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If we now relabel two pairs of variables, we obtain the starting quiver (1) with the Casimirs
of Cases 1, 2 and 3 permuted cyclically in that order. Repeating now the sequence of mutations
in reverse, we obtain the original A6-quiver with two pairs of relabeled vertices and with all
three Casimirs cyclically permuted.

Straightforward verification using Maple confirms the following statement.

Lemma 12. The mutation sequences constructed above satisfy the following conditions.

• The first sequence of mutations permutes the Casimirs of Case 2 and Case 3, leaving the
Casimir of Case 1 unchanged. It also permutes the expressions for the minors defining
the second conditions of Cases 2 and 3. Therefore, we conclude that the first sequence of
mutations permutes Case 2 and Case 3, leaving Case 1 unchanged.

• The second mutation sequence cyclically permutes Case 1, Case 2, and Case 3.

Remark 20. Since the transposition (2, 3) and 3-cycle (1, 2, 3) generate the whole group S3 of
permutations of three elements, combining these sequences of mutations, one can obtain any
permutation of Cases 1, 2, and 3.

Remark 21. As in the case n = 5, the coisotropic reduction for n = 6 leads to the cluster algebra
containing all exponential shear coordinates as cluster variables and, therefore, all geodesic
functions (symmetric or not) are universal Laurent polynomials of the square roots of these
cluster variables.

Remark 22. In the paper [11], three sequences of mutations were constructed that act on
the set of Casimirs. Let us introduce the following notation: A = a1a2 . . . a6, B = b1b2 . . . b6,
C = c1c2c3; Â = ABC, B̂ = BC, Ĉ = C. The vanishing of the Casimirs Â, B̂, Ĉ corresponds to
the vanishing of anti-diagonal entries of matrix Ψ.

These sequences of mutations lead to the following rational transformations:

• sa : (A,B,C) 7→ (A−1, AB,C);

• sb : (A,B,C) 7→ (AB,B−1, BC);

• sc : (A,B,C) 7→ (A,BC,C−1);


