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Figure 10. The twisted ribbon graph Γ̃n for n = 5. The red curve is the loop γ24. The blue curve is

the loop γ45. The two loops intersect at point P .

Remark 10. A collection of loops γ1, . . . , γm in Γ̃n corresponds to the monomial

m∏
α=1

Gγα . The

algebra of geodesic functions has an additive spanning set consisting of monomials corresponding
to collections of loops. The skein relation expresses the geodesic function of a loop with self-
intersections as a polynomial in geodesic functions of the loops with fewer self-intersections. By
induction, we conclude that the algebra of geodesic functions has a spanning set consisting only
of monomials corresponding only to collections of nonintersecting loops (laminations).

Note that the isotopy class of any oriented loop in Γ̃n is entirely described by the cyclical-
ly ordered sequence of an even number of vertical intervals traversed alternately upward and
downward in the loop path. We denote by î (correspondingly, î) the directed upwards (corre-

spondingly, directed downwards) interval along the ith vertical edge of Γ̃n. For instance, the red
loop in Figure 10 travelled clockwise corresponds to the sequence 2̂4̂ (or, equivalently, 4̂2̂) while

the red loop travelled counterclockwise corresponds to the sequence 2̂4̂ (equivalently, 4̂2̂). Note

that any sequence describing a loop in Γ̃n has interlacing overhat and underhat indices. There-
fore, such sequence is entirely determined by the direction of the first index in the sequence.
Note that inverting the orientation of the loop leads to interchanges all overhats and underhats
and reverses the cyclic order of the sequence to the opposite. We will denote the oriented closed
loop by the sequence of indices, with the first index oriented up or down as (î1i2 . . . i2k−1i2k).
The corresponding geodesic function is denoted G(î1i2 . . . i2k−1i2k). Recall that the geodesic
function does not depend on the orientation of the loop. If reversing the orientation of the
sequence produces the sequence in the same cyclic equivalence class as the original sequence,
then the change from underhat to overhat and vice versa won’t change the geodesic function. In
this situation, we will omit the overhat (underhat) if it does not lead to confusion. In particular,
G(i1i2) = G(î1i2) = G(î1i2). Similarly, G(i1i2i3i2) = G(î1i2i3i2) = G(î1i2i3i2).

To avoid ambiguity, we note that in the class of sequences up to cyclic permutations, there is
a unique lexicographically minimal sequence, which we will use to label the corresponding loop.

Lemma 2. For all 1 ≤ i < j ≤ n, Gij = G(ij) ∈ Rn and for all 1 ≤ i < j < k ≤ n elements
G(ijkj), G(ijik), G(ikjk) ∈ Rn.

Proof. For any 1 ≤ i1 < i2 < i3 ≤ n the skein relation implies G(i1i2) · G(i2i3) = G(i1i3) +
G(i1i2i3i2). Note that the loops (i1i2) and (i2i3) intersect exactly in one point implying that

{G(i1i2), G(i2i3)} =
1

2
G(i1i3)−

1

2
G(i1i2i3i2) by (6.2).


