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1 Introduction

1.1 Summary

For simple Lie algebras g of classical type, the quantum groups URLL
q (g) first implicitly appeared

in the work of Faddeev’s school on the quantum inverse scattering method, see, e.g., [8]. In this
RLL-realization, the algebra generators are encoded by two square matrices L± subject to the
famous RLL-relations

RL±1 L
±
2 = L±2 L

±
1 R, RL+

1 L
−
2 = L−2 L

+
1 R

(along with central reduction), where R is a solution of the Yang–Baxter equation

R12R13R23 = R23R13R12.

This is a natural analogue of the matrix realization of classical Lie algebras, and it manifestly
exhibits the Hopf algebra structure, with the coproduct ∆, antipode S, and counit ϵ given by

∆
(︁
L±

)︁
= L± ⊗ L±, S

(︁
L±

)︁
=

(︁
L±

)︁−1
, ϵ

(︁
L±

)︁
= I.

The uniform definition of quantum groups UDJ
q (g) for simple g was provided by Drinfeld [7] and

Jimbo [13], and is usually referred to as the Drinfeld–Jimbo realization. In this presentation,
the generators ei, fi, k

±1
i = q±hi are labeled by simple roots αi of g, while the Hopf algebra

structure is given formally by the assignment on the generators. In A-type, the corresponding
isomorphism

URLL
q (gln) ≃ UDJ

q (gln), (1.1)

and subsequently its sln-version (as well as their affine counterparts), were constructed in [6] by
considering the Gauss decomposition of L±. The generalization of this result for other simple
Lie algebras of classical type goes back to [10] and more recently to [14, 15].

The theory of quantum supergroups associated with Lie superalgebras is still far from a full
development. One of the major deficiencies lies in the absence of the uniform (new) Drinfeld
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realization of such algebras in affine types (except for types A and D(2, 1, x)), which is crucial
for the study of their representation theory and further applications to mathematical physics.
A novel feature of Lie superalgebras is that they admit several non-isomorphic Dynkin diagrams,
which can be labeled by so-called parity sequences. The isomorphism of the Lie superalgebras
corresponding to different Dynkin diagrams of the same finite/affine type was established in [18,
Appendix]. Upgrading the latter to the isomorphism of quantum finite/affine superalgebras
associated with different Dynkin diagrams is a highly non-trivial technical task that constitutes
one of the major results of [25]. We also note that the super setup features so-called higher-
order Serre relations, which often cause major technical complications in generalizing non-super
results to the super setup. Furthermore, different parity sequences result in fundamentally
different sets of higher-order Serre relations entering the definition of the corresponding quantum
supergroup.

This note is devoted to the generalization of the aforementioned isomorphism (1.1) to the
context of quantum supergroups of finite ABCD-type. We want to emphasize right away that
this is a Hopf superalgebra isomorphism. To this end, it is fundamental that both algebras admit
generalized double realizations in the context of a pair of Hopf superalgebras endowed with skew
pairing (we present full details in Appendix A as we could not find a uniform treatment of that
construction in the super setup, besides a somewhat related paper [1]). As the pairing between
the positive and negative Borel subalgebras of Drinfeld–Jimbo quantum supergroups is known
to be non-degenerate (which is actually the key result of [24] and is the source of all higher-
order Serre relations), once a surjective map UDJ

q (g)→ URLL
q (g) is constructed, compatible with

coproducts and pairing, it must be an isomorphism. This approach is different from the one used
in [6] to prove (1.1) as well as the one utilized in [14, 15] to establish BCD-type generalizations,
where one rather had to appeal to faithful representations (which is more subtle in the super case)
or to the universal R-matrix R (that was carried out in the ℏ-adic completion),1 respectively.
We note that evaluation of the R-matrices used in the RLL-realization was carried out in our
earlier paper [11] using the combinatorial approach of [5] to the construction of PBW bases
of UDJ

q (g).

As another technical aspect of the super version of quantum groups, we note that there
have been multiple sign-conventions in the literature. In particular, in pursuit to generalize
the foundational work [6] to super-A type (both finite and affine), the works [2, 9, 28] used
slightly different definitions of the corresponding RLL-realizations. We show that different sign-
conventions can be related through the more general construction of 2-cocycle twists. This gives
rise to the twisted and untwisted versions, see details in Section 3.5. Though the untwisted
algebra is the correct object to work with, it is often more convenient to use the twisted one (in
particular, when studying the Gauss decomposition) in order to simplify numerous signs.

1.2 Outline

The structure of the present paper is the following:

� In Section 2, we recall the basic conventions on superalgebras and the notion of Drinfeld–
Jimbo general linear quantum supergroups, see Definitions 2.5 and 2.7. We emphasize
the key property of them being Drinfeld doubles in Proposition 2.11 and introduce their
twisted version Uq(gl(V ))F in Section 2.6.

� In Section 3, we recall the RLL-realization of the general linear quantum supergroups,
see Definition 3.6, with the R-matrix given in (3.5). The key property of them being
generalized doubles is established in Proposition 3.10. In Section 3.5, we discuss a closely

1This reliance on the ℏ-adic topology can be completely bypassed by following the arguments developed in [21,
Section 3].
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related algebra ˜︁U(R) which is often more convenient to work with in order to track various
Koszul signs, and establish its relation to U(R) via the 2-cocycle twist in Proposition 3.16
(this addresses a common discrepancy in various definitions of RLL-superalgebras in the
existing literature). One of the key results is the identification of Drinfeld–Jimbo and
RLL realizations of the general linear quantum supergroups, established in Theorem 3.21.
While the inverse morphism is constructed in Section 3.8, we wish to emphasize that the
map ξ of Theorem 3.21 is compatible with Drinfeld double structures and is thus easily
argued to be an isomorphism.

� In Section 4, we recall the basic conventions about orthosymplectic Lie superalgebra
osp(V ) and its extended version gosp(V ). We then recall the notion of Drinfeld–Jimbo-
type (extended) orthosymplectic quantum supergroups, see Definitions 4.4 and 4.5. The
key property of Uq(gosp(V )) being a Drinfeld double and the corresponding Drinfeld
twist Uq(gosp(V ))F are discussed in Propositions 4.8 and 4.10.

� In Section 5, we study the RLL-realization of extended orthosymplectic quantum super-
groups, with the corresponding R-matrix (5.4) evaluated in [11]. Similar to Section 3, we
establish their generalized double realization and relate them to the twisted algebra ˜︁U(R)
in Propositions 5.5 and 5.9. The key (twisted) relations among the entries in the Gauss
decomposition of the matrices L± are summarized in tables of Section 5.3. One of the
key results is the identification of Drinfeld–Jimbo and RLL realizations of the extended
orthosymplectic quantum supergroups, established in Theorem 5.12. Again, while the
inverse morphism is constructed in Section 5.5, we emphasize that the map ξ of Theo-
rem 5.12 is compatible with Drinfeld double structures and is thus easily argued to be an
isomorphism.

� In Appendix A, we discuss in detail the super versions of the usual Drinfeld and generalized
doubles.

2 General linear Lie superalgebras and quantum supergroups

2.1 Superalgebras and Lie superalgebras

A vector space V over a base field K is called a superspace if it is Z2-graded, i.e., V = V0̄ ⊕ V1̄,
where Vī denotes the component of degree ī ∈ Z2. For a homogeneous element v ∈ V , its
Z2-degree is denoted by |v| ∈ Z2. Elements of degree 0̄ (resp. 1̄) are called even (resp. odd).
If the underlying vector space of V is finite-dimensional, the pair (dimV0̄, dimV1̄) is called the
dimension of the superspace V .

The category sVectK of all superspaces over K, together with all degree-preserving linear
maps, forms a symmetric tensor category. The tensor product is the standard tensor product of
vector spaces equipped with the Z2-grading

(V ⊗W )k̄ =
⨁︂
ī+j̄=k̄

Vī ⊗Wj̄,

and the tensor unit is the base field K, viewed as a superspace concentrated in degree 0̄. The
braiding is given by the graded permutation

τVW : V ⊗W →W ⊗ V, v ⊗ w ↦→ (−1)|v||w|w ⊗ v.

Here, we adopt the convention (−1)0̄ = 1 and (−1)1̄ = −1. Unless stated otherwise, K as an
object of sVectK will always denote that tensor unit. We frequently omit the subscripts on the
tensor product ⊗ and the braiding τ whenever the underlying base field or vector spaces are
clear from the context.
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Remark 2.1. Since the braiding τ is symmetric (that is, τWV ◦τVW = IdV⊗W ), composite mor-
phisms built from consecutive braidings depend only on the underlying permutation. Thus, for
each permutation σ in the symmetric group Sr, there is a uniquely defined natural isomorphism
with components

τσV1...Vr
: V1 ⊗ · · · ⊗ Vr ∼−→Vσ−1(1) ⊗ · · · ⊗ Vσ−1(r). (2.1)

Again, the subscripts will frequently be omitted when the underlying superspaces are clear from
the context.

Remark 2.2. We note that the forgetful functor from sVectK to VectK is strictly monoidal (but
not braided monoidal) and faithful. However, it is not full, as an arbitrary linear map between
superspaces need not be degree-preserving. In practice, we often regard superspaces as objects
in VectK to consider such arbitrary linear maps. To prevent ambiguity, we reserve the term
morphism for degree-preserving linear maps (i.e., the morphisms in sVectK), and use the term
linear map or map for arbitrary linear transformations in VectK.

Since sVectK is monoidal, one can define superalgebras, which are monoid objects of sVectK.
Moreover, since sVectK is braided, one can define the tensor product of superalgebras A, B with
the multiplication given by

µA⊗B : (A⊗B)⊗ (A⊗B)
Id⊗τBA⊗Id−−−−−−−→ (A⊗A)⊗ (B ⊗B)

µA⊗µB−−−−−→ A⊗B, (2.2)

in which µA, µB denote the multiplication of A, B, respectively. Concretely, for any homoge-
neous a, a′ ∈ A and b, b′ ∈ B, the multiplication can be written as follows:

(a⊗ b)(a′ ⊗ b′) = (−1)|b||a′|(aa′)⊗ (bb′).

We note that if both A and B are superalgebras, then τ : A ⊗ B → B ⊗ A is a superalgebra
homomorphism.

Finally, the symmetric braiding allows one to define Lie algebra objects in sVectK, called Lie
superalgebras. Explicitly, a Lie superalgebra is a superspace g together with a morphism (hence
degree-preserving)

[−,−] : g⊗ g→ g,

called a Lie superbracket, which will be frequently identified with the corresponding bilinear
map g× g→ g, satisfying the graded skew-symmetry

[x, y] = −[τ(x⊗ y)] = −(−1)|x||y|[y, x] for any homogeneous x, y ∈ g,

and the graded Jacobi identity (equivalent to saying that the superbracket gives an adjoint
action of g)

[x, [y, z]] = [[x, y], z] + (−1)|x||y|[y, [x, z]] for any homogeneous x, y, z ∈ g.

We note that any superalgebra A admits a canonical Lie superalgebra structure given by the
supercommutator

[a, a′] := aa′ − (−1)|a||a′|a′a for any homogeneous a, a′ ∈ A. (2.3)

This construction provides a forgetful functor from the category of superalgebras to the category
of Lie superalgebras, which admits a left adjoint known as the universal enveloping superalgebra
functor. To be specific, for any Lie superalgebra g, its universal enveloping superalgebra U(g)
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is defined as the quotient of the tensor superalgebra T (g) :=
⨁︁

k≥0 g
⊗k by the two-sided ideal

generated by {x⊗ y − τ(x⊗ y)− [x, y] | x, y ∈ g}.
For a superspace V together with a choice of an ordered homogeneous basis {v1, v2, . . . , vN},

we define the parity of an index i ∈ I := {1, 2, . . . , N} to be the Z2-degree of the corresponding
basis vector vi

i := |vi| =

{︄
0̄ if vi is even,

1̄ if vi is odd.

The grading of this ordered basis is recorded in the parity sequence γV , defined as the N -tuple

γV := (|v1|, . . . , |vN |) =
(︁
1, . . . , N

)︁
∈ {0̄, 1̄}N .

2.2 General linear Lie superalgebras

For any pair of objects V,W ∈ sVectK, there exists an internal hom object, whose underlying
vector space consists of all K-linear maps HomK(V,W ) =

⨁︁
ī,̄j∈Z2

HomK(Vī,Wj̄), equipped with
the Z2-grading

HomK(V,W )k̄ =
⨁︂
j̄−ī=k̄

HomK(Vī,Wj̄).

In other words, sVectK is a closed monoidal category.

Thus, for a fixed superspace V , the set of all K-linear maps EndK(V ) := HomK(V, V ) forms
a superalgebra, where the multiplication is given by the composition of linear maps. Moreover,
by (2.3), this superalgebra admits a canonical Lie superalgebra structure, called the general
linear Lie superalgebra. We denote this Lie superalgebra by gl(V ) to distinguish the Lie structure
from the associative structure of EndK(V ).

We also introduce a closely related object, the special linear Lie superalgebra. To this end,
for a finite-dimensional superspace V , recall the definition of the supertrace morphism

sTr: gl(V ) ≃ V ⊗ V ∗ τ−→ V ∗ ⊗ V ev−→ C,

where we use the canonical identification gl(V ) ≃ V⊗V ∗ and ev is the (left) evaluation morphism.
By construction, one can verify that the supertrace satisfies

sTr(XY ) = (−1)|X||Y |sTr(Y X) for any homogeneous X,Y ∈ EndK(V ),

which immediately implies sTr([X,Y ]) = 0 for all X,Y ∈ gl(V ). Therefore, the kernel of the
supertrace morphism forms an ideal of gl(V ), called the special linear Lie superalgebra and
denoted by sl(V ).

2.3 Chevalley–Serre-type presentation

Henceforth, we fix a superspace V of dimension (m,n) over the base field K = C. We also make
a choice of an ordered homogeneous basis {v1, v2, . . . , vN} of V , where N := m+n, which allows
the identification of gl(V ) with the space of all N × N matrices. Let Eij be the elementary
matrix with 1 at the (i, j)-entry and 0 elsewhere. The set {Eij}Ni,j=1 forms a homogeneous basis
of gl(V ) with Z2-grading |Eij | = i+ j and the Lie superbracket given by

[Eij , Ekl] = δjkEil − (−1)(i+j)(k+l)δliEkj . (2.4)
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We also note that sTr(Eij) = δij(−1)i, and consequently, the following forms a homogeneous
basis of sl(V )

{Eij | 1 ≤ i ̸= j ≤ N} ∪
{︁
(−1)iEii − (−1)i+1Ei+1,i+1 | 1 ≤ i < N

}︁
.

We further choose the Borel subalgebra of gl(V ) consisting of all upper triangular matrices,
giving rise to the Borel subalgebra of sl(V ). The corresponding Cartan subalgebra hgl of gl(V )
consists of all diagonal matrices, with a basis {Eii}Ni=1, while the Cartan subalgebra hsl of sl(V )
is a codimension 1 subspace in hgl:

hsl = {X ∈ hgl | sTr(X) = 0}.

We define the linear functionals {εi}Ni=1 in h∗gl to be the dual basis to {Eii}Ni=1, i.e., εi(Ejj) = δij
for all i, j.

A direct computation shows that [Eii, Eab] = (εa − εb)(Eii) ·Eab, so that Eab is a root vector
corresponding to the root εa − εb (for a ̸= b). Hence, we obtain the root space decomposi-
tion gl(V ) = hgl ⊕

⨁︁
α∈Φ gl(V )α with the root system given by

Φ = {εa − εb | 1 ≤ a, b ≤ N, a ̸= b}, (2.5)

and the corresponding polarization

Φ+ = {εa − εb | a < b}, Φ− = {εa − εb | a > b}. (2.6)

The root system has a decomposition Φ = Φ0̄ ∪ Φ1̄ into even and odd parts, where

Φ0̄ = {εa − εb ∈ Φ | a = b}, Φ1̄ = {εa − εb ∈ Φ | a ̸= b}.

We note that sl(V ) shares the same root system Φ and admits the corresponding root space
decomposition

sl(V ) = hsl ⊕
⨁︂
α∈Φ

sl(V )α with sl(V )α = gl(V )α, ∀α ∈ Φ.

Following the polarization (2.6) of the root system (2.5), the simple roots and the correspond-
ing root vectors can be written as follows (with 1 ≤ i < N)

αi = εi − εi+1, ei = Ei,i+1, fi = (−1)iEi+1,i. (2.7)

We define the Weyl vector ρ of Φ by

ρ :=
1

2

∑︂
α∈Φ+

0̄

α− 1

2

∑︂
α∈Φ+

1̄

α. (2.8)

The following property of the Weyl vector will be used extensively in the sequel (cf. [4, Propo-
sition 1.33]):

(ρ, αi) =
1
2(αi, αi) ∀i. (2.9)

We also define the following elements of the Cartan subalgebra hgl:

Hk = (−1)kEkk for 1 ≤ k ≤ N, hi = Hi − Hi+1 for 1 ≤ i < N. (2.10)
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Note that the sets {Hk}Nk=1 and {hi}N−1i=1 form bases for hgl and hsl, respectively. Furthermore,
the lattices P∨ :=

⨁︁N
k=1 ZHk and Q∨ :=

⨁︁N−1
i=1 Zhi constitute the coweight and coroot lattices

of gl(V ), respectively.
Dually, we define the weight lattice P :=

⨁︁N
k=1 Zεk, the root lattice Q :=

⨁︁N−1
i=1 Zαi ⊆ P ,

and Q+ :=
⨁︁N−1

i=1 Z≥0αi, together with the following partial order on P : µ ≤ ν ⇔ ν − µ ∈ Q+.
Then (2.4) implies that gl(V ) is graded by Q (and thus also by P ) via

deg(Eij) = εi − εj ,

which restricts to a Q-grading on sl(V ), and is compatible with the Z2-grading via the group
homomorphism

P → Z2, εi ↦→ i. (2.11)

In particular, we have

deg(ei) = αi, deg(fi) = −αi, deg(hi) = 0, deg(Hk) = 0. (2.12)

We consider the non-degenerate invariant supertrace bilinear form (·, ·) : gl(V ) × gl(V ) → C
defined by

(X,Y ) = sTr(XY ), ∀X,Y ∈ gl(V ).

Its restriction to the Cartan subalgebra hgl is non-degenerate, thus giving rise to an identification
h∗gl ≃ hgl via εk ↔ (−1)kEkk and inducing a bilinear form (·, ·) : h∗gl × h∗gl → C such that

(εk, εl) = δkl(−1)k for any 1 ≤ k, l ≤ N. (2.13)

We also recall that an odd root α ∈ Φ1̄ is called isotropic if (α, α) = 0.
Define the symmetrized Cartan matrix (aij)

N−1
i,j=1 of gl(V ) via aij = (αi, αj). It is straightfor-

ward to verify that the elements {ei, fi}N−1i=1 ∪ {Hk}Nk=1 satisfy the following relations:

[Hk,Hl] = 0, [Hk, ej ] = (εk, αj)ej , [Hk, fj ] = −(εk, αj)fj , [ei, fj ] = δijhi, (2.14)

which imply the following Chevalley-type relations:

[hi, hj ] = 0, [hi, ej ] = aijej , [hi, fj ] = −aijfj . (2.15)

Furthermore, it is shown in [27] (see also [25]) that sl(V ) is isomorphic to the Lie superalgebra
generated by {ei, fi, hi}N−1i=1 , subject to the Z2-grading induced from the Q-grading (2.12), the
Chevalley-type relations (2.15), together with the standard and higher-order Serre relations. As
we shall not need the explicit form of the Serre relations, we refer the interested reader to [27,
Section 3.2.1] for the exact formulas. Similarly, gl(V ) admits a generator-relation presentation:
it is isomorphic to the Lie superalgebra generated by {ei, fi}N−1i=1 ∪{Hk}Nk=1, subject to the same
grading and Serre relations (which depend only on ei, fi), but satisfying the Chevalley-type
relations (2.14).

Remark 2.3. Instead of using Cartan generators hi or Hk, one can use an additive sub-
group Γ ⊆ hgl containing {hi}N−1i=1 to provide a uniform Chevalley–Serre type presentation for
both gl(V ) and sl(V ). Consider the Lie superalgebra g(Γ) generated by {ei, fi}N−1i=1 and Γ,
subject to the Serre relations together with the following Chevalley-type relations:

[H,H′] = 0, [H, ej ] = αj(H)ej , [H, fj ] = −αj(H)fj , [ei, fj ] = δijhi

∀H,H′ ∈ Γ, 1 ≤ i, j < N.

It is clear that g
(︁
P∨

)︁
= gl(V ) and g

(︁
Q∨

)︁
= sl(V ). While various choices of the lattice Γ yield

only these two distinct Lie superalgebras, the Γ-dependence will be more significant for quantum
supergroups below.



8 K. Hong and A. Tsymbaliuk

2.4 Drinfeld–Jimbo-type general linear quantum supergroups

The Drinfeld–Jimbo-type general linear quantum supergroup Uq(gl(V )) is a C(q)-superalgebra
which is a natural quantization of the universal enveloping superalgebra U(gl(V )). To construct
it, we first define a more general class of quantum supergroups Uq(Γ), parameterized by an
additive subgroup Γ ⊆ P∨ containing Q∨ (cf. Remark 2.3).

Remark 2.4. To avoid confusion, in the quantum supergroup setting, the elements Hk and
hi ∈ hgl will be denoted by Hk and hi respectively to distinguish them from the classical Lie
superalgebra setting. Moreover, following the physics literature, we use formal exponentials q±Hk

and q±hi instead of the more common K±1k and k±1i .

Definition 2.5. For a fixed additive subgroup Γ ⊆ P∨ containing Q∨, the quantum su-
pergroup Uq(Γ) is the C(q)-superalgebra generated by {ei, fi}N−1i=1 and the formal symbols{︁
q±H | H ∈ Γ

}︁
. It is equipped with the Q-grading (cf. (2.12))

deg(ei) = αi, deg(fi) = −αi, deg
(︁
q±H

)︁
= 0, (2.16)

and the compatible Z2-grading, see (2.11). These generators are subject to the Serre rela-
tions (2.21)–(2.23) introduced later in this subsection, together with the following Chevalley-type
relations:

qHqH
′
= qH+H′

, q0 = 1, (2.17)

qHejq
−H = qαj(H)ej , qHfjq

−H = q−αj(H)fj , (2.18)

[ei, fj ] = δij
qhi − q−hi

q − q−1
, (2.19)

for all H,H ′ ∈ Γ and 1 ≤ i, j < N , where [−,−] denotes the supercommutator (2.3),
and αj(H) ∈ Z represents the evaluation of the root αj on the Cartan element H ∈ P∨. We
note that (2.17) implies the commutativity

[︁
qH , qH

′]︁
= 0 for all H,H ′ ∈ Γ.

To express the Serre relations, we introduce the q-supercommutator [[−,−]] via

[[a, b]] := ab− (−1)|a||b|q(deg(a),deg(b)) · ba (2.20)

for any Q-homogeneous elements a, b ∈ Uq(Γ), cf. (2.13). The Serre relations, which complement
the Chevalley-type relations above, are given as follows (cf. [24, Proposition 10.4.1]):

[[ei, ej ]] = 0, [[fi, fj ]] = 0 if aij = 0, (2.21)

[[ei, [[ei, ej ]]]] = 0, [[fi, [[fi, fj ]]]] = 0 if |i− j| = 1 and αi ∈ Φ0̄, (2.22)

[[[[[[ei−1, ei]], ei+1]], ei]] = 0, [[[[[[fi−1, fi]], fi+1]], fi]] = 0

if 2 ≤ i ≤ N − 2 and αi ∈ Φ1̄. (2.23)

Remark 2.6. In particular, if αi ∈ Φ1̄, then (2.21) immediately implies e2i = f2i = 0. We also
note that the relation (2.22) can be alternatively written as [[[[ei±1, ei]], ei]] = 0, [[[[fi±1, fi]], fi]] = 0.

The quantum supergroup Uq(Γ) is naturally endowed with a Hopf superalgebra structure,
defined on the generators by the following comultiplication:

∆(ei) = qhi ⊗ ei + ei ⊗ 1, ∆(fi) = 1⊗ fi + fi ⊗ q−hi ,

∆
(︁
qH

)︁
= qH ⊗ qH , (2.24)
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and with the counit and antipode given explicitly by

ϵ(ei) = 0, ϵ(fi) = 0, ϵ
(︁
qH

)︁
= 1,

S(ei) = −q−hiei, S(fi) = −fiqhi , S
(︁
qH

)︁
= q−H . (2.25)

The assignment (2.16) indeed gives rise to a Q-grading on Uq(Γ), since all the defining relations
are homogeneous. Furthermore, the explicit formulas (2.24), (2.25) show that Uq(Γ) is actually
a Q-graded Hopf superalgebra.

Definition 2.7.

(a) The quantum supergroup Uq

(︁
P∨

)︁
is called the Drinfeld–Jimbo-type general linear quan-

tum supergroup and is denoted by Uq(gl(V )). Equivalently, Uq(gl(V )) admits a generator-
relation presentation with only finitely many Cartan generators: it is the C(q)-superalgebra
generated by {ei, fi}N−1i=1 and {q±Hk}Nk=1, equipped with the same Q-grading and Z2-
grading as in (2.16). These generators are subject to the Serre relations (2.21)–(2.23),
alongside the following explicit Chevalley-type relations:[︁

qHk , qHl
]︁
= 0, q±Hkq∓Hk = 1, (2.26)

qHkejq
−Hk = q(εk,αj)ej , qHkfjq

−Hk = q−(εk,αj)fj , (2.27)

[ei, fj ] = δij
qhi − q−hi

q − q−1
, (2.28)

for all 1 ≤ k, l ≤ N and 1 ≤ i, j < N , where qhi := qHiq−Hi+1 , and the pairing in (2.27) is
given by (2.13).

(b) Analogously, the Drinfeld–Jimbo-type special linear quantum supergroup is defined as fol-
lows: Uq(sl(V )) := Uq

(︁
Q∨

)︁
. Equivalently, it admits a finite generator-relation presentation

as the C(q)-superalgebra generated by {ei, fi}N−1i=1 and the Cartan generators {q±hi}N−1i=1 ,
subject to the same Q-grading and Z2-grading as in (2.16). These generators are subject
to the Serre relations (2.21)–(2.23) and the following explicit Chevalley-type relations:[︁

qhi , qhj
]︁
= 0, q±hiq∓hi = 1,

qhiejq
−hi = q(αi,αj)ej , qhifjq

−hi = q−(αi,αj)fj , [ei, fj ] = δij
qhi − q−hi

q − q−1
,

for all 1 ≤ i, j < N . By definition, there is a canonical Hopf superalgebra morphism
from Uq(sl(V )) to Uq(gl(V )). This morphism can be shown to be an embedding via the
triangular decomposition (2.29) discussed below.

Remark 2.8. We note that a slightly different definition of the q-supercommutator is used
in [24]:

[[a, b]]Y := ab− (−1)|a||b|q−(deg(a),deg(b)) · ba = −(−1)|a||b|q−(deg(a),deg(b)) · [[b, a]].

Nevertheless, the superalgebra U q(gl (V ))Y defined via [[ −,− ]]Y in [24] is isomorphic to
Uq−1(gl(V )) as C(q)-superalgebras via the assignment ei ↦→ ei, fi ↦→ fi, q

±Hk ↦→ q∓Hk .

Remark 2.9. We note that the assignment (see (2.8))

ωDJ

(︁
q±Hk

)︁
= q∓Hk , ωDJ(ei) = −(−1)ii+1q3(ρ,αi)fi,

ωDJ(fi) = −(−1)ii+1(−1)i+i+1q−3(ρ,αi)ei

for 1 ≤ k ≤ N , 1 ≤ i < N gives rise to a Hopf superalgebra isomorphism ωDJ : Uq(gl(V )) ∼−→
Uq(gl(V ))cop.
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2.5 Drinfeld double construction of Uq(gl(V ))

We first introduce the triangular decomposition of Uq(gl(V )). Let U>
q (gl(V )), U<

q (gl(V )), and
U0
q (gl(V )) denote the subalgebras of Uq(gl(V )) generated by {ei}N−1i=1 , {fi}N−1i=1 , and

{︁
q±Hk

}︁N

k=1
,

respectively. The triangular decomposition states that the multiplication morphism

U<
q (gl(V ))⊗ U0

q (gl(V ))⊗ U>
q (gl(V )) ∼−→Uq(gl(V )) (2.29)

is an isomorphism of underlying superspaces. We further define the positive and negative Borel
subalgebras, denoted U≥q (gl(V )) and U≤q (gl(V )), as the subalgebras generated by {ei}N−1i=1 ∪
{q±Hk}Nk=1 and {fi}N−1i=1 ∪ {q±Hk}Nk=1, respectively. Note that these are not just subalgebras but
are also Hopf subalgebras of Uq(gl(V )).

Remark 2.10. The triangular decomposition (2.29) implies that the multiplication morphisms

U0
q (gl(V ))⊗ U>

q (gl(V )) ∼−→U≥q (gl(V )), U<
q (gl(V ))⊗ U0

q (gl(V )) ∼−→U≤q (gl(V ))

are isomorphisms of underlying superspaces. Invoking the automorphism ωDJ of Remark 2.9,
the following multiplication morphisms are also isomorphisms:

U>
q (gl(V ))⊗ U0

q (gl(V )) ∼−→U≥q (gl(V )), U0
q (gl(V ))⊗ U<

q (gl(V )) ∼−→U≤q (gl(V )).

A fundamental structural property of quantum (super)groups is their realization via the
Drinfeld double construction (cf. Appendix A.4). Recall that the opposite comultiplication is
defined by ∆op(x) := τ(∆(x)).

Proposition 2.11.

(a) There exists a unique skew-pairing (cf. (A.8))

(·, ·)DJ : U≤q (gl(V ))× U≥q (gl(V ))→ C(q) (2.30)

satisfying the following properties on the generators for 1 ≤ i, j < N and 1 ≤ k, l ≤ N :(︁
fi, q

±Hk
)︁
DJ

= 0,
(︁
q±Hk , ei

)︁
DJ

= 0,

(fi, ej)DJ =
δij(−1)|fi||ej |

q−1 − q
,

(︁
qHk , qHl

)︁
DJ

= q−(εk,εl). (2.31)

Moreover, this pairing is non-degenerate.

(b) Uq(gl(V )) is isomorphic to the quotient of the Drinfeld double DDJ := D
(︁
U≤q (gl(V )),

U≥q (gl(V ))
)︁
obtained by identifying the Cartan subalgebras U0

q (gl(V )) from both factors.

Proof. For part (a), the existence of such a pairing is established in [24] (cf. [12, Proposi-
tions 6.12 and 6.18] for the non-super setup). This pairing is of Q-degree zero, i.e., for any
Q-homogeneous x ∈ U≥q (gl(V )) and y ∈ U≤q (gl(V )):

deg(x) + deg(y) ̸= 0 =⇒ (y, x)DJ = 0. (2.32)

We shall now prove the non-degeneracy of this pairing. Define the following subspaces,
spanned by elements of strictly positive and negative degrees, respectively:

U>
q (gl(V ))deg>0 :=

{︁
x ∈ U>

q (gl(V )) | ϵ(x) = 0
}︁
,

U<
q (gl(V ))deg<0 :=

{︁
y ∈ U<

q (gl(V )) | ϵ(y) = 0
}︁
.
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For any Q-homogeneous elements e ∈ U>
q (gl(V )) and f ∈ U<

q (gl(V )), the structure of (2.24)
implies that

∆(e) ∈ e⊗ 1 + U≥q (gl(V ))⊗ U>
q (gl(V ))deg>0,

∆(f) ∈ 1⊗ f + U<
q (gl(V ))deg<0 ⊗ U≤q (gl(V )). (2.33)

Consequently, for any Q-homogeneous e ∈ U>
q (gl(V )), f ∈ U<

q (gl(V )) and group-like k, k′ ∈
U0
q (gl(V )):

(fk′, ek)DJ = (f ⊗ k′,∆(e)∆(k))DJ
(2.32), (2.33)

= (f, ek)DJ(k
′, k)DJ

=
(︁
∆op(f), e⊗ k

)︁
DJ

(k′, k)DJ
(2.32), (2.33)

= (f, e)DJ(1, k)DJ(k
′, k)DJ

= (f, e)DJ(k
′, k)DJ. (2.34)

As U0
q (gl(V )) is spanned by its group-like elements, bilinearity ensures that (2.34) holds for

all k, k′ ∈ U0
q (gl(V )). Thus, the non-degeneracy of (2.30) follows from that of its restrictions

to U<
q (gl(V ))× U>

q (gl(V )) and U0
q (gl(V ))×U0

q (gl(V )). The former is a non-trivial result estab-
lished in [24], while the latter is straightforward.

Remark 2.12. We note that the Serre relations were introduced in [24] precisely to ensure
the non-degeneracy of the skew-pairing (2.30) upon its restriction to the subalgebras U<

q (gl(V ))
and U>

q (gl(V )).

Part (b) follows from the fact that the Drinfeld double DDJ is the quotient of the free prod-
uct (super)algebra U≤q (gl(V )) ∗ U≥q (gl(V )), subject to the following cross-relations (cf. Proposi-
tion A.16):∑︂

(x)(y)

(−1)|x2||y|(−1)|y1||x1| · (y1, x1)DJ · y2x2 =
∑︂
(x)(y)

(−1)|x2||y| · x1y1 · (y2, x2)DJ, (2.35)

for all Z2-homogeneous x ∈ U≥q (gl(V )) and y ∈ U≤q (gl(V )), using Sweedler notation. To
avoid confusion, we denote the Cartan generators of U≥q (gl(V )) and U≤q (gl(V )) by

{︁
q±H

e
k

}︁N

k=1
and

{︁
q±H

f
k

}︁N

k=1
, respectively. Analogously, we use

{︁
q±h

e
i
}︁N−1
i=1

and
{︁
q±h

f
i

}︁N−1
i=1

to refer to the
corresponding composite elements.

Following the notation in Proposition A.16, consider the elements uy,x (defined as the dif-
ference between the left- and right-hand sides of (2.35)) for Z2-homogeneous y ∈ U≤q (gl(V ))
and x ∈ U≥q (gl(V )), and let I be the two-sided ideal generated by them. Since U≥q (gl(V ))
and U≤q (gl(V )) are graded by Q+ and −Q+ respectively, the explicit comultiplication for-
mula (2.24) together with an induction on the degree via Proposition A.17 implies that I is gen-
erated by the elements uy,x where y and x range over the generators of U≤q (gl(V )) and U≥q (gl(V )),
respectively. Applying (2.35) to pairs of generators yields

(−1)|ei||fj | ·
(︁
1, qh

e
i
)︁
DJ
· fjei + (−1)|ei||fj | · (fj , ei)DJ · q−h

f
j

= eifj ·
(︁
q−h

f
j , 1

)︁
DJ

+ (−1)|ei||fj | · qhe
i · (fj , ei)DJ,(︁

1, qH
e
k
)︁
DJ
· fjqH

e
k = qH

e
kfj ·

(︁
q−h

f
j , qH

e
k
)︁
DJ
,(︁

qH
f
l , qh

e
i
)︁
DJ
· qH

f
l ei = eiq

Hf
l ·

(︁
qH

f
l , 1

)︁
DJ
,(︁

qH
f
l , qH

e
k
)︁
DJ
· qH

f
l qH

e
k = qH

e
kqH

f
l ·

(︁
qH

f
l , qH

e
k
)︁
DJ
,

which simplifies as follows:

eifj − (−1)|ei||fj |fjei = δij
qh

e
i − q−h

f
i

q − q−1
,
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qH
e
kfjq

−He
k = q−(αj ,εk)fj , qH

f
l eiq

−Hf
l = q(εl,αi)ei, qH

f
l qH

e
k = qH

e
kqH

f
l .

To identify the Cartan elements from both factors, we shall quotient the double DDJ by the
two-sided ideal

J :=
⟨︁
q±H

e
k − q±H

f
k | 1 ≤ k ≤ N

⟩︁
.

Passing to the quotient DDJ/J precisely recovers the commutation relations (2.26)–(2.28) be-
tween the Borel subalgebras U≤q (gl(V )) and U≥q (gl(V )), which concludes the proof that DDJ/J ≃
Uq(gl(V )). ■

Remark 2.13. By Proposition A.19, one may alternatively use the transposed inverse

(−,−)˜︂DJ
: U≥q (gl(V ))× U≤q (gl(V ))→ C(q)

of (−,−)DJ in the double construction, which amounts to taking the Borel subalgebras in the
opposite order. The latter order is necessary to align (−,−)˜︂DJ

with the corresponding skew-
pairing (3.26) of the RLL-realization U(R) defined below, cf. Remark 3.13. Specifically, the iso-
morphism ξ from Theorem 3.21 maps the subbialgebras U≥q (gl(V )) and U≤q (gl(V )) onto U≥(R)
and U≤(R), respectively. Because both Borel subalgebras are Hopf superalgebras with invert-
ible antipodes, (A.4) ensures that the transposed inverse pairing is also non-degenerate, and its
evaluation on the generators is given as follows:(︁

ei, q
±Hk

)︁˜︂DJ
= 0,

(︁
q±Hk , fi

)︁˜︂DJ
= 0,

(ei, fj)˜︂DJ
=

δij
q − q−1

,
(︁
qHk , qHl

)︁˜︂DJ
= q(εk,εl),

for all 1 ≤ i, j < N and 1 ≤ k, l ≤ N .

Remark 2.14. Instead of the Hopf subalgebras U≤q (gl(V )) and U≥q (gl(V )), the double con-
struction can also be carried out using the subbialgebras U−q (gl(V )) and U+

q (gl(V )) generated
by {fi}N−1i=1 ∪ {q−Hk}Nk=1 and {ei}N−1i=1 ∪ {qHk}Nk=1 respectively, equipped with the restriction of
the exact same skew-pairing.

Remark 2.15. Invoking the Hopf superalgebra isomorphism ωDJ of Remark 2.9, we note
that it restricts to superalgebra isomorphisms between U≤q (gl(V )) and U≥q (gl(V )) and also be-
tween U−q (gl(V )) and U+

q (gl(V )).

2.6 Drinfeld twist of Uq(gl(V ))

For the later use in Section 3.7, we shall now introduce a specific Drinfeld twist of Uq(gl(V )).
Recall that a Drinfeld twist (or gauge transformation) of a Hopf superalgebra H is an invertible
element F ∈ H⊗H satisfying the 2-cocycle condition (cf. [23, equation (4.3)]; for the non-super
setup, see [3, Section 4.2])

(F ⊗ 1)(∆⊗ Id)(F) = (1⊗F)(Id⊗∆)(F),

and the counitality condition (ϵ ⊗ Id)(F) = 1 = (Id⊗ϵ)(F). Given such an element, one can
construct a new Hopf superalgebra HF whose underlying superalgebra structure and the counit
morphism are identical to those of H, but with the comultiplication conjugated by F

∆F (x) = F∆(x)F−1 for all x ∈ H,

and its antipode SF modified correspondingly.
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We now apply the above construction to H = Uq(gl(V )) using F = Rs := q−
∑︁N

i=1(−1)iHi⊗Hi ,
see (3.3). Since Rs is the canonical element of the Drinfeld double D

(︁
U0
q (gl(V )), U0

q (gl(V ))
)︁

(cf. Remark 3.2), it naturally satisfies the conditions of a Drinfeld twist by Proposition A.21.
A direct ℏ-adic computation (cf. Remark 3.3) yields the following twisted comultiplication ∆F

on the generators:

∆F (ei) = 1⊗ ei + ei ⊗ q−hi , ∆F (fi) = qhi ⊗ fi + fi ⊗ 1,

∆F
(︁
q±Hk

)︁
= q±Hk ⊗ q±Hk

with the antipode determined by SF (ei) = −eiqhi , SF (fi) = −q−hifi, S
F(︁q±Hk

)︁
= q∓Hk .

In general, a Hopf superalgebra H and its Drinfeld twist HF need not be isomorphic as Hopf
superalgebras. However, there is a simple Hopf superalgebra isomorphism between Uq(gl(V ))
and its twist Uq(gl(V ))F . Let U≥q (gl(V ))F and U≤q (gl(V ))F denote the positive and negative
Borel subalgebras of Uq(gl(V ))F generated by {ei}N−1i=1 ∪ {q±Hk}Nk=1 and {fi}N−1i=1 ∪ {q±Hk}Nk=1,
respectively. Being closed under ∆F and SF , they are actually Hopf subalgebras. We em-
phasize that they share the exact same underlying superalgebra structure as their untwisted
counterparts U≥q (gl(V )) and U≤q (gl(V )), differing only in their supercoalgebra structure.

Proposition 2.16.

(a) The assignment

ϕF (ei) = eiq
−hi , ϕF (fi) = qhifi, ϕF

(︁
q±Hk

)︁
= q±Hk (2.36)

for 1 ≤ i < N and 1 ≤ k ≤ N , uniquely extends to a Q-graded Hopf superalgebra isomor-
phism

ϕF : Uq(gl(V ))F ∼−→Uq(gl(V )).

(b) The isomorphism ϕF preserves the Borel subalgebras U≥q (gl(V )) and U≤q (gl(V )).

(c) Define the skew-pairing (−,−)FDJ on the Drinfeld twist via (x, y)FDJ := (ϕF (x), ϕF (y))DJ.
The skew-pairing (−,−)FDJ is also non-degenerate and evaluates identically to the skew-
pairing (−,−)DJ on the generators (2.31).

Remark 2.17. As an immediate consequence, Uq(gl(V ))F can also be realized as the Drinfeld
double DFDJ of U≤q (gl(V ))F and U≥q (gl(V ))F with respect to the skew-pairing (−,−)FDJ, modulo
the identification of the Cartan subalgebras.

Remark 2.18. The same argument shows that Proposition 2.16 (c) remains valid when using the
alternate skew-pairing (−,−)˜︂DJ

from Remark 2.13. Hence, the same Drinfeld double DFDJ can
be realized with respect to the pullback (−,−)F˜︂DJ

of (−,−)˜︂DJ
via ϕF , using the opposite order

of the Borel subalgebras U≥q (gl(V ))F and U≤q (gl(V ))F .

Proof of Proposition 2.16. (a) We first check that the assignment (2.36) gives rise to a super-
algebra morphism. As the underlying superalgebra structure of Uq(gl(V ))F is identical to that
of Uq(gl(V )), we need to show that (2.36) defines a superalgebra endomorphism on Uq(gl(V )).
The Chevalley-type relations are straightforward, e.g., (2.19) is verified as follows:

[ϕF (ei), ϕF (fj)] = eiq
−hi+hjfj − (−1)|ei||fj |qhjfjeiq

−hi

= q(αi−αj ,αj)[ei, fj ]q
−hi+hj = δij

ϕF
(︁
qhi

)︁
− ϕF

(︁
q−hi

)︁
q − q−1

.
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For the Serre relations, we note that ϕF (ei)ϕF (ej) = q−(αi,αj) · eiejq−hi−hj , which implies that
their q-supercommutator evaluates to [[ϕF (ei), ϕF (ej)]] = q−(αi,αj) · [[ei, ej ]]q−hi−hj . By induction,
any nested q-supercommutator evaluated on the images ϕF (ei) is simply proportional to the
same commutator evaluated on the generators ei, right-multiplied by a Cartan element uniquely
determined by its total Q-degree. As the Serre relations vanish on the generators ei in Uq(gl(V )),
they identically vanish on the images ϕF (ei).

The inverse morphism is given by the assignment

ϕ−1F (ei) = eiq
hi , ϕ−1F (fi) = q−hifi, ϕ−1F

(︁
q±Hk

)︁
= q±Hk ,

which can be shown to define a valid superalgebra homomorphism by a completely analogous
argument. Furthermore, the compatibility of the coalgebra structures (ϕF ⊗ϕF ) ◦∆F = ∆ ◦ϕF
is directly checked on the generators. Since ϕF clearly preserves the Q-grading, this proves
part (a).

(b) This is clear from the definitions, as ϕF (ei) = eiq
−hi ∈ U≥q (gl(V )) and ϕF (fi) = qhifi ∈

U≤q (gl(V )).

(c) We first emphasize that (−,−)FDJ is indeed a skew-pairing by part (a). The evaluation
of (fi, ei)

F
DJ is the only nontrivial case among the generators in (2.31), the computation of which

is done as follows:

(fi, ei)
F
DJ =

(︁
qhifi, eiq

−hi
)︁
DJ

= q−(αi,αi)
(︁
fiq

hi , eiq
−hi

)︁
DJ

(2.34)
= q−(αi,αi)(fi, ei)DJ

(︁
qhi , q−hi

)︁
DJ

= (fi, ei)DJ. ■

3 RLL-realization of general linear quantum supergroups

3.1 The universal R-matrix

A fundamental property of the Drinfeld double of Hopf superalgebras is that it naturally car-
ries the structure of a (topological) quasi-triangular Hopf superalgebra via its canonical el-
ement (A.10), see Remark 3.3 for more details. By Remark 2.10 and the identity (2.34),
the skew-pairing (2.30) factors multiplicatively into its restrictions to U<

q (gl(V )) × U>
q (gl(V ))

and U0
q (gl(V ))× U0

q (gl(V )). Let
{︁
ufi

}︁
i
and {uei}i be dual bases for U<

q (gl(V )) and U>
q (gl(V ))

with respect to this restricted pairing. Analogously, if {sfj }j and {sej}j were dual bases for the
respective copies of U0

q (gl(V )), then the products
{︁
ufi s

f
j

}︁
i,j

and {uei sej}i,j would form dual bases
for U≤q (gl(V )) and U≥q (gl(V )). Therefore, the canonical element R factors as R = RuRs, where
(note that every element in U0

q (gl(V )) has Z2-degree 0̄)

Ru =
∑︂
i

uei ⊗ u
f
i , Rs =

∑︂
j

sej ⊗ s
f
j .

Remark 3.1. Motivated by their actions on finite-dimensional weight modules, the above fac-
tors Rs and Ru are often referred to as the semisimple and unipotent parts of the canonical
element R. Furthermore, the unipotent part Ru is also often called the reduced R-matrix.

Remark 3.2. Since U0
q (gl(V )) is in fact a Hopf subalgebra, the restriction of the skew-pair-

ing (2.30) yields a Drinfeld double D
(︁
U0
q (gl(V )), U0

q (gl(V ))
)︁
with Rs being the corresponding

canonical element.

Remark 3.3.

(a) To treat the canonical element R = RuRs rigorously, one must address the fact that its
expansion involves infinite sums of tensor products, which are not well-defined elements
in the algebraic tensor product Uq(gl(V )) ⊗ Uq(gl(V )). While the infinite sum in Ru can
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be resolved quite simply, Rs presents a more fundamental algebraic obstruction: the dual
bases for the Cartan subalgebras cannot be constructed in Uq(gl(V )), as expressing them
requires taking formal logarithms of the generators qH . To resolve this and make sense of
these elements, one must pass to the ℏ-adic topological quantum supergroups Uℏ(gl(V )), de-
fined over C[[ℏ]], and consider the completed tensor product Uℏ(gl(V ))⊗̂Uℏ(gl(V )). In this
framework, the indeterminate q ∈ C(q) and the Cartan elements qH (forH ∈ Γ) are treated
as formal exponentials q = eℏ :=

∑︁
k≥0 ℏk/k! ∈ C[[ℏ]] and qH = eℏH :=

∑︁
k≥0 ℏkHk/k!. We

refer the reader to [16, Section 8.3.2] or [17, Section 17] for a systematic development of
this topological setting in the non-super case.

(b) However, Rs is rarely necessary in practice: it generally suffices to work with its evaluations
on finite-dimensional weight modules. By adapting the approach of [12, Section 7] to the
super setting (as in [11, Section 4.1]), one can evaluate these matrices directly within the
rational C(q)-setup, entirely bypassing topological completions.

(c) In the present paper, the only instance explicitly requiring the universal element R is the
construction of the isomorphism ϕDF in Sections 3.8 and 5.5, which serves as the inverse
to the isomorphism ξ constructed in Sections 3.7 and 5.4, up to the canonical automor-
phisms (see Propositions 3.26 and 5.15). We emphasize that the isomorphism ξ between
the Drinfeld–Jimbo and RLL realizations is unequivocally established via the generalized
double construction. Therefore, if one only requires the existence of the isomorphism with-
out an explicit formula for the inverse morphism ϕDF, the issue of ℏ-adic completions can
be completely circumvented.2

To obtain an explicit formula for R (see [11, Theorem 5.16 and Appendix A] for the derivation
through the combinatorics of shuffle superalgebras, while the ℏ-adic version of this result goes
back to [24, Theorem 10.5.1]), we first recall the PBW-type bases of U>

q (gl(V )) and U<
q (gl(V )).

For convenience, let γij := εi − εj for all 1 ≤ i < j ≤ N , so that

Φ+ = {γij | 1 ≤ i < j ≤ N}.

For each γij ∈ Φ+, we define the corresponding quantum root vectors eγij and fγij inductively
on j − i. The base cases are eγi,i+1

:= ei and fγi,i+1
:= fi. For j > i, we set

eγi,j+1
:= eγijej − (−1)|eγij ||ej |q(γij ,αj)ejeγij = [[eγij , ej ]],

fγi,j+1
:= fjfγij − (−1)|fγij ||fj |q−(γij ,αj)fγijfj = −(−1)

|fγij ||fj |q−(γij ,αj)[[fγij , fj ]]. (3.1)

We also consider the lexicographic order on Φ+, corresponding to the lexicographic order on
pairs {(i, j)}1≤i<j≤N

γ12 ≺ γ13 ≺ · · · ≺ γ1N ≺ γ23 ≺ · · · ≺ γ2N ≺ · · · ≺ γN−2,N−1 ≺ γN−2,N ≺ γN−1,N . (3.2)

Theorem 3.4.

(a) The sets of ordered monomials⎧⎨⎩
←∏︂

γ∈Φ+

e
mγ
γ

⃓⃓⃓⃓
⃓ mγ∈Z≥0

mγ≤1 if γ∈Φ1̄

⎫⎬⎭ and

⎧⎨⎩
←∏︂

γ∈Φ+

f
mγ
γ

⃓⃓⃓⃓
⃓ mγ∈Z≥0

mγ≤1 if γ∈Φ1̄

⎫⎬⎭
form bases for U>

q (gl(V )) and U<
q (gl(V )), respectively. Here, the arrow← over the product

signs refers to the lexicographic order (3.2) on Φ+, thus ordering the elements of Φ+ in
decreasing order.

(b) The skew-pairing (2.30) is orthogonal with respect to these bases.

2Furthermore, even when constructing the explicit inverse morphism, the use of the semisimple part Rs (and
the associated ℏ-adic topology) can be completely bypassed by following the arguments in [21, Section 3].
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Using the PBW bases above, one can express the universal R-matrix R in the completion of
the tensor square of Uq(gl(V )):

R = RuRs ∈ Uq(gl(V ))⊗̂Uq(gl(V )),

where (cf. [11, Theorem 5.18])

Rs = q−
∑︁N

i=1(−1)iHi⊗Hi , Ru =
←∏︂

γ∈Φ+

⎛⎝ k≥0∑︂
k≤1 if γ∈Φ1̄

ekγ ⊗ fkγ(︁
fkγ , e

k
γ

)︁
DJ

⎞⎠ . (3.3)

Let us now evaluate R on the first fundamental representation ϱ : Uq(gl(V ))→ End(Vq). Here,
Vq := C(q) ⊗C V is the C(q)-superspace obtained by extension of scalars, and End(Vq) denotes
the C(q)-superalgebra of all C(q)-linear maps. The representation ϱ is defined via (cf. [11,
Proposition A.1]):

ϱ(ei) = ei, ϱ(fi) = fi, ϱ
(︁
q±Hk

)︁
= q±Hk ,

for 1 ≤ i < N and 1 ≤ k ≤ N , where ei, fi, Hk are the Chevalley-type generators of gl(V )
from (2.7), (2.10). Henceforth, for a diagonal matrix D = diag(d1, . . . , dN ), the notation qD

signifies

qD :=
∑︂

1≤i≤N
qdiEii ∈ End(Vq). (3.4)

The evaluation of the semisimple part ϱ⊗2(Rs) follows from a direct computation (inter-
preting q = eℏ in the ℏ-adic setting), while the evaluation of the unipotent part ϱ⊗2(Ru) is
established in [11, Proposition A.15]:

Rs := ϱ⊗2(Rs) =
∑︂

1≤i,j≤N
q−(εi,εj)Eii ⊗ Ejj ,

Ru := ϱ⊗2(Ru) = I−
(︁
q − q−1

)︁∑︂
i<j

(−1)jEij ⊗ Eji.

Combining these, we obtain the explicit formula for R := ϱ⊗2(R) and its inverse R−1 in
End(Vq)

⊗2 as presented in [11, Remark A.5],

R =
∑︂

1≤i,j≤N
q−(εi,εj)Eii ⊗ Ejj −

(︁
q − q−1

)︁∑︂
i<j

(−1)jEij ⊗ Eji,

R−1 =
∑︂

1≤i,j≤N
q(εi,εj)Eii ⊗ Ejj +

(︁
q − q−1

)︁∑︂
i<j

(−1)jEij ⊗ Eji. (3.5)

Remark 3.5. We note that R satisfies the Yang–Baxter equation (cf. Proposition A.21)

R(12)R(13)R(23) = R(23)R(13)R(12) ∈ Uq(gl(V ))⊗̂3, (3.6)

and the following comultiplication properties:

(∆⊗ Id)R = R(13)R(23), (Id⊗∆)R = R(13)R(12), (3.7)

where the indices indicate the tensor factors on which R acts (e.g., R(12) = R⊗1 ∈ Uq(gl(V ))⊗̂3,
with analogous definitions for R(13) and R(23)). This leg-numbering notation will be formalized
in the next subsection. It follows that the evaluation R also satisfies the Yang–Baxter equation
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R12R13R23 = R23R13R12 in End(Vq)
⊗3. The multiplication in Uq(gl(V ))⊗̂3 follows the standard

sign convention for the tensor product of superalgebras, cf. (2.2). Moreover, the operator

R̂ := τV V ◦R ∈ End(Vq)
⊗2

is a Uq(gl(V ))-module homomorphism from V ⊗2q to itself, and satisfies the braid relation

R̂12R̂23R̂12 = R̂23R̂12R̂23 ∈ End(Vq)
⊗3,

where the indices follow the same leg-numbering conventions.

3.2 Leg-numbering notation

Let A be a C(q)-superalgebra (in many cases, A will be the free superalgebra T defined in (3.9)
below, or one of its subquotients). We will frequently encounter superalgebras of the form
A⊗r ⊗ End(Vq)

⊗s (r, s ≥ 0) and morphisms between them. To keep equations involving these
tensor products concise, we employ the standard leg-numbering notation (cf. [20, Section 1.5]).

For strictly increasing sequences of indices 1 ≤ a1 < · · · < ar ≤ r′ and 1 ≤ b1 < · · · < bs ≤ s′,
there is a canonical embedding

ι(a1,...,ar),b1,...,bs : A
⊗r ⊗ End(Vq)

⊗s ↪→ A⊗r′ ⊗ End(Vq)
⊗s′

that allocates the respective tensor arguments into the target spaces specified by the ai and bj
positions. For arbitrary sequences of distinct indices, we uniquely extend this ordered embedding
by precomposing it with the braiding isomorphism τσ⊗τσ′

corresponding to the required σ ∈ Sr
and σ′ ∈ Ss, see Remark 2.1. We note that due to the use of the braiding τσ ⊗ τσ′

, evaluating
these embeddings introduces Koszul signs.

For any sequences of distinct indices (a1, . . . , ar), (b1, . . . , bs), the image of an element M ∈
A⊗r ⊗ End(Vq)

⊗s under the above embedding is denoted by

M(a1,...,ar),b1,...,bs := ι(a1,...,ar),b1,...,bs(M) ∈ A⊗r′ ⊗ End(Vq)
⊗s′ .

In practice, the integers r′ and s′ will be clear from the context. When no confusion can
arise, the corresponding subscript is omitted. We note that this convention is compatible with
our earlier notation in (3.6); for instance, the elements R12, R13, R23 are precisely the images
of R ∈ End(Vq)

⊗2 under the respective embeddings ι12, ι13, ι23 into End(Vq)
⊗3.

This convention extends analogously to the following morphisms:

ϕ : A⊗k → A⊗k′ and ψ : End(Vq)
⊗l → End(Vq)

⊗l′ .

For any integers r and s large enough to contain the consecutive index sequences (a, . . . , a+k−1)
and (b, . . . , b+ l − 1) respectively, we define

ϕ(a,...,a+k−1) :=
(︁
Id⊗(a−1)⊗ϕ⊗ Id⊗(r−a−k+1)

)︁
⊗ Id⊗s :

A⊗r ⊗ End(Vq)
⊗s → A⊗(r−k+k′) ⊗ End(Vq)

⊗s,

ψb,...,b+l−1 := Id⊗r ⊗
(︁
Id⊗(b−1)⊗ψ ⊗ Id⊗(s−b−l+1)

)︁
:

A⊗r ⊗ End(Vq)
⊗s → A⊗r ⊗ End(Vq)

⊗(s−l+l′).

Again, these subscripts will frequently be omitted when the context is clear and no confusion
can arise.
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3.3 The superalgebra U(R)

Following the construction in [8], we now define the RLL-realization U(R) of the general linear
quantum supergroup, corresponding to the matrix R:

Definition 3.6. The C(q)-superalgebra U(R) is generated by the elements {l+ij , l
−
ji}1≤i≤j≤N

subject to the relations (3.10)–(3.12) below. The Z2-grading is compatible via (2.11) with the
Q-grading determined by

deg
(︁
l±ij
)︁
= εi − εj . (3.8)

To rigorously formulate the defining relations, we first consider the free C(q)-superalgebra

T := C(q)
⟨︁
l+ij , l

−
ji | 1 ≤ i ≤ j ≤ N

⟩︁
, (3.9)

equipped with the same Q-grading and Z2-grading as in (3.8). By adopting the convention
that l+ij = 0 = l−ji for i > j, we now organize these generators into formal matrices

L± :=
∑︂

1≤i,j≤N
l±ij ⊗ Eij ∈ T ⊗ End(Vq).

Following notations of Section 3.2, the algebra U(R) is the quotient of T by the following
diagonal relations

l±ii l
∓
ii = 1 for 1 ≤ i ≤ N, (3.10)

together with RLL-relations, which is a family of all matrix coefficients in T of the following
matrix equations, evaluated in the superalgebra T ⊗ End(Vq)

⊗2:

R12L
±
1 L
±
2 = L±2 L

±
1 R12, (3.11)

R12L
+
1 L
−
2 = L−2 L

+
1 R12. (3.12)

Remark 3.7.

(a) As the relations (3.10)–(3.12) are Q-homogeneous, (3.8) indeed defines a Q-grading on the
superalgebra U(R).

(b) As L+ and L− are upper and lower triangular matrices, respectively, and their diagonal
entries are invertible by (3.10), they are invertible U(R)-valued matrices.

Furthermore, U(R) admits the structure of a Hopf superalgebra, with the comultiplication
and counit given by

∆
(︁
L±

)︁
= L±(1)L

±
(2) ∈ U(R)⊗2 ⊗ End(Vq), ϵ

(︁
L±

)︁
= I ∈ End(Vq), (3.13)

and the antipode uniquely determined by

S
(︁
L±

)︁
=

(︁
L±

)︁−1 ∈ U(R)⊗ End(Vq). (3.14)

Component-wise (3.13) reads as

∆
(︁
l±ij
)︁
=

∑︂
1≤k≤N

(−1)(i+k)(k+j)l±ik ⊗ l
±
kj , ϵ

(︁
l±ij
)︁
= δij for all 1 ≤ i, j ≤ N. (3.15)

These formulas imply that U(R) is actually a Q-graded Hopf superalgebra.



Orthosymplectic Quantum Groups Revisited 19

Remark 3.8. For the later use, we record a few identities using the leg-numbering notation
of Section 3.2. Let µ denote the multiplication morphism of A, which is either T or one of its
subquotients. We then have

µ
(︁
Lν
(1),1L

η
(2),2

)︁
= Lν

1L
η
2 ∈ A⊗ End(Vq)

⊗2,

where ν, η ∈ {±}. Since the braiding τ : A ⊗ B → B ⊗ A itself is a superalgebra morphism for
any superalgebras A and B, we also obtain

τ(12)
(︁
Lν
(1),iL

η
(2),j

)︁
= τ(12)

(︁
Lν
(1),i

)︁
τ(12)

(︁
Lη
(2),j

)︁
= Lν

(2),iL
η
(1),j ,

τ12
(︁
Lν
(i),1L

η
(j),2

)︁
= τ12

(︁
Lν
(i),1

)︁
τ12

(︁
Lη
(j),2

)︁
= Lν

(i),2L
η
(j),1, (3.16)

where i and j are not necessarily distinct. Furthermore, since L± ∈ A ⊗ End(Vq) have Z2-
degree 0̄, we obtain the following commutativity relation between matrices acting on disjoint
tensor arguments

Lν
(i),aL

η
(j),b = Lη

(j),bL
ν
(i),a for a ̸= b and i ̸= j. (3.17)

Remark 3.9. Recall the notion of the supertranspose. For any superalgebra A and matrix
X =

∑︁N
i,j=1 xij ⊗ Eij ∈ A⊗ End(Vq), its supertranspose is defined as

Xst :=
∑︂

1≤i,j≤N
(−1)j(i+j)xij ⊗ Eji. (3.18)

Suppose X =
∑︁N

i,j=1 xij ⊗ Eij and Y =
∑︁N

i,j=1 yij ⊗ Eij are elements in A ⊗ End(Vq) that are
homogeneous with respect to the total Z2-grading, and whose entries satisfy the following su-
percommutativity condition:

[xik, ykj ] = 0 for all 1 ≤ i, j, k ≤ N, (3.19)

where [−,−] denotes the supercommutator (2.3). Under this condition, the following identity
holds:

(XY )st = (−1)|X||Y |Y stXst. (3.20)

Following the notation of Section 3.2, for any element X ∈ A ⊗ End(Vq)
⊗s and 1 ≤ i ≤ s, we

let Xsti denote the partial supertranspose applied to the i-th factor of End(Vq). We note that
these partial supertranspose operations acting on different factors mutually commute

(︁(︁
Xsti

)︁stj
=

(︁
Xstj

)︁sti for i ̸= j
)︁
and satisfy (cf. (2.1))

τσ
(︁
Xsti

)︁
=

(︁
τσ(X)

)︁stσ(i) for any σ ∈ Ss. (3.21)

The full supertranspose, obtained by applying the partial supertranspose to all smatrix factors, is
denoted byXst := Xst1··· sts . By (3.21) and the mutual commutativity of partial supertransposes,
we have

τσ
(︁
Xst

)︁
=

(︁
τσ(X)

)︁st
. (3.22)

Moreover, for homogeneous elements X,Y ∈ A⊗End(Vq)⊗s with respect to the total Z2-grading,
whose entries satisfy the supercommutativity condition (3.19), the full supertranspose obeys the
exact same identity (3.20). Furthermore, for any elements X,Y ∈ A⊗End(Vq) (not necessarily
satisfying (3.19)), we have in A⊗ End(Vq)

⊗s

(XiYj)
st = Xst

i Y
st
j ∀1 ≤ i ̸= j ≤ s. (3.23)
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Now consider the defining relations (3.11) and (3.12) R12L
ν
1L

η
2 = Lη

2L
ν
1R12, where (ν, η) ∈

{(+,+), (−,−), (+,−)}. Since R12 has coefficients in the base field, its entries supercommute
with those of Lν

1L
η
2, L

η
2L

ν
1 . Thus, applying the identity (3.20) to the full supertranspose of this

relation yields(︁
Lν
1L

η
2

)︁st
(R12)

st = (R12)
st
(︁
Lη
2L

ν
1

)︁st
.

Furthermore, direct computation using the explicit formula (3.5) yields3

(R12)
st =

∑︂
1≤i,j≤N

q−(εi,εj)Eii ⊗ Ejj −
(︁
q − q−1

)︁∑︂
i<j

(−1)iEji ⊗ Eij

= Θ1Θ2 ·R21 · (Θ1Θ2)
−1, (3.24)

where Θ =
∑︁N

i=1 q
(εi,εi)/2Eii, and by (3.23) we obtain(︁

Lν
1

)︁st(︁
Lη
2

)︁st ·Θ1Θ2 ·R21 · (Θ1Θ2)
−1 = Θ1Θ2 ·R21 · (Θ1Θ2)

−1 ·
(︁
Lη
2

)︁st(︁
Lν
1

)︁st
.

Applying the permutation operator τ12 to both sides gives (cf. (3.16), (3.22))(︁
Lν
2

)︁st(︁
Lη
1

)︁st ·Θ1Θ2 ·R12 · (Θ1Θ2)
−1 = Θ1Θ2 ·R12 · (Θ1Θ2)

−1 ·
(︁
Lη
1

)︁st(︁
Lν
2

)︁st
,

and conjugating further by (Θ1Θ2)
−1 gives

(Θ1Θ2)
−1 ·

(︁
Lν
2

)︁st(︁
Lη
1

)︁st ·Θ1Θ2 ·R12 = R12 · (Θ1Θ2)
−1 ·

(︁
Lη
1

)︁st(︁
Lν
2

)︁st ·Θ1Θ2.

As L±i and Θj commute for i ̸= j, and
(︁
L+

)︁st
and

(︁
L−

)︁st
are lower and upper triangular,

respectively, we thus obtain a superalgebra isomorphism

ωR : U(R) ∼−→U(R) given by L± ↦→ Θ−1
(︁
L∓

)︁st
Θ. (3.25)

Similarly to Remark 2.9, it gives rise to the Hopf superalgebra isomorphism ωR : U(R) ∼−→
U(R)cop since for Θ ∈ End(Vq) and L

± ∈ U(R)⊗ End(Vq)

∆
(︁(︁
L±

)︁st)︁
=

(︁
∆
(︁
L±

)︁)︁st (3.20)
=

(︁
L±(2)

)︁st(︁
L±(1)

)︁st
,

and therefore we obtain

∆
(︁
Θ−1

(︁
L±

)︁st
Θ
)︁
= Θ−1∆

(︁(︁
L±

)︁st)︁
Θ = Θ−1

(︁
L±(2)

)︁st(︁
L±(1)

)︁st
Θ

= Θ−1
(︁
L±(2)

)︁st
Θ ·Θ−1

(︁
L±(1)

)︁st
Θ.

It is immediate that ωR restricts to superalgebra isomorphisms between the subbialgebras U+(R)
and U−(R) introduced in the next subsection, cf. Remark 2.15.

3.4 Generalized double construction of U(R)

Let U+(R) and U−(R) be the superalgebras generated by
{︁
l+ij
}︁
1≤i≤j≤N and

{︁
l−ji
}︁
1≤i≤j≤N , re-

spectively, equipped with the Q-grading (3.8) and the compatible Z2-grading, subject to the
respective relations (3.11). The same formulas (3.13) endow both U±(R) with superbialge-
bra structures. Similarly to the case of Uq(gl(V )), the superalgebra U(R) can be realized as
a quotient of the double of the superbialgebra pair

(︁
U+(R), U−(R)

)︁
.

3While one simply has (R12)
st = R21 for the general linear type, we introduce the conjugation by Θ to provide

a uniform treatment that will also apply to orthosymplectic types below, see Remark 5.4, where it is absolutely
necessary.
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Proposition 3.10.

(a) There exists a unique skew-pairing (cf. (A.8))

(·, ·)R : U+(R)× U−(R)→ C(q) (3.26)

satisfying the following property on the generators:∑︂
1≤i,j,k,l≤N

(−1)(i+j)(k+l)
(︁
l+ij , l

−
kl

)︁
R
Eij ⊗ Ekl = R. (3.27)

(b) The superalgebra U(R) is isomorphic to the quotient of the generalized double DR :=
D
(︁
U+(R), U−(R)

)︁
modulo the relations l±ii l

∓
ii = 1 for all 1 ≤ i ≤ N .

Remark 3.11. Using the notation σ := (·, ·)R, the formula (3.27) can be written concisely as
a matrix relation

σ
(︁
L+
(1),1L

−
(2),2

)︁
= R, (3.28)

where we employ the leg-numbering notation defined in Section 3.2. We will frequently use this
below.

Remark 3.12. We also note that (3.27) is compatible with the convention l+ij = 0 = l−ji for i > j,
which is evident from the explicit formula for R presented in (3.5).

Proof of Proposition 3.10. (a) We first note that there exists a skew-pairing between the free
C(q)-superalgebras generated by

{︁
l+ij
}︁
1≤i≤j≤N and {l−ji}1≤i≤j≤N respectively, which is defined

by the exact same formula (3.27) on the generators. It is then enough to show that the rela-
tions (3.11) belong to the kernel of this skew-pairing, which is a consequence of the Yang–Baxter
equation (3.6) together with Remark 3.8. The proof is analogous to that for the non-super case,
which can be easily deduced from [17, Section 10.2.5 and Example 16] (cf. [8, Section 3] for
a similar pairing between the quantum enveloping algebra U(R) and the quantized coordinate
algebra A(R)).

(b) The proof is completely parallel to that of Proposition 2.11 (b). Following the notation in
Proposition A.16, we note again that the double DR is the quotient of the free product superal-
gebra U+(R) ∗ U−(R) by the two-sided ideal I generated by the cross-relations (2.35), namely
all elements ux,y for Z2-homogeneous x ∈ U+(R) and y ∈ U−(R). Since U+(R) and U−(R)
are respectively graded by Q+ and −Q+, the explicit comultiplication formula (3.15), together
with Proposition A.17 (see Remark A.18), implies that I is generated by the elements ux,y as x
and y range over the generators of U+(R) and U−(R), respectively. Applying (2.35) to pairs of
generators

(︁
l+ij , l

−
kl

)︁
and organizing them into a matrix yields∑︂

i,j,k,l

ul+ij ,l
−
kl
⊗ Eij ⊗ Ekl

=
∑︂
i,j,k,l

∑︂
a,b

(−1)(b+l)(i+j) · (−1)(i+a)(a+j)(−1)(k+b)(b+l)

×
{︂
(−1)(i+a)(k+b)

(︁
l+ia, l

−
kb

)︁
R
· l+ajl

−
bl −

(︁
l+aj , l

−
bl

)︁
R
· l−kbl

+
ia

}︂
⊗ Eij ⊗ Ekl

(⋆)
=

∑︂
i,j,k,l

∑︂
a,b

(−1)(a+j)(k+l)

×
{︂
(−1)(i+a)(k+b)

(︁
l+ia, l

−
kb

)︁
R
· l+ajl

−
bl −

(︁
l+aj , l

−
bl

)︁
R
· l−kbl

+
ia

}︂
⊗ Eij ⊗ Ekl

= R12L
+
1 L
−
2 − L

−
2 L

+
1 R12,
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where the simplification of signs (⋆) is due to Remark A.6,

(−1)(b+l)(i+j)(−1)(i+a)(a+j)(−1)(k+b)(b+l)(−1)(i+a)(k+b) ·
(︁
l+ia, l

−
kb

)︁
R

= (−1)(b+l)(i+j)(−1)(k+b)(a+j)(−1)(i+a)(b+l)(−1)(i+a)(k+b) ·
(︁
l+ia, l

−
kb

)︁
R

= (−1)(k+l)(a+j)(−1)(i+a)(k+b) ·
(︁
l+ia, l

−
kb

)︁
R

and

(−1)(b+l)(i+j)(−1)(i+a)(a+j)(−1)(k+b)(b+l) ·
(︁
l+aj , l

−
bl

)︁
R

= (−1)(b+l)(i+j)(−1)(i+a)(b+l)(−1)(k+b)(a+j) ·
(︁
l+aj , l

−
bl

)︁
R
= (−1)(k+l)(a+j) ·

(︁
l+aj , l

−
bl

)︁
R
.

Thus, imposing ul+ij ,l
−
kl
= 0 is precisely equivalent to imposing relation (3.12).

Finally, by taking the quotient of the double DR by the two-sided ideal (cf. (3.10))

J :=
(︁
l±ii l
∓
ii − 1 | 1 ≤ i ≤ N

)︁
,

we obtain the isomorphism DR/J ≃ U(R). ■

Remark 3.13. Let U≥(R) and U≤(R) be the Borel subalgebras of U(R) generated by{︁
l+ij
}︁
1≤i≤j≤N ∪ {l

−
kk}1≤k≤N and {l−ji}1≤i≤j≤N ∪ {l

+
kk}1≤k≤N ,

respectively. From the double construction above, one can check that the defining relations
of U≥(R) consist of the internal relations of U+(R) (the “+”-sign of (3.11)) and the cross-
relations between

{︁
l+ij
}︁
1≤i≤j≤N and {l−kk}1≤k≤N (encompassing (3.10)). An analogous state-

ment holds for U≤(R). Consequently, it can be shown that the skew-pairing (3.26) extends
uniquely to a skew-pairing U≥(R)×U≤(R)→ C(q), denoted by the same symbol. Furthermore,
U≥(R) and U≤(R) are Hopf subalgebras of U(R), as they are closed under the antipode (3.14).
As in Remark 2.14, the generalized double construction for U(R) can alternatively be carried
out using these Hopf subalgebras instead of the subbialgebras U+(R) and U−(R). Also the
isomorphism ωR of (3.25) restricts to a superalgebra isomorphism between U≥(R) and U≤(R).

Remark 3.14. As in Remark 2.13, one may alternatively construct the generalized double
of U(R) by taking the subbialgebras in the opposite order and utilizing the transposed inverse
of the pairing σ = (·, ·)R:

˜︁σ = (−,−) ˜︁R : U−(R)× U+(R)→ C(q).

By direct computation using the convolution product, one can verify that its evaluation on the
generators is explicitly given by the matrix formula (cf. (3.28))

˜︁σ(︁L−(1),1L+
(2),2

)︁
= R−121 , (3.29)

using the notation of Section 3.2. Furthermore, as in Remark 3.13, this pairing uniquely extends
to a skew-pairing (−,−) ˜︁R : U≤(R)× U≥(R)→ C(q) between the Borel subalgebras.

3.5 The twisted superalgebra ˜︁U(R)

Although the defining relations (3.11) and (3.12) are concise in matrix form, extracting their
component-wise formulas can be computationally complicated. This difficulty arises from the
Koszul signs generated when swapping elements of the coefficient superalgebra A with the aux-
iliary matrix algebra End(Vq) during the multiplication of formal matrices like L±(a),b. To cir-
cumvent this issue, we introduce a twisted superalgebra.
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Let G be an abelian group, written additively, and let C := VectGK be the category of G-graded
K-vector spaces with degree-preserving linear maps, endowed with the standard tensor product of
underlying K-vector spaces. Consider a 2-cochain (that is, an arbitrary function) ζ : G×G→ K×
on G. The identity functor F on C, together with the identity morphism K Id→ F (K) and the
natural isomorphism

Jζ
X,Y : F (X)⊗ F (Y ) ∼−→F (X ⊗ Y ), x⊗ y ↦→ ζ(|x|G, |y|G)x⊗ y,

defined for any G-homogeneous elements x ∈ X, y ∈ Y of degrees |x|G, |y|G ∈ G, forms
a monoidal endofunctor on C if and only if ζ is a normalized 2-cocycle

ζ(g′, g′′)ζ(g, g′ + g′′)ζ(g, g′)−1ζ(g + g′, g′′)−1 = 1, ζ(g, 0) = 1 = ζ(0, g),

∀g, g′, g′′ ∈ G. (3.30)

Let A be an algebra object in C (i.e., a G-graded algebra), and let µA denote its multiplica-
tion morphism. Using the above isomorphism Jζ , one can define a twisted algebra Aζ whose
multiplication is given by

µζA := µA ◦ Jζ
A,A : a⊗ a′ ↦→ ζ(|a|G, |a′|G)aa′. (3.31)

Furthermore, if ϕ : A→ B is an algebra morphism, functoriality ensures that the map ϕ = F (ϕ)
itself provides an algebra morphism ϕ : Aζ → Bζ between the twisted algebras.

Now let us consider braided structures on C. For any 2-cochain β : G × G → K×, one can
define a natural isomorphism

cβX,Y : X ⊗ Y ∼−→Y ⊗X, x⊗ y ↦→ β(|x|G, |y|G)y ⊗ x,

for any G-homogeneous elements x ∈ X, y ∈ Y of degrees |x|G, |y|G ∈ G. This natural isomor-
phism equips C with a braided monoidal structure if and only if β is a bicharacter, meaning it
is additive in both arguments

β(g + g′, h) = β(g, h)β(g′, h), β(g, h+ h′) = β(g, h)β(g, h′), ∀g, g′, h, h′ ∈ G.

Equivalently, viewing G as a Z-module, a bicharacter is simply a Z-module homomorphism
G⊗Z G→ K×.

For any algebra objects A and B in C, the braiding cβ endows the tensor product A⊗B with
an algebra structure, denoted A ⊗β B, with multiplication given on G-homogeneous elements
by (cf. (2.2))

(a⊗ b) ∗ (a′ ⊗ b′) := β(|b|G, |a′|G)aa′ ⊗ bb′.

Remark 3.15. The category sVect is recovered in this framework by setting G = Z2 and
β(g, h) = (−1)gh.

We shall now apply these constructions for G = Z2 × Z2 and K = C(q). When working with
tensor products of the form A⊗r ⊗ End(Vq)

⊗s, we view the coefficient superalgebra A and the
matrix algebra End(Vq) as objects in C by assigning their standard Z2-degrees to the first and
second components of G, respectively. Specifically, homogeneous elements in A have degrees
in Z2 × {0}, while those in End(Vq) have degrees in {0} × Z2. We endow C with two different
braidings given by bicharacters.
• The standard braiding: Consider the bicharacter

β(g, h) := (−1)(g1+g2)(h1+h2) ∈ {±1},
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defined for any elements g = (g1, g2) and h = (h1, h2) in G = Z2 × Z2. For any objects X, Y
in C, the standard braiding c := cβ evaluates on G-homogeneous elements x ∈ X and y ∈ Y as

cX,Y (x⊗ y) := β(|x|G, |y|G)y ⊗ x = (−1)(|x|1+|x|2)(|y|1+|y|2)y ⊗ x,

where their G-degrees are denoted by |x|G = (|x|1, |x|2) and |y|G = (|y|1, |y|2), respectively.
Under this braiding, multiplying two formal matrices yields

Lν
1L

η
2 =

∑︂
1≤i,j,k,l≤N

(−1)(i+j)(k+l)lνijl
η
kl ⊗ Eij ⊗ Ekl ∈ A⊗β End(Vq)

⊗2.

Here, the Koszul sign appears because the matrix unit Eij “passes through” the generator l
η
kl. We

note that this braiding is compatible with the standard symmetric monoidal structure of sVect:
the group homomorphism

G→ Z2, (a, b) ↦→ a+ b

induces a braided monoidal functor from (C, c) to sVect. Therefore, computing the matrix
relations (3.11) and (3.12) in (C, c) yields the exact same component-wise formulas as computing
them in sVect.
• The twisted braiding: Consider the alternative bicharacter

β′(g, h) := (−1)g1h1+g2h2 ,

defined for any g = (g1, g2), h = (h1, h2) ∈ G. For any objects X, Y in C, this yields the twisted
braiding c′ := cβ

′
given by

c′X,Y (x⊗ y) := β′(|x|G, |y|G)y ⊗ x = (−1)|x|1|y|1+|x|2|y|2y ⊗ x.

Under this twisted braiding, no signs appear when swapping an object concentrated in de-
gree Z2 × {0} with an object concentrated in degree {0} × Z2. Consequently, formal matrix
multiplication simplifies as follows:

Lν
1L

η
2 =

∑︂
1≤i,j,k,l≤N

lνijl
η
kl ⊗ Eij ⊗ Ekl ∈ A⊗β′

End(Vq)
⊗2.

Now consider the superalgebra ˜︁U(R), which has the exact same generators and diagonal
relations (3.10) as U(R), and whose remaining defining relations take the identical matrix
form as (3.11) and (3.12) but are evaluated in the superalgebra T ⊗β′

End(Vq)
⊗2 instead of

T ⊗β End(Vq)
⊗2.

Proposition 3.16. Let ζ : Z2 × Z2 → C(q)× be the 2-cochain on Z2 given by ζ (̄i, j̄) := (−1)ī̄j.
Then, the assignment l±ij ↦→ l±ij for all i, j gives rise to a superalgebra isomorphism ˜︁U(R) ∼−→
U(R)ζ .

Proof. We first note that it is straightforward to verify that ζ is a normalized 2-cocycle, i.e.,
satisfies (3.30). To avoid confusion, let ∗ and ∗′ denote the multiplications in T ⊗r⊗β End(Vq)

⊗2

and T ⊗r ⊗β′
End(Vq)

⊗2 for any r ≥ 1, respectively. We also note that since R12 ∈ End(Vq)
⊗2

has G-degree 0, multiplication by R12 does not depend on the choice of ∗ or ∗′.
Consider the RLL defining relations (3.11), (3.12) of U(R) written as R12

(︁
Lν
1 ∗ L

η
2

)︁
=

(︁
Lη
2 ∗

Lν
1

)︁
R12 with (ν, η) ∈ {(+,+), (−,−), (+,−)}. Using the multiplication morphism µT of T , this

can be written as follows:

R12µT
(︁
Lν
(1),1 ∗ L

η
(2),2

)︁
= µT

(︁
Lη
(2),2 ∗ L

ν
(1),1

)︁
R12.
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Since µζT = µT ◦ Jζ
T ,T , this is equivalent to

R12µ
ζ
T
(︁(︁
Jζ
T ,T

)︁−1(︁
Lν
(1),1 ∗ L

η
(2),2

)︁)︁
= µζT

(︁(︁
Jζ
T ,T

)︁−1(︁
Lη
(2),2 ∗ L

ν
(1),1

)︁)︁
R12. (3.32)

Moreover, direct computation yields (cf. (3.17))

(︁
Jζ
T ,T

)︁−1(︁
Lν
(1),1 ∗ L

η
(2),2

)︁
=

N∑︂
i,j,k,l=1

(−1)(i+j)(k+l)
(︁
Jζ
T ,T

)︁−1(︁
lνij ⊗ l

η
kl

)︁
⊗ Eij ⊗ Ekl

= Lν
(1),1 ∗

′ Lη
(2),2,(︁

Jζ
T ,T

)︁−1(︁
Lη
(2),2 ∗ L

ν
(1),1

)︁
=

N∑︂
i,j,k,l=1

(−1)(i+j)(k+l)
(︁
Jζ
T ,T

)︁−1(︁
lνij ⊗ l

η
kl

)︁
⊗ Eij ⊗ Ekl

= Lη
(2),2 ∗

′ Lν
(1),1.

Substituting these back into (3.32), we obtain

R12µ
ζ
T
(︁
Lν
(1),1 ∗

′ Lη
(2),2

)︁
= µζT

(︁
Lη
(2),2 ∗

′ Lν
(1),1

)︁
R12.

This implies that the defining relations of U(R)ζ coincide exactly with those of ˜︁U(R) (where the
compatibility of the diagonal relations (3.10) is trivial due to ζ

(︁
|l±ii |, |l

∓
ii |
)︁
= 1), which completes

the proof. ■

Remark 3.17. The above isomorphism ˜︁U(R) ∼−→U(R)ζ implies that the original superalge-
bra U(R) can be recovered from ˜︁U(R) via an untwisting procedure (i.e., twisting by ζ−1), that
is, U(R) ∼−→˜︁U(R)ζ

−1
.

3.6 Gauss decomposition and twisted identities: general linear case

In this subsection, we shall assume that all algebraic manipulations occur within the twisted
superalgebra ˜︁U(R) or the tensor product ˜︁U(R)⊗r ⊗β′

End(Vq)
⊗s (for r, s ≥ 1), rather than in

their untwisted counterparts.
Any element in ˜︁U(R)⊗β′

End(Vq) can be expressed in matrix form as follows:

∑︂
1≤i,j≤N

aij ⊗ Eij =

[︄ a11 a12 ··· a1N
a21 a22 ··· a2N
...

. . .
. . .

...
aN1 aN2 ··· aNN

]︄
∈ ˜︁U(R)⊗β′

End(Vq). (3.33)

Since the Koszul signs no longer arise when swapping elements of ˜︁U(R) and End(Vq), the
multiplication in ˜︁U(R)⊗β′

End(Vq) coincides exactly with the standard matrix multiplication:(︃ ∑︂
1≤i,j≤N

aij ⊗ Eij

)︃(︃ ∑︂
1≤i,j≤N

bij ⊗ Eij

)︃
=

∑︂
1≤i,j≤N

(︃ ∑︂
1≤k≤N

aikbkj

)︃
⊗ Eij . (3.34)

We will frequently utilize this matrix form. In particular, L+ and L− are genuinely upper and
lower triangular matrices, respectively. As l±ii are invertible by (3.10), we obtain the following
Gauss decompositions:

L+ =

⎡⎢⎣
l+11 0 ··· 0

0 l+22 ··· 0

...
. . .

. . .
...

0 ··· 0 l+NN

⎤⎥⎦
⎡⎢⎢⎣

1 (l+11)
−1l+12 ··· (l+11)

−1l+1N

0 1
. . .

...
...

. . .
. . . (l+N−1,N−1)

−1l+N−1,N

0 ··· 0 1

⎤⎥⎥⎦,



26 K. Hong and A. Tsymbaliuk

L− =

⎡⎢⎢⎣
1 0 ··· 0

l−21(l
−
11)

−1 1
. . .

...
...

. . .
. . . 0

l−N1(l
−
11)

−1 ··· l−N,N−1(l
−
N−1,N−1)

−1 1

⎤⎥⎥⎦
⎡⎢⎣

l−11 0 ··· 0

0 l−22 ··· 0

...
. . .

. . .
...

0 ··· 0 l−NN

⎤⎥⎦. (3.35)

For convenience, we define the elements {eij , fji}1≤i<j≤N in ˜︁U(R) via the following formulas
(cf. (2.8)):(︁

l+ii
)︁−1

l+ij = (−1)i jq−(εi,εi)q−(ρ,εi−εj)
(︁
q − q−1

)︁
· eij ,

l−ji
(︁
l−ii
)︁−1

= −(−1)i+···+j−1(−1)i jq(εi,εi)q(ρ,εi−εj)
(︁
q − q−1

)︁
· fji. (3.36)

We also introduce
{︁
q±Hk

}︁N

k=1
in ˜︁U(R) via q±Hk = l±kk and define q±Hij := q±Hi

(︁
q±Hj

)︁−1
for

1 ≤ i < j ≤ N .
We now exhibit a list of identities satisfied by the above elements of ˜︁U(R). These identities

are extracted by comparing the appropriate matrix components of the defining relations (3.11)
and (3.12) of ˜︁U(R). We illustrate this methodology with a few selected computations. To
prevent ambiguity, we use [−,−]ζ and [[−,−]]ζ to denote the supercommutator and the q-
supercommutator of elements in ˜︁U(R), cf. (2.3), (2.20).

1. Commutativity of Cartan generators:
[︁
qHi , qHj

]︁ζ
= 0.

We compute the (Eii ⊗Ejj)-component of (3.11) for the “+”-sign case (recalling that L+

is upper triangular)

• LHS:
(︁
q−(εi,εj)Eii ⊗ Ejj

)︁(︁
l+ii l

+
jjEii ⊗ Ejj

)︁
;

• RHS:
(︁
l+jjl

+
iiEii ⊗ Ejj

)︁(︁
q−(εi,εj)Eii ⊗ Ejj

)︁
.

Equating both sides yields l+ii l
+
jj = l+jjl

+
ii , which gives qHiqHj = qHjqHi .

2. Inverses: q±Hiq∓Hi = 1.

This follows directly from the diagonal identity (3.10).

3. Cartan action on root vectors: qHaeijq
−Ha = q(εa,εi−εj)eij .

We compute the (Eaa⊗Eij)-component of (3.11) for the “+”-sign case (recalling that L+

is upper triangular)

• LHS:
(︁
q−(εa,εi)Eaa ⊗ Eii

)︁(︁
l+aal

+
ijEaa ⊗ Eij

)︁
;

• RHS:
(︁
l+ij l

+
aaEaa ⊗ Eij

)︁(︁
q−(εa,εj)Eaa ⊗ Ejj

)︁
.

Equating both sides yields q−(εa,εi)l+aal
+
ij = q−(εa,εj)l+ij l

+
aa, which simplifies to l+aal

+
ij

(︁
l+aa

)︁−1
=

q(εa,εi−εj)l+ij . This establishes the desired identity qHaeijq
−Ha = q(εa,εi−εj)eij .

To exhibit the rest of aforementioned identities, we summarize the relevant matrix com-
ponents and the resulting twisted identities in Table 1 (the identities verified above are also
included for ease of reference).

Remark 3.18. While (3.42) is a special case of (3.46), it is recorded separately as it corresponds
to the Serre relations. We also note that (3.46) implies e2ij = 0 for |eij | = 1̄.

Remark 3.19. The relations (3.37)–(3.40) are applied repeatedly to derive the higher-order re-
lations in Table 1. For instance, the Ei,i+1⊗Ei,i+2 component of (3.11) yields [[ei,i+1, ei,i+2]]

ζ = 0,
which directly recovers (3.43) upon substituting the iterative formula (3.40) and removing the
overall sign.
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Matrix Component Conditions Identity

Eii ⊗ Ejj 1≤i, j≤N
[︁
qHi , qHj

]︁ζ
=0 (3.37)

1≤i≤N q±Hiq∓Hi=1 (3.38)

Eaa ⊗ Eij 1≤i<j≤N , 1≤a≤N qHaeijq
−Ha=q(εa,εi−εj)eij (3.39)

Eij ⊗ Ej,j+1 1≤i<j<N ei,j+1=(−1)(i+j)(j+j+1)[[eij , ej,j+1]]
ζ (3.40)

Ei,i+1 ⊗ Ej,j+1 1≤i<j<N , j − i>1 [[ei,i+1, ej,j+1]]
ζ=0 (3.41)

Ei,i+1 ⊗ Ei,i+1 1≤i<N , |ei,i+1|=1̄ [[ei,i+1, ei,i+1]]
ζ=0 (3.42)

Ei,i+1 ⊗ Ei,i+2 1≤i≤N − 2
[︁[︁
ei,i+1, [[ei,i+1, ei+1,i+2]]

ζ
]︁]︁ζ

=0 (3.43)

Ei,i+1 ⊗ Ei−1,i+1 2≤i≤N − 1
[︁[︁
[[ei−1,i, ei,i+1]]

ζ , ei,i+1

]︁]︁ζ
=0 (3.44)

Ei,i+1 ⊗ Ei−1,i+2 2≤i≤N − 2
[︁[︁[︁[︁

[[ei−1,i, ei,i+1]]
ζ , ei+1,i+2

]︁]︁ζ
, ei,i+1

]︁]︁ζ
=0 (3.45)

Eij ⊗ Eij 1≤i<j≤N , |eij |=1̄ [[eij , eij ]]
ζ=0 (3.46)

Table 1. A-type, identities in ˜︁U(R) derived from RL+
1 L

+
2 = L+

2 L
+
1 R and (3.10).

Remark 3.20. Similar relations for fij ’s can be obtained by applying Remark 3.9 to Table 1.
We note that while

(−1)(i+i+1)(j+j+1)[ei,i+1, fj+1,j ]
ζ = δij

qHi,i+1 − q−Hi,i+1

q − q−1

can be derived alike, it will not be needed.

3.7 Homomorphism theorem: general linear case

The main result of this section is the identification of the Hopf superalgebras Uq(gl(V ))F

and U(R).

Theorem 3.21.

(a) The assignment

ei ↦→ ei,i+1, fi ↦→ fi+1,i, q±Hi ↦→ q±Hi (3.47)

gives rise to a Q-graded Hopf superalgebra isomorphism ξ : Uq(gl(V ))F ∼−→U(R).

(b) The images of the quantum root vectors from Section 3.1 under ξ are given by ξ(eγij ) = eij,
ξ(fγij ) = fji.

(c) The isomorphism ξ is compatible with the pairings of Remarks 2.18 and 3.13

(ξ(x), ξ(y))R = (x, y)F˜︂DJ
for all x ∈ U≥q (gl(V ))F , y ∈ U≤q (gl(V ))F .

Remark 3.22. Since the elements l±ii are even, the defining formulas (3.36) for eij and fji still
hold when the multiplication in the left-hand sides is replaced by that of U(R), instead of that
of ˜︁U(R).

Remark 3.23. For the later use in the proof of Theorem 3.21, we record here how the su-
peralgebra isomorphism ωR of (3.25) acts on the elements eij , fji of (3.36), and q±Hk . We
have ωR

(︁
q±Hk

)︁
= q∓Hk and

ωR(eij) = −(−1)i+···+j−1(−1)i(i+j)q(εi,εi)/2q(εj ,εj)/2q2(ρ,εi−εj)fji,

ωR(fji) = −(−1)i+···+j−1(−1)j(i+j)q−(εi,εi)/2q−(εj ,εj)/2q−2(ρ,εi−εj)eij .
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In particular, we have (cf. (2.9))

ωR(ei,i+1) = −(−1)i i+1q3(ρ,αi)fi+1,i,

ωR(fi+1,i) = −(−1)i i+1(−1)i+i+1q−3(ρ,αi)ei,i+1.

Proof of Theorem 3.21. We first prove that the assignment (3.47) gives rise to a morphism of
Hopf superalgebras U≥q (gl(V ))F → U≥(R). By untwisting the relations in Table 1 via (cf. (3.31))

[[x, y]]ζ = (−1)|x||y|[[x, y]], (3.48)

we obtain the following:

� equations (3.37)–(3.39) imply the Chevalley-type relations (2.26)–(2.27) for U≥q (gl(V ))F ;

� equations (3.41)–(3.45) imply the Serre relations (2.21)–(2.23) for U≥q (gl(V ))F .

This proves that ξ gives a superalgebra morphism U≥q (gl(V ))F → U≥(R). Moreover, the follow-
ing computations show that ξ also intertwines the comultiplications:

∆
(︁
qHk

)︁
= ∆

(︁
l+kk

)︁
= l+kk ⊗ l

+
kk = qHk ⊗ qHk ,

∆(ei,i+1) = (−1)i i+1q(εi,εi)q(ρ,εi−εi+1)
(︁
q − q−1

)︁−1 ·∆(︁
l−ii
)︁
∆
(︁
l+i,i+1

)︁
= (−1)i i+1q(εi,εi)q(ρ,εi−εi+1)

(︁
q − q−1

)︁−1 · (︁1⊗ l−ii l+i,i+1 + l−ii l
+
i,i+1 ⊗ l

−
ii l

+
i+1,i+1

)︁
= 1⊗ ei,i+1 + ei,i+1 ⊗ q−Hi,i+1 .

Furthermore, untwisting (3.40) via (3.48) gives ei,j+1 = [[eij , ej,j+1]], which is compatible with
(3.1), thus establishing part (b) for the positive Borel subalgebras. We note that this iterative
formula also proves the surjectivity of ξ : U≥q (gl(V ))F → U≥(R).

To derive the analogous results for the negative Borel subalgebras, we utilize the isomorphisms
from Remarks 2.9 and 3.9. Specifically, using Remark 3.23, one can check that the composed
morphism

U≤q (gl(V ))F
ωDJ−−→

(︁
U≥q (gl(V ))F

)︁cop ξ−→
(︁
U≥(R)

)︁cop ω−1
R−−→ U≤(R)

coincides with ξ on the generators. This proves that the assignment (3.47) gives rise to a well-
defined Hopf superalgebra morphism U≤q (gl(V ))F → U≤(R). Moreover, this morphism is au-
tomatically surjective since both ωDJ and ωR restrict to isomorphisms between the respective
positive and negative Borel subalgebras (cf. Remarks 2.15 and 3.13). Furthermore, we obtain an
analogous iterative formula fj+1,i = −(−1)(i+j)(j+j+1)q(εj ,εj)[[fji, fj+1,j ]], which is also compatible
with (3.1). This completes the proof of part (b) for the negative Borel subalgebras.

Let us now compare the pairings. Since both pairings are of Q-degree zero, cf. (2.32), we get(︁
ei,i+1, q

±Hk
)︁
R
= 0 =

(︁
ei, q

±Hk
)︁F˜︂DJ

,
(︁
q±Hk , fi+1,i

)︁
R
= 0 =

(︁
q±Hk , fi

)︁F˜︂DJ
.

Moreover, we have(︁
qHi , q−Hj

)︁
R
=

(︁
l+ii , l

−
jj

)︁
R
= q−(εi,εj) =

(︁
qHi , q−Hj

)︁F˜︂DJ
.

Finally,(︁
l−ii l

+
i,i+1, l

−
j+1,jl

+
jj

)︁
R
=

(︁
l−ii ⊗ l

+
i,i+1,∆

(︁
l−j+1,j

)︁
∆
(︁
l+jj

)︁)︁
R

(2.32)
=

(︁
l−ii ⊗ l

+
i,i+1, l

−
j+1,j+1l

+
jj ⊗ l

−
j+1,jl

+
jj

)︁
R
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=
(︁
l−ii , l

−
j+1,j+1l

+
jj

)︁
R

(︁
l+i,i+1, l

−
j+1,jl

+
jj

)︁
R
= q−(εi,αj)

(︁
l+i,i+1, l

−
j+1,jl

+
jj

)︁
R

(2.32)
= q−(εi,αj)

(︁
l+i,i+1 ⊗ l

+
ii , l
−
j+1,j ⊗ l

+
jj

)︁
R
= q(εi,εj+1)

(︁
l+i,i+1, l

−
j+1,j

)︁
R

= −δijq(εi,εj+1)(−1)i+i+1 · (−1)i+1
(︁
q − q−1

)︁
= −δij(−1)i

(︁
q − q−1

)︁
,

which implies

(ei,i+1, fj+1,j)R = δij
(︁
q − q−1

)︁−1
= (ei, fj)

F˜︂DJ
.

This establishes the compatibility of the pairings on the generators, which completes the proof
of part (c).

Thus, ξ defines a surjective Hopf superalgebra morphism between the corresponding doubles

ξ : DFDJ = U≥q (gl(V ))F ⊗ U≤q (gl(V ))F −→ U≥(R)⊗ U≤(R) = DR,

see Remark 2.18. Since the pairing (−,−)F˜︂DJ
is non-degenerate, ξ : DFDJ → DR must be in-

jective on each Borel subalgebra, and so is an isomorphism. Finally, the identification of the
Cartan subalgebras yields an isomorphism ξ : Uq(gl(V ))F ∼−→U(R), thus completing the proof of
part (a). ■

3.8 Inverse morphism: general linear case

Following [6], we shall now construct a morphism in the opposite direction (whose construction
requires working in the ℏ-adic completion, as emphasized in Remark 3.3).

Proposition 3.24. The assignment

L+ ↦→ (Id⊗ϱ)(R(21)), L− ↦→ (Id⊗ϱ)
(︁
R−1

)︁
, (3.49)

gives rise to a Q-graded Hopf superalgebra morphism ϕDF : U(R)cop → Uq(gl(V )).

Proof. We first verify that the assignment (3.49) defines a superalgebra morphism. The ex-
plicit formula (3.3) (together with an ℏ-adic computation, see Remark 3.3) ensures that ϕDF

(︁
L+

)︁
and ϕDF

(︁
L−

)︁
are indeed upper and lower triangular matrices, respectively. Furthermore, since

the diagonal components of (Id⊗ϱ)((Ru)(21)) and (Id⊗ϱ)
(︁
R−1u

)︁
reduce to the identity ma-

trix, the diagonal components of (Id⊗ϱ)(R(21)) and (Id⊗ϱ)
(︁
R−1

)︁
simplify respectively to

(Id⊗ϱ)((Rs)(21)) = (Id⊗ϱ)(Rs) and (Id⊗ϱ)
(︁
R−1s

)︁
, verifying (3.10).

From the Yang–Baxter equation (3.6), we deduce the following equalities:

R(23)R(21)R(31) = R(31)R(21)R(23), R(23)R
−1
(12)R

−1
(13) = R−1(13)R

−1
(12)R(23), (3.50)

with the former obtained by applying τ(12)τ(23) to (3.6). Applying Id⊗ϱ⊗2 to (3.50) verifies (3.11)

R12ϕ
DF

(︁
L±

)︁
1
ϕDF

(︁
L±

)︁
2
= ϕDF

(︁
L±

)︁
2
ϕDF

(︁
L±

)︁
1
R12.

We note that because Id⊗ϱ⊗2 maps the second and third tensor factors of Uq(gl(V ))⊗̂3 to the
last two factors in U(R)⊗ End(Vq)

⊗2, the element R(23) is sent to R12.
Likewise, applying τ(12) to (3.6) and multiplyingR−1(13) on both sides, we getR(23)R(21)R

−1
(13) =

R−1(13)R(21)R(23). Applying Id⊗ϱ⊗2 to the latter equality then verifies (3.12)

R12ϕ
DF

(︁
L+

)︁
1
ϕDF

(︁
L−

)︁
2
= ϕDF

(︁
L−

)︁
2
ϕDF

(︁
L+

)︁
1
R12.

To verify that ϕDF also intertwines the respective comultiplications, we note that (3.7) implies

(∆⊗ Id)R(21) = R(32)R(31), (∆⊗ Id)R−1 = R−1(23)R
−1
(13).

Applying Id⊗2⊗ϱ to this yields (∆⊗ Id)ϕDF
(︁
L±

)︁
= ϕDF

(︁
L±

)︁
(2)
ϕDF

(︁
L±

)︁
(1)

. This completes
the proof. ■
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To establish the relation between ϕDF and ξ, we start with the following explicit computation.

Lemma 3.25. The images of the generators {l±ii}Ni=1 and {l+i,i+1, l
−
i+1,i}

N−1
i=1 under ϕDF are as

follows:

ϕDF : l±ii ↦→ q∓Hi , l+i,i+1 ↦→ −
(︁
q − q−1

)︁
fiq
−Hi+1 ,

l−i+1,i ↦→ (−1)i+1
(︁
q − q−1

)︁
qHi+1ei.

Proof. We begin by evaluating the semisimple part. A direct ℏ-adic computation yields
(cf. (2.10))

(Id⊗ϱ)(Rs) =
∑︂

1≤i≤N
q−Hi ⊗ Eii,

so that ϕDF
(︁
l±ii
)︁
= q∓Hi . Next, we evaluate the unipotent part. We first determine the Ei,i+1-

component of

(Id⊗ϱ)((Ru)(21)) =
←∏︂

γ∈Φ+

⎛⎝ k≥0∑︂
k≤1 if γ∈Φ1̄

(−1)|ekγ |
fkγ ⊗ ϱ

(︁
ekγ
)︁(︁

fkγ , e
k
γ

)︁
DJ

⎞⎠ .

Since ϱ preserves the Q-degree and deg(Ei,i+1) = αi is a simple root, the only term contributing
to this component is

(−1)|eαi |
fαi ⊗ ϱ(eαi)

(fαi , eαi)DJ
= −

(︁
q − q−1

)︁
fi ⊗ Ei,i+1,

which implies that ϕDF
(︁
l+i,i+1

)︁
= −

(︁
q − q−1

)︁
fiq
−Hi+1 . Likewise, let us compute the Ei+1,i-

component of

(Id⊗ϱ)
(︁
R−1u

)︁
=

→∏︂
γ∈Φ+

⎛⎝ k≥0∑︂
k≤1 if γ∈Φ1̄

ekγ ⊗ ϱ
(︁
fkγ

)︁(︁
fkγ , e

k
γ

)︁
DJ

⎞⎠−1

=
→∏︂

γ∈Φ+

∑︂
r≥0

⎛⎝− k≥1∑︂
k≤1 if γ∈Φ1̄

ekγ ⊗ ϱ
(︁
fkγ

)︁(︁
fkγ , e

k
γ

)︁
DJ

⎞⎠r

,

where we use the fact that

k≥1∑︂
k≤1 if γ∈Φ1̄

ekγ ⊗ ϱ
(︁
fkγ

)︁(︁
fkγ , e

k
γ

)︁
DJ

is nilpotent. As above, the only contributing term is thus

−eαi ⊗ ϱ(fαi)

(fαi , eαi)DJ
= (−1)i+i+1

(︁
q − q−1

)︁
ei ⊗ (−1)iEi+1,i = (−1)i+1

(︁
q − q−1

)︁
ei ⊗ Ei+1,i,

which implies that ϕDF
(︁
l−i+1,i

)︁
= (−1)i+1

(︁
q − q−1

)︁
qHi+1ei. This completes the proof. ■

We shall now exhibit ϕDF as the inverse of ξ, up to canonical superalgebra automorphisms.

Proposition 3.26. The composition

Uq(gl(V ))
ϕ−1
F−−−→

(2.36)
Uq(gl(V ))F

ξ−−−→
(3.47)

U(R)
ω−1
R−−−→

(3.25)
U(R)cop

ϕDF

−−−→
(3.49)

Uq(gl(V ))

is the identity morphism.
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Proof. This is verified by direct computation (cf. (2.9) and Remark 3.23)

q±Hk
ϕ−1
F↦−−→ q±Hk

ξ↦−→ q±Hk
ω−1
R↦−−→ q∓Hk

ϕDF

↦−−→ q±Hk ,

ei
ϕ−1
F↦−−→ eiq

hi
ξ↦−→ ei,i+1q

Hi,i+1
ω−1
R↦−−→ −(−1)i i+1(−1)i+i+1q3(ρ,αi)fi+1,iq

−Hi,i+1
ϕDF

↦−−→ ei,

fi
ϕ−1
F↦−−→ q−hifi

ξ↦−→ q−Hi,i+1fi+1,i
ω−1
R↦−−→ −(−1)i i+1q−3(ρ,αi)qHi,i+1ei,i+1

ϕDF

↦−−→ fi. ■

4 Orthosymplectic Lie superalgebras and quantum supergroups

4.1 Orthosymplectic Lie superalgebras

As in Section 2.3, we fix a superspace V of dimension (m,n), and its homogeneous basis
{v1, . . . , vN}, where N = m + n. We assume that n is even, and define s =

⌊︁
N
2

⌋︁
. Consider

the involution ′ on the index set I = {1, 2, . . . , N} defined by

i ↦→ i′ := N + 1− i.

We shall assume that i = i′ for all i ∈ I. In particular, vs+1 is necessarily even when N is
odd. We also choose a sequence ϑV := (ϑ1, ϑ2, . . . , ϑN ) ∈ {±1}N such that ϑi = 1 if i = 0̄
and ϑi = −ϑi′ if i = 1̄ (we do not assume ϑi = 1 for i ≤ s). From the conditions above, we
immediately have

ϑ2i = 1 and ϑiϑi′ = (−1)i for all i ∈ I.

Consider a bilinear form BG : V × V → C defined by the anti-diagonal matrix G =
∑︁N

i=1 ϑiEi′i.
The orthosymplectic Lie superalgebra osp(V ) is defined as the Lie subalgebra of gl(V ) consisting
of all matrices X that preserve the bilinear form BG, meaning (see notation (3.18))

XstG+GX = 0.

Explicitly, osp(V ) is spanned by the elements

Xij = Eij − (−1)i(i+j)ϑiϑjEj′i′ .

Since Xj′i′ = −(−1)i(i+j)ϑiϑj ·Xij , the following elements form a basis of osp(V ):{︁
Xij | i+ j ≤ N

}︁
∪
{︁
Xii′ | i = 1̄

}︁
.

We also introduce a closely related object, the extended orthosymplectic Lie superalgebra4

gosp(V ) := osp(V )⊕ C · I ⊂ gl(V ),

where I denotes the identity matrix. We note that both osp(V ) and gosp(V ) inherit the Z2-
grading from gl(V ). Since [I, X] = 0 for all X ∈ osp(V ), the orthosymplectic Lie superalge-
bra osp(V ) forms a codimension 1 ideal of gosp(V ). To avoid confusion, the central element I
will frequently be denoted by C.

Similarly to gl(V ), we choose the Borel subalgebras of osp(V ) and gosp(V ) consisting of
all upper triangular matrices. The Cartan subalgebra hosp of osp(V ) consists of all diagonal
matrices and has basis {Xii}si=1, while the Cartan subalgebra hgosp of gosp(V ) is the direct
sum hosp ⊕ C · C. Recall the linear functionals {εi}Ni=1 on gl(V ), and let ε̃i := εi|hgosp be their
restrictions to the Cartan subalgebra hgosp of gosp(V ). Then ε̃i+ε̃i′ = ε̃j+ε̃j′ for all 1 ≤ i, j ≤ N .

4Our choice of notation gosp follows that of [22].
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Thus ε̃C := (ε̃i + ε̃i′)/2 is well-defined independently from the choice of i, and ε̃C = ε̃s+1 for
odd N . The set {ε̃i − ε̃C}si=1 ∪ {ε̃C} forms a basis of h∗gosp dual to the basis {Xii}si=1 ∪ {C}
of hgosp. Moreover, as ε̃C |hosp = 0, we note that εi|hosp = (ε̃i − ε̃C)|hosp for all 1 ≤ i ≤ N , and
therefore

εi|hosp = −εi′ |hosp for all i, εs+1|hosp = 0 for odd N.

This implies that {εi|hosp}si=1 forms a basis of h∗osp dual to the basis {Xii}si=1 of hosp. The
functionals εi|hosp ∈ h∗osp and their extension to h∗gosp by zero on C will be simply denoted by εi,
so that

εi = ε̃i − ε̃C ∈ h∗gosp ∀1 ≤ i ≤ N. (4.1)

In complete parallel with the gl(V ) case, a direct computation shows that [Xii, Xab] = (εa −
εb)(Xii)Xab, and thus Xab is a root vector corresponding to the root εa−εb = ε̃a− ε̃b. This yields
the root space decomposition osp(V ) = hosp ⊕

⨁︁
α∈Φ osp(V )α with the root system given by

Φ =
{︁
εa − εb | a+ b ≤ N, a ̸= b

}︁
∪
{︁
2εa | a = 1̄

}︁
,

and the corresponding polarization

Φ+ =
{︁
εa − εb | a < b < a′

}︁
∪
{︁
2εa | a = 1̄, a ≤ s

}︁
,

Φ− =
{︁
εa − εb | b < a < b′

}︁
∪
{︁
2εa | a = 1̄, a′ ≤ s

}︁
.

In particular, Φ contains any (equivalently all) of {±εi}Ni=1 if and only if N is odd. We use Φ0̄

and Φ1̄ to denote the sets of even and odd roots, respectively. Lastly, we consider the following
reduced root system:

Φ̄ =
{︁
γ ∈ Φ | 12γ /∈ Φ

}︁
, Φ̄0̄ = Φ̄ ∩ Φ0̄, Φ̄1̄ = Φ̄ ∩ Φ1̄. (4.2)

We also note that gosp(V ) shares the same root system Φ and admits the corresponding root
space decomposition

gosp(V ) = hgosp ⊕
⨁︂
α∈Φ

gosp(V )α with gosp(V )α = osp(V )α ∀α ∈ Φ.

4.2 Chevalley–Serre-type presentation

With respect to the above polarization, the simple roots and corresponding root vectors in
osp(V ) are as follows:

• Case 1 (B-type): m is odd.

αi = εi − εi+1, ei = Xi,i+1, fi = (−1)iXi+1,i for 1 ≤ i ≤ s,

hi = (−1)iXii − (−1)i+1Xi+1,i+1 for 1 ≤ i ≤ s. (4.3)

• Case 2 (C-type): m is even and s = 1̄.

αi =

{︄
εi − εi+1 if 1 ≤ i < s,

2εs if i = s,

ei =

{︄
Xi,i+1 if 1 ≤ i < s,

Ess′ if i = s,
fi =

{︄
(−1)iXi+1,i if 1 ≤ i < s,

−2Es′s if i = s,

hi =

{︄
(−1)iXii − (−1)i+1Xi+1,i+1 if 1 ≤ i < s,

−2Xss if i = s.
(4.4)
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• Case 3 (D-type): m is even and s = 0̄.

αi =

{︄
εi − εi+1 if 1 ≤ i < s,

εs−1 + εs if i = s,

ei =

{︄
Xi,i+1 if 1 ≤ i < s,

Xs−1,s′ if i = s,
fi =

{︄
(−1)iXi+1,i if 1 ≤ i < s,

(−1)s−1Xs′,s−1 if i = s,

hi =

{︄
(−1)iXii − (−1)i+1Xi+1,i+1 if 1 ≤ i < s,

(−1)s−1Xs−1,s−1 + (−1)sXss if i = s.
(4.5)

While {hi}si=1 is a basis for hosp, it is often more convenient to employ an alternative basis.
To this end, we consider the following elements:

Hi := (−1)iXii = (−1)i(Eii − Ei′i′) for 1 ≤ i ≤ N.

Note that Hi = −Hi′ for all 1 ≤ i ≤ N , and Hs+1 = 0 when N is odd. The set {Hi}si=1 also
forms a basis of hosp, and in terms of this alternative basis, the elements hi from (4.3)–(4.5) take
the following form:

hi =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Hi − Hi+1 if 1 ≤ i < s (in all BCD-types),

Hs if i = s (B-type),

2Hs if i = s (C-type),

Hs−1 + Hs if i = s (D-type).

(4.6)

Furthermore, the lattices P∨ := ZC ⊕
⨁︁s

i=1 ZHi and Q
∨ :=

⨁︁s
i=1 Zhi constitute the coweight

and coroot lattices of gosp(V ), respectively. We also define the lattice

P :=

N∑︂
i=1

Zε̃i =

{︄
Zε̃C ⊕

⨁︁s
i=1 Zε̃i (B-type),

Z(2ε̃C)⊕
⨁︁s

i=1 Zε̃i (CD-types),

the root lattice Q :=
⨁︁s

i=1 Zαi ⊆ P , and Q+ :=
⨁︁s

i=1 Z≥0αi, the latter giving rise to the partial
order on P . One can verify that gosp(V ) is graded by Q (and hence also by P ) via

deg(ei) = αi, deg(fi) = −αi, deg(hi) = 0, deg(Hi) = 0, deg(C) = 0, (4.7)

which restricts to a Q-grading on osp(V ), and is compatible with the Z2-grading via the group
homomorphism

P → Z2, ε̃i ↦→ i for all 1 ≤ i ≤ N, (4.8)

cf. (2.11). Specifically, this implies ε̃C ↦→ 0̄ in B-type, and 2ε̃C ↦→ 0̄ in CD-types.
We define a non-degenerate bilinear form (·, ·) : gosp(V )× gosp(V )→ C by

(X,Y ) = 1
2sTr(XY ), (C,X) = 0 = (X,C), (C,C) = 1, (4.9)

for allX,Y ∈ osp(V ). As in the gl(V ) case, its restriction to hgosp is non-degenerate. Through the
identification h∗gosp ≃ hgosp via εi ↔ Hi and ε̃C ↔ C, this induces a bilinear form (−,−) : h∗gosp×
h∗gosp → C satisfying (for all 1 ≤ i, j ≤ s)

(εi, εj) = δij(−1)i, (ε̃C , εi) = 0 = (εi, ε̃C), (ε̃C , ε̃C) = 1. (4.10)
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We note that the factor 1/2 in (4.9) is used to ensure the first formula above akin to (2.13).

We define the symmetrized Cartan matrix by aij = (αi, αj) for 1 ≤ i, j ≤ s. The ele-
ments {ei, fi, hi}si=1 generate osp(V ) and satisfy the exact same Chevalley-type relations (2.15)
as in the sl(V ) case. By [27, Main Theorem], this set of generators and relations provides a com-
plete presentation of osp(V ) when augmented with the appropriate Serre relations (which we
omit here).

Remark 4.1. We note that our choice of generators corresponds to a rescaled version of
those used in [25, 27], as we work with the symmetrized Cartan matrix rather than the non-
symmetrized one.

Remark 4.2. As in Remark 2.3, instead of using Cartan generators hi or Hi, one can use
an additive subgroup Γ ⊆ hgosp containing {hi}si=1 to provide a uniform Chevalley–Serre type
presentation for both osp(V ) and gosp(V ). Consider the Lie superalgebra g(Γ) over C generated
by {ei, fi}si=1 and Γ, subject to the Serre relations together with the Chevalley-type relations
as in Remark 2.3, but for all H,H′ ∈ Γ and 1 ≤ i, j ≤ s. It is clear that g

(︁
Q∨

)︁
= osp(V )

and g(Γgosp) = gosp(V ), where

Γgosp =

{︄
ZC ⊕

⨁︁s
i=1 ZHi (B-type),

Z(2C)⊕
⨁︁s

i=1 Z(Hi + C) (CD-types),

is the image of P inside P∨ under the identification hgosp ≃ h∗gosp induced by the above non-
degenerate form. One can uniformly choose a different basis of the above lattice Γgosp =⨁︁s+1

i=1 ZH̃i via

H̃i := Hi + C for 1 ≤ i ≤ N. (4.11)

4.3 Drinfeld–Jimbo-type orthosymplectic quantum supergroups

Similarly to the general linear case in Section 2.4, we define a class of quantum supergroups Uq(Γ)
parameterized by an additive subgroup Γ ⊆ P∨ containing the coroot lattice Q∨, see Remark 4.2.

Remark 4.3. As in Remark 2.4, we shall denote the elements hi,Hi, H̃i ∈ hgosp by hi, Hi, H̃i,
respectively, in the quantum supergroup setting in order to distinguish them from their Lie
superalgebra counterparts.

Definition 4.4. For a fixed additive subgroup Γ ⊆ P∨ containing Q∨, the quantum super-
group Uq(Γ) is the C(q)-superalgebra generated by {ei, fi}si=1 and the formal symbols

{︁
q±H |

H ∈ Γ
}︁
. It is equipped with the Q-grading (cf. (4.7))

deg(ei) = αi, deg(fi) = −αi, deg
(︁
q±H

)︁
= 0, (4.12)

and the compatible Z2-grading, see (4.8). These generators are subject to the Serre relations
specified later in this subsection, alongside the Chevalley-type relations (2.17)–(2.19) as in the
gl(V ) case, but for all H,H ′ ∈ Γ and 1 ≤ i, j ≤ s, where αj(H) denotes the values of root αj on
the Cartan element H ∈ P∨.

To express the Serre relations, we recall the q-supercommutator [[−,−]] from (2.20). First of
all, we impose (2.21) for all 1 ≤ i, j ≤ s as well as (2.22), (2.23) provided all featured indices
are strictly less than s. The remaining Serre relations involving the index s are specified by the
following type-dependent list:
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� B-type:

[[es−1, [[es−1, es]]]] = 0, [[fs−1, [[fs−1, fs]]]] = 0 if αs−1 ∈ Φ0̄,

[[[[[[es−1, es]], es]], es]] = 0, [[[[[[fs−1, fs]], fs]], fs]] = 0 if αs ∈ Φ0̄,

[[[[[[es−2, es−1]], es]], es−1]] = 0, [[[[[[fs−2, fs−1]], fs]], fs−1]] = 0 if αs−1 ∈ Φ1̄. (4.13)

� C-type:

[[es−1, [[es−1, [[es−1, es]]]]]] = 0, [[fs−1, [[fs−1, [[fs−1, fs]]]]]] = 0 if αs−1 ∈ Φ0̄,

[[[[es−1, es]], es]] = 0, [[[[fs−1, fs]], fs]] = 0,{︄
[[[[[[[[es−2, es−1]], es]], [[es−2, es−1]]]], es−1]] = 0

[[[[[[[[fs−2, fs−1]], fs]], [[fs−2, fs−1]]]], fs−1]] = 0
if αs−2, αs−1 ∈ Φ1̄, (4.14){︄

[[[[[[[[[[[[es−3, es−2]], es−1]], es]], es−1]], es−2]], es−1]] = 0

[[[[[[[[[[[[fs−3, fs−2]], fs−1]], fs]], fs−1]], fs−2]], fs−1]] = 0
if αs−2 ∈ Φ0̄, αs−1 ∈ Φ1̄.

� D-type:

[[es−2, [[es−2, es]]]] = 0, [[fs−2, [[fs−2, fs]]]] = 0 if αs−2 ∈ Φ0̄,

[[[[es−2, es]], es]] = 0, [[[[fs−2, fs]], fs]] = 0 if αs ∈ Φ0̄,

[[[[[[es−3, es−2]], es]], es−2]] = 0, [[[[[[fs−3, fs−2]], fs]], fs−2]] = 0 if αs−2 ∈ Φ1̄,{︄
[[[[es−2, es−1]], es]] = [[[[es−2, es]], es−1]],

[[[[fs−2, fs−1]], fs]] = [[[[fs−2, fs]], fs−1]]
if αs ∈ Φ1̄. (4.15)

The Hopf superalgebra structure on Uq(Γ) is naturally defined by the formulas (2.24)–(2.25).

Definition 4.5.

(a) The quantum supergroup Uq(Γgosp) is called the extended Drinfeld–Jimbo-type orthosym-
plectic quantum supergroup and is denoted by Uq(gosp(V )). Using the basis

{︁
H̃i

}︁s+1

i=1
of Γgosp, see (4.11), it admits an equivalent presentation with finitely many generators.
Specifically, it is the C(q)-superalgebra generated by

{ei, fi}si=1 ∪
{︁
q±H̃i

}︁s+1

i=1
,

equipped with the same Q-grading as in (4.12) and compatible Z2-grading. These gener-
ators are subject to the Serre relations specified above, alongside the Chevalley-type rela-
tions (2.17)–(2.19) evaluated on the chosen basis of Γgosp. Here, the elements q±C = q±H̃s+1

for B-type (resp. q±2C = q±H̃sq±H̃s+1 for CD-types) are central, and the elements q±hi

in (2.19) are described through the chosen Cartan generators
{︁
q±H̃k

}︁s+1

k=1
akin to (4.6) via

q±hi =

⎧⎪⎨⎪⎩
q±H̃iq∓H̃i+1 if 1 ≤ i < s (in all BCD-types),

q±H̃sq∓H̃s+1 if i = s (BC-types),

q±H̃s−1q∓H̃s+1 if i = s (D-type).

(b) Analogously, the Drinfeld–Jimbo-type orthosymplectic quantum supergroup is defined as
Uq(osp(V )) := Uq

(︁
Q∨

)︁
. Equivalently, it is the C(q)-superalgebra generated by {ei, fi}si=1

and the Cartan generators {q±hi}si=1, subject to the same Q-grading and Z2-grading.
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These generators satisfy the Serre relations specified above, alongside the following explicit
Chevalley-type relations (for all 1 ≤ i, j ≤ s):[︁

qhi , qhj
]︁
= 0, q±hiq∓hi = 1, qhiejq

−hi = q(αi,αj)ej ,

qhifjq
−hi = q−(αi,αj)fj , [ei, fj ] = δij

qhi − q−hi

q − q−1
.

By definition, there is a canonical Hopf superalgebra morphism from Uq(osp(V )) to
Uq(gosp(V )). This morphism can be shown to be an embedding via the triangular de-
composition (4.16) discussed below.

Remark 4.6. Our choice of the denominator q − q−1 in the Chevalley-type relations follows
the conventions of [25], and may therefore differ from some other literature through a scalar
rescaling of the fj ’s.

Remark 4.7. Analogously to Remark 2.9, the assignment ωDJ

(︁
q±H̃k

)︁
= q∓H̃k (1 ≤ k ≤ s+ 1)

and

ωDJ(ei) =

{︄
1

q5(1+q2)
fs for C-type and i = s,

−(−1)i i+1q3(ρ,αi)fi otherwise,

ωDJ(fi) =

{︄
q5
(︁
1 + q2

)︁
es for C-type and i = s,

−(−1)|fi|(−1)i i+1q−3(ρ,αi)ei otherwise,

gives rise to a Hopf superalgebra isomorphism ωDJ : Uq(gosp(V )) ∼−→Uq(gosp(V ))cop, where ρ is
the Weyl vector of Φ given by the formula (2.8) and satisfying property (2.9) for simple roots αi

of (4.3)–(4.5).

4.4 Drinfeld double and Drinfeld twist of Uq(gosp(V ))

In complete analogy with the gl(V ) case (cf. (2.29)), Uq(gosp(V )) admits a triangular decompo-
sition

U<
q (gosp(V ))⊗ U0

q (gosp(V ))⊗ U>
q (gosp(V )) ∼−→Uq(gosp(V )), (4.16)

where the factors are the subalgebras generated by {fi}si=1,
{︁
q±H | H ∈ Γgosp

}︁
, and {ei}si=1,

respectively. This triangular decomposition yields the following isomorphisms of underlying su-
perspaces for the positive and negative Borel Hopf subalgebras U≥q (gosp(V )) and U≤q (gosp(V )):

U>
q (gosp(V ))⊗ U0

q (gosp(V )) ∼−→U≥q (gosp(V )),

U<
q (gosp(V ))⊗ U0

q (gosp(V )) ∼−→U≤q (gosp(V )).

The following result establishes the Drinfeld double realization of Uq(gosp(V )). This is a di-
rect analogue of Proposition 2.11 (we omit the proof which is identical).

Proposition 4.8.

(a) There exists a unique skew-pairing (cf. (A.8))

(·, ·)DJ : U≤q (gosp(V ))× U≥q (gosp(V ))→ C(q) (4.17)

satisfying the following properties on the generators for 1 ≤ i, j ≤ s and H,H ′ ∈ Γgosp:

(︁
fi, q

H
)︁
DJ

= 0,
(︁
qH , ei

)︁
DJ

= 0, (fi, ej)DJ =
δij(−1)|fi||ej |

q−1 − q
,
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qH , qH

′)︁
DJ

= q−(H,H′),

where the pairing in the last equality is evaluated via (4.9). Moreover, this pairing is non-
degenerate, as is its restriction to the Cartan subalgebras U0

q (gosp(V ))× U0
q (gosp(V )).

(b) The superalgebra Uq(gosp(V )) is isomorphic to the quotient of the Drinfeld double DDJ,
formed by the pair of Hopf subalgebras U≤q (gosp(V )) and U≥q (gosp(V )) with respect to
(4.17), obtained by identifying the Cartan subalgebras U0

q (gosp(V )) from both factors.

Remark 4.9. Similarly to Remark 2.13, one may alternatively construct the Drinfeld dou-
ble by taking the Borel subalgebras in the opposite order. This utilizes the transposed in-
verse (−,−)˜︂DJ

: U≥q (gosp(V ))× U≤q (gosp(V ))→ C(q), which is also non-degenerate and evalu-
ates on the generators as follows:(︁

ei, q
H
)︁˜︂DJ

= 0,
(︁
qH , fi

)︁˜︂DJ
= 0, (ei, fj)˜︂DJ

=
δij

q − q−1
,

(︁
qH , qH

′)︁˜︂DJ
= q(H,H′).

We now introduce a specific Drinfeld twist of Uq(gosp(V )) using the element F = Rs :=
q−C⊗Cq−

∑︁s
i=1(−1)iHi⊗Hi , the semisimple part of the universal R-matrix, see Section 5.1. This

yields the exact same formulas for the twisted comultiplication ∆F and antipode SF on the
generators ei, fi, q

H as in the gl(V ) case from Section 2.6:

∆F (ei) = 1⊗ ei + ei ⊗ q−hi , ∆F (fi) = qhi ⊗ fi + fi ⊗ 1, ∆F
(︁
qH

)︁
= qH ⊗ qH ,

SF (ei) = −eiqhi , SF (fi) = −q−hifi, SF
(︁
qH

)︁
= q−H .

The following structural properties are completely parallel to Proposition 2.16.

Proposition 4.10.

(a) The assignment ϕF (ei) = eiq
−hi, ϕF (fi) = qhifi, ϕF

(︁
qH

)︁
= qH uniquely extends to a Q-

graded Hopf superalgebra isomorphism

ϕF : Uq(gosp(V ))F ∼−→Uq(gosp(V )).

(b) The isomorphism ϕF preserves the Borel subalgebras U≥q (gosp(V )) and U≤q (gosp(V )).

(c) The pullback skew-pairing (x, y)FDJ := (ϕF (x), ϕF (y))DJ evaluates identically to the skew-
pairing (−,−)DJ on the generators. Consequently, Uq(gosp(V ))F can also be realized as
the Drinfeld double of U≤q (gosp(V ))F and U≥q (gosp(V ))F with respect to (−,−)FDJ (and
similarly for (−,−)F˜︂DJ

with the opposite order, see Remark 4.9).

5 RLL-realization of extended orthosymplectic
quantum supergroups

5.1 The universal R-matrix

Following the combinatorial approach developed in [11] (based on [5]), one defines the corre-
sponding quantum root vectors {eγ , fγ}γ∈Φ̄+ recursively as in [11, equation (5.20)], using iterated
q-supercommutators (2.20) and combinatorics of dominant Lyndon words. As in the gl(V ) case,
let γij := εi − εj . Since γij = γj′i′ , the reduced positive root system Φ̄+ of (4.2) is uniquely
parameterized by a subset of {(i, j) | i < j ≤ i′} via

Φ̄+ =

{︄
{γij | i < j < i′} (B-type),

{γij | i < j < i′} ∪ {γii′ | i = 1̄} (CD-types).
(5.1)
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The set L+ of dominant Lyndon words depends on the order of simple roots, and we choose it
as in [11]:

α1 ≺ α2 ≺ · · · ≺ αs. (5.2)

Using the aforementioned bijection l : L+ ∼−→Φ̄+, the lexicographic order on L+ induced by (5.2)
gives rise to a lexicographic order ≺ on Φ̄+. Explicitly, ≺ is obtained from the lexicographic
order on the pairs {(i, j) | i < j < i′} (cf. (3.2)) by imposing γis ≺ γii′ ≺ γis′ for all 1 ≤ i < s
satisfying i = 1̄. For simple roots αi, we set eαi = ei and fαi = fi. For non-simple roots γ ∈ Φ̄+,
the root vectors are defined inductively via (cf. (3.1))

eγ = [[eα, eβ]], fγ = −(−1)|fα||fβ |q−(α,β)[[fα, fβ]],

where the pair of roots (α, β) corresponds to the so-called costandard factorization ℓ = ℓ1ℓ2
of the dominant Lyndon word ℓ = l−1(γ) into ℓ1 = l−1(α) and ℓ2 = l−1(β). The costandard
factorization for the order (5.2) is generically given by the uniform rule γij ↦→ (γi,j−1, γj−1,j)
for i < j ≤ i′, which applies exhaustively for B-type, while the type-dependent exceptions for
CD-types are as follows:

� C-type: γii′ ↦→ (γis, γis′) for i < s;

� D-type: γis′ ↦→ (γi,s−1, γs−1,s′) for i < s− 1, and γii′ ↦→ (γis, γis′) for i < s.

In complete parallel with the gl(V ) case (cf. Theorem 3.4), these quantum root vectors
provide PBW-type bases for the strictly positive and negative subalgebras U>

q (gosp(V )) and
U<
q (gosp(V )), which are orthogonal with respect to the skew-pairing (−,−)DJ from (4.17).

Theorem 5.1.

(a) The sets of ordered monomials{︄ ←∏︂
γ∈Φ̄+

e
mγ
γ

⃓⃓⃓⃓
⃓ mγ∈Z≥0

mγ≤1 if γ∈Φ̄1̄ isotropic

}︄
and

{︄ ←∏︂
γ∈Φ̄+

f
mγ
γ

⃓⃓⃓⃓
⃓ mγ∈Z≥0

mγ≤1 if γ∈Φ̄1̄ isotropic

}︄

form bases for U>
q (gosp(V )) and U<

q (gosp(V )), respectively. Here, the arrow ← over the
product signs refers to the lexicographic order ≺ on Φ̄+, thus ordering the elements of Φ̄+

in decreasing order.

(b) These bases are orthogonal with respect to the skew-pairing (−,−)DJ of (4.17).

Using these dual PBW bases, the universal R-matrix R in the completion of the tensor
square of Uq(gosp(V )) (cf. Remark 3.3) factors exactly as it does in the gl(V ) case (cf. [11,
Theorem 5.18])

R = RuRs, Rs = q−C⊗Cq−
∑︁s

i=1(−1)iHi⊗Hi ,

Ru =
←∏︂

γ∈Φ̄+

⎛⎝ k≥0∑︂
k≤1 if γ∈Φ̄1̄ isotropic

ekγ ⊗ fkγ(︁
fkγ , e

k
γ

)︁
DJ

⎞⎠ .

We now evaluate R on the first fundamental representation ϱ :Uq(gosp(V )) → End(Vq) (cf. [11,
Proposition 3.1]), where Vq := C(q) ⊗C V as before. The representation ϱ is defined on the
generators by ϱ(ei) = ei and ϱ(fi) = κifi for 1 ≤ i ≤ s, where

κi =

{︄
q+q−1

2 for C-type and i = s,

1 otherwise,
(5.3)
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while on the Cartan generators it is given by ϱ
(︁
q±H̃i

)︁
= q±(Hi+I) for 1 ≤ i ≤ s + 1, where I

denotes the identity matrix and the exponentials of diagonal matrices are evaluated as in (3.4).

The evaluation of the semisimple part ϱ⊗2(Rs) follows from a direct ℏ-adic computation
(cf. (4.1) and (4.10)), while that of the unipotent part ϱ⊗2(Ru) is derived in [11, Propositions 5.23
and 5.28],

Rs := ϱ⊗2(Rs) = q−(ε̃C ,ε̃C)
∑︂

1≤i,j≤N
q−(εi,εj)Eii ⊗ Ejj =

∑︂
1≤i,j≤N

q−(ε̃i,ε̃j)Eii ⊗ Ejj ,

Ru := ϱ⊗2(Ru) = I−
(︁
q − q−1

)︁∑︂
i<j

(−1)jEij

⊗
(︁
q(εi,εj)Eji − (−1)j(i+j)ϑiϑjq

(ρ,εi−εj)q−(εi,εi)/2q−(εj ,εj)/2Ei′j′
)︁
,

where ρ is the Weyl vector. Combining these we get explicit formulas for R := ϱ⊗2(R) and its
inverse R−1 in End(Vq)

⊗2, cf. [11, Remark 4.7]

R = q−(ε̃C ,ε̃C) ·
{︃ ∑︂

1≤i,j≤N
q−(εi,εj)Eii ⊗ Ejj −

(︁
q − q−1

)︁∑︂
i<j

(−1)jEij

⊗
(︁
Eji − (−1)j(i+j)ϑiϑjq

(ρ,εi−εj)q−(εi,εi)/2q(εj ,εj)/2Ei′j′
)︁}︃
,

R−1 = q(ε̃C ,ε̃C) ·
{︃ ∑︂

1≤i,j≤N
q(εi,εj)Eii ⊗ Ejj +

(︁
q − q−1

)︁∑︂
i<j

(−1)jEij

⊗
(︁
Eji − (−1)j(i+j)ϑiϑjq

−(ρ,εi−εj)q−(εi,εi)/2q(εj ,εj)/2Ei′j′
)︁}︃
. (5.4)

Remark 5.2. We note that R (as well as its evaluation R) satisfies the exact same Yang–Baxter
equation, comultiplication properties, and braid relations as those detailed in Remark 3.5 for
the gl(V ) case.

5.2 The superalgebra U(R)

Following the general linear case, we define the RLL-realization U(R) of the extended orthosym-
plectic quantum supergroup using the corresponding R-matrix (5.4). The overarching algebraic
structure is defined in exactly the same way as in the gl(V ) setting, with the only difference
being the specific choice of R.

Definition 5.3. The C(q)-superalgebra U(R) is generated by the elements {l+ij , l
−
ji}1≤i≤j≤N .

Adopting the convention l+ij = 0 = l−ji for i > j, we organize these generators into formal
matrices L± :=

∑︁N
i,j=1 l

±
ij ⊗ Eij . The superalgebra U(R) is defined as the quotient of the free

superalgebra T := C(q)⟨l+ij , l
−
ji|1 ≤ i ≤ j ≤ N⟩ by the relations (3.10), together with all matrix

coefficients in T of the matrix equations (3.11) and (3.12) evaluated in T ⊗ End(Vq)
⊗2. The

Z2-grading is compatible via (4.8) with the Q-grading determined by

deg
(︁
l±ij
)︁
= εi − εj . (5.5)

As the defining relations are Q-homogeneous, we note that U(R) is indeed a Q-graded super-
algebra. Furthermore, the exact same formulas (3.13), (3.14) endow U(R) with the structure of
a Hopf superalgebra.

Remark 5.4. As follows from the explicit formula (5.4), we have (R12)
st = Θ1Θ2 ·R21 ·(Θ1Θ2)

−1

where Θ =
∑︁N

i=1 q
(εi,εi)/2Eii, similarly to (3.24). Thus, arguing exactly as in Remark 3.9, we note
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that applying the full supertranspose to the defining relations of U(R) yields an isomorphism of
Hopf superalgebras

ωR : U(R) ∼−→U(R)cop given by L± ↦→ Θ−1
(︁
L∓

)︁st
Θ. (5.6)

This ωR induces a superalgebra isomorphism between U+(R) and U−(R) introduced below.

Let U+(R) and U−(R) be the superalgebras generated respectively by
{︁
l+ij
}︁
1≤i≤j≤N and

{l−ji}1≤i≤j≤N , equipped with the Q-grading (5.5) and the compatible Z2-grading, subject to

the respective single-sign relations (3.11). The same formulas (3.13) endow both U±(R) with
superbialgebra structures. As in the general linear setting, the superalgebra U(R) can be realized
as a quotient of the generalized double of the superbialgebra pair

(︁
U+(R), U−(R)

)︁
.

Proposition 5.5.

(a) There exists a unique skew-pairing

(·, ·)R : U+(R)× U−(R)→ C(q) (5.7)

satisfying the following property on the generators:∑︂
1≤i,j,k,l≤N

(−1)(i+j)(k+l)
(︁
l+ij , l

−
kl

)︁
R
Eij ⊗ Ekl = R. (5.8)

(b) The superalgebra U(R) is isomorphic to the quotient of the generalized double DR :=
D
(︁
U+(R), U−(R)

)︁
modulo the relations l±ii l

∓
ii = 1 for all 1 ≤ i ≤ N .

We omit the proof of Proposition 5.5, as it relies entirely on the structural compatibilities
governed by the Yang–Baxter equation (cf. Remark 5.2) and is thus completely analogous to
that of Proposition 3.10. We note that(︁

l+ij , l
−
kl

)︁
R
̸= 0 ⇐⇒ (i, k) = (j, l) or (i, k) = (l, j) or k = i′ & l = j′,

which in view of (5.5) implies that the skew-pairing (5.7) is of Q-degree zero, and consequently
of Z2-degree zero. The latter is crucial for (⋆) used in the proof of Proposition 3.10.

Remark 5.6. As in Remark 3.12, the evaluation (5.8) is compatible with the convention l+ij =

0 = l−ji for i > j, as evident from the explicit formula (5.4).

Remark 5.7. Following Remark 3.13, let U≥(R) and U≤(R) denote the Hopf subalgebras
of U(R) generated by

{︁
l+ij
}︁
1≤i≤j≤N ∪ {l

−
kk}1≤k≤N and {l−ji}1≤i≤j≤N ∪ {l

+
kk}1≤k≤N , respectively.

The skew-pairing (5.7) extends uniquely to a skew-pairing U≥(R)× U≤(R)→ C(q). Thus, the
generalized double construction of U(R) can equivalently be carried out using these Hopf sub-
algebras. Furthermore, the isomorphism ωR from (5.6) restricts to a superalgebra isomorphism
between U≥(R) and U≤(R).

Remark 5.8. As in Remark 3.14, the generalized double construction for U(R) can equivalently
be carried out by taking the subbialgebras in the opposite order and utilizing the transposed
inverse of (−,−)R:˜︁σ = (−,−) ˜︁R : U−(R)× U+(R)→ C(q).

By direct computation, its evaluation on the generators is given by the matrix formula (3.29). As
in Remark 5.7, this pairing uniquely extends to a skew-pairing (−,−) ˜︁R : U≤(R)×U≥(R)→ C(q).

Finally, the twisting procedure used to bypass the emergence of Koszul signs during formal
matrix multiplication carries over verbatim, yielding the analogue of Proposition 3.16.

Proposition 5.9. Let ζ : Z2×Z2 → C(q)× be the normalized 2-cocycle given by ζ (̄i, j̄) := (−1)ī̄j.
Then, the assignment l±ij ↦→ l±ij for all 1 ≤ i ≤ j ≤ N gives rise to a superalgebra isomor-
phism ˜︁U(R) ∼−→U(R)ζ .
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5.3 Gauss decomposition and twisted identities: orthosymplectic case

As in Section 3.6, we shall assume that all algebraic manipulations occur within the twisted
superalgebra ˜︁U(R) or the tensor product ˜︁U(R)⊗r ⊗β′

End(Vq)
⊗s (for r, s ≥ 1), rather than in

their untwisted counterparts. Again, the elements in ˜︁U(R)⊗r ⊗β′
End(Vq)

⊗s will be considered
as formal matrices (3.33), following the standard matrix multiplication (3.34). Consequently,
L+ and L− are genuinely upper and lower triangular matrices, respectively, and using (3.10) we
obtain the exact same Gauss decompositions (3.35).

Similarly to the general linear setup, we define the elements {eij , fji}1≤i<j≤N in ˜︁U(R) via
the exact same formulas (3.36). We also introduce q±H̃k := l±kk in ˜︁U(R) for 1 ≤ k ≤ N and
define q±H̃ij := q±H̃i

(︁
q±H̃j

)︁−1
for all 1 ≤ i < j ≤ N .

By evaluating the specific matrix components of the defining relations (3.11) and (3.12),
we deduce a set of identities governing the elements eij , fji, and q±H̃k within ˜︁U(R). As be-
fore, [−,−]ζ and [[−,−]]ζ denote the supercommutator and the q-supercommutator (cf. (2.3)
and (2.20)) of elements in ˜︁U(R).

We start with type-independent identities, the first three of which are derived exactly as in
Section 3.6:

Matrix Component Conditions Identity

Eii⊗Ejj 1≤ i, j≤N
[︁
qH̃i , qH̃j

]︁ζ
=0 (5.9)

1≤ i≤N q±H̃iq∓H̃i =1 (5.10)

Eaa⊗Eij 1≤ i<j≤N , 1≤a≤N qH̃aeijq
−H̃a =q(εa,εi−εj)eij (5.11)

Eij⊗Eij 1≤ i<j≤N , εi−εj odd isotropic [[eij , eij ]]
ζ=0 (5.12)

Table 2. Type-independent identities in ˜︁U(R).

We now proceed to list the type-dependent identities:

Matrix Component Conditions Identity

Eij ⊗ Ei′j′ 1≤i<j≤s+ 1 qH̃iqH̃i′ =qH̃jqH̃j′ (5.13)

Ei,i+1 ⊗ Ei′i′ 1≤i≤s ei,i+1=−(−1)i(i+i+1)ϑiϑi+1e(i+1)′i′ (5.14)

Eij ⊗ Ej,j+1 i<j<(i+ 1)′ ei,j+1=(−1)(i+j)(j+j+1)[[eij , ej,j+1]]
ζ (5.15)

Ei,(i+1)′ ⊗ E(i+1)′i′ 1≤i≤s eii′=(−1)i+i+1ei,(i+1)′e(i+1)′i′

−q−(εi,εi)q−(εi+1,εi+1)e(i+1)′i′ei,(i+1)′
(5.16)

E(j+1)′j′ ⊗ Ej′i′ i<j<(i+ 1)′ e(j+1)′i′=(−1)(i+j)(j+j+1)[[e(j+1)′j′ , ej′i′ ]]
ζ (5.17)

Ei,i+1 ⊗ Ei+1,i′ 1≤i≤s eii′=(−1)i+i+1ei,i+1ei+1,i′

−q−(εi,εi)q−(εi+1,εi+1)ei+1,i′ei,i+1

(5.18)

Ei,i+1 ⊗ Ej,j+1 1≤i<j≤s, j − i>1 [[ei,i+1, ej,j+1]]
ζ=0 (5.19)

Ei,i+1 ⊗ Ei,i+1 1≤i<s, |ei,i+1|=1̄ [[ei,i+1, ei,i+1]]
ζ=0 (5.20)

Ei,i+1 ⊗ Ei,i+2 1≤i<s
[︁[︁
ei,i+1, [[ei,i+1, ei+1,i+2]]

ζ
]︁]︁ζ

=0 (5.21)

Ei,i+1 ⊗ Ei−1,i+1 1<i<s
[︁[︁
[[ei−1,i, ei,i+1]]

ζ , ei,i+1

]︁]︁ζ
=0 (5.22)

Es,s+1 ⊗ Es−1,s′
[︁[︁[︁[︁

[[es−1,s, es,s+1]]
ζ , es,s+1

]︁]︁ζ
, es,s+1

]︁]︁ζ
=0 (5.23)

Ei,i+1 ⊗ Ei−1,i+2 1<i<s
[︁[︁[︁[︁

[[ei−1,i, ei,i+1]]
ζ , ei+1,i+2

]︁]︁ζ
, ei,i+1

]︁]︁ζ
=0 (5.24)

Table 3. B-type, identities in ˜︁U(R) derived from RL+
1 L

+
2 =L+

2 L
+
1 R.

Matrix Component Conditions Identity

Eij ⊗ Ei′j′ 1≤i<j≤s qH̃iqH̃i′ =qH̃jqH̃j′ (5.25)

Ei,i+1 ⊗ Ei′i′ 1≤i≤s− 1 ei,i+1=−(−1)i(i+i+1)ϑiϑi+1e(i+1)′i′ (5.26)
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Matrix Component Conditions Identity

Eij ⊗ Ej,j+1 i<j<(i+ 1)′, j ̸=s ei,j+1=(−1)(i+j)(j+j+1)[[eij , ej,j+1]]
ζ (5.27)

Ess′ ⊗ Eis 1≤i≤s− 1
(︁
1 + q2

)︁
eis′=[[eis, ess′ ]]

ζ (5.28)

Ei,(i+1)′ ⊗ E(i+1)′i′ 1≤i≤s− 1
eii′=(−1)i+i+1ei,(i+1)′e(i+1)′i′

−q−(εi,εi)q−(εi+1,εi+1)e(i+1)′i′ei,(i+1)′
(5.29)

E(j+1)′j′ ⊗ Ej′i′ i<j<(i+ 1)′, j ̸=s e(j+1)′i′=(−1)(i+j)(j+j+1)[[e(j+1)′j′ , ej′i′ ]]
ζ (5.30)

Ess′ ⊗ Es′i′ 1≤i≤s− 1
(︁
1 + q2

)︁
esi′=[[ess′ , es′i′ ]]

ζ (5.31)

Ei,i+1 ⊗ Ei+1,i′ 1≤i≤s− 1
eii′=(−1)i+i+1ei,i+1ei+1,i′

−q−(εi,εi)q−(εi+1,εi+1)ei+1,i′ei,i+1

(5.32)

Ei,i+1 ⊗ Ej,j+1 1≤i<j≤s, j − i>1 [[ei,i+1, ej,j+1]]
ζ=0 (5.33)

Ei,i+1 ⊗ Ei,i+1 1≤i<s, |ei,i+1|=1̄ [[ei,i+1, ei,i+1]]
ζ=0 (5.34)

Ei,i+1 ⊗ Ei,i+2 1≤i≤s− 2
[︁[︁
ei,i+1, [[ei,i+1, ei+1,i+2]]

ζ
]︁]︁ζ

=0 (5.35)

Ei,i+1 ⊗ Ei−1,i+1 1<i≤s
[︁[︁
[[ei−1,i, ei,i+1]]

ζ , ei,i+1

]︁]︁ζ
=0 (5.36)

Ei,i+1 ⊗ Ei−1,i+2 1<i<s− 1
[︁[︁[︁[︁

[[ei−1,i, ei,i+1]]
ζ , ei+1,i+2

]︁]︁ζ
, ei,i+1

]︁]︁ζ
=0 (5.37)

Es−1,s ⊗ Es−3,(s−2)′
[[[[[[[[[[[[es−3,s−2, es−2,s−1]]

ζ , es−1,s]]
ζ ,

ess′ ]]
ζ , es−1,s]]

ζ , es−2,s−1]]
ζ , es−1,s]]

ζ=0
(5.38)

Table 4. C-type, identities in ˜︁U(R) derived from RL+
1 L

+
2 =L+

2 L
+
1 R.

Matrix Component Conditions Identity

Eij ⊗ Ei′j′ 1≤ i<j≤s qH̃iqH̃i′ =qH̃jqH̃j′ (5.39)

Ei,i+1 ⊗ Ei′i′ 1≤ i≤s ei,i+1=−(−1)i(i+i+1)ϑiϑi+1e(i+1)′i′ (5.40)

Es−1,s′ ⊗ E(s−1)′(s−1)′ es−1,s′ =−(−1)s−1(s−1+s)ϑs−1ϑs′es,(s−1)′ (5.41)

Eij ⊗ Ej,j+1 i<j<(i+ 1)′, j ̸=s ei,j+1=(−1)(i+j)(j+j+1)[[eij , ej,j+1]]
ζ (5.42)

Ei,s−1 ⊗ Es−1,s′ 1≤ i≤s− 2 eis′ =(−1)(i+s−1)(s−1+s)[[ei,s−1, es−1,s′ ]]
ζ (5.43)

Eis ⊗ Es,(s−1)′ 1≤ i≤s− 2 ei,(s−1)′ =(−1)(i+s)(s−1+s)[[eis, es,(s−1)′ ]]
ζ (5.44)

Ei,(i+1)′ ⊗ E(i+1)′i′ 1≤ i≤s− 1
eii′ =(−1)i+i+1ei,(i+1)′e(i+1)′i′

−q−(εi,εi)q−(εi+1,εi+1)e(i+1)′i′ei,(i+1)′
(5.45)

E(j+1)′j′ ⊗ Ej′i′ i<j<(i+ 1)′, j ̸=s e(j+1)′i′ =(−1)(i+j)(j+j+1)[[e(j+1)′j′ , ej′i′ ]]
ζ (5.46)

Es,(s−1)′ ⊗ E(s−1)′i′ 1≤ i≤s− 2 esi′ =(−1)(i+s−1)(s−1+s)[[es,(s−1)′ , e(s−1)′i′ ]]
ζ (5.47)

Es−1,s′ ⊗ Es′i′ 1≤ i≤s− 2 es−1,i′ =(−1)(i+s)(s−1+s)[[es−1,s′ , es′i′ ]]
ζ (5.48)

Ei,i+1 ⊗ Ei+1,i′ 1≤ i≤s− 1
eii′ =(−1)i+i+1ei,i+1ei+1,i′

−q−(εi,εi)q−(εi+1,εi+1)ei+1,i′ei,i+1

(5.49)

Ei,i+1 ⊗ Ej,j+1 1≤ i<j<s, j − i>1 [[ei,i+1, ej,j+1]]
ζ=0 (5.50)

Ei,i+1 ⊗ Es−1,s′ 1≤ i≤s− 3 [[ei,i+1, es−1,s′ ]]
ζ=0 (5.51)

Ei,i+1 ⊗ Ei,i+1 1≤ i<s, |ei,i+1|= 1̄ [[ei,i+1, ei,i+1]]
ζ=0 (5.52)

Es−1,s′ ⊗ Es−1,s′ |es−1,s′ |= 1̄ [[es−1,s′ , es−1,s′ ]]
ζ=0 (5.53)

Ei,i+1 ⊗ Ei,i+2 1≤ i≤s− 2
[︁[︁
ei,i+1, [[ei,i+1, ei+1,i+2]]

ζ
]︁]︁ζ

=0 (5.54)

Es−2,s−1 ⊗ Es−2,s′
[︁[︁
es−2,s−1, [[es−2,s−1, es−1,s′ ]]

ζ
]︁]︁ζ

=0 (5.55)

Ei,i+1 ⊗ Ei−1,i+1 1<i<s
[︁[︁
[[ei−1,i, ei,i+1]]

ζ , ei,i+1

]︁]︁ζ
=0 (5.56)

Es−1,s′ ⊗ Es−2,s′
[︁[︁
[[es−2,s−1, es−1,s′ ]]

ζ , es−1,s′
]︁]︁ζ

=0 (5.57)

Ei,i+1 ⊗ Ei−1,i+2 1<i<s− 1
[︁[︁[︁[︁

[[ei−1,i, ei,i+1]]
ζ , ei+1,i+2

]︁]︁ζ
, ei,i+1

]︁]︁ζ
=0 (5.58)

Es−2,s−1 ⊗ Es−3,s′
[︁[︁[︁[︁

[[es−3,s−2, es−2,s−1]]
ζ , es−1,s′

]︁]︁ζ
, es−2,s−1

]︁]︁ζ
=0 (5.59)

Table 5. D-type, identities in ˜︁U(R) derived from RL+
1 L

+
2 =L+

2 L
+
1 R.
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Remark 5.10. As in Remark 3.18, while (5.20), (5.34), (5.52)–(5.53) are special cases of (5.12),
they are recorded separately as they correspond to the Serre relations. Also (5.12) implies e2ij = 0
for odd isotropic εi − εj .
Remark 5.11. For each type, both the type-independent identities (Table 2) and the type-
dependent identities listed earlier for that same type are applied iteratively to establish the
subsequent relations, cf. Remark 3.19.

Finally, we record the following exceptional identities for C- and D-types:

Type Conditions Identity

C-type

[︁[︁
es−1,s,

[︁[︁
es−1,s, [[es−1,s, ess′ ]]

ζ
]︁]︁ζ]︁]︁ζ

=0 (5.60)

|es−2,s−1|, |es−1,s|=1̄
[︁[︁[︁[︁[︁[︁

[[es−2,s−1, es−1,s]]
ζ , ess′

]︁]︁ζ
, [[es−2,s−1, es−1,s]]

ζ
]︁]︁ζ
, es−1,s

]︁]︁ζ
=0 (5.61)

D-type
|es−1,s|=0̄ [[es−1,s, es−1,s′ ]]

ζ=0 (5.62)[︁[︁
[[es−2,s−1, es−1,s]]

ζ , es−1,s′
]︁]︁ζ

=
[︁[︁
[[es−2,s−1, es−1,s′ ]]

ζ , es−1,s

]︁]︁ζ
(5.63)

Table 6. Exceptional identities in ˜︁U(R).

The proofs of the exceptional identities are as follows:

� Since relation (5.60) obviously holds when |es−1,s| = 1̄, due to e2s−1,s = 0 by (5.34), we
shall assume now that |es−1,s| = 0̄. Then identity (5.60) reduces via (5.28) to

[︁[︁
es−1,s,

[[es−1,s, es−1,s′ ]]
ζ
]︁]︁ζ

= 0, expanding to

e2s−1,ses−1,s′ −
(︁
1 + q−2

)︁
es−1,ses−1,s′es−1,s + q−2es−1,s′e

2
s−1,s = 0. (5.64)

Evaluating the Es′,(s−1)′ ⊗ Es−1,(s−1)′-component of RL+
1 L

+
2 = L+

2 L
+
1 R (together with

(5.11) and (5.26) for i = s− 1) yields

[es−1,s, es−1,(s−1)′ ]
ζ = 0, (5.65)

while (5.29) for i = s−1 reads es−1,(s−1)′ = es−1,s′es′,(s−1)′−q2es′,(s−1)′es−1,s′ . Substituting
the latter into (5.65) and applying (5.26) for i = s − 1 yields a scalar multiple of (5.64),
thus completing the proof of (5.60).

� Using the formulas (5.27) and (5.28), identity (5.61) reduces to
[︁[︁
[[es−2,s′ ,es−2,s]]

ζ ,es−1,s
]︁]︁ζ

= 0, which by (5.26) is equivalent to
[︁[︁
[[es−2,s′ , es−2,s]]

ζ , es′,(s−1)′
]︁]︁ζ

= 0. This is further
equivalent to

[︁[︁
[[es−2,s, es−2,s′ ]]

ζ , es′,(s−1)′
]︁]︁ζ

= 0 as the condition |es−2,s−1| = |es−1,s| = 1̄
implies |es−2,s| = |es−2,s′ | = 0̄ and (γs−2,s, γs−2,s′) = 0. We note the following Jacobi
identity:[︁[︁

[[es−2,s, es−2,s′ ]]
ζ , es′,(s−1)′

]︁]︁ζ
=

[︁[︁
es−2,s, [[es−2,s′ , es′,(s−1)′ ]]

ζ
]︁]︁ζ − [︁[︁

es−2,s′ , [[es−2,s, es′,(s−1)′ ]]
ζ
]︁]︁ζ
. (5.66)

The second term in (5.66) vanishes because [[es−2,s, es−1,s]]
ζ = 0 by (5.36) together with

(5.26) and (5.27). The first term reduces via (5.27) to a scalar multiple of [[es−2,s,
es−2,(s−1)′ ]]

ζ , which can be shown to vanish by evaluating the Es−2,s ⊗Es−2,(s−1)′-compo-

nent of RL+
1 L

+
2 = L+

2 L
+
1 R (together with (5.11)). This completes the verification of (5.61).

� Relation (5.62) follows by comparing the iterative formulas (5.45) and (5.49) at i = s− 1,
alongside formulas (5.40) and (5.41) for i = s− 1.

� Applying formulas (5.41) and (5.40) at i = s− 1 reduces relation (5.63) to[︁[︁
[[es−2,s−1, es−1,s]]

ζ , es,(s−1)′
]︁]︁ζ

=
[︁[︁
[[es−2,s−1, es−1,s′ ]]

ζ , es′,(s−1)′
]︁]︁ζ
.

Formulas (5.42)–(5.44) imply that both sides equal (−1)s−1+ses−2,(s−1)′ , thus completing
the proof.
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5.4 Homomorphism theorem: orthosymplectic case

The key result of this section is the identification between the Hopf superalgebras Uq(gosp(V ))F

and U(R).

Theorem 5.12.

(a) The assignment

q±H̃i ↦→ q±H̃i for 1 ≤ i ≤ s+ 1,

ei ↦→

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ei,i+1 if 1 ≤ i < s (in all BCD-types),

es,s+1 if i = s (B-type),

ess′/
(︁
1 + q2

)︁
if i = s (C-type),

es−1,s′ if i = s (D-type),

fi ↦→

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
fi+1,i if 1 ≤ i < s (in all BCD-types),

fs+1,s if i = s (B-type),

qfs′s if i = s (C-type),

fs′,s−1 if i = s (D-type),

(5.67)

gives rise to a Q-graded Hopf superalgebra isomorphism ξ : Uq(gosp(V ))F ∼−→U(R).

(b) Under the isomorphism ξ, the images of the quantum root vectors from Section 5.1 are
given by

• B-type:

If γ = εi − εj with 1 ≤ i < j ≤ s+ 1, then ξ(eγ) = eij, ξ(fγ) = fji.

If γ = εi + εj with 1 ≤ i < j ≤ s, then

ξ(eγ) = ϑjϑs+1 ·
s∏︂

k=j

(︁
−(−1)k(k+k+1)

)︁
· eij′ ,

ξ(fγ) = ϑjϑs+1 ·
s∏︂

k=j

(︁
−(−1)k(k+k+1)

)︁
· fj′i.

• C-type:
If γ = εi − εj with 1 ≤ i < j ≤ s, then ξ(eγ) = eij, ξ(fγ) = fji.

If γ = εi + εj with 1 ≤ i < j ≤ s, then

ξ(eγ) = −ϑjϑs ·
s∏︂

k=j

(︁
−(−1)k(k+k+1)

)︁
· eij′ ,

ξ(fγ) = −
(︁
q + q−1

)︁
ϑjϑs ·

s∏︂
k=j

(︁
−(−1)k(k+k+1)

)︁
· fj′i.

• D-type:

If γ = εi − εj with 1 ≤ i < j ≤ s, then ξ(eγ) = eij, ξ(fγ) = fji.

If γ = εi + εj with 1 ≤ i < j ≤ s, then

ξ(eγ) = −ϑjϑs ·
s∏︂

k=j

(︁
−(−1)k(k+k+1)

)︁
· eij′ ,

ξ(fγ) = −ϑjϑs ·
s∏︂

k=j

(︁
−(−1)k(k+k+1)

)︁
· fj′i.
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(c) The isomorphism ξ is compatible with the pairings introduced in Proposition 4.10 (c) and
Remark 5.7:

(ξ(x), ξ(y))R = (x, y)F˜︂DJ
for all x ∈ U≥q (gosp(V ))F , y ∈ U≤q (gosp(V ))F .

Proof. The proof is completely analogous to that of Theorem 3.21. We first establish that the
assignment (5.67) defines a surjective Hopf superalgebra morphism ξ : U≥q (gosp(V ))F → U≥(R).
By untwisting the relations in Tables 2–6 via (3.48), we deduce the following:

� The Chevalley-type relations for U≥q (gosp(V ))F are recovered directly from identities (5.9)–
(5.11);

� The standard Serre relations (2.21)–(2.23) (for the appropriate indices) and the higher-
order Serre relations (4.13)–(4.15) for each respective type follow from identities (5.19)–
(5.24) for B-type; (5.33)–(5.38) along with (5.60)–(5.61) for C-type; and (5.50)–(5.59)
along with (5.62)–(5.63) for D-type;

� The surjectivity of ξ restricted to the Cartan subalgebra follows from identities (5.13),
(5.25), and (5.39) for the respective types. The fact that all remaining generators eij
(i < j) lie in the image is then guaranteed by the iterative formulas: (5.14)–(5.18) for
B-type, (5.26)–(5.32) for C-type, and (5.40)–(5.49) for D-type. We also emphasize that
for D-type, setting i = s in (5.40), one actually gets

ess′ = 0; (5.68)

� In conjunction with (3.1), these iterative formulas simultaneously establish part (b);

� The fact that ξ intertwines the respective comultiplications follows by the exact same
computation as in the gl(V ) setting. The only case deserving a separate treatment is
the generator es−1,s′ for D-type, in which case one uses l+ss′ = 0, due to (5.68), to derive
∆
(︁
l+s−1,s′

)︁
= l+s−1,s−1 ⊗ l

+
s−1,s′ + l+s−1,s′ ⊗ l

+
s′s′ .

This confirms that ξ is a well-defined, surjective Hopf superalgebra morphism of the positive
Borel subalgebras. The corresponding morphism for the negative Borel subalgebras

U≤q (gosp(V ))F → U≤(R)

follows by utilizing the superalgebra isomorphisms ωDJ and ωR from Remarks 4.7 and 5.4,
precisely as executed in the gl(V ) case.

The compatibility of the pairings stated in part (c) is verified by a direct evaluation on the
generators. Since both pairings are of Q-degree zero (cf. (2.32)), we have(︁

eij , q
±H̃k

)︁
R
= 0 =

(︁
q±H̃k , fji

)︁
R
,

for all 1 ≤ i < j ≤ N , and(︁
qH̃i , q−H̃j

)︁
R
=

(︁
l+ii , l

−
jj

)︁
R

(5.4)
= q−(ε̃C ,ε̃C)q−(εi,εj) = q−(ε̃i,ε̃j) =

(︁
qH̃i , q−H̃j

)︁F˜︂DJ
.

Furthermore, for any 1 ≤ i < j ≤ N and 1 ≤ k < l ≤ N , expanding the pairing yields(︁
l−ii l

+
ij , l
−
lkl

+
kk

)︁
R
=

(︁
l−ii ⊗ l

+
ij ,∆

(︁
l−lk

)︁
∆
(︁
l+kk

)︁)︁
R

(2.32)
=

(︁
l−ii ⊗ l

+
ij , l
−
ll l

+
kk ⊗ l

−
lkl

+
kk

)︁
R

=
(︁
l−ii , l

−
ll l

+
kk

)︁
R

(︁
l+ij , l

−
lkl

+
kk

)︁
R
= q−(ε̃i,ε̃k−ε̃l)

(︁
l+ij , l

−
lkl

+
kk

)︁
R

(2.32)
= q−(ε̃i,ε̃k−ε̃l)

(︁
l+ij ⊗ l

+
ii , l
−
lk ⊗ l

+
kk

)︁
R
= q(ε̃i,ε̃l)

(︁
l+ij , l

−
lk

)︁
R
, (5.69)
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which vanishes unless deg
(︁
l+ij
)︁
= −deg

(︁
l−lk

)︁
. Therefore, (ξ(ei), ξ(fj))R = 0 for i ̸= j due to

degree reasons, and it remains to evaluate the pairing for i = j. Thus, the proof of part (c) is
concluded by the following explicit type-dependent evaluations for all 1 ≤ i ≤ s using (5.69),
cf. (4.10):

� 1 ≤ i < s in BCD-types:

q(ε̃i,ε̃i+1)
(︁
l+i,i+1, l

−
i+1,i

)︁
R
= −(−1)i+1

(︁
q − q−1

)︁
q−(ε̃C ,ε̃C) · (−1)i+i+1q(ε̃i,ε̃i+1)

= −(−1)i
(︁
q − q−1

)︁
,

and therefore

(ξ(ei), ξ(fi))R = (ei,i+1, fi+1,i)R

= −(−1)i
(︁
q − q−1

)︁−2(︁
l−ii l

+
i,i+1, l

−
i+1,il

+
ii

)︁
R
=

(︁
q − q−1

)︁−1
.

� i = s in B-type:

q(ε̃s,ε̃s+1)
(︁
l+s,s+1, l

−
s+1,s

)︁
R
= −(−1)s+1

(︁
q − q−1

)︁
q−(ε̃C ,ε̃C) · (−1)s+s+1q(ε̃s,ε̃s+1)

= −(−1)s
(︁
q − q−1

)︁
,

and thus

(ξ(es), ξ(fs))R = (es,s+1, fs+1,s)R

= −(−1)s
(︁
q − q−1

)︁−2(︁
l−ssl

+
s,s+1, l

−
s+1,sl

+
ss

)︁
R
=

(︁
q − q−1

)︁−1
.

� i = s in C-type:

q(ε̃s,ε̃s′ )
(︁
l+ss′ , l

−
s′s

)︁
R
= −

(︁
q − q−1

)︁
q−(ε̃C ,ε̃C)

(︁
(−1)s − q(ρ,2εs)

)︁
· q(ε̃s,ε̃s′ )

= −
(︁
q − q−1

)︁
q−(εs,εs)

(︁
(−1)s − q2(εs,εs)

)︁
=

(︁
q − q−1

)︁(︁
q + q−1

)︁
,

and hence

(ξ(es), ξ(fs))R =
(︁
q + q−1

)︁−1
(ess′ , fs′s)R

= −(−1)s
(︁
q + q−1

)︁−1(︁
q − q−1

)︁−2(︁
l−ssl

+
ss′ , l

−
s′sl

+
ss

)︁
R
=

(︁
q − q−1

)︁−1
.

� i = s in D-type:

q(ε̃s−1,ε̃s′ )
(︁
l+s−1,s′ , l

−
s′,s−1

)︁
R
= −(−1)s

(︁
q − q−1

)︁
q−(ε̃C ,ε̃C) · (−1)s−1+sq(ε̃s−1,ε̃s′ )

= −(−1)s−1
(︁
q − q−1

)︁
,

and therefore

(ξ(es), ξ(fs))R = (es−1,s+1, fs+1,s−1)R

= −(−1)s−1+s
(︁
q − q−1

)︁−2(︁
l−s−1,s−1l

+
s−1,s′ , l

−
s′,s−1l

+
s−1,s−1

)︁
R

=
(︁
q − q−1

)︁−1
.

We conclude that in all cases, the right-hand side evaluates precisely to
(︁
q − q−1

)︁−1
= (ei, fi)

F˜︂DJ
.

As in the gl(V ) case, ξ naturally extends to a surjective Hopf superalgebra morphism between
the doubles

ξ : DFDJ = U≥q (gosp(V ))F ⊗ U≤q (gosp(V ))F −→ U≥(R)⊗ U≤(R) = DR.

The non-degeneracy of the pairing (−,−)F˜︂DJ
guarantees that ξ : DFDJ → DR is injective on each

Borel subalgebra, thereby establishing an isomorphism of doubles. Finally, the identification of
the Cartan subalgebras yields the desired isomorphism ξ : Uq(gosp(V ))F ∼−→U(R), completing
the proof of (a). ■



Orthosymplectic Quantum Groups Revisited 47

5.5 Inverse morphism: orthosymplectic case

Following the approach in the general linear setting (see Section 3.8), we shall now construct
a similar morphism for the orthosymplectic quantum supergroups. The proof of the following
proposition is completely analogous to that of Proposition 3.24.

Proposition 5.13. The assignment

L+ ↦→ (Id⊗ϱ)(R(21)), L− ↦→ (Id⊗ϱ)
(︁
R−1

)︁
, (5.70)

gives rise to a Q-graded Hopf superalgebra morphism ϕDF : U(R)cop → Uq(gosp(V )).

We now determine the explicit images of the generators under ϕDF, cf. Lemma 3.25.

Lemma 5.14. The images of the generators {l±ii}Ni=1 under ϕDF are given by ϕDF
(︁
l±ii
)︁
= q∓H̃i.

For the generators l+ij, l
−
ji associated with a simple root γij = εi − εj from (5.1), their images

under ϕDF are as follows:

l+ij ↦→ −
(︁
q − q−1

)︁
fγijq

−H̃j , l−ji ↦→

{︄
−
(︁
q2 − q−2

)︁
qH̃s′es if γij = αs for C-type,

(−1)j
(︁
q − q−1

)︁
qH̃jeγij otherwise.

Proof. As in the general linear case, we first evaluate the semisimple component. An explicit
ℏ-adic computation yields

(Id⊗ϱ)(Rs) =
∑︂

1≤i≤N
q−H̃i ⊗ Eii,

which establishes ϕDF
(︁
l±ii
)︁

= q∓H̃i . Proceeding to the unipotent part, for the simple root
γij = εi − εj , we need to determine the Eij-component of

(Id⊗ϱ)((Ru)(21)) =

←∏︂
γ∈Φ̄+

⎛⎝ k≥0∑︂
k≤1 if γ∈Φ̄1̄ isotropic

(−1)|ekγ |
fkγ ⊗ ϱ

(︁
ekγ
)︁(︁

fkγ , e
k
γ

)︁
DJ

⎞⎠ .

Because the representation ϱ preserves the Q-degree, the only contribution to this component
arises from

(−1)|eγij |
fγij ⊗ ϱ(eγij )
(fγij , eγij )DJ

= −
(︁
q − q−1

)︁
fγij ⊗ ϱ(eγij ).

As the coefficient of Eij in each ϱ(eγij ) is 1 by (4.3)–(4.5), this implies that ϕDF
(︁
l+ij
)︁
= −

(︁
q −

q−1
)︁
fγijq

−H̃j .
Let us now determine the Eji-component of

(Id⊗ϱ)
(︁
R−1u

)︁
=

→∏︂
γ∈Φ̄+

⎛⎝ k≥0∑︂
k≤1 if γ∈Φ̄1̄ isotropic

ekγ ⊗ ϱ
(︁
fkγ

)︁(︁
fkγ , e

k
γ

)︁
DJ

⎞⎠−1

=

→∏︂
γ∈Φ̄+

∑︂
r≥0

⎛⎝− k≥1∑︂
k≤1 if γ∈Φ̄1̄ isotropic

ekγ ⊗ ϱ
(︁
fkγ

)︁(︁
fkγ , e

k
γ

)︁
DJ

⎞⎠r

,

where we utilize the nilpotency of
∑︁k≥1

k≤1 if γ∈Φ̄1̄ isotropic

ekγ⊗ϱ(fk
γ )

(fk
γ ,e

k
γ)DJ

. The sole contributing term is

−
eγij ⊗ ϱ(fγij )
(fγij , eγij )DJ

= (−1)i+j
(︁
q − q−1

)︁
eγij ⊗ ϱ(fγij ).
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Within ϱ(fγij ), the coefficient of the matrix unit Eji evaluates to −
(︁
q + q−1

)︁
when γij = αs in

C-type, and to (−1)i in all other cases, see (5.3) combined with (4.3)–(4.5). Therefore,

ϕDF
(︁
l−ji
)︁
=

{︄
−
(︁
q2 − q−2

)︁
qH̃s′es if γij = αs for C-type,

(−1)j
(︁
q − q−1

)︁
qH̃jeγij otherwise.

This completes the proof. ■

We conclude with the following analogue of Proposition 3.26.

Proposition 5.15. The composition

Uq(gosp(V ))
ϕ−1
F−−→ Uq(gosp(V ))F

ξ−−−→
(5.67)

U(R)
ω−1
R−−−→

(5.6)
U(R)cop

ϕDF

−−−→
(5.70)

Uq(gosp(V ))

(see Proposition 4.10 for ϕF ) is the identity morphism.

Proof. This is verified by direct computation. For the Cartan generators, we have

q±H̃i
ϕ−1
F↦−−→ q±H̃i

ξ↦−→ q±H̃i
ω−1
R↦−−→ q∓H̃i

ϕDF

↦−−→ q±H̃i ,

while the rest is based on the following type-dependent computations:

� 1 ≤ i < s in BCD-types:

ei
ϕ−1
F↦−−→ eiq

hi
ξ↦−→ ei,i+1q

H̃i,i+1
ω−1
R↦−−→ −(−1)i i+1(−1)i+i+1q3(ρ,αi)fi+1,iq

−H̃i,i+1
ϕDF

↦−−→ ei,

fi
ϕ−1
F↦−−→ q−hifi

ξ↦−→ q−H̃i,i+1fi+1,i
ω−1
R↦−−→ −(−1)i i+1q−3(ρ,αi)qH̃i,i+1ei,i+1

ϕDF

↦−−→ fi.

� i = s in B-type:

es
ϕ−1
F↦−−→ esq

hs
ξ↦−→ es,s+1q

H̃s,s+1
ω−1
R↦−−→ −(−1)ss+1(−1)s+s+1q3(ρ,αs)fs+1,sq

−H̃s,s+1

ϕDF

↦−−→ es,

fs
ϕ−1
F↦−−→ q−hsfs

ξ↦−→ q−H̃s,s+1fs+1,s
ω−1
R↦−−→ −(−1)ss+1q−3(ρ,αs)qH̃s,s+1es,s+1

ϕDF

↦−−→ fs.

� i = s in C-type:

es
ϕ−1
F↦−−→ esq

hs
ξ↦−→ 1

1 + q2
ess′q

H̃s,s′
ω−1
R↦−−→ 1

q4
(︁
1 + q2

)︁ fs′sq−H̃s,s′
ϕDF

↦−−→ es,

fs
ϕ−1
F↦−−→ q−hsfs

ξ↦−→ q · q−H̃s,s′ fs′s
ω−1
R↦−−→ q5 · qH̃s,s′ess′

ϕDF

↦−−→ fs.

� i = s in D-type:

es
ϕ−1
F↦−−→ esq

hs
ξ↦−→ es−1,s′q

H̃s−1,s′
ω−1
R↦−−→ −(−1)s−1s(−1)s−1+sq3(ρ,αs)fs′,s−1q

−H̃s−1,s′

ϕDF

↦−−→ es,

fs
ϕ−1
F↦−−→ q−hsfs

ξ↦−→ q−H̃s−1,s′ fs′,s−1
ω−1
R↦−−→ −(−1)s−1s′q−3(ρ,αs)qH̃s−1,s′es−1,s′

ϕDF

↦−−→fs. ■
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A Generalized double construction in the super setting

This appendix is devoted to the generalization of the non-super constructions from [19] to the
setting of superbialgebras. Specifically, we systematically incorporate the Z2-grading and the
corresponding super-sign conventions into the standard theory of matched pairs. Throughout
this appendix, we assume for convenience that all elements of superbialgebras we consider are
Z2-homogeneous.

A.1 Matched pairs of superbialgebras

Let A andB be superbialgebras. Our goal is to endow the superspace A⊗B with a superbialgebra
structure such that A and B can be identified as subbialgebras via the natural embeddings

A ↪→ A⊗B, a ↦→ a⊗ 1,

B ↪→ A⊗B, b ↦→ 1⊗ b.

Requiring these embeddings to be superbialgebra morphisms (and assuming A⊗B is endowed
with such a superalgebra structure) forces the following multiplication rules:

(a⊗ 1)(a′ ⊗ 1) = (aa′ ⊗ 1), (1⊗ b)(1⊗ b′) = (1⊗ bb′),
(a⊗ 1)(1⊗ b) = (a⊗ b). (A.1)

Analogously, for the comultiplication5

∆(a⊗ b) = ∆(a⊗ 1)∆(1⊗ b) =
∑︂
(a)(b)

(−1)|a2||b1|(a1 ⊗ 1)(1⊗ b1)⊗ (a2 ⊗ 1)(1⊗ b2)

=
∑︂
(a)(b)

(−1)|a2||b1|(a1 ⊗ b1)⊗ (a2 ⊗ b2),

and for the counit ϵ(a⊗ b) = ϵ(a⊗ 1)ϵ(1⊗ b) = ϵ(a)ϵ(b).

The only remaining nontrivial structure is the cross-multiplication (1⊗ b)(a⊗ 1). To define
this, we introduce morphisms (hence degree-preserving)

� : B ⊗A→ A, � : B ⊗A→ B,

and define the multiplication as follows:

(1⊗ b)(a⊗ 1) =
∑︂
(a)(b)

(−1)|b2||a1|(b1 � a1)⊗ (b2 � a2). (A.2)

Proposition A.1. Suppose that � defines a left B-module supercoalgebra structure on A, and �

defines a right A-module supercoalgebra structure on B. If these maps satisfy the following
compatibility conditions:

b� aa′ =
∑︂
(b)(a)

(−1)|b2||a1|(b1 � a1) · ((b2 � a2)� a′), b� 1 = ϵ(b),

bb′ � a =
∑︂

(b′)(a)

(−1)|b′2||a1|(b� (b′1 � a1)) · (b′2 � a2), 1� a = ϵ(a),

5Throughout this appendix, unless stated otherwise, we omit parentheses in the subscripts and write the
Sweedler notation as ∆(a) =

∑︁
(a) a1 ⊗ a2 instead of a(1)⊗a(2). Additionally, to maintain brevity during iterated

comultiplications, we suppress the summation symbols for subsequent components such as (ai) or (bi).
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(a)(b)

(−1)|b2||a1|(b1 � a1)⊗ (b2 � a2)

=
∑︂
(a)(b)

(−1)|b2||a1|(−1)(|a1|+|b1|)(|a2|+|b2|)(b2 � a2)⊗ (b1 � a1),

then the pair (A,B) is called a matched pair of superbialgebras. In this case, the preceding formu-
las (A.1)–(A.2) endow A⊗B with a well-defined superbialgebra structure, called the double cross
product of A and B and denoted by A ▷◁ B. Moreover, if A and B are Hopf superalgebras with
respective antipodes SA and SB, then A ▷◁ B is also a Hopf superalgebra with antipode SA ⊗ SB.

Proof. By the definition of module supercoalgebra structures and module actions, the following
identities hold:

∆(b� a) =
∑︂
(a)(b)

(−1)|b2||a1|(b1 � a1)⊗ (b2 � a2), ϵ(b� a) = ϵ(b)ϵ(a),

∆(b� a) =
∑︂
(a)(b)

(−1)|b2||a1|(b1 � a1)⊗ (b2 � a2), ϵ(b� a) = ϵ(b)ϵ(a),

as well as b� (b′ � a) = bb′ � a, 1� a = a, (b� a)� a′ = b� aa′, b� 1 = b. We now verify the
superbialgebra axioms. Since many of the required conditions hold trivially by construction, we
exhibit only the nontrivial cases.
• Associativity 1:

(1⊗ b){(1⊗ b′)(a⊗ 1)} = (1⊗ b)
∑︂

(b′)(a)

(−1)|b′2||a1|(b′1 � a1)⊗ (b′2 � a2)

=
∑︂

(b)(b′)(a)

(−1)|b′2||a1|(−1)|b
′
1,2||a1,1|(−1)|b2|(|b

′
1,1|+|a1,1|)

× {b1 � (b′1,1 � a1,1)} ⊗ {b2 � (b′1,2 � a1,2)}(b′2 � a2)

=
∑︂

(b)(b′)(a)

(−1)|b′3|(|a1|+|a2|)(−1)|b′2||a1|(−1)|b2|(|b′1|+|a1|)

× {b1 � (b′1 � a1)} ⊗ {b2 � (b′2 � a2)}(b′3 � a3)

=
∑︂

(b)(b′)(a)

(−1)|b′2||a1|(−1)|b2|(|b′1|+|a1|){b1b′1 � a1} ⊗ {b2b′2 � a2},

which coincides with

{(1⊗ b)(1⊗ b′)}(a⊗ 1) = (1⊗ bb′)(a⊗ 1)

=
∑︂

(b)(b′)(a)

(−1)|b2||b′1|(−1)(|b2|+|b′2|)|a1|(b1b′1 � a1)⊗ (b2b
′
2 � a2).

• Associativity 2:

{(1⊗ b)(a⊗ 1)}(a′ ⊗ 1) =
∑︂
(b)(a)

(−1)|b2||a1|{(b1 � a1)⊗ (b2 � a2)}(a′ ⊗ 1)

=
∑︂

(b)(a)(a′)

(−1)|b2||a1|(−1)|b2,2||a2,1|(−1)(|b2,2|+|a2,2|)|a′1|

· {(b1 � a1)((b2,1 � a2,1)� a′1)} ⊗ {(b2,2 � a2,2)� a′2}

=
∑︂

(b)(a)(a′)

(−1)(|b2|+|b3|)|a1|(−1)|b3||a2|(−1)(|b3|+|a3|)|a′1|
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· {(b1 � a1)((b2 � a2)� a′1)} ⊗ {(b3 � a3)� a′2}

=
∑︂

(b)(a)(a′)

(−1)|b2||a1|(−1)(|b2|+|a2|)|a′1|{b1 � a1a
′
1} ⊗ {b2 � a2a

′
2},

which coincides with

(1⊗ b){(a⊗ 1)(a′ ⊗ 1)} = (1⊗ b)(aa′ ⊗ 1)

=
∑︂

(b)(a)(a′)

(−1)|a2||a′1|(−1)|b2|(|a1|+|a′1|)(b1 � a1a
′
1)⊗ (b2 � a2a

′
2).

• Unit 1:

(1⊗ b)(1⊗ 1) =
∑︂
(b)

(b1 � 1)⊗ (b2 � 1) =
∑︂
(b)

ϵ(b1)⊗ b2 = 1⊗ b.

• Unit 2:

(1⊗ 1)(a⊗ 1) =
∑︂
(a)

(1� a1)⊗ (1� a2) =
∑︂
(a)

a1 ⊗ ϵ(a2) = a⊗ 1.

• Comultiplication and multiplication:

∆{(1⊗ b)(a⊗ 1)}

=
∑︂
(a)(b)

(−1)|b2||a1|∆{(b1 � a1)⊗ (b2 � a2)}

=
∑︂
(a)(b)

(−1)(|b3|+|b4|)(|a1|+|a2|)(−1)|b2||a1|(−1)|b4||a3|(−1)(|b2|+|a2|)(|b3|+|a3|)

× {(b1 � a1)⊗ (b3 � a3)} ⊗ {(b2 � a2)⊗ (b4 � a4)}

=
∑︂
(a)(b)

(−1)|b4||a1|(−1)(|b2|+|b3|)|a1|(−1)|b4|(|a2|+|a3|)(−1)|b3||a2|(−1)(|b2|+|a2|)(|b3|+|a3|)

× {(b1 � a1)⊗ (b3 � a3)} ⊗ {(b2 � a2)⊗ (b4 � a4)}

=
∑︂
(a)(b)

(−1)|b4||a1|(−1)(|b2|+|b3|)|a1|(−1)|b4|(|a2|+|a3|)(−1)|b3||a2|

× {(b1 � a1)⊗ (b2 � a2)} ⊗ {(b3 � a3)⊗ (b4 � a4)},

which coincides with

∆(1⊗ b)∆(a⊗ 1) =
∑︂
(a)(b)

(−1)|b2||a1|(1⊗ b1)(a1 ⊗ 1)⊗ (1⊗ b2)(a2 ⊗ 1)

=
∑︂
(a)(b)

(−1)(|b3|+|b4|)(|a1|+|a2|)(−1)|b2||a1|(−1)|b4||a3|

× {(b1 � a1)⊗ (b2 � a2)} ⊗ {(b3 � a3)⊗ (b4 � a4)}.

• Counit and multiplication: Since ϵ vanishes on odd-degree elements,

ϵ{(1⊗ b)(a⊗ 1)} =
∑︂
(a)(b)

(−1)|b2||a1|ϵ{(b1 � a1)⊗ (b2 � a2)}

=
∑︂
(a)(b)

(−1)|b2||a1|ϵ(b1 � a1)ϵ(b2 � a2)
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=
∑︂
(a)(b)

(−1)|b2||a1|ϵ(b1)ϵ(a1)ϵ(b2)ϵ(a2)

=
∑︂
(a)(b)

ϵ(b1)ϵ(a1)ϵ(b2)ϵ(a2) = ϵ(b)ϵ(a),

which coincides with ϵ(1⊗ b)ϵ(a⊗ 1) = ϵ(b)ϵ(a). ■

A.2 Convolution product

Let us briefly recall the convolution product that will be frequently used below. Let (A,µA, ηA)
be a superalgebra, (C,∆C , ϵC) be a supercoalgebra, and consider the space of morphisms
HomsVect(C,A). For any two morphisms ϕ, ψ : C → A, their convolution ϕ ⋆ ψ : C → A is
defined as the composition µA ◦ (ϕ ⊗ ψ) ◦∆C . This equips HomsVect(C,A) with a unital asso-
ciative (non-super) algebra structure, with the identity element ηA ◦ ϵC . A morphism is called
convolution invertible if it admits an inverse with respect to this product.

Remark A.2. We restrict the convolution product to the space of morphisms HomsVect(C,A),
i.e., degree-preserving linear maps. Alternatively, one could use the internal HomK(C,A) (cf.
Section 2.2) consisting of all linear maps, in which case the convolution algebra naturally becomes
a superalgebra. Unless stated otherwise, we shall work in the space of morphisms and thus
frequently omit the subscript sVect.

The following functoriality properties of the convolution product are straightforward.

Lemma A.3. Let A and A′ be superalgebras, and let C and C ′ be supercoalgebras.

(a) For any superalgebra morphism ϕ : A → A′, the postcomposition ϕ∗ : Hom(C,A) →
Hom(C,A′) is an algebra morphism (i.e., it preserves the convolution product).

(b) For any supercoalgebra morphism ϕ : C → C ′, the precomposition ϕ∗ : Hom(C ′, A) →
Hom(C,A) is an algebra morphism (i.e., it preserves the convolution product).

We also note the following general result.

Lemma A.4. Let A be a superalgebra, C be a supercoalgebra, and consider the space Hom(C,A)
endowed with the convolution product.

(a) If C has a superbialgebra structure and ϕ : C → A is a superalgebra morphism, then its
convolution inverse ϕ′ is a superalgebra morphism from C to Aop (or equivalently, from Cop

to A).

(b) If A has a superbialgebra structure and ϕ : C → A is a supercoalgebra morphism, then
its convolution inverse ϕ′ is a supercoalgebra morphism from Ccop to A (or equivalently,
from C to Acop).

Proof. (a) As the multiplication µC : C⊗C → C is a supercoalgebra morphism, Lemma A.3 (b)
implies that ϕ′ ◦ µC : C ⊗C → A is a convolution inverse of ϕ ◦ µC . Furthermore, one can check
that g := µA ◦ τAA ◦ (ϕ′ ⊗ ϕ′) is also a convolution inverse of f := ϕ ◦ µC = µA ◦ (ϕ⊗ ϕ) via the
following computation:

(f ⋆ g)(c⊗ c′) =
∑︂
(c)(c′)

(−1)|c2||c′1|f(c1 ⊗ c′1)g(c2 ⊗ c′2)

=
∑︂
(c)(c′)

(−1)|c2||c′|ϕ(c1)ϕ(c′1)ϕ′(c′2)ϕ′(c2)
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=
∑︂
(c)

ϵC(c
′)ϕ(c1)ϕ

′(c2) = ϵC(c)ϵC(c
′) = ϵC⊗C(c⊗ c′).

By the uniqueness of the convolution inverse, we get ϕ′ ◦ µC = µA ◦ τAA ◦ (ϕ′ ⊗ ϕ′), completing
the proof.

(b) The proof is completely analogous to that of part (a). ■

A.3 Coadjoint actions

Let A, B be superbialgebras over a field K, and consider a dual pairing between A and B, i.e.,
a bilinear map (·, ·) : A⊗B → K, satisfying

(1, b) = ϵ(b), (aa′, b) = (a⊗ a′,∆(b)), (a, 1) = ϵ(a), (a, bb′) = (∆(a), b⊗ b′),

subject to the usual sign convention (a⊗ a′, b⊗ b′) := (−1)|a′||b|(a, b)(a′, b′).

Remark A.5. Recall that the dual space of a supercoalgebra admits a canonical superalgebra
structure. Therefore, a bilinear map (·, ·) : A ⊗ B → K is a dual pairing iff the following are
superalgebra morphisms:

A→ B∗, a ↦→
(︁
b ↦→ (a, b)

)︁
, B → A∗, b ↦→

(︁
a ↦→ (−1)|a||b|(a, b)

)︁
. (A.3)

Alternatively, recall the restricted dual H◦ of a superbialgebra H, consisting of all linear func-
tionals f ∈ H∗ such that their pullback f ◦µH along the multiplication map µH : H⊗H → H lies
in the subspace H∗ ⊗H∗ ⊆ (H ⊗H)∗ (cf. [17, Section 1.2.8]). By construction, the restricted
dual of a superbialgebra is again a superbialgebra. Thus, a bilinear map is a dual pairing if
and only if the induced linear map A → B∗ takes values in B◦ and defines a superbialgebra
morphism A → B◦ (or, analogously, if the induced map B → A∗ defines a superbialgebra
morphism B → A◦). Since the morphism A→ B◦ canonically identifies with the morphisms

Aop →
(︁
B◦

)︁op
=

(︁
Bcop

)︁◦
, Acop →

(︁
B◦

)︁cop
=

(︁
Bop

)︁◦
,

Aop,cop →
(︁
B◦

)︁op,cop
=

(︁
Bop,cop

)︁◦
,

the initial pairing naturally induces dual pairings between the following superbialgebras:

Aop ⊗Bcop → K, Acop ⊗Bop → K, Aop,cop ⊗Bop,cop → K.

The underlying morphism of superspaces (hence the explicit formula for the pairing) is identical
in all cases.

Remark A.6. Since (·, ·) is a morphism between superspaces, it is degree-preserving by defini-
tion and thus (a, b) = 0 if |a|+ |b| ̸= 0̄.

Since A⊗B admits a canonical supercoalgebra structure, the space of superspace morphisms
from A ⊗ B to K can be endowed with the convolution product: the convolution ϕ ⋆ ψ of
morphisms ϕ and ψ is given by

(ϕ ⋆ ψ)(a⊗ b) :=
(︁
µK ◦ (ϕ⊗ ψ) ◦∆

)︁
(a⊗ b) =

∑︂
(a)(b)

(−1)|a2||b1|ϕ(a1 ⊗ b1)ψ(a2 ⊗ b2).

Moreover, the morphism a ⊗ b ↦→ ϵ(a)ϵ(b) is the identity element for the convolution product.
A dual pairing is called convolution invertible if it admits a convolution inverse. Notably, any
dual pairing (−,−) : A⊗B → K between Hopf superalgebras is convolution invertible, with its
inverse given by

a⊗ b ↦→ (S(a), b) = (a, S(b)). (A.4)
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Let (−,−) : A ⊗ B → K be a convolution invertible dual pairing between superbialgebras,
and let (−,−)′ denote its convolution inverse. By definition, the following identity holds:∑︂

(a)(b)

(−1)|a2||b1|(a1, b1)(a2, b2)′ = ϵ(a)ϵ(b) =
∑︂
(a)(b)

(−1)|a2||b1|(a1, b1)′(a2, b2). (A.5)

We also note the following.

Lemma A.7. Let σ : A ⊗ B → K be a convolution invertible dual pairing. Its convolution
inverse σ′ is a dual pairing between Aop and Bop (equivalently, a dual pairing between Acop

and Bcop by Remark A.5).

Proof. Consider the superalgebra structure on B∗, and let λ : Hom(A⊗B,K) ∼−→Hom
(︁
A,B∗

)︁
be the canonical isomorphism of vector spaces mapping ϕ to λ(ϕ) : a ↦→ (b ↦→ ϕ(a ⊗ b)). We
claim that λ intertwines the convolution products. Indeed, for any ϕ, ψ ∈ Hom(A ⊗ B,K), we
have

(λ(ϕ) ⋆ λ(ψ))(a)(b)

=
∑︂
(a)

(︁
λ(ϕ)(a1) · λ(ψ)(a2)

)︁
(b) =

∑︂
(a)(b)

(−1)|a2||b1|λ(ϕ)(a1)(b1) · λ(ψ)(a2)(b2)

=
∑︂
(a)(b)

(−1)|a2||b1|ϕ(a1 ⊗ b1) · ψ(a2 ⊗ b2) = (ϕ ⋆ ψ)(a⊗ b) = λ(ϕ ⋆ ψ)(a)(b).

Since σ is a dual pairing, λ(σ) : A → B∗ is a superalgebra morphism (see Remark A.5). By
Lemma A.4 (a), its convolution inverse λ(σ′) = λ(σ)′ is a superalgebra morphism from Aop

to B∗, which establishes the first condition of (A.3) for Aop and Bop.
A completely similar argument utilizing A∗ and the canonical isomorphism Hom(A⊗B,K) ∼−→

Hom
(︁
B,A∗

)︁
completes the proof. ■

A convolution invertible dual pairing canonically induces a double cross product algebra
structure via the following coadjoint actions.

Definition A.8. The right coadjoint action �Coad : B ⊗A→ B of A on B is defined by

b�Coad a =
∑︂
(a)(b)

(−1)|a|(−1)|b1||b2|+|b1||b3|(a1, b1)(a2, b3)′b2.

Analogously, the right coadjoint action �Coad : A⊗B → A of B on A is defined by

a�Coad b =
∑︂
(a)(b)

(−1)|a1||a2|+|a1||a3|(a1, b1)(a3, b2)′a2.

These actions are structurally motivated by duality with the left adjoint actions of Hopf
algebras A and B on themselves, given by

�Ad : A⊗A→ A, a�Ad a
′ =

∑︂
(a)

(−1)|a2||a′|a1a′S(a2),

�Ad : B ⊗B → B, b�Ad b
′ =

∑︂
(b)

(−1)|b2||b′|b1b′S(b2).

Proposition A.9. Let A and B be Hopf superalgebras. For any a, a′ ∈ A and b, b′ ∈ B, the
following holds:

(a′, b�Coad a) = (−1)|a|(|a′|+|b|)(a�Ad a
′, b) and (a�Coad b, b

′) = (a, b�Ad b
′).
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Proof. These identities follow from direct computation

(−1)|a|(|a′|+|b|)(a�Ad a
′, b) =

∑︂
(a)

(−1)|a|(|a′|+|b|)(−1)|a2||a′|(a1a′S(a2), b)

=
∑︂
(a)(b)

(−1)|a|(|a′|+|b|)(−1)|a2||a′|(a1 ⊗ a′ ⊗ S(a2), b1 ⊗ b2 ⊗ b3)

=
∑︂
(a)(b)

(−1)|a|(|a′|+|b|)(−1)|a2||a′|(−1)|b1||b2|+|b1||b3|+|b2||b3|

× (a1, b1)(a
′, b2)(S(a2), b3)

=
∑︂
(a)(b)

(−1)|a|(−1)|b1||b2|+|b1||b3|(a1, b1)(a′, b2)(S(a2), b3),

and

(a, b�Ad b
′) =

∑︂
(b)

(−1)|b2||b′|(a, b1b′S(b2)) =
∑︂
(a)(b)

(−1)|b2||b′|(a1 ⊗ a2 ⊗ a3, b1 ⊗ b′ ⊗ S(b2))

=
∑︂
(a)(b)

(−1)|b2||b′|(−1)|a1||a2|+|a1||a3|+|a2||a3|(a1, b1)(a2, b′)(a3, S(b2))

=
∑︂
(a)(b)

(−1)|a1||a2|+|a1||a3|(a1, b1)(a2, b′)(a3, S(b2)). ■

Remark A.10. The right coadjoint action �Coad : A⊗B → A of B on A induces a left coadjoint
action �Coad : B

op ⊗A→ A of Bop on A via

b�Coad a = (−1)|a||b|a�Coad b =
∑︂
(a)(b)

(−1)|a||b|(−1)|a1||a2|+|a1||a3|(a1, b1)(a3, b2)′a2.

Since the supercoalgebra structures of B and Bop are the same, we note that �Coad : B⊗A→
B can be thought of as a right coadjoint action of A on Bop as well. The following proposition
ensures that the coadjoint actions are compatible in the sense of a double cross product.

Proposition A.11. The morphisms �Coad : B
op ⊗ A → Bop and �Coad : B

op ⊗ A → A satisfy
the conditions in Proposition A.1.

Proof. We first verify that �Coad defines a left Bop-module structure on A

b�Coad (b
′ �Coad a)

= b�Coad

∑︂
(a)(b′)

(−1)|a||b′|(−1)|a1|(|a2|+|a3|)(a1, b′1)(a3, b′2)′a2

=
∑︂

(a)(b)(b′)

(−1)|a||b′|(−1)|a1|(|a2|+|a3|+|a4|+|a5|)(−1)(|a2|+|a3|+|a4|)|b|(−1)|a2|(|a3|+|a4|)

× (a1, b
′
1)(a5, b

′
2)
′(a2, b1)(a4, b2)

′a3

=
∑︂

(a)(b)(b′)

(−1)|a||b′2|(−1)|b′1|+|b|(−1)|b2|(|a3|+|b1|) · (−1)|b1||b′1|+|b2||b′2|

× (a1 ⊗ a2, b′1 ⊗ b1)(a4 ⊗ a5, b2 ⊗ b′2)′a3
=

∑︂
(a)(b)(b′)

(−1)|a||b′2|(−1)|b′1|+|b|(−1)|b2|(|a2|+|b1|) · (−1)|b1||b′| · (a1, (b′b)1)(a3, (b′b)2)′a2

= (−1)|b||b′| ·
∑︂

(a)(b)(b′)

(−1)|a|(|b|+|b′|)(−1)|a1|(|a2|+|a3|)(a1, (b′b)1)(a3, (b′b)2)′a2
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= (−1)|b||b′|(b′b)�Coad a,

as well as

1�Coad a =
∑︂
(a)

(−1)|a1|(|a2|+|a3|)(a1, 1)(a3, 1)′a2 =
∑︂
(a)

ϵ(a1)ϵ(a3)a2 = a.

Furthermore, this action is compatible with the supercoalgebra structure of A∑︂
(a)(b)

(−1)|b2||a1|(b1 �Coad a1)⊗ (b2 �Coad a2)

=
∑︂
(a)(b)

(−1)|b2||a1|(−1)|a1||b1|(−1)|a1,1|(|a1,2|+|a1,3|)(−1)|a2||b2|(−1)|a2,1|(|a2,2|+|a2,3|)

× (a1,1, b1,1)(a1,3, b1,2)
′(a2,1, b2,1)(a2,3, b2,2)

′a1,2 ⊗ a2,2
=

∑︂
(a)(b)

(−1)|a||b|(−1)|a2,1||a1,3|(−1)|a1,1|(|a1,2|+|a1,3|+|a2,1|)

× (−1)(|a1,1|+|a1,3|+|a2,1|)(|a2,2|+|a2,3|)

× (a1,1, b1,1)(a1,3, b1,2)
′(a2,1, b2,1)(a2,3, b2,2)

′a1,2 ⊗ a2,2
(A.5)
=

∑︂
(a)(b)

(−1)|a||b|(−1)|a1||a2|(−1)|a1|(|a4|+|a5|) · ϵ(a3)ϵ(b2)(a1, b1)(a5, b3)′a2 ⊗ a4

=
∑︂
(a)(b)

(−1)|a||b|(−1)|a1|(|a2|+|a3|+|a4|) · (a1, b1)(a4, b2)′a2 ⊗ a3 = ∆(b�Coad a),

as well as

ϵ(b�Coad a) =
∑︂
(a)(b)

(−1)|a||b|(−1)|a1|(|a2|+|a3|)(a1, b1)(a3, b2)′ϵ(a2)

=
∑︂
(a)(b)

(−1)|a||b|(−1)|a1||a2|(a1, b1)(a2, b2)′
(A.5)
= ϵ(a)ϵ(b).

Analogous computations confirm that �Coad defines a right A-module supercoalgebra struc-
ture on Bop. Since the verification of the remaining compatibility conditions from Proposi-
tion A.1 is purely computational, we explicitly exhibit only the relation governing the left action
on a product∑︂

(a)(b)

(−1)|a1||b2|(b1 �Coad a1) · ((b2 �Coad a2)�Coad a
′)

=
∑︂
(a)(b)

(−1)|a1||b2|(−1)|a1||b1|(−1)|a1,1|(|a1,2|+|a1,3|)(−1)|a2|(−1)|b2,1|(|b2,2|+|b2,3|)

× (a1,1, b1,1)(a1,3, b1,2)
′(a2,1, b2,1)(a2,2, b2,3)

′a1,2 · (b2,2 �Coad a
′)

=
∑︂

(a)(a′)(b)

(−1)(|a|−|a2,2|)|b|(−1)|a1,1|(|a1,2|+|a1,3|+|a2,1|)(−1)|a2,2|(−1)|a1,3||a2,1|

× (−1)|a′|(|b2,2|+|b2,3|)+|a′1|(|a′2|+|a′3|)

× (a1,1, b1,1)(a1,3, b1,2)
′(a2,1, b2,1)(a2,2, b2,4)

′(a′1, b2,2)(a
′
3, b2,3)

′a1,2a
′
2

(A.5)
=

∑︂
(a)(a′)(b)

(−1)(|a|−|a4|)|b|(−1)|a1|(|a2|+|a3|)(−1)|a4|(−1)|a′|(|b3|+|b4|)+|a′1|(|a′2|+|a′3|)

× ϵ(a3)ϵ(b2)(a1, b1)(a4, b5)′(a′1, b3)(a′3, b4)′a2a′2
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=
∑︂

(a)(a′)(b)

(−1)(|a|+|a′|)|b|(−1)|a3||a′3|(−1)(|a1|+|a′1|)(|a2|+|a′2|+|a3|+|a′3|)

× (−1)|a2||a′1|+|a3||a′1|+|a3||a′2|(a1 ⊗ a′1, b1 ⊗ b2)(a′3 ⊗ a3, b3 ⊗ b4)′a2a′2
=

∑︂
(a)(a′)(b)

(−1)(|a|+|a′|)|b|(−1)(|a1|+|a′1|)(|a2|+|a′2|+|a3|+|a′3|)(−1)|a2||a′1|+|a3||a′1|+|a3||a′2|

× (a1a
′
1, b1)(a3a

′
3, b2)

′a2a
′
2

= b�Coad (aa
′). ■

Combining the above result with Proposition A.1, one obtains the double cross product
A ▷◁ Bop.

Proposition A.12. The double cross product A ▷◁ Bop corresponding to the convolution invert-
ible dual pairing has the cross-multiplication formula

(1⊗ b)(a⊗ 1) =
∑︂
(a)(b)

(−1)(|a|−|a3|)(|b|−|b1|)(−1)|b1|(−1)|a3|(a1, b1)(a3, b3)′a2 ⊗ b2. (A.6)

Proof. Direct computation yields the following:

(1⊗ b)(a⊗ 1)

=
∑︂
(a)(b)

(−1)|b2||a1|(b1 � a1)⊗ (b2 � a2)

=
∑︂
(a)(b)

(−1)|b2||a1|
{︁
(−1)|a1||b1|(−1)|a1,1||a1,2|+|a1,1||a1,3|(a1,1, b1,1)(a1,3, b1,2)′a1,2

}︁
⊗
{︁
(−1)|a2|(−1)|b2,1||b2,2|+|b2,1||b2,3|(a2,1, b2,1)(a2,2, b2,3)′b2,2

}︁
.

Expanding and re-indexing the terms, we have

(1⊗ b)(a⊗ 1)

=
∑︂
(a)(b)

(−1)(|b3|+|b4|+|b5|)(|a1|+|a2|+|a3|)(−1)(|a1|+|a2|+|a3|)(|b1|+|b2|)(−1)|a1||a2|+|a1||a3|

· (−1)|a4|+|a5|(−1)|b3||b4|+|b3||b5|(a1, b1)(a3, b2)′(a4, b3)(a5, b5)′a2 ⊗ b4
(♯)
=

∑︂
(a)(b)

(−1)(|a|−|a5|)(|b|−|b1|)(−1)|b1|(−1)|a5|(−1)|b2||a4|(a1, b1)(a3, b2)′(a4, b3)(a5, b5)′a2 ⊗ b4

(A.5)
=

∑︂
(a)(b)

(−1)(|a|−|a4|)(|b|−|b1|)(−1)|b1|(−1)|a4|(a1, b1)ϵ(a3)ϵ(b2)(a4, b4)′a2 ⊗ b3

=
∑︂
(a)(b)

(−1)(|a|−|a3|)(|b|−|b1|)(−1)|b1|(−1)|a3|(a1, b1)(a3, b3)′a2 ⊗ b2,

where the sign identity (♯) follows from

(−1)(|a1|+|a2|+|a3|)(|b1|+|b2|+|b3|+|b4|+|b5|)(−1)|a1|(|a2|+|a3|)(−1)|a4|+|a5|

×(−1)|b3|(|b4|+|b5|)(−1)|b2||a4|

= (−1)(|a1|+|a2|+|a3|)|b|(−1)|a1|(|a2|+|a3|)(−1)|a4|+|a5|(−1)|b3|(|b4|+|b5|)(−1)|b2||a4|

= (−1)(|a1|+|a2|+|a3|)(|b|−|b1|)(−1)|a1||b1|(−1)|a4|+|a5|(−1)|b3|(|b4|+|b5|)(−1)|b2||a4|

= (−1)(|a1|+|a2|+|a3|)(|b|−|b1|)(−1)|b1|(−1)|a5|(−1)|b3|(|b|−|b1|)

= (−1)(|a|−|a5|)(|b|−|b1|)(−1)|b1|(−1)|a5|. ■
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The next result provides an equivalent definition of A ▷◁ Bop without using the convolution
inverse.

Proposition A.13. The cross-multiplication admits the alternative form∑︂
(a)(b)

(−1)|b2||a|(1⊗ b1)(a1 ⊗ 1)(a2, b2) =
∑︂
(a)(b)

(−1)|b2||a|(−1)|a1||b1|(a1, b1)a2 ⊗ b2. (A.7)

Proof. Substituting (A.6) into the left-hand side, we obtain∑︂
(a)(b)

(−1)|b2||a|(1⊗ b1)(a1 ⊗ 1)(a2, b2)

=
∑︂
(a)(b)

(−1)|b4||a|(−1)(|b2|+|b3|)(|a1|+|a2|)(−1)|b1|+|a3|(a1, b1)(a3, b3)′a2 ⊗ b2(a4, b4)

=
∑︂
(a)(b)

(−1)(|a3|+|a4|)|a|(−1)|b2|(|a1|+|a2|)(−1)|b1|(−1)|a3||a4|(a1, b1)(a3, b3)′(a4, b4)a2 ⊗ b2

=
∑︂
(a)(b)

(−1)|a3||a|(−1)|b2|(|a1|+|a2|)(−1)|b1|(a1, b1)ϵ(a3)ϵ(b3)a2 ⊗ b2

=
∑︂
(a)(b)

(−1)|b2||a|(−1)|b1|(a1, b1)a2 ⊗ b2 =
∑︂
(a)(b)

(−1)|b2||a|(−1)|a1||b1|(a1, b1)a2 ⊗ b2.

Conversely, (A.6) is recovered from (A.7) as follows:∑︂
(a)(b)

(−1)(|a|−|a3|)(|b|−|b1|)(−1)|b1|(−1)|a3|(a1, b1)(a3, b3)′a2 ⊗ b2

=
∑︂
(a)(b)

(−1)(|a1|+|a2|)|b2|(−1)|a1||b1|(−1)|a||b3|(a1, b1)(a3, b3)′a2 ⊗ b2

(A.7)
=

∑︂
(a)(b)

(−1)(|a1|+|a2|)|b2|(−1)|a||b3|(a2, b2)(a3, b3)′(1⊗ b1)(a1 ⊗ 1)

=
∑︂
(a)(b)

(−1)|a|(|b2|+|b3|)(−1)|b2||a3|(a2, b2)(a3, b3)′(1⊗ b1)(a1 ⊗ 1)

=
∑︂
(a)(b)

(−1)|a||b2|ϵ(a2)ϵ(b2)(1⊗ b1)(a1 ⊗ 1) = (1⊗ b)(a⊗ 1). ■

A.4 Generalized doubles

In contrast to the dual pairing used in the previous subsection, we now consider a skew-pairing
between A and B, defined as a bilinear map (·, ·) : A⊗B → K satisfying

(1, b) = ϵ(b), (aa′, b) = (a⊗ a′,∆(b)),

(a, 1) = ϵ(a), (a, bb′) =
(︁
∆op(a), b⊗ b′

)︁
, (A.8)

subject to the standard super-sign convention (a⊗ a′, b⊗ b′) := (−1)|a′||b|(a, b)(a′, b′).

Remark A.14. The skew-pairing property implies the following:

(a, bb′) =
(︁
∆op(a), b⊗ b′

)︁
=

∑︂
(a)

(−1)|a1||a2|(a2 ⊗ a1, b⊗ b′)

=
∑︂
(a)

(a2, b)(a1, b
′) = (−1)|b′||b|(∆(a), b′ ⊗ b),

which yields (a, b′ ∗op b) = (∆(a), b′ ⊗ b), where ∗op denotes the opposite multiplication of B.
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The remark above shows that a skew-pairing is equivalent to a dual pairing between A
and Bop. Accordingly, we call a skew-pairing convolution invertible if the corresponding dual
pairing A ⊗ Bop → K is convolution invertible. Consequently, for any convolution invertible
skew-pairing, the construction in Appendix A.3 yields a double cross product A ▷◁ B, which we
denote by D(A,B) and call the generalized double of A and B. Moreover, if the skew-pairing is
non-degenerate, D(A,B) is referred to as the Drinfeld double. Since the underlying coalgebra
structures of B and Bop are identical, the cross-multiplication formulas (A.6) and (A.7) remain
unchanged.

Remark A.15. Since a skew-pairing between A and B and the corresponding dual pairing
between A and Bop coincide as morphisms of the underlying superspaces, we use the exact same
symbol, e.g., (·, ·) or σ(·, ·), to denote both a skew-pairing and its corresponding dual pairing.

The following is clear from the construction.

Proposition A.16. The generalized double D(A,B) is isomorphic to the quotient of the free
product A∗B of the algebras A and B by the relations (A.6) (or equivalently (A.7)). Specifically,
for each pair of homogeneous elements a ∈ A and b ∈ B, define

ua,b :=
∑︂
(a)(b)

(−1)|b2||a| ·
{︁
(−1)|a1||b1|(a1, b1) · a2b2 − (a2, b2) · b1a1

}︁
,

and let I be the two-sided ideal of A∗B generated by these elements. Then D(A,B) ≃ (A∗B)/I.

The multiplicative properties of these elements are described in the next result.

Proposition A.17. For any a, a′ ∈ A and b, b′ ∈ B, the following equalities hold

uaa′,b =
∑︂
(a)(b)

(−1)|b2||a|(−1)|a1|(a1, b1) · a2ua′,b2 +
∑︂

(a′)(b)

(−1)|b2|(|a|+|a′|)(a′2, b2) · ua,b1a′1,

ua,bb′ =
∑︂

(a)(b′)

(−1)|b′2||a|(−1)|b′1|(a1, b′1) · ua2,bb′2 +
∑︂
(a)(b)

(−1)|b2|(|a|+|b′|)(a2, b2) · b1ua1,b′ .

Proof. For any a, a′ ∈ A and b ∈ B, direct expansion of the first term of uaa′,b yields∑︂
(a)(a′)(b)

(−1)|b2|(|a|+|a′|)(−1)(|a1|+|a′1|)|b1|(−1)|a2||a′1|(a1a′1, b1) · a2a′2b2

=
∑︂

(a)(a′)(b)

(−1)|b3|(|a|+|a′|)(−1)|a1|+|a′1|(−1)|a||a′1|(a1, b1)(a′1, b2) · a2a′2b3

=
∑︂

(a)(a′)(b)

(−1)(|b2|+|b3|)|a|(−1)|a1|(a1, b1)a2 ·
{︁
(−1)|b3||a′|(−1)|a′1||b2|(a′1, b2)a′2b3

}︁
=

∑︂
(a)(b)

(−1)|b2||a|(−1)|a1|(a1, b1) · a2ua′,b2

+
∑︂

(a)(a′)(b)

(−1)(|b2|+|b3|)|a|(−1)|a1|(a1, b1)a2
{︁
(−1)|b3||a′|(a′2, b3)b2a′1

}︁
.

Similarly, for the second term, we have∑︂
(a)(a′)(b)

(−1)|b2|(|a|+|a′|)(−1)|a2||a′1|(a2a′2, b2) · b1a1a′1

=
∑︂

(a)(a′)(b)

(−1)(|b2|+|b3|)(|a|+|a′|)(−1)|a2||a′|(a2, b2)(a′2, b3) · b1a1a′1
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=
∑︂

(a)(a′)(b)

(−1)|b3|(|a|+|a′|)
{︁
(−1)|b2||a|(a2, b2)b1a1

}︁
· (a′2, b3)a′1

= −
∑︂

(a′)(b)

(−1)|b2|(|a|+|a′|)(a′2, b2) · ua,b1a′1

+
∑︂

(a)(a′)(b)

(−1)|b3|(|a|+|a′|)
{︁
(−1)|b2||a|(−1)|a1||b1|(a1, b1)a2b2

}︁
· (a′2, b3)a′1.

Subtracting these expressions recovers the identity for uaa′,b. The other identity follows from an
analogous computation∑︂

(a)(b)(b′)

(−1)(|b2|+|b′2|)|a|(−1)|a1|(|b1|+|b′1|)(−1)|b2||b′1|(a1, b1b′1) · a2b2b′2

=
∑︂

(a)(b)(b′)

(−1)(|b2|+|b′2|)|a|(−1)|b1|+|b′1|(−1)|b2||b′1|(a1, b′1)(a2, b1) · a3b2b′2

=
∑︂

(a)(b)(b′)

(−1)|b′2||a|(−1)|b′1|
{︁
(−1)|b2|(|a2|+|a3|)(−1)|a2||b1|(a2, b1)a3b2

}︁
· (a1, b′1)b′2

=
∑︂

(a)(b′)

(−1)|b′2||a|(−1)|b′1|(a1, b′1) · ua2,bb′2

+
∑︂

(a)(b)(b′)

(−1)|b′2||a|(−1)|b′1|
{︁
(−1)|b2|(|a2|+|a3|)(a3, b2)b1a2

}︁
· (a1, b′1)b′2,

and ∑︂
(a)(b)(b′)

(−1)(|b2|+|b′2|)|a|(−1)|b2||b′1|(a2, b2b′2) · b1b′1a1

=
∑︂

(a)(b)(b′)

(−1)(|b2|+|b′2|)|a|(−1)|b2||b′1|(a2, b′2)(a3, b2) · b1b′1a1

=
∑︂

(a)(b)(b′)

(−1)|b2|(|a|+|b′|)(a3, b2)b1 ·
{︁
(−1)|b′2|(|a1|+|a2|)(a2, b′2)b′1a1

}︁
= −

∑︂
(a)(b)

(−1)|b2|(|a|+|b′|)(a2, b2) · b1ua1,b′

+
∑︂

(a)(b)(b′)

(−1)|b2|(|a|+|b′|)(a3, b2)b1
{︁
(−1)|b′2|(|a1|+|a2|)(−1)|a1||b′1|(a1, b′1)a2b′2

}︁
. ■

Remark A.18. The result above implies that if A and B are generated by subsets X and Y
having well-behaved comultiplications, then the ideal I is generated by ux,y restricted to the
generators x ∈ X and y ∈ Y , rather than all ua,b. In all cases of interest to us, specifically Uq(g)
and U(R), this reduction holds, thus allowing us to define their doubles by imposing the cross-
multiplication (A.6) solely on the algebra generators.

A.5 The opposite double construction

Consider the generalized double D(A,B) of superbialgebras A and B associated with a convo-
lution invertible skew-pairing. It is often useful to formulate the double in the opposite order,
namely as a generalized double D(B,A) with respect to an appropriately induced skew-pairing.
We shall now detail this canonical construction.

Let σ : A ⊗ B → K be a convolution invertible skew-pairing, viewed as a dual pairing be-
tween A and Bop. Lemma A.7 implies that its convolution inverse σ′ is a dual pairing be-
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tween Aop and B, hence, the composition

˜︁σ := σ′ ◦ τ : B ⊗Aop → K (A.9)

defines a dual pairing between B and Aop and thus a skew-pairing between B and A. We
shall refer to ˜︁σ as the transposed inverse of σ. This induced pairing allows us to construct the
double D(B,A). We also note that ˜︁σ′ = σ ◦ τ by Lemma A.3 (b). To prevent any ambiguity, we
shall explicitly specify the chosen pairing in our notation for the double, denoting the resulting
algebras by D(A,B, σ) and D(B,A, ˜︁σ).
Proposition A.19. There exists an isomorphism of superbialgebras D(B,A, ˜︁σ) ∼−→D(A,B, σ)
which is the identity on both subbialgebras A and B.

Proof. Since both doubles are quotients of the isomorphic free products A∗B ≃ B∗A, it suffices
to show that their respective cross-multiplication relations (A.6) generate the exact same two-
sided ideal. For simplicity, we identify the superbialgebras A and B with their respective images
inside the doubles, thereby omitting the tensor product symbols.

For any a, b ∈ D(A,B, σ), a direct computation yields (cf. Remark A.6)∑︂
(a)(b)

(−1)(|b|−|b3|)(|a|−|a1|)(−1)|a1|(−1)|b3| · ˜︁σ(b1, a1)˜︁σ′(b3, a3)b2a2
=

∑︂
(a)(b)

(−1)(|b|−|b5|)(|a|−|a1|)(−1)|a1|(−1)|b5|(−1)(|a2|+|a3|)(|b3|+|b4|)(−1)|b2|(−1)|a4|

× ˜︁σ(b1, a1)˜︁σ′(b5, a5)σ(a2, b2)σ′(a4, b4)a3b3
=

∑︂
(a)(b)

(−1)(|b|−|b5|)(|a|−|a1|)(−1)(|a2|+|a3|)(|b3|+|b4|)(−1)|b2|+|a4|

× σ′(a1, b1)σ(a5, b5)σ(a2, b2)σ′(a4, b4)a3b3
(†)
=

∑︂
(a)(b)

(−1)(|b|−|b4|−|b5|)(|a|−|a1|−|a2|)(−1)|a2||b1|+|a3||b3|+|b4||a5|

× σ′(a1, b1)σ(a2, b2)σ′(a4, b4)σ(a5, b5)a3b3
=

∑︂
(a)(b)

(−1)(|b|−|b3|)(|a|−|a1|)(−1)|a2||b2| · ϵ(a1)ϵ(b1)ϵ(a3)ϵ(b3)a2b2 = ab,

where the sign identity (†) follows from Remark A.6

(−1)(|b|−|b5|)(|a|−|a1|)(−1)(|a2|+|a3|)(|b3|+|b4|)(−1)|b2|(−1)|a4| · σ(a2, b2)σ′(a4, b4)
= (−1)(|b|−|b5|)(|a|−|a1|−|a2|)(−1)|a2||b1|(−1)|a3|(|b3|+|b4|)(−1)|a4| · σ(a2, b2)σ′(a4, b4)
= (−1)(|b|−|b4|−|b5|)(|a|−|a1|−|a2|)(−1)|a2||b1|(−1)|a3||b3|(−1)|b4||a5| · σ(a2, b2)σ′(a4, b4).

This computation demonstrates that the cross-multiplication relation defining D(B,A, ˜︁σ) is
satisfied within D(A,B, σ). By a completely analogous calculation, the cross-multiplication
relation defining D(A,B, σ) is satisfied within D(B,A, ˜︁σ), establishing the algebra isomorphism.
Finally, because the coproducts on both doubles are determined by the exact same formulas on
the elements of A and B, their supercoalgebra structures automatically coincide. ■

A.6 Canonical element

Suppose the skew-pairing (·, ·) : A⊗B → K is non-degenerate and that both A and B are finite-
dimensional. The non-degeneracy implies that A and B must have the same dimension, and we
may choose bases {a1, . . . , aN} and {b1, . . . , bN} of A and B, respectively, dual to each other
with respect to the skew-pairing: (ai, bj) = δij .
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Definition A.20. The canonical element of D(A,B) is defined as

R =
∑︂

1≤i≤N
bi ⊗ ai ∈ D(A,B)⊗D(A,B). (A.10)

This construction is independent of the choice of dual bases and clearly satisfies |R| = 0̄.

The basic properties of this R are summarized in the following result.

Proposition A.21. The canonical element R satisfies the following properties:

(∆⊗ Id)R = R(13)R(23), (Id⊗∆)R = R(13)R(12),

(ϵ⊗ Id)R = 1 = (Id⊗ϵ)R, R(12)R(13)R(23) = R(23)R(13)R(12),

∆op(u)R = R∆(u) for all u ∈ D(A,B),

where the notation of Section 3.2 is used.

Proof. We first note that for any a ∈ A and b ∈ B, the following identities hold:

a =
∑︂

1≤i≤N
(a, bi)ai, b =

∑︂
1≤i≤N

(ai, b)bi. (A.11)

We begin by proving ∆(2)R = (Id⊗∆)R = R(13)R(12). Since the skew-pairing is non-degenerate,
it suffices to show that the equality holds after applying (ak,−) ⊗ Id⊗ Id to both sides for
all 1 ≤ k ≤ N∑︂

1≤i≤N
(ak, bi) ·∆(ai) =

∑︂
1≤i,j≤N

(ak, bibj) · aj ⊗ ai. (A.12)

The left-hand side of (A.12) is simply ∆(ak), while the right-hand side becomes∑︂
1≤i,j≤N

(ak, bibj) · aj ⊗ ai =
∑︂

1≤i,j≤N

∑︂
(ak)

(︁
(ak)1, bj

)︁(︁
(ak)2, bi

)︁
· aj ⊗ ai

(A.11)
=

∑︂
(ak)

(ak)1 ⊗ (ak)2 = ∆(ak),

thus establishing (A.12). Analogous computations prove ∆(1)R = (∆⊗ Id)R = R(13)R(23).
The identity (ϵ⊗ Id)R = 1 can be verified by the following direct computation

(ϵ⊗ Id)R =
∑︂

1≤i≤N
ϵ(bi)ai =

∑︂
1≤i≤N

(1, bi)ai
(A.11)
= 1,

and analogously for (Id⊗ϵ)R = 1.
We now prove ∆op(u)R = R∆(u) for all u ∈ D(A,B). As {ai, bi}Ni=1 generate D(A,B), it is

sufficient to check the identity for u = ak and u = bk. Setting u = bk and applying (al,−)⊗ Id
to both sides yields(︁

(al,−)⊗ Id
)︁(︁
∆op(bk)R

)︁
=

∑︂
1≤i≤N

∑︂
(bk)

(−1)|(bk)1||(bk)2|(−1)|(bk)1||bi|
(︁
al, (bk)2bi

)︁
· (bk)1ai

=
∑︂

1≤i≤N

∑︂
(al)(bk)

(−1)|(bk)1||al|
(︁
(al)1, bi

)︁(︁
(al)2, (bk)2

)︁
· (bk)1ai

(A.11)
= (−1)|bk||al|

∑︂
(al)(bk)

(−1)|(bk)2||al|
(︁
(al)2, (bk)2

)︁
· (bk)1(al)1
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and (︁
(al,−)⊗ Id

)︁
(R∆(bk)) =

∑︂
1≤i≤N

∑︂
(bk)

(−1)|(bk)1||bi|
(︁
al, bi(bk)1

)︁
· ai(bk)2

=
∑︂

1≤i≤N

∑︂
(al)(bk)

(−1)|(bk)1||(al)2|
(︁
(al)1, (bk)1

)︁(︁
(al)2, bi

)︁
· ai(bk)2

(A.11)
= (−1)|bk||al|

∑︂
(al)(bk)

(−1)|(bk)2||al|(−1)|(bk)1||(al)1|

×
(︁
(al)1, (bk)1

)︁
· (al)2(bk)2,

which coincide by (A.7). The verification for u = ak is analogous, concluding the proof of
∆op(u)R = R∆(u). Lastly, the Yang–Baxter equation R(12)R(13)R(23) = R(23)R(13)R(12) fol-
lows directly from above identities

R(12)R(13)R(23) = R(12)∆(1)(R) = ∆op
(1)(R)R(12)

= (τ(12)∆(1))(R)R(12) = τ(12)(R(13)R(23))R(12) = R(23)R(13)R(12). ■

Furthermore, the existence of antipodes yields explicit formulas for the inverse of the canonical
element.

Proposition A.22. If A is a Hopf superalgebra with an invertible antipode S (thus Aop and
Acop are also Hopf superalgebras with antipode S−1), then the canonical element R is invertible,
with its inverse given by

R−1 =
∑︂

1≤i≤N
bi ⊗ S−1(ai).

Likewise, if B is a Hopf superalgebra with antipode S, then R is invertible, with its inverse
given by

R−1 =
∑︂

1≤i≤N
S(bi)⊗ ai.

Proof. Assume that A is a Hopf superalgebra with an invertible antipode. For any 1 ≤ k ≤ N ,
we have

((ak,−)⊗ Id)
(︂
R

∑︂
1≤j≤N

bj ⊗ S−1(aj)
)︂

=
∑︂

1≤i,j≤N
(−1)|ai||aj |(ak, bibj) · aiS−1(aj)

=
∑︂

1≤i,j≤N

∑︂
(ak)

(−1)|(ak)1||(ak)2|((ak)1, bj)((ak)2, bi) · aiS−1(aj)

(A.11)
=

∑︂
(ak)

(−1)|(ak)1||(ak)2| · (ak)2S−1((ak)1) = ϵ(ak),

which implies that R
(︁∑︁N

j=1 bj ⊗ S−1(aj)
)︁
= 1. The verification of

(︁∑︁N
j=1 bj ⊗ S−1(aj)

)︁
R = 1

and the analogous statements for B proceed similarly, completing the proof. ■

Assume the hypotheses of Proposition A.22 hold. For notational convenience, let us denote
the skew-pairing by σ : A⊗B → K while using ˜︁σ : B⊗A→ K for its transposed inverse. Invok-
ing D(B,A, ˜︁σ) ≃ D(A,B, σ) from Proposition A.19, let us now relate their canonical elements.
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Corollary A.23. Under the assumptions of Proposition A.22, the canonical element of super-
bialgebra D(B,A, ˜︁σ) with respect to ˜︁σ is R−1(21).

Proof. First, consider the case when A is a Hopf superalgebra with an invertible antipode S.
The evaluation

˜︁σ(︁bj , S−1(ai))︁ (A.4), (A.9)
= (−1)|ai||bj |σ(ai, bj) = (−1)|ai||bj |δij

implies that {bj}Nj=1 and
{︁
(−1)|ai||bi|S−1(ai)

}︁N

i=1
form dual bases with respect to ˜︁σ. The result

then follows from Proposition A.22.

The case where B is a Hopf superalgebra is analogous. ■

Remark A.24. The results of this subsection naturally generalize to any infinite-dimensional
setting where the summation (A.10) is well-defined, such as the ℏ-adic quantum supergroups
(cf. Remark 3.3).
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