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Note that in the cases n = 3 and n = 4, the image Im(φ) is an open subset in An. One can
check that, in this case, the geodesic functions can be written uniquely in terms of (square roots
of) log-canonical parameters. The relation to the corresponding cluster variables of A3 and A4

was presented in [4].

In Case (1) for n = 5, we proceed by performing a cluster mutation µa1 at the large highlighted
blue vertex a1, followed by mutations µa4 at a4 and µa3 at a3, which yields the following quiver:

a1

a2

a3a4

a5

b1

b2

b3

b4

b5

Figure 22. Quiver for A5 after cluster mutation

In the next step of the transformation, we make a coisotropic reduction. To do it, we com-
pute the geodesic functions Gi,j for T2,1 and compare them with the corresponding generalized
geodesic functions ai,j in A5.

We express geodesic functions Gij in terms of shear coordinates of the ribbon graph in Fig. 19
(or, equivalently, in terms of quiver variables in Fig. 20). We collect them in the right-hand side
of (8.5).

Rewriting expressions (8.4) after the mutations µa4µa3µa1 of the cluster in Fig. 21, we obtain
the expressions for ai,i+1 in terms of ai, bi parameters of quiver in Fig. 22 and collect them in
the left-hand side of the following system
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(8.5)

a4,5 = ⟨b4b5⟩ = ⟨v4v5⟩ = G4,5
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We wish to find expressions for vi, hi in terms of aj , bj that make (8.5) hold (a solution is
clearly not unique: although, in n = 5 case, the number of variables is the same if we take into
account the constraint a1a2a5 = −1, there is an infinite braid-group symmetry that preserves
the quiver).

Inspection suggests the substitution

vi = bi for all i ∈ {1, 2, 3, 4, 5}. (8.6)


