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Abstract. We give an account of mutation of theta functions in cluster scattering dia-
grams, starting with a notion of mutation that is related to, but different from, the notion
of mutation defined by Gross, Hacking, Keel, and Kontsevich. This different approach to
mutation leads to several applications. Three of the applications simplify the process of
computing structure constants for multiplication of theta functions, and these are used in
another paper on cluster scattering diagrams of affine type. Notable in these three appli-
cations is the appearance of mutation symmetries and dominance regions. The other two
applications have to do with pointed reduced bases, a variation on the pointed bases of Fan
Qin. We give a characterization of pointed reduced bases analogous to Qin’s characteriza-
tion of pointed bases. All of these applications take place in a version of Gross, Hacking,
Keel, and Kontsevich’s canonical algebra that can be constructed for an arbitrary exchange
matrix.

Key words: canonical algebra; cluster scattering diagram; mutation; theta function

2020 Mathematics Subject Classification: 13F60

1 Introduction

Cluster scattering diagrams were defined by Gross, Hacking, Keel, and Kontsevich [6] to prove
longstanding structural conjectures about cluster algebras.

The key fact connecting cluster scattering diagrams to cluster algebras is that cluster variables
(and more generally cluster monomials) can be computed as theta functions for the cluster
scattering diagram. Theta functions, in turn, are computed as sums of monomials obtained
from piecewise-linear curves called broken lines.

In this paper, we give a detailed account of how broken lines and theta functions change
when the initial seed is mutated. This account of mutation can in principle be recovered from
[6, Proposition 3.6] and vice versa, but we follow a very different convention for what mutation
should mean in the context of scattering diagrams. (For a comparison of the two notions of
mutation, see [15, Section 4]. Briefly, the difference is that mutation in [6] moves the “positive
chamber”, while mutation in this paper fixes the positive chamber.)

The notion of mutation contemplated here is motivated by the notion of “initial seed mu-
tations” of cluster algebras and also motivated by applications to two related basic problems:
Determining theta functions for a cluster scattering diagram and determining the structure
constants for multiplication of theta functions.

Given an n X n exchange matrix B and a sequence k of indices, the associated mutation
map 771]3 takes a vector in R"”, places it as a coefficient row under B, mutates at indices k, and
reads the new coefficient row. Mutation of cluster scattering diagrams amounts to applying


mailto:reading@math.ncsu.edu
http://nreadin.math.ncsu.edu
mailto:salvatore.stella@univaq.it
https://doi.org/10.3842/SIGMA.2026.109

2 N. Reading and S. Stella

a mutation map to walls and adjusting the scattering terms on the walls appropriately. (A pre-
cise statement is reproduced here as Theorem 4.6. Versions of this fact are in [2, Section 3],
[8, Lemma 5.2.1] and [15, Theorem 4.2]. The equivalent fact using the other notion of mutation
is [6, Theorem 1.24].)

The key technical lemma in this paper (Lemma 4.9) is that theta functions also mutate by
applying mutation maps and adjusting the (Laurent monomial) labels appropriately. Rather
than “translating” the result from [6, Proposition 3.6] which proves it for the other notion of
mutation, it is more straightforward to prove it here directly.

To make Lemma 4.9 apply to an arbitrary initial exchange matrix B, we work in an algebra
(the small canonical algebra, defined in Section 3) that, loosely speaking, is “the algebra gener-
ated by the theta functions”. In [6], a canonical algebra is only defined when products of theta
functions expand as finite sums of theta functions. Here, we appeal to the fact that theta func-
tions can in any case be multiplied as formal power series to define an algebra (however poorly
behaved) in which our result on structure constants makes sense. To make the small canonical
algebra a reasonable setting for mutation of theta functions, we need nondegeneracy conditions
on the extended exchange matrix B (which is taken to be wide rather than tall). We say that
B has nondegenerate coefficients if the rows that are adjoined right of B to make B are linearly
independent. This is stronger than the requirement in [6] that the rows of B are linearly indepen-
dent. (However, we point out in Section 2.6 that there is a reasonable way to define some theta
functions under weaker assumptions.) For our results on mutating theta functions, we assume
signed-nondegenerating coefficients, meaning that any mutation of B has nondegenerate coeffi-
cients, with consistent signs in coefficient rows. A sufficient condition for signed-nondegenerating
coefficients is that there exists a seed at which the coefficients are principal.

Lemma 4.9 implies the following result, stated explicitly later as Theorem 4.2.

Theorem 1.1. Theta functions relative to mutation-equivalent exchange matrices with signed-
nondegenerating coefficients can be obtained from one another by multiplication with an appro-
priate Laurent monomial in frozen variables.

Section 5 contains various applications of Theorem 4.2. One can think of these as applications
of the notion of mutation used in this paper.

Three of these applications simplify the computation of structure constants for multiplication
of theta functions. One application (Theorem 5.1) exploits mutation-symmetry. (A mutation-
symmetry of an exchange matrix is a sequence of mutations that preserves the exchange matrix).
Roughly, the simplification is as follows: When we multiply theta functions indexed by vectors
in finite orbits under the mutation-symmetry, the product expands as a sum of theta functions
indexed by vectors in finite orbits. Slightly more precisely, we must also assume that the theta
functions being multiplied are indexed by vectors in a special subset of the ambient lattice
(called © in [6]), so that the product expands as a finite sum. Another application (Proposi-
tion 5.3) points out a scenario where pairs of broken lines mutate together. A third application
(Theorem 5.4) shows that the product of theta functions whose g-vectors are all in the same
cone of the mutation fan expands as a combination of theta functions whose g-vectors are in
the dominance region of the g-vector of the product. (The dominance region is a formulation
due to Rupel and Stella of Fan Qin’s dominance partial order on g-vectors [11, Section 3.1].)
Theorem 5.4 is a corollary of the more precise but more technical Theorem 5.7.

These simplifications in computing structure constants along with direct applications of the
technical lemma are crucial in [20], where we give a complete description of theta functions in
the acyclic affine case, in the context of a combinatorial model of the cluster scattering diagram
developed in [19], discover “imaginary” exchange relations among theta functions, and identify
an “imaginary subalgebra” of the small canonical algebra that is related to (and in some cases
isomorphic to) a generalized cluster algebra of finite type.
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The remaining applications of Theorem 4.2 have to do with pointed reduced bases of the
small canonical algebra, a variation on Qin’s pointed bases [11, Theorem 1.2.1]. We give a char-
acterization (Theorem 5.14) of pointed reduced bases analogous to Qin’s characterization [11,
Theorem 1.2.1] of pointed bases. We give both precise necessary and sufficient conditions for
a set to be a pointed reduced basis and also simpler necessary conditions, the latter being phrased
in terms of dominance regions. For more details on the relationship between [11, Theorem 1.2.1]
and Theorem 5.14, see Remark 5.15. We also define, in some cases, a basis for the small canon-
ical algebra called the ray basis. In the case of a marked surface, the ray basis is the bangles
basis of [9].

Some ideas in this paper are inspired by the ideas in Fan Qin’s paper [11], although our
conventions, methods, and goals are different enough that there is little actual overlap between
the two papers.

2 Scattering diagrams and theta functions

We now introduce background material on scattering diagrams and their theta functions.

2.1 Context for scattering diagrams

The underlying data for a scattering diagram is a finite-dimensional lattice with a distinguished
basis, a distinguished subset of the basis, and a skew-symmetric bilinear form on the lattice.
In [6], the underlying data is divided into “fixed data” and “seed data”. Later in the paper, we
will (crucially) take a different point of view on what is fixed and what changes, but for now we
make no distinction between fixed data and seed data.

The scattering diagram itself lives in the dual space, and involves a set of indeterminates in
bijection with the basis elements. We arrange the relevant definitions into four parts, related
to: the index set; the lattice, the dual lattice; and the indeterminates. Then we show how all of
this data arises from the choice of an extended exchange matrix.

Definitions related to the index set

e A finite index set 1.
o Iy C I (“unfrozen”) and Iy, = I'\ Iy (“frozen”).

e Positive integers (d; : i € I) with ged(d; i€ 1) = 1.

Definitions related to the lattice

e A lattice N with basis (e; : ¢ € I).

The finite-index sublattice N° C N spanned by (d;e; : i € ).

The sublattice Nys spanned by (e; : i € Lyt).

Ngf‘" = {Zieluf ae; :a; €7, a; > 0} and NL‘E = N3f+ \ {0}, the nonnegative and positive
parts of Nys.

o V= Ny @R, the ambient vector space of Nys (not of V).

{-,-}: Nx N — Q, a skew-symmetric bilinear form, chosen so that { Ny, N°} C Z and
{N, Ny NN°} CZ.

€ij = {ei,dje;} (integers except possibly when i, j € Iy.).
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e An element of a lattice is primitive if it is not a positive integer multiple of some other
element of the lattice. Given a primitive element n € N, let n° be the primitive element
of N° that is a positive multiple of n.

e We partially order the lattice N componentwise relative to the basis (e; : i € I). That is,

n <n' € Nifand only if n =3, ;ae; and n’ =3, aje; with a; < a; for all i € 1.

Definitions related to the dual

M = Hom(N,Z), the dual lattice to N, with basis (e} : i € I) dual to (e; : i € I).

e M° = Hom(N°,Z), the finite-index superlattice of M spanned by (f; : i € I), where f; =
d;le’;.

e (-,-): M° x N — Q, the natural pairing.

e The sublattice M spanned by (f; : i € Lyf).

e V* the dual vector space to V, spanned by {e} : i € I}.
e (-,-): V*xV — R, the natural pairing.

e The elements Zje s €ijf; for i € Iy are required to be linearly independent, but this is
really a condition on {-, - }.

e We partially order M° componentwise relative to the basis (f; : i € I).

Definitions related to indeterminates

e Indeterminates (z; : ¢ € I).

o 2™ means [[;c; 2" form =3, ;cifi € M°.

e Laurent monomials o; = [,/ z;-"j and ¢; = [[;¢; z;-” for i € I.

e (" means Hieluf ¢ and o™ means Hieluf oft for n = Zz’eluf a;e; € Nys.

e k[[¢]] = K[[¢; : @ € I]], the ring of formal power series in the (;, over a field k of character-
istic 0.

e Given n € Ny, we write nB for the vector in M, such that (" = 2"Bgm . In other words,
we write the e;-coordinate vector of n as a row vector, apply the matrix B = [e;5]; jer,, on
the right, and interpret the resulting row vector as the f;-coordinate vector of nB € M;.

We now explain how all of the essential underlying data for a scattering diagram amounts to
the choice of an extended exchange matrix.

Given an indexing set I and I C I, define Ij, as above. Let B = l€ijlicr,,jer be an integer
matrix with linearly independent rows, and write B for the square submatrix [e;;]i jer,,. We
require that there exist integers (d; : i € Iy¢) such that dje;; = —djej; for all ¢, j € Iys. We can
assume that ged(d; : ¢ € I) = 1. Thus B is a skew-symmetrizable integer matrix—an ezchange
matriz—and B is an extended exchange matriz, extending B. (Contrary to the conventions in [5],
here we have extended B to make it wide rather than tall. In [20], we give the translations of
this paper’s results into the tall extended matrix setting.) The definition of cluster scattering
diagrams and theta functions below requires that the rows of B be linearly independent, but we
will see in Section 2.6 that there is a reasonable definition of theta functions for arbitrary B.

All of the underlying data described above can be constructed from B as follows. Let (e;:1 €
I) be formal symbols, take N to be the lattice of formal Z-linear combinations of {e; : i € I},
and define N°, Ny, NT, and V as above.

There is a choice to be made before constructing the remaining data. Specifically, we must
choose additional entries €;; with i € Iy, j € I and additional integers (d; : ¢ € If) such that
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the additional entries €;; are integers when j € Iy and such that the matrix [e;; : 4, € I] has
die;; = —djej; for all 4,5 € I. However, this choice is inconsequential for our purposes because
the data [e;5]icr, jer and (d; : ¢ € I;) do not appear in the rest of the paper. (One way to make
the choice is to set d; = 1 for all 7 € Iy, set ¢;; = —djej; for © € Iy and j € I, and set ¢;; = 0
for i,j € I.) We emphasize again that all of the essential data is all contained in B.

Define a bilinear form {-, - }: N x N — Q according to the rule {e;,d;e;} = ¢; for i,j € I.
This is skew-symmetric because d;e;; = —djej; for all ¢, j € I. The form has {Nys, N°} C Z and
{N, Nyt N N°} C Z because B is an integer matrix.

Finally, construct M, M°, and V* and define indeterminates and Laurent monomials as
above. The requirement that the vectors (Zje r€ijifj 11 € [uf) are linearly independent is

precisely the linear independence of the rows of B.

The extended exchange matrix B (and by extension, the underlying data for the cluster
scattering diagram) is said to have principal coefficients if there is a bijection 7: Iy — I such
that €;r(;) = di; (Kronecker delta). Thus B is B, extended by adjoining a permutation of an
identity matrix.

2.2 Scattering diagrams

We assume the most basic notions of scattering diagrams from [6], and we follow the treat-
ment in [15]. In particular, we leave out, from the scattering diagram, the extra dimensions
related to frozen variables, and modify some definitions/constructions accordingly. (See [15,
Remarks 2.12-2.13].)

A wall is a pair (9, f), where ? is a codimension-1 polyhedral cone in V* and f, is in k[[(]].
More specifically, the cone ? is orthogonal to a vector n € N:f that is primitive in N, and the
scattering term fp is a univariate power series in (" with constant term 1. We sometimes write
(0, fo(¢™)) as a way of naming n explicitly. A scattering diagram is a collection © of walls,
satisfying a finiteness condition that amounts to the requirement that all relevant computations
are valid as limits of formal power series.

The wall-crossing automorphism p~ 5 for a path ~ crossing a wall (9, f5(¢™)) acts on Laurent
monomials in the z; by

p’y7a(zm) — meém,in0>’

for m € M, taking +n° when crossing 0 against the direction of n or taking —n° when crossing
in the direction of n.

As usual, path-ordered products are compositions of wall-crossing automorphisms along gener-
ic paths, or more precisely, limits of such compositions in the sense of formal power series.
A scattering diagram © is consistent if a path-ordered product depends only on the starting
point and ending point of the path, and two scattering diagrams ® and ®’ are equivalent if
they determine the same path-ordered products. In this paper, we do not need to compute any
path-ordered products explicitly, except in connection with the proof of Proposition 4.5, where
we compute a single wall-crossing automorphism.

A wall (0, fo(C")) is outgoing if the vector nB € Mg is not contained in d. The cluster
scattering diagram Scat(B’) is the unique (up to equivalence) consistent scattering diagram
consisting of walls {(e%, 1+ () 14 € Ly} together with additional walls, all of which are outgoing.
The existence and uniqueness of Scat (B) is [6, Theorem 1.12].

2.3 Theta functions

We now define theta functions, quoting and reinterpreting definitions and results of [6] in the
special case of Scat (B) Theta functions depend on the choice of a point () € V* and a vector
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m € MZ, with @ required to not be contained in any hyperplane nt for n € Ny. We have
¥g,0 = 1, and for m # 0, ¥¢ ,, is a sum of weights on broken lines, as we now describe. A broken
line for m with endpoint @), relative to Scat (B) is a piecewise linear path v: (—oo,0] — V* with
finitely many domains of linearity (abbreviated “domains” in what follows), satisfying certain
conditions. The first two conditions are directly on ~:

(i) 7(0) = Q.
(ii) ~ does not intersect the relative boundary of any wall of Scat (B) and does not intersect
any intersection of walls of Scat (B) (unless those walls are in the same hyperplane).

The remaining conditions are formulated in terms of an assignment of a Laurent monomial
cpz™o™ (with ¢, € k, mp, € MS, and nr € Ny) to each domain L of 7. The Laurent
monomials must satisfy the following conditions, which amount to conditions on -, and which
allow us (if the conditions can be satisfied) to recover the Laurent monomials uniquely from the
path ~.

(iii) In each domain L, the derivative 7' of 7 is constantly equal to —my.

(iv) cpz™Eo™ = z™ when L is the unbounded domain of . (That is, ¢, = 1, my, = m, and
nr, =0.)

(v) Suppose t is a point of nonlinearity of 7, adjacent to domains L; and Lo, with L; being
of the form [a,t] or (—oo,t] and Ly being of the form [¢,b]. Then () is required to be
contained in some wall. By condition (ii), above, there exists n € Ny¢ such that every wall
containing (t) is in n*. We can choose n to be primitive in N and to have (mz,,n) > 0.
Let f be the product of the f, for all walls (9, f;) with v(¢) € 0. Then ¢y,2"F20™L2 is
required to be cr,2"F10™ 1 times a term in f<mL1’”O>. (We say that v bends at t, and
(cp,zMt20™2) [(cp, 2™ 10" 1) is the contribution at this bend.)

Since each scattering term f, is a formal power series in k[[(]], these conditions imply that
each ny, isin N&f , so that each 2L ¢"L is a Laurent monomial in (z; : i € I;;f) times an ordinary
monomial in (o; : i € Iy), and in fact each z™Lo™F is 2™ times an ordinary monomial in
(Cz 11 € qu).

Write c¢y2™70™ for the Laurent monomial on the domain containing 0. Then the theta
function Vg m is D cy2™ 0™, where the sum is over broken lines for m with endpoint Q. We
see that Vg m € 2™k[[(]]. (That is, Jg m is 2™ times a formal power series in ((; : 7 € Iyy).)

The most important theta functions, from the point of view of cluster algebras, are those such
that @ is chosen to be in the interior of the positive orthant D = (), {x € V* : (z,¢;) > 0}.
The theta function does not depend on the exact choice of () in the interior of D, and thus we
write ¥, to mean ¥g ,, with @ in the interior of D. Each theta function 9, is 2™ times a formal
power series F, € k[[(]]. We will call F,,, the F'-series of ¥,,. A broken line ~ for m has n, =0
if and only if v has exactly one domain of linearity. There is exactly one such broken line for
each m and @, and it has c,2"™70™ = 2™. Thus F;, has constant term 1.

Example 2.1. (To understand this example, one must be careful to distinguish between n
and n° in the definitions of walls and broken lines.) Consider the exchange matrix B = [(1) _g]
and assume that B is some extension of B. We take I,y = {1,2} indexing B in the usual way
and write [mi,my| for the fij-coordinates of vectors in M. The black lines in Figure 1 are
the walls of the cluster scattering diagram. The figure is drawn so that f; is the horizontal
coordinate and fo is the vertical, and f; and fy are shown with the same length. The skew-
symmetrizing constants are d; = 3 and dp = 1, so e] = 3f1 and e5 = fa. We have (; = 0122_3
and (o = o09z1. The figure also shows, in red, the broken lines that arise in the computation



Mutation of Theta Functions 7

> - 1+ G
x X
RS I
\)f\{,a \?‘3

2

TP
)

L
[t

1+G

Figure 1. Broken lines for 9[_5 3 = J¢,[—2,3)-

of ¥|_53), for a particular choice of () in the positive quadrant. The theta function is the sum
of the monomials assigned to the domains incident to Q:

2,,-3

19[_2’3] = z1_22§’ + 201,21_2 + 301027;1—1 + a%zl_ 29

-1 — — _
+ 30%0221 2y 4 30%0%:52 4+ 0%032122 3

= 27228 (14261 + 330G + ¢ + 3G + 3¢3G + ¢E¢3).

For further details, compare with Example 3.20 in [14].
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Remark 2.2. As mentioned at the beginning of Section 2.2, we have followed [15, Section 2]
in leaving out some unnecessary dimensions from the definition of scattering diagrams and
modifying the definition of theta functions accordingly. This choice is explained and justified in
[15, Remark 2.1], [15, Remark 2.12], and [15, Remark 5.1]. Leaving out the extra dimensions
amounts to “demoting” the “frozen variables” (z; : i € If,) to the status of “coefficients”. While
the difference may be a matter of taste and convenience, we find that leaving out the extra
dimensions leads to better intuition on what is actually happening, for example when we change
coefficients. (See Section 2.6.)

We now describe the difference more specifically. For the purposes of this remark, temporarily
define Vi to be the real span of {f; :i € I}, so that M ® R can be identified with V* & V.
Starting with Scat (B) in V* as defined here, we recover the scattering diagram in M @ R (as
in [6]) by replacing each wall (9, f;) of Scat (B) with (0 @ Vi, fo). Our definition constrains
broken lines to V*, but their “directions” in V* @ V; are recorded on each domain by the
Laurent monomials z™Z¢". Broken lines for m € M, in our sense are easily seen to correspond
bijectively to broken lines in the larger space in the sense of [6], and the Laurent monomials
labeling domains are the same.

Remark 2.3. In [6], the definition of theta functions allows m € M®°, rather than the more
restrictive condition m € M{; in our definition. However, if we allow m € M® in our definition
and adjust Condition (iv) in the obvious way, we obtain the same theta functions as in [6].
In either definition, the only interesting theta functions are the theta functions for m € Mg;.
Indeed, if m € M° is written as mg + my with mg € M{; and m; in the span of {fi:i€ Iy},
then ¥, = ¥,,,2"*. Thus we restrict our attention to theta functions ,, with m € M. See
also Section 3.2.

2.4 Structure constants

We now explain a result of [6] that gives the structure constants for multiplication of theta
functions 1,,,, reinterpreting this result in our setting where unnecessary dimensions have been
removed. Specifically, we quote a result of [6] that is stated there under the hypothesis of
principal coefficients, as defined in Section 2.1. In Section 2.6, we will show (as Proposition 2.9)
that the result quoted in this section holds without the hypothesis of principal coefficients.
Suppose p1,p2, m € MS; and suppose Q € V* is not contained in any wall of Scat(B). Define

= N~y +n
aq(p1,p2,m) = g Cyy Cypy 0712
(v1,72)

where the sum is over all pairs (7y1,72) of broken lines for p; and ps respectively, both having
endpoint Q, and with m., + m,, = m. The definition of broken lines implies that each n., is a
nonnegative combination of {e; : i € Iys}. Each 0" "2 is a Laurent monomial in (z; : i € Iy,).
By [6, Definition-Lemma 6.2], each Laurent monomial in (z; : @ € If,) appears at most finitely
many times, and with nonnegative coefficients, in the sum. Therefore, each monomial in (o; :
i € Iy) appears at most finitely many times and with nonnegative coefficients. In particular,
ag(p1,p2,m) is well defined as a formal power series in (o : @ € Iyf) with nonnegative integer
coefficients. For an arbitrary sequence of points @) € V*, disjoint from the walls of Scat (B) and
approaching m, define

a(p17p27m) = lim aQ(plaPva)'
Q—m

This limit is valid as a limit of formal power series, by the finiteness condition in the definition
of a scattering diagram. The following is part of [6, Proposition 6.4] specialized to the present
setting.
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Proposition 2.4. Assume principal coefficients and suppose pi1,p2 € My;. Then for every
m € M2, the formal power series a(p1,p2, m) does not depend on the sequence of points Q
approaching m. Furthermore,

ﬁpl '19102 = Z a(plap27m) ﬂm (21)

meMZ;

The sum in Proposition 2.4 may not reduce to a finite sum, but [6, Definition-Lemma 6.2]
and [6, Proposition 6.4] imply that it makes sense as a convergent sum of formal power series.
More precisely, for each term co™ of a(pi,p2,m), the expression co™,, can be rewritten as
"z By E,, . Since ¢" is the product of the contributions of all bends of some pair of broken
lines for p; and ps, we have m —nB = p; +pa. Thus co™9,, is 2P* P2 times a formal power series
c("Fy, € Kk[[C]]. Proposition 2.4 (i.e., [6, Proposition 6.4]) says that the sum of these formal
power series converges to z P17P2¢, -, so that the sum in (2.1) converges to Jp, - Up,.

Roughly following [6, Section 7], we define © C MZ; to be the set of vectors m € Mg, such
that only finitely many broken lines figure into the definition of ¥9,,. In particular, for m € O,
in the theta function 9, = 2™ - F,,,, the F-series F), is a polynomial (the F-polynomial), rather
than a more general formal power series.

The following is part of [6, Theorem 7.5], rephrased to use the conventions of this paper.

Theorem 2.5. If p1,ps € O, then the sum in (2.1) has finitely many nonzero terms, every
a(p1,p2,m) is a polynomial, and every m with a(py,p2, m) # 0 has m € ©.

2.5 Matrix mutation, mutation maps, and the mutation fan

Of primary importance in this paper is the notion of mutation. For each k € I¢, the mutation
of B in direction k is the matrix ju,(B) = [¢];] given by

/ —€4j ifi=korj=k,
€ij + [—€ik]+€rj + €irlensl+  otherwise.

Here, [z]+ means max(0,x). Mutation of the smaller matrix B is defined by the same formula.

The notation k = ky--- ki stands for a sequence of indices in Iy, so that pg means the
composition fig, 0 pg, , 00 g,

Given an exchange matrix B, there is a mutation map n,f : V* — V* for each sequence k of
indices. To compute nZ(v) for v = Y ic 1, @ifi € V*, we extend B by appending a single row
(a; : i € Iys) below B, apply pk, and read off the row (a] : ¢ € Iy¢) below ug(B) in the mutated
matrix. Then nZ(v) is defined to be > ier,; @ifi € V*. The map nB:V* — V* is a piecewise
linear homeomorphism. It is a composition

B B B, B, B
Mo = My hgorroks = My O Ty © 77 O (2.2)
of mutation maps for singleton sequences, where By = B and Bj1 = p,(B;) fori =1,...,q.

For v = ) ,c; a;f;, the notation sgn(v) stands for the vector (sgn(a;) : i € Iy), where
sgn(a) € {—1,0,1} is the sign of a as usual. Two vectors m,p € V* are B-equivalent (written
m =B p) if and only if sgn(nf (m)) = sgn(nf (p)) for all sequences k. The =P-equivalence
classes are called B-classes and the closures of B-classes are called B-cones. Each B-cone is
a closed convex cone (i.e., it is closed in the usual sense and closed under nonnegative scaling
and addition). The set consisting of all B-cones and their faces is a complete fan called the
mutation fan Fp [12, Theorem 5.13].
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2.6 The choice of coefficients

We take the point of view that the exchange matrix B is the most important initial data for
a cluster scattering diagram, while the remaining entries of B are a choice of “coefficients”.
We now discuss to what extent, and in what way, the cluster scattering diagram, its theta
functions, and their structure constants depend on the choice of coefficients. This discussion
leads us to introduce the hypothesis on coefficients that is needed for our main results. In the
other direction, this discussion leads us to define some theta functions in greater generality by
relaxing the requirement that B has linearly independent rows. We describe in Proposition 2.10
how results on structure constants for multiplying theta functions (e.g., those in Sections 5.1
and 5.3) can apply to this more general definition of theta functions.

If B and B’ both extend B (and both have linearly independent rows), then one can construct
the underlying data as in Section 2.1 for both B and B’ with the same (e; : i € Iy) both
times, so that the lattices Ny and M, and the vector spaces V and V* are the same for B
and B’. Distinguishing the indeterminates and Laurent monomials by placing primes on the
indeterminates and Laurent monomials for B’, [15, Proposition 2.6] is the statement that a
consistent scattering diagram for B can be made into a consistent scattering diagram for B’
by replacing each wall (9, fo(¢")) by (9, fo((¢)™)), where fo((¢")") denotes the formal power
series in (¢')™ obtained from f5(¢") by replacing (" with ({’)"° throughout. As an immediate
consequence, the cluster scattering diagram Scat(B’ ) is obtained from Scat (B) by making the
same replacements of walls.

Now, looking at the definition of broken lines, we might try to conclude that the theta func-
tions for Scat(B’) are obtained from the theta functions for Scat (B) by replacing ¢; by (] for
each ¢ € I;s. We might also try to conclude that the structure constants (given in Proposi-
tion 2.4/Proposition 2.9) for multiplying theta functions for Scat (B’ ) are obtained from the
structure constants for Scat (B) by replacing each o; by o}. However, there is a subtlety in the
notion of “replacing each ¢; (or ;) by ¢ (or o})” that must be addressed. This subtlety leads
to our hypothesis on coefficients.

As mentioned just after Proposition 2.4, the definition via broken lines describes a theta
function 9, as 2" times a formal power series in ((; : ¢ € Is). Taking that expression, we
can replace each (; by ¢/ to obtain the corresponding theta function for Scat (B’ ) However,
the Laurent monomials (o; : ¢ € Iyf) may not be linearly independent in the lattice of Laurent
monomials. If they are not, then, when we write ¥,, as a sum of Laurent monomials in (z; : i € I),
we may not be able to look at a single Laurent monomial z and write it uniquely as z" times
a monomial in ((; : i € Iy). (Nevertheless, if we know m, then since ¢; = z25el /i and the
vectors » jer €ij fj are linearly independent, we can divide x by 2™ and uniquely write the result
as a monomial in ({; : 4 € Iyf).)

The situation is even worse for structure constants. Each a(p1, p2, m) is a formal power series
in (0; : i € Iy), and if we obtain a structure constant a(pi,pa, m) for Scat(B) in this form
as in Proposition 2.4, we can replace each o; by o to obtain the structure constants for theta
functions for Scat (B’ ) However, if we have a(p1,p2, m) as a sum of Laurent monomials in
(z; : © € I) and if the Laurent monomials (o; : @ € Iyf) are not linearly independent, then we
cannot uniquely recover monomials in (o; : ¢ € Iy;) and thus cannot “replace each o; by o.” to
find the corresponding structure constant for Scat (B’ )

These considerations motivate an additional condition on B. We say that B has nondegen-
erate coefficients if, when B is deleted from B, what remains has linearly independent rows.
Equivalently, if 6™ = 1 for some n € Ny, then n = 0. This is stronger than requiring that the
rows of B are linearly independent.

Defining Laurent monomials ¢; and (/ for i € I as before, and appealing as suggested
above to [15, Proposition 2.6] and to the definition of theta functions, the replacements indi-
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cated in the following proposition are well defined, because of the hypothesis of nondegenerate
coefficients.

Proposition 2.6. Suppose B and B’ are extensions of B, both with linearly independent rows,
and suppose that B has nondegenerate coefficients. Then each theta function VW defined in terms
of Scat(f?’) s obtained from the theta function 9, defined in terms of Scat(B) by replacing
each ¢; by ¢! (or equivalently by replacing each o; by o).

Remark 2.7. Readers familiar with the “separation of additions” formula [5, Corollary 6.3]
may be suspicious of Proposition 2.6. The source of confusion is that, under our conventions,
theta functions “are” cluster monomials only in the case of principal coefficients. For other
choices of coefficients, a cluster monomial may be a theta function times a monomial in the
frozen variables. For details, see [15, Theorem 5.2] and [15, Remark 5.3].

We pause to point out another direct consequence of [15, Proposition 2.6] and the definition
of broken lines.

Proposition 2.8. The set © of vectors m € Mg, such that only finitely many broken lines figure
into the definition of ¥., depends only on B, not on the choice of an extension B with linearly
independent rows.

As an immediate consequence of Proposition 2.6, we can now keep the promise that we
made earlier to weaken the hypotheses of Proposition 2.4, which was proved in [6] under the
hypothesis of principal coefficients. Since principal coefficients are in particular nondegenerate,
Proposition 2.6 applies when B has principal coefficients. Since theta functions for B’ can be
obtained from theta functions for B by a well-defined substitution, the same is true for structure
constants.

Proposition 2.9. Proposition 2.4 holds, more generally, without the hypothesis of principal
coefficients (but retaining the hypothesis that the rows of B are linearly independent).

In Proposition 2.9, we must retain the hypothesis that the rows of B are linearly independent
because we may not be able to define theta functions in the case where the rows of B are not
independent. However, Proposition 2.6 suggests how we might attempt to define theta functions
for an arbitrary extension B of B, without the requirement of linearly independent rows: We
find any extension B’ of B with nondegenerate coefficients, define theta functions for those
nondegenerate coefficients, and then obtain theta functions for B by the replacement described
above. This is independent of the choice of B’ in light of Proposition 2.6. However, it may fail
for a different reason, namely because some specializations of formal power series are not well
defined. Therefore, we extend the definition of a theta function 9, to arbitrary extensions B in
this way only when m € ©.

Proposition 2.10. Suppose B and B’ are extensions of B such that B has nondegenerate
coefficients, and write a(p1,p2, m) for the structure constants for theta functions defined in
terms of B. Assume either that B' has linearly independent rows or that the vectors p1 and po
are in ©. Then replacing each ¥ by ¥ in (2.1) and replacing each o; by o) in each a(p1,p2, m)
yields a valid relation among theta functions ¥ defined in terms of B'.

For some results, we need an even stronger condition than nondegenerate coefficients. The
main results of this paper describe how theta functions change when we mutate B. We will
also need to use Proposition 2.6 on exchange matrices obtained from B by mutation. How-

ever, it is possible that B has nondegenerate coefficients but some mutation of B fails to have
nondegenerate coefficients. For example, B = [(1) _(1) _é _H has nondegenerate coefficients, but

11 (B) = [7? (1) (1) _[1)] does not. Thus we want B to have nondegenerating coefficients, meaning
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that pg (B) has nondegenerate coefficients for every sequence k of indices (including the empty
sequence).

To simplify mutation formulas, we also want a certain sign condition on each pg (B) We
say that B has signed-nondegenerating coefficients if, for every sequence k of indices (includ-
ing the empty sequence), the submatrix [egf)]l.el I of g (B) = [Ez(';c)]iel - has linearly
independent rows, and each row has a sign, meanlifﬁ]g that it consists of eithe‘f‘f’ilonnegative en-
tries or nonpositive entries. Equivalently, writing (al(k) 11 € qu) for the Laurent monomials
associated to ug (B), each Ul(k) is either an ordinary monomial in (z; : ¢ € Ig) or an ordinary
monomial in (ZZ_ Loje Ifr). As a motivating example of this definition, if B is obtained by any
sequence of mutations from an extended exchange matrix with principal coefficients, then B has
signed-nondegenerating coefficients. (Up to a transpose, this is “sign-coherence of c-vectors” [6,
Corollary 5.5], combined with “reciprocity between c-vectors and g-vectors [10, Theorem 1.2]
and “linear independence of g-vectors”, which follows from the construction of the g-vector fan
in [6].)

If B has signed-nondegenerating coefficients, then for each i € Iy, we write sgn(o;) € {1}
for the sign (nonnegative or nonpositive) of the exponents in o; (the sign of entries (¢;; : j € I)).

The Laurent monomials (o; : i € L) span a sublattice of the lattice of Laurent monomials
in (z : ¢ € Iy). Under the assumption of signed-nondegenerating coefficients, as an easy
consequence of the definition of matrix mutation, the Laurent monomials (O'Z-(k) (1€ qu) span
(and are a basis of) the same sublattice, independent of which sequence k of indices in I is
chosen.

Remark 2.11. The notion of signed-nondegenerating coefficients is closely related to the muta-
tion fan. (See Section 2.5.) In light of [12, Proposition 5.3] and [12, Proposition 5.30], choosing
signed-nondegenerating coefficients for B means choosing a full-dimensional cone C' of the mu-
tation fan for BT, choosing vectors in C' that span the ambient space, and using those vectors
as columns to extend B. It is algebraically tidier to choose a set that not only spans but is
a basis for the ambient space. As explained in Section 3.2, choosing a larger spanning set only
adds additional indeterminates that are uninteresting in the small canonical algebra.

3 The small canonical algebra

In this section, we define the small canonical algebra associated to B. For a comparison of our
definition with the definition in [6], see Section 3.2. Briefly, the small canonical algebra is the
algebra generated by all theta functions. We now define it more carefully.

3.1 Definition of the small canonical algebra

Assume that B has linearly independent rows. Let k((¢)) = Unen,, ¢"k[[¢]] be the ring of formal
Laurent series in ((; : @ € Iyf). The elements of k((()) are the formal series _, .y (" such
that {n € Nyt : ¢, # 0} has a componentwise lower bound in Ny. (The lower bound need not
be an element of {n € Ny : ¢, # 0}.) The map n — (" is one-to-one because B has linearly
independent rows, so each element of k((()) is well defined as a formal series of Laurent monomials
in (z; : i € I) with coefficients in k, indexed by N.

Let k[2%1]((¢)) be the set of formal series Y nen, cnC"s with ¢, € k, that can be written (not
necessarily uniquely) as a finite sum of elements of the form

2™ - (formal Laurent series in (¢; : i € L))

with m varying in Mg. The set k[2¥!]((¢)) is closed under the obvious addition of series of
Laurent monomials in (z; : i € I). We can also multiply elements of k[2%]((()): Since the rows
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of B are linearly independent, each monomial 2" with n € N appears at most finitely many
times as a term in a finite product of elements of k[2*!]((¢)). Furthermore, this multiplication
can be written in terms of the usual multiplication of Laurent monomials in (z; : ¢ € I) and
of formal Laurent series to show that k[zF']((¢)) is closed under multiplication. We see that
k[z%1]((¢)) is a ring, and since each o; is ¢; [er, 2 “I it is also a k [oF!]-algebra, where k [o*!]
is the ring of Laurent polynomials in (o; : i € Ly).

Continuing to assume that the rows of B are linearly independent, we define the small canon-
ical algebra can(B) to be the k[o*!]-subalgebra of k[z*!]((¢)) generated by theta functions ¥,
for m € MJ;. Thus can (B) is the set of finite ]k[aﬂ]—linear combinations of finite products of
theta functions. (See Remark 3.3 for a definition of @(B) for certain B, with no conditions
on the extension B.)

Remark 3.1. In the definition of @(B), we have inverted the elements (o; : i € I¢). This
is convenient because it will allow us to write elements of @(E) as elements of @(E’ ),
where B’ is obtained from B by mutation (Theorem 4.2). In other contexts, one may want
a smaller algebra: the k[o]-subalgebra of k[2%1]((¢)) generated by theta functions. The proofs
of the results in Section 5.1 on structure constants rely on the ability to mutate the initial
matrix B. However, these results imply the analogous results in the smaller algebra, because
the structure constants a(pi, p2,m) in (2.1) are formal power series in (o; : i € I) and don’t
involve inverses of the o;.

We emphasize that the multiplication in @(B) is the obvious multiplication of Laurent
monomials in (z; : i € Iys) and Laurent series in (¢; : @ € Ir). However, the multiplication is
also given by (2.1). We will say that B is well behaved if the sum in (2.1) is finite for all p;
and po and the coefficients a(p1, p2, m) are polynomials (rather than formal power series) for all
p1, p2, and m. In this case, can (B) is the set of finite k-linear combinations of elements o™,
for (n,m) € Nyt @ M. As mentioned just after Proposition 2.4, B can fail to be well behaved.
The well behaved case is the case where the set © defined in Section 2.4 is all of M. In
light of Proposition 2.8, the property of being well behaved depends on B, not on the choice
of extension B. We will see in Remark 3.3 that in the well-behaved case, we can define the
canonical algebra for arbitrary extensions B, with no requirement of linearly independent rows.

In order to define notions of convergence and basis in the small canonical algebra, aside from
Remark 3.3, for the rest of Section 3, we assume that B has nondegenerate coefficients in the
sense of Section 2.6. Under that assumption, the set {z; : 7 € I;s} U {¢; : i € I} is linearly
independent.

Consider the associative k-algebra @, Mo, 2™k((¢)). For each m € MY, the summand

2™k((€)) is a k-vector space consisting of expressions of the form
2™ . (formal Laurent series in (; : i € Iyf)).

The direct sum P, M, 2"k((¢)) is a k-algebra with the obvious multiplication (multiplying the
Laurent monomials in z and multiplying the formal Laurent series). Because of nondegenerate
coefficients, the algebra k[z*']((¢)) is naturally isomorphic to €, ¢ M, 2"k((¢)). Otherwise, two
different elements of €, ME, 2"™k((¢)) could represent the same series of Laurent monomials in
(Zi el )

The algebra P, ME, 2"k((¢)) is graded by the lattice MS, with each direct summand

uf?
2"k((¢)) having degree m. We call this the g-vector grading (using the name from [5] despite
the difference in conventions). If v is an element of z"k((¢)), then we write g(v) = m. Thus

g(z™) =m for all m € Mg, and g(¢") = 0 for all n € Ny. Since each oy is G- [/, zj_eij, set-

ting g(¢;) = 0 amounts to setting g(oi) = —>_,c; €;fj, so that g(o") = —nB for all n € Nys.
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This definition of the g-vector would be problematic without the assumption of nondegenerate
coefficients, which allows us to independently assign a g-vector to each o;.

There is a natural notion of convergence that makes €, M, 2™k((¢)) into a complete vector
space over k. First, we say that a sequence of formal Laurent series in k((¢)) converges if (1)
there exists a vector in V¢ that is simultaneously a componentwise lower bound on the exponent
vectors of all nonzero terms of all Laurent series in the sequence and (2) for every n € Ny, the
coefficient of (" eventually stabilizes in the sequence.

Now, given v = ZmeMgf 2" Hp, in ®meM§f 2"k((¢)), let the symbol S(v) stand for the finite
set {m € M2 : Hy, # 0}. A sequence vo,Vy,... of elements of eameM‘jf 2"k((C)) converges if
the set S = J,>o S(vg) is finite and, writing v, = > ¢ 2™ Hy, , for each k > 0, the sequence
Hom, Him, ... converges in k((¢)) for each m € S. It is easy to see that if a sequence converges
then every rearrangement of the sequence also converges. Taking the usual definition of an
infinite sum as the limit of the sequence of partial sums, we note also that if a sum converges
then every rearrangement of the sum converges. Thus we will discuss convergence of sums
indexed by countable sets, without specifying an enumeration of the indexing set.

The following is an immediate consequence of Proposition 2.6.

Corollary 3.2. Suppose B and B’ are extensions of B, both with nondegenerate coefficients.
Then the isomorphism from @meMof 2"k((Q)) to @meMof 2"k((¢") that fizes each z; and sends

each o; to o}

(1) restricts to an isomorphism from @(B) to @(B’), and

(2) sends convergent series to convergent series.

Remark 3.3. When B has the property that © is all of MJ;, Theorem 2.5 and Corollary 3.2
allow us to define a small canonical algebra for an arbitrary extension B, with no requirement
of linearly independent rows: Given any extension B’ of B with nondegenerate coefficients,
the small canonical algebra @(B) is the algebra obtained from @(B’ ) by replacing each o
with ¢;. This makes sense because the definition of ©® and Theorem 2.5 together imply that the
elements of can (B’ ) are all finite sums of Laurent monomials in (z; : ¢ € I). This definition of
@(B) is also independent of the choice of extension B’ because of Corollary 3.2. The small
canonical algebra can (B) is the k[o*!]-algebra generated by the theta functions ©J,, for B, which
were generalized in Section 2.6 to lift the requirement that B have linearly independent rows
when m € ©.

3.2 Comparison with the Gross—Hacking—Keel-Kontsevich approach

We now discuss two differences between our construction and the construction of Gross, Hack-
ing, Keel, and Kontsevich [6] (called “GHKK” in this section). We also explain why, and to
what extent, our results apply to the GHKK construction. (The constructions and results of
GHKK vary as to hypotheses such as principal coefficients, etc. In this short comparison of our
construction with GHKK, we will not carefully distinguish the various hypotheses of the GHKK
results, but rather refer the reader to [6] for such details.)

The first and most significant difference is that GHKK define a canonical algebra only in the
well behaved case, and under the hypothesis that B has linearly independent rows. They define
the canonical algebra as the vector space of formal linear combinations of theta functions and give
it an algebra structure using the structure constants determined in [6, Definition-Lemma 6.2] and
[6, Proposition 6.4] (adapted here in Section 2.4). The algebra they define is finitely generated
and contains the upper cluster algebra (in the sense of [1]). See [6, Theorem 0.12].
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In the general (not necessarily well behaved) case, GHKK also define a smaller algebra called
the middle cluster algebra. They consider the subset © of M° discussed in Section 2.4. Theo-
rem 2.5 implies that the vector space of formal linear combinations of the theta functions ¥,
such that m is in © has an algebra structure given by the structure constants a(p1, p2, m), which
are polynomials. This is the middle cluster algebra. It contains the ordinary cluster algebra (the
usual cluster algebra generated by the cluster variables) and is contained in the upper cluster
algebra. See [6, Theorem 0.3].

By contrast, here we define a canonical algebra in every case (well behaved or not), with
the hypothesis of nondegenerate coefficients. We can do this because, at worst, each theta
function ¥,, is a Laurent monomial z™ times a formal power series in k[[(]], and there is no
obstacle to multiplying such things in €, ME, 2™k((¢)). In the well-behaved case, we also define

a canonical algebra with no hypotheses on the extension of B.

Outside of the well-behaved case, our can (B) can have severe disadvantages as an algebra,
related to the fact that the structure constants a(pi,p2, m) can be formal power series rather
than polynomials and, worse, the fact that the sum in (2.1) can have infinitely many nonzero
terms. We would like for the theta functions to be a basis for @(B), but since products of
theta functions may expand as infinite sums of theta functions, we can only hope to have a basis
of theta functions with respect to the notion of convergent sums defined above. However, as
explained later in Remark 3.4, because can (B) is not complete in the topology implied by our
notion of convergence, the theta functions may still fall short of what we would want from
a basis, even in this sense of convergent sums.

Despite these drawbacks, it is useful to define can (B), the “algebra generated by theta func-
tions” with no restrictions on B, and define an imperfect notion of “basis” later in Section 3.3.
The main advantage is that we can prove results about structure constants for theta functions
without worrying about whether B is well behaved. In the well behaved case, our results in
particular describe structure constants for the canonical algebra in the sense of GHKK. Further-
more, our results describe structure constants in the middle cluster algebra, whether or not B
is well behaved.

The second difference between our construction and the GHKK construction is that we have
in fact defined an algebra that is smaller than the GHKK canonical algebra (in the well behaved
case): To recover the GHKK “large” canonical algebra from our small canonical algebra @(B),
one may have to put in some additional coefficients. Strictly from the point of view of defining
an algebra generated by theta functions, these additional coefficients are uninteresting, but
from another point of view, they are important: The small canonical algebra might need to be
enlarged in order to contain the cluster algebra associated to B. That is because, as mentioned in
Remark 2.7, a cluster monomial may not equal the corresponding theta function, but rather may
be the theta function times a monomial in the frozen variables. (Cluster monomials are equal
to theta functions, for example, in the case of principal coefficients and in the coefficient-free
case.)

As already discussed in Remark 2.3, the construction in [6] provides a theta function ¥, for
any m € M®° (rather than only for m € M), but if we write m as mo + m; with mg € M
and mq in the span of {f; : i € Iy}, then ¥,, = ¥p,,2"'. The GHKK canonical algebra is (when
B is well behaved) the k-subalgebra of @,,c 0 2™k((()) generated by theta functions ¥J,, for
m € M°. When |Iy| > |Iy|, our definition of @(B) as the k[o*!]-algebra generated by
{¥m :m € Mg} is strictly smaller than the GHKK canonical algebra. But the larger algebra is
easily obtained by adjoining some additional Laurent monomials in (z; : i € Ig). Specifically,
we choose |If;| — |[Iy¢| of the indeterminates (z; : ¢ € If) in such a way that the (o; : i € Iy¢) and
the additional indeterminates z; span the entire lattice of Laurent monomials in (z; : i € Iy).
The GHKK canonical algebra is the tensor product over k of can (B) with the ring of Laurent
polynomials in these additional indeterminates.
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3.3 Bases and reduced bases for the small canonical algebra

We continue to assume that B has nondegenerate coefficients. A countable subset U of Can(B)
is a basis for can( ) if, for every v € can( ) there is a unique function u + ay from U to k
such that ) ., ayu converges to v, in the sense of convergence in @, M, ? "k((¢)) described
in Section 3.1.

Rem?rk 3.4. Our definition of a basis for can (B ) has an important drawback: The vector space
can(B) is not complete under convergence in @, Mo, 2"k((¢)). (Indeed, one can easily convince
oneself that the completion of can(B) is all of €D, Muo 2"k((¢)).) Thus a basis, as defined above,
is not a so-called Schauder basis for @(B). Nevertheless this notion of basis is useful. (By
analogy, it is useful to describe invertible linear transformations in an n-dimensional vector
space by giving matrix entries, even though not every choice of n? entries describes an invertible
transformation.) Most importantly for our purposes, this notion of basis allows us to state and

prove results without restricting to the well behaved case.

In accordance with the philosophy of treating Laurent monomials in (o; : i € Iy) as coeffi-
cients (discussed in Remarks 2.2 and 2.3 and in Section 2.6), we want to pass to a subset of the
basis and recover the whole basis using the coefficients. In the process, we will also put fairly
strict conditions on the form of basis elements.

A reduced basis for @(B) is a subset U = {u,, : m € M} of @(B) such that each u,,
is 2™ times a formal power series in k[[(]] with constant coefficient 1 and such that

U={c"u:n€ Ny,u €U} ={0"u,:n€ Ny,m e M}

is a basis. In this case, we say that the basis U is reducible and reduces to U. In fact, we will see in
Theorem 3.9 that the requirement that If is a basis is redundant: As long as each u,, is 2™ times
a formal power series in k[[¢]] with constant coefficient 1, the set U = {u,,, : m € M%} of can(B)
is a reduced basis. For the moment, we retain the additional hypothesis.

The theta functions are the motivating example of a reduced basis for can (B) We will call
this basis the theta basis later in the paper.

Proposition 3.5. Suppose B has nondegenerate coefficients. Then {Om : m € Mg} is a reduced
basis for @(B).

Proof. Each 9,, is 2™ F,, for a formal power series F},, in k[[(]] with constant term 1. We must
show that {o"¥,, : n € Ny, m € M} is a basis. .
First, we show how to express every element of can (B) as a convergent sum

Z Z Cmn 00

meM; n€Nys

Since every element of can (B) is a finite Ik[ail]—linear combination of finite products of theta
functions, it is enough to show that every finite product 9, - - - J,, of theta functions admits such
an expression. Since each a(p1, p2,m) in Proposition 2.4 is in k[[o]], a simple induction shows
that 9, --- 0, is ZmeMo a(p1,...,pk, m)Oy, for power series a(pi,...,pr,m) € k[[o]]. Thus
Up, -+ - Up, can be expressed asasumy, Me, Yo eNO Cmn O "0, where each ¢, 5, is an element
of k. Recall from Section 2.1 (under the headlng deﬁmtwns related to the dual) the definition
of nB € Mg, and recall that o" = = 2z~ "B¢". Writing each theta function 9,, as 2™F), where
F,, € K[[¢]] is the F-series of 9,,, we rewrite the sum as ZmeMo Zn€N0+ Cmn (2B,
Write p for p1 + -+ + pg. Since multiplication in can(B) is graded by the g-vector, we have
m—nB = p whenever ¢, , # 0, so we can further rewrite the sum as z” ZneN°+ Cp+nBn ¢ FpinB-
Since each F), 1,5 is a formal power series in k[[¢]], the sum converges in k[[(]], and we conclude
that the sum ZmeMgf ZnGNSlZ" Cm,n 0", converges in @meM‘j’f 2"k((¢)), as desired.
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If some element admits two expressions as a convergent sum, then the difference of the two
expressions is a sum Zme M, Zne Ny Cmn 0",, that converges to 0. We will show that ¢, , =0

for all m € Mg and n € Ny Again writing 1, as 2™ F;, and using " = = 27 "B(" we rewrite
the sum as ) M, Y one Ny Cmn G 2™ "B, Since the sum converges, among all the partial
sums, there are onfy finitely many different Laurent monomials 2™ "8 appearing in the sum
with ¢, n # 0.

Suppose for the sake of contradiction that one or more coefficients ¢, ;, is nonzero and write ¢
for m —nB. Write Ty = {n € Nyt : ¢q4nBn # 0}. Again because the sum converges, there is
a componentwise lower bound for Tj, in Ny, and therefore T}, contains at least one element r with
componentwise minimal f;-coordinates. We obtain a contradiction: By construction, ¢y, is
nonzero, so since the constant term of F. is 1, the summand indexed by m = ¢ + rB and
n=rin ZmeMo ZneNuf cmn ("2 m-nB @ includes a nonzero term Cq+rBrC 2. But because r
was chosen to be minimal in 7, > no other choice of m and n gives any terms involving ¢"z9.
This contradicts the fact that ) Mo, Y one Ny Cmn 0" U converges to 0, and we conclude that
cmyn = 0 for all m € Mj and n € N.

This contradiction shows that each element of can( ) admits only one expression as a con-
vergent sum. |

If B is well behaved, then every element of @(B) is a finite k-linear combination of ele-
ments 0", for n € Ny and m € My;. Thus we have the following special case of Proposi-
tion 3.5. It will be apparent from Lemma 3.8 that the corollary also holds with the theta basis
replaced by any reduced basis.

Corollary 3.6. Suppose B is well behaved and B has nondegenerate coefficients. Then the
reduced basis {0y, :m € Mg} is a (Hamel) Ik[ail]—basi{ for can(B). Equivalently, the set
{0"0m :n € Nug,m € M3y} is a (Hamel) k-basis for can(B).

Indeed, Corollary 3.6 essentially recovers the Gross—Hacking—Keel-Kontsevich construction
of the canonical algebra as the space of formal linear combinations of theta functions. (See
Section 3.2.)

Remark 3.7. One might hope to extend Corollary 3.6 beyond the well behaved case by taking a
larger base ring than ]k[ail}. For example, one might wonder whether the theta functions form
a (Hamel) k((0))-basis for @(B) But in fact, @meMjf 2™k((¢)) is not even a k((o))-algebra,
because k((0)) is not even a subset of @, M, 2"k((¢)). (A formal Laurent series in (0; : ¢ € Iy)
can be nonzero in infinitely many direct summands of &, ME, 2™k((€)).)

To conclude this section, we give a characterization of general reduced bases in terms of the
theta basis. Recall from Section 2.1 the definition of the vector nB € M, given n € Nys. Recall
also from Section 3.1 that the g-vector of o™ is g(c™) = —nB. We begin with the following
lemma.

Lemma 3.8. Suppose B has nondegenerate coefficients. Let U = {u, : pe M} be a reduced
basis for can(B), indexed with g(u,) = p for allp € M. Let v € C&J( ) be of the form z™H
for some formal power series H € k[[(]] with constant term 1. If the expression for v in terms

of U is v = ZpeMgf Y neN,y Cpn 0 Up, then
(1) All nonzero terms cppn o™, have g-vector m.
(2) Cm,0 = 1.
(3) ¢cpo =0 forpe M\ {m}.
4) If ¢y, # 0 for some p € M% and n € Ny, then n € N°F and p = m + nB.
P, uf uf

In particular, v = u,, + ZneNuJ;(Cm+nB7n)‘7num+nB'
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Proof. Since Zpe M, Y one N Cpn 01 converges to v, which is homogeneous with g-vector m,
the restriction of ) pEM®, ZneN . Cpn 0"y to terms whose g-vector is not m converges to 0.
Since U is a reduced ba81s the trivial expression is the only expression for 0 € can(B) as
a convergent sum of terms o™u,. Assertion (1) follows.

Suppose ¢, # 0. The g-vector of o™u,, is —nB + p, which equals m by assertion (1). To
prove assertion (4), it remains to show that n € Nl?f+ . The term ¢, ,0"u, is 2¢" times a formal
power series in k[[¢]] with constant term 1. In particular, if ¢, # 0, then ¢, ,0™u, contributes
a nonzero term ¢,z ¢" plus constant multiples of 2" ¢ "’ such that n’ > n in the componentwise
order on Ny. The fact that Zpe Mo, Y oneN . Com 0"y converges implies that there is a com-
ponentwise lower bound on {n € Nuf ¢m+nBn 7 0}. Therefore also {n € Nyt : ¢ppinBn # 0}

contains at least one element that is minimal in the componentwise order. Choose n to be

minimal. Since v is 2™ times a formal power series in k[[(]] with constant term 1, if n ¢ N&T )
the term ¢, 2" (" must cancel with some other term. Each U”/up/ is sz”/ times a formal
power series in k[[(]], so anlup/ can only provide a term that cancels with ¢, ,, 2" (" if n’ < n
componentwise. Since n was chosen to be minimal, we see that the term ¢, 2" (" cannot be
canceled by another term. By this contradiction, we conclude that n € ]\/'3;r , and we have proved
assertion (4). Assertion (3) follows immediately.

By hypothesis, v is 2™ times a formal power series H in Ik[[C]] with constant term 1. Also,
assertion (4) says that v ="> neNCF (em4nBn)0 " Uminp. Each 6"up,,p is 2™ (" times a formal
power series in k[[(]] with constant term 1, so oc™u,,+,p does not contribute to the constant
term of H for n # 0. Thus the constant term of H is ¢, 0, which is therefore 1, and we have
proved assertion (2).

These assertions together say that v =, +)_ N:rf(CmeB,n)Unuern B.- [ |

The following theorem is the desired characterization of reduced bases. We emphasize an
essential hypothesis of the theorem: We must know a priori that U is a subset of can (B)

Theorem 3.9. If B has nondegenerate coefficients and U = {up, :m e M2} is a subset of
Can( ) then the following are equivalent:

(i
(i

(ii

U is a reduced basis for @(B), indezxed so that g(u,) = p for allp €

FEach u,, is 2™ times a formal power series in k[[C]] with constant coefficient 1.

Fach u,, is ¥,, + ZneNt cglm) 0"9minp for some constants CEZ”) c k.

)
)
)
(iv) IfV = {v}, : p € MS} is a reduced basis for can(B), then for eachm €
(m)

18 Vi + ZneNjf e 0"V minp for some constants cslm) € k.

Proof. By definition, (i) implies (ii). If (ii) holds, then (iv) holds by Lemma 3.8.
Now suppose (iv) so that, taking cém) =1, each Uy, is Yo o NOF cgl ) g Vmanp- For each
p € My and r € Nl?;r, let d¥) be S(—1)k ]_[Z_ (pmi-15B) , a finite sum indexed by all chains of

1™"n;,—n;—1
the form 0 = ng < ny < -+ < ng = r in the componentwise order. Each k must be positive,

except when r = 0, in which case k must be zero and we interpret the empty product as 1, so

op the element up,

that d[()p) = 1. For each p € M2, we compute (taking s =n + r):
S o= Y AP0 S ) oMy
reNYF reNYF neN’F
-5 v X a0
seNOF 0<r<s

_ (p+rB) k p+m 1B)
= > Vs Y o) (-]

sENOF 0<r<s
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where the third sum is over chains 0 = ng < ny < --- < ng = r. The sum over r and the sum
over chains can be combined, and we obtain

k+1
p) 5T _ s (p+ni—1B)
Z d’g‘ ) 0 UptrB = Z 0 Vp+sB Z( H nlfni 10
reNY seNYT
where the sum is over chains 0 = ng < np < --- < ng < ngy1 = s (and nyg is the r from the

earlier expression). That sum is 1 if s = 0 or 0 if s > 0. (If s > 0 then each chain in the
interval [0, s|] appears exactly twice, once with nj = nkZLI and once with ny < ngyq. These have
the same weight, except with opposite signs, because c; +iB) =1.) Thus ) . NOH " o" UprB
converges to vy,

Now write each v, as z™H,, for H,, € k[[(]]. Since also 0" = 2z7"B(" we see that each

_ (m) n .
u,, = ZneNSf* cn 0"ViinB 18

Z cgm) Z—nB<n2m+nBHm+nB =2"K,,
nGNSer
for some K, € k[[(]].

Suppose w € Can(B) Express w as a convergent linear combination of Laurent monomials
in o times elements of V and replace each v, in the expression by > _ NOH d( ) or "upyrp. The
result is an expression for w as a convergent linear combination of Laurent onomials in ¢ times
elements of . The argument that such an expression is unique is the same as in Proposition 3.5,
using the expressions u,, = 2™ K,, in place of the expressions ¥,, = 2™ F},,. Thus U is a reduced
basis. We have shown that (i), (ii), and (iv) are all equivalent.

In light of Proposition 3.5, (iv) implies (iii). Specializing the argument above that (iv)
implies (ii), we see that (iii) implies (ii). [

4 Mutation of theta functions

In this section, we discuss the notion of “mutating” theta functions. Crucially, throughout
Section 4, we assume that B has signed-nondegenerating coefficients.

There are several notions of what it should mean to “mutate” theta functions. The key
technical observation underlying this paper describes the relationship between two of them.

The first, and simpler, notion is to compute theta functions relative to Scat (B), pass from B
to g (B), otherwise keeping everything the same, and then separately compute theta functions
relative to Scat (Mk (B)) Here is a more precise description of “otherwise keeping everything
the same”: If we have constructed the underlying data from B as described near the end of
Section 2.1, then we construct the underlying data again from py (B’), using the same integers d;
and the same symbols e; and €. Thus, all of the data in Section 2.1 is the same, except for the
entries €;; and the skew-symmetric bilinear form {-, - }.

Remark 4.1. In this paper, we will not use the notion of mutation in [6], which differs from the
notion described above because different things change and different things stay the same. In
[6], everything stays the same, including { -, - }, except for B and the choice of bases (e; : i € I)
for N and (f; : i € I) for M°. A new basis (e; : i € I) is chosen for N such that {e},d;e}} are
the entries of the mutated matrix (and then f/ is defined to be d; *(¢/)¥). The mutation results
that we quote and prove here have analogs in [6] for this different notion of mutation.

The second notion of mutation of theta functions uses mutation of cluster variables as follows.
The triple (B, (z; : i € Iy),(0; : © € Iy)) constitutes a seed of geometric type in the sense of
cluster algebras [5]. (However, to conform to the conventions of [6] as already described, we
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continue with a “wide” extended exchange matrix B = l€ijlicr, jer rather than a “tall” one.
Thus the construction is related to the constructions in [5] by a global transpose.)

Mutation at k creates a new seed (ux(B), (2 : i € ILy), (0} : i € Iy)). The relationship
between the two seeds is given by matrix mutation and the exchange relation. As part of the
assumption that B has signed-nondegenerating coefficients, each o; has a sgn(o;) € {#1}, and
similarly each o] has a sign, which simplifies the relationships between primed and unprimed
quantities to the equations below. One may take equation (4.1) to be the definition of the
exchange relation in this case, or refer to [5, (3.11)]. The other relations below follow from the

definition of matrix mutation. (Compare [5, Proposition 3.9] and its proof.)

akzp = (14 Qoo W T A7, (4.1)
J€lus

2l =z forie Ly )\ {k}, (4.2)

o) = a,;l, (4.3)

o) = oi(op) Rk for i e I\ {k}, (4.4)

G= G (4.5)

G = GG (14 ¢y) 7% for i € Iy \ {k}. (4.6)

The second notion of mutation of theta functions is to use the above relations between primed
and unprimed variables to write each theta function relative to Scat (B’ ) in terms of the unprimed
variables. We will prove the following theorem relating the two notions.

Theorem 4.2. Suppose B has signed-nondegenerating coefficients and, for some k € I,
write B’ for (B) For m € Mg, write 9B for a theta function defined in the unprimed
variables using B, write m’ = n,?(m), and write 197]3;';,/ for a theta function defined in the primed
variables using B'. Relating the primed and unprimed variables as in (4.1)~(4.6), we have
792’, — 7971732 (o)~ lsenlon)(m.diex)]+

In interpreting Theorem 4.2, it is useful to remember that o}, = a,;l. Thus the conclusion of
the theorem can be rewritten as

19 193 (o7, ) FEn(or) (modrex)]+ or g 193’ (o7,) " Isn(on) (mudier)]+

Before proving Theorem 4.2, we point out a corollary, which is immediate by induction on
the length of a sequence k.

Corollary 4.3. Suppose B has signed- nondegenerating coefficients. For any sequence k of
indices in Iy, if we identify indeterminates related to B with indeterminates related to Lk (B)

by iterations of (4.1)~(4.6), then can(u (B)) = @(B)

We now move to the proof of Theorem 4.2. The proof consists of expressing both notions of
mutation of theta functions in terms of formal symbolic operations and then comparing. First,
(4.1)~(4.6) can be rephrased as the following proposition. (To get the correct replacement for
2k, it is useful to rewrite (1+ (¢;)™") as (14 ¢)(¢) ™)

Proposition 4.4. Suppose B has signed-nondegenerating coefficients. Let v be an expression m
(zi2i € Ly), (0511 € Iyg), and (G : @ € Iyg). Then v can be expressed in terms of (2 : 1 € Iys),
(ol i€ ILy), and (¢! : i € Ly) by simultaneously making the following substitutions:

replace zj by % H (z})[%]ﬂ
zk(Uk) gN{Tk +jeluf



Mutation of Theta Functions 21

replace z; by

for i€ Iy \ {k},

BN
\/

/
Ok
o )[sgn(ok €]+ fori € Iy \ {k}’
) 1

z
replace oy, by (o
replace o; by o,
replace (i by (

replace ¢; by CL(C)TH (1 4+ L)% for i e Iy \ {k}.

Our next goal is to prove the following proposition.

Proposition 4.5. Continuing hypotheses and notation from Theorem 4.2, 195, is obtained from

192 by substitution and then multiplication, as follows: First, simultaneously make the following
substitutions:

!
replace z, by % H (Zg,)[emh’
2 (o, )lsenlon)l+ e

replace z; by =z fori € Iy \ {k},
replace oy, by (o) 7",
replace o5 by o (o)W for i e T\ {k}.

Then multiply by (o7, )sen(@r)im.drer)l+

The combination of Propositions 4.5 and 4.4 immediately implies Theorem 4.2. Specifically,
we use the fact that (" = 2"Bo" for all n € Ny to write 92 in terms of the symbols z and o
only, without the symbols ¢. Then, using Proposition 4.4 to write ¥2 in terms of the symbols 2’
and o’ and comparing with Proposition 4.5, we see that 95, = 95 . (o7, )en(ex) (mdiex)]+

We now proceed to prove Proposition 4.5. We begin by quoting [15, Theorem 4.2], which
is a reinterpretation of [6, Theorem 1.24]. The theorem explains how to construct the cluster
scattering diagram Scat (px (B)) in terms of (z] : i € Iy) and (¢} : i € Iy), given the cluster
scattering diagram for B in terms of (z; : i € Iy¢) and ((; : ¢ € Iy¢). (The difference between the
result in [15] and the result in [6] is that, in [15], a linear map is applied to change bases of V*.)

Up to equivalence of scattering diagrams, we can assume that there is no wall (9, f(¢")) of
Scat (é) such that 0 contains points strictly on opposite sides of the hyperplane e% in V*. Thus,
we can apply the piecewise-linear map 77,? to whole walls, because it is linear on each halfspace
defined by ei. The following is [15, Theorem 4.2].

Theorem 4.6. Scat (B )) (in the primed variables) is obtained from Scat(B) (in the un-
primed variables) by changing the wall (ek , 1+ () to (ek .1+ ;) and altering each other wall
(0, £5(¢™)) as follows: Replace d by nP () and make the following substitutions in fo(C™):

replace ( by ((,'g)*l,

Gl ifa C{peV*:(per) <0},

C'(C )[ €ik]+ ifo C {p cV*- <p7 €k> > O}, fori e Iy \ {k}

replace (; by {

Example 4.7. This example continues Example 2.1. We take B = [(1) _g] and B as before

and consider mutation in position 1, so that 4 (B) = —B = [ _3]. The black lines and black
labels in Figure 2 show Scat(u1(B)), in primed variables, for B as in Example 2.1. The broken
lines in the figure are explained in Example 4.10.

The following simple fact will be useful in applying Theorem 4.6. Recall that for a primitive
element n € N, the primitive element of N° that is a positive multiple of n is written as n°.
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1+

14+¢

1+

H : Ml(B)
Figure 2. Scat(p;(B)) and broken lines for 197713(@),"13([72’3]).

Lemma 4.8. Suppose n is a primitive element of Nyt. Starting with ", replace ¢, by (Cx) ™t
and each G by C(Co)E*I+ as in Theorem 4.6, and call the result (O)™, so that

n' =n—2ep,n)ex+ Y [l (€], n)es.
i€ Lys
Thenn' is a primitive element of Nyt and (n')°=n° — 2(fx, n®)drey + Ziequ (fisn®)[Feri|+drer-

Proof. For either rule in Theorem 4.6 for replacing ¢;, the map n + n’ is an automorphism of
the lattice Ny, so it sends primitive elements to primitive elements. Since N° is a sublattice
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of N, the map also sends primitive elements of N° to primitive elements of N°. Thus the maps
n +— n’ and n — n° commute, so (n')° is obtained simply by applying the same linear map
to n°. We compute that map on the basis (d;e; : i € Iy). The map sends die, to —dyey, and
for i € Iy \ {k}, sends d;e; to di(e; + [Leix]+exr), but since the d; are the skew-symmetrizing
constants, this is d;e; + [:I:diel-k]+ek =d;e; + [:deeki]+€k =d;e; + [$6ki]+dkek. |

Lemma 4.9, below, relates broken lines in the scattering diagrams Scat(u(B)) and Scat (B)
It is a version of [6, Proposition 3.6], but we need to modify that result in the same way that
Theorem 4.6 is a modification of [6, Theorem 1.24]. Rather than explaining how to modify [6,
Proposition 3.6], we prove the modification directly using Theorem 4.6 and the same kind of
argument given in the proof of [6, Proposition 3.6].

Call a curve y: (—o0,0] — V* a prospective broken line if it is piecewise-linear and has finitely
many domains of linearity, each labeled by Laurent monomials in (2 : i € L) and (03 : i € Ly),
with the infinite domain of linearity labeled by a Laurent monomial in the z;. We extend each
mutation map 77,? to a map on the set of prospective broken lines. We begin by defining the
map when k is a singleton k; the map 77,5 for arbitrary sequences k is given by (2.2).

Given a prospective broken line « with its infinite domain of linearity labeled 2™ for m € M?°,
define nP(v), as a curve, to be nP o y. We break all domains of v and 72 (7) at e so that we
can assume that no domain of either curve crosses ei-. Thus every domain L' of 2 (v) is n2 (L)
for some domain L of . We label L’ with the Laurent monomial obtained from cpz™Lo"L by
substitution and multiplication as follows. Simultaneously make these substitutions:

(z) o)l TT sl if LS {p e V™ : (p,ex) <0},
jeluf

(z) " Hop) Bl TT Gl it L C{p e V*: (p,e) > 0},
jEqu

replace z; by

replace z; by =z, forie I\ {k},
replace oy, by (0},) ',
replace o; by ol(o},)BEOReRl for i e I\ {k}.

Then multiply by (ofc)[sgn("k)<m’dkek>]+, noting that it is m, not m, that appears in the expression
for the exponent.

Lemma 4.9. Form € Mg and Q) € V* and a sequence k, a prospective broken line 7y is a broken
line, relative to Scat(B), for m with endpoint @Q if and only if 775(7) is a broken line, relative

to Scat(ux (B)), for nf(m) with endpoint nf (Q).

Example 4.10. This example continues Examples 2.1 and 4.7. We take B as before and
assume, for convenience, that B has principal coefficients, so that in particular it has signed-
nondegenerating coefficients and sgn(o1) = sgn(oy) = 1. Taking m = [—2, 3] as before, nf (m) =
[2,—3]. The broken lines, relative to Scat(ux(B)), for n(m) with endpoint 1 (Q) are shown in
red in Figure 2. These are precisely the n(v) for the broken lines v shown in Figure 1.

Proof of Lemma 4.9. It is enough to prove the case where k is a singleton sequence k. Write
m' = nP(m) and Q' = nP(Q) and v/ = nP(v). Up to the symmetry of swapping v and «/, it is
enough to show that if v is a broken line then 7’ is a broken line. Conditions (i), (iii), and (iv)
in the definition of a broken line are equivalent for v and 4'. By Theorem 4.6, Condition (ii) is
also equivalent for v and 4. It remains to check condition (v). In checking this condition, we
can leave out the post-multiplication of Laurent monomials by (a,’c)[sgn(akxmbdkek”ﬂ because it
happens on every domain and because coefficients don’t affect how broken lines bend at points
of nonlinearity.
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Suppose L1 and Lo are adjacent domains of v, with Ly before Lo as we follow v from —oo
to 0. Write c¢1, mq, and n for ¢, mr,, and nr,, and similarly ca, mo, and ne. The domains L;
and Ly meet inside a wall, or a collection of walls with the same normal vector. Suppose n € NIE
is a primitive normal vector to this wall or walls, and that the product of the scattering terms
on those walls is 7(¢™), a formal power series in ¢". Write A for |(m1,n°)|. Thus, we assume
that there is a nonzero term a - (¢")” of (7(¢™))* such that c2™206™2 = ¢12™ 0™ -a-((")". That

is, we assume that there is a term a - (¢")" such that

o = ac, (4.7)

my=my+v Yy (ef,n) Y €l (4.8)
i€lu €Lyt

no = nq + vn. (4-9)

Let L} and L), be the corresponding domains of 7/. By Theorem 4.6, we can write the
scattering term where L} and L} meet as 7((¢')") for some n’ and for the same 7 as above.
Similarly, we write ¢ -(2/)™1 (/)™ and cq-(2')™2(0’)" for the Laurent monomials attached to L/
and Ly, for some mj, n, mh, and ny. Write X' for [(mf, (n')°)|. We want to show that there is
aterm a’ - ((¢)")" of (T((C’)"/)))‘ such that c; - (Z)™M (0" = ey - (2)M2(0")"2 - a - ((¢))Y.
That is, we want a term a’ - ((C’)"/)V such that

co =dcy, (4.10)

my =m} + 1/ Z (e, n') Z € (4.11)
1€1,¢ J€lus

ny =ny + v, (4.12)

where the symbols €/; are the entries of i (B).

The relationship between the primed and unprimed symbols depends on where L; and Lo
are relative to e%. There are four cases, but we can treat them together in pairs as Case 1 and
Case 2. In every case, we compute n’ by Theorem 4.6 and compute m}, n}, mh, and nf, by the
definition of 7/, neglecting, as justified above, the post-multiplication. We will see that X' = A
in every case.

Case 1: L1 and Lo are on the same side of ei. We write expressions for the primed quantities
using + and F, with the top sign referring to the case where L; and Lo are on the negative side
of ei and the bottom sign referring to the case where Ly and Lo are on the positive side:

n' =n—2ep,n)ex+ Y [Eeinl (€], n)ex, (4.13)
ST Y
mll =mi — 2<m1, dk6k>fk -+ <m1, dk6k> Z [:Fekj]_,_fj, (4.14)
jeluf
ny = ny — (my, dgey) sgn(og) [F sgn(op)] re, — 2(ef, na)er,
+ Z (ef,n1)[sen(ok)€ik]+ ks (4.15)
i€ Lys
m/g = mo — 2<m2, dk€k>fk + <m2, dk€k> Z [¥6kj]+fj, (4.16)
jeluf
nb = ng — (ma, drex) sgn(oy)[F sgn(og)]+ex — 2(ef, n2)ex
+ Y (e}, na)[sen(on)ein] e (4.17)

1€ ¢
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Using Lemma 4.8, we compute X = (m}, (n’)°) = (m1,n°) = \. Thus T((C’)”/)/\/ has a term
a- ((¢"))", so we will show that conditions (4.10), (4.11), and (4.12) hold with o’ = a and
v = v. condition (4.10) is immediate.

If v = 0, then condition (4.11) holds easily, so assume v # 0 and compute

/

1 2 1
;(mg —my) = ;(m2 —my) — ;<m2 —my, deg) fr + ;(mz —my, diex) > [Ferslifi-

jeluf
Replacing each my — m; according to (4.8) and simplifying, we obtain
1 *
;(mé —miy) =D (efin) Y eifi =2 (ef,n)enfn
i€l JE€Lus i€l
+ > lermein Y [Ferli fs (4.18)
1€ Lys J€lus

We want to show that I(m} —m}) equals >icr, (€n') D jer,, €i;fj- Using the definition
of matrix mutation, we rewrite the latter as follows, with expressions like ¢ # k standing for
1 € Lyt \ {k}

—(ef, ) Z €l — Z (ef,n')eir S

jeluf 7:Equ
+) (e n!) ) (e + [Fewslrein + enjlEen] ) fe (4.19)
iZk ik

Replacing n’ in (4.19) with its formula in terms of n, we can simplify to obtain the right side
of (4.18).

Finally, we establish (4.12) in this case. Again, we may as well assume v # 0. Using (4.15)
and (4.17), we calculate

1 1 1
Ly ) = L ma = 1) = Ly — . dier) sem(o0) [ sen(o)] e
2 * 1 *
- ;(ek,ng —ni)er + > Z (€7, m2 — n1)[sgn(ok)eir] +ek-

1€ ¢

Now (4.8) and (4.9) let us replace ng — ny and ma — m; with expressions in terms of n. We
simplify to obtain %(né —nfy) =n', as desired.

Case 2: Ly and Lo are on opposite sides of eé-. In this case, we have n’ = n = e, and
we use + and F with the top sign for the case where L; is on the negative side of ekL and
the bottom sign for the case where L; is on the positive side. Thus m} and n} are described
by (4.14) and (4.15), while m/, and n/, are described by (4.16) and (4.17) with &+ and F reversed.
We see that (mq,drer) = —(m/),dreg), so that X = X in this case as well. More specifically,
A = F(m1,dgeg). We will show that (4.10), (4.11), and (4.12) hold with v/ = X — v.

Since 7(¢™) = 1 + (i, the binomial theorem says that v € {0,...,\} and a = (1’)) Similarly,
T((¢)") =1+ ¢, 50V €{0,...,A} and @’ = (), so (4.10) holds.

Since n = ey, (4.8) becomes mgo = mq + szeluf erjfj. Thus (my,drer) = (ma, drer) = FA.
Since n’ = eg, and since e;Cj = —ep; for all j, the desired condition (4.11) is the equation
my =my — (A —v) 3 cr, €kjfj- Using (4.14) and (4.16), the latter with & and F reversed, we
compute

mh —my = (ma —m1) FAD [l fj £ A D [Fewsli f;
JjE€ls J€ls

=v Z €kifi F A Z ([iﬁkj]—l- - [¥6kﬂ+)fj = (=2 Z €kjf5-

JE€Lus JE€Lus J€Lus
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In this case, (4.9) is ng = ny + veg and (4.12) is ny, = n} + (A — v)eg. Still keeping in mind
that (mq, dger) = (ma, drer) = FA, we compute
nby —ny = (ng —ny) = Asgn(op)[E£sgn(or)]rer F Asgn(op)[Fsgn(or)]ex
—2(ex, n2 —n1)e + Z (€7, n2 — n1)[sgn(ok) e +ex
IS Y

= vey + Aep — 2(er, veg)er = (A — v)eg.
We have verified (4.10), (4.11), and (4.12) in all cases. [ |

To prove Proposition 4.5, we need one more ingredient, namely [6, Theorem 3.5], which allows
us to change the theta functions with endpoint @’ in Lemma 4.9 to theta functions with end-
point . The general statement of the theorem says that one can change the endpoints of theta
functions by applying a path-ordered product. There is a path from @’ to @ that only crosses
one wall, so the path-ordered product in this case is a single wall- crossm% automorphism. The
wall is (ek , 1 +Ck) so the theorem says that 9% Ij?(n’) is obtained from 19 by replacing z;, with

. (1+ )

Proof of Proposition 4.5. Choose Q) appropriately in the interior of D and write @’ for
nB(Q). Since in particular @ has (Q,dge) > 0, Lemma 4.9 implies that 1983(75,) is obtained
from 19B7m as described in Proposition 4.5, except that z; is replaced by

(Z];)—l(az)—[sgn(ak)h H (Z;)[Ekj]+
jeluf

(instead of the replacement described in Proposition 4.5). By [6, Theorem 3.5, as explained
above, 0%, kan,}) is now obtained by replacing zj, with z},(14-¢;)~!. The net effect is to replace zj, by

() (1 + ¢4 (o) lemlon)l H(z;)[e’“’}*,
je[uf

which is the replacement described in Proposition 4.5. |

As already explained (just after the statement of Proposition 4.5), this completes the proof
of Theorem 4.2.

Example 4.11. This example continues and concludes Examples 2.1, 4.7, and 4.10. As before,
write m’ = nB(m) = [2, 3] and Q' = nP(Q). From Example 4.10 (Figure 2), we see that

Drmr = (£1)*(25) 7% + 201(21)” + (01)*(21)(2)°
+ 30521 (25) 77 + 3010521 + 3(05)*(25) 7 + (05)° (1) ' (22)
= (21)%(25) 2 (1 + 207 (25)* + (07)%(25)°
+305(21) !+ 30105(21) "1 (25)” + 3(09)*(21) 7% + (03)%(21) 7).
Replacing 2] with 21(1+ ¢})~1, we obtain

%@):(zmza3(1+2aa<z§>3+<oa>2<zg>6 304(4) " + 3010 (24) ! ()°

_l’_

(1+¢])2 1+6
+3(0 )() + (o )() (1+C1)>
2 / !~
3<1 + fi L 3521135152 +3(G)° + ()1 + Ci))

27 (1436 +3(6) + (()° + ¢(B)?).
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5 Applications of mutation of theta functions

5.1 Mutation symmetry

A mutation symmetry of an exchange matrix B is a sequence k of indices such that ug(B) = B.
A mutation symmetry induces a symmetry of cluster scattering diagrams. In this section, we
state and prove our main result, which simplifies some structure constant computations in the
presence of a mutation-symmetry. Recall from Section 2.4 that © C M, is the set of vectors
m € MG, such that only finitely many broken lines figure into the definition of .

Theorem 5.1. Suppose B has signed-nondegenerating coefficients and suppose k is a mutation
symmetry of B. Let v be a monomial in a finite set {¥,, : p € P} of theta functions with P C O,
egpressgd as v= ZmE.Mﬁ.f ZnE_Nuf Cm,n Jgﬁm m the theta basis. If each p € P is in a finite
Ny, -orbit but m € Mge is wn an infinite 0y -orbit, then ¢y, = 0 for all n € Nys.

We prove Theorem 5.1 by way of the following proposition with the same hypotheses except
that there is no requirement that P C ©.

Proposition 5.2. Suppose B has signed-nondegenerating coefficients and suppose k is a muta-
tion symmetry of B. Let v be a monomial in a finite set {0, : p € P} of theta functions and write
V=0 e ZneNuf Cmn0"Om. If there exists ¢ > 0 such that (77,?)2 fizes each p € P, then
{m e M “Gn € Nyt with ¢ # 0} is a union of (nf)e—orbits.

Proof. Write 1 as a shorthand for (nf )e = nfe and write y as shorthand for y,.. Continue, from

the end of Section 2.6, the notation (ai(k) 24 € Iy) for the Laurent monomials in {zj:j €I}
associated to ug (B), and write r for the map that replaces each o; by ai(k ). The essence of the
proof is to combine Proposition 2.6 with Theorem 4.2.

Because p(B) = B, Proposition 2.6 lets us pass between theta functions for B and theta
functions for ,u(B) using the map r. Specifically, 7(92) = ﬁ“m(B) for any m € M. (We emphasize
that, although u(B) = B, typically ,u(B) + B.)

Theorem 4.2 lets us pass between theta functions for B and theta functions for u(é) by
applying 7 and multiplying by a Laurent monomial in the ;. For each m € Mg, we apply
Theorem 4.2 many times. Keeping in mind that B has signed-nondegenerating coefficients,
we see that 9" (ﬁ) equals 95 times a Laurent monomial in the o;.

Suppose p € P, so that n(p) = p by hypothesis. Then r(ﬁf ) is 195 times a Laurent monomial
in the ;. Since v is a monomial in {195 1p € P}, also r(v) is v times a Laurent monomial in
the o;, specifically r(v) = o%v for some q € Ny. i

Apply r to both sides of the equation v = ZmeMgf D neN, cmno™9E and solve for v, to
obtain

Ve 3 Y b (o®) o ®)

meM?, n€Ny¢

Since 7 is a permutation of M, we can reindex the sum as

O\n B
V=30 Y epmn(e™) e,

mEMSf neENyus

Since 195 ((flg equals 195 times a Laurent monomial in the oy, this is

V=30 D epma(e®)) o],

meMS; n€Ny¢
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where ¢, is a vector in Ny (depending on m) that need not be specified. Comparing this
formula for v to the original equation v =73 Mo, Y e Ny Cmon0 95 and remembering that
the theta functions are a reduced basis, we conclude for all m € M, that there exists n such
that ¢, (), # 0 if and only if there exists n such that ¢y, , # 0. |

Under the hypotheses of Proposition 5.2, if also P C ©, then Theorem 2.5 implies that the
set {m € Mg : ZneNuf Cmn0" # 0} is finite. Thus we have proved Theorem 5.1.

5.2 Mutation of pairs of broken lines

We now develop another tool that is useful for computing structure constants for multiplication
of theta functions. (For example, this tool is essential in the case where B is of acyclic affine
type, treated in [20].) The point of the following proposition is that it gives conditions under
which mutation takes a pair of broken lines that contributes to structure constants to another
pair of broken lines that contributes to structure constants.

At each step in applying a mutation map n,]f to a vector, there are two different cases.
Specrﬁcally, at step 4, the cases depend on which side of the hyperplane ei the output of
nkz L.k, 18 on. Two vectors are in the same domain of definition of nk if,| at every step, the
same case applies to both vectors. That is, at every step i, the output of nk ok for the two
vectors is weakly on the same side of ek Recall the extension of nk to a map on broken lines,
defined in connection with Lemma 4.9.

Proposition 5.3. Suppose B has signed-nondegenerating coefficients, let m € MG, suppose
Q € V* is not contained in any wall of Scat (B), and let k be a sequence of indices. If m and Q
are in the same domain of definition of n,f, then a pair (y1,72) of broken lines contributes to

aq(p1,p2,m) if and only if (1} (1), 1 (12)) contributes to a,p q) (ni (p1), n (p2), M (m)).

Proof. It is enough to prove the case where k consists of a single index k. Suppose p1, p2 € M;.
Let 71 and 72 be broken lines for p; and py respectively, each having endpoint Q. Let ] and 4
be the broken lines for nZ(p1) and nP(p1), respectively, each having endpoint 72 (Q), defined
by the construction in Lemma 4.9. In light of Lemma 4.9, the proposition amounts to showing
that m,, +m,, = m if and only if m,, +m,, = nB(m). Because (nf)_l = 77,‘;’““9)7 it is enough
to prove one direction of implication.

Suppose m., + m,, = m. The map 775 is piecewise linear, with two domains of linearity
separated by ei Since Q is not in any wall of Scat (B) and because ek is a wall of Scat (B) the
point () is not on ek T herefore the domain of linearity of v; containing 0 has a piece that is
strictly on the same side of ek as @, and therefore weakly on the same side of ek as m. Since
m., is the negative of the derivative of 71 on that domain of linearity, m., ;s obtained from m.,,
by the same linear map that takes m to n;’(m B(m). The same is true for m., and we conclude that

’y Y
m%-i-mﬂé—nk( m). |
5.3 Dominance regions, B-cones, and pointed elements
Given m € M2 and k, define Dom?” =(ng)” {nk )+mn- ,uk(B) n e N3f+} C MZ:. The

integral dominance region of m with respect to Bis Dorn =g Dornm > Where the intersection
is over all sequences k. The (real) dominance region of m with respect to B is defined in the
same way, but replacing n € IV O+ everywhere with a vector in V' with nonnegative entries. The
inclusion of M, into V* sends the integral dominance region to a subset of the real dominance
region. The definition of the dominance region originated, in the form of a partial order on M°,
in the work of Fan Qin [11] and has been defined and studied in the form of a set of points
by Rupel and Stella [18]. The original motivation of the definition was to study bases for the
upper cluster algebra, and in Section 5.4 we will make some statements in the style of [11] about
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dominance regions and certain special bases for the small canonical algebra. However, our main
motivation for discussing dominance regions here is for computing structure constants for theta
functions, specifically the following theorem.

Theorem 5.4. Suppose that B has signed-nondegenerating coefficients and that my, ..., my are
all contained in the same B-cone. Write m = aimi + --- + agmy for nonnegative integers
a1,...,ag. Then there exist constants cpn € k such that 973 - O3t = U + 32,3, cpno"Up,
summing over p € Domﬁ and n € NJ} such that p =m +nbB.

As stated, Theorem 5.4 emphasizes that the only theta functions occurring in the expansion
of W71, - I3t are Uy, for p € Dom?Z. Alternatively, the conclusion of the corollary can be written
as Jpi - - 197% = VUm + >, cn0"Vminp, summing over n € N7 f such that m+nB € Dom , with
coefficients ¢, € k.

We will prove Theorem 5.4 as a corollary of Theorem 5.7, below, which is stronger in the sense
that it gives a smaller set of pairs (n,p) € NJ} X M such that 0™, can appear with nonzero
coeflicient in the expansion of J7 ---9J7¢ . However, Theorem 5.4 has the advantage that it
is phrased in terms of the domlnance region Dom . The dominance region takes considerable
effort to compute, but has been successfully computed when B = B is 2 x 2 and in affine type.
(See [18] and [16].) Theorem 5.7 is phrased in terms of a subset of Ny¢ that is new to this paper
and appears to be even more complicated.

We now prepare to state and prove the stronger theorem (Theorem 5.7). One key to the
proof is that 97 --- 97t is a pomted element of can (B) in the sense that we now define. Given
k, write (,u,k(B), ( l.(k) (i€ qu), (ai( = L5 )) for the seed obtained by mutating (B, (z; : i €
L), (0; + i € Iy)) along k, and define (C 1€ qu) accordingly. As explained in Section 4,
using (4. 1) (4 6) for each index in the sequence k we can write each z; and (; in terms of the
zik) and { . An element u € can (B) is pointed if it is 2™ (for some m € M) timeg a formal
power series in k[[(]] with constant coefficient 1 and, for any sequence k, it is (z(k) e (™ times
a Laurent monomial in o(®) times a formal power series in Ik[[C (k)]] with constant coefficient 1.
This is a version of a notion called “pointed at the tropical point [g]” in [11]. The motivating
examples of pointed elements are the theta functions. Iterations of Theorem 4.2 imply the
following proposition.

Proposition 5.5. Suppose B has signed-nondegenerating coefficients. Then the theta basis
{Om : m € M} consists of pointed elements.

Another key to the proof is a precise characterization of pointed elements. For each sequence k
and each m € M2, let (k(m, k), ¢p(m, k)) € M@ Nyt be such that 193 is (o (k ))¢(m k)( (k) (mk)
times a formal power series in ]kHC (k)]] with constant coefficient 1. The vectors k(m, k) and
¢(m, k) exist in light of Proposition 5.5. Indeed, Theorem 4.2 implies that x(m, k) = 52 (m).

We define a map from Ny to itself that lets us write a Laurent monomial in (0; : ¢ € Iyf) in

terms of (ai(k) s qu). For an index k, define

s ( ) =n—2(ej,n)er + Z )sgn(ok)€ik]+ €k, (5.1)
i€lys

and for a sequence k = kg - - - k1, define

kg2 kl(B)
q—

B Hky_q,..., i
Yp = T o ot ® oy f.

When k is the empty sequence, T/’k is the identity map on Ny. Proposition 4.4 and an easy
induction on ¢ show that ¢" = (U(k))%( ") for any n € Ny. We emphasize that 1/),? depends
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on B, not just B, because sgn(oy) appears in (5.1). For the same reason, we define QJJE only
when B has signed-nondegenerating coefficients.
Given m € Mg, and n € NJ} and a sequence k, define

v n) = 0k (n) + $(m + nB. k) — $(m, k).
For any m € M, and sequence k, define

N = {n € NI < (m + nB) =g (m) = ") - u(B), v"(n) € NG
Finally, for any m € Mg, define

NB = ﬂj\fﬁk (the intersection over all sequences k of indices in Iyf).
k

We will prove the following theorem.

Theorem 5.6. Suppose B has signed-nondegenerating coefficients and suppose u € @(B)
The following are equivalent.

(i) u is pointed and g(u) = m.

(U(k)) ¢(m,k) (Z(k))”(m:k)

(ii) For all sequences k, u is times a formal power series k[[C®)]] with

constant coefficient 1.

(iii) There exist constants ¢, € k with co = 1 such that u = ZneN}S 0" minB-

Since k(m, k) = nf(m), the equivalence of Conditions (i) and (ii) in Theorem 5.6 amounts
to a specification of the monomials in ¢(®) that appear when a pointed element is written as
(z(k))n’e (™) times a Laurent monomial in o(® times a formal power series in E{[[C (k)]] with
constant coeflicient 1.

Recall that can (,uk (B)) = can (B) for any sequence k by Corollary 4.3. However, the notion
of a reduced basis for @(E) from Section 3.3 implicitly chooses the description of the small
canonical algebra as can (3) rather than can (Mk (B)) For the proof of Theorem 5.6, it will be
useful to make that choice explicit.

A subset U C @(B) is a reduced basis at k if {o™u:n € Nys,u € U} is a basis for @(B)
and U is of the form {u,, : m € M2} such that each u,, is (2¥))™ times a formal power series
in ]k[[( (k)]] with constant coefficient 1. (Because B has signed-nondegenerating coefficients, we
can write {o"u:n € Ny, u € U} or {(U(k))nu :n € Nyg,u € L{} interchangeably.) The term
“reduced basis”, without referring to a specific k, will continue to mean a reduced basis at the
initial seed (k = ©).

An element u is pointed at k if it is (z(k))m (for some m € M) times a formal power
series in ]k[[( (’“)H with constant coefficient 1 and, for any sequence £, it is (z(ek))ng B times
a Laurent monomial in o®¥) times a formal power series in k [ [C (“‘)H with constant coefficient 1.
The term “pointed”, not referring to k, will continue to mean pointed at k = .

Proof of Theorem 5.6. Suppose (i). By definition, there is an expression for u as 2z times
a formal power series in H € k[[(]] with constant coefficient 1. Rewrite this expression, using
iterations of Proposition 4.4, to obtain an expression of u in terms of z(¥), ¢(®) and ¢(®). Since u
is pointed, this is (z(k))”l}%3 (m) times a Laurent monomial in ¢(*) times a formal power series in
IkHC (k)]] with constant coefficient 1. By induction on the length of k, because the exponent
on the z(*) is dictated by the definition of a pointed element, we see that the exponent vector
on o depends only on m and k, not on H. Thus these exponent vectors are the same as
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if u were ¥,,. That is, they are ¢(m, k) and «(m, k). We have shown that (i) implies (ii). The
converse implication is immediate, so (i) and (ii) are equivalent.

Suppose (i) and (ii) hold. Since u € @(B), we can express u in the theta basis as
u= ZpeMo > neN, om0 Up. Suppose ¢, # 0 for some p € My and n € Ny¢. Lemma 3.8.4
says that p = m +nB.

Choose a sequence k, so that (ii) says that u = %) times a formal power
series in k [ [C (k )H with constant coefficient 1. Write u(*) to stand for u - (O'(k)) o0mk) Since uis
pointed (at @), also u®) is pointed at k. Each Uy is (J(k))¢(p’ ) (2(B))5(0:k) times a formal power
series in E{[[C (k )H with constant coefficient 1. erte 19(() k) for (U(k)) o, )19 Theorem 3.9
says that the set of all these 19((,2) is a reduced basis at k.

Starting from u =} _ M®,. 2neNy Coin0 "9y, we replace u and each 9, by appropriate exp-
(k ))wk( n)

(O.(k)) d(m;k) (2(k))r(m,

ressions in terms of u®) and 19(( &) and rewrite o™ as (0 to obtain

u® — Z Z Cp7 wk( )+é(pk)—p(m pk) Z Z Cp7 ( )79,22,@'

PGMOf neNuf PGMOf neNuf

Since ¢, # 0, applying Lemma 3.8 (4) for the element u®)| which is pointed at k and the set
of elements 19p<k), which forms a reduced basis at k, we see that I/,E:m)(n) € N8f+ and

k(p, k) = K(m, k) + " (n) - g (B).

Thus 72 (m + nB) —nB(m) = V,E:m)( ) - px(B). This is true for any sequence k, so n € NB.
Setting ¢, = ¢m4nB,n We have u = Zne/\/nﬁi n0"minp, with ¢ = 1 (by (ii) at k = @). We
have shown that (i) and (ii) imply (iii).

Finally, suppose u =} | eNE 0" minp with ¢g = 1 and let k be any sequence. Each ¥,,, 1,5
in the sum is

(U(k))¢(m+nB,k:) (Z(k))n(ernB,k)

(k)

times a formal power series F "/ pin k [ [( (k )H with constant coefficient 1. Replacing each ¥, 1n5,
replacing ¢” by ( (k ))1/% (n) "and simplifying, we see that

u— (O.(k))¢(m,k) (Z(k:))n(m,k) > (Z(k:))nf(m—i-nB)—n{f(m) (U(k))y’(“m)(n)F,sgnB-
neNB
Since each n in the sum is in N and since (z(k)) ( ) ( ) for all v € Ny, the sum is
(k)

Z eNB Cn (C(k) (m)(")F( ) g+ & formal power series in ]k[ ¢k ] with constant coefficient 1.
Slnce this is true for all sequences k, we have established (ii) and thus completed the proof
that (i), (ii), and (iii) are all equivalent. [

We now state the stronger theorem that will imply Theorem 5.4.

Theorem 5.7. Suppose that B has signed-nondegenerating coefficients and that mq, ..., my are
all contained in the same B-cone. Write m = aimi + --- + agmy for nonnegative integers
ai,...,ap. Then there exist constants c, € k with co = 1 such that
9 0% = Y en0" Vminp.
nE./\/',,,Bi

We now discuss the relationship between Theorems 5.4 and 5.7 by giving first, a lemma
that shows that Theorem 5.7 implies Theorem 5.4 and second, an example that shows that
Theorem 5.7 is strictly stronger.



32 N. Reading and S. Stella

Lemma 5.8. For any exchange matriz B, if n € /\/’5, then m +nB € Domﬁ.

(m (m)

Proof. Supposen € Nf. For any k, nf (m~+nB)—ng(m) = v, )(n) -uk(B) and v, (n) € N
Thus

—1
m+nB e (nf) " {nf(m) +v - ue(B) v e NI } =Domb . u

Example 5.9. Consider

0 2 =2 B 0 2 =21 00
B=|-2 0 2 and B=|-2 0 2 010
2 -2 0 2 -2 0001

This is the signed-adjacency matrix of the once-punctured torus, also known as the Markov
quiver, with principal coefficients. Any mutation of B is ug(B) = £B, with the sign given by
the parity of the length of k. One can check that all mutation maps nf preserve the sum of the f;-
coordinates. One can also check that the nonnegative span of B or — B is the subspace consisting
of vectors whose f;-coordinates sum to 0. From there, it is not difficult to see that Domgk is
the set of all vectors whose f;-coordinates have the same sum as the sum of f;-coordinates of m.
Thus Domﬁ has the same description, so Theorem 5.4 allows terms ¢,0™0 4+ p for all n € N&T .
Theorem 5.7 allows fewer of these terms. For example, writing m = [1,1, 1] and n = [nq, ng, ng]

and taking k to be the singleton sequence 1, we compute

¢1B(n) — [_nl + 2”37’”’27 n3}7
¢(m+nB,1) = [—[1 — 2ny + 2n3]4,0,0],
¢(m7 1) = [—1,0,0],

(m) [—n1 +2n3 4+ 1,n9,n3]  if ng > ng,
vy (n) =

[—n1 =+ 2712, na, 7”L3] if ng < nj.

The requirement that me) (n) € N% amounts to n; < max(2ng,2n3 + 1), so Nwti,l is strictly

smaller than NS;F . Interestingly, the requirement that n (m+nB)—n (m) equals Vim)(n) - p1(B)

is vacuous, so
Ng’l = {n = [n1,n2,n3] € N : n1 < max(2n2,2n3 + 1)}.

In light of Theorem 5.6, we can prove Theorem 5.7 by showing that the monomial 97}, --- 93¢,
is pointed. That fact is the last of the following three lemmas.

Lemma 5.10. Suppose B has signed-nondegenerating coefficients. Given p € M3, a sequence k
of indices in Iy, and an index j € Iy,

(1) w(p, jk) = 1* P (5(p. k), and

(2) d(p, k) = P ((p, k) — [sen (o) (5(p. k), dye;)] ;.

Proof. Assertion (1) is immediate from Theorem 4.2. Assertion (2) follows from the same
theorem, as we now explain. )

By Theorem 4.2 and the definition of ¢(p, k), we have 195 = ﬁ‘;’&f% : (a(k))¢(p’k). Then, by
Theorem 4.2 again,

B ik (B j - ncr<-k> K j€j
ﬁﬁ&fig _ ZZI;(J?;)) . (U](]k)) [sen(o; ™) (w(p.k).dje;)]+
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Thus
B _ quie(B) [ _(jk)y—[sen(c{®) (k(p.k).dje;)] k)\ ¢(p.k)
G BN Gl I
_ ok(B) (O_(jk))—[sgn(a}“><n(p,k),djej>}+ej+w;‘k(3><<z><p,k>> -
= Vi(p.,jk) :

Lemma 5.11. For every sequence k, the maps p — k(p, k) and p — ¢(p, k) are each linear on
every B-cone.

Proof. The linearity of p — r(p, k) follows from the fact that x(p, k) = nZ(p) and from [12,
Proposition 5.3], which says that nP is linear on every B-cone. The linearity of p — ¢(p, k) then

follows using Lemma 5.10 and an easy induction on the length of k. |
Lemma 5.12. Suppose B has signed-nondegenerating coefficients and uy,...,u; are pointed
elements with g-vectors my,...,my all in the same B-cone. For nonnegative aq,...,ap, the
monomial ug - --ugt is pointed with g-vector aymy + -+ -+ agmy.

Proof. For any sequence k, Theorem 5.6 says that ug} ---ug is

(O_(k:))z aip(mi,k) (Z(k)) > aik(mi k)

(both sums from 1 to ¢) times a formal power series in IkHC(k)H with constant coefficient 1.
Setting Tr’Lc = almlk—i— -+ + agmy, Lemma 5.11 now says that up ---ugt is equal to
(a(k))¢(m’ )(z(k))ﬁ(m’ ) times a formal power series in ]kHC(k)H with constant coefficient 1.

& is pointed with g-vector m = aymy + - -+ + agmy. |

By Theorem 5.6, ug;, ---ugt,

Proposition 5.5, Lemma 5.12, and Theorem 5.6 combine to prove Theorem 5.7, which, in
light of Lemma 5.8, implies Theorem 5.4.

5.4 Pointed reduced bases

A reduced basis U for can (B) is pointed if every element of U is pointed. More generally, U is
pointed at k if every element of U/ is pointed at k. In this section, we discuss pointed reduced
bases and change of basis between them. Again, the motivating example is the theta basis. The
following proposition is the concatenation of Propositions 3.5 and 5.5.

Proposition 5.13. Suppose B has signed-nondegenerating coefficients. The set {0 :m e M3}
s a pointed reduced basis for can (B)

Arbitrary pointed reduced bases are characterized as follows.

Theorem 5.14. Suppose B has signed-nondegenerating coefficients and U = {up, :m e M}
1S a subset of@(B). The following are equivalent.

(i) U is a pointed reduced basis for can(B), indezed so that g(u,) =m for all m € MS.

(ii) For all sequences k, each u,, is (a(k))d)(m’k) (z(k))ﬁ(m’k)

]kHC(k)H with constant coefficient 1.

times a formal power series in

(iii) For eczch3 m € Mg, there exist constants ™ € k such that uy, = Zne/\/},? ™ 0" minB,
with ¢y’ = 1.

(iv) If V ={vp :p € M} is a pointed reduced basis for @(B), indexed so that g(vp) = p for
all p € MY, then for each m € Mg, there exist constants cq(lm) € k with c(()m) =1 such that
Uy, = Zne./\/;},% Cnm O'anJrnB.
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If these conditions hold, then U®) = {(U(k))_d)(p’k)up :m =npP(p) € M3} is a pointed reduced
basis at k, for every sequence k.

Remark 5.15. Theorem 5.14 is a version of the motivating result of [11], with significant dif-
ferences. We adopt the stronger hypothesis of signed-nondegenerating coefficients as opposed to
just that B has full rank. We drop the hypothesis of existence of an injective-reachable seed and
therefore the conclusion is about the small canonical algebra. In accordance with our philoso-
phy about coefficients, we characterize reduced bases rather than bases. (The notion of reduced
bases is also contemplated in [11, Remark 5.1.4].) Whereas Theorem 5.14 is a characterization of
pointed reduced bases, Qin’s result [11, Theorem 1.2.1] is a characterization of pointed bases (in
an analogous sense) and can be phrased in terms of a higher-dimensional version of dominance
regions that also involves frozen variables. Qin’s result also includes the statement that every
pointed basis contains all cluster monomials. We emphasize that [11] appeared during the early
stages of this project and was influential in the development of this paper.

Remark 5.16. Remark 5.15 suggests a question: Why can Qin’s result [11, Theorem 1.2.1]
be phrased in terms of a version of dominance regions while Theorem 5.14 is apparently more
complicated, using the sets Nﬁ ? The difference is that Theorem 5.14 amounts to a characteri-
zation of reducible bases (see Section 3.3) that are pointed in the sense of [11], while Qin’s result
characterizes arbitrary pointed bases, reducible or not.

The implication (i) = (iii) in Theorem 5.14 shows how any pointed reduced basis for can (B)
must be related to the theta basis. The implication (i) = (iv) gives the form of the change of
basis between any two pointed reduced bases. Before proving Theorem 5.14, we state weaker
but simpler versions of these statements in terms of the dominance region.

Corollary 5.17. Suppose B has signed-nondegenerating coefficients and U = {up, :m e M}
is a pointed reduced basis for @(B), indexed so that g(u,,) = m for all m € M. Then for

each m, there exist constants Cz(:}z) € k such that upm =V, +32,>, cl()%)anﬁp, summing over
p € Dom? andn € Njf such that p =m + nB.

Corollary 5.18. Suppose B has signed-nondegenerating coefficients and U = {uy, :m e M}
andV = {vy, : m € M} are pointed reduced bases for @(B), with g(wm) = g(vim) = m for all
m € Mg Then for each m, there exist constants cgz) € k such that um=vp+3_,>, cg;?a"vp,

summing over p € Domﬁ and n € Nl'l’; such that p =m + nB.

In order to prove Theorem 5.14, we make the following augmentation of Theorem 5.6.

Theorem 5.19. Suppose B has signed-nondegenerating coefficients and suppose u € @(B).
The following are equivalent.

(i) u is pointed and g(u) = m.

(J(k))qﬁ(m,k) (Z(k))n(m7k)

(ii) For all sequences k, u is times a formal power series in ]kHC(k)H

with constant coefficient 1.
(iii) There exist constants ¢, € k with co = 1 such that u = ZneN}i Cn 0" VminB-

(iv) IfV = {v,:p € M%} is a pointed reduced basis for can(B), indexed so that g(v,,) = p for
all p € Mg, then there ewist constants ¢, € k with co =1 and u = Zne/\/é Cn 0" VininB-

Proof. The equivalence of (i), (ii), and (iii) is Theorem 5.6. We can show that (i) and (ii) are
equivalent to (iv) by essentially the same proof for (i), (ii), and (iii) in Theorem 5.6, as we now
explain.
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Specifically, suppose (i) and (ii) hold. Since u € can(B ) and V = {v, : p € M2} is a pointed
reduced basis for @(B), we write u = ZpeMgf ZneNuf Cpn 0" Vp. If ¢y # 0, then, once again
Lemma 3.8.4 says that p =m +nbB.

As before, the element u®) = u - is pointed at k. Since V is a pointed reduced
basis for can (B) indexed so that g {, = p for all p € Mg, the equivalence of (i) and (ii) says

.k

that each v, is (U(k)) s ’k)( times a formal power series in ]k[[( (k )H with constant
coefficient 1. We write v\® _ for (U(k)) (p’k)vp. We establish that u = Ené/\/é Cn0"Vin+nB

( (k:)) —¢(m,k)

k(p,k)
by the same argument as in the proof of Theorem 5.6. Thus (i) and (ii) imply (iv).

Conversely, suppose

u= g Cn0" " VininB with cg =1
ne./\/}%

and let k be any sequence. We already saw that each vy,1,p is (U(k))¢(m+n3’k) (z(k))n(ernB’k)

times a formal power series in Jk[[( (k)]] with constant coefficient 1. Arguing just as in the proof
of Theorem 5.6, we establish (ii). [

Proof of Theorem 5.14. The following condition is formally weaker than (i).
(i") U is a set of pointed elements of @(B), indexed so that g(u,) =p for all p €

Theorem 5.19 says that ('), (ii), (iii), and (iv) are equivalent. But (i’) says in particular that
each up, is 2™ times a formal power series in k[[C]] with constant coefficient 1 and thus implies,
by Theorem 3.9, that U is a reduced basis for can(B). We see that (i) and (i) are equivalent. W

We can now obtain a version of Theorem 5.7 that replaces the theta basis with an arbitrary
pointed reduced basis, under the assumption of signed-nondegenerating coefficients. Lemma 5.12
and Theorem 5.14 combine to prove the following theorem.

Theorem 5.20. Suppose that B has signed-nondegenerating coefficients and that ma, ..., my
are all contained in the same B-cone. Let V = {v,:p € MS} be a pointed reduced basis for
@(B) Write m = aymq + -+ + agmy for nonnegative integers ai,...,ay. Then there exist
coefficients ¢, € k with co =1 such that vy - vt = Zn@/\f,é n0"Vim4nB-

5.5 The ray basis

We highlight another example of a pointed basis called the ray basis that exists in many cases,
depending on properties of the mutation fan. The rational vectors in V* are the vectors x € V'*
such that there exists an integer a such that ax € Mg;. A closed cone is rational if it is
the nonnegative R-linear span of a collection of rational vectors and also simplicial if those
vectors are linearly independent. Given a rational simplicial cone C, there is a unique linearly
independent set of primitive vectors in CN M, whose nonnegative R-linear span is C'. (These are
the primitive vectors of M in the extreme rays of C.) The cone C is integral if the nonnegative
Z-linear span of this set of primitive vectors is all of C'N M.

We begin by defining the ray basis in the simplest case where it exists. Suppose, for some B,
that the mutation fan Fp is a rational, simplicial, integral fan, meaning that every cone in Fp
is rational, simplicial, and integral. For every m € My, there is a smallest cone Cp, of Fp
containing m, because the mutation fan Fp is complete. Since C,, is a rational simplicial cone,
writing my, ..., my for the primitive vectors of M, in the extreme rays of C,,, there is a unique
expression m = Zle c;m;. The ¢; are all positive. Since Fp is integral, the ¢; are all integers.
Define p,, to be Hle U5 . We will see below that the set of all the pp, is a pointed reduced
basis for can (B) But first, we will define the p,, under weaker conditions on the mutation fan.
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Given a complete fan F, the rational part of F, if it exists, is a rational fan FQ with the
following two properties: First, each cone of FQ is contained in a cone of F. Second, for each
cone C of F, there is a unique largest cone C’ of F¢ contained in C, and C’ contains all of the
rational vectors in C. (See [13, Definition 4.9].) The rational part of F is unique if it exists.
When F is rational, it is its own rational part.

Remark 5.21. When F@ exists, it contains all rational vectors, because F is complete and
because for each cone C of F, there is a cone C’ of FQ that contains all rational vectors of C.
However, F@ is not complete (i.e., does not contain all real vectors) when F is not rational:
If C € F is irrational, the largest cone C’ of FQ contained in C is strictly smaller than C,
because C’ is rational and C' is not.

Now suppose that the rational part .Fg of the mutation fan Fp exists and is simplicial and
integral. For every m € Mg, let C,, be the smallest cone of Fp containing m and let Cj,
be the largest cone of fg contained in C),. Since C/, is rational, simplicial, and integral,
if m1,...,my are the primitive vectors of Mg in the extreme rays of C;,, there is a unique
expression m = Zle c;m; and the ¢; are all positive integers. Again in this case, define p,, to
be Hf:l V-

Theorem 5.22. Suppose the rational part of the mutation fan Fp exists and is simplicial and
integral. Suppose also that B is an extension of B with signed-nondegenerating coefficients.
Then {pm : m € Mg} is a pointed reduced basis for @(B).

Proof. The hypothesis on the rational part of Fp makes it possible to define p,, for every
m € M. Since each pp, is a monomial in theta functions, it is 2™ times a formal power series
in k[[¢]] with constant coefficient 1. Thus Theorem 3.9 says that {p,, : m € M} is a reduced
basis for can (B) Since the cone C/, in the definition of p,, is contained in some cone C,, of Fp
(a B-cone or a face of a B-cone), Lemma 5.12 says that {p,, : m € M2} is a pointed reduced
basis. |

We call {p,,, : m € Mg} the ray basis when it exists. A sufficient condition for the ray basis to
exist is that B admits positive universal geometric coefficients over Z, in the sense of [12]. (That
term doesn’t appear in [12], but universal geometric coefficients over Z exist for B if and only
if there is a Z-basis for B. There is a notion of a positive Z-basis for B, and the corresponding
universal geometric coefficients may therefore be called positive. See [12, Section 6], particularly
[12, Proposition 6.7] and [12, Proposition 6.11].) We conclude with some examples where the
ray basis exists and does not exist. Based on these examples, it seems reasonable to guess that
the ray basis exists precisely in the case of finite mutation type (or for rank 2, when B is of
finite or affine type).

Example 5.23. Suppose B = [92] with sgn(b) = —sgn(a). If ab > —4, then the ray basis
exists by [12, Proposition 9.8]. If ab < —4, then the ray basis fails to exist because Fp has
a full-dimensional cone that is not rational.

Example 5.24. When B is of finite type, Fp is a finite, rational, simplicial, integral fan because
it coincides with the fan whose cones are the nonnegative R-span of the g-vectors of compatible
sets of cluster variables for BT. (See [12, Proposition 9.4].) Thus the ray basis exists in this
case. It coincides with the theta basis, because the theta basis essentially coincides with the
cluster monomials. (See Remark 2.7.)

Example 5.25. When B is of affine type, Fp is a rational, simplicial, integral fan, as we now ex-
plain. Starting with acyclic affine type, Fgr coincides with a fan v.(Fan.(®)) [19, Theorem 2.9)].
Here Fan.(®) is a complete fan in V' that is rational and simplicial by construction and integral
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(relative to the lattice Nys in V') by [17, Proposition 5.14 (2), (6)]. The map v. is piecewise linear,
respects the fan structure of Fan.(®), and takes Ny¢ to M. Thus Fpr is rational, simplicial,
and integral when B is acyclic of affine type. We can remove the transpose because B is acyclic
of affine type if and only if B is. We can remove the requirement of acyclicity because every
exchange matrix of affine type is mutation-equivalent to an acyclic matrix and because each
mutation map is an isomorphism of mutation fans and preserves M.

Example 5.26. The motivating example for the definition of the ray basis is the case where B
is the signed adjacency matrix of a marked surface in the sense of [3]. Mandel and Qin [7]
showed that in this case, the theta basis coincides with the bracelets basis of [9] (except that for
the once-punctured torus, the two bases agree up to certain constant multiples.) Also in most
marked surfaces cases, the rational part of the mutation fan is known to be a rational, simplicial
fan called the rational quasi-lamination fan, defined in terms of shear coordinates of curves.
(The exceptions are the once-punctured surface without boundary and of genus > 1, where this
fact is expected to be true, but not yet proved.) The integrality of the rational lamination fan
is a consequence of a theorem of William Thurston, quoted as [4, Theorem 12.3] and rephrased
for this purpose as [13, Theorem 3.10]. The ray basis in this case is easily seen to coincide with
the bangles basis of [9]. Thus the ray basis in general should be viewed as a generalization of
the bangles basis.
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