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Figure 12. The left part γL is thick dashed, the right part γR is thin dotted.

Lemma 9. If n is odd and γ is the maximal loop then Gγ ∈ Rn.

Proof. LetG123...n = G12G23G34 . . . Gn−1,nG1n, G(2) =
∑

1≤i<j≤n
G2

ij , G(3) =
∑

1≤i<j<k≤n
GijGjkGik,

G(4) =
∑

1≤i<j<k<l≤n
GijGjkGklGil, etc. Define the nth Markov function M(n) on Tg,s as follows

M(n) = G123...n −G(n−1) +G(n−2) − · · ·+ (−1)nG(2) + (−1)n+12(2− n) ∈ Rn.

For odd n the Z2-symmetry reverses the orientation of the loop (1̂ 2 3 . . . n−1 n 1 2 . . . n−1 n),
implying equality G(1̂ 2 3 . . . n − 1 n 1 2 . . . n − 1 n) = G(1̂ 2 3 . . . n − 1 n 1 2 . . . n − 1 n).
Repeatedly applying the skein relation to the product G12G23G34 . . . Gn−1,nG1n and all products
in G(k), k = 2, . . . , n− 1 we observe that G(1̂ 2 3 . . . n− 1 n 1 2 . . . n− 1 n) = M(n).

■

Lemma 10. For any simple 2-bounded loop γ, its geodesic function Gγ belongs to Rn.

Proof. The claim follows from Lemmata 6, 7, and 9. ■

Remark 13. Any simple non-2-bounded loop in Γ̃n has at least one edge that it travels twice
in the same direction (segments s1 → t1 and s2 → t2 in Fig. 13 both run in the same direction
along the ribbon edge e). Other segments of the same loop may run either between segments
s1 → t1 and s2 → t2 or above or below in either direction, as the dashed one in Fig. 13. Since
both s1 → t1 and s2 → t2 are nonintersecting segments of the same simple loop γ, this loop
follows from s1 to t1, then to s2, then to t2, and then returns to s1.
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Figure 13. An edge traveled twice in the same direction

Theorem 6.8. For any simple loop γ, its geodesic function Gγ ∈ Rn.


