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Abstract. A symplectic groupoid of triangular bilinear forms consists of pairs of matrices
(B, A) with A € A—the set of real unipotent upper-triangular matrices—and B € SL,(R)
such that A = BABT € A. The symplectic groupoid possesses a nondegenerate symplec-
tic structure which induces a reflection-equation Poisson algebra on A. Fock and Chekhov
defined a Poisson map from the Teichmiiller space 7, s of genus g surfaces with s (one or
two) holes to the space of unipotent upper-triangular n x n matrices; the image of this
map forms a geometric locus. A matrix A in the geometric locus satisfies the rank condi-
tion: rank (A + AT) < 4 and an additional positivity condition. We describe the coisotropic
reduction of the Poisson cluster variety of A by the rank condition for n = 5 and 6 and
show that these coisotropic reductions yield the corresponding geometric loci. Moreover, we
analyze in both cases the cluster structures obtained by coisotropic reductions and recover
the celebrated cluster structure of 757 for n = 5 and 75 for n = 6. We also discuss the
positivity of the geometric cluster variables for n = 3,4, 5, 6.
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1 Introduction

The study of the cluster structure of the symplectic groupoid of unipotent upper-triangular
n X n matrices was initiated in [4, 5]. This paper continues this line of research by exploring the
correspondence between the cluster realization of the Teichmiiller space 74, of genus g surfaces
with s holes, where g > 1, s € {1,2} and the cluster structure of the symplectic groupoid of
unipotent upper-triangular n X n matrices.
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Let A,, denote the affine space of real unipotent upper-triangular n x n matrices. The
symplectic groupoid 91, of the unipotent upper-triangular n x n matrices is the set of pairs

M, = {(B,A) | B €SL,, A€ A, such that BABT € A,}.

The space 9, possesses a natural symplectic structure [18]. The pushforward of the dual
Poisson bracket under the projection (B, A) — A induces the Poisson bracket on A4,, studied in
[1, 2] and called the Bondal Poisson bracket.

The Teichmiiller space 74 of genus g Riemann surfaces with s holes is a Poisson variety
equipped with the renowned Goldman Poisson bracket. Define

1, if nis odd,
par(n) = :
2, otherwise.

In [3], a Poisson map ¢: 7| (n—1)/2] par(n) — An Was constructed. The map ¢: T|(,—1)/2] par(n) —
Im(yp) is a finite covering map. Notice that dim(7|(,—1)/2],par(n)) = 3n — 6 and dim(A,) = (5)-
The dimensions of the corresponding generic symplectic leaves are 3n —6 — par(n) and (72‘) -15]
For n = 3 the dimensions of symplectic leaves coincide and both equal 2; for n = 4 the dimensions
are 4, and for n = 5 they are 8. However, in the latter case, the dimensions of the spaces are
different, dim(73,1) = 9 with one central element while dim(.As) = 10 with two central elements.

We call the image Im(y) a geometric locus of A,. It is the union of symplectic leaves
in A, called geometric leaves. For n > 6, the dimension of a geometric leaf is smaller than the
dimension of a generic symplectic leaf in A,,. In [4], Chekhov and Shapiro constructed a Poisson
cluster algebra X(A,) together with a finite Poisson map &: C[A,] — X(A,), where C[A,]
is the Poisson algebra of regular functions on A, equipped with the Bondal Poisson bracket
and X (A;) is equipped with the cluster Poisson structure. We note that Im(¢p) satisfies the so-
called rank condition. We use the rank condition to describe a coisotropic reduction of X (A;,)
for n = 5 and 6. We prove that the Poisson algebra obtained as the result of the reduction for
n = 5,6 inherits a cluster structure from X(.A4,,) and coincides with the corresponding renowned
cluster algebras X (TL(nfl) /2 J,par(n)) whose seeds are labeled by ideal triangulations of hyperbolic
surfaces of genus | 251 | with par(n) holes (see Section 3).

Note that, besides the rank condition, genuine geometric leaves must also satisfy the positivity
condition, which requires that all geometric cluster variables obtained from cluster variables
of A,, quivers by reduction maps be positive. We call the subset of A, that satisfies the rank
condition the pre-geometric locus. It is foliated by symplectic leaves called pre-geometric leaves.
Although a complete analysis of the positivity condition for all possible schemes of coisotropic
reduction is beyond the scope of this paper, in two appendices we classify all genuine geometric
leaves obtained in the simplest cases of coisotropic reductions for n = 5 and 6. We show that
these geometric leaves are preserved by the braid-group action of the A,, quiver, thus proving
the consistency of the geometric reduction procedure.

In Section 2, we review the definitions of Poisson varieties and cluster structures compatible
with Poisson brackets. In Section 3, we recall the definition of the shear coordinates on the Te-
ichmiiller space 7y . In Section 4, we recall the construction of the symplectic groupoid of the
unipotent upper-triangular matrices and the corresponding Poisson bracket on A,,, while, in Sec-
tion 5, we describe the construction of log-canonical parameters for the symplectic groupoid [4].

In Section 6, we compare the dimensions of a pre-geometric leaf and A, for n > 3. In
Section 7, we state the necessary condition for a pre-geometric leaf (called the rank condition).

Definition 1.1. For an n X n unipotent upper-triangular matrix A, we call the condition
rank(A + AT) < 4 the rank condition.

Finally, in Section 8 we provide solutions of the rank condition for n = 3,4,5 and 6.
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2 Cluster algebras and Poisson geometry

2.1 Preliminaries

We start by recalling the definition of a cluster algebra and a compatible Poisson structure.

Definition 2.1. A quiver is a directed graph which we shall represent by the tuple Q =
(V,E,s,t). V and E are the vertex and edge sets, respectively, and s,t: E — V are the source
and target maps.

We will call the elements of the directed edge set E arrows. Moreover, for an arrow o € F,
s(a) € V is called the source or starting vertex and t(«) € V the target or terminal vertex. In
keeping with cluster algebra convention, we shall require our quivers to have no oriented 1-cycles
(loops) or oriented 2-cycles. We consider only finite quivers with |V| < oo and |E| < oo.

Definition 2.2. Let ) be a quiver whose set of vertices V is partitioned into two disjoint
subsets V;,, of mutable vertices and V; of frozen vertices. To each vertex k € V,, one can
associate a quiver mutation up. This mutation pp at vertex k transforms @) into a new quiver
Q' = pu(Q) via a sequence of three steps:

(1) for each oriented two-arrow path i — k — j, introduce a new arrow i — 7;
(2) reverse the direction of all arrows incident to the vertex k;

(3) consecutively remove all oriented 2-cycles created in step (1).

It is an easy exercise to show that for any quiver () and any vertex k in @), ux is an involution

on Q.

Definition 2.3. Let @ be a quiver and let V' denote its vertex set. A seed associated with Q
is a tuple i = (Q,{Xk}rev), where {Xi}rey is a set of independent variables generating the
ambient field F of rational functions of X1, Xo,....

We now present an equivalent definition of quiver mutation in terms of skew-symmetric
matrices. We restrict our attention here to skew-symmetric coefficient-free cluster algebras.

Remark 2.4. For a more general treatment of the subject, the reader is referred to [9, 12].
In the current paper, a more general definition of a skew-symmetrizable cluster algebra with
geometric coefficients is not used.

Definition 2.5. Let B = (b;;) be a skew-symmetric n x n integer matrix. For k € [1,n], the
matriz mutation i, in direction k transforms B into the n x n matrix ux(B) = B’ = (b};) with
the entries defined as

, —bij ifi:k‘orj:k,

b = bir|bri + i |br 2.1
/ bij+| d kj—; klbrs| otherwise. 21)

Remark 2.6. The information in any directed graph can be recorded in a skew-symmetric
integer matrix B by defining b;; to be the number of arrows from vertex ¢ to j minus the
number of arrows from j to ¢. This matrix is called the signed incidence matriz of the graph.
Observe that since we do not allow loops in a quiver, the diagonal entries of the incidence matrix
of a quiver are always 0. Thus, quivers give rise to skew-symmetric matrices, and it is easy to
verify that the above Definition 2.5 of matrix mutations agrees with Definition 2.2 of quiver
mutations given earlier in this section.
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Definition 2.7. A seed in F is a pair (x, B), where B is a skew-symmetric n X n integer matrix
and x = (z1,...,xy) is a collection of cluster variables forming a transcendence basis of F. The
tuple x is called a cluster, and n is the rank of the cluster algebra.

Definition 2.8. Given a seed (x, B) as above, the seed mutation uy (k € [1,n]) transforms
(x, B) into a new seed pu(x, B) = (x/, B') such that

e B’ = uy(B) (see formula (2.1)),

. 33; = (x'); satisfies the so-called z-variable mutation rule:

. () z; ! ifi =k,
xT;, = ;) = —sen(b; —b; oo
P zi(14 2, ™® (b““)) bik i +k,

where
1 if z >0,
sgn(z) = 0 if z=0,
-1 ifz<0.

Let x1 be the set of cluster variables in a seed t. For the mutation ug, the allowed values of xj,
are those satisfying xx #% —1. Note that the condition z; # —1 is equivalent to the condition

wr(zr) # —1 in the seed ug(t).

2.2 Compatible Poisson brackets

In this subsection, we recall some basic definitions of Poisson geometry and the notion of a Pois-
son structure compatible with the cluster algebra structure first introduced in [10].

A Poisson algebra is a commutative associative algebra A equipped with a Poisson bracket
{-,-}: Ax A— A that is a skew-symmetric bilinear map satisfying

(1) the Leibniz identity {fg,h} = f{g,h} + {f,h}g, and

(2) the Jacobi identity {f,{g,h}} + {9, {h, f}} +{h,{f,9}} =0

for functions f, g, h.

A Casimir element of A is an element ¢ € A such that {c, f} =0 for any f € A. By an abuse
of notation, we also call Casimir elements Casimir functions or, simply, Casimirs. A smooth
real manifold M is said to be a Poisson manifold if the algebra C°°(M) of smooth functions
on M is a Poisson algebra. In this case, we say that M is equipped with a Poisson structure.

Let {-,-} be a Poisson bracket on the ambient field F considered as the field of rational
functions in n independent variables with rational coefficients. We say that the collection of
functions £ = (f1,..., fn) is log-canonical with respect to the bracket {-,-} if {fi, f;} = wi; fif;,
where w;; are constants for all ¢,j € [1,n]. The coefficient matriz of {-,-} is defined to be
of = (wij)i'j=1- Due to the antisymmetry of {-,-}, the coefficient matrix is evidently skew-
symmetric.

Definition 2.9. A cluster structure is compatible with a Poisson bracket if any cluster is log-
canonical with respect to the bracket.

Remark 2.10. It is well known that any cluster structure has a compatible Poisson structure [12]
that, in the cluster x = (z1,...,2,), takes the form {z;,z;} = Bjjxz;z;. Recall that B is an
integer skew-symmetric matrix.

One of the well-known examples of a cluster algebra equipped with a natural Poisson bracket
is provided by the Teichmiiller space equipped with the Goldman Poisson bracket [7, 8, 11].
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3 Description of cluster coordinates
of the Teichmiiller space 7T, ;, s > 1

The topology of an oriented, complete, two-dimensional surface is determined by its genus g
and the number of boundary components, s. Such a surface will be denoted ¥, ;. We assume
that g, s satisfy the hyperbolicity condition 2g — 2 + s > 0.

The topological surface X, s with g, s satisfying the hyperbolicity condition can be equipped
with a hyperbolic metric, i.e., a metric with constant curvature —1; the surface with a hyperbolic
metric is called a hyperbolic surface. Any hyperbolic surface is obtained as a quotient of the
upper half plane H = {z +iy € C | z,y € R, y > 0} by a discrete subgroup F' of PSL(2,R)
called a Fuchsian group. Note that H is equipped with the standard hyperbolic metric

dz? + dy?
dszzx;y,

An element g € PSL(2, R) represented by a 2 x 2 real matrix g = + (g g) acts naturally on H via
Mobius transformations, z — ‘Cfig This action is by isometries. On H, the geodesics are given
by semicircles centered on the real line and vertical lines. An ideal triangle in H is a triangle in
the open upper half plane {(z,y) | y > 0} with geodesic sides and all three vertices on the real
line, or two on the real line and one at infinity. All ideal triangles in H are isometric to each
other. An ideal triangle of a hyperbolic surface is a triangle with geodesic sides isometric to one
(and, hence, any) ideal triangle in H.

For 2g — 2 + s > 0, each hyperbolic surface of genus g with s holes can be represented as
a disjoint union of s topologically closed “outer” infinite hyperbolic domains (“holes”), each of
which is isometric to a half of a one-sheeted hyperboloid whose geodesic boundary is a unique
closed geodesic homeomorphic to a loop around a hole (a hole “boundary”, or perimeter), and the
remaining (topologically open but bounded) part, which we call the reduced surface. In what
follows, a hyperbolic surface will always refer to this reduced surface. (The simplest reduced
surface, ¥ 3, is depicted in Figure 1.)

=

Figure 1. Splitting ¥y 3 into two ideal triangles; three lines of the partition, or sides of the triangles,
are indicated by three different colors. Each line has an infinite geodesic length, and each of its ends
winds indefinitely toward the perimeter of a hole. The corresponding fat graph has three edges dual to
the partition lines.

A fundamental domain is a subset of H that is a connected union of 4(g—1)+2s ideal triangles,
which, upon the action of F' on H, transforms into an infinite ideal-triangle tessellation T of
H — {UOO Cpi}, where Cp, are disjoint closed semicircular domains bounded by all copies of
boundary geodesics. Then ¥4, = (H — {{J* Cp,})\F, and we call an (ideal) triangulation T'
of 3, s the corresponding factor of the tessellation, T = T\ F.

Therefore, an ideal triangulation of a hyperbolic surface is a partition of the reduced surface
by geodesics that satisfies the following conditions:
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e The surface is divided into regions, each of which is the interior of an ideal triangle.
e Each geodesic in the partition forms an edge of an embedded ideal triangle.

e The vertices of the ideal triangles are located at ideal points, which are points at infinity
in hyperbolic geometry (the absolute).

In an ideal triangulation of a hyperbolic surface, each edge is a common side of two triangles
that together form an ideal quadrilateral. A parameter, the (exponential) shear coordinate,
can be assigned to each edge of an ideal triangulation by lifting to H. The exponential shear
coordinate is the cross-ratio of the four vertices of the lift of the ideal quadrilateral and is always
a positive real number.

An ideal triangulation T' of ¥, is dual to the ribbon (or fat) graph I" whose vertices cor-
respond to ideal triangles of T" and edges of I' are dual to the edges of T, that is, each edge
of I' intersects transversely exactly one edge of T' at exactly one point. The ribbon graph is
homotopy equivalent to the surface, in particular, m1(3,s,p) ~ 71 (I',p) for any point p € T
Any nontrivial element v € 71 (34, p) has a unique representative as a closed path (sequence of
edges of I with the same starting and end point) without backtracking. At the vertices of the
ribbon graph, the incident half-edges have a cyclic order that is compatible with the orientation
of the surface.

Example 3.1. The simplest example is Y 3—the sphere with three holes also known as a pair
of pants. The corresponding partition into ideal triangles and the fat graph dual to this partition
are depicted in Figure 1.

On a hyperbolic surface %, a closed geodesic v starting and ending at p € > can be lifted
to a path 4 in the universal cover H. The deck transformation of H given by [y] € m(2) is
represented by an element M, € PSL(2,R) of the Fuchsian group of the surface. Following [6],
we describe M., as a product of matrices:

1
0 R
L_|:_§) _i:|7 R_[_i (1):|7 X(.’L‘t): \/JTt ;
Vi 0
s—1/2 0 /2 _41/2
Ls:=LX(s) = <_8—1/2 31/2> ,  Rs:=RX(s) = < 0 12 ) ;
where ¢t is an edge of a ribbon graph describing the hyperbolic surface and z; > 0 is the (expo-
nential) shear parameter assigned to ¢. The path « travels along the edges of the ribbon graph,
turning right and left, which leads to the following product formula for the deck transforma-
tion M, with the composition law from right to left. Then, the geodesic function G~ := |trM,|

is given by the well-known formula G, = 2cosh(%) [3] in terms of the geodesic length [..

Definition 3.2. The Teichmiiller space 7, is the space of all hyperbolic surfaces of genus g
with s holes (or, equivalently, complex structures on a genus g surface with s holes with a choice
of basis of Hy(Xys,7Z)).

4 Description of the space of objects A,
of the symplectic groupoid 1,

Definition 4.1 (see [2]). Bondal’s symplectic groupoid M, of unipotent upper triangular ma-
trices (or, symplectic groupoid, for brevity) is the groupoid with object set A;, the set of n x n
unipotent real upper triangular matrices, and the set of morphisms from A € A, to A € A,,
i.e., the set of matrices B € SL(n,R) such that A= BABT.
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X(y)

N/
7N

Figure 2. Factorization of the deck transformation operator. The deck transformation along path - is
expressed as a product of the matrix sequence My =---L-X(z) - R-X(y)---=---Ly-Ry---.

For a more general notion of symplectic groupoid, see [18]. Note that 91, is a submanifold
of SL(n,R) x A, given by M, = {(B,A) | B € SL(n,R), A€ A,, BABT € A,}.
The set of compatible pairs is the fiber product M, X 4, M,,:

M2 = {((C,A),(B,A)) | C,B € SL(n,R), 4, A € A,,

A=BABT, CACT € A} € My, x M.

There are two natural projections p1,pa: 93?%2) — M, projecting on the first and second coor-
dinates respectively, in addition to a multiplication map m: ((C, BABT)7 (B,A)) — (CB,A).
There is a natural symplectic form w on 9, such that m*w = pjw + piw [2]. The symplectic
form w defines a dual Poisson bracket on 91,,. The pushforward of this Poisson bracket under
the natural projection 9, — A, induces a Poisson bracket Psym on A, studied in [2].

In particular, for any matrix A € A, consider the polynomial y4(\) := det (A + /\AT). Its
coeflicients are polynomial functions of the entries A;; of A. They generate the algebra of Casimir
functions with respect to the Poisson bracket on A,. It is easy to see that xa(A) = x 7()).

Remark 4.2. Note that the polynomial y 4(\) is reciprocal for any A and, hence, the coefficients
contain only |3 | algebraically independent functions of Aj;.

5 Log-canonical coordinates for A,

In this section we recall the construction from [4] of log-canonical coordinates compatible with
the Poisson bracket on A,, . The Fock-Goncharov parameters Z;;j, for n xn upper-triangular ma-
trices are log-canonical coordinates for the standard trigonometric Poisson-Lie bracket on SL,,.
Parameters Z;;, are organized in the triangular lattice. The corresponding log-canonical Poisson
bracket Py, is described by the quiver on Figure 3. As explained in [4], Z;j, parametrize, in partic-
ular, the Borel subgroup B,, of the upper triangular matrices which is a Poisson subgroup of SL,,
and the log-canonical Poisson structure Py coincides with the Poisson-Lie structure on B,,.

As the next step in [4], we use Z;j to construct log-canonical coordinates for the Poisson
bracket on A,,. Parameters Z;;;, describe three (non-independent) triangular matrices My, Mo,
Ms. Matrices M; are boundary measurement matrices in the sense of A. Postnikov [16]. Below,
we explain the construction in the case n = 6. We draw the following oriented graph T (see the
black directed graph in Figure 4) dual to the original quiver (in blue). Let 8 denote the set of
triples of barycentric indices B = {(i1,42,13) | 0 < 1,723 < 6 and i1 + i2 + i3 = 6}. For each
oriented path p in T starting from one of the vertices {1,2,3,4,5,6} on the right side of the
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Figure 3. The Fock—Goncharov parameters organized in the triangular lattice. The quiver with
vertices labeled by the Fock-Goncharov parameters Z, g, encodes the Poisson bracket between Z’s:
{Zapr, Zor gy} =20 Za gy Zarpr - Here 3¢ denotes the signed weight of the arrow between («, 3,7)
and (o, 8',7"). The coefficient > = 1 if there is a solid arrow from (a, 8,7) to (¢, 8',7'), ¢ = —1 if there
is a solid arrow in the opposite direction; > = 1 if the arrow from (v, ,7) to (o, 8/,7') is dashed, 3 = —1

if the arrow in the opposite direction is dashed; and s = 0 if (a, 8,7) and (¢/, 8’,7') are disconnected.

triangle and terminating at one of the vertices {1’,2',3',4’,5',6'} on the left side of the triangle,
we denote by 9B, the subset of 5 corresponding to vertices situated above the path p and we
assign to the path its weight w(p) = Hae%p Do

Let B;; be the set of all oriented paths from j to i’. We define the entry (Mj);; of the
matrix Mj to be (My);; = Zpemij w(p). Clearly, Mj is lower-triangular because there is no
path in Y from j to ¢ for i < j. To construct My we consider oriented paths in T from the
right side {1,2,3,4,5,6} to the bottom {1”,2”,3"” 4" 5" 6”}. Denote the set of such paths
connecting j to i” by 21311]-. Any such path p divides the triangle into two parts: the left part %é
containing Zoos and Zeoo and the right part B;, containing Zogo. We recall that Fock-Goncharov
parameters are obtained by restriction Zpo, = Zono = Znoo = 1 and set the weight w(p) =
Hae%lp Zgo, and (Ma),; = ZPG‘I‘}J- w(p). Ma is upper-triangular.

Finally, to construct M3, we obtain a new graph Y’ from Y by rotating the graph Y shown in
black in Figure 4 by 120° counterclockwise. It is important to note that the labels of all variables
and all boundary vertices do not rotate; only the orientations of the arrows in T change. Consider
oriented paths in Y’ from the left side {1’,2',3’,4’,5',6'} to the bottom {1”,2" 3" 4" 5" 6"}.
Denote the set of such paths connecting j' to " by ‘,B?j. Any such path p divides the triangle
in two parts: the left part %é containing Zggp and the right %; containing Zpgg and Zggg.
After restriction Zyo, = Zono = Znoo = 1, we set the weight w(p) = Hae%g, Zao, and (M3);; =

> pey2, W(p). Ms is upper-triangular.
ij
Next, define the normalized matrices

M;=S-M;-D (5.1)

where

D; = (det(M;))¥/"  and S =
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RACAVAAVAAYAAYSA
Mol YA YA MAT S AT 6

Z Ze

Figure 4. The plabic graph I" dual to the quiver of Fock—-Goncharov parameters.

In [4], it was proposed to set A= M{r Ms. Tt is easy to observe that A is upper triangular.
Upon normalization discussed below, matrix elements a; ; of A satisfy Poisson relations similar
to those satisfied by geodesic functions defined in Section 6. We call a; ; (generalized) geodesic
functions.

The upper-triangular matrix A is constructed from the pair (M1, M3) thereby defining
a Poisson map from the collection of Fock—Goncharov parameters equipped with the Poisson
structure Py to the upper-triangular matrices equipped with the symplectic groupoid Pois-
son bracket Psym. The expression of a;; in terms of Fock-Goncharov parameters depends
neither separately on Zj o, nor on Zj,_ro but only on the product Zj o ,—Z,—r ko for
all k = 1,...,n — 1. Therefore, in the expression of matrix entries a;; parameters Zj o,
and Z,_j o are replaced by their products Zi 0,—rZn—k k0. Replacing a pair of parameters
Zion—k and Z,_j o by their product leads to a new quiver, which is obtained from I' by the
process of amalgamation. During the amalgamation, the vertices carrying Zj, o,—r and Z,,_j 1.0
are merged into a single vertex carrying Zj 0 n—kZn—kko0- LThe set of arrows incident to the new
vertex is the union of arrows incident to either of the two original vertices. The new quiver
obtained by amalgamation of all the pairs Zj,—r and Z,,_p o for kK =1,...,n—1hasn —1
fewer vertices. The amalgamated quiver has n — 1 remaining frozen variables Zg j, ,—x. The log-
canonical Poisson bracket on Z;;; determined by the original quiver induces the log-canonical
Poisson bracket for amalgamated parameters determined by the amalgamated quiver. Amal-
gamation results in the appearance of exactly n — 1 new independent Casimir functions [4]
¢ = H?;ok Zy—k—iksi - ]_[?:0 Zjk—jn—k forall k =1,...,n — 1. Note that only the first powers
of Zij¢, i # 0 and exactly one square ngn_k, k=1,...,n—1 enter €.

After choosing the symplectic leaf &= {€; =1} for all k = 1,...,n — 1, any collection of
parameters in £ determines the upper-triangular matrix A with units on the main diagonal.
The normalizing condition €, = 1 implies

1
20 kn—k = — .
-
\/Hi:O Zn—k—ikyi " [Tj=1 Zjk—jn—k

fork=1,...,n—1.
Hence, on the symplectic leaf £, the frozen parameter Zjj, ,—1 can be expressed in terms of
the other mutable parameters and is dropped from the set of coordinates.

(5.2)

Remark 5.1. Formula (5.2) explains the appearance of half-integer powers in the expressions
for a; ; if A satisfies the normalizing condition; see examples in Section 8.
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Figure 5. The quiver shows the collection of amalgamated Fock—Goncharov parameters. The amalga-
mated pairs of variables are shown in the same color and connected by an additional thick curve of the
same color. This amalgamated quiver is the one depicted in Figure 25, where parameters as, b; and c¢;
coincide either with Z;;; or with amalgamated Zy o n—kZn—k,k,0-

Remark 5.2. Note that after amalgamation and imposing the normalizing condition, the quiver
in Figure 3 becomes the quiver in Figure 5 for the remaining Fock—Goncharov parameters, which
is equivalent to the quiver in Figure 25.

6 Geometric leaf and dimension count:
The cases n =3 and n = 4

We begin by recalling the known parametrization of the Teichmiiller space 7, s of two-dimen-
sional hyperbolic surfaces of genus g with one or two holes. Following [3], for a positive integer
n > 3 consider the following ribbon graph I'), consisting of two horizontal chains of n — 3 equal
intervals and n slanted edges connecting vertices of the first chain with vertices of the second
chain (see Figure 6 below for n = 5).

Figure 6. Ribbon graph I's describes the surface of genus 2 with one hole. The gray curve represents
the loop 735. The matrix of the monodromy operator along the loop 35 is M.,, = Ly RygLay R

We label the slanted edges 1 through n in left-to-right order of their upper endpoints. Recall,
par(n) = 1, for odd n and 2, for even n. Note that the ribbon graph I, is homeomorphic to
a surface X, of genus g = |25} | with s = par(n) holes.

The cardinality of the set of edges E(T'y,) of the ribbon graph I';, (Figure 6) is 3n—6 = dim 7y .

The collection of positive parameters z; = z(e;) > 0 for all edges e; € E(I'),), parametrizes the
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€2

€3

Figure 7. Adjacency indices: adj,(e1, e2) = adj, (e2, e3) = adj, (e3,e1) = 1; adj, (e1,e3) = adj, (es3,e2) =
adj, (es,€1) = —1.

Teichmiiller space 7, s that carries the renowned Goldman Poisson bracket. Parameters z; are
log-canonical coordinates for the Goldman bracket

{xi, x;} = adj(es, ej)xiz;, (6.1)

where adj(e;, ;) is the adjacency index of edges e; and e;. Namely, for e € E(I';,) we denote
by Oe the subset {P, Q} of two (possibly, coincident) vertices of e; i.e., elements of the set V (I';,)
of vertices of I'j, such that e connects P and Q.

adj(ei,e;) = Y adjy(eie)),

vEde;Nde;

and the local adjacency index

+1 if at vertex v the half-edge e; immediately follows e;

i ( ) in the anti-clockwise direction,
adj, (e;,e;) = . . .
A€ € —1 if at vertex v the half-edge e; immediately follows e;

in the clockwise direction

(see Figure 7).

Note that adjacency index adj(e;, e;) is well-defined for any pair of edges of a ribbon graph R
having only 3-valent vertices. We use it to associate with R a quiver Qpr with |E(R)| vertices,
called the geometric quiver. The vertices are in one-to-one correspondence with edges of R. The
number of arrows from vertex e; to vertex e; equals adj(e;, e;) if adj(e;, e;) > 0.

A path in I';, is a sequence Pi, P,..., P, of vertices such that each pair of consecutive
vertices P;, P,y is joined by an edge of I',,. A path is a loop if P, = P;. We call a path (or
loop) simple if there are no repeated edges in the path.

We denote by ;; the simple loop whose starting point is the top vertex of the slanted edge 4,
followed by the bottom vertex of slanted i, followed by the simple path of bottom vertices from
the bottom vertex of 7 to the bottom vertex of j, followed by the top vertex of slanted j, followed
by the simple path of top vertices from the top vertex of j to the top vertex of i (see Figure 6).
Note that 7;; is completely determined by the choice of a pair of indices 1 < 7,5 < n. Note
that 7;; is the identity in 71 (I',,) as a trivial loop.

For any closed geodesic path (a loop, possibly with self-intersections) v in a hyperbolic
surface ¥, we denote by M, € PSLy(R) the corresponding deck transformation-isometry of the
universal cover H. The geodesic function is given by G, = |tr(M,)|. Note that the absolute
value of the trace is well-defined for an element of PSLa(R).

The Goldman Poisson bracket for geodesic functions of two loops a and § intersecting once
takes the following form:

1

1
{GO“ Gﬁ} - iGaﬁ - iGOé571 (62)

(see Figure 8).
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X (-
(9" ‘”_2 af 2@

Figure 8. Goldman Poisson bracket.

Definition 6.1. G;; = [tr M,,,| is the geodesic function corresponding to ;;, where M., . €
PSLy(R) is the element of the Fuchsian group determined by the loop 7;;.

Remark 6.2. As mentioned above, G;; = elii/2 ye=ti/? where ¢;; is the geodesic length of ;;.
From the formulas of Section 3, it is easy to find the expression for G;; in terms of parameters ;.
The pushforward of the Goldman bracket (6.2) coincides with the Bondal Poisson bracket on
the unipotent triangular matrices A4,, induced from the symplectic groupoid.

Remark 6.3. Note that the graph I'), is centrally symmetric. This central symmetry generates
the group Zo. Any slanted edge of I';, is centrally symmetric, and any edge in the top horizontal
part of I';, is centrally symmetric to the corresponding edge of the bottom horizontal part. For
instance, each of edges 1-5 in Figure 6 is centrally symmetric, edges 6 and 9 form a centrally
symmetric pair, edges 7 and 8 form the other centrally symmetric pair. Therefore, Zo acts
on E(T',) by exchanging edges in all pairs of two distinct centrally symmetric edges. This action
induces Za-action on the corresponding Teichmiiller space 7, s and on the set of loops in T',,.

This Zo-action on the set of loops changes the orientation of any loop 7;; to the opposite
one. Since the geodesic function G;; does not depend on the orientation of the loop ~;;, Gi; is
invariant under Zs-action.

Definition 6.4. A Poisson subalgebra of a Poisson algebra A is a vector subspace of A closed
under multiplication and Poisson bracket. A Poisson subalgebra is generated by a subset S if it
is a minimal Poisson subalgebra containing S.

Let R,, be the Poisson subalgebra generated by {Git1}1<i<n. Let 0[7;,3]22 C O[Tg,s] be the
subring of Zg-invariant functions of the ring of regular functions on 7, 5. Remark 6.3 implies
the following statement.

Lemma 6.5. R,, C O[T, |%2.

The Chekhov-Fock map ¢: Ty, — A, was defined in [3] as follows. For a point »hoe Tg,s
denote by G;;(X") the value of the geodesic function G;; at $. Then,

1 Gi;j(Z)
p(=") = .
0 1
Recall the following statement.

Theorem 6.6 ([3]). The map ¢: Tgs — Ay is a Poisson morphism that sends the Goldman
Poisson bracket on the Teichmiiller space to the Bondal Poisson bracket on the space of the
unipotent upper-triangular matrices.

It was shown in [3] that for a special choice of the geodesics G ; shown in Figure 6, applying
the skein and Poisson relations (the Goldman bracket), a Poisson algebra generated by the finite
set G;j, 1 <1i < j < n, becomes closed. This algebra of geodesic functions was first obtained
by Nelson, Regge, and Zertuche [15] and is also known as the (semiclassical) reflection equation
algebra, or twisted Yangian.
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X2~

Figure 9. Two paths « and  intersect at one point as shown on the left. The product of the traces of cor-
responding monodromy operators satisfies the skein relation tr(My) tr(Mp) = tr(MoMpg)+tr (M, Mﬁ’l) =
tr(Mag) + tr(M,p-1). Notice that path af is isotopic to the first path on the right-hand side and the
path a3~! is isotopic to the second one.

i

Figure 10. The twisted ribbon graph fn for n = 5. The red curve is the loop v24. The blue curve is

the loop 7y45. The two loops intersect at point P.

It is well-known that dim(7ys) = |E(T's)| = 3n — 6, (recall that g = |%51], s = par(n)) while
dim(A,) = $n(n — 1). The number of independent Casimirs for Ty is s and the number of
independent Casimirs for A, is |5 ].

For the case n = 3, dim(77,1) = dim(A3) = 3. Both 7; ; and A3 have one Casimir. Therefore,
the dimension of a generic symplectic leaf in 77 ; and in A3 is equal to 2. Moreover, any loop
in this case is a sequence of Zg-invariant arcs and is Zs-(anti-)symmetric. This observation
shows that any geodesic function on 7;; is Zg-invariant. (Recall that any elliptic curve has
Zs-symmetry.) For n > 3 (equivalently, s > 1 or g > 2), there exist non-Zy (anti-)invariant
loops and, hence, non-Zs invariant geodesic functions.

Corollary 6.7. R3 = O[T11]. Forn >3, R, C O[T,
For the next step, let us recall the skein relation: for any two SLo matrices A and B one has
tr(A) tr(B) = tr(AB) + tr(AB™1).
(see Figure 9).
Theorem 6.8. R,, = O[T, s|%2.

The proof of Theorem 6.8 occupies the rest of this section.
For convenience, we redraw the ribbon graph Iy, (Figure 6 for n = 5) as a homeomorphic
twisted ribbon graph T, (see Figure 10).

Remark 6.9. The surface of the twisted ribbon graph r 5 in Figure 10 is homeomorphic to
the surface of the ribbon graph I's in Figure 6. Similarly, surfaces I',, are defined that are
homeomorphic to I',.
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Remark 6.10. A collection of loops 71, ..., Vm in f‘n corresponds to the monomial [["_; G,..
The algebra of geodesic functions has an additive spanning set consisting of monomials corre-
sponding to collections of loops. The skein relation expresses the geodesic function of a loop with
self-intersections as a polynomial in geodesic functions of the loops with fewer self-intersections.
By induction, we conclude that the algebra of geodesic functions has a spanning set consisting
only of monomials corresponding only to collections of nonintersecting loops (laminations).

Note that the isotopy class of any oriented loop in fn is entirely described by the cycli-
cally ordered sequence of an even number of vertical intervals traversed alternately upward
and downward in the loop path. We denote by 0 (correspondingly, i) the directed upwards
(correspondingly, directed downwards) interval along the ith vertical edge of I',,. For instance,
the red loop in Figure 10 travelled clockwise corresponds to the sequence §é (or, equivalently, éﬁ)
while the red loop travelled counterclockwise corresponds to the sequence \2/1 (equivalently, Zg)
Note that any sequence describing a loop in fn has interlacing overhat and underhat indices.
Therefore, such sequence is entirely determined by the direction of the first index in the sequence.
Reversing the orientation of the loop interchanges all overhats and underhats and reverses the
cyclic order of the sequence. We will denote the oriented closed loop by the sequence of indices,
with the first index oriented up or down as (1A122 .. .19g_112k). The corresponding geodesic func-
tion is denoted G(iAlig ...l9k—112k). Recall that the geodesic function does not depend on the
orientation of the loop. If reversing the orientation of the sequence produces the sequence in
the same cyclic equivalence class as the original sequence, then the change from underhat to
overhat and vice versa will not change the geodesic function. In this situation, we will omit the
overhat (underhat) if it does not lead to confusion. In particular, G(irio) = G(iriz) = G(iyiz).
Similarly, G(il’igigig) = G(aigig’ig) == G(’ilizigig). 7

To avoid ambiguity, we note that in the class of sequences up to cyclic permutations, there is
a unique lexicographically minimal sequence, which we will use to label the corresponding loop.

Lemma 6.11. Forall1 <i< j<n, Gijj = G(ij) € R, and for all1 <i < j <k < n elements
G(ijkj), G(ijik), G(ikjk) € R,,.

Proof. For any 1 < i; < i < i3 < n, the skein relation implies G(i1ia) - G(i2i3) = G(i1i3) +
G(irigigiz). Note that the loops (i1i2) and (igi3) intersect exactly in one point implying that
{G(iriz), Glizis)} = 3G(iris) — 2G(irizigiz) by (6.2). Introduce ((f,g)) := 1f - g+ {f, g}
Observe that ((G(i1iz), G(i2is))) = G(i1i3), hence, G(i1i3) € R,. That immediately implies
that G(ijkj) € Ry. Similarly, G(ijik), G(ikjk) € Ry. m

Remark 6.12. For an algebra A, we consider its quadratic extension A[{], where £ is a root of
a quadratic polynomial that is irreducible over A, p(§) = ag + a1€ + a2, a; € A, p(¢) = 0.

Lemma 6.13. For 1 < i1 < iy < i3 < 14 < n, the algebra Rn[G(£i2i3i4)] 18 a quadratic
extension of R,,.

Proof. Let f = G(aigigu), g = G(iyigizig) and 01 = f + g and 09 = fg be the two elementary
symmetric functions of f and ¢g. Construct an unipotent upper-triangular 4 x 4 matrix U with
Ust = G(isiy) € Ry, for all 1 < s <t < 4. Coefficient of the first power of A\ of det(U + )\UT)
coincides with o1. The Pfaffian of the skew-symmetric matrix U — U is

PE(U-UT) = y/det(U - UT)
and o1 = Pf(U - UT). Then, 01,09 € R,,. It remains to notice that f,g ¢ R,,. |

Corollary 6.14. G(i1i2i3i4) S Rn[G(Z/IZQZgu)] and G(aigigu) € Rn[G(i1i2i3i4)].
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Proof. As in the proof of Lemma 6.13, 01 € R,,, which implies the statement. |
Let R, = R,[G(1234)].

Lemma 6.15. For all 1 < i1 < i < i3 < ig4 <n both G(aigigu) and G(iyigizig) belong to R,.

Proof. For kg > i4, <<G<’L/12223’L4),G(Z4k4)>> = G(’Ljigiglﬂ). Since G(’i4]€4) € Rn, we obtain
that G (aigigu) and G (ai2i3k4) either both belong or not belong to R,, simultaneously. We claim
a similar statement for G(aizigu) ang G(Z?iz/ﬂg@@) if i3 < /63 < i4; G(ai2i3i4) and G(ak2i3i4) if
19 < ko < i3; and G(z’Alz'gigu) and G(kyigigig) if k1 < i;. Combining all these statements above
with the fact that G(/l\234) € R, we conclude that G(aig’igu) € R,. By Corollary 6.14, we see
also that G(i1i2i3i4) € Ry. |

Lemma 6.16. The following statements hold:

(2) For all 1 < i1 < iy < dg < ig < i5 < ig < n, G(i1i2i3i4i5i6) € Rn. Similarly,

(3) For all 1 < iy < iy < iz < ig < i5 < ig < m, G(i1i2i3i6i5i4) € R,. Fquivalently,

Proof. (1) Using the skein relations, we see that 2G(11242312) Glisis) — 2G (i1 i5ii2) -Gigis) =
G(i1i3i5i4i3i2) + G(i1i5i3i4i3i2) G(1125’l422) G(i1i5i3i4i3i2) G(i1i3i5i4i3i2) - G(i1i5’i4i2).

Therefore, G(iyisizisisia) = 2G (irigigia) - Gizis) — 2G (iri5isia) - Gigis) + G(ivisigiz). It
remains to notice that the right-hand side of the last equality belongs to R,, by Lemmas 6.11
and 6.15.

(2) G(i1i2i3i4i5i6) = —2G(i1i2i4i6) G(i3i5) 1G(11221316) G(i4i5) 1G(112215ZG) G(i3i4) +
{G(isis), G(zlzgum)} By Lemmas 6.11-6.15, the right-hand side belongs to R,. The second
statement is proved similarly.

(3) G(i1i2i3i6i5i4) G(i1i2i3i4) G(’L526) —i—G(ZlZQZgZﬁ) G(i4i5) G(i1i2i3i4i5’i6) G(i1i2i3i5) .
G (i4i6). The right-hand side belongs to R, by Lemmas 6.11-6.15 above and part (2). [

Definition 6.17. We call the union of two disconnected horizontal intervals of fn between
vertical edge ¢ and i + 1 gate . We say that a simple loop in fn is horizontally 2-bounded if it
travels every gate and every vertical edge at most twice: at most once in one direction and at
most once in the opposite direction.

We say that a simple loop in T, is 2-bounded if it travels every edge (vertical and horizontal)
at most twice: at most once in one direction and at most once in the opposite direction.

Lemma 6.18. If v is a simple horizontally 2-bounded loop in T, then G, € Ry.

Proof. The proof follows the arguments of Lemmas 6.15 and 6.16 for loops with a longer
tail. |

Lemma 6.19. Let v be a simple 2-bounded loop that travels once left-to-right along the bottom
horizontal legs in gates i — 1 and i, once right-to-left along the top horizontal legs in the same
gates and does not travel along the vertical edge i (as shown in Figure 11). Denote by vy, (or, Yr)
the shortened left (or, right) part of v (as shown in Figure 12). If both G., and G, belong
to Ry, then Gy € Ry,.

Proof. As in the proof of Lemma 6.11, it is enough to notice that ((G,,,G~,)) = G5. [
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Loop v

Figure 11. The simple closed loop « (in red) skips the vertical leg i.

A

Left part v, Right part vr

4
L d
CECEN .
X \'
N m-m- e e

Figure 12. The left part vy, is thick dashed, the right part vg is thin dotted.

Remark 6.20. Note a simple 2-bounded loop that skips vertical leg i and travels once along

the top and the bottom horizontal legs of gates ¢ and ¢+ 1 must travel along the top and bottom
horizontal legs in the opposite directions, otherwise it cannot be a closed loop.

Definition 6.21. We call a simple 2-bounded loop maximal if it travels every edge exactly
twice: once in each direction.

Lemma 6.22. For all odd n > 3, a mazimal simple 2-bounded loop in fn 1$ either (T2 3 ...n—
Inl2...n—1n)or(123...n-1n12...n—1n)

Proof. By inspection.

|
Corollary 6.23. A maximal simple 2-bounded loop exists only for odd n. For even n, both
sequences of indices in Lemma 6.22 lead to two connected components.

Lemma 6.24. If n is odd and vy is the mazimal loop then G, € R,,.
Proof. Let

Gi23.n = G12G23G34 . .. G110 G1n, G® = Z G,

1<i<j<n

GO = > GGGy, GY= >

GijGikGruGa,
1<i<j<k<n

1<i<j<k<i<n

ete. Define the nth Markov function M™ on Tq.s as follows:

MW =Gy, — GMY a7 ()G 4 (—1)"H12(2 - n) € R,
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Figure 14. Crossing the edges travelled in the same direction.

For odd n, the Zo-symmetry reverses the orientation of the loop (T 23 ...n—=1nl12...n—1n),
implying equality G123 ...n—1n12...n—1n) = G123 ..n—1n12...n—1n).
Repeatedly applying the skein relation to the product G12G23G34 . .. Gr,—1,,G15, and all products
in G®, k=2,...,n—1, weobserve that G123 ...n—1n12...n—1n)=M", [

Lemma 6.25. For any simple 2-bounded loop vy, its geodesic function G, belongs to R,.
Proof. The claim follows from Lemmas 6.18, 6.19, and 6.24. |

Remark 6.26. Any simple non-2-bounded loop in I',, has at least one edge that it travels twice
in the same direction (segments s; — ¢1 and s9 — to in Figure 13 both run in the same direction
along the ribbon edge e). Other segments of the same loop may run either between segments
s1 — t1 and s9 — to or above or below in either direction, as the dashed one in Figure 13. Since
both s; — t; and so — t2 are nonintersecting segments of the same simple loop +, this loop
follows from sq to t1, then to so, then to ¢y, and then returns to sq.

Theorem 6.27. For any simple loop v, its geodesic function G belongs to R,.

Proof. For each edge e of the ribbon graph we define the lane number of e in v as l.(y) =
max(0, r<(y) — 1) + max(0,r-(y) — 1) where r(v) is the number of times v travels e in one
direction while 7“?(7) is the number of times 7 travels e in the opposite direction. Define the

total lane number of vy as £(y) = >, Lc(7y) where the sum is over all edges of T,

We prove the statement by induction on £(7).

Lemma 6.25 is the base case of the induction because £(y) = 0 if and only if «y is a 2-bounded
simple loop.

For the induction step, we consider e as in Figure 13. Note that if we replace segments
s1 — t1 and so — t9 by the crossed segments s; — t9 and sy — t1 as in Figure 14, we obtain
two intersecting loops 1 and 72 (not necessarily simple). Then we can use the skein relation for
the product G, - G, to obtain the sum of two geodesic functions of (possibly, nonsimple) loops:
one is v and the second 4 whose total lane number is strictly smaller ¢(5) < ¢(vy). It remains
to notice that ¢(y1) < £(y) and ¢(y2) < ¢(y) and also that resolving a crossing using the skein
relation does not increase the total lane number. Therefore, we express G, through G,,,G,,
and G5 with these geodesic functions belonging to R, by the induction assumptions.

That completes the proof of Theorem 6.27. |

Now we are ready to prove Theorem 6.8.

Proof of Theorem 6.8. Theorem 6.27 and Remark 6.10 imply that the geodesic function of
any loop is in the quadratic extension R, of R,. Let P be a quadratic polynomial in R,,[z]
with roots p; and pg such that R,, = R, [p1] = Ry [p2]. Ze-action permutes the roots p; and po.
In view of Lemma 6.13, elementary symmetric functions of p; and ps belong to R,,. It implies
that R, coincides with the Zs-invariant subalgebra (’)[7‘975]22 |



18 E. Brodsky et al.

1 G2 Gz
0 1 Gos
0 O 1

Figure 15. n = 3. Edge k is assigned an exponential shear parameter zj. See Figure 2.

1 G2 Giz G
0 1 Gaz Go
0 O 1 G
0 O 0 1

Figure 16. n = 4. Edge k is assigned an exponential shear parameter xy.

Since Ty is a union of isomorphic symplectic leaves and, by Theorem 6.8, ¢ is a 2-to-1
Poisson map, Im(y) is a union of symplectic leaves of the same dimension in A,. Moreover, if
for s = 2 we consider a generic (not containing fixed points of Zg-action) geometric symplectic
leaf of the Bondal Poisson structure in A, it is locally isomorphic to the generic symplectic leaf

of Ty s

Definition 6.28. We call Im(p) a geometric locus. A geometric symplectic leaf is a generic
symplectic leaf in the geometric locus.

We now consider low dimensional cases. For n = 3, dim(7;,) = dim(A3z) = 3. For n = 4,
dim(7;2) = dim(Ay) = 6.

If n = 3 or n = 4, since the dimensions coincide, Im(yp) is a subset of A,, of maximal dimension.
The dimension of a generic symplectic leaf in 77 2 and in A4 is 4. The maps from the clusters
of A3 and A4 quivers to the clusters in the corresponding Teichmiiller spaces are identities
since both A3 and 44 quivers coincide with the quivers in Teichmiiller spaces. Therefore, the
positivity condition merely requires all A3 and A4 cluster variables to be positive.

For n > 5, dim(7,,) < dim(A,). For example, for n =5, dim(72,1) = 9 and dim(As) = 10.
Im(¢) is a subvariety of As of codimension 1. The dimensions of generic symplectic leaves in 73 ;
and in Ajs still coincide, and are equal to 8.

For n > 6, the dimension of a generic symplectic leaf in 7, is strictly less than that of
a generic symplectic leaf in A,,.

Remark 6.29. In the cases above, the functions G;; are functions of the exponential shear
parameters xj, of the edges k of the ribbon graphs in Figures 15-17.
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1 Gi2 Giz Gu Gis
0 1 G2z Gau G
0 0 1 Gss Gss
0 O 0 1 Gy
0 O 0 0 1

Figure 17. n = 5. Edge k is assigned an exponential shear parameter xy.

7 Description of pre-geometric leaf: Rank condition

In this and the next sections, we set aside the positivity condition, concentrating on the necessary
rank condition.

For
1 Gij
a=| ! £ Tm(g).
0 1
we have
2 Gij
A4+ AT = ’
Gij | 2

Note that ~;; is a contractible loop. Hence G;; = 2 and we can replace the ith diagonal element
of A+ AT by Gy; for 1 < i < n.
We write

G Gij

A+ AT = G2z

Gji Gnn

where Gji = GZJ

Choose points S1 and Sy in a fat graph as shown in Figure 18. For any ¢, we introduce
the holonomy operator F; € SLo(R) defined as a product of elementary matrices along the
path connecting S7 to Sz and containing edge i, as drawn in Figure 18. The monodromy is

-1
M, = F;'F;.

Definition 7.1. Define a map from SLs x SLs to R by
(A, B) := tr(B_lA).

Note that SLs is a subset of the linear space of 2 x 2 real matrices Mataoys = R* whose
linear span is Matoxo. Since det(B) = 1, the operator B + B~! is a restriction of a linear
operator Matay o — Matayo implying that (e, e) allows an extension to a bilinear R-valued form
on Matayo. By an abuse of notation, we also denote the bilinear form by (e, e).
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Sa

Figure 18. Path corresponding to F5 = LX (z5)RX (z3)R.

For A, B,C € SLs, o, 8 € R, we have

e (A,B) =tr(B1A) = tr(A71B) = (B, A).

o (A + BB,C) =tr(C (@A + BB)) = atr(CtA) + ptr(C~'B) = (A, C) + B(B, C).
o (A, A)=1tr(A'A) = tr(ld) = 2.

Hence the bilinear form (-,-) restricted to SLg x SLy is a restriction of the inner product on
Matayo. The (4,7)-th entry of the matrix A + AT is tr(Fj_lFi) = (F,, F)), i.e., A+ AT is the
Gram matrix of inner products (Fj, F}).

Recall that the Gram matrix of n vectors vi,..., v, in m-dimensional space R™ equipped
with a bilinear form (o, o) is H= (hij)zjzl with h;; = (vi7vj).

The following classical statement is well known.

Lemma 7.2. rank(H) < m.

Since all Fj, i =1, ..., n are vectors in Mayo = R*, by the previous lemma, rank (A+AT) < 4.
This proves the following condition on the matrix A (see [14, 15]).

Corollary 7.3 (rank condition). If A € Im(¢p), then rank(A + AT) < 4.

Conjecture 7.4. We conjecture that a positivity condition (described explicitly for n = 5,6
in the next sections) and the rank condition are necessary and sufficient for A to belong to the
geometric locus.

The results of this paper imply that the conjecture holds for n < 6.

8 Solving the rank condition

The strategy of verifying Conjecture 7.4 is as follows: we consider all possible solutions of the
rank condition in the 4,, quiver with cluster variables (z,,), transforming them, if necessary, using
standard mutations to a new quiver with cluster variables (Zg). The rank condition becomes
a system of equations f,,(z3) = 0. Constraints f,, are Lagrangian (of the first kind) because
the rank condition is coisotropic. We then resolve the rank condition on the set of geodesic
functions G; j(Z3) and show that these functions can be written in terms of new coordinates (y)
(in all cases of nontrivial reduction, the number of y’s is strictly smaller than the number of Zg),
that is, G ;(¥g) = Gi;(y,(Zg)). The new variables y,(Zg) possess a Poisson structure induced
by that of Zg. If Poisson relations for y,’s are given by equation (6.1), for some ribbon graph of
the genus | %51 | with par(n) holes then G; ;(y,) become geodesic functions from Section 3.
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8.1 Expressing the rank condition in terms of transport matrices

For a generic unipotent upper-triangular matrix A,,, rank (An—i—AD = n. If corank (An—i—AI) >1,
then det(A, + A}) = 0. The following groupoid condition was shown in [4]:

My = M3M;,

where M;, D; and S are defined by equation (5.1).
Using that A, = M My, it was observed in [5] that

Ay = M My = MT MM, = (SMy)T(SM3)(SMy)(D3Ds) ™

— MT(STS)M3SM; (D3ID3) ™" = MTM3SM, (D?Ds) ™",
Ay + AT = (DID3) " (MTMSM; + MTSTMzM;)
— (D2D3) " (MT (M35 + ST M) M;).

Since M is nondegenerate, and D and D3 are nonzero,
rank(fln + AI) = rank(V), (8.1)
where
U= M3S +STM]

is a lower anti-triangular matrix

82 m=3o0r4

In these two cases, the rank condition (Corollary 7.3) holds automatically because n < 4.
Moreover, the quivers As and A4 coincide with the quivers in Teichmiiller spaces. They are the
quivers associated with ribbon graphs for genus-one surfaces with one and two holes, respectively.
The geometric locus is also characterized by the positivity condition. The positivity condition
in both cases requires that all cluster variables in A3 (A4, correspondingly) are positive.

83 mn=5

When n = 5, the rank condition holds if and only if det (A5 + Ag) = 0. By (8.1), this means
that at least one of the anti-diagonal terms of the matrix ¥ must be zero. Let (—1)¥my 6 4,
k=1,...,5 be anti-diagonal terms of M3S. Recall that in Section 5 the entries of M3 are ex-
pressed in terms of Z;;;, or, equivalently, in terms of cluster parameters by = Z401 2140, b2 = Z131,
b3 = Zi22, by = Z113, bs = Z10aZar0, a1 = Zz11, a2 = Z3024230, a3 = Zo221, a4 = Z212,
as = Zoo34390 assigned to the vertices of the amalgamated quiver in Figure 21. Let us recall
now that all antidiagonal terms of M3S are monomials in a1, ...,as,b,...,b5 and ¥T = 0.

In particular, we distinguish the following three cases depending on the position of the van-

ishing anti-diagonal element of U:
(0) 2m33 = 0. This case is empty because ms3 is a monomial in cluster variables a;, b; and
we assume that cluster variables never vanish;
(1) maa+ mao =moa(l+ Ci) =0, where C; = H?:1 a;. In this case, the rank condition is
equivalent to the equation Ch = —1.

(2) mis+ ms1 =mi5(1 4+ C1C2) = 0, where C is as above and Cp = H?Zl b;. In this case,
the rank condition becomes C1Cy = —1.
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hy hy
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Figure 19. The labeled ribbon graph for n = 5.
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Figure 20. Quiver for 75 .

A geometric cluster quiver for 721 can be obtained from the ribbon graph in Figure 19. To
simplify further formulas, we denote the exponential shear parameters of horizontal and slanted
edges in Figure 19 by different letters.

The Goldman Poisson structure is described by a geometric quiver as explained in Section 6.
Each edge of the ribbon graph in Figure 19 corresponds to a vertex of the quiver (Figure 20)
via equation (6.1). An arrow of the quiver connects two edges a to b that share a common
endpoint if b immediately follows a under rotation in the anticlockwise direction about the
common endpoint.

The log-canonical parameters for the Poisson variety .4, were built in [4] by modifying the
Fock—Goncharov construction. The quiver of the corresponding Poisson structure is obtained
by amalgamating and removing certain vertices from the quiver describing Fock—Goncharov
parameters for n = 5, similar to one on Figure 3, as explained in Section 5. The result is the
quiver on Figure 21 for A5 (a corresponding quiver for Ag is shown on Figure 5).

8.3.1 Coisotropic reduction in case (1)

We now describe the procedure that relates the quiver in Figure 21 with the quiver in Figure 20
under the condition that €1 = —1. Note that the number of vertices of the first quiver is 10,
while the number of vertices of the second quiver is 9. This indicates that this procedure must
include a coisotropic reduction.

Let us introduce the following notation. For any zi, 29,. .., 2,, let

1
(z122 - Zn—12n) = (2122 - Zn—12n)2

11 1 1
(14 —+—+-+ - .
<1 z1%2 R1%22 " Zn—1 R1%2 " Zn—1%n

Let Aj be the unipotent 5 x 5 matrix constructed from the original As-quiver in Figure 21,
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bs o—»o b1

N7 ./m
X

by o\. ./o by
as

b

Figure 21. Exchange quiver of the cluster structure for A describing the Poisson bracket in log-
canonical coordinates.

and let a;; be its ij-th entry. As discussed at the end of Section 5, we obtain uniform expressions:

ar2 = (brarasbe),  ag3 = (baasasbs),  asy = (bsasasbs),  ass = (bsasarbs). (8.2)

Remark 8.1. Note that in both the A, and geometric cases, elements a;;y1(= Gjiy1) with
1 < i < n generate the full set of matrix elements using Poisson and skein relations: for any
i <j <k, aip="{aja;r}+ %aiyjaj’k, so, starting with a; 41, we can consecutively construct
all other a; j.

Remark 8.2. The expressions of all a;; are universal Laurent polynomials; i.e., they retain
their polynomial forms upon all sequences of mutations. This is true for all matrix elements in
all A,, quivers. For a general A,,-quiver having a form similar to that in Figures 21 and 25, the
generating matrix elements a; ;41 are given by a; ;41 = <xiyi1 2j Wy kaijyiza:i+1>, where z;
and x;4; are cluster variables of the “outer” layer of the A, quiver (the corresponding vertices
are of order four) connected by an arrow x; — x;11. All cluster variables in this sequence form
a directed path in A, quiver:

xi—>yi1—>zj1—>wk1—>---—>wk2—>zj2%yi2—>mi+1,

and the path is the shortest path that passes through all layers of the quiver and includes exactly
two variables of each layer except the innermost layer for which it includes two variables for odd
n and one variable for even n.

Note that in the cases n = 3 and n = 4, the image Im(¢p) is an open subset in A,,. One can
check that, in this case, the geodesic functions can be written uniquely in terms of (square roots
of) log-canonical parameters. The relation to the corresponding cluster variables of A3 and A4
was presented in [4].

In case (1) for n = 5, we proceed by performing a cluster mutation p,, at the large highlighted
blue vertex a;, followed by mutations p,, at as and p,, at a3, which yields the following quiver
(see Figure 22).

A

Figure 22. Quiver for A5 after cluster mutation.
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In the next step of the transformation, we make a coisotropic reduction. To do it, we com-
pute the geodesic functions G; ; for 751 and compare them with the corresponding generalized
geodesic functions a; j in As. We express geodesic functions G;; in terms of shear coordinates of
the ribbon graph in Figure 19 (or, equivalently, in terms of quiver variables in Figure 20). We
collect them in the right-hand side of (8.3).

Rewriting expressions (8.2) after the mutations fig, flesfta, (the order of mutations is right to
left) of the cluster in Figure 21, we obtain the expressions for a; ;41 in terms of a;, b; parameters
of quiver in Figure 22 and collect them in the left-hand side of the following system:

ai 2 = (biba) = (v1v2) = G1 2,
as 3 = (baazazaiagbs)

1+ ! + ! + ! + ! + ! =G
V9 hivg havo hahqve v3hahqve -

N|=

= (vahahivs)

a3 4 = (bzasaiasasby)

. 1 1 1 1 1
— (v3hahgvy)? [ 1+ — =G
(vshahsvy)2 ( + v3 + vshs + vsho + vzhahs * U3h2h3v4> o

5
ass = (babs) = (vavs) = Gu5,  Ci1=arazas,  Cp =] bia3aias. (8.3)
i—1

We wish to find expressions for v;, h; in terms of aj, b; that make (8.3) hold (a solution is
clearly not unique: although, in n = 5 case, the number of variables is the same if we take into
account the constraint ajasas = —1, there is an infinite braid-group symmetry that preserves
the quiver).

Inspection suggests the substitution

v; = b; for all i € {1,2,3,4,5}. (8.4)
Performing this substitution simplifies the equation for G 3 to
1 n 1 N 1
hi  hy hihy)~

This equation holds if the following two conditions are satisfied:

1 1 1 1

(a1a202) 2 ( - + + 2) = (haha)

as as2a3 a1agas3 a1a2a3

N

N

1
(1) (alagag) = (h4h1)5 =— hihy = alagag,
@ ~4 L Lo + azaz +
— = — 4+ — 4+ — = aia9a3 + ajas + as.
az asa3  a1a2a3 alagag hi  hy hihg ! 4 19298 13 3

Condition (2) implies the relation hy = ajagas + ajas + ag — h; whose substitution into condi-
tion (1) yields the equation

hi(aiazas + ajas + ag — hl) = alagag,
which becomes the quadratic equation
h} — (a1asas + aras + az)hy + ajaza3 = 0.

Solving for h; and observing that the conditions are symmetric for hy and hy yields

hi,hy = % <a1a2 +a+1+ \/a%a% + 2a2as — 2ajas + a2 + 2a; + 1). (8.5)
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Similar reasoning for G4 implies

ho, hy = 5 <a1a5 4+as+ 1=+ \/aQag +2a1a2 — 2a1a5 + a2 + 2a5 + 1) (8.6)

We claim now that the variables vy,...,vs,h1,...,hs given by formulas (8.4), (8.5), (8.6)
satisfy Poisson commutation relations determined by the quiver in Figure 20 under the condition
that the Casimir function Cy = ajasas of the Poisson bracket defined by the quiver from
Figure 22 takes the value —1.

Indeed, clearly, ajasas is a Casimir function of the quiver in Figure 22. We are interested in
the case where the value of the Casimir function

ajasas5 = —1. (8.7)

This critical condition is equivalent to rank condition (Corollary 7.3), the only one we need to
make the reduction. To verify the expressions of the v; and h; in terms of the b; and a;, we
seek to verify the commutation relations of the quiver in Figure 20. Note that by construction,
{vi,v;} = {bi,b;}. Note also that all b; Poisson commute with any variable of {a1,as,as}.
Comparing the quivers in Figures 20 and 22, we immediately conclude that the arrows of the
quiver in Figure 20 between v; and v; and between v; and h; reflect correct Poisson relations
between corresponding expressions (8.4), (8.5), (8.6).

It remains to check the Poisson commutation relations between hi, ho, hs, hy. We show
first that {h1,hs} = 0. Indeed, {h1 + hg,h1hs} = (h1 — hga){h1,hs}. It remains to notice
that hihy = alagag, which Poisson-commutes with ai, as and a3, hence, with any function
of ai, aa, as. Therefore, (hy — hy){hi,hs} = 0, because hy and hy are functions of aj, ay and ag
only. Since hy — hy # 0, we conclude that {hy, hs} = 0. Similarly, we prove that {hs, hs} = 0.

Direct computation shows {hs, hs} = hshy and, similarly, {ho, h1} = hoh;.

Next, we verify that {he + hs,h; + hg} = {ha,h1} + {hs3, hs}. Recall that a5 = —
compute

to

aiaz

asaq

{hg,h1}+{h3,h4} = a1a5—|—a5+1)(a1a2+a1 +1)

a3a4

5
+ \/((a1a5 + a5 + 1)? — 4aras) ((azar + a1 + 1)% — 4a1a2))
(

(_7_ +1>(a1a2—|—a1+1)
a1a

+ 1)2 — 4 )

a1y ((alag +a; + ) alag)
azaq ( 2 2 2
2a1a2 (a1a2 al al )
—%(a%a%4—2a?a24—2a1a24—2a1+—a%+—1——4a1a2))
azaq ( 2 2 2 )

= 2 2 -2
D1y ajas + 2ajas ai1a2

= azaq(aiaz +a; — 1),
{hg + hs,h1 + h4} = {a4(a1a5 +as + 1), ag(alag + a1+ 1)}

1 1
= {a4<——— +1>,a3(a1a2+a1+1)}
a9 ai1an
1 1
= a4(ajaz + a1 + 1){—7 —

as a1a9
1 1
+ag(—— —
a2 a1az

+ 1) {as,ara2 + a1 + 1}
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1 1
—I—a3a4{——— +1,a1a2+a1—|—1}
a9 a1ag
as 1 1
=aq(ajaz + a3 + 1) (_7) + as (_7 — + 1) (araga4 + ajay)
a9 a9 alag
2a1 + 2
+ aszaq (20,1 + >
az
a1 1 a1 1
:a3a4(—a1 ————— ag———1—-—
a9 as a9 as
2&1 2
+a1a2+a1+2a1+—+f)
as as
= azaq(ajaz +a; —1).
Subtracting the first equation from the second, we obtain
{h2, ha}t + {h3, ha} = 0. (8.8)

Note that symmetric polynomials of hq, h4 and hs, h3 are expressible as polynomials in a1, as, as
and a1, aq,as, correspondingly. From such expressions of hy 4+ h4 and hshs and commutation
relations for a;, we easily see that {hy + hy4, hohs} = (h1 + hg)hohs. In particular,

{hl, h3}h2 + {h4, hz}hg =0. (8.9)

Combining (8.8) and (8.9) and taking into account that the determinant

-1 -1
det(hg h3>—h2—h35£0

for generic hg, hs, we conclude {hg, hs} =0 and {h1,hs} = 0.
Therefore, under the rank condition ajasas = —1 the Poisson bracket between the variables
vy, V2, V3, V4, Us, h1, ho, hs, hy given by (8.4), (8.5), (8.6) is described by the quiver in Figure 20.
We have found an explicit form of the Poisson map 721 — As in terms of coordinates v;, h;
in Case (1).

Remark 8.3. Note that, unlike higher n cases, for n = 5 we can invert formulas (8.5) and (8.6)
taking condition (8.7) into account and express a;, ¢ = 1,...,5, in terms of h;, j = 1,...,4
(see (A.1)). The resulting a;(h;) are rational functions, and it is straightforward to check that
the homogeneous Poisson relations for variables h; induce those for a;(h;).

8.3.2 Case (2)

Instead of performing reduction directly in this case, we present a procedure that reduces this
case to case (1) via invertible sequences of mutations. For this, let us introduce a convenient
notation, which we also use in the n = 6 case.

In any quiver, monomial Casimirs z7"z5?---z3" with integers «; are determined by null

vectors of the exchange matrix B: B@ = 0. Upon mutation at xj, @ — d' with
ag = q; for i # j and a; = —a; + ZBZ'(;)OM,
i

where the sum ranges over only the positive entries of the matrix B. Note that the nullity
condition implies that

Z BZ(:;)OQ + Z BZ-(;)CVZ' =0 V.
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Here, Bi(jﬂ = max(B;j,0), BZ«(;) = min(0, B;;). We leave it as a simple but nice exercise for the
reader to check that this condition is preserved under mutations.

We start with the quiver in Figure 21 assigning to each vertex a 2-row vector in which the
first component is the power of this variable in the expression for C7 and the second component
is the power of this variable in the expression for C;Cy. In Figure 23, we show the original
quiver and the quiver obtained from it by successive mutations at bs, b4, and b3. Note that
the Casimirs C; preserve monomial form but the powers of mutated cluster variables in the

monomial expressions for Casimirs may change because the variables themselves change.

01 01 01 01
bs @ ° b b5 o
\a1
/.1\A
11 @ ® 11
/5 a2
11 11

Figure 23. Left: As-quiver with powers of Casimirs C; and Cs indicated. Right: the same quiver after
mutations at by, b, and bs.

The only difference between powers of C; and C1C5 in the initial quiver (on the left in
Figure 23) and in the transformed quiver (on the right) appears at vertices b; and bs. If we now
perform mutations at these two vertices and permute variables b; and b5, we obtain the quiver
(see Figure 24), which has exactly the same form, except that b; switches positions with by and
all powers of variables in C; and C1C5 are interchanged. Performing mutations at bs, bo, and by
then returns us to the original As-quiver with values of Cy and C1C5 interchanged. We can then
perform reduction as described in case (1).

Remark 8.4. Despite the fact that for the coisotropic reduction in this section we used the rank
condition on the matrix A whose elements G;; are Zo invariant, the cluster algebra obtained as
the result of the reduction contains, in particular, all exponential shear coordinates as cluster
variables and, hence, all geodesic functions (symmetric or not) are universal Laurent polynomials
of the square roots of these cluster variables.

84 n =26
8.4.1 The rank condition for n = 6 and Fock—(Goncharov parameters

The rank condition for n = 6 claims that corank (A + AT) = 2. We now use the fact that the
rank condition can be rewritten (8.1) in terms of the matrix M3S. Let us denote the elements
of the main diagonal of M3 by m;; (where i is the row index). Recall that S is anti-symmetric
for n = 6. Then both M3S and (M3S5)T are lower anti-triangular with entry (—1)*"'my; in the
ith row of the anti-diagonal of M35 and (—1)imn_i+1,n_i+1 in the ith row of the anti-diagonal
of STMI = (M39)T.

Since the matrix M3S + STMJ is symmetric, it contains three pairs of equal anti-diagonal
elements mi1 —mg1, —Mmas+ms2, Mm3s—my3. The equation det (MgS—i—STM;—) = 0 is equivalent
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Figure 24. Positions of b; and b5, and exponents of variables in C; and C7Cy are interchanged.

to the condition (called Casimir condition) that at least one of these three anti-diagonal elements
vanishes. Introduce the anti-diagonal lower-triangular 6 x 6 matrix ¥ = (%’j)? =1

By the reasoning above, the Rank Condition rank(A6 + Ag) < 4 for n = 6 means that
corank(W¥) > 2. Corank is at least one when two symmetric elements of the anti-diagonal
vanish. To increase the corank by one more, we must require the vanishing of an additional
minor. More exactly, the rank condition splits into the following three cases:

1. Casimir condition 34 = 143 = 0 and 144 = 0.

2. Casimir condition W5 = Y59 = 0 and det(lll{gzg}) =0.

3. Casimir condition Y16 = 61 = 0 and det(\I/g’g}) = 0.

Rewriting all three cases in terms of variables a;, b;, ¢ we obtain the following:

Case 1: The Casimir condition is K = H?Zl c¢; = 1. The condition 14 4 = 0 becomes 1 + ¢y +
C9C3 = 0.

Case 2: The Casimir condition is Ky = [[0_, b; H?:l c; = 1. The condition det(@%’?}) =0is

a polynomial containing 108 monomial terms, all with positive signs, which we omit here.

Case 3: The Casimir condition is K3 = H?:l a;b; H?Zl c;j = 1. The expansion of the function
det (\I/gg) contains 3,888 monomials (counted with multiplicities), again, all with positive
signs which we omit here.

In the following subsections, we analyze these cases more carefully, beginning with the sim-
plest case, Case 1.

8.4.2 Coisotropic reduction: Case 1

We describe the coisotropic reduction that restores exponential shear coordinates and the Gold-
man Poisson structure on the geometric leaf in Case 1 of the solution of the rank condition
in Ag.

Recall that the amalgamation procedure described in [4] and Section 5 replaces the prod-
uct Zy0,6—¢Z6—e,0,0 by one variable because the expression for any geodesic function contains
solely the product Zyg¢_¢Z—_¢ 0 for all £ = 1,...,5. In particular, the amalgamated coordi-
nates a1, ag, as, as, as, ag, b1, ba, b3, ba, bs, bg, c1, c2, c3 were introduced in [4]. Each a;, b,
or ¢; is either one of the parameters Z;j;;, or the product Z;06-_¢Zs—s,0,0 such that all entries of
A € Ag are Laurent polynomial expressions in ail / 2, b;/ 2, c,lg/ *. The Poisson bracket for ai, bj, ci,
is described by the quiver in Figure 25 (isomorphic to the quiver in Figure 5).
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Figure 25. Quiver of the Poisson bracket and cluster structure for Ag.

\/
/\ b,\
'\\//

Figure 26. Ag-quiver upon mutation at ¢;.

The elementary geodesic functions G ;11,4 =1,...,5, and Gg,1 are
<a6b503b1a1>, (alb6clb2a2>, <a2b162b3a3>,
(azbaczbsay), (asbscibsas), (asbscabeag).

The reduction conditions are
1 1

cieocg = 1 and 1—1—0—2—1—%:0.

Mutating at ¢, we obtain the transformed n = 6 quiver depicted in Figure 26.
In the quiver in Figure 26, the corresponding elementary geodesic functions are

(agbscicsbiay), — (ajbgbhas),  {asbichcybas),
<a3b C1C3b4a4> <aﬁlb§ ’5a§)>, <a/5bilcl20/1b6a6>

By prime, we denote the corresponding cluster variables after mutations.
Let us rewrite the reduction conditions in the new cluster variables:

/

C
ceecg =1 <~ ZC/21+IC,IC§(1+C/1):C/203217
1 1 1 4 1 !
4o 4 0 e 1414 4

oy 03 ey e (1+¢))
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Figure 27. Quiver of the Poisson bracket for variables a}, a}, a, aj, af, ag, b1, by, by, ba, b5, bg.

Figure 28. Ribbon graph of a genus-2 surface with 2 holes.

1+ 1 ! ch=1 1 1 1 1 1
+ //14_//16203 1—i_//—i_/—i_/:()<:>(1+/)(1_'_/>:0'
6261 C]_CQC?’ 01C2 C2 Cl CQ

We conclude that the reduction conditions become

1 1
C/QCé:]., (1"‘/) <1+,> :0,
€ Gy

whose solution is
chy = —1, dy = —1. (8.10)

Note that the solution ¢ = —1 is not in the set of allowed values for mutation at c¢;.

Consider the expression (agbscicsbiaj). Imposing conditions (8.10) and introducing new
variables by = —c| b}, by = —c| b}, we can write all six geodesic functions as follows: (agbibial),
(aybybhab), {ashbhab), (abbhbaal). (ahbhbhat), (abbibhay).

Amalgamating —b,¢;, = b; and —b,c} = by, we obtain a new quiver, in which ¢, and ¢ are
detached because they Poisson-commute with all the variables obtained after amalgamation.

Note that all vertices of the quiver (Figure 27) are four-valent with two incoming arrows and
two outgoing arrows. It is straightforward to check that this quiver corresponds to a ribbon
graph (Figure 28) for ¢ = 2, s = 2 with vertices of the quiver corresponding to edges of the
ribbon graph.
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The geodesic functions take the form
tI‘(R If‘ Lb’ L ) tr(Raé Lbl2 ng3 Lall ), tr(Raéng L‘gl La’2>7
tI’(R I/V Lb’ L / ) JEI‘(Fia/5 Lb/5 ngLag), tI‘(Rang%I/g4Lag).

Remark 8.5. Note that condition (8.10) indicates that ¢} and ¢4 do not belong to the set of
allowed values for mutations at ¢, and cj.

8.4.3 Coisotropic reduction: Cases 2 and 3

Instead of trying to construct a straightforward coisotropic reduction for Cases 2 and 3, we use
an indirect approach which we already used in the case n = 5. More precisely, we find sequences
of mutations that transform Cases 2 and 3 to Case 1. Note that the cases differ in which elements
of ¥ vanish. The vanishing of the corresponding elements corresponds to setting the value of
the corresponding Casimir function K7, Ko, or K3 equal to 1 as explained above. Each Casimir
function is a monomial in the variables a;, b;, and ¢; that are assigned to the vertices of the
quiver in Figure 25. We assign to every variable a 3-row vector in Z3, whose components are
the exponents of the corresponding variable in the respective Casimir functions. In the figures
below, the red color corresponds to exponents in K7, the green to Ko, and the blue to K3. In
the following figure, we see that K; = cjcocs, and so on.

We observe first that the mutation sequences below permute the Casimir functions of the
quiver in Figure 25. Then we check that the sequences permute the corresponding minors
V4.4, det( {3 5}), and det \11[2 6] Beginning with the quiver for 4g, we perform the following
mutations at the bold hlgh[hg ted vertices. Under the mutations, K;, K3, and K3 remain
monomials of mutated variables whose exponents are the components of vectors written in
Figure 29.

101

Figure 29. Exponents of variables in expressions of K1, Ko, and K3 are written as vectors with colored
entries.

The result is shown in Figure 30. We continue with the sequence of mutations at the bold
highlighted vertices.

This yields the following quiver depicted in Figure 31.

The triples of numbers near each vertex encode the corresponding Casimir function: red
numbers correspond to the smallest Casimir function (Case 1), green numbers correspond to
the intermediate Casimir function (Case 2), and blue numbers encode the Casimir function of
Case 3. More precisely, the Casimir function is obtained as the product of cluster variables
raised to the power indicated by the number printed in the corresponding color.

The last quiver above can be redrawn as the next quiver depicted in Figure 32.

Now consider the following sequence of mutations performed on one of the “wings” of this
quiver (see Figure 33). Since we only mutate the bottom three vertices of the quiver, we
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Figure 30. Result of three commuting mutations at the fat lightblue vertices of the quiver in Figure 29.

100
Ld

10(). 101
L]

100.&

L3
100

Figure 31. Result of three commuting mutations at the fat lightblue vertices of the quiver in Figure 30.

Figure 32. This quiver is equivalent to the quiver in Figure 31.

need consider only those vertices and their neighbors (the highlighted region). Applying these
mutations to all three wings of the quiver yields the quiver depicted in Figure 34.

We are done with mutations of the wings, and now turn our attention to the highlighted area
depicted in Figure 35.

We now present a sequence of mutations on this quiver that interchanges the first and third
Casimirs (see Figure 36). Observe that the Casimirs of Cases 1 and 3 are interchanged in the
final two quivers. Thus, relabeling the two most recently mutated vertices and repeating the
sequence of mutations that led to this second-to-last quiver in reverse returns us to the original
quiver, but with the Casimirs of Cases 1 and 3 interchanged.

Next, in Figure 37 we present a sequence of vertex swaps that cyclically permutes the
Casimirs.

If we now relabel two pairs of variables, we obtain the starting quiver (1) with the Casimirs
of Cases 1, 2 and 3 permuted cyclically in that order. Repeating now the sequence of mutations
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100 211 100

ATAN

211 W 211

o=p0
100 100
211 211 211 211 211 211
\ /I N
111 --> el --> ©222
N\ N\ N\
100 *100 1" " 999 I b

Figure 33. Three consecutive mutations at the vertices of the bottom highlighted triangle in the cyclic
counterclockwise order starting from the top vertex.

Figure 34. Result of the three sequences of mutations from Figure 33 applied to all three triangles
(wings) of the quiver in Figure 33.

Figure 35. Subsequent mutation sequences are located inside the highlighted area.

in reverse, we obtain the original Ag-quiver with two pairs of relabeled vertices and with all
three Casimirs cyclically permuted.
Straightforward verification using MAPLE confirms the following statement.
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211 211

222 /\« 2292 2292 / N\ 222
101 /\ 1\ 211 / .
EEATN) S P2

4/1 .
211 V 211 211 W 211
253/ 22?/

Figure 37. A mutation sequence that cyclically permutes the Casimirs.

Lemma 8.6. The mutation sequences constructed above satisfy the following conditions:

e The first sequence of mutations permutes the Casimirs of Cases 2 and 3, leaving the
Casimir of Case 1 unchanged. It also permutes the expressions for the minors defin-
ing the second conditions of Cases 2 and 3. Therefore, we conclude that the first sequence
of mutations permutes Cases 2 and 3, leaving Case 1 unchanged.

o The second mutation sequence cyclically permutes Cases 1, 2, and 3.

Remark 8.7. Since the transposition (2,3) and 3-cycle (1,2,3) generate the whole group S
of permutations of three elements, combining these sequences of mutations, one can obtain any
permutation of Cases 1, 2, and 3.

Remark 8.8. As in the case n = 5, the coisotropic reduction for n = 6 leads to the clus-
ter algebra containing all exponential shear coordinates as cluster variables and, therefore, all
geodesic functions (symmetric or not) are universal Laurent polynomials of the square roots of
these cluster variables.

Remark 8.9. In the paper [13], three sequences of mutations were constructed that act on
the set of Casimirs. Let us introduce the following notation: A = a1as . . . ag, B = biby ... bg,
C = cieocs; A= ABC, B = BC, C = C. The equalities A=B=C= 1 correspond to the

vanishing of anti-diagonal entries of matrix W.
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These sequences of mutations lead to the following rational transformations:
Sqa: (A, B,C) — (A_l,AB,C');

e s: (A,B,C)— (AB,B™! BC);
se: (A, B,C) — (A, BC, C‘l).

Equivalently,

~ A~

Sq: (A,g,é) — (E,A,C’);
e 55: (A, B,C) — (A,C',B);
se: (A, B,C) — (Aé_l,éé_l,é'_l).

Note that the subgroup generated by s,, s, acts as the permutation group S3 on the trlple of
Casimirs A, B, C. All three generators sq, s, s satisfy the following relations: 52 = sb =352 =1,
(545p)% = 1, (SaSC) =1, (spsc)* = 1, i.e., 84, 5p, Sc generate the Weyl group of type Bz ~ C’3 It
would be interesting to understand the Connection between this Weyl group and the canonical
braid group action on A,. In [13], the Weyl group acts on the moduli space of framed local
systems on oriented surfaces by permutation of the eigenvalues and the change of flags of eigen-
vectors of monodromy operators. It might be interesting to find a similar geometric description
of the Weyl group action on the symplectic groupoid. We are indebted to M. Berstein for this ob-
servation. Note, however, that mutation values co = —1 and ¢ = —1 are not in the set of allowed
values for mutations ., and pi., so s is not allowed in the procedure of geometric reduction.

Remark 8.10. A. Shapiro and G. Schrader constructed an embedding of U,(GL,) into the
quantum cluster algebra of framed local GL,, systems on a punctured torus with two marked
points on the boundary. The latter has a natural Weyl group action, and elements of U,(GLy,)
are invariant with respect to this Weyl group action. L. Shen [17] proved that this embedding
is, in fact, an isomorphism. Similarly, we assume that the algebra of regular functions on A, is
isomorphic to the subalgebra of elements of the cluster algebra invariant under the corresponding
Weyl group action.

A Positivity condition for n = 5

In this and the next appendices, we further investigate the coisotropic reduction to the geo-
metric locus, taking into account the positivity of the cluster variables (exponentiated shear
coordinates), which means that h; > 0 and v; > 0 in the case n = 5. We solve this condition in
terms of a;, b; with the coisotropic reduction condition imposed. Our main goal is to explore
how the corresponding set of inequalities is transformed under the braid group action.

A.1 Inequalities for A5 cluster variables
A.1.1 The base system

Let Q(x,y) = 2%y + 222y + 22 — 2xy+ 22+ 1. The base system (A) that expresses the positivity

condition for geometric cluster variables h;, i =1,...,4, and vj, j = 1,...,5, reads
1 2
as = — , aiazaz > 0, aiagas + ajasz + ag > 0,
ai1an
asaial > 0, asaiay + asay + ag > 0, Q(ay,a2) > 0,

b1, b2, b3, bs, b5 > 0.

Note that, for asajas = —1, Q(as,a1) = ag—lagQ(al,ag), so Q(as,a1) > 0.
172
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Equivalently, if
S:=1+ai(az+1), T:=1+as(a; +1),

then the two sign inequalities involving as and a4 are asS > 0, asT > 0.

From as = —1/(ajaz) and asaia? > 0, one gets as < 0. Then a1a2a§ > 0 gives a1 < 0. Write
a; = —u, ag = —r%, u >0, r > 0. Then
1
as = ——
> ur?’

and the last quadratic inequality becomes
w?(r? = 1) = 2u(r? + 1) + 1> 0.

Its roots are
1 1
(r+1)%’ (r—1)2

when r # 1, and for r = 1 the same conclusion is obtained by taking the limit. Thus, the
solution set of (A) has three sign components:

1

(Al) T'>1, U>m, a3>07 CL4>0,

A2): 0<u< —— >0 <0

( ) U (’I" + 1)27 as ’ a4 )

1

(AB) O<7"<1, U>m, a3<0, CL4>0.
For any choice of variables (z1,...,25,y1,...,95), let A(x,y) denote the same system as (A),
with a;, b; replaced by x;, y;:

1
T5 = — , T1T913 > 0, x3(l+ x1(xa +1)) > 0,
Tr1T2
wsriry >0,  au(l+as(zi+1) >0,  Qz1,22) >0,

Y1, Y2, Y3, Y4, Y5 > 0.
A.1.2 Inverse formulas
Assume that the system (A) holds. Put
D = Q(ay,as) = ata3 + 2a%ay + a3 — 2a1a + 2a1 + 1.

The geometric cluster variables are then expressed via the Aj cluster variables (with the condi-
tion ajagas; = —1 imposed):

a a
hlzg(alag—l—al—i—l—\/ﬁ), h4:?3(a1a2+a1+1+\/5),
a a
hy = —2 (a1a2—a1—1—\/5)7 hy = — (a1a2—a1—1+\/5)-
2a1a9 2a1a9
A remarkable fact is that the above set of relations can be inverted, producing rational expres-
sions for a; in terms of the geometric cluster variables h;, i = 1,...,4:
_ hahg(h1 — h4)? ~ (hiho — hshy)?
a; = az =

 hiha(hg — h3)?’  hghs(hy — hy)?’
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. h1h4(h2 — hg) - h1h2 - h3h4
a3 = /7 7 > A4 = —F—
h1h2 — h3h4 hl - h4
hiha(ha — h3)?
a5 = — . Al
° (hiha — h3hy)? (A1)
First, consider the Poisson transformation of geometric variables h; — h;l forj=1,...,4. The
corresponding transformation for a;,
a; — a;, 1=1,2,5, az — (h1h4)*1a3, aq — (h2h3)71a4, (A.2)

is a Poisson morphism.
All geometric cluster variables are independent and positive, h; > 0. We then consider
a subset R of h;

R :=Ri\{h1 = ha V hy = h3 V hihy = h3hy}
with singularities at h1 = hg, ho = hs, and hiho = hghys removed. The domain R is then split
into six nonintersecting domains in Ri:

(D) hi > hy and hg > hz (then hihy > hshy and a3 > 0 and a4 > 0),

(IT)  h1 < hy and hy < hg (then hihy < hshy and az > 0 and agq > 0),

(ITII) Ay > hy and he < hg and hihg < hshy (then ag > 0 and a4 < 0),

(IV) hi < hg and he > hs and hihg > hshy (then ag > 0 and a4 < 0),

(V) hi > hyg and he < hg and hihg > hshy (then ag < 0 and a4 > 0),

(VI) hy < hy and hg > hg and hihe < hghy (then az < 0 and ag > 0).
The sign components in the solution of system (A) therefore correspond to the respective sectors:
(A.1) to (DU(II), (A.2) to (IIT)U(IV), and (A.3) to (V)U(VI), and the map {h;} € R — {a;} is
therefore a double cover with variables in the dual sectors related by the transformation (A.2).!

Next we consider the action of braid-group transformations (maps) F', F}, F5 on system (A).

These maps produce the corresponding systems (B), (C), (D). In all calculations below we always
assume that all denominators do not vanish. The braid-group transformations on all quivers A,

are given by particular sequences of mutations derived in [4]. In the original As-quiver in
Figure 21, the four generators are €0; := fiq; fha; oMb, Bagssta; TOT 4 =1,... 4.

A.2 Case 1: The map F and system (B)
The map F corresponds to the braid-group transformation €2;. Define
X = alagag, S:=14ai(az+1).
On (A), one has X > 0, azS > 0. Put
E =1+ by(1+ a3), C’::1+b2(1+a3(a1+1)),
H:=14+by(1+X +azS), R:=1+(1+X+azS)b3+ (2+azS)by.
Then H > 0, R > 0. The map F' can be equivalently written as

alR a2E2 agC

Uy = 027 Ug = R ; u3:HE7
asC? by H?
uy = ag B, Us = B2 v = R’
R alagagbgb%
vy = ——— g= o322 =b =
2 = 2b ) U3 = R ) V4 = 04, Us = 05.
a1a2a302

The domain of this factored formula is C' #£ 0, E # 0.

1'We leave the problem of exploring boundary behavior of the reduction mappings to future work.
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Derivation of system (B)

The first equality in (B) is just

1
Us = — )
U1U2
because
ajas E?
Moreover,
9 a1a2a§ assS 9 9
ULUUy = >0, us(l+ui(ug +1)) = ¥a >0, Usu Uy = (a5a1a4)R > 0.
For the fourth sign inequality, write a; = —u, ag = —r?. Then
a4J
U4(1+U5(U1—|—1)):— R
ai1ag

where
J=—(u(r*+1) = 1) +bo[—(u(r® +1) = 1) +a3((1 — r*)u?® — (r + 2)u+1)].

n (A.1) and (A.3) one has a4 > 0 and J < 0; in (A.2) one has a4 < 0 and J > 0. Hence
ua(1+ us(u1 + 1)) > 0.

Finally,

E2
Q(u1,uz) = @Q(al,ag) > 0.

The inequalities v; > 0 follow from b; > 0, H > 0, R > 0, and ajasa3 > 0. Thus (A) implies (B)
wherever F' is defined.

Case correspondence for F'
Since
sgn(ug) = sgn(ag) sgn(C)sgn(E),  sgn(us) = sgn(as)sgn(E),

the correspondence is

input component | extra condition | output component
(A.1) C>0 (B.1)
(A.1) C<O0 (B.3)
(A.2) always (B.2)
(A.3) E>0 (B.3)
(A.3) E <0 (B.2)

where C' =1+ b2(1 + ag(a; + 1)), E =1+ ba(1 + a3). Thus

(A1)~ (B)U(B.3), (A2 (B.2),  (A.3)— (B.2)U(B.3).
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A.3 Case 2: The map F; and system (C)

The map Fi corresponds to the braid-group transformation 4. Keep
S:=1+ai(az+1), T:=1+as(a; +1).
Also put Y := ajaza3. On (A), Y >0, a,T > 0. Define

Ey :=140b3(1+ aq), G1:=1+b3(1+ as(1 + as)),
H =1+ bg(l +Y + CL4T), R =1+ (1 +Y + (14T)b§ + (2 + (14T)b3.

Then H; > 0, Ry > 0. Using a5 = —1/(a1az), the map F} becomes

a1E12 " agG% " asHq
Ul = —_—, = y = N
1 Rl 2 E% 3 Gl
a4G1 a5R1 b
Uy = , us = vy =
4 ElHl 5 G% ) 1 1
CL2R1 aib4b§
v =1b vy = ——5—, V= ——" vs = bs Ry.
2 25 3 aibs 4 a2R1 ) 5 5411
The domain is Ey # 0, G1 # 0.
Derivation of system (C)
First,
1
us = — .
uUi1uU2
The basic sign inequalities factor as
2772 2 22
ayagazH asaia E2G
u1u2u§ = =371 5, usuu; = 5 450, Quy,up) = — 5 LQ(a1,az) > 0.
Ry H; Ry

For the remaining two inequalities, define
14 ::S+b3(S(1+a4)—2a4), W :=aja9 — a1 — 1.

Then

azH11Lq
R

a4W

ug(l +us(ug + 1)) = e

uz(l +uy(ug +1)) =

The factor L has the same sign as S. Indeed, in (A.1) one has S > 2 and a4 > 0, so
S(1+a4)—2a4:S+a4(S—2) > 0.

In (A.2), one has 0 < S < 2 and a4 < 0, so the same expression is again positive. In (A.3), one
has S < 0 and a4 > 0, so it is negative. Hence agL; > 0. Also W = aqasT, and since ajas > 0
and a4T > 0, one has a4W > 0. Therefore, the two remaining inequalities hold.

The inequalities v; > 0 follow from b; > 0, ag < 0, and R; > 0. Thus (A) implies (C)
wherever F} is defined.
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Case correspondence for F;
Since

sgn(uz) = sgn(az)sgn(G1),  sgn(us) = sgn(aq) sgn(G1) sgn(Er),

the correspondence is

input component | extra condition | output component
(A.1) always (C.1)
(A.2) Ei>0 (C.2)
(A.2) Fi <0 (C.1)
(A.3) G1>0 (C.3)
(A.3) Gy <0 (C.2)

where B} = 1+ b3(1 +a4), G1 =1+ b3(1 + as(1 + as)). Thus
(A1) — (C.1), (A2) = (C1)u(C.2), (A.3) = (C.2) U (C.3).

A.4 Case 3: The map F, and system (D)
The map F» corresponds to the braid-group transformation 5. Set b = b5. Define

Lo :=1+ bls, ly =1+ a3(l+ai(as +1)),

My := 1+ bmo, ma =1+ ajaz(aq + 1)a§ + (14 (ag + 1)(az + 1)ar)as
Next define

Yy := 1+ (agas(as + 1)a; + 1 4+ ag(as + 1))a2a1a§

+ (1 + (1 +as(as + 1))az + as + 1)ay)as,

and

Ny :=1+bYs.
Finally, put

p2:=2+4+ (14 ((1 + as(as + 1))az + ag4 + 1)aq)as,

dy := 2+ (1 + aslas + 1))araza3 + (2 + ((1 + as(as + 1))as + a4 + 1)a)as,

02 := 2+ as(arasas + 2 + ag(as + 1))a1a3 + (24 (24 as(as + 1))ag + a4 + 2)ay)as,
and

Py =14 Yab* + pob,

Ag := 1+ (1 + a3)Yab? + dab,

Oy =1+ (1 + a1a2a§ + ags)YQbQ -+ 09b.

With these factors, the map F5 becomes

y a1 Py M2 . asA3 e — @312
20, ' P,M2’ Ay’
u a4A2 u L%@Q v a1a3a4b1b2
4 = 5= "% 1=——75
M2N2’ CLlagA%7 P2 ’
2
. . bg@g . b4N2 . @2
UQ_bQPQa V3 = ) Vg4 = ) U5 = — 2 27°
b O ajazaib

The domain reads Lo # 0, Mo # 0, Ay # 0. The other potential denominators are automatically
positive on (A), as explained below.
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Sign facts for the factors

On (A), Y2 >0, Ny >0, P» > 0, ©2 > 0. Furthermore,

input component ‘ Lo My Ay
(A.1) = + +
(A.2) + +£ +
(A.3) + 4+ *
The signs not fixed by (A) are exactly the factors that distinguish the image component.
The verification is elementary after the substitution a; = —u, as = —r?. For example,
in (A.1), one has
>1 > 1
r U
’ (r—1)%’

o) u(r2 — 1) > 1. This makes the coefficients of Ms, Y5, po, do, and 05 positive. Hence
My > 0, P, >0, A2>O, @2>0, Ny > 0.

In (A.2), the inequality u < 1/(r + 1)? gives the corresponding positivity of Ly, Ya, pa, da, 6s.
In (A.3), the inequalities 0 < r < 1 and v > 1/(1—7)? imply u(l —rz) > 1. This gives positivity
of Lo, My, Ys, pa, 02, while Ao may change sign.

Derivation of system (D)

The first equality in (D) is again
1

uiuz '

us = —

The basic products reduce to

2 2
2 a1a2a3 2 P2a4
U UU3 = 0, > 0, UsULUY = TN? > 0,
24V9
M3A2

Q(u1,u2) = ﬁQ(ahaz) > 0.

The positivity of the v;’s follows immediately from the displayed formula for F5, because a1 < 0,
P, >0,05>0, Ny >0, b >0.
It remains to record the two transformed mixed inequalities. Define I'y := .S + b9, where
Ky = ((1 + ayq(as + 1))a% + (2a4 +2)ag + a4 + 1),
Yo = ag(1 + ((1 + as(as + 1))ag + ag + 1)ay)arai
+ (1 + Kga% + (2@2 + a4 + 2)al)a3 + S.
Also define

Ay = a%a2a3a4b —+ a%azagb + a%a3a4b + a%agb — arasaszb — ajasb — ajas
+ a1a3a4b + 2(11(13[) + alb + a1 + a3b +b+1.

A direct factorization gives

aszl’s as\o

ug(l+ur(uz +1)) = 0, ug(1 +us(ur +1)) =

Under (A), agl's > 0, —agAy > 0. Again this follows by substituting a1 = —u, ag = —r

using the three parameter ranges above. Therefore, the two remaining inequalities in (D) hold.
Thus (A) implies (D) wherever Fj is defined.

ajaaNy

2 and
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Case correspondence for Fs

Since
sgn(us) = sgn(as) sgn(L2)sgn(Az),  sgn(ua) = sgn(as) sgn(Mz) sgn(Asz),

the correspondence is

input component | extra condition | output component
(A 1) Ly>0 ( )
(A.1) Ly <0 (D.3)
(A.2) My >0 (D.2)
(A.2) My <0 (D.1)
(A.3) Ag >0 (D.3)
(A.3) Ay <0 (D.2)

Thus

(A1)~ (D.1)U(D.3),  (A2)— (D.1)U(D.2), (A.3)— (D.2)U(D.3).

A.5 Summary of the three correspondences

We summarize our findings for n = 5 in the following table:

map | input component of (A) ‘ output components

F (A1) (B.1) U (B.3)
F (A.2) (B.2)

F (A.3) (B.2) U (B.3)
F (A.1) (C.1)

F (A.2) (C.1)U(C.2)
F (A.3) (C.2) U (C.3)
Fy (A.1) (D.1) U (D.3)
Py (A.2) (D.1) U (D.2)
Fy (A.3) (D.2) U (D.3)

All boundary cases where the splitting factor is zero are excluded from the corresponding rational
map domain.
B Positivity condition for n = 6

We now turn to the case of n = 6; the analysis for even n seems to be easier since all transfor-
mations that occur are birational. To ensure positivity of all variables in the geometric quiver
obtained by mutation and amalgamation, we first impose the coisotropic reduction condition

cicacs = 1, 1+co+cocy =0, or c :—1—02_1, c3=—(14+c) b
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Then the condition that all cluster variables in the geometric quiver are positive can be split
into the three sets of inequalities collected in the table below

Case 1 | Case 2 | Case 3
| <-1[(-1L,0)| >0

al (=10 >0 < -1
c3| >0 <—-1 |(-1,0)

b1 >0 <0 >0
by >0 >0 <0
bs <0 >0 >0
by| >0 <0 >0
bs >0 >0 <0
be <0 >0 >0

All variables a; must be positive in all three cases.
We now perform the Dehn twist induced by a sequence of mutations 1, fic, hbs fhas b fes b, 1D
the Ag quiver. Retaining the labels of cluster variables, we have the following transformation law:

,  cicax ,  cax+1 ,c3(x—1)
€ = ) Co=——"7> 3= ————
cox+1 xw—1 n
b/ _ ﬁ b/ _ b2a377 b/ _ 77 + 1
1 — 9 2 — 9 3 — 9
as (1+a3)(n+1) o
b462% bg(%— 1)
by = br =b by = >~
1T g+ 1 57 6 x
, aias , , 1
a) = , ay =az(l+a3z)(n+1), az3=—,
1 1+ as 2 2( 3)(n ) 3 n
CL/ = 247 a,’ = a5 a’ = ag
4 77+ 17 5 9 6 9
where
w:=14b1(1+ a3), 1 1= by + b3co + bycaby + bacabias. (B.1)
Observe, first, that
’r / I, x
C1CaCy = €103 and 1+cy+cyc; = ﬁ(l + o + cacy),

so the reduction conditions are preserved by the Dehn twist.

We next claim that n > 0 in all three cases. Indeed, when co > 0, all variables in the
corresponding expression in (B.1) are positive, so 7 > 0. When ¢ < —1, b3 < 0 and b3 > 0, so
bicobs(1 + a3) > 0 and b3(1 + ¢2) > 0 and, therefore, n > 0; when finally —1 < ¢ <0, bg > 0
and b; < 0 and then, again, bjcabs(1 + az) > 0 and b3(1 + ¢2) > 0, so n > 0. This immediately
implies that all variables a; > 0 in all three cases. For the signs of b}, we then have

sgn b} = sgn s, sgn by, = sgn by, sgn by = sgn(cox),
sgn by = sgn(bgcos) sgn(cose + 1), sgn bl = sgn bs, sgn by = sgn(bg(s — 1)).
B.1 Case 3

The simplest case is Case 3 in which ¢ > 0. Then b > 0 and » > 1, so ¢, = cxtl 5 ),

x—1
by and b} are negative, all other b, are positive, and we obtain again Case 3 for the transformed
variables.
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B.2 Casel

Let ¢ < —1. Then by > 0, 5 > land ¢4 +1 = (c2 + 1) %5 < 0, so ¢4 < —1. In this case,
cox+1 < 0, and it is easy to see that all b} are positive except b5 and by, so we again obtain
Case 1.

B.3 Case 2

The only nontrivial situation occurs in Case 2: —1 < ¢ < 0. In this case, by < 0 and s < 1.
We consider separately two subcases:

B.3.1 Subcase 0 < 22 <1

In this case, cor + 1 > 0, and we have that

ch+1=(ca+1) <0.

x—1

The variables b, bf, b, and b} are positive, whereas by and by are negative. Thus we obtain

Case 1.

B.3.2 Subcase »x <0

In this case, again, cpc+1 > 0, and ¢ +1 > 0 but ¢4 < 0. We also have that ) < 0 and b, < 0
while all other b, are positive, so we obtain Case 2.
We summarize the results of this section in the following table:

input ‘ Case 1 ‘ Case 2, >0 ‘ Case 2, %<0 ‘ Case 3
output ‘ Case 1 ‘ Case 1 ‘ Case 2 ‘ Case 3

Remark B.1. Note that unlike the case n = 5, in the n = 6 case, as well as in all higher-rank
cases, we cannot express A, cluster variables in terms of the geometric cluster variables, and
each of the three cases covers the entire Teichmiiller space parameterized by shear coordinates.
This is because the constraint 1+4c; 1y cy 1c§ L' — 0 with ¢jege3 = 1 is Lagrangian: all composite
geometric cluster variables Poisson commute with this constraint on the constraint surface.
The product of the ¢; is a Casimir of the full algebra and therefore Poisson-commutes with all
combinations of variables; by contrast, the second condition results in additional dimensional
reduction.

C Commutativity of reduction mapping and braid-group action

Let B; ;41 and Ei,iH» i=1,...,n— 1, denote the respective (invertible) braid-group transfor-
mations of cluster variables in the A,,-quiver and in the geometric quivers G,. (The sequences
of mutations §2; are B; ;41 in the case n =5.) We let R denote the reduction mapping from A,
to G, (this mapping is not invertible for a general n). We checked by explicit calculations using
Al-assisted symbolic computations that the diagram

AnLgn

Bm‘+li léi,i+l

AnLgn

is commutative for n = 5,6 in all cases considered above.
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