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7 Description of Pre-Geometric Leaf: Rank Condition

In this and the next sections we set aside the positivity condition, concentrating on the necessary
rank condition.
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Note that γii is a contractible loop. Hence Gii = 2 and we can replace the ith diagonal
element of A+AT by Gii for 1 ≤ i ≤ n.

We write

A+AT =
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 , where Gji = Gij .

Choose points S1 and S2 in a fat graph as shown in Figure 18.
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Figure 18. Path corresponding to F3 = LX(x5)RX(x3)R

For any i, we introduce the holonomy operator Fi ∈ SL2(R) defined as a product of elemen-
tary matrices along the path connecting S1 to S2 and containing edge i, as drawn in Figure 18.

The monodromy Mγij = F−1j Fi.

Definition 14. Define a map from SL2 × SL2 to R by:(
A,B

)
:= tr(B−1A).

Note that SL2 is a subset of the linear space of 2 × 2 real matrices Mat2×2 ∼= R4 whose
linear span is Mat2×2. Since det(B) = 1, the operator B 7→ B−1 is a restriction of a linear
operator Mat2×2 → Mat2×2 implying that

(
•, •

)
allows an extension to a bilinear R-valued form

on Mat2×2. By an abuse of notation, we also denote the bilinear form also by the angle bracket(
•, •

)
.

For A,B,C ∈ SL2, α, β ∈ R, we have


