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Figure 21. Exchange quiver of the cluster structure for A5 describing the Poisson bracket in log-

canonical coordinates.

8.3.1 Coisotropic reduction in Case (1).

We now describe the procedure that relates the quiver in Fig. 21 with the quiver in Fig. 20 under
the condition that C1 = −1. Note that the number of vertices of the first quiver is 10, while the
number of vertices of the second quiver is 9. This indicates that this procedure must include a
coisotropic reduction.

Let us introduce the following notation. For any z1, z2, · · · , zn, let

〈
z1z2 · · · zn−1zn

〉
:= (z1z2 · · · zn−1zn)
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Let Â5 be the unipotent 5× 5-matrix constructed from the original A5-quiver in Fig. 21, and
let aij be its ij-th entry. As discussed at the end of Section 5, we obtain uniform expressions:

a1,2 =
〈
b1a1a3b2

〉
, a2,3 =

〈
b2a2a4b3

〉
, a3,4 =

〈
b3a3a5b4

〉
, a4,5 =

〈
b4a4a1b5

〉
. (8.4)

Remark 15. Note that in both the An and geometric cases, elements ai,i+1(= Gi,i+1) with
1 ≤ i < n generate the full set of matrix elements using Poisson and skein relations: for any
i < j < k, ai,k = {ai,j , aj,k} + 1

2ai,jaj,k, so, starting with ai,i+1, we can consecutively construct
all other ai,k.

Remark 16. The expressions of all ai,j are universal Laurent polynomials; i.e., they retain
their polynomial forms upon all sequences of mutations. This is true for all matrix elements in
all An quivers. For a general An-quiver having a form similar to that in Figs. 21 and 24, the
generating matrix elements ai,i+1 are given by ai,i+1 =

〈
xiyi1zj1wk1 · · ·wk2zj2yi2xi+1

〉
, where xi

and xi+1 are cluster variables of the “outer” layer of the An quiver (the corresponding vertices
are of order four) connected by an arrow xi → xi+1. All cluster variables in this sequence form
a directed path in An quiver:

xi → yi1 → zj1 → wk1 → · · · → wk2 → zj2 → yi2 → xi+1,

and the path is the shortest path that passes through all layers of the quiver and includes
exactly two variables of each layer except the innermost layer for which it includes two variables
for odd n and one variable for even n.


