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Proof. For each edge e of the ribbon graph we define the lane number of e in γ as ℓe(γ) =
max(0, r←−e (γ) − 1) + max(0, r−→e (γ) − 1) where r←−e (γ) is the number of times γ travels e in one
direction while r−→e (γ) is the number of times γ travels e in the opposite direction. Define the
total lane number of γ as ℓ(γ) =

∑
e ℓe(γ) where the sum is over all edges of Γ̃n.

We prove the statement by induction on ℓ(γ).

Lemma 10 is the base case of the induction because ℓ(γ) = 0 if and only if γ is a 2-bounded
simple loop.

For the induction step, we consider e as in Fig. 13. Note that if we replace segments s1 → t1
and s2 → t2 by the crossed segments s1 → t2 and s2 → t1 as in Fig. 14, we obtain two intersecting
loops γ1 and γ2 (not necessarily simple). Then we can use the skein relation for the product
Gγ1 · Gγ2 to obtain the sum of two geodesic functions of (possibly, nonsimple) loops: one is γ
and the second γ̃ whose total lane number is strictly smaller ℓ(γ̃) < ℓ(γ). It remains to notice
that ℓ(γ1) < ℓ(γ) and ℓ(γ2) < ℓ)γ) and also that resolving a crossing using the skein relation
does not increase the total lane number. Therefore, we express Gγ through Gγ1 , Gγ2 and Gγ̃

with of the these geodesic functions belonging to Rn by the induction assumptions.
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Figure 14. Crossing the edges travelled in the same direction

That completes the proof of Theorem 6.8. ■

Now we are ready to prove Theorem 6.3.

Proof. (Theorem 6.3) Theorem 6.8 and Remark 10 imply that the geodesic function of any
loop is in the quadratic extension Rn of Rn. Let P be a quadratic polynomial in Rn[x] with
roots ρ1 and ρ2 such that Rn = Rn[ρ1] = Rn[ρ2]. Z2-action permutes the roots ρ1 and ρ2. In
view of Lemma 3, elementary symmetric functions of ρ1 and ρ2 belong to Rn. It implies that
Rn coincides with the Z2-invariant subalgebra O[Tg,s]Z2 ■

Since Tg,s is a union of isomorphic symplectic leaves and, by Theorem 6.3, φ is a 2 − to − 1
Poisson map, Im(φ) is a union of symplectic leaves of the same dimension in An. Moreover, if
for s = 2 we consider a generic (not containing fixed points of Z2-action) symplectic leaf of the
Bondal Poisson structure in An it is locally isomorphic to the generic symplectic leaf of Tg,s.

Definition 13. We call Im(φ) a geometric locus. A geometric symplectic leaf is a generic
symplectic leaf in the geometric locus.

We now consider low dimensional cases. For n = 3, dim(T1,1) = dim(A3) = 3. For n = 4,
dim(T1,2) = dim(A4) = 6.

If n = 3 or n = 4 , since the dimensions coincide, Im(φ) is a subset of An of maximal
dimension. The dimension of a generic symplectic leaf in T1,2 and in A4 is 4. The maps
from the clusters of A3 and A4 quivers to the clusters in the corresponding Teichmüller spaces
are identities since both A3 and A4 quivers coincide with the quivers in Teichmüller spaces.
Therefore, the positivity condition merely requires all A3 and A4 cluster variables to be positive.


