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Abstract. While L, algebras are fundamental structures in differential geometry and
mathematical physics, the geometric information encoded in such structures is often implicit.
We address the following question: What constitutes a geometrically meaningful deformation
of an L, algebra arising from vector bundles, and how can such deformations classify new
geometric invariants? Inspired by nonabelian extension theory of Lie algebras, we define ge-
ometric deformations of curved L., algebras constructed from a vector bundle V' — M, and
demonstrate that such deformations uniquely correspond to Lie algebroid structures on V.
Explicit computations reveal that a representative of the first Atiyah—Chern class is exact
in the total Weil complex, with its primitive representing the modular class in Lie algebroid
cohomology. In the case of action Lie algebroids, the leading-order Atiyah—Chern classes
correspond to the equivariant Chern characters. Applications to BV theories show that
the geometric deformations naturally generate Poisson sigma models. These results provide
a coherent framework for deriving field theories from geometric deformations of L., algebras.
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1 Introduction

Given a Lie algebra ¢ together with a vector space a, it is natural to consider the extension
problem, namely, to classify all possible Lie algebra structures on the linear direct sum a & £ for
which the canonical projection a @ € — £ is a Lie algebra homomorphism. Each such structure
extends to a short exact sequence of Lie algebras 0 — a - a@® ¢ — ¢ — 0. The classification
of such structures is encoded in the (nonabelian) Lie algebra cohomology of €, given a fixed Lie
module structure on a.

The coextension problem concerns the natural injection map ¢ — a@®# and aims to determine
the conditions under which this map defines a Lie algebra homomorphism. Such a coextension
endows a with a t-module structure. However, unlike the extension problem, this construction
does not necessarily yield a short exact sequence and has received less attention. Nonetheless,
this framework encompasses several interesting examples such as r-matrices and twilled Lie
algebras [5, 32]. The general problem is inherently complex, necessitating additional constraints
to obtain meaningful classifications [1].

In the current paper, we investigate a version of the coextension problem at the intersection
of (curved) Lo, algebra and differential geometry. We fix a real vector bundle V' over a smooth
manifold M. Throughout the paper, we shall let h denote the Lo, algebra Qy; @ I'(Tas[—1]) (see
Proposition 2.9) and let v denote the Lo, module Qy; @T'(V') (see Proposition 2.11). Their direct
sum b @ v admits a minimally extended L., algebra structure from h. A geometric deformation
of this structure refers to perturbing the Lo, structure on h@v in a way that preserves the bundle
data of V' (Definition 2.7). Such deformations correspond exactly to coextensions of h by v (see
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Proposition 2.8). We prove (see Theorem 2.12) that the geometric deformations correspond
specifically to Lie algebroid® structures on V, and clarify in what sense two Lo, structures on
the same underlying space are homotopy equivalent. The result is obtained through a recursive
computation generalizing Fedosov’s method [12, 22, 24]. In [26], it was shown that there exists
a functor embedding Lie algebroids into the category of L., algebra. However, the precise
image of such embedding was not given. By the insightful observation of Vaintrob [36], there is
a bijection between Lie algebroid structures on the vector bundle V' — M and the homological
vector fields on the Z-graded manifold V[1]. Then our findings can be viewed as an L..-algebraic
extension of this perspective, suggesting that forming Lie algebroids is the only viable approach
to encoding additional multiplicative structures on a vector bundle. Furthermore, by the result
of [8], the geometric deformation necessarily induces an L, action of V' on Tyy.

Then we provide concrete characterizations of the Atiyah and Atiyah—Chern classes of the
geometrically deformed L, algebra through local computations. Since the [, operations are
given by specific tensors in geometric terms, it is possible to describe a few lower operations
concretely. The covariant computations yield tensor representatives of the Atiyah class (see
Proposition 3.2) and the Atiyah—Chern classes. The Atiyah—Chern classes reside within the de
Rham complex of h@v, which is weakly equivalent to the Weil algebra? of V through a homotopy
retraction (see Proposition 3.11). Despite being trivial at cohomology level, the Atiyah—Chern
classes remain interesting quantities to look into, which may shed light on the equivariant char-
acter theory of Lie algebroids. We show that a representative of the first Atiyah—Chern class is
the dPR-image of a cocycle representing the modular class [23] (see Proposition 3.13). As for
the general Atiyah—Chern classes originating from an action Lie algebroid, they give equivariant
Chern characters in the leading order (see Proposition 3.14).

Finally, we discuss some applications in Batalin—Vilkovisky (BV) theories. The Alexandrov—
Kontsevich-Schwarz—Zaboronsky (AKSZ) method has been used to describe classical aspects
of these models, whose geometric input can be encoded in an L., algebra together with an
admissible pairing [2, 17]. We show that the geometric deformation of the Lo, structures in
topological cotangent theories that preserves their admissible pairings leads in a unique way to
the Poisson sigma models (see Theorem 4.5). From the perspective of model building, while [18,
Chapter 12] demonstrates how Lo, algebra extensions model classical BV theories with symme-
tries, coextensions given by the geometric deformation yield a broader class of theories, among
which are the cotangent theories as described in Proposition 4.4. The one-loop partition func-
tion of those cotangent theories combines the Atiyah—Chern classes of the target L., algebra
with arithmetic invariants of the worldsheet geometry [17, 27, 28]. Therefore, the Atiyah—Chern
classes computed in Section 3 provide critical insights into the one-loop behavior of topological
cotangent theories (see Proposition 4.4).

There are several relevant results to our work that we’d like to highlight. It is crucial that
the Lo structures explored in the current paper are dependent on the choice of connections for
both the tangent bundle and the Lie algebroid. Similar settings have been studied and led to the
theory of secondary characters [19, 21, 25], see also [7, 33] for the discussion on the compatible
connections. Despite the fact that the secondary characters reside in Lie algebroid cohomology
rather than the Weil algebra [3, 4], the latter is a natural location for Atiyah—Chern classes,
which hopefully brings us new information on the equivariant theory.

The Atiyah class of Lie algebroids has been studied extensively in various settings, including
smooth algebraic varieties [10], dg-manifolds [34] and Lie pairs [15]. In both the dg-manifold
and Lie pair settings, it has been shown that the Atiyah and Atiyah—Chern classes coincide for

In this paper, the term Lie algebroid refers to the standard definition: a vector bundle V — M equipped with
a bundle map p: V — T'M (the anchor) and a Lie bracket on I'(V) satisfying the Leibniz rule.

2This was first shown by [26] using homotopical methods. Our approach uses a local computation with an
explicit homotopy retraction.
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regular Lie algebroids [16, 37]. These results can be compared with the construction using L
spaces [26]. Our computation serves as a complement to the above results and is particularly ap-
plicable to non-regular Lie algebroids. A paper by Calaque, Campos, and Nuiten [9] establishes
an equivalence of co-categories between Lo-algebroids over a smooth manifold M and certain
curved Lo, algebras arising from graded bundles. While the functor from the L..-algebroid side
to the Lo algebra side is made fairly explicit (see [9, Sections 5.2 and 6.1]), the inverse direction
is described only abstractly, without a concrete construction on representatives. The present
work provides such an explicit construction for a distinguished subclass of objects — namely,
L algebras that contain a fixed Lo, subalgebra encoding the smooth structure of M. Although
our notion of geometric deformation does not encompass all fibrant-cofibrant objects in the CCN
model, it defines a particularly interesting and computable subclass. It would be desirable to
describe, for general graded bundles, a geometric fibrant replacement adapted to this setting,
paralleling the construction of fibrant replacements in [9, Section 6.1]. A clearer geometric
understanding of such fibrant replacements should also strengthen the study of geometric defor-
mations and of the corresponding Atiyah classes of Lo, algebras over dg manifolds [35], especially
once the computation of Atiyah—Chern characters is extended to the graded-bundle case.

The paper is organized as follows.

In Section 2, we introduce the geometric deformation on the semidirect sum Lo, algebra b @ v.
We use an adjusted version of Fedosov’s method to demonstrate that the requirement for the
geometric deformation can be solved recursively. Then we compute lower brackets of the de-
formed L, algebra, and show that the nilpotency of the differential results in precise conditions
for a vector bundle to become a Lie algebroid. We also investigate the homotopy equivalences
of different deformed structures.

In Section 3, we define and calculate the Atiyah and Atiyah—Chern classes of L., algebras,
which are cohomological classes that encode both the smooth geometry of bundles and the
nonlinear products of Lie algebroids. We discuss the connection between Atiyah—Chern classes
and existing results.

In Section 4, we give a brief review of cotangent BV field theories that take L., algebras as
input. Then we show that any geometric deformation, applied to a two-dimensional cotangent
theory, necessarily produces a Poisson sigma model.

In Appendix A, we provide a comprehensive review of the undeformed curved L., algebra
which encodes the smooth geometry. We modify Fedosov’s method that facilitates recursive
computation of the L., structure while allowing for arbitrary gauge choices. The homotopy
equivalences of pertinent structures are discussed.

In Appendix B, some lower brackets of the geometrically deformed L, algebra are computed.

2 Curved L structures from vector bundles
and geometric deformation

In this section, we begin by reviewing the construction of the curved L, algebra associated with
a real vector bundle, and subsequently explore deformations of the geometric type.

2.1 General framework

Throughout this paper, the base field is assumed to be R. Let V be a Z-graded vector space.
For any n-tuple of elements v1,...,v, € Vand 7 € S, the Koszul sign factoris a {1, —1}-valued
function defined by the equation

Ul,-+yUn

UT(I) .UT(Q) .../UT(n) — 67_ U1 -V Up
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in Sym™ V. The Koszul sign factor naturally extends to modules defined over unital graded com-
mutative algebras. Let Sh(p, ¢) be the set of (p, ¢) unshuffles inside the permutation group Sy
in p + q letters.

Within this paper, we assume that all the commutative dg algebras are non-negatively graded,
unital, and equipped with a nilpotent differential ideal.

Definition 2.1. Let (A,d4) be a commutative dg algebra (so, in particular, it has a nilpotent
differential ideal I4). A curved L, algebra over (A,d4) is a Z-graded finitely generated projec-
tive A-module V, equipped with a collection of (A, dy4)-linear maps (i.e., the n-ary brackets)

ln: Sym’(V[1]) — V[1]
of degree 1 for n > 0, such that

(1) for every k-tuple vy, ..., v of homogeneous elements in V[1],

k
SN @ i (la(vrays - Ur(i)) Vr(it1)s - Vrgiy) = 0,
i=0 7€Sh(i,k—i)

(2) the 0O-ary bracket lp: A — V[1] maps 1 € A to an element in the submodule I4(V[1]).

The (A, d4)-linearity condition requires that all maps {l,}>° 21 be A-linear, whereas [
satisfies the Leibniz rule

L(fv) = (dafo+ (D)Ff (),  VfeA wveV.

Remark 2.2. A curved L, algebra structure defined on V as above corresponds to a (curved)
L [1] algebra structure on V[1] in literature such as [35]. In both cases, the Koszul sign factors
are calculated according to the degree in V[1] rather than V.

The conditions on the {I,} operations can be encoded® into a coboundary condition d? = 0
on the Chevalley-Eilenberg (CE) cochain

C*(V) := Sym 4 (VV[-1)),

where the differential is a degree 1 derivation (on the (A, d4)-algebra) fully determined by the
duals of all [,, operations,

=1
dw:zﬁmw), Yw € VV[-1].

n=0

The final condition in Definition 2.1/i\n¥?lving the nilpotent ideal I, now takes the form of
requiring that d preserves the ideal Sym 4 (Vv[—l]) up to elements in [4.

Within the context, we introduce the notion of morphisms between two L., algebras and
homotopy equivalences.

Definition 2.3. Given two L, algebras g; and go over a commutative dg algebra (A,d4),
an Lo, morphism from g; to g9 is a commutative dg algebra map

C*(g2) — C* (1)

that preserves the filtration defined by the nilpotent ideal 4 C A. An L., morphism is called
strict if the corresponding commutative dg algebra map is linear, i.e., the map preserves the
degree of symmetric powers on both sides.

3By virtue of the f.g. projective module condition, V becomes reflexive, and as such, taking dual is reversible.
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Definition 2.4. A flat family of curved L., algebra structures on V parameterized by the
standard n-simplex A™ consists of a curved L., algebra over (QAn Qr A, di®1+1®d A),
i.e., a degree +1 derivation d® on the extended CE complex Qan ®g C*(V), together with
a splitting d®) = dg,)E + D; where

(1) for every t € A™, the restriction of d(ct})a to C*(V) is the CE differential of a curved Lo
algebra structure on V,

(2) the operator Dy is a connection on the (trivial) C*(V)-bundle over A" satisfying [dg%], Dy

+ %[Dt?Dt] =0,
(3) the total differential d(*) preserves the ideal Qan ®p S}Eﬁl (VY[~1]) up to Qar @r L4.

Two curved L, algebra structures d%E and déE are n-homotopic if they appear as the restric-
tions to the 0-th and n-th vertices, respectively, of a flat A"-family of curved L., algebras.

Definition 2.5. Let g be a curved Lo, algebra over the unital commutative dg algebra (A,d4).
An L., module of g is a finitely generated Z-graded projective A-module V, equipped with
a collection of (A, d4)-linear maps (i.e., the n-ary brackets)

L,

n-

Sym’y (g[1]) ®4 V([1] — V[1]

of degree 1 for n > 1, such that for any k-tuple uy, ..., u; of homogeneous elements in g[1] and
for any element v € V[1]

k
Z Z ezf-tl’mmkl;g—i-t,-l(li(u7(1)7 v ’uT(i))7 Ur(i41)s - - ’uT(k)7/U)
1=0 7€Sh(i,k—1)

k
k—i k
+ E § 621""’%(—1)(2721 [ur Gy DA+ i1 [yl 0]
i=1 7€Sh(k—i,i)

X i1 (e (1) -+ s Up (i) G (Ur(kmig 1), -+ 5 Ur(r)s 0)) = 0.

Definition 2.6. Fix a (curved) Lo, algebra g. Two g-module structures on V are homotopic,
if they induce homotopic Lo, algebra structures on g V.

For any Lo, g-module V, there exists a natural L., algebra structure on g & V, where the
n-ary brackets are uniquely determined by {1y}°°, and {(I,)V}>2,. Moreover, the natural
maps gdV — g and g — g @ V are strict morphisms of L., algebras over (A,d4). This is
referred to as a split Abelian extension (resp. the semidirect sum) of L, algebras g by (resp.
and) V.

It is possible to deform the L., structure on g @& V while preserving only the strict Lo
morphism g — g @ V. Then the CE differential on the deformed Lo, algebra must necessarily
preserve the ideal generated by VY[—1] in C*(g & V). We also want the Lo, module structure
on V to be easily distinguished from any new structures, which leads to the following definition

of geometric deformation.

Definition 2.7. Let g be a curved L algebra over (A,d4) and let V be a g-module. Assigning
weight —1 to V, we say that an Lo.-structure {l”}n>0 on g @V geometrically deforms the split
Abelian extension if Bl

(1) each of the brackets I,, has non-negative weights, and

(2) the weight-0-components of I,, Sym™(g[1]) — g[1] and V[1] ® Sym™(g[1]) — V[1] coincide
with corresponding operations in the split Abelian extension.
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The definition of geometric deformation depends explicitly on the chosen L,,-module struc-
ture of V. Indeed, this dependence is not merely a requirement encompassing vector bundle
information; rather, it also can be derived from a dual extension problem of the L., algebra g.

Proposition 2.8. Let g be a curved Lo algebra over (ﬁ4, da), and let V be a finitely generated Z-
graded projective A-module. Suppose that operations {ln};ozo define an (A, da)-linear curved Lo
structure on g BV such that

(1) the obvious inclusion t: g — g BV is a strict Lo, morphism,

(2) the curving is preserved by v, in the sense that lo=10lp.

Then V is an Loo-module of g such that {an}ZOZO is a geometric deformation in the sense of
Definition 2.7.

Proof. Assigning weight —1 to V as before, the operations {Zn}zozo decompose accordingly.
The weight 0-components have to satisfy the quadratic L, relation since negatively weighted
operations are not allowed, due to the property of ¢. Furthermore, the component

Sym™(g[1]) — g[1]

for any n is entirely fixed by the L., structure on g. So the remaining components of weight
0-operations are forced to encode an g-module structure on V. |

The coextension problems are typically more complex than extension problems [1]. The
central result of this section is that in a geometric context to be presented, we can provide a full
characterization of all such extensions.

2.2 Geometric realization from vector bundles and the deformation

We now specialize the general framework of the previous subsection to a concrete geometric
setting. The ensuing discussion will be centered on a specific class of Lo, algebras constructed
from vector bundles, within which we study the geometric deformations.

Proposition 2.9 (27, 28]). Given a smooth manifold M with a Levi-Civita connection ¥V on the
tangent bundle Ty, there exists a curved (Qur,d)-linear Lo, algebra on the de Rham complex®

such that

(1) there exists an element ¢ € Qf/fl @ T'(Tyr) C b[1] that uniquely determines the 0-ary opera-
tion through

lo: Q= Sym® b[1] — b[1], f=fAc Ve Qu,

(2) the unary operation is determined by the Qpr-extended connection V via
li: h[1] = Sym! p[1] — b[1], FY o dfY + (V1 vy
for all f € Qar and Y € T(Twr),

(3) up to a gauge choice,” further n-ary brackets are uniquely defined by the Lo, relations and
the previous two brackets.

Furthermore, different choices of connections on Ths lead to homotopic Lo structures.

4Unless explicitly noted, the tensor product ® is over the sheaf/ring of smooth functions C53.

®The gauge choice can be understood as some further conditions needed to uniquely specify {I,}52, once lo
and /1 are chosen. Within the context of the current proposition, different gauge choices lead to homotopic Lo
structure, see Appendix A.
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1 on manifold M, we uniquely determine a frame

By fixing a set of local coordinates {x }

{yi = xg ?mll( Jon T 2. The curving c is given by dz‘ ®y; € h[1]. Under the coordinate change,
dim(M ~i\ dim(M) ~i 0F! _— oxd
{z } —{z }¢:1 ) dz* = O Yi = 5zi¥i
4 ® 0 o7t oxk ox* 07
z P = —
Vi o 05 F T 03 0w
This verifies that c is a well-defined object in Q}, ® T'(Th).
Higher operations can be computed recurswely from the CE cochain Sym(hv[ ]) We

demonstrate this fact in Lemma A.2 and Proposition A.3, which are presented in Appendix A.
Furthermore, we establish in Proposition A.6 that these structures are homotopically equivalent.

Remark 2.10. A gauge choice can be made by specifying the desired values of the dual brack-
ets {1Y}°°, under the homotopy contraction map §~1 on the CE cochain Sym(hv[ 1]), which
locally is represented as
1
— , Ob @ T'(Sym?(Ty, > 0,
-1 L oaayie @ @T(Smi(Ty),  pa
0, on Y, ®F(Sym (TM)).

In the case of [24] and implicitly in the jet-bundle approach [28], a popular choice is to require
that all these images vanish. This particular choice is referred to as the §~! gauge.

Proposition 2.11 ([28]). Given the Lo algebra b as defined in Proposition 2.9, and given
a vector bundle V of finite rank over M with a connection V', there exists an Lo h-module
structure, over the commutative dg algebra (Qpr,d), on the de Rham complex v = Qpr @ T'(V)
such that

(1) the unary operation is determined by the Qps-extended connection V' via
I:ooll] —»o[l],  fa—dfa+ (—)VfvVa

for all f € Qpr and o € T(V),
(2) up to a gauge choice, further n-ary brackets {1,}°°, are uniquely defined by the Lo, rela-
tions and the previous unary bracket.

Furthermore, different choices of connections on V lead to homotopic Lo module structures.

The proof is similar to that of Proposition 2.9.
The following theorem highlights an intimate connection between the geometric deformations
of h & v and the Lie algebroid structures on V.

Theorem 2.12. Given a curved Lo, algebra b and its module v as defined in Propositions 2.9
and 2.11, any (7, d)-linear geometric deformation from the split Abelian extension h @ v is
uniquely determined by a Lie algebroid structure on V.

The proof involves the following steps:
(1) Degree analysis identifies the nontrivial operations, which need to satisfy a defining equa-
tion and a consistency equation.

(2) Recursive solution of the defining equation can be obtained, which is specified uniquely by
the “initial conditions” (see Proposition 2.14).

(3) The consistency equation requires that the “initial conditions” follow from a Lie algebroid
structure on V' (see Proposition 2.16).
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2.3 Step 1: Degree analysis

On the underlying space h®v, we consider possible new operations that are allowed in a geometric
deformation. These operations are of the forms

pmtn: Sym™(b[1]) © Sym™(o[1]) = b1},  n=1, m=0,
and
tmtn: Sym™(h[1]) ® Sym™(v[1]) — v[1], n>2 m2>0.

For any element o € h[1] @ v[1] = Qpr @ T'(Th @ V[1]), we say that « is of form degree k,
if « € Qk @T(Ty @ V[1]), and is of internal degree 0 (resp. —1) if it takes value in I'(Ths)
(resp. I'(V[1])). The total degree is the sum of form degree and internal degree. Analogous
degree assignments apply to tensors and duals of h[1] @ v[1].

The operation p,1n, has a total degree of 1 and an internal degree of n. Therefore, its form
degree is 1 —n > 0. Since n > 1, we have n = 1. Thus, the operation p,,+, has a form degree
of 0 and corresponds to a bundle map.® Similarly, the operation ji,,+, has a total degree of 1
and an internal degree of n—1. So in total, only operations {pp+1}re—g and {pmy2}oe_, survive,
which are induced from the corresponding bundle maps.

To solve the constraints on the Lo, operations, we consider the CE cochain complex

C*(h @ v) = Sym(b"[~1] @ 0”[-1]).

We let dV denote the CE differential on S/yr\n(bv[ ]), and let av’ denote the CE differential
dualizing the L., module structure on V. Denote by {yz}dlm( and {va} ) local frames for
bundle Tjs and V, respectively, (hkew1se {y }dlm(M) and {v“}rk V) for the dual frames). Locally
we have that

d” —5+V+Z ot )i ¥y A=) 0 55 6 =dat g,

n>1

- 0
/ n
=V+ Z ()i igyia ™ Y0 A=) © o
n>0

The coefficient (1, >Z1 in....in, 18 given by the y;-component of ln(yi,, Yy, - - - » ¥i, ), and similarly for
other coefficients. The connectior§_\v and V' on Ty and V induce connections on the products
of dual bundles Sym(7T};) and Sym(VV[-1]), which are again denoted by V and V' unless
explicitly stated otherwise. The L., structure of the semi-direct product is prescribed by the
quadratic relation (dV + dvl)2 = 0, and all the higher brackets can be solved recursively as
shown in Appendix A. A geometrically deformed L, structure on h @ v has new components in

the CE differential, which consist of duals of brackets {pp+1}ro_g and {pm+2}50_,
p 1 i i1 im,a 9
d” = Zm((pmﬂ)h,@,...,im,@y eyt A=) o oy (2.1)
m
o 1 c i1 T @ b 0
4= Z ml2! ((m42)5, i iy =y ™ 0" A" A=) o ove’ (22)
m

5The conclusion that p; is a bundle map may seemingly contradict the fact that in general the l; opera-
tion on an Lo algebra g over a commutative dg algebra (A,da) need not be A-linear. In particular, we shall
have Iy (fX) = £fli(X)+dafX for f € A and X € g. But the operation p; has no nontrivial form degree, and
hence there is no room for the second term to show up. Alternatively, we may regard p as an “off-diagonal”
component of a connection on the graded bundle Ths @ V[1].



The Geometric Deformation of Curved Lo, Algebras and Lie Algebroids 9

To simplify the notations, we shall denote

1 0

RN (ST R VNS PR

by dY, and similarly for dy,; (n > 1),, d? ., and d,, (n > 0). To make notations further
compatible, we shall also use dlv and dlV to denote V and V', respectively.

The quadratic relation of the CE differential is subject to the following weight decomposition:

[dY +dY',df +d*] =0, (2.3)
[dP +d#,d? + d*] = 0.

Furthermore, in the n-th component (n > 3), equation (2.3) decomposes into

e ok (A N T NS DS G I N [ N s (2.3.)
1<k<n—1 1<k<n—2

For consistency, we have

—[6,d4 +a5] = [aY +dY', ], (2.3.2)
—[6,d7] = 0.

We shall refer to equation (2.3) as the defining equation, and to equation (2.4) as the consis-
tency equation.

2.4 Step 2: Defining equation

In this subsection, equation (2.3) is solved recursively using a version of Fedosov’s method. Fe-
dosov’s method was initially devised to locate a specific “Hamiltonian” in the Weyl bundle, which
corresponds to a differential in symplectic case. When dealing with non-symplectic scenarios
such as in our context, the task shifts to solving for derivation operators {df}2°; and {d}}>°,
directly. While the original method successfully employs the homotopy contraction ! on the
Weyl bundle, it is important to note that the contraction 6! does not automatically induce
a natural contraction on the space of operators on C*(h @ v). Although a precise homotopy
contraction is known to exist for the de Rham complex of formal (poly-)vector fields [22], di-
rect extensions of this method to the deformed components {dp}>°; and {d;}22, encounter
additional challenges involving some degree-related issues.

We adopt a slightly different strategy. The idea involves solving a class of elements {dﬁ (yl) \
i=1,... ,dilrn(M)}:LO:1 and {dﬁ (v“) la=1,... ,1r1<:(V)}ZO:2 recursively. Through this process,
we can acquire the essential information to determine the differential operators. The homotopy
contraction 61 is still handy, and the gauge choices now become unique.” For the recursion,
It is imperative to address the compatibility and solvability of this set of recursive equations as
a preliminary step.

For the set of equations {(2.3.n)}5°;, the left-hand sides are J-exact. We say that equa-
tion (2.3.n) is compatible if its right-hand side commutes with J. Say that equation (2.3.n) is
solvable if its solution exists.

Lemma 2.13. If equation (2.3.k) is solvable for each k < n, then equation (2.3.n 4+ 1) is
compatible.

The proof is essentially the same as the compatibility result for equations of {dkv}i‘;2 in
Appendix A, therefore it is omitted.

"To appreciate the uniqueness, compare the current situation with Corollary A.4 in Appendix A.
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Proposition 2.14. The extended differential d*+d” can be solved recursively and uniquely from
equations {(2.3.n)}°2, for any fired initial data py: v[1] — b[1] and pz: Sym?(v[1]) — v[1].

n=1
Proof. Locally, as the commutative dg algebra C*(g) is generated by {yi, va}’s, to solve for d”
and d*, one needs to solve for d” (yz) and d* (v"“), which are the coefficients in front of aZi
and 8%, respectively.
Taking into account the range of each component, the quadratic relation decomposes into

—[0d0 ) = DO [ din] () + D0 (A (), (25)

1<m<n 1<m<n

likewise for d*. Since [4,d? 1] (y*) = 6(d%,,(y")), the above equations for

{dhn () }nGZZO C Oy ® F(S/y?n(T]\\ﬁ[) ® VY[-1])

can be solved by a homotopy c.ontraction given by 61, It is easy to check that §od~1+§1of = id
on O @ T'(Sym?(T);) ® Sym (VV[-1])) for p+¢q > 0.5
Now we can apply an inductive argument. Suppose {di }Zzl are solutions to equations

{(2.3.k)}}_;. We define d’_ | on the local frame {yi}?:;l(M)
() = 3 ] () + YD 8N (A (). 2.6
lsmsn 1<m<n

Then d/_; is a solution to equation (2.3.n+ 1).
In order to check that, observe that dx (y’) =0,

D (A ] @) = Do [0 (A0 dh ] ] () + [, df ] (09),

1<m<n 1<m<n
> (A (@ (0)) = X [0 [N A ] (0) + [ ] (00
1<m<n 1<m<n

All terms on the right-hand sides vanish by Lemma 2.13. So

557 (X ) 0) + A € 0))
1<m<n

= Y A% ] () + AN (A (4)),

1<m<n

which is 5 (A, (+)) = —[3.2.,] ().

The induction starts with an arbitrary choice for df, which is the linear dual of p; and satisfies
equation (2.3.1) trivially.

Fixing the operator df, the uniqueness of recursion that generates the entire differential d” is
established based on the uniqueness of df, (yz) for each 7 and n > 2. The litieg can be attributed
to the properiy\tgat 51 and ¢ act as inverse operations between Q0 ® I‘(Symf (T]\VJ) ® VV[—l])
and Q! ® F(Sym_ (TM) VY [—1]). Hence the solution given by (2.6) is “isomorphically” trans-
formed from equation (2.5).

Now for solutions for d”, a recursion can be applied to solve for d*, which involves choosing
a local basis {v*} for the bundle V¥ and solving

=0 (v) = D0 [0l a] (v°) + A (A (0%))

1<m<n

+ D () (%)

1<m<n

8Due to the failure in the case p = ¢ = 0, such equations have no prediction on d§+1 and d5+2.
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for n > 1. The initial condition —[4,d5] = 0 is trivially satisfied for any choice of db, which is
the linear dual of pus. The details are similar to the previous steps and hence are omitted. M

2.5 Step 3: Consistency equation

Equation (2.3) alone has been solved recursively and uniquely with arbitrary choices of df and df
as initial data. Further constraints may come from equation (2.4). To obtain a geometric
implication of those constraints, we shall first relate df and d4 to explicit bundle operations.

Proposition 2.15. Given a geometrically deformed Loy algebra in 6~' gauge,” if the initial
data p = p1 and p = pa are specified, then

:01+1(X7 a) = VX,O(Oé) - p(lea)v
prea(X, . 8) = ~(V'Q) (0,8) + 3 Rer (X, pla))(8) — 5 Rer(X, p(B)(a),

for all X e I'(Ty) and o € T'(V'), where

1
(V1) (e B) = Vicu(a, B) = n(Vxa, B) = ula, V).
We now consider quadratic constraints imposed by equation (2.4).

Proposition 2.16. Let (ZZO:O LT Y dZ+2) be a solution to equation (2.3) constructed in
the proof of Proposition 2.14, and let the pair (p1, p2) be its initial data. The following statements
are equivalent:

(i) Equation (d* + dp)2 =0 admits a solution via (> 52 qdh 1,302 db o).

(1i) The pair (p1, u2) satisfies the conditions
[dh +d5,d7] =0, (2.7)
1
k. + ag(at) = . 09

(tit) The pair (p1,u2) defines the anchor and torsion, respectively, of a Lie algebroid structure
onV.

Proof. The nontrivial steps involve showing that (i) < (ii) = (i¢). Firstly, we show that
statement (i) implies (i77). On C(h), equation (2.7) gives

— 11240 (05, 0e)* p1+0(va)" = p14+0(05)" P11 (Y, ve)'
+ p140(ve)* p141 (e, vp)* = 0, Vb, ¢, i.
Consider Cpe® = (I")ic“(p)p" — T)iv“(p)c® — e ®, this defines the structure constants of
an R-bilinear skew-symmetric bracket operation on I'(V') by [vy,v.] = CPuv,, and [fa, ] =

fle, B] — p(B)(f)a. So equation (2.7) gives the compatibility between the bracket operation
on I'(Th) and that of T'(V),

[P(08), p(0e)] = PV = gy = 1, 0)) = ([0, vc]).

9The 6 * gauge fixes the Lo, structure on b and the module structure on v entirely by picking up connections
on Ty and V, respectively, see Corollary A.4 in Appendix A.
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Equation (2.8) gives

1 Sy o0 (1 d e f
SHo+2 bCU Awv /\%a (§M0+2)e,fv Av

2

This is, after taking the dual, equivalent to the condition

> p(p(va, vp),ve) + (V’S&a)u) (vbs ve) — Ry (p(va), p(vb)) (ve) = 0,

a,b,ccyclic

; 1
+ (po+1)qv® A <(M1+2)2b7cvb A v°> =0.

which is the Bianchi identity for Lie algebroids (see [25, equation (61)]). Note that although f142
depends on the gauge conditions'’ coming from Iy and I3, such gauge dependence does not survive
under antisymmetrization of inputs in I'(V'[1]).
It remains to show that statement (i7) implies statement (¢). By the nature of derivation, this
is true iff (d“+dp)2(v“) = (d“+dp)2(yi) =0foralla e {1,...,rk(V)}andi € {1,...,dim(M)}.
For higher brackets, one can apply a recursive argument as before, which we now describe briefly.
Consider elements such as

Z %[dg +dp, db + d’g] (v“) and Z
p+q—1=n+4 p+g—1=n+3

1 .
5[4 +d5,dg + 4] (y'),

[\

where n > 0. By degree analysis, they are in the component
>1 —
(1)) ® Sym(VV[-1])).

0° @ T (Sym™
As alinear map, ¢ is invertible when restricted to the above component. So showing the vanishing
of those elements is the same as showing that

S (] (@) = S o[8[+ dg g+ )] (o) =0
pt+q—1=n+4 p+q—1=n+4
and
15 d® + dP. q~ Pl (25)) — 1 M P A p 1) —
Z 5 ([p"" D’ q+dq](y))_ Z 5[5’[dp+dp’dq+dq”(y)_0'
p+q—1=n+3 p+q—1=n+3

By the (graded) Jacobi identity of the derivation operators and equation (2.3), the commutator
of type [0, [dy + df,dy + df]] can be rewritten as a sum of terms such as —[dY +dY’, [d} +
d7,di + dﬁ]], with t + ©« < p+ ¢ — 1. Now an inductive argument can be applied here. |

The proof for Theorem 2.12 follows from Propositions 2.14 and 2.16.

Example 2.17. A weak Lie algebra bundle is a Lie algebroid with a vanishing anchor. If
p: V' — Ty vanishes, so are {pp41}o2 by the recursive relation. A (strong) Lie algebra bundle is
a weak Lie algebra bundle whose Lie algebra structure is fixed with respect to local trivializations.
As shown in [21], this is equivalent to the condition that there exists a connection V/ on V such
that

Vi =1=IV(=), -] - [ V()] = V(= =) = u(V'(=), =) = (=, V(=) = 0.
Therefore, p142, which depends on the covariant derivative of u, vanishes. Furthermore, in
the 6! gauge, for any v¢,

iy (v") =~ (aF (5 (%)) + a5 (aF (v)) ) = 0.

Similarly, one can show that all operations in {f,42}2%; vanish in 6! gauge by an inductive
argument.

10See Appendix B for an explicit formula in arbitrary gauge.
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2.6 Family version and homotopy equivalence

By previous results, a split Abelian extension L, structure on Q2 ® F(TM[—I} @ V) is deter-
mined by the choice of connections (V,V’) on Ty & V[1] together with a gauge condition on
the 6~! image of CE differential. It can be inferred that any such L., structure on the same
underlying space is ultimately homotopic; see [17, 28] for the explanation from the de Rham
space perspective. We develop a more explicit approach, which is particularly suited to our
discussion of the homotopy type of geometric deformation of the split Abelian extension. Since
the proof is somewhat long, we defer it to Appendix A, see Propositions A.6 and A.7.

Building on this, in the geometrically deformed case, the correspondence established in The-
orem 2.12 extends naturally to the homotopy category. Specifically, the map between geometric
deformations and Lie algebroid structures respects homotopy equivalence of Lo, algebras. We
demonstrate this by analyzing the homotopy type of the Fedosov differential governing the family
of Lo structures.

Proposition 2.18 (homotopy invariance of geometric deformation). Any two geometrically
deformed Lo structures on Q®F(TM[—1] &) V) with the same underlying Lie algebroid structure
are n-homotopic for arbitrary n > 0.

If one stays in § ! gauge and works in the contexts of infinite jets, the result follows from the
formal exponential map as in [26]. The homotopy given in that context comes necessarily from
a genuine isomorphism of dg algebras. We consider the more computable Fedosov’s approach,
with arbitrary gauge choice, by working with a family version of L, algebras. The main result
is Proposition 2.20, from which Proposition 2.18 can be deduced.

Before giving the proof, we start by describing the geometrically deformed L., structure
parameterized by the n-simplex A™. Consider a family of Lie algebroid structures and connec-
tions, (pt, [—, —Jt, Vi, V}), where ¢t € A", and consider a family of gauge conditions (¢, ;) €
I (Sym=*(Ty;) ® T ) @1 (Sym=%(Ty;) @ VV[~1]®@V[1]). By Lemma A.5 in Appendix A, Propo-
sitions 2.14 and 2.16, there exists a t-parameterised CE differential ¢ + dZi + de + dPt + dH,
such that

V' =V, & =V, (Y +dYh) =g+, 6N (d 4 dM) =0
Now the total differential d; + F(t) + 0 + dgil + dzgl + dP* + d** on
Qar ®r Qu @ T (Sym™ (Ty; @ VV[-1]))

needs to satisfy the flatness condition.
As a derivation operator, F'(t) is an element of degree 1 in

Ohn @ Qur @ T (Sym(TY; ® VV[-1]) @ (Tar ® V[1])).

By degree analysis, one may write down the decomposition F(t) = F°(t) + F(t), where
FO(t) € Qhn ®r T(Sym(TY;) @ VV[-1] ® V[1] & Sym(Ty;) ® Tur),
FY(t) € Qhn @p Q) @ T(Sym(Ty;) @ V[1]).

However, the component F''(t) is not compatible with the natural surjective map Qa» @ C*(h@®
v) = Qan@rC*(h), and therefore should not be allowed in the extended differential of geometric
deformations. The consistency equation decomposes by form degrees,

[de + FO(8),dT4 + dXE] + [FO(1), ] =0, (2.9)
[d; + FO(t),d” + d™] =0, (2.10)
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1
dFO(t) + 3 [F°(t), FO(t)] = 0. (2.11)
Locally it helps to write
0

N Loy 9 5 0
(1) ~ (Yl y” o ()b @ ()y v
oy POV 5+ 5 lny'y 55+ + OV g 2+ FOy'v 5 5

= Fy(t) + FYo(t) + Foo(t) + -+ Fo (t) + FP () + -+

Fo(t) = f*

where the component F[? must vanish because it would be incompatible with the required family
structure on A™. As a result, FRO = 0. By equation (2.10), the component F&l defines a flat
connection on the trivial C*(h@v)-bundle over A™. Since A™ is contractible, every flat connection
is gauge-equivalent to the trivial one. Hence, after applying a global bundle automorphism
(a gauge transformation), we may assume that this component vanishes. So effectively, the
homotopy F°(t) can be realised as an element in

>l(

Ol @p D(Sym™ =

V) @ VV[-1] @ V[1] @& Sym™ (Ty;) © Tar).

By the recursive nature of equation (2.9), the other terms are entirely determined by the
family connections (Vy, V}) and gauge conditions ¢; and v, following a similar analysis to
Lemma A.5 in Appendix A. Since the equation involves no Lie algebroid related structures, the
homotopy F(t) is fundamentally incapable of encoding deformations of the latter.

Equations (2.10) and (2.11) impose the consistency conditions needed to be satisfied by F(¢),
which contain an infinite number of homogeneous components. However, most are satisfied
automatically except for the first few, as we shall see in the following Lemma 2.19.

To facilitate future discussions, we assign "weight k to the components of F° in
+1

(

Q. @ D(Sym' (T))) ® VV[-1] @ V[1] & Sym" " (T}}) ® Twr).

Lemma 2.19. Suppose FO(t) is obtained recursively from equation (2.9). Let G(k) be the
Yweight-k-component of equation (2.10) or of equation (2.11). For any k > 1, if all G(m) with
0 <m < k are satisfied, then G(k) is solved automatically.

The proof follows a strategy analogous to Proposition 2.16 and Lemma A.5. We begin by
noting that the operator ¢ acts invertibly on the relevant equations, meaning it suffices to verify
that the commutator [0, —] annihilates the left-hand side of the equation G (g}) The key step is to
express this commutator in terms of other commutators involving dZi +d< ], an operator whose
action increases the "weight. This manipulation yields a new expression that contains G(m)
terms with a lower Yweight, allowing us to conclude by applying the inductive hypothesis.

The Yweight-0-component of equation (2.10) gives [dt, dft] =0 and [dt, dgt] +df (Fﬁl) =0.
This is equivalent to the requirement that the t-dependence of the Lie algebroid structure on V' is
trivial, by a straightforward calculation. The Yweight-0-component of equation (2.11) is trivial,
which immediately guarantees that the equation holds by Lemma 2.19. Indeed, one checks that
the lowest "weight component of equation (2.11) gives d;FP,(t) = 0 and d¢Fg(t) = 0, which
can be verified explicitly. The above analysis is concluded in the following proposition.

Proposition 2.20. Given a family of connections (V¢,V}) of Tay & V' parameterised smoothly
by t € A", and fix a Lie algebroid structure on V, there exists a flat A™-family of geometric
deformations of Lo, algebra structures on Qy ® F(TM[—I] &) V). Conversely, any flat A™-
family of geometrically deformed Lo, algebra structures on Q2 ® F(TM[—l] &) V) given by a flat
connection d; + F(t) with F(t) in

>2(

Ok @a T(Sym™ (T)) @ VV[-1] @ V1] @ Sym (TY) ® Tur)

necessarily comes from a single Lie algebroid structure on V.
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The fact that one can set FRO and F& 1 to zero is not surprising — in a similar case [30], the
flat connection which encodes the homotopy equivalences was given by pulling back d; via an
exponential map, and there again the constant and linear terms are absent.

3 Atiyah class and character

Atiyah class plays a crucial role in cotangent theories, particularly in encoding the exterior
derivatives of the trilinear and higher terms in the action functional [17, 28]. Furthermore, it
can be employed to construct character classes in various contexts. Here we will firstly investigate
the relationship between Atiyah class of a geometrically deformed L, algebra and its underlying
Lie algebroid structure. By utilizing this connection, we then generate the Atiyah—Chern classes,
which are relevant in the one-loop computation of certain intriguing field theories.

Consider an L, algebra g. Its CE cochain C*(g) can be viewed as the algebra of functions Opy
over the space g[1] = Bg.!' Let Q}Bg denote the module of Kéhler differentials of Opy. The de
Rham differential d°R: O Bg — QIBQ is the universal derivation.

We now consider vector bundles over Bg. The Opgg-module C*(g) ®q,, g[1] plays the role of
tangent bundle Tpy. There is a natural flat connection Vpgg: C*(g) ® g[1] — Q}Bg ® g[1] on Ty
characterized by!?

Vag(f@s)=d’f@s,  feC (), segll].

The Atiyah class of Vg is a class in the cohomology of Q}Sg ® End(g[1]) that measures the
failure of Vg to be compatible with the CE differential d¥. More precisely, extending Vg4
to ngg ® g[1], we define the representing cocycle of Atiyah class to be

At(Vpg) := Vpgod? +d? o Vpy.

The differential on Q}Bg ®g[l] = C*(g) ® g¥[—1] ® g[1] is given by the CE differential of the Ln,
module gV[—1] ® g[1], and we again denote it as df.

Lemma 3.1. Viewed as a linear map C*(g)®g[1] — Q}gg@)g[l], the cochain At(V pg) is d8-closed
and V gq-flat.

Proof. The differential d? extends naturally from C*(g)®@ M to Q}BQ®M for any Lo, module M.
For linear maps, we have that

A9 (At(Vpg)) = d¥ o At(Vgg) — At(Vgg) 0 d = [dC, [d?, V],

which vanishes by Jacobi identity.
The connection Vg extends from C*(g) ® g[1] to C*(g) ® End(g[1]), and can be shown to
be flat by local computation. So

Vig(At(Viy)) = Vg o At(Vy) — At(Vg) 0 Vigg = 0. =

3.1 Atiyah class of Lie algebroids

Consider a geometrically deformed L., algebra with underlying space being g = h @ v as before.
Locally, let {xl} be coordinates on M, and let {yl} and {v®} be the chosen local frames of Ty,
and V'V, respectively, as above. We write Dy’ and Dv* for dPRy? and dPRv?, respectively.

"o be precise, it is an Lo, space in the sense of [17, 26].

2Here the construction is slightly different from [28]. We are realising the notion of connection in a purely
algebraic setting, where the splitting is naturally given. In the reference the authors considered the connection
over an infinite jet bundle, whose local definition depends on a choice of local trivialization of Th;.
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Then Q}Bg is locally the free Opg-module generated by {Dyi,Dva}. A local computation on

basis {1®y;, 1 ®uv, |i=1,...,dim(M), a=1,...,1k(V)} of C*(g) ® g[1] produces the homo-

geneous components of At(Vpgg) as C*(g)-linear maps which take values in C*(g)®g"[—1]®g[1].
Notice that

1 . . ,

dg(]. & yl) =1® Vyl + Z ﬁy“ .. y'Ln ® (ln+l)i1i2---ini]yj

n>1

1 , . .

+Y LA Y0 @ (P )ivigerinrib” Y
= (n—1)!

1 1 i1 in—2,0a,b ¢
+Z§my Y20 @ (i1 )igig-in—siab Ve

_ 1 . .

+ Z ﬁyll T yznva ® (l;+2)i1i2~-~inia bvba
n>0

SO

1 : ) .
Vpgodi(1@y) = ) myn Dy @ (Inger)ivin-ini 'Y
n>1 ’

1 . 4 ,
+ Z myu o Dyzn_lvb ® (Pn+1)i1z‘2---in71ibjyj
n>2 ’
1 . ) A
+ Z myu .. .yzn—lD'Ub D (Pnt1 )igigin_ib Ui
n>1 ’
1 1 i i o ab .
+ Z ﬁmg/ ~ Dy 20" @ (Una1)igin-in_siab Ve
n>3 "’ :
1 . .
+ Z myu .. .yzn—zDvavb ® (,Un+1)i1i2-~-in_2iab v,
n>2 ’
1 . .
+ Z myzl .. Dyznva ® (l%+2)i1i2-~-inia bvb
n>1 ’
1 . .
+ Z Ey“ ey Du ® (Z;L+2>i1i2"~ini(l bvb.
n>0

This gives the component
At(Vpg)(1 @ 4i) = Dy @ la(y;, i) + Dy?v’ @ ps(yj, i, o) + Dv* @ pa(ys, vs)
1 4
+ EDZ/jUan ® pa(Yj, Yis Va, vb) + Dv™® @ 13 (i, Va, Up)

+ Dyl v® @ U5(yj, Yi, Va) + DV @ U (yi, va) + -+,

where “ --” stands for terms with dependence on {yi}?i:ll(M).

Similarly, by
1 . .
dg(l & 'Ua) =1® V/'Ua + Z ﬁy“ o yln ® (l;’L+l)i1i2"'ina b'Ub
n>1

1 . ,
+ Z ﬁy” "0 @ (Bt 2)iyigeminba Ve
n>0

1 . . .
t1® p(’l)a) + Z Ey“ o yln ® (pn+1)i1i2~~~inajyj
n>1
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and
1 . .
Vigod®(1®va) = ) (n— 1)lyZl < DY @ (1 Jiriaeina Vb
n>1 :
1 . .
+ Y DY’ @ (fng2)isipeinba Ve
(n—1)!
n>0
1 . .
+ Z ﬁy“ T ?JZ”DUb ® (Hnt2)irig-inba Ve
n>0 ’
1 ) ) )
+ Z (= 1)!y11 DY @ (Pns1)ivioina’ Y-
n>1
So

At(Vg) (1 ® va) = Dy @ ly(y;,va) + Dy'v’ @ pa(y;, vy, va)
+ Db p2(vp, vg) + Dy’ @ p2(yj,ve) + - -

Proposition 3.2. The constant part of the Atiyah cocycle defined on the geometrically de-
formed Lo algebra g is given by

At(Vig)o = Dy’ @ (lz(yg o Zg;f"’_;) ) T <p§§<1£,_13:)a g —>>

as a linear map in Hom(g 1],g"[-1] ® g[l]). Particularly in 6~ gauge, this is

[
Dy ® <:1),LyiR(_) + 30 R(yi) Vp(—)fyi) B v}jis) (.%))
0 fbyiR/(_)
\V4 _ vbas 0
+ Dv* ® plve) ‘e Sbas |
< 34— B (va) Vi) ~ Vi

where VP and VP are basic connections' on Ty and V induced by V and V'.

3.2 The Weil algebra

We shall remain in 6~! gauge till the end of this section. Consider g as before. We first need
a more detailed description of the differential algebra Qp,.

The differential algebra Qg4 is obtained from Opgy by taking the exterior algebra of its module
of Kéhler differentials. We define

Qg = [\ U,
Opg
Thus € gy is the analogue of the de Rham algebra of Opy, with the universal derivation

DR. 1
d . OBg — QOBB

extended to the usual graded derivation on Q2. Explicitly, after choosing local coordinates {x’}
on M, local frames {y'} of Ty; and local frames {v®} of V'V, Qpq can be identified with the com-
pleted graded-commutative algebra generated by y*, v®, Dy", Dv®, over the base algebra (27, d).

We extend the grading introduced below Theorem 2.12 to {14 by assigning internal degree 1
to Dy’ and internal degree 2 to Dv®. This equips £ Bg With a bigrading, with respect to which
the total differential on {2y decomposes into horizontal and vertical parts, where

dyji=6+dy +dY,  dy=dP+adt +dPR

13We recall the definition of basic connections at the beginning of Section 3.4.
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Lemma 3.3. On Q?l, we have that

, 0
=V+ nz>0 (In41)" i yizseosinin y" Dylnﬂ) Dy’

/ b ) in,,a
=V + Z( n+1) i1z gingray DY

1 b ; . o
i) iy yZana) 9D

1 . , . , 4 .
== (1) jrooguat” -y D" 4 (pt2)' jijnsrat’ -+ Dyt 10

n=0 aDyl
A== L (tn2)® srogubet?™ 47 DY A v‘*’)ia
= nl J1Jn 8D’Ua‘
_Z ) J1 .o Dydntigh A C) 9
n' 2| :U'n—l-S j1---]n+1bcy y v v aD'Ua.

Let W denote the symmetric algebra r(s/yil(TM 1] @ VV[-1] @ VV[-2])), equipped with
the %radmg inherited from the vertical grading of Qpg. Then, as a graded vector space,
QP9 = 0f @ T (SymTy;) ® W,

Lemma 3.4. There exists an R-linear special deformation retract

W,0) m———— (Qpq, 0 :

( I )<T( Bga )<> =4 9

where 1o is the natural inclusion of W' into the degree (0,i) component for each i, and pqy is the
projection onto W, annihilating all terms involving y*’s or dz*’s

Proof. The identities below follow directly from the definitions of g, po, and 6~ '; see also
[24, 27] for the standard Fedosov contraction

Py 0 Lo = id, wopy=id—do0d t =610y,
0 low=0=pyod?, s tost=0. |

Proposition 3.5. There exists an R-linear special deformation retract

(W,0) et () £ )i

which sends a section from the left-hand side to a d;/-cocycle in Qpg.

Proof. Consider the special deformation retract as in Lemma 3.4, and consider a perturbation
of § by d>1 =dY¥, + dg/l. By the homological perturbation lemma [20], there exists a perturbed
special deformation retract, with

o0 o0

v= (=6"od>1)" 0w, p=po, h=-5"o) (~dsio6h)",
n=0 n=0
such that d;; o+ = 0 is satisfied. So the image of ¢ is in the cocycle of (Qp4,d,)). |

It is useful to obtain an explicit form of the embedding .

Proposition 3.6. Let { }dlm(M

f € W, there exists a unique element f in Qpg such that

be a local frame for F(TA\}) chosen as before. Given any



The Geometric Deformation of Curved Lo, Algebras and Lie Algebroids 19

o [ = f+ terms at least linear in y'’s., and
. d//f =0.
Furthermore, u(f) = f.

Proof. The existence of f is through a recursive computation starting with 0f = 0 and
d(terms linear in y*’s) + (dV + dv ) f = 0, etc. Notice that such f is also unique, since 4 is
an isomorphism over components

(Sym (TM) ® Sym(TM[ e VV[-1eVY[-2).

We claim that the map which sends Vf € W to f is precisely ¢. By the explicit formula,
uf)y=r+ 2311(—5—1 o dzl)n(f), where the second part contains terms at least linearly de-
pendent on y*’s. By the uniqueness, we have that ((f) = f. |

Example 3.7. Propositions 3.5 and 3.6 work for arbitrary gauge. In the §~! gauge, a simplifi-
cation for ¢ exists. Over the component

I(Sym(Ty; @ Tyy[-1] & VY [-1] @ VV[-2])),

the operator 6 tod>y = 6 1o (dY —i—dlvl). Sot=32 (=610 (dY + dlvl))n o ¢p. In particular,
we have that

f@)=0if@)y' +--, Dy =Tiw/Dyf -, o =TPule’ 4,
: 1 .
Dv® — 1“;.“ by Do’ + iR;m @y Dyl 4 - -

are flat sections to d,/, where we have omitted the terms containing quadratic or higher powers
of y.

There is a standard construction of the Weil algebra of a Lie algebroid, as described in [3, 4],
whose underlying graded space coincides with the deformation retract W constructed above.
We now compare its differential with the total differential on {)p,.

Proposition 3.8. The total compler (2py,d;/+d. ) is homotopy equivalent to the Weil algebra
of the Lie algebroid V' defined in [3, 4].

Proof. Recall that in Proposition 3.5, we constructed a special deformation retract of (£2pg,
d;/). Now we regard d | as a perturbation of the differential d,,. By the homological perturba-
tion lemma, the perturbed contraction induces a differential on W given formally by

Dy =podjot+pod; ohod o+ ---

In the present situation, the explicit form of the contraction data implies that all terms of order
at least two in d; vanish. Hence the induced differential reduces to Dy = pod; ot. The
homotopy equivalence now follows.

It remains to identify the induced differential Dy, with the standard dlﬁerentlal of Weil
algebra We denote the chosen local frames of Ty;[—1], V¥[~1] and VV[-2] by {z }dlm M)
{v a}a 1 ) and {wa}a 1 , respectively, then compute the local expressions of Dy (2%), DW( )
and DW( ) The relevant differentials are

g 0 0
& = p 5 = (PuDV" + pju DY) 55
1 b 0 b 1
d* = 5“& C(%“ — (Ml‘fCDv AvE+ 2,Mjbch v A > Dva”
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So under the composition map pod; ot on W, one has that
Dy’ — Dy* — F;- kijyk + -
= (péDva +p jaDija) — leF; w0 Dy
— (L DV = [=(T)i k(p)* o + 05 (0" a) + 0" oI} o] Dy v®) — piT% 0 Dy + - -
== pszva + (a] (pi a) + pi b(rl)? a)Dija)a

where the relation p’ jo = (I')% ()" o — 9(p"a) — p'5(I")} o has been used.
Similarly,

. , 1 ,
v® = v? —F;-abijb+~- — Dv® —F;»abDyJUb+ <2M§C — pgfg-ac> WP A -

: 1
= Dv® — T p Dy v’ — §Cgcvb AVE,
) 1 .
Dv® — Dv® — F;-“ py) Dub + §R;m @y Dyl + - -

1 . ,
= — <ugCDvb AV + Eu;-lbchj v A v°> — 'y WP A Dv¢
1 /a4 m ,.cC J b la j b 1 /! a m )
+§ij b V"N Dy’ ANv” =T, Dy’ Dv +§ij vDy"" Dy’ v’ + - -
= = [(1): &(p)" s = Ci.] DV* A0 =T, Dy Du®
1 , 1 . ;
+ §R;m @, Dy Dy’ + in% bej "Dy’ BN
We have used the relation
1 1 .
e = — (R (0, 0)us)" + 5 Ry (0’ — 5 Ry e (o,
which follows from the definition of basic curvature [4]
Rbas(vb7 /Uc)yj = v; [Ub, UC] - [v‘/]"l}b, /UC] - [Ub7 V;UC] + vlvggsyj Ve — ,VEgsyj /Ub;

(where Vy; = —V;p(vp) + p(V0p) + V )y 18 the corresponding basic connection, as we
shall recall at the beginning of Section 3.4, see also [4]). The calculation is straightforward using
an explicit formula for g given in Appendix B. |

A more functorial approach of the result was given in [26], where a homotopy functor enhy,eq
from the category of Lie algebroid representations up to homotopy to (dg-)vector bundles
over L, spaces was constructed. However, both the representations up to homotopy and the L
structures rely on some choices. Our result shows that, if one fixes the connections on Ty &V
once for all, a one-to-one correspondence can be achieved on the nose. Moreover, by specifying
different gauge conditions on the L., structure that encodes the Lie algebroid V, it is possible
to induce more differentials on the Weil algebra W.

Remark 3.9. Since the vertical differential on €y decomposes into dPR and d* + d”, there
is also a decomposition on the differential Dy, over W, into differentials D?VR and D”W+ P In
particular, locally

DR (Dy') =0,  Dyf(v*) = Dv* — T, Dyin’,

) 1 .
Dyt (Dv?) = =T, Dy’ Dv" + - Rjy, o Dy™ Dy’ o’
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3.3 Atiyah—Chern class

The Atiyah class plays a fundamental role in the construction of the Atiyah—Chern classes in
the cohomology of Qpg through the Chern-Weil theory, whose representing cocycle is defined
as ¢ 1= STr(At(VBg)Ak) € Q%g, where STr stands for the super-trace.

Since gy is bi-graded (as described at the beginning of Section 3.2), the k-th Atiyah—Chern
class ¢; may have nontrivial components of degree (p,q) for p + ¢ = k. However, by the
acyclicity of d,, in positive horizontal degrees, the class ¢ can be replaced by a cohomologous
representative concentrated in degree (0, k) via a homotopy-based transgression procedure. This
representative gives rise to a cocycle in the Weil algebra as stated in Proposition 3.11.

Lemma 3.10. Given a bicomplex (C"’*,d//, (—1).dJ_) which arises from a total complex with
total differential d = d,; + d, we consider a cocycle a of total degree k. Suppose the hori-
zontal differential d,, is acyclic on components CZY* | then there exists a representative o of
degree (0, k) such that a — « belongs to d-coboundaries.

Proof. Without loss of generality, we can assume that a has nontrivial components in de-
gree (p,k —p) for each 0 < p < k, which we denote by ag x, a1 k—1, ..., a0, respectively. So we
have, for 0 <p<k-—1

d//ak70 =0, dJ_ak;_pJ) + d//ak_p_1,p+1 =0, dJ_ao,k =0.
By the acyclicity of d;, on CZ1* there exist elements bo k—1,b1,k—2,---,br—1,0 such that for
0<p<k-—-2

d;/bk—1,0 = ak,p, d)/bg—p—2pt1 = Ak—p-1p+1 — dLbp—p_1p-

That can be shown by an inductive method. For 1 < ¢ < n, suppose that there exists by_;_1;
such that g = d//bkfifl,i + dJ_bk,m',l holds. When i =n < k,

d//(ag—nn — dibk—nn-1) = —diak ny1n-1+did/bgpnn-1 =0,

and so there exists by_,—_1, such that d//bkfnfl,n = ap_nn — d1bg—pnp—1. Finally, let o =
agy — dibgr—1, and check that

k k-1
Zai,k—z’ —a=d Z bik—1-i | - u
i=0 =0

Proposition 3.11. Consider g being the curved Lo, algebra arising from a geometric defor-
mation on b @ v. Suppose ug is a total cocycle in Qg concentrated in degree (0,k), then its
y'-independent part is a cocycle in the Weil algebra (W, Dyy).

Proof. One checks that ug is both d,/-closed and d | -closed. By Proposition 3.5, y'-indepen-
dent part sits in the image of the projection map p: 0y — W. Since the Weil differential is
induced by d | from Qpy, it is a cocycle. |

At first glance, this result may not seem particularly intriguing. It has been established
that the Weil algebra is quasi-isomorphic to the de Rham cochain (£2,d) [3], meaning the
only nontrivial classes land in Chern characters of Th;. However, this finding holds significance
as it serves as an initial step towards developing an “equivariant” cohomology theory for Lie
algebroids. It becomes interesting to examine captivating coboundaries within this context.
To streamline the discussion, we will refer to the transgressed elements by their corresponding
images in W, without explicitly stating this fact.
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Similarly, it is interesting to explore the component of the Atiyah cocycle independent of
the coordinates {y’}, formally expressed as At(Vpg)|,i—o. This specific component (denoted
by additional brackets compared to the constant component At(Vpgg)o) encodes representation-
theoretic information analogous to character classes.

At<v39>ryi:o=Dyi®<h( D)oo (0 o)

’L
0
p3(Yi, = Va) 0
+ Dyt
y (lé ylv_ UCL M3(yi7va7_)>

0 i a b 0 0
+DU < Ua,Ub O) +Dy e ( H4 (y27 7va7vb) 0)
; gdz™ (Rimkz + Rimi?)  pra1(yi —)
— (3 3 m 9
Dy'e ( 0 lazmR],

—Dv*® VE(?S - vp(”a) R 0
(—va) V=V

—ly
i,.Q '0( ) !
+ Dy'v* ® (lg( Vq) /~L3(?/ivva’_)>

0 0
+ Dy'v®® ® > :
Y 2”4(yza_>vaavb) 0

3.4 Modular class and the first Atiyah—Chern class

We recall the notion of basic connections from [4]. Let V be a Lie algebroid on a smooth
manifold M, and let V and V' be connections on Tj; and on V', respectively. A basic connection
on bundle Ty;[~1] @ V induced by (V,V’) is a V-connection VP* @ VP on Ty/[—1] @ V such
that

?]ZfSX = Vp(a)X — Vxpla)+ pV/Xa = —pi1(X,a) + Vp(a)X
VBB = V8 — e, B) = [0, B] + Vi 01,

for all X € I'(Ty) and o, B € T'(V).

So —p1+1(X, a) = VgasX - Vp(a)X, —,LL(O(,,B) Vbasﬂ Vp(a)ﬁ

By [19, 21], there is a Chern—Weil type of construction for secondary character classes
from VgasX — V(X and @3%5 — V’p (@) B via Chern—Simons transgression.

Proposition 3.12. When (V,V') is a metric connection on Ty [—1] @V, the expression
b =b. !
STI'(V as D V as Vp(,) D Vp(_))
computes the secondary character class ui in the Lie algebroid cohomology H' (V).

The (linear) connection VP @ VP8 is equivalent to a nonlinear flat connection on the su-
perbundle (Tas[—1] & V, p) up to homotopy. The flatness is guaranteed by the “bracket” parts
of VP2 and @bas, while the compatibility with respect to the anchor map p makes sure the two
components form a connection for (Tp/[—1] ® V, p).

It is interesting to see whether higher secondary character classes Uksr as defined in [21, 25]
can be recovered by the Atiyah class.
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We now apply Lemma 3.10 to ¢;. We start with the (1,0)-component of ¢;, and apply the
homotopy contraction 51, which gives

5\ Dy'dz™STr (é (Rim k7 + Rimi?)  p141(¥s —))

0 IR,
. 1 (R‘ pJ + Ry Aj) 0
— _ymDyZSTr (3 m m 1 1 )
0 3 Rim

Upon applying d |, the above expression

L (Ry g
= (=Dy™ = p™ qv") A Dy'STx <3 (Bim? + Fmi7) 0 )

0 2B
. ‘ 1(R. i J
= (Dy* A Dy™ + p™ o Dy'v*)STr (3 (Rim 0+ Rim i) l}g/ )
2-m

. 1 . . 1 .
= Dyl A Dym <3R]ml]> + pm aDyZUa (3ijzj> .
The first term vanishes, since

. 1 . ) 1 ) 1 1 .
Rjpmi” = 5(—Rmz’j] — Rijm’) — g Bijim? = =5 Rigm? — 5 Rjim? = 0.

By Lemma 3.10, the new representative for the first Atiyah—Chern class is

1 m i,.a J a P1+1 (_a Ua) 0
_3p oDy v Rjy, 7 + Dv*STr 0 112 (v, —)
. - 0
+ Dy‘v"STr <p3(y“ »Va) > T
Y 0 143(Yi Vay —)
Here - - - denotes terms of higher total degree in the formal coordinates {y’} It is precisely the

leading-order part displayed above that survives under the projection onto W.
Let C*(V') denote the CE cochain for Lie algebroid V', which may also be regarded as a sub-
space inside W, depending on the context.

Proposition 3.13. If V' is a metric connection on 'V, the first Atiyah—Chern class transgresses
to the image of modular class [23]

N R
U = STr ( 0 _(@bas . V,IO) eC (V)

under the de Rham differential D%R in Weil algebra W for Lie algebroid V.

Proof. We have computed the degree-(0,1) representative of ¢; and its image in W. So it
remains to compare the image with

(e (e 3 ))

HStrictly speaking, the homotopy contraction for d;y =6+ dgl + d; is h as given in Proposition 3.5, which

includes additional linear operators with higher "weights. However, for the leading weight computation, these
corrections are irrelevant.
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According to the local form of D given in Remark 3.9, it is given by

(Dv* — T, Dyiu?) @ STr (’)1“(’ va) 0 >>

0 112 (Va, —
_ DyvSTr <VjP1+1(—,va) —0p1+1(vj(—)v”a) V' iz, ) _OMQ(UQ,V;'(—)Q '
Note that
-r vDy’v” @ STr (p1+1(0_7 " Mz(v(c)w _))
_ Dyo® & STr <p1+1(_0’ Viva) ,ug(V}Ova, _)> )

So in total we have

D,Ua ® STI' <p1+1(_7 Ua) 0
)

0 w2 (Va, —
i a V;(p14+1)(=,va) 0
— Dylv STr( 7 V;(m)(—,va)) , (3.1)

where we have used V;(p1+1)(—,v,) to denote V;p111(—,va) = p14+1(V; (=), va) = p141(—, Viva),
and likewise V’;(12)(—,vq) to denote Vua(ve, =) — p2(ve, V(=) — p2(Viva, —).

The second line in equation (3.1) gives!®

1 .
Dy*v® (Tr p3(—, Yrs va) — Tt p3(Yk, vas —)) — gDykv“pZ aRji?.

The proposition follows. n

The modular class u; is automatically Dﬁ; _closed as an element of C*(V) C W. Conse-
quently, within the Weil algebra, the first Atiyah—Chern representative is precisely Dyyuq. Thus
the first Atiyah-Chern class is exact in the total cohomology of W, and of Q4. As the Weil
algebra W is quasi-isomorphic to the de Rham cochain over M [3], the modular class, despite be-
ing possibly nontrivial in Lie algebroid cohomology H'(V), is unlikely to survive in the ordinary
cohomology on M.

It is possible to recognise more Atiyah—Chern classes due to the acyclicity of in Qpy,
which might allow us to relate those classes to more secondary invariants of Lie algebroids
in C*(V') as defined in [19, 21]. However, in the absence of a satisfactory equivariant de Rham
algebra in the present setting, we do not pursue such identifications here.

dDR

3.5 Action algebroids

We consider the action Lie algebroid coming from a finite dimensional connected Lie group
action G — Diff (M). In that case, the associated action Lie algebroid V' = M x Lie(G) is trivial,
whose anchor map is determined by the infinitesimal Lie algebra action Lie(G) — X(M). It is
possible to choose the trivial connection on V such that the operations {I/,},,>2 encoding bundle
structure vanish by induction. Moreover, the torsion map p is the C*°-linear extension of the
Lie algebra structure constants on Lie(G) up to a sign, hence all the higher brackets {1245 }n>1
vanish. As a result,

1 . .
i zdz™ Rzm k 7+ ka i J p1+1(yi7 _)
At(ng)|yi:0 =Dy'® <3 ( 0 ) 0

15For more details, please refer to equation (B.1) in Appendix B.
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vbas B v/ 0
— Dt ® Va p(va) bas , )
< 0 Vva - Vp(va)
i,.a pS(yi7_7va) 0
+ Dy'v* ® ( 0 0) .

The component —Dv® ® (WBSS — Vp(va)) is precisely the moment map for the infinitesimal
Lie(G)-action on bundle T}, which was denoted by £7™ (a) — V(o) for any a € Lie(G) in [6],
where £7™ is the Lie derivative on Thy.

Proposition 3.14. The k-th Atiyah—Chern cocycle of the action Lie algebroid has its constant
part given by

(—1)*STr <R(_) + E(Tff) ((?) = Vo)) [ao—]> k, Va € Lie(G)

Lie(G)

in the Cartan subcomplez (Sym*(Lie(G)Y) ® Q) of the BRST complex as in [29].

The proof is obtained through a direct calculation, focusing on the leading order contributions
in powers of v®’s and y*’s. This greatly simplifies the procedure. In this case, only d; = dPR
needs to be taken into account, and the contributions reside in Sym* (Lie(G)Y) @ Q. Remark-
ably, the result agrees with the equivariant Chern character'® of Th; © V using the Chern—Weil
construction, leading to an immediate conclusion. Consequently, the Atiyah—Chern classes serve
as a generalization of the equivariant Chern character for the action Lie algebroid case.

Note that, intrinsically, these Atiyah—Chern classes are determined solely by the infinitesimal
Lie(G)-action, and their definition does not require an integrated Lie group action. Secondly,
it would be intriguing to provide a comprehensive equivariant description of the de Rham alge-
bra pyay) for the general Lie algebroid situation.

4 L, algebras in field theories

In this section, we show the possible applications of our probe in the areas of quantum field
theory.
4.1 Admissible pairings and BV field theories

Definition 4.1. An admissible pairing of degree k — 2 on a curved Lo, algebra g over (A,d4)
is given by a graded skew-symmetric pairing of degree k'7 on g[1]

(= =) glll®g[l] — A

such that for every [,, operation and for every (n+ 1)-tuple of homogeneous elements vy, . .., vy4+1
in g[1], the multilinear map (of degree k+1) Sym" g[1]®g[1] — A given by (I, (v1,...,vpn), Vnt1)
is graded symmetric.

Admissible pairings are particularly important for model building of classical BV theories
in [2].

16Since the Lie group G is assumed to be connected, the invariant space (Sym* (Lie(G)V) ® QM)Lie(G) coin-

cides with (Sym* (Lie(G)v) ® QM)G. The latter is the underlying graded space of the Cartan model for the
G-equivariant cohomology of M.

1"Pairings of degree k can be understood as maps of degree k between dg modules. One such map is described
either as a degree 0 map from the source, say (M1, d1), to the shifted target (Ma2[k],d2), or as a degree k map to
the unshifted target (Ma,d2). Within this paper, we shall use the latter description, unless otherwise noted.
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Proposition 4.2. Let (A,da4) be a commutative dg algebra over R. Fiz a closed oriented
manifold ¥ of dimension m and consider an Lo, algebra over (A,da) with an admissible pairing
(—, =) of degree m — 3. There exists an m-dimensional classical BV theory'® in the sense
of (2, 17], determined by the classical BV action

stel= | <¢, ;d2¢+2_%(1+1n)!zn(¢®”)>, o € O @ gl1].

Lemma 4.3. Given a (curved) Lo algebra g over (A,da), there exists an extended Lo, alge-
bra g & g”[k — 2] with a non-degenerated admissible pairing of degree k — 2 for any k € Z.

Proof. Consider the minimal extension of g by its coadjoint module g¥[k — 2]. There ex-
ists a natural pairing g[1] ® gV[k — 1] — A of degree k. It is possible to extend the pairing
onto (g[1] @ g¥[k —1]) A (g[1] @ gV[k — 1]) graded skew-symmetrically. To make sure the ex-
tended pairing is admissible, it remains to check

(X1, ..., X)), 0) = (=DMl (xy, 0 Xs1, «), X0)

for all Xy,...,X, € g[l] and o € gV[k — 1].
Consider the [,,(X1,...,X,—1,—) as a linear operator of degree 1 + 2?2—11 | X;|. By the coad-
jointness of the Lo, action on g"[k — 1],

In(X1, ..o, X)) 0) = —(—D) IS IXDIXnl X 10Xy, X, q)).
By graded skew-symmetry of the extended pairing,
(X (X1, X1, @) = — (=)l OHaR SIS XD g xyL X, g, a), X).
This completes the proof. |

Combining the above two results, for any L, algebra g and for any closed oriented manifold X,
there exists a classical BV theory, whose equation of motion encodes the Maurer—Cartan equation
for g. This is, in particular, an interesting way to encode Lie algebroid structure in such theories.

Proposition 4.4. Given a Lie algebroid V. — M, and given a closed m-dimensional oriented
manifold 33, there exists a classical BV theory on Y determined by the classical action

Sle, 9] = /2 <7/)a dno + Z uiwln(¢®n)> )
n=0

where ¢ € Qx ®r g[1],9 € Qx @r g¥[m —2|. The Ly algebra g := Qur @cge (T(Twr)[-1] @
['(V)) encodes the Lie algebroid structure on'V. The Qpr-linear pairing [«(—, —) is (—1)-shifted
symplectic and determines the BV bracket.

In Lemma 4.3 and hence also in Proposition 4.4, we take the shifted cotangent complex of
the geometrically deformed L., algebra g in order to obtain a shifted symplectic pairing as
required by the classical BV theories. Such field theories are referred to as cotangent theories'
in [17, 28]. Quantization of cotangent BV theories has been studied extensively, for example, in
aforementioned references, and relevant vacuum diagrams consist of only n-gons for each n > 1.
A Feynman diagram analysis shows that the contribution associated with an n-gon is in one-to-
one correspondence with the n-th Atiyah—Chern class of g.

18Unlike an ordinary scalar-valued functional, the action functional S takes value in the commutative dg alge-
bra (A,da).

19Tn general, there are more cotangent theories than the topological ones we showed here, depending on the
geometric structures on the worldsheet manifold .
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4.2 Poisson manifolds

In the previous section, to obtain a classical BV theory, we start with an L., algebra encoding
a Lie algebroid structure and take the shifted cotangent extension to construct an admissible
pairing. Alternatively one could start with a cotangent theory, whose underlying L., algebra b
encodes only a smooth structure, with a fixed admissible pairing coming from taking the cotan-
gents b @ hY[m — 3]. The classical Lagrangian looks exactly like the one in Proposition 4.4.
The question is, can this Ly, algebra h @& hY[m — 3] be further deformed, while preserving the
admissible structure? In the case that is relevant to our main result, the underlying bundle
structure of the Lo,-module hY[m — 3] needs to be of degree zero, so m = 2. The answer leads
to the following theorem.

Theorem 4.5. Consider the extended Lo, algebra hyr & by, [—1] encoding the cotangent bun-
dle over a smooth manifold M. Together with the natural admissible pairing as guaranteed by
Lemma 4.3, there exists a nontrivial geometric deformation on it only if M has a Poisson struc-
ture. Conversely, each Poisson manifold M has a unique geometric deformation of har @by, [—1],
which preserves the natural admissible pairing.

Proof. Consider the abelian extension of hs by its coadjoint module b}, [—1], whose underlying
space is given by (har @ b),[—1])[1] = Qu ® T'(Tm[—1] @ T);)[1]. The natural pairing (—, —)
between I'(T),) and F(TA\Q) is graded skew-symmetrically extended to the full space. As the Lo,
structure is entirely determined by choices of connections in these bundles, in order for the
pairing to be invariant, it suffices to require that

((X), ) = (=)l (@), X),

VX € Qu @ T(Ty), a € Qy @ T(Ty;)[1). Locally this means that I';;7 = —I'}7;, Vi,j,1. To
make sure the pairing is invariant with respect to the new structures {pp, fn+1}52; obtained
from geometric deformation, it is only necessary to solve the following two constraints on pi, p2
and o

<p1(04),,8> - (_1)|a‘.|5‘<p1(/8>7a>7 <p2(04,X),ﬁ> = (_1)|X|.|5|<M2(O‘7/3)7X>

for any elements «, 8 € Qu ® F(Tﬂ\ﬁj) [1] and X € Qp ® I'(Tar). The first equation says that p;
can be viewed as a bivector field, i.e., (p1(—), =) € I'(A*T)). The second equation leads to

x|, B] = tx L) B — tx Lo+ xd(tpa)f)

for any X, hence forcing?® [a, 8] to be the Poisson bracket. Now the bivector anchor and the
Poisson bracket together determine a unique Poisson structure. |

From this point of view, Poisson sigma models [11, 12, 31] can be viewed as geometric
deformations obtained from cotangent theories over a two-dimensional closed surface 3

S()[X,Oé] = /E <04,de —l—i;!ln(){@n)>,
n=0

where X € Qy@rQyT(Ty) and o € Qy QrQps ®I‘(T]\V4) [1]. The new structures {pn, tn+1 ey
give rise to an interaction action

1 =1
Sdef[X7 O[] :/ 5 <O[,Z mpn-i-l (X®n7a)> .

> n=0

20Recall that in Proposition 2.16, we showed a Lie bracket structure can be defined on T'(V) based on the
anchor p; and the torsion pus.
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Moreover, if one wants to maintain the (—1)-shifted symplectic structure (i.e., the admissible
pairing from the Lie point of view) as well as the underlying geometry (i.e., the information
encoded in the cotangent bundle 7)), the only BV theories one could build are Poisson sigma
models.

For the interest of model building, it would be useful to also consider the geometric defor-
mations of the Lo, structure on graded vector bundles. Simple examples include Ty, [m] among
others. This particularly suits the differential graded formulations of BV theories as developed
in [13, 14]. We plan to explore those possibilities in future work.

A Recursive solution in the split Abelian extensions

In this appendix, we show that the Lo, structures given in Proposition 2.9 and 2.11, which form
a split Abelian extension of h by v, can be solved recursively from the quadratic equation on
the respective CE differentials. In Lemma A.2, we give the explicit formula, and the discussion
leading to Proposition A.3 shows that such structure is unique up to a “gauge” condition. Then
we show in Proposition A.6 that any two such structures are homotopy equivalent. Finally, we
attach some calculation results for the first couple of operations.

On C*(h), the quadratic relation

%[dv, V] =0 (A1)
for dV decomposes as follows. For n > 2,
1
“ay]=5 > (Al (A.1.n)
1<k<n—1

For consistency, we also have
—[5,dY] =o0. (A.1.1)
For the set of equations {(A.1.n)}5° ,, the left-hand side of each equation is J-exact. If the

n=1»
right-hand side is not d-closed, such equation can not be solved. We say that equation (A.1.n)

is compatible if its right-hand side commutes with 9.

Lemma A.1. Let n be a positive integer. If equation (A.1.k) is solvable for each k < n, then
equation (A.1.n 4 1) is compatible.

Proof. Consider § acting on the right-hand side of (A.1.n + 1)

; LS (5,07 %] — 95, [5.4T,]]

Z 5[5’ [dkv7dlv+nfk” = 5

1<k<n 1<k<n

Using (A.1.k) for all 1 < k < n, we have that
1 1
_Z Z HdTVn’ dkv—m] ’ dlv—l—n—k} + 1 Z [dv7 [drvn—k? dlernme :
1<m<k<n 1<k<m<n
The summation can be re-expressed into a more symmetric form
1 1
stt+l=n+1

Note that for a fixed (unordered) positive partition of n+ 1, the number of assignments of s, ¢, [
varies due to the symmetry of each partition. For example, if we have n+1=a+a+b(a # b),
then we shall have in total three terms for [[dsv, dtv} , dlv], corresponding to s = b,t = band [ = b,
respectively. So we consider each case separately.
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(1) Case s =t =1.
(2) Case exactly two of s, ¢, | are equal.

(3) Case s #t #1.

In each case, the contributions cancel among themselves due to the Jacobi identity of differential
operators under composition. |

Lemma A.2. Assume that equations {(A.1.k)}}_ S are solvable by {dY }2_,, if equation (A.1.n+
1) is compatible, then there exists a derivation dm_1 solving equation (A.1.n + 1), under which
the generators {y' } fC*( ) have homogeneous images of "weight (n + 1) given by

dn+1' y ’_>_7 Z 6 n+1 k] (yz))y Vi.
1<k<n

Proof. A choice of Levi-Civita connection V induces a connection on C*(h), which is again
denoted by V. Tt is known that dY = V, which is locally written (in compatible coordinates) as

. ; o
A7 = 4+ 0 (V') o

For k > 2, each dkv is Qp7-linear, and is entirely determined by the image of y for each i. We
claim that

dg;l =73 j{: 5 n+& k](y@)

1<k<n

provides a solution for dXH (yi), Vi, and hence a solution for dXH.
Let § act on both sides of the above relation. The left-hand side is precisely — [5, dgﬂ] (y’)
The right-hand side is

> ast [y, dY ] (v Eé

1<k<n-—1 1<k

Z (id — 6718) ([aY,dy_,] (v")) -
<n—
But the last term vanishes, which follows from

> o[l @) = > [0 (A aL] ) + [ i (o)

1<k<n-—1 1<k<n—1

and the compatibility assumption. |

In the following discussion, we shall denote by 6~ (dg) the operator

POICH (yi))a(; € T(Sym" (T})) ® Tar) € C*(b) @ b]

for n > 2.

Proposition A.3. The differentialdV =6 + V + Y n>2 dY can be solved recursively and unique-

ly from the equation dY¥ o dY = 0 for any fized Levi-Civita connection V, subject to the gauge
condition 571 (dY) = 0 for all n > 2.
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Proof. The induction starts with the relation for dY = V, which states the torsion-free condi-
tion in the initial step. The construction for dn 11 (y ) uses a gauge choice that §~'dY (y’) = 0 for
allm >2/i=1,...,dim(M). Indeed, any solution dn 11 (y ) satisfying the same gauge condition
and the same 1n1t1a1 condition dY = V has to be given by Lemma A.2, since the operator § is
invertible on images of 71, and so the relation (5(d¥+1( ) = (5(d¥+1( ), i=1,...,dim(M)
enforced by equation (A.1.n + 1) implies that dY,,; = dY, ;. |

Indeed, the 6! gauge need not to be the unique choice. Without much effort, one obtains
the following generalization.

Corollary A.4. For any ¢ € F(Sym (TV) ®TM), and for any Levi-Civita connection V
on Ty, there exists a unique differential V- satisfying the quadratic equation (A.1) such that

AV =6+V+) ave,

n>2
and 51 (d%y) = ¢.
Proof. Consider the recursive solution
() = —5 Z S ([ Ay k] (0) + 0dnsa(v),
1<k<n

fori=1,...,dim(M), where ¢,2 is the homogeneous component of ¢ in F(Sym"+2 (Tv ) ® TM)
The uniqueness of such a solution is established through induction on n,observing that each d,, _ﬁ

is uniquely determined by a set of equations ¢ (dn+¢1) L0~ (dZ+¢1) ., where the unique-
ness of the right-hand sides follows from the inductive hypothesm |

Lemmg A.5. Given a family of connections V' on Ty and a family of gauge conditions ¢' €
(Sym (TV) ® TM), both parameterised by the standard n-simplex A", there exists a unique
flat A™-family of CE differentials d(t) on C*(b), such that dy(t) =V and 6*1(Zm>2 m(t)= ¢’

Proof. Consider the parameterised differential

dt) =6+ du(t) =0+dY +

m>1

and the gauge condition §1(d(t)) = ¢'. By previous results, d(t) exists uniquely. It remains to
construct a flat connection d; + F'(¢), of which d(t) is a flat section, with

= Fu(t),  Fu(t) € Qan @r T(Sym™ (Thy) @ Thr).

m>2

A recursive computation can be done by the flat section equation

[de+ ) Fe(t), 6+ da(t) + D dm(t)] =

k>2 m>2

and the solution is unique (considering that § is invertible on zero-forms over M). In particular,

Fy(t) = =0 ([d, VI]) =dt' Ao <di vt> :

Then one needs to check the flatness

[dt, $ Fm(t)] +s { S Fulh), ZFk(t)} o,

m>2 m>2 k>2
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which is equivalent to the equation

[5, [ S Fnt)] + 5 [ S Fult), ZFk(t)” —0

m>2 m>2 k>2
[dt + kz>2 Fi(t [ ngg Fp, ] ]
= [dt - ;Fk(t), [;dl(t),dt + %Fm(t)ﬂ
- [Zdl(t), [dt, > Fm(t)] + % [ > Fm(t),ZFk(t)H.
>1 m=>2 m=>2 k>2

In homogeneous weight components, the equation can be solved recursively, as long as the initial
condition [d, F»(t)] = 0 is satisfied. The latter can be checked explicitly. |

Proposition A.6 (homotopy among different 6! gauge conditions) LetdY be a CE differential
constructed in Proposition A.3 subject to the condz’tz’gn o~ (d;) =0, and let d —>53+d>1 be a CE
differential satisfying the 6! gauge condition 5 Hds2) = ¢ for any ¢ € F(Sym (TM) ® TM)
Then those Loy structures d¥ and d are homotopic for arbitrary n > 0.

Proof. Noticing that the space of connections and the space of gauge fixing conditions are both
contractible, the result follows from Lemma A.5. |

For the differential on C*(h & v) encoding the L, structure of the semi-direct product, we
also need to compute d¥V' = dY’ + 2 nsa dy dY’, where dY’, upon acting on v[—1], is the (de Rham
extended) dual connection coming from a chosen aﬂine connection V' on vector bundle V. Now
one can show that by picking a local frame {va}rk Y) for
the recursive formula

dn+1‘ v |—>—* Z o n+1 K Z o dk Odn+1 k() va,
1<k:<n 1<k<n—1

VY, dV’ can be solved uniquely from

up to a gauge condition on §~'dY ' (v“) for all n > 2. Furthermore, there exists a family version
parallelising Lemma A.5 and Proposition A.6, which we present without giving the detailed
proof.

Proposition A.7 (homotopy of split Abelian extensions). Any two split Abelian extension
structures on Qyr @ (Ta[—1] & V') are n-homotopic for arbitrary n > 0.

Local computations for lower components of dV and dV’ are given here. The curvature 2-
forms are locally %Rij m "dz? Adz? on Ty and %R;j o 2dzt Adzd on V. When necessary, we use
the asterisked notation for the dual Christoffel symbols and curvatures. Suppose the first gauge
condition is given by

15)
ove’

_ 1 ’L ; 6 _ ! 1 a -
51(dy) = §(¢3) jklyjykylayi» §71(dy) = 5(1#3) bty Yo’

where ¢3 € I'(Sym*(T};) ® Tys) and ¢5 € T'(Sym?(Ty;) ® VV[-1] ® V[1]),

ay (v') = (1) ¥, & (v') = _gdmekm Y+ o (¢3) mjkda™yl Yk,

dY (v*) = (1) b, Y (v") = —§dme§Tna 0"y’ + (13) ppda’y*o’.
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Dually, for any X,Y € I'(Ty) and o € I'(V),
WY)=VY,  I(a)=Va,

. 1 1 ) . )
L(X,Y) = la(yj, yu) XIYVF = <3ijk: ‘4 ngmj "+ (03)mjk Z) da™y, XIY*

1 . ,
=3 (.xRY + 1ty RX) + (#3)myk "da™y: XIYF,

) 1 1 .
l(Y,a) =Y'a" <2Pt§m o+ (¥3)aim b) dz™ vy = iéyRIOé + (1¥3) aim "dz " vpY 0,
To recover the results in 6! gauge, one can simply set ¢3 = 13 = 0.

B Lower brackets from d” and d*

The recursion starts with p; and pa. Defining p1(ve) = (p)a ‘vi, d? (yz) = (p*)l o+ 0%, one observes
that (p)', is an odd transformation since the whole structure is (27, d)-linear, (as opposed to
R-linear or C§$-linear). Like the local connection form, we have that (p)q* = —(p*)" o. We shall
neglect the star whenever it is obvious from the context. One helpful way to understand this is to
consider the superconnection (Z Vp, ) on Ty @ V[1], where the dual of p; operation is determined
by the dual connection. Solving the equation — [5, df +1] (y’) = [dlv, d’l)] (yl) + dlvl (d’l) (y’)) and
dualizing the result, one obtains p141(X, ) = —p(V'y(a)) + Vx(p(a)).

For the next order operation,
~[6.7,,] (v') = [a7,a5) (v) + [aF, d7) (") + a3 (d7 (")) +dY" (45 (4")),

gives that

, 1 . . . . .
A7, (y') = — §yjykv“(3k(m)lja + (p2) na(T)" i+ (p2) o (1)’ ha
%\ n 1 * 3 n i n 7

— (T") kn(p2)fa + §(R )nj 1P"a = (83)" jukp" @ + (p1) b(¥3)" ajk)-

The existence of symmetric product y?/ and y* will automatically symmetrise the corresponding
indices. So after taking duals,

1 .
P(Yjs Yk va) = — Virp2(Yjy, va) + p2(V i¥kys va) + p2(Yg5: Vigva) — 3Bngi 1) Yira"
— (03) jnk "Pa "Yi + o (V3)ajn "Yi,
where we have used the notation {—, —,---} to denote the symmetrization with respect to the
corresponding indices.

In the computation of the first Atiyah—Chern class in Section 3.4, the following result (only
works in 61 gauge) is helpful:

Viep2(Yj,va) — p2(Viyj, va) — p2(yj, Viva)
= Vr2(Yj3,va) = p2(Vk¥s3: va) — 2(Yg55 Vigva) + Viep2(y)), va)
— p2(Vryj)s va) — p2(y15 Vigva)

| . 1 o ,
= ~Pika Vi = g Ragj k) YiLa" — §R§€ja “peyi+ 5pa" Rijn "y
1

1 2
= _p(yjaylmva) + gR(p(va)ayj)yk - §R(p(va)a yk)yj - ip(R;cjva)' (B1>
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For d*, the first nontrivial recursive computation gives

SO

= [0.d5,,] (v) = [aY", 5] (v*) + df (a3 (v%)).

1
diq (%) = = Sy 0" Ak (uge) + g (T), o+ 5a(T7)

— (), “amf. — Rz b(P*)i e+ 2(13)" b (p*)Z c)-

Dually this gives

1
,U2+1(yka Uy, 'Uc) = - VZM(UIJ’ Uc) + /’L(v;cvba Uc) + ﬂ(vba Vzvc) + §R,(p(vc)a yk)vb

- %RI(P(%)’ Yi)Ve + (V3)bki “(p)e o — (¥3) eki “(P)b “Va-
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