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Figure 3. The Fock-Goncharov parameters organized in the triangular lattice. The quiver with

vertices labeled by the Fock-Goncharov parameters Zα,β,γ encodes the Poisson bracket between Z’s:

{Zα,β,γ , Zα′,β′,γ′} = κ ·Zα,β,γ ·Zα′,β′,γ′ . Here κ denotes the signed weight of the arrow between (α, β, γ)

and (α′, β′, γ′). The coefficient κ = 1 if there is a solid arrow from (α, β, γ) to (α′, β′, γ′), κ = −1 if there

is a solid arrow in the opposite direction; κ = 1
2 if the arrow from (α, β, γ) to (α′, β′, γ′) is dashed, κ = − 1

2

if the arrow in the opposite direction is dashed; and κ = 0 if (α, β, γ) and (α′, β′, γ′) are disconnected.

Finally, to construct M3, we obtain a new graph Υ′ from Υ by rotating the graph Υ shown
in black in Fig.4 by 120◦ counterclockwise. It is important to note that the labels of all variables
and all boundary vertices do not rotate; only the orientations of the arrows in Γ change. Consider
oriented paths in Γ′ from the left side {1′, 2′, 3′, 4′, 5′, 6′} to the bottom {1′′, 2′′, 3′′, 4′′, 5′′, 6′′}.
Denote the set of such paths connecting j′ to i′′ by P2

ij . Any such path p divides the triangle in

two parts: the left part B̃l
p containing Z600 and the right B̃r

p containing Z060 and Z006. We set
the weight w(p) =

∏
α∈B̃l

p
Zα, and (M3)ij =

∑
p∈P2

ij
w(p). M3 is upper-triangular.

Next, define the normalized matrices

Mi = S · Mi ·D−1i , where Di = det(Mi) and S =


0 . . . 0 1
0 . . . −1 0

. . . . . .
0 (−1)n−1 . . . 0

(−1)n 0 . . . 0

 . (5.1)

In [4], it was proposed to set Â = MT
1 M2. It is easy to observe that Â is upper triangular.

Upon normalization discussed below, matrix elements ai,j of Â satisfy Poisson relation similar to
those of geodesic functions defined in Section 6. We call ai,j (generalized) geodesic functions.

The upper-triangular matrix Â is constructed from the pair (M1,M2) thereby defining a Pois-
son map from the collection of Fock-Goncharov parameters equipped with the Poisson structure
Ptr to the upper-triangular matrices equipped with the symplectic groupoid Poisson bracket


