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ideal triangulation by lifting to H. The exponential shear coordinate is the cross-ratio of the four vertices of the lift
of the ideal quadrilateral and is always positive real number.

An ideal triangulation T of Σg,s is dual to the ribbon (or fat) graph Γ whose vertices correspond to ideal triangles
of T and edges of Γ are dual to the edges of T , that is, each edge of Γ intersects transversally exactly one edge of T
at exactly one point. The ribbon graph is homotopy equivalent to the surface, in particular, π1(Σg,s, p) ≃ π1(Γ, p)
for any point p ∈ Γ. Any nontrivial element γ ∈ π1(Σg,s, p) has a unique representative as a closed path (sequence
of edges of Γ with the same starting and end point) without backtracking. At the vertices of the ribbon graph, the
incident half-edges have a cyclic order that is compatible with the orientation of the surface.

Example 1. The simplest example is Σ0,3—the sphere with three holes also known as a pair of pants. The corre-
sponding partition into ideal triangles and the fat graph dual to this partition are depicted in Fig. 1.

Figure 1. Splitting Σ0,3 into two ideal triangles; three lines of the partition, or sides of the triangles, are indicated by three

different colors. Each line has an infinite geodesic length, and each of its ends winds indefinitely toward the perimeter of a hole.

The corresponding fat graph has three edges dual to the partition lines.

On a hyperbolic surface Σ, a closed geodesic γ starting and ending at p ∈ Σ can be lifted to a path γ̃ in the
universal cover H. The deck transformation of H given by [γ] ∈ π1(Σ) is represented by an element Mγ ∈ PSL(2,R)
of the Fuchsian group of the surface. Following [6], we describe Mγ as a product of matrices:

L =

[
0 1
−1 −1

]
, R =

[
1 1
−1 0

]
, X(xt) =


 0 − 1√

xt√
xt 0


,

Ls := LX(s) =

(
s−1/2 0

−s−1/2 s1/2

)
and Rs := RX(s) =

(
s−1/2 −s1/2
0 s1/2

)
,

(3.1)

where t is an edge of a ribbon graph describing the hyperbolic surface and xt > 0 is the (exponential) shear parameter
assigned to t. The path γ travels along the edges of the ribbon graph, turning right and left, which leads to the
following product formula for the deck transformation Mγ with the composition law from right to left.

Then, the geodesic function Gγ := |trMγ | is given by the well-known formula Gγ = 2cosh
(
lγ
2

)
[3] in terms of the

geodesic length lγ .

Definition 9. The Teichmüller space Tg,s is the space of all hyperbolic surfaces of genus g with s holes (or, equivalently,
complex structures on a genus g surface with s holes with a choice of basis of H1(Σg,s,Z)).


