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(3) G(î1i2i6i5i4) = G(î1i2i3i4) ·G(i5i6) +G(î1i2i3i6) ·G(i4i5)−G(î1i2i3i4i5i6)−G(î1i2i3i5) ·
G(i4i6). The right-hand side belongs to Rn by Lemmas 2–4 above and Part (2). ■

Definition 6.5. We call the union of two disconnected horizontal intervals of Γ̃n between vertical
edge i and i + 1 Gate i. We say that a simple loop in Γ̃n is horizontally 2-bounded if it
travels every gate and every vertical edge at most twice: at most once in one direction and at
most once in the opposite direction.

We say that a simple loop in Γ̃n is 2-bounded if it travels every edge (vertical and horizontal)
at most twice: at most once in one direction and at most once in the opposite direction.

Lemma 6. If γ is a simple horizontally 2-bounded loop in Γ̃n then Gγ ∈ Rn.

Proof. The proof follows the arguments of Lemmas 4 and 5 for loops with a longer tail. ■

Lemma 7. Let γ be a simple 2-bounded loop that travels once left-to-right along the bottom
horizontal legs in Gates i− 1 and i , once right-to-left along the top horizontal legs in the same
Gates and does not travel along the vertical edge i (as shown in Fig 11). Denote by γL (or, γR)
the shortened left (or, right) part of γ (as shown in Fig 12). If both GγL and GγR belong to Rn,
then Gγ ∈ Rn.

Proof. As in the proof of Lemma 2, it is enough to notice that ⟨⟨GγL , GγR⟩⟩ = Gγ . ■

Remark 12. Note a simple 2-bounded loop that skips vertical leg i and travels once along the
top and the bottom horizontal legs of Gates i and i + 1 must travel along the top and bottom
horizontal legs in the opposite directions, otherwise it cannot be a closed loop.
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Figure 11. The simple closed loop γ (in red) skips the vertical leg i.

Definition 6.6. We call a simple 2-bounded loop maximal if it travels every edge exactly
twice: once in each direction.

Lemma 8. For all odd n ≥ 3, a maximal simple 2-bounded loop in Γ̃n is either (1̂ 2 3 . . . n −
1 n 1 2 . . . n− 1 n) or (1̂ 2 3 . . . n− 1 n 1 2 . . . n− 1 n)

Proof. By inspection. ■

Corollary 6.7. A maximal simple 2-bounded loop exists only for odd n. For even n both
sequences of indices in Lemma 8 lead to two connected components.


