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Recall the following

Theorem 6.1. [3] The map φ : Tg,s → An is a Poisson morphism that sends the Goldman
Poisson bracket on the Teichmüller space to the Bondal Poisson bracket on the space of the
unipotent upper-triangular matrices.

It was shown in [3] that for a special choice of the geodesics Gi,j shown in Fig. 6, applying
the skein and Poisson relations (the Goldman bracket), a Poisson algebra generated by the finite
set Gi,j 1 ≤ i < j ≤ n becomes closed. This algebra of geodesic functions was first obtained
by Nelson, Regge, and Zertuche [14] and is also known as the (semiclassical) reflection equation
algebra, or twisted Yangian.

It is well-known that dim(Tg,s) = |E(Γn)| = 3n − 6, (recall that g = ⌊n2 ⌋, s = par(n)) while
dim(An) = 1

2n(n − 1). The number of independent Casimirs for Tg,s is s and the number of
independent Casimirs for An is ⌊n2 ⌋.

For the case n = 3, dim(T1,1) = dim(A3) = 3. Both T1,1 and A3 have one Casimir. Therefore,
the dimension of a generic symplectic leaf in T1,1 and in A3 is equal to 2. Moreover, any loop
in this case is a sequence of Z2-invariant arcs and is Z2-(anti-)symmetric. This observation
shows that any geodesic function on T1,1 is Z2-invariant. (Recall that any elliptic curve has
Z2-symmetry.) For n > 3 (equivalently, s > 1 or g > 2) there exist non-Z2 (anti-)invariant loops
and, hence, non-Z2 invariant geodesic functions.

Corollary 6.2. R3
∼= O[T1,1]. For n > 3, Rn ⊊ O[Tg,s].

For the next step, let’s recall the skein relation: for any two SL2 matrices A and B one has

tr(A)tr(B) = tr(AB) + tr(AB−1). (6.3)

(see Fig. 9).
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Figure 9. Two paths α and β intersect at one point as shown on the left. The product of the traces of cor-

responding monodromy operators satisfies the skein relation tr(Mα)tr(Mβ) = tr(MαMβ)+tr(MαM
−1
β ) =

tr(Mαβ) + tr(Mαβ−1). Notice that path αβ is isotopic to the first path on the right-hand side and the

path αβ−1 is isotopic to the second one.

Theorem 6.3. Rn
∼= O[Tg,s]Z2

The proof of Theorem 6.3 occupies the rest of this section.

For convenience, we redraw the ribbon graph Γn (Fig. 6 for n = 5) as a homeomorphic twisted
ribbon graph Γ̃n (see Fig. 10).

Remark 9. The surface of the twisted ribbon graph Γ̃5 in Fig. 10 is homeomorphic to the surface
of the ribbon graph Γ5 in Fig. 6. Similarly, surfaces Γ̃n are defined that are homeomorphic to
Γn.


