and taking the quotient, gives(︁
(β + 1)(4sn − rn) + 1

)︁2 − (α + 1)2 = (β + 1)2
(︁
r2n − 1

)︁
qn, (5.76)

which is a quadratic equation for sn in terms of rn and qn. Substituting (5.75) into (5.76),
a straightforward computation yields

sn = ±(α + 1)r̃n
4(β + 1)

+
rn
4

− 1

4(β + 1)
. (5.77)

From the definition of sn (5.54), using (5.6), we observe that

sn(t2, t1, β, α) =
β + 1

α + 1
sn(t1, t2, α, β). (5.78)

We see at once that only the solution with the plus sign in (5.77) satisfies (5.78); hence, the
other one is eliminated. Using (5.75) and (5.76), (5.56) can be written as

(α + 1)2
(︁
r̃2n − 1

)︁
=

(︃
4(β + 1)2s2n − γ2n

4

)︃
yn,

from which using (5.77) with the plus sign, we obtain

yn =
4(α + 1)2

(︁
r̃2n − 1

)︁
[(α + 1)r̃n + (β + 1)rn + γn − 1][(α + 1)r̃n + (β + 1)rn − γn − 1]

. (5.79)

Using (5.1), (5.70) and (5.72), (5.79) is equivalent to (5.65). As we already know from (5.18), zn
is obtained by permuting t1 with t2 and α with β in (5.79), establishing (5.68). Notice that σn
and τn, as defined in (5.66), are invariant under this permutation. This completes the proof of
Theorem 5.6. ■

Corollary 5.7. The coefficients an(t1, t2) and bn(t1, t2) of the three-term recurrence relation
defining the Koornwinder polynomials satisfy the following system of partial differential equations(︃

2(α + 1)t2
∂

∂t2
− 2(β + 1)t1

∂

∂t1

)︃
an = (V−1 − V1 − (α + β + 2)T1)an, (5.80)(︃

2(α + 1)t2
∂

∂t2
− 2(β + 1)t1

∂

∂t1

)︃
bn = (V−1 − V1 − (α + β + 2)T1)bn, (5.81)

and (︃
2(α + 1)t2

∂

∂t2
+ 2(β + 1)t1

∂

∂t1

)︃
an = (V0 − V2 + (β − α)T1 − (α + β + 3)T2)an, (5.82)(︃

2(α + 1)t2
∂

∂t2
+ 2(β + 1)t1

∂

∂t1

)︃
bn = (V0 − V2 + (β − α)T1 − (α + β + 3)T2)bn, (5.83)

with T1, T2, V−1, V0, V1 and V2 as in (2.40), (2.41), (2.42), (2.43), (2.44) and (2.45).
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Proof. From (5.1), (5.39) and (5.44), we have

4(β + 1)t1
∂an
∂t1

= an(γn−1zn−1 − γnzn), (5.84)

4(α + 1)t2
∂an
∂t2

= an(γn−1yn−1 − γnyn), (5.85)

hence, using (5.19), we obtain

4(α + 1)t2
∂an
∂t2

− 4(β + 1)t1
∂an
∂t1

= 2an((α + β + 2n− 2)bn−1 − (α + β + 2n + 2)bn).

From (5.21), (5.33) and (5.40), since bn = cn − cn+1, we have

8(β + 1)t1
∂bn
∂t1

= (γn − 1)wn − (γn+1 − 1)wn+1, (5.86)

8(α + 1)t2
∂bn
∂t2

= (γn − 1)vn − (γn+1 − 1)vn+1, (5.87)

hence, using (5.24), we obtain

8(α + 1)t2
∂bn
∂t2

− 8(β + 1)t1
∂bn
∂t1

= 4
(︁
1 − b2n + (α + β + 2n− 1)an − (α + β + 2n + 3)an+1

)︁
.

Recalling the definitions (2.40), (2.42) and (2.44), this establishes (5.80) and (5.81).
From (5.19), (5.84) and (5.85), we get

2(α + 1)t2
∂an
∂t2

+ 2(β + 1)t1
∂an
∂t1

= an(γn−1yn−1 − γnyn) + an
(︁
(α + β + 2n + 2)bn − (α + β + 2n− 2)bn−1

)︁
,

hence, using (5.17), we obtain

2(α + 1)t2
∂an
∂t2

+ 2(β + 1)t1
∂an
∂t1

= 2an

(︄
1 − an + (bn−1 − bn)

n−1∑︂
i=0

bi

)︄
+ an

(︁
(α + β + 2n− 3)

(︁
an−1 + b2n−1

)︁
− (α + β + 2n + 3)

(︁
an+1 + b2n

)︁)︁
+ (β − α)an(bn − bn−1).

From (5.24), (5.86) and (5.87), we get

2(α + 1)t2
∂bn
∂t2

+ 2(β + 1)t1
∂bn
∂t1

=
(γn − 1)vn

2
− (γn+1 − 1)vn+1

2
+ γn+1an+1 − γnan + 2an + b2n − 1,

hence, using (5.22), we obtain

2(α + 1)t2
∂bn
∂t2

+ 2(β + 1)t1
∂bn
∂t1

= bn
(︁
1 − b2n

)︁
+ an((α + β + 2n− 2)bn−1 + (α + β + 2n− 1)bn)

− an+1((α + β + 2n + 5)bn + (α + β + 2n + 4)bn+1)

+ (an+1 − an)

(︄
β − α− 2

n−1∑︂
i=0

bi

)︄
.

Recalling (2.40), (2.41), (2.43) and (2.45), this establishes (5.82) and (5.83), completing the
proof. ■
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The Krall–Gegenbauer-type polynomials are a special case of the Koornwinder polynomials,
with t1 = t2 = t and α = β. Specializing the results of this section to this case, we obtain the
following result, which establishes case (c) of Theorem 1.1.

Theorem 5.8. For α > −1, define τ̃n(t) = (α + 1)t + (2α+2)n+1

n! , n ≥ 0. The Krall–Gegenbauer-
type polynomials with the weight distribution given in (1.14) are completely characterized by the
functions

x0(t) =
4(α + 1)

(2α + 1)(t + 2)
, xn(t) =

4(α + 1)3(2α + 2)n−1t

n!τ̃n−2(t)τ̃n(t)
, n ≥ 1. (5.88)

Let γn = 2α + 2n + 1. The coefficients of the recurrence relation satisfied by these polynomials
are given by

an =
(γn − 1)2vn(2xn + vn(xn − 1))

4γn−1γnx2n
, n ≥ 1, bn = 0, n ≥ 0, (5.89)

where

vn =
γnxn
γn − 1

− 1

(γn − 1)(xn − 1)

(︃
xn + 2t(α + 1)

dxn
dt

)︃
. (5.90)

The Laguerre equation (1.7) satisfied by these polynomials is given by

(︁
x2 − 1

)︁(︁
x2 − 1 + xn

)︁
g′′n + 2x

(︁
(α + 1)

(︁
x2 − 1

)︁
+ (α + 2)xn

)︁
g′n −

{︃
2(α + 1)

×
(︃

t

xn

dxn
dt

+ 1

)︃
+
(︁
2(n− 1)α + n2 + n− 1

)︁
xn + n(2α + n + 1)

(︁
x2 − 1

)︁}︃
gn

= 0. (5.91)

As t → ∞, the coefficients (5.89) reduce to those of the recurrence relation satisfied by the
Gegenbauer polynomials, and (5.91) becomes the standard differential equation for these polyno-
mials (︁

1 − x2
)︁
g′′n − 2(α + 1)xg′n + n(2α + n + 1)gn = 0. (5.92)

Moreover, the function qn(t) = 1 − xn(t) solves an integrable case of the PV equation (1.10),
with the parameters

a =
γ2n

8(α + 1)2
, b = − 1

8(α + 1)2
, c = 0, d = 0. (5.93)

Proof. Since α = β and t1 = t2 = t, we define

xn(t) = yn(t, t, α, α) = zn(t, t, α, α). (5.94)

Setting t1 = t2 = t and β = α in (5.66) gives σn = (kt + n)
(︁
(2α + n + 1)kt + n(n − 1)

)︁
,

τn = (kt + n)(kt + 2α + n + 2), where, from (5.67), we have k = k1 = k2 = n!(α+1)
(2α+2)n

. Hence,
using (5.65), it follows that

xn(t) =
4(α + 1)2kt

[kt + 2α + n + 2][(2α + n + 1)kt + n(n− 1)]
,

which yields (5.88). From (5.23), vn(t, t, α, α) = −wn(t, t, α, α). Thus, using (5.94), we obtain
from (5.29) that un = 0, which implies (5.89) by virtue of (5.25) and (5.28).
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Recalling from (5.18) that yn(t1, t2, α, β) = zn(t2, t1, β, α), we have

∂yn
∂t2

(t, t, α, α) =
∂zn
∂t1

(t, t, α, α). (5.95)

From (5.94), we have dxn
dt (t) = ∂yn

∂t1
(t, t, α, α) + ∂yn

∂t2
(t, t, α, α), and from (5.7) with α = β and

t1 = t2 = t, combined with (5.95), we also have

x2n = 2t(α + 1)

(︃
(xn − 2)

∂yn
∂t1

(t, t, α, α) − xn
∂yn
∂t2

(t, t, α, α)

)︃
.

From the last two equations, we deduce

∂yn
∂t1

(t, t, α, α) =
xn

2(xn − 1)

(︃
dxn
dt

+
xn

2(α + 1)t

)︃
, (5.96)

∂yn
∂t2

(t, t, α, α) =
1

2(xn − 1)

(︃
(xn − 2)

dxn
dt

− x2n
2(α + 1)t

)︃
. (5.97)

Using (5.95), (5.96) and (5.97), one can verify that (5.46) and (5.57) reduce to (5.90)
and (5.91), respectively. Moreover, since limt→∞ xn(t) = 0 and limt→∞

t
xn(t)

dxn(t)
dt = −1, equa-

tion (5.92) holds. Using the same equations, the two first integrals (5.55) and (5.56) become
identical, reducing to

t2

x2n(1 − xn)

(︃
dxn
dt

)︃2

− 1

4(α + 1)2(1 − xn)
+

γ2nxn + 1

4(α + 1)2
= 1.

By setting xn = 1 − qn and recalling (1.11), one recognizes this expression as a first integral
of the integrable case of the PV equation with the parameters as announced in (5.93). This
completes the proof of Theorem 5.8. ■

Remark 5.9. In the special case α = β = 0 and t1 = t2 = t, Krall–Gegenbauer-type polynomi-
als are usually called Legendre-type polynomials. In this case, (5.91) was obtained by Littlejohn
and Shore [39], using the fourth-order differential operator of which these polynomials are eigen-
functions. The Legendre-type polynomials are part of the full solution of Krall’s problem for an
operator of order four [33].

6 Koornwinder’s formulas for Krall-type polynomials

In [29], Koornwinder defines his polynomials by an explicit differentiation formula. In this
section, we derive his formula from our results. Using this formula, Koornwinder was able
to express the polynomials in terms of 4F3 hypergeometric functions, or 3F2 hypergeometric
functions when one mass point is zero. We begin our analysis with the simpler case of Krall–
Laguerre-type polynomials.

Theorem 6.1. Let α > −1. The Krall–Laguerre-type polynomials pn(x, t, α), which are orthog-
onal with respect to the weight distribution (1.12), are given in terms of the generalized Laguerre
polynomials pαn(x), normalized to be monic, by the formula

pn(x, t, α) =

(︃
(α + 1)n

n!t + n(α + 2)n−1

d

dx
+ 1

)︃
pαn(x). (6.1)

Proof. Set

gn =

(︃
Un

d

dx
+ 1

)︃
pαn, (6.2)
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where Un is independent of x and remains to be determined. From (6.2) and the second-order
differential equation (3.7) satisfied by the generalized Laguerre polynomials, one finds that gn
satisfies the second-order linear differential equation

x(−x + yn)g′′n +
(︁
(x− yn)(x− α− 2) + x

)︁
g′n

+

{︄
(n− 1)yn +

Un

(︁
α + 1 + n(1 − x)

)︁
− nx

Un + 1

}︄
gn = 0, (6.3)

with

yn =
(α + 1)Un − nU2

n

Un + 1
. (6.4)

Forcing equation (6.3) to coincide with (3.6) yields

Un = −
(α + 1)

(︁
tdyndt + yn

)︁
+ y2n

(α + 1)
(︁
tdyndt − yn

)︁
+ yn(yn − 2n)

. (6.5)

By choosing yn(t) in (6.5) to be the solution of the integrable case of PIII that characterizes the
Krall–Laguerre-type polynomials, we find that (6.4) is identically satisfied by virtue of (3.36).
Thus, with this definition of Un, gn in (6.2) solves (3.6). Since this equation has a unique
polynomial solution (up to a multiplicative constant), and since gn is a monic polynomial in x,
it must coincide with pn(x, t, α). Substituting (3.42) into (6.5), with k as in (3.43), yields (6.1),
concluding the proof. ■

Remark 6.2. Using (6.1), J. Koekoek and R. Koekoek [27] showed that for t > 0, t ̸= ∞, Krall–
Laguerre-type polynomials solve Krall’s problem [32] if and only if α is a nonnegative integer.
In [17, Section 3.1], it is shown that (6.1) can also be derived via the Darboux transformation
method applied to semi-infinite Jacobi matrices.

Theorem 6.3. Let α, β > −1. The Koornwinder polynomials pn(x, t1, t2, α, β), which are or-
thogonal with respect to the weight distribution (1.15), are given in terms of the Jacobi polyno-
mials p

(α,β)
n (x), normalized to be monic on [−1, 1], by the formula

pn(x, t1, t2, α, β) =

{︃[︂
Bn(1 − x) −An(1 + x)

]︂ d

dx
+

(α + β + n + 1)AnBn

(α + 1)(β + 1)

}︃
× p

(α,β)
n (x)

σn(t1, t2, α, β)
, (6.6)

where σn(t1, t2, α, β) is given by (5.66), and An, Bn are defined by

An = (α + 1)(k1t1 + n), Bn = (β + 1)(k2t2 + n), (6.7)

with k1, k2 given by (5.67).

Proof. Set

gn =

{︃[︁
Vn(1 − x) − Un(1 + x)

]︁ d

dx
+ n(Un + Vn) + 1

}︃
p(α,β)n , (6.8)

so that gn is a monic polynomial of degree n, where Un and Vn are coefficients independent of x
to be determined. Then, defining

yn =
4Un

(︁
(α + 1)(1 + nVn) − n(β + n)Un

)︁
(α + β + 2n + 1)(Un + Vn) + 1

, (6.9)
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zn =
4Vn

(︁
(β + 1)(1 + nUn) − n(α + n)Vn

)︁
(α + β + 2n + 1)(Un + Vn) + 1

, (6.10)

and using the differential equation (5.58) satisfied by the Jacobi polynomials, a direct compu-
tation shows that gn satisfies a second-order linear differential equation. The coefficients of g′′n
and g′n are formally identical to those in (5.57), and the coefficient of gn is given by

(︁
1 − x2

)︁
n(α + β + n + 1) +

2n(α + β + n + 1)

(α + β + 2n + 1)(Un + Vn) + 1

×{(1 + x)
(︁
(n− 1)(β + n)U2

n − (α + 2)Un

)︁
+ (1 − x)

(︁
(n− 1)(α + n)V 2

n − (β + 2)Vn

)︁
− (n− 1)

(︁
(1 + x)α + (1 − x)β + 4

)︁
UnVn}. (6.11)

Equating (6.11) with the coefficient of gn in (5.57) where, recalling the definition of rn, sn
in (5.54), we set

t1
∂

∂t1
log zn = znsn − rn,

t1
zn

∂

∂t1
log yn = sn,

and substituting (6.9) and (6.10) for yn and zn, allows one to solve for rn and sn,

rn =
(β + 1)(1 + nUn) − n(2α + β + 2n + 1)Vn

(β + 1)(n(Un + Vn) + 1)
,

sn =
α + β + 1 − n(α + β + 2n + 1)(Un + Vn)

4(β + 1)(n(Un + Vn) + 1)
,

which yields

Un =
(β + 1)(rn − 4sn) + α

n
(︁
4(β + 1)sn + α + β + 2n + 1

)︁ , Vn =
(β + 1)(1 − rn)

n
(︁
4(β + 1)sn + α + β + 2n + 1

)︁ . (6.12)

Substituting (5.77) (with the plus sign), (5.70) and (5.72) into (6.12), we find

Un =
(α + 1)(k1t1 + n)

σn(t1, t2, α, β)
, Vn =

(β + 1)(k2t2 + n)

σn(t1, t2, α, β)
, (6.13)

where σn(t1, t2, α, β) is given in (5.66) and k1, k2 are defined as in (5.67). This matches the
differentiation formula (6.6) with the coefficients An, Bn given in (6.7). It remains to check
that substituting (6.13) into (6.9) and (6.10) yields formulas for yn and zn that agree with those
found in (5.65) and (5.68), which is easily verified. By the same argument as in Theorem 6.1,
this implies that gn, defined in (6.8) with Un, Vn as in (6.13), is equal to pn(x, t1, t2, α, β), which
concludes the proof. ■

Remark 6.4. Using (6.6), J. Koekoek and R. Koekoek [28] showed that for t1, t2 > 0, Koorn-
winder’s polynomials solve Krall’s problem [32] if and only if α and β are nonnegative integers
when t1, t2 ̸= ∞, and α or β is a nonnegative integer when t1 = ∞ or t2 = ∞.
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[17] Grünbaum F.A., Haine L., Horozov E., Some functions that generalize the Krall–Laguerre polynomials,
J. Comput. Appl. Math. 106 (1999), 271–297.
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Cambridge University Press, Cambridge, 2018.

[51] Zhedanov A., A method of constructing Krall’s polynomials, J. Comput. Appl. Math. 107 (1999), 1–20.
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