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Figure 4. The plabic graph Γ dual to the quiver of Fock-Goncharov parameters.

Psym. The expression of aij in terms of Fock-Goncharov parameters depends neither separately
on Zk,0,n−k nor on Zk,n−k,0 but only on the product Zk,0,n−kZn−k,k,0 for all k = 1, . . . , n − 1.
Therefore, in the expression of matrix entries aij parameters Zk,0,n−k and Zn−k,k,0 are replaced
by their products Zk,0,n−kZn−k,k,0. Replacing a pair of parameters Zk,0,n−k and Zn−k,k,0 by
their product leads to a new quiver, which is obtained from Γ by the process of amalgamation.
During the amalgamation, the vertices carrying Zk,0,n−k and Zn−k,k,0 are merged into a single
vertex carrying Zk,0,n−kZn−k,k,0. The set of arrows incident to the new vertex is the union of
arrows incident to either of the two original vertices. The new quiver obtained by amalgamation
of all the pairs Zk,0,n−k and Zn−k,k,0 for k = 0, . . . , n has n−1 fewer vertices. The amalgamated
quiver has n− 1 remaining frozen variables Z0,k,n−k. The log-canonical Poisson bracket on Zijk

determined by the original quiver induces the log-canonical Poisson bracket for amalgamated
parameters determined by the amalgamated quiver. Amalgamation results in the appearance
of exactly n − 1 new independent Casimir functions [4] Ck =

∏n−k
i=0 Zn−k−i,k,i ·

∏k
j=0 Zj,k−j,n−k

for all k = 1, . . . , n − 1. Note that only the first powers of Zijℓ, i ̸= 0 and exactly one square
Z2
0,k,n−k, k = 1, . . . , n− 1 enter Ck.

After choosing the symplectic leaf L = {Ck = 1} for all k = 1, . . . , n − 1, any collection of
parameters in L determines the upper-triangular matrix Â with units on the main diagonal.
The normalizing condition Ck = 1 implies

Z0,k,n−k =
1√∏n−k−1

i=0 Zn−k−i,k,i ·
∏k

j=1 Zj,k−j,n−k

. (5.2)

for k = 1, . . . , n− 1.

Hence, on the symplectic leaf L, the frozen parameter Z0,k,n−k can be expressed in terms of
the other mutable parameters and is dropped from the set of coordinates.

Remark 5. Formula 5.2 explains the appearance of half-integer powers in the expressions for
ai,j if Â satisfies the normalizing condition; see examples in Sec. 8.

Remark 6. Note that after amalgamation and imposing the normalizing condition, the quiver
in Fig. 3 becomes the quiver in Fig. 5 for the remaining Fock–Goncharov parameters, which is
equivalent to the quiver in Fig. 24.


