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For any closed geodesic path (a loop, possibly with self-intersections) γ in a hyperbolic
surface Σh, we denote by Mγ ∈ PSL2(R) the corresponding deck transformation-isometry of
the universal cover H. The geodesic function Gγ = | tr(Mγ)|. Note that the absolute value of
the trace is well-defined for an element of PSL2(R).

The Goldman Poisson bracket for geodesic functions of two loops α and β intersecting once
takes the following form:

{Gα, Gβ} =
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2
Gαβ − 1
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Gαβ−1 (6.2)

(see Fig. 8).
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Figure 8. Goldman Poisson bracket.

Definition 11. Gij = | trMγij | is the geodesic function corresponding to γij , where Mγij ∈
PSL2(R) is the element of the Fuchsian group determined by the loop γij .

Remark 7. As mentioned above, Gij = eℓij/2 + e−ℓij/2, where ℓij is the geodesic length of γij .
From the formulas of Section 3, it is easy to find the expression for Gij in terms of parameters
xi. The pushforward of the Goldman bracket 6.2 coincides with the Bondal Poisson bracket on
the unipotent triangular matrices An induced from the symplectic groupoid.

Remark 8. Note that the graph Γn is centrally symmetric. This central symmetry generates
the group Z2. Any slanted edge of Γn is centrally symmetric, and any edge in the top horizontal
part of Γn is centrally symmetric to the corresponding edge of the bottom horizontal part. For
instance, each of edges 1-5 in Fig 6 is centrally symmetric, edges 6 and 9 form a centrally
symmetric pair, edges 7 and 8 form the other centrally symmetric pair. Therefore Z2 acts on
E(Γn) by exchanging edges in all pairs of two distinct centrally symmetric edges. This action
induces Z2-action on the corresponding Teichmüller space Tg,s and on the set of loops in Γn.

This Z2-action on the set of loops changes the orientation of any loop γij to the opposite
one. Since the geodesic function Gij does not depend on the orientation of the loop γij , Gij is
invariant under Z2-action.

Definition 12. A Poisson subalgebra of a Poisson algebra A is a vector subspace of A closed
under multiplication and Poisson bracket. A Poisson subalgebra is generated by a subset S if it
is a minimal Poisson subalgebra containing S.

Let Rn be the Poisson subalgebra generated by {Gii+1}1≤i<n. Let O[Tg,s]Z2 ⊂ O[Tg,s] be the
subring of Z2-invariant functions of the ring of regular functions on Tg,s. Remark 8 implies the
following statement.

Lemma 1. Rn ⊆ O[Tg,s]Z2

The Chekhov-Fock map φ : Tg,s → An was defined in [3] as follows. For a point Σh ∈ Tg,s,
denote by Gij(Σ

h) the value of the geodesic function Gij at Σh. Then,

φ(Σh) =
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