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1 Introduction

1.1 Summary

For simple Lie algebras g of classical type, the quantum groups U, 5LL (g) first implicitly appeared
in the work of Faddeev’s school on the quantum inverse scattering method, see, e.g., [8]. In this
RLL-realization, the algebra generators are encoded by two square matrices LT subject to the
famous RLL-relations

+ 7+ +r+ — —
RLTLy = Ly LT R, RL{“L2 =L, LTR
(along with central reduction), where R is a solution of the Yang—Baxter equation
R12R13R93 = RosRy3Rao.

This is a natural analogue of the matrix realization of classical Lie algebras, and it manifestly
exhibits the Hopf algebra structure, with the coproduct A, antipode S, and counit € given by

AL =L o L*  S(IF) =L, =1L

The uniform definition of quantum groups UqDJ (g) for simple g was provided by Drinfeld [7] and
Jimbo [13], and is usually referred to as the Drinfeld—Jimbo realization. In this presentation,
the generators e;, fi, k:z-il = ¢*Pi are labeled by simple roots a; of g, while the Hopf algebra
structure is given formally by the assignment on the generators. In A-type, the corresponding

isomorphism
Uttt (o) = Uy (al), (1.1)

and subsequently its sl,-version (as well as their affine counterparts), were constructed in [6] by
considering the Gauss decomposition of L*. The generalization of this result for other simple
Lie algebras of classical type goes back to [10] and more recently to [14, 15].

The theory of quantum supergroups associated with Lie superalgebras is still far from a full
development. One of the major deficiencies lies in the absence of the uniform (new) Drinfeld
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realization of such algebras in affine types (except for types A and D(2,1,z)), which is crucial
for the study of their representation theory and further applications to mathematical physics.
A novel feature of Lie superalgebras is that they admit several non-isomorphic Dynkin diagrams,
which can be labeled by so-called parity sequences. The isomorphism of the Lie superalgebras
corresponding to different Dynkin diagrams of the same finite/affine type was established in [18,
Appendix]. Upgrading the latter to the isomorphism of quantum finite/affine superalgebras
associated with different Dynkin diagrams is a highly non-trivial technical task that constitutes
one of the major results of [25]. We also note that the super setup features so-called higher-
order Serre relations, which often cause major technical complications in generalizing non-super
results to the super setup. Furthermore, different parity sequences result in fundamentally
different sets of higher-order Serre relations entering the definition of the corresponding quantum
supergroup.

This note is devoted to the generalization of the aforementioned isomorphism (1.1) to the
context of quantum supergroups of finite ABC D-type. We want to emphasize right away that
this is a Hopf superalgebra isomorphism. To this end, it is fundamental that both algebras admit
generalized double realizations in the context of a pair of Hopf superalgebras endowed with skew
pairing (we present full details in Appendix A as we could not find a uniform treatment of that
construction in the super setup, besides a somewhat related paper [1]). As the pairing between
the positive and negative Borel subalgebras of Drinfeld—Jimbo quantum supergroups is known
to be non-degenerate (which is actually the key result of [24] and is the source of all higher-
order Serre relations), once a surjective map U(PJ (g) — U;‘LL (g) is constructed, compatible with
coproducts and pairing, it must be an isomorphism. This approach is different from the one used
in [6] to prove (1.1) as well as the one utilized in [14, 15] to establish BC' D-type generalizations,
where one rather had to appeal to faithful representations (which is more subtle in the super case)
or to the universal R-matrix 9 (that was carried out in the h-adic completion),' respectively.
We note that evaluation of the R-matrices used in the RLL-realization was carried out in our
earlier paper [11] using the combinatorial approach of [5] to the construction of PBW bases
of UP'(g).

As another technical aspect of the super version of quantum groups, we note that there
have been multiple sign-conventions in the literature. In particular, in pursuit to generalize
the foundational work [6] to super-A type (both finite and affine), the works [2, 9, 28] used
slightly different definitions of the corresponding RLL-realizations. We show that different sign-
conventions can be related through the more general construction of 2-cocycle twists. This gives
rise to the twisted and untwisted versions, see details in Section 3.5. Though the untwisted
algebra is the correct object to work with, it is often more convenient to use the twisted one (in
particular, when studying the Gauss decomposition) in order to simplify numerous signs.

1.2 Outline

The structure of the present paper is the following:

e In Section 2, we recall the basic conventions on superalgebras and the notion of Drinfeld—
Jimbo general linear quantum supergroups, see Definitions 2.5 and 2.7. We emphasize
the key property of them being Drinfeld doubles in Proposition 2.11 and introduce their
twisted version Uy(gl(V))” in Section 2.6.

e In Section 3, we recall the RLL-realization of the general linear quantum supergroups,
see Definition 3.6, with the R-matrix given in (3.5). The key property of them being
generalized doubles is established in Proposition 3.10. In Section 3.5, we discuss a closely

!This reliance on the h-adic topology can be completely bypassed by following the arguments developed in [21,
Section 3].
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related algebra U (R) which is often more convenient to work with in order to track various
Koszul signs, and establish its relation to U(R) via the 2-cocycle twist in Proposition 3.16
(this addresses a common discrepancy in various definitions of RLL-superalgebras in the
existing literature). One of the key results is the identification of Drinfeld—Jimbo and
RLL realizations of the general linear quantum supergroups, established in Theorem 3.21.
While the inverse morphism is constructed in Section 3.8, we wish to emphasize that the
map & of Theorem 3.21 is compatible with Drinfeld double structures and is thus easily
argued to be an isomorphism.

e In Section 4, we recall the basic conventions about orthosymplectic Lie superalgebra
osp(V) and its extended version gosp(V). We then recall the notion of Drinfeld-Jimbo-
type (extended) orthosymplectic quantum supergroups, see Definitions 4.4 and 4.5. The
key property of Ug(gosp(V')) being a Drinfeld double and the corresponding Drinfeld
twist U, (gosp(V))” are discussed in Propositions 4.8 and 4.10.

e In Section 5, we study the RLL-realization of extended orthosymplectic quantum super-
groups, with the corresponding R-matrix (5.4) evaluated in [11]. Similar to Section 3, we
establish their generalized double realization and relate them to the twisted algebra U(R)
in Propositions 5.5 and 5.9. The key (twisted) relations among the entries in the Gauss
decomposition of the matrices LT are summarized in tables of Section 5.3. One of the
key results is the identification of Drinfeld-Jimbo and RLL realizations of the extended
orthosymplectic quantum supergroups, established in Theorem 5.12. Again, while the
inverse morphism is constructed in Section 5.5, we emphasize that the map £ of Theo-
rem 5.12 is compatible with Drinfeld double structures and is thus easily argued to be an
isomorphism.

e In Appendix A, we discuss in detail the super versions of the usual Drinfeld and generalized
doubles.

2 General linear Lie superalgebras and quantum supergroups

2.1 Superalgebras and Lie superalgebras

A vector space V over a base field K is called a superspace if it is Zs-graded, i.e., V = V5 & V7,
where V; denotes the component of degree i € Zy. For a homogeneous element v € V, its
Zo-degree is denoted by |v| € Zy. Elements of degree 0 (resp. 1) are called even (resp. odd).
If the underlying vector space of V' is finite-dimensional, the pair (dim Vg, dim V7) is called the
dimension of the superspace V.

The category sVectg of all superspaces over K, together with all degree-preserving linear
maps, forms a symmetric tensor category. The tensor product is the standard tensor product of
vector spaces equipped with the Zo-grading

Vewi= P view;
i+j=k

and the tensor unit is the base field K, viewed as a superspace concentrated in degree 0. The
braiding is given by the graded permutation

Tviv: VW =WV, v@w— (—1)Py @ wv.

Here, we adopt the convention (—1)° = 1 and (—1)! = —1. Unless stated otherwise, K as an
object of sVectx will always denote that tensor unit. We frequently omit the subscripts on the
tensor product ® and the braiding 7 whenever the underlying base field or vector spaces are
clear from the context.
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Remark 2.1. Since the braiding 7 is symmetric (that is, Ty omyw = Idygw ), composite mor-
phisms built from consecutive braidings depend only on the underlying permutation. Thus, for
each permutation o in the symmetric group S, there is a uniquely defined natural isomorphism
with components

Mov: V1@ @ V=5V @ @ Vo). (2.1)

Again, the subscripts will frequently be omitted when the underlying superspaces are clear from
the context.

Remark 2.2. We note that the forgetful functor from sVectg to Vectx is strictly monoidal (but
not braided monoidal) and faithful. However, it is not full, as an arbitrary linear map between
superspaces need not be degree-preserving. In practice, we often regard superspaces as objects
in Vectg to consider such arbitrary linear maps. To prevent ambiguity, we reserve the term
morphism for degree-preserving linear maps (i.e., the morphisms in sVectk), and use the term
linear map or map for arbitrary linear transformations in Vectg.

Since sVectk is monoidal, one can define superalgebras, which are monoid objects of sVectk.
Moreover, since sVectk is braided, one can define the tensor product of superalgebras A, B with
the multiplication given by

Id @7 A®Id
—_—

tagp: (A® B)® (A® B) (A® A)® (B® B) 24215, 4 & B, (2.2)

in which pa, pup denote the multiplication of A, B, respectively. Concretely, for any homoge-
neous a,a’ € A and b,V € B, the multiplication can be written as follows:

(a@b)(a' @) = (—1)PI"I(ad") @ (bV).

We note that if both A and B are superalgebras, then 7: A @ B — B ® A is a superalgebra
homomorphism.

Finally, the symmetric braiding allows one to define Lie algebra objects in sVectk, called Lie
superalgebras. Explicitly, a Lie superalgebra is a superspace g together with a morphism (hence
degree-preserving)

[—,—]: g®g—g,

called a Lie superbracket, which will be frequently identified with the corresponding bilinear
map g X g — g, satisfying the graded skew-symmetry

[z,y] = —[r(z @ y)] = —(—1)¥ [y, 2] for any homogeneous z,y € g,

and the graded Jacobi identity (equivalent to saying that the superbracket gives an adjoint
action of g)

[, [y, )] = [[w, 9}, 2] + (—=1)"¥[y, [2,2]]  for any homogencous .y, z € g.

We note that any superalgebra A admits a canonical Lie superalgebra structure given by the
supercommutator

[a,d] == ad' — (~1D)¥l¢/q for any homogeneous a,a’ € A. (2.3)

This construction provides a forgetful functor from the category of superalgebras to the category
of Lie superalgebras, which admits a left adjoint known as the universal enveloping superalgebra
functor. To be specific, for any Lie superalgebra g, its universal enveloping superalgebra U(g)
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is defined as the quotient of the tensor superalgebra T'(g) = @~ g®* by the two-sided ideal
generated by {zr @y —1(z®y) — [x,y] | z,y € g}. -

For a superspace V together with a choice of an ordered homogeneous basis {vy, ve,...,vn},
we define the parity of an index i € I := {1,2,..., N} to be the Zy-degree of the corresponding
basis vector v;

- 0 if v; is even,
i=ol =9
1 if v; is odd.
The grading of this ordered basis is recorded in the parity sequence 7y, defined as the N-tuple

w = (jvi],....|on]) = (I,...,N) € {0, 1}".

2.2 General linear Lie superalgebras

For any pair of objects V, W & sVectk, there exists an internal hom object, whose underlying
vector space consists of all K-linear maps Homg (V, W) = @ Homg (V5, Wj), equipped with
the Zs-grading

13622

Homg (V, W)g = €D Homg (V;, W5).
j-i=k

In other words, sVectk is a closed monoidal category.

Thus, for a fixed superspace V, the set of all K-linear maps Endg (V) :== Homg(V, V') forms
a superalgebra, where the multiplication is given by the composition of linear maps. Moreover,
by (2.3), this superalgebra admits a canonical Lie superalgebra structure, called the general
linear Lie superalgebra. We denote this Lie superalgebra by gl(V') to distinguish the Lie structure
from the associative structure of Endg (V).

We also introduce a closely related object, the special linear Lie superalgebra. To this end,
for a finite-dimensional superspace V', recall the definition of the supertrace morphism

sTr: gl(V)~VeV L1 eV S5,

where we use the canonical identification gl(V') ~ V®V™* and ev is the (left) evaluation morphism.
By construction, one can verify that the supertrace satisfies

sTr(XY) = ()X YIsTr(y X) for any homogeneous X,Y € Endg(V),

which immediately implies sTr([X,Y]) = 0 for all X,Y € gl(V). Therefore, the kernel of the
supertrace morphism forms an ideal of gl(V'), called the special linear Lie superalgebra and
denoted by sl(V).

2.3 Chevalley—Serre-type presentation

Henceforth, we fix a superspace V' of dimension (m,n) over the base field K = C. We also make
a choice of an ordered homogeneous basis {vi,ve,...,vn} of V| where N := m+n, which allows
the identification of gl(V') with the space of all N x N matrices. Let E;; be the elementary
matrix with 1 at the (4, j)-entry and 0 elsewhere. The set {Eij}%-:l forms a homogeneous basis
of gl(V') with Zy-grading |E;;| = i + j and the Lie superbracket given by

By, Ba) = 850 Ei — (—1) D5, By . (2.4)
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We also note that sTr(F;;) = d;;(—1)*, and consequently, the following forms a homogeneous
basis of s[(V)

(B | 1<i#j<NYU{(=1)E; — (~1) " By, | 1<i< N}.

We further choose the Borel subalgebra of gl(V') consisting of all upper triangular matrices,
giving rise to the Borel subalgebra of s{(V'). The corresponding Cartan subalgebra by of gl(V')
consists of all diagonal matrices, with a basis {E;; }I¥,, while the Cartan subalgebra b of sI(V)
is a codimension 1 subspace in fg:

f)ﬁ[ = {X S f)g[ | STI"(X) = 0}

We define the linear functionals {&;}Y, in byt to be the dual basis to (BN ie., ei(Ejj) = 6y
for all 4, j.

A direct computation shows that [Ej;, Eqp] = (€4 — €p)(Eii) - Eap, so that Eg is a root vector
corresponding to the root e, — €, (for a # b). Hence, we obtain the root space decomposi-
tion gl(V') = bgt ® @ ,eq 91(V)a with the root system given by

b={e,—¢ep|1<ab<N,a#b}, (2.5)
and the corresponding polarization

Ot ={e, —ep | a < b}, O ={e, —ep|a> b} (2.6)
The root system has a decomposition & = &5 U &1 into even and odd parts, where

Py ={ca—cp € P®|a=0b}, P;={c,—e, €P|a+#b}.

We note that s[(V) shares the same root system ® and admits the corresponding root space
decomposition

s(V) =ba® Psl(V)e  with sl(V)o = gl(V)a, Yo € D
acd

Following the polarization (2.6) of the root system (2.5), the simple roots and the correspond-
ing root vectors can be written as follows (with 1 <i < N)

Q= € — Ei+1, e =Eji1, fi = (=1)"Eit1,- (2.7)

We define the Weyl vector p of ® by

p::%Za—%Za. (2.8)

+ +
aeq)ﬁ aECI>i

The following property of the Weyl vector will be used extensively in the sequel (cf. [4, Propo-
sition 1.33]):

(p, ) = (v, o) Vi. (2.9)
We also define the following elements of the Cartan subalgebra bg:

He = (-1)F By, for 1<k<N, hj=H;—Hyy; forl<i<A. (2.10)
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Note that the sets {Hk}k L and {h;};! form bases for by and hg, respectively. Furthermore,
the lattices PV := EBk | ZHj, and QY = EBZN 11 Zh; constitute the coweight and coroot lattices
of gl(V'), respectively.

Dually, we deﬁne the weight lattice P = @k | Zey, the root lattice Q = EBZN 11 Zo; C P,
and Q7 = @ Z>0al, together with the following partial order on P: p<v&v—pu € Qt.
Then (2.4) imphes that gl(V) is graded by @ (and thus also by P) via

deg(Eij) =&; — &?j,

which restricts to a Q-grading on s[(V'), and is compatible with the Zs-grading via the group
homomorphism

P — ZQ, Ej— 7. (2.11)
In particular, we have
deg(e;) = o, deg(f;) = —ay, deg(h;) =0, deg(Hy) = 0. (2.12)

We consider the non-degenerate invariant supertrace bilinear form (-,-): gl(V) x gl(V) — C
defined by

(X,Y) =sTe(XY), VX,Y €gl(V).

Its restriction to the Cartan subalgebra by is non-degenerate, thus giving rise to an identification
ba = gt via g < (— 1)* By, and inducing a bilinear form (-, )t by x by — C such that

(€k,85) = 5kl(—1)k for any 1< k,l < N. (2.13)

We also recall that an odd root o € ®5 is called isotropic if (o, ) = 0.
Define the symmetrized Cartan matriz (aw)f\g_l of gl(V) via a;; = (a4, a5). It is straightfor-
ward to verify that the elements {e;, f;}¥ 71 U {H}} I, satisfy the following relations:

[Hk,Hl] :0, [Hk,ej] (Ek,aj)e], [Hk,fj] = —(5k,aj)fj, [ez,f] 5ZJhZ7 (2.14)
which imply the following Chevalley-type relations:
[hi, h]] = 0, [hl, Ej] = Qaj;€4, [hl,fj] = —aijfj. (215)

Furthermore, it is shown in [27] (see also [25]) that sI(V) is isomorphic to the Lie superalgebra
generated by {e;,f;, hi}f\;_ll, subject to the Zg-grading induced from the @Q-grading (2.12), the
Chevalley-type relations (2.15), together with the standard and higher-order Serre relations. As
we shall not need the explicit form of the Serre relations, we refer the interested reader to [27,
Section 3.2.1] for the exact formulas. Similarly, gl(V') admits a generator-relation presentation:
it is isomorphic to the Lie superalgebra generated by {e;, f;}~ 1 U {H k}_,, subject to the same
grading and Serre relations (which depend only on e;, f;), but satisfying the Chevalley-type
relations (2.14).

Remark 2.3. Instead of using Cartan generators h; or Hg, one can use an additive sub-
group I' C by containing {hz}f\; _11 to provide a uniform Chevalley—Serre type presentation for
both gl(V) and sl(V). Consider the Lie superalgebra g(I') generated by {e;,f;}¥;" and T,
subject to the Serre relations together with the following Chevalley-type relations:

HH]=0, [He]=a;(He;,  [Hfi]=—a;(H)f;,  [e;f;] =dijhi
VH,H €T, 1<i,5<N.
It is clear that g(P") = gl(V) and g(Q") = sl[(V)). While various choices of the lattice I' yield

only these two distinct Lie superalgebras, the I'-dependence will be more significant for quantum
supergroups below.
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2.4 Drinfeld—Jimbo-type general linear quantum supergroups

The Drinfeld—Jimbo-type general linear quantum supergroup Uy(gl(V')) is a C(q)-superalgebra
which is a natural quantization of the universal enveloping superalgebra U(gl(V')). To construct
it, we first define a more general class of quantum supergroups U,(I'), parameterized by an
additive subgroup I' C PV containing @V (cf. Remark 2.3).

Remark 2.4. To avoid confusion, in the quantum supergroup setting, the elements Hy and
h; € bg will be denoted by Hj, and h; respectively to distinguish them from the classical Lie
superalgebra setting. Moreover, following the physics literature, we use formal exponentials =&
and ¢t instead of the more common K ,;H and kiﬂ.

Definition 2.5. For a fixed additive subgroup I' C PV containing @V, the quantum su-
pergroup Uy(I') is the C(g)-superalgebra generated by {e;, fz}fi Il and the formal symbols
{¢*" | H € T}. It is equipped with the Q-grading (cf. (2.12))

deg(e;) = a, deg(fi) = —a, deg(qu) =0, (2.16)
and the compatible Zo-grading, see (2.11). These generators are subject to the Serre rela-

tions (2.21)—(2.23) introduced later in this subsection, together with the following Chevalley-type
relations:

quH/ — qH+H/? qO — 17 217)
¢Tejq =g We;, gt =gy, (2.18)
hi _ —h;
q — q K3
ei fi] = 6i; ’ 2.19
lei, fi] = 04y —q 1 (2.19)
for all HH' € T and 1 < i, j < N, where [—,—] denotes the supercommutator (2.3),

and «j(H) € Z represents the evaluation of the root a; on the Cartan element H € PY. We
note that (2.17) implies the commutativity [¢”, qH,] =0forall H H €T.

To express the Serre relations, we introduce the g-supercommutator [—, —] via
[a,b] == ab — (—1)lallblg(desla).deg®)) (2.20)

for any (Q-homogeneous elements a,b € U,(T"), cf. (2.13). The Serre relations, which complement
the Chevalley-type relations above, are given as follows (cf. [24, Proposition 10.4.1]):

[[eiv 6]']] =0, [[fl7 fj]] =0 if Qij = 0, (221)
[[ei, [[ei,ej]]]] = 0, [[fl’ [[fl?f]m] =0 if |’L — j| =1 and o; € (I)(), (222)
[[lei—1, e, eival, el =0,  [[lfi-1, fil, fixal, il =0

if2<i<N—2and q € 1. (2.23)

Remark 2.6. In particular, if a; € ®1, then (2.21) immediately implies e? = ff = 0. We also

7

note that the relation (2.22) can be alternatively written as [[e;+1, ei], e;] = 0, [[fix1, fi], fi] = 0.

The quantum supergroup Uy(I') is naturally endowed with a Hopf superalgebra structure,
defined on the generators by the following comultiplication:

Ale))=q"®ei+e;®1, A(f)=1® fi+ fioqg™,
Ag") =q" @ q", (2.24)
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and with the counit and antipode given explicitly by

e(e;) =0, e(fi) =0, e(¢") =1,
S(e;) = —q e, S(fi) = —fig", S(qH) =q¢ . (2.25)

The assignment (2.16) indeed gives rise to a Q-grading on Uy(T"), since all the defining relations
are homogeneous. Furthermore, the explicit formulas (2.24), (2.25) show that U,(T") is actually
a (Q-graded Hopf superalgebra.

Definition 2.7.

(a) The quantum supergroup Uy (PV) is called the Drinfeld-Jimbo-type general linear quan-
tum supergroup and is denoted by U, (gl(V')). Equivalently, U,(gl(V')) admits a generator-
relation presentation with only finitely many Cartan generators: it is the C(g)-superalgebra
generated by {e;, fi Z]\L _11 and {¢gFHx} | equipped with the same Q-grading and Z-
grading as in (2.16). These generators are subject to the Serre relations (2.21)-(2.23),
alongside the following explicit Chevalley-type relations:

[¢"k, "] =0,  ¢FMrgTHe =1, (2.26)

quejq*Hk — q(Ek,ij)ej7 ququ*Hk — q*(Ekvaj)fj7 (2.27)
hi _ —hi

q g — q 7
lei, fi] = 5@‘]‘ﬁ7 (2.28)
forall 1 < k,1 < N and 1<i,j < N, where ¢" = ¢fig=Hi+1, and the pairing in (2.27) is

given by (2.13).

(b) Analogously, the Drinfeld—Jimbo-type special linear quantum supergroup is defined as fol-
lows: Uy(sl(V)) := Uy(QY). Equivalently, it admits a finite generator-relation presentation
as the C(q)-superalgebra generated by {e;, f; f\; _11 and the Cartan generators {q*" f\; _11,
subject to the same @Q-grading and Zs-grading as in (2.16). These generators are subject

to the Serre relations (2.21)-(2.23) and the following explicit Chevalley-type relations:

[d",q"] =0,  ¢ligthi =1,
—h;

h h 7" —q
ej,  q"ifig =g, lei, f3] = 5z‘jﬁ7

qhiejqfhi _ q(ai,aj)
for all 1 < 4,5 < N. By definition, there is a canonical Hopf superalgebra morphism
from U, (sl(V')) to Uy(gl(V)). This morphism can be shown to be an embedding via the

triangular decomposition (2.29) discussed below.

Remark 2.8. We note that a slightly different definition of the g-supercommutator is used
in [24]:

[a,b]y = ab — (—1)lalltlg—(des(@)deg®) . — _(_1)lallblg~(der(@)des(h) . [, o]

Nevertheless, the superalgebra Ug(gl (V))y defined via | —,— [y in [24] is isomorphic to
U,~1(gl(V)) as C(q)-superalgebras via the assignment e; — e;, f; — f;, gtk s gTHr

Remark 2.9. We note that the assignment (see (2.8))

wpy (¢1+) = ¢k, wpylei) = —(—1)" 3P £,

wpy(fi) = —(—1)m(_1)f+mq—3(p7ai)ei

for 1 <k < N, 1< i< N gives rise to a Hopf superalgebra isomorphism wpj: U,(gl(V'))—>
Ua(al(V))"™.
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2.5 Drinfeld double construction of U,(gl(V'))

We first introduce the triangular decomposition of Uy(gl(V')). Let U>(g[(V)) Uy (al(V)), and
UY(gl(V)) denote the subalgebras of U,(gl(V')) generated by {e N1 { £, and {quk}k ¥
respectively. The triangular decomposition states that the multiplication morphism

Uy (al(V)) @ U (al(V)) @ Uy (a((V))=+Uq(al(V)) (2.29)

is an isomorphism of underlying superspaces. We further define the positive and negative Borel
subalgebras, denoted U>(g[(V)) and U=(gl(V)), as the subalgebras generated by {e ¥t U
{gFHe} | and { fZ VU {gHHR} N w—1, respectively. Note that these are not just subalgebras but
are also Hopf subalgebras of Uy(gl(V)).

Remark 2.10. The triangular decomposition (2.29) implies that the multiplication morphisms
U (gl(V) @ U7 (al(V)==Ug (g((V)), Uy (g(V) @ U (g(V)) U (gl(V)

are isomorphisms of underlying superspaces. Invoking the automorphism wpj of Remark 2.9,
the following multiplication morphisms are also isomorphisms:

U7 (aU(V)) @ U (al(V))-=Ug (al(V)),  Ug(al(V)) @ Ug (gl(V))-=Ug (gl(V))-

A fundamental structural property of quantum (super)groups is their realization via the
Drinfeld double construction (cf. Appendix A.4). Recall that the opposite comultiplication is
defined by A°P(z) == 7(A(z)).

Proposition 2.11.
(a) There exists a unique skew-pairing (cf. (A.8))
()paz Ug(al(V)) x Uz (gl(V)) = C(q) (2.30)

satisfying the following properties on the generators for 1 <i,j < N and 1 < k,l < N:

+H, +H
(fl7q k)DJ:O7 (q k’ei)DJ :07
8ii(—1)Milles] B
(fisej)py = ﬁ) (qu7qu)DJ = g (ewen), (2.31)

Moreover, this pairing is non-degenerate.

(b) Uy(gl(V)) is isomorphic to the quotient of the Drinfeld double Dpy = D(Us(gl(V)),
qu (gI(V'))) obtained by identifying the Cartan subalgebras Ug(g[(V)) from both factors.

Proof. For part (a), the existence of such a pairing is established in [24] (cf. [12, Proposi-
tions 6.12 and 6.18] for the non-super setup). This pairing is of @-degree zero, i.e., for any
Q-homogeneous x € qu (gl(V)) and y € Uqg(g[(V)):

deg(z) + deg(y) # 0 = (y,z)ps = 0. (2.32)

We shall now prove the non-degeneracy of this pairing. Define the following subspaces,
spanned by elements of strictly positive and negative degrees, respectively:

Ug (8U(V))aeg=0 = {z € Uy (gl(V)) | e(z) = 0},

Uy (8l(V))aeg<o = {y € Uy (al(V) | e(y) = 0}.
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For any Q-homogenecous elements e € U; (gl(V)) and f € U (gl(V)), the structure of (2.24)
implies that

Ale) € e® 1+ UZ (al(V)) @ Uy (g1(V))aeg>0,
A(f) € 1@ f+Ug (al(V))aeg<o ® Ug (al(V)). (2.33)

Consequently, for any Q-homogeneous e € U (gl(V)), f € Us(gl(V)) and group-like k, k" €
Ug (gU(V)):
q

(fK, ek)ps = (f @ K AAKR)ps 222 (£ el)ps (K B)py

= (AP(f),e ® k) (K, k)ps (2:52),(2:55) (f,e)ps(1, k)ps (K, k)ps
= (f.e)ps(k', k)py- (2.34)

As Ud(gl(V)) is spanned by its group-like elements, bilinearity ensures that (2.34) holds for
all k, k' € U(? (gl(V)). Thus, the non-degeneracy of (2.30) follows from that of its restrictions
to U (gl(V)) x U7 (gl(V)) and UY(gl(V)) x UJ(gl(V)). The former is a non-trivial result estab-
lished in [24], while the latter is straightforward.

Remark 2.12. We note that the Serre relations were introduced in [24] precisely to ensure
the non-degeneracy of the skew-pairing (2.30) upon its restriction to the subalgebras Uy (gl(V))
and Uq>(g[(V)).

Part (b) follows from the fact that the Drinfeld double Dpj is the quotient of the free prod-
uct (super)algebra Uz (gl(V)) * UZ(gl(V')), subject to the following cross-relations (cf. Proposi-
tion A.16):

Z (=Dl —pylvllzal () 21)py - yoze = Z (=Dl 291+ (yo, 22y, (2.35)
() () (=) (y)

for all Zs-homogeneous z € UZ(gl(V)) and y € U=(gl(V)), using Sweedler notation. To
avoid confusmn we denote the Cartan generators of Ug =( %Vf ) and U< [g\‘r/ f by {qu } 1
and {quI{ } w1+ respectively. Analogously, we use {qih } and q to refer to the
corresponding composite elements.

Following the notation in Proposition A.16, consider the elements u, , (defined as the dif-
ference between the left- and right-hand sides of (2.35)) for Zs-homogeneous y € U=(gl(V))
and z € UZ(gl(V)), and let T be the two-sided ideal generated by them. Since UZ(gl(V))
and U=(gl(V)) are graded by Qt and —Q% respectively, the explicit comultiplication for-
mula (2.24) together with an induction on the degree via Proposition A.17 implies that Z is gen-
erated by the elements u, . where y and x range over the generators of Uz (gl(V)) and UZ(gl(V)),
respectively. Applying (2.35) to pairs of generators yields

| £ e L s _nt
(—1)lellil . (thi)DJ - fiei+ (=Dl (f5 epy g
Y el e
= eifi (a7, 1)y + (=D)L g (5 ey,

(1, "), - 0™ = gHi g+ (g7, q")
(qufv th)DJ : qufei = equlf : (quf Dy
(™0™ ) g™ = ()

which simplifies as follows:

) th — q_hzf
eifj — (—1)llilfie; = 5ij7q T
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g fiq i = g~ aen gl g Bl = glevene, B gHE = gHEHT

To identify the Cartan elements from both factors, we shall quotient the double Dpjy by the
two-sided ideal

J = <qu§—qul{ | 1§k:§N>.

Passing to the quotient Dpj/J precisely recovers the commutation relations (2.26)—(2.28) be-
tween the Borel subalgebras UZ(gl(V)) and UZ (gl(V')), which concludes the proof that Dpy/J ~
Ug(gl(V))- u

Remark 2.13. By Proposition A.19, one may alternatively use the transposed inverse

(= =)p3: Uz (gl(V)) x U (gl(V)) — C(q)

of (=, —)py in the double construction, which amounts to taking the Borel subalgebras in the
opposite order. The latter order is necessary to align (—, —)]33 with the corresponding skew-
pairing (3.26) of the RLL-realization U(R) defined below, cf. Remark 3.13. Specifically, the iso-
morphism £ from Theorem 3.21 maps the subbialgebras UqZ (gl(V)) and qu (gl(V)) onto UZ(R)
and US(R), respectively. Because both Borel subalgebras are Hopf superalgebras with invert-
ible antipodes, (A.4) ensures that the transposed inverse pairing is also non-degenerate, and its
evaluation on the generators is given as follows:

(eing™ )53 =0, (™", fi)53 = O,
5..
(eia f])ﬁj = q _Z;_lv (ququl)ﬁj = q(ak’el)v

forall1 <i,j<Nand1<k,[I<N.

Remark 2.14. Instead of the Hopf subalgebras U=(gl(V)) and UZ(gl(V)), the double con-
struction can also be carried out using the subbialgebras U, (gl(V))) and U, (gl(V)) generated
by {fi f\i_ll U {q_H’@}kN:1 and {e; f\;_ll U {qu}]kV:1 respectively, equipped with the restriction of
the exact same skew-pairing.

Remark 2.15. Invoking the Hopf superalgebra isomorphism wpj of Remark 2.9, we note
that it restricts to superalgebra isomorphisms between UqS (gl(V)) and qu (gl(V)) and also be-
tween U, (gl(V)) and U (gl(V)).

2.6 Drinfeld twist of U,(gl(V))

For the later use in Section 3.7, we shall now introduce a specific Drinfeld twist of U,(gl(V)).
Recall that a Drinfeld twist (or gauge transformation) of a Hopf superalgebra H is an invertible
element F € H ® H satisfying the 2-cocycle condition (cf. [23, equation (4.3)]; for the non-super
setup, see [3, Section 4.2])

(Fe)(Ax®Id)(F) = (1o F)(IdeA)(F),

and the counitality condition (e ® Id)(F) = 1 = (Id®e¢)(F). Given such an element, one can
construct a new Hopf superalgebra H” whose underlying superalgebra structure and the counit
morphism are identical to those of H, but with the comultiplication conjugated by F

AT (z) = FA(z)F1 for all z € H,

and its antipode S7 modified correspondingly.
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We now apply the above construction to H = Uy(gl(V)) using F =R == ¢~ Zﬁil(_l)zH@Hi,
see (3.3). Since M, is the canonical element of the Drinfeld double D(UL(gl(V)),U(gl(V)))
(cf. Remark 3.2), it naturally satisfies the conditions of a Drinfeld twist by Proposition A.21.
A direct h-adic computation (cf. Remark 3.3) yields the following twisted comultiplication A%
on the generators:

Af(e)=1®ei+ei®q™™, A(fy=d"ofi+fiol,

with the antipode determined by S* (e;) = —eiq™, ST (f;) = —¢ " fi, ST (quk) = ¢ FHx,

In general, a Hopf superalgebra H and its Drinfeld twist H” need not be isomorphic as Hopf
superalgebras. However, there is a simple Hopf superalgebra isomorphism between U, (gl(V'))
and its twist U, (gl(V))”. Let qu(g[(V)) and U=(gl(V))” denote the positive and negative
Borel subalgebras of U, (gl(V))” generated by {el}%l U {g"M Y and {fi} N0 U {gFN
respectively. Being closed under A¥ and S7, they are actually Hopf subalgebras We em-
phasize that they share the exact same underlying superalgebra structure as their untwisted
counterparts Uz (gl(V)) and UZ(gl(V')), differing only in their supercoalgebra structure.

Proposition 2.16.

(a) The assignment

ore) =eq ™, or(f)=d"fi,  or(q=) =g (2.36)

for1 <i< N and1 <k < N, uniquely extends to a Q-graded Hopf superalgebra isomor-
phism

or: Ug(al(V))” ==Uy(gl(V)).

(b) The isomorphism ¢ preserves the Borel subalgebras UZ(gl(V)) and U=(gl(V)).

(c) Define the skew-pairing (—,—)3; on the Drinfeld twist via (z,y)3; = (¢x(x), ¢ (y))Ds
The skew-pairing (—, —)ﬂ] s also non-degenerate and evaluates identically to the skew-
pairing (—, —)py on the generators (2.31).

Remark 2.17. As an immediate consequence, U,(gl(V'))” can also be realized as the Drinfeld
double Df; of qu (gl(V))” and qu (gl(V))” with respect to the skew-pairing (—, —)3;, modulo
the identification of the Cartan subalgebras.

Remark 2.18. The same argument shows that Proposition 2.16 (¢) remains valid when using the
alternate skew-pairing (—, —)g; from Remark 2 13. Hence, the same Drinfeld double DDJ can
be realized with respect to the pullback (=, —)% of (—, — via ¢r, using the opposite order

)53
of the Borel subalgebras Uz (gl(V))” and Uz g[&/

Proof of Proposition 2.16. (a) We first check that the assignment (2.36) gives rise to a super-
algebra morphism. As the underlying superalgebra structure of U, (gl(V'))” is identical to that
of Uy(gl(V')), we need to show that (2.36) defines a superalgebra endomorphism on U, (gl(V)).
The Chevalley-type relations are straightforward, e.g., (2.19) is verified as follows:

(67 (e0), dF(f;)] = eig "N f; — (=1)leillfilghi fie,q7M

_ —h;
— q(oéz'*ofj»oéj)[ei7 fj]q*hi*Phj ¢-7:( q)_ qd)]';(q )
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hi=h; ~which implies that

For the Serre relations, we note that ¢r(e;)pr(ej) = ¢~ (@) - e;e;q™

their g-supercommutator evaluates to [¢£(e;), or(e;)] = g~ (@) ey, ejlg~"~". By induction,
any nested g-supercommutator evaluated on the images ¢r(e;) is simply proportional to the
same commutator evaluated on the generators e;, right-multiplied by a Cartan element uniquely
determined by its total Q-degree. As the Serre relations vanish on the generators e; in Uy(gl(V)),
they identically vanish on the images ¢r(e;).

The inverse morphism is given by the assignment
o7 (ei) = eiq™, o (i) =q ", o7 (qF) = g=1,

which can be shown to define a valid superalgebra homomorphism by a completely analogous
argument. Furthermore, the compatibility of the coalgebra structures (¢pr ® ¢r) o A =Aoopr
is directly checked on the generators. Since ¢r clearly preserves the @-grading, this proves
part (a).

(b) This is clear from the definitions, as ¢x(e;) = e;q~ " € qu (gl(V) and ¢ (f;) = " f; €
Ug (gl(V)).

(c) We first emphasize that (—, —){; is indeed a skew-pairing by part (a). The evaluation
of (fi, €)% is the only nontrivial case among the generators in (2.31), the computation of which
is done as follows:

(fiseibs = (¢" fiseia ™)y = 4~ o) (fig", eiqg ™),

231) (0 o R
21 (e, I(fire)pa(d a7 ) py = (fisei)s. u

3 RLL-realization of general linear quantum supergroups

3.1 The universal R-matrix

A fundamental property of the Drinfeld double of Hopf superalgebras is that it naturally car-
ries the structure of a (topological) quasi-triangular Hopf superalgebra via its canonical el-
ement (A.10), see Remark 3.3 for more details. By Remark 2.10 and the identity (2.34),
the skew-pairing (2.30) factors multlphcatlvely into its restrictions to U (gl(V')) x U7 (gl(V))
and U (gl(V)) x UY(gl(V)). Let {u }. and {uf}; be dual bases for U<(g((V)) and U>(g[(V))
with respect to this restricted pairing. Analogously, if {s }j and {s}}; were dual bases for the
respective copies of Uo(g[(V)) then the products {u s’ } and {u7s$}i,; would form dual bases
for U=(gl(V)) and UZ = (gl(V')). Therefore, the canonical eloment R factors as R = R, R, where
(note that every element in Ug(g[(V)) has Zo-degree 0)

%u:Zuf@)u{, %8:Zs§®s§.
7 J

Remark 3.1. Motivated by their actions on finite-dimensional weight modules, the above fac-
tors R, and R, are often referred to as the semisimple and unipotent parts of the canonical
element PR. Furthermore, the unipotent part 9R, is also often called the reduced R-matrix.

Remark 3.2. Since UJ(gl(V)) is in fact a Hopf subalgebra, the restriction of the skew-pair-
ing (2.30) yields a Drinfeld double D(Ug(g[(V)), Ug(g[(V))) with 2R being the corresponding

canonical element.
Remark 3.3.
(a) To treat the canonical element R = R, R, rigorously, one must address the fact that its

expansion involves infinite sums of tensor products, which are not well-defined elements
in the algebraic tensor product U,(gl(V')) ® U, (gl(V')). While the infinite sum in 9, can
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be resolved quite simply, 2R, presents a more fundamental algebraic obstruction: the dual
bases for the Cartan subalgebras cannot be constructed in U,(gl(V')), as expressing them
requires taking formal logarithms of the generators ¢. To resolve this and make sense of
these elements, one must pass to the hi-adic topological quantum supergroups Uy (gl(V)), de-
fined over C[[A]], and consider the completed tensor product U(gl(V))@Up(gl(V)). In this
framework, the indeterminate ¢ € C(g) and the Cartan elements ¢’ (for H € T') are treated
as formal exponentials ¢ = e := 3", ¥ /k! € C[[h]] and ¢/ = " =", AFHF /K], We
refer the reader to [16, Section 8.3.2] or [17, Section 17] for a systematic development of
this topological setting in the non-super case.

(b) However, Ry is rarely necessary in practice: it generally suffices to work with its evaluations
on finite-dimensional weight modules. By adapting the approach of [12, Section 7] to the
super setting (as in [11, Section 4.1]), one can evaluate these matrices directly within the
rational C(q)-setup, entirely bypassing topological completions.

(c¢) In the present paper, the only instance explicitly requiring the universal element R is the
construction of the isomorphism ¢P¥ in Sections 3.8 and 5.5, which serves as the inverse
to the isomorphism & constructed in Sections 3.7 and 5.4, up to the canonical automor-
phisms (see Propositions 3.26 and 5.15). We emphasize that the isomorphism £ between
the Drinfeld—Jimbo and RLL realizations is unequivocally established via the generalized
double construction. Therefore, if one only requires the existence of the isomorphism with-
out an explicit formula for the inverse morphism ¢P¥, the issue of A-adic completions can
be completely circumvented.?

To obtain an explicit formula for R (see [11, Theorem 5.16 and Appendix A] for the derivation
through the combinatorics of shuffle superalgebras, while the h-adic version of this result goes
back to [24, Theorem 10.5.1]), we first recall the PBW-type bases of U;”(gl(V)) and U (gl(V)).
For convenience, let 7;; :=¢; —¢; for all 1 <4 < j < N, so that

Ot ={y; |1<i<j<N}
For each v;; € ®*, we define the corresponding quantum root vectors ey;; and f,,. inductively
on j —i. The base cases are e, , , = e¢; and f,, ., = f;. For j > i, we set

€vij+1 = €vi;€5 — (_1>|e%‘jHejlq(%jﬂj)eje%j = [[e%'jaej]]a

f%j+1 — fjf’)/ij _ (_1)|fw]~\|fj|q*(7¢j:aj)f%jfj — _(_1)|f’¥i]'Hfj|q*(’7ij7aj)[[f’yij’ il (3.1)
We also consider the lexicographic order on ®T, corresponding to the lexicographic order on
pairs {(i, j) h<i<j<n

Y12 =713 < <XYIN <723 <X <7Y2N <X RIYN-2N-1 R YN-2,N <X YN-1,N- (3.2)
Theorem 3.4.

(a) The sets of ordered monomials

— —
m m~EZ m m~EZL
[T & |0 555, and |} R P
yedt yedt
form bases for U7 (gi(V')) and U~ (gl(V')), respectively. Here, the arrow < over the product
signs refers to the lexicographic order (3.2) on ®%, thus ordering the elements of ®* in
decreasing order.

(b) The skew-pairing (2.30) is orthogonal with respect to these bases.

2Furthermore, even when constructing the explicit inverse morphism, the use of the semisimple part R (and
the associated fi-adic topology) can be completely bypassed by following the arguments in [21, Section 3].
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Using the PBW bases above, one can express the universal R-matrix R in the completion of
the tensor square of Uy(gl(V)):

R = RNR; € Uy(al(V) U, (g1(V)),

where (cf. [11, Theorem 5.18])

N _ — k>0 e @ fk
R | O (D Dl v

(3.3)
yed+ \ k<1 if yedz ( v “/)DJ

Let us now evaluate R on the first fundamental representation o: Uy(gl(V)) — End(V;). Here,
V4 = C(q) ®c V is the C(q)-superspace obtained by extension of scalars, and End(V;) denotes
the C(q)-superalgebra of all C(g)-linear maps. The representation g is defined via (cf. [11,
Proposition A.1]):

ole:) =e;,  o(fi)=f; o(g=r) = ¢,

for 1 <i < N and 1 < k < N, where ¢;, f;, Hy are the Chevalley-type generators of gl(V')
from (2.7), (2.10). Henceforth, for a diagonal matrix D = diag(dy,...,dy), the notation ¢”
signifies

¢” = > ¢%Ei € End(V)). (3.4)
1<i<N

The evaluation of the semisimple part o®%(R;) follows from a direct computation (inter-
preting ¢ = e” in the h-adic setting), while the evaluation of the unipotent part o®%(R,) is
established in [11, Proposition A.15]:

Ryi= 0 (R) = ) ¢ VB0 By,

1<ij<N
Ry =0 R) =1- (¢—q ")) _(-1)E;; ® Ej.
1<J
Combining these, we obtain the explicit formula for R = ¢®2(R) and its inverse R~! in

End(V,)®? as presented in [11, Remark A.5],

R = Z ¢ By ® By — (q—q7) Z(—l)jEij ® Eji,

1<i,j<N 1<j
R'= Z ¢ E; ® Bjj+ (¢ —q ") Z(—l)jEij ® Eji. (3.5)
1<i,j<N 1<j

Remark 3.5. We note that R satisfies the Yang-Baxter equation (cf. Proposition A.21)
Ra2)RasRes) = Res)Rasn Raz) € Ug(al(V))#?, (3.6)
and the following comultiplication properties:
(ARI)R = R13Re3),  (IdRA)R = R13R12), (3.7)

where the indices indicate the tensor factors on which R acts (e.g., K12y = R®1 € Uq(g[(V))®3,
with analogous definitions for R(;3) and MR(93)). This leg-numbering notation will be formalized
in the next subsection. It follows that the evaluation R also satisfies the Yang—Baxter equation
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Ri2Ri3R23 = RozRi3Ria in End(V,)®3. The multiplication in U, (gl(V))®? follows the standard
sign convention for the tensor product of superalgebras, cf. (2.2). Moreover, the operator

~

R=7myyvoRE€ End(Vq)‘X’2
is a Uy(gl(V'))-module homomorphism from V,*? to itself, and satisfies the braid relation
RisRy3R1 = RozRipRos € End(Vq)®3,

where the indices follow the same leg-numbering conventions.

3.2 Leg-numbering notation

Let A be a C(g)-superalgebra (in many cases, A will be the free superalgebra 7 defined in (3.9)
below, or one of its subquotients). We will frequently encounter superalgebras of the form
A®" @ End(V,)®* (r,s > 0) and morphisms between them. To keep equations involving these
tensor products concise, we employ the standard leg-numbering notation (cf. [20, Section 1.5]).

For strictly increasing sequences of indices 1 < a1 < ---<a, <7 and 1 <by <--- < by < ¢,
there is a canonical embedding

Yaroan)brobet AZT @ End(V,)® — A% @ End(V,)®*

that allocates the respective tensor arguments into the target spaces specified by the a; and b;
positions. For arbitrary sequences of distinct indices, we uniquely extend this ordered embedding
by precomposing it with the braiding isomorphism 77 QT corresponding to the required o € S,
and ¢’ € S, see Remark 2.1. We note that due to the use of the braiding 77 ® 7', evaluating
these embeddings introduces Koszul signs.

For any sequences of distinct indices (a1, ...,a,), (b1,...,bs), the image of an element M €
A% ® End(V,)®* under the above embedding is denoted by

May,..car)bryobs = Uarsoar)brnbs (M) € A®T @ End(Vg)®*.

In practice, the integers 7’ and s’ will be clear from the context. When no confusion can
arise, the corresponding subscript is omitted. We note that this convention is compatible with
our earlier notation in (3.6); for instance, the elements Ri2, Ri3, Ra3 are precisely the images
of R € End(V,)®? under the respective embeddings 12, t13, t23 into End(V,)®3.

This convention extends analogously to the following morphisms:

¢: A®F 5 A®F and ¢ End(V,)® — End(V,)®'.

For any integers r and s large enough to contain the consecutive index sequences (a, ...,a+k—1)
and (b,...,b+ 1 — 1) respectively, we define

Bay.ath1) = (1d¥™ @p @ 1d¥r—oF)) @ 149
A®" @ End(V,)®® — AZ—FK) @ End(V,)®*,
Db, pri—1 = 1d%" @(1d¥CO~D @y @ 1d®E—0=1HD) .
A®" @ End(V,)®* = A®" @ End(V,)®E~H,

Again, these subscripts will frequently be omitted when the context is clear and no confusion
can arise.
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3.3 The superalgebra U(R)

Following the construction in [8], we now define the RLL-realization U(R) of the general linear
quantum supergroup, corresponding to the matrix R:

Definition 3.6. The C(q)-superalgebra U(R) is generated by the elements {l;;,l;i}lgigjgjv
subject to the relations (3.10)—(3.12) below. The Zs-grading is compatible via (2.11) with the
Q-grading determined by

deg(lij;) =g —¢j. (3.8)
To rigorously formulate the defining relations, we first consider the free C(g)-superalgebra

T =C(q)(lj}, 1;; | 1 <i < j < N), (3.9)
equipped with the same Q-grading and Zs-grading as in (3.8). By adopting the convention
that l;; =0=1; for ¢ > j, we now organize these generators into formal matrices
L*= Y IF®E;ecT®End(V,).
1<i,j<N

Following notations of Section 3.2, the algebra U(R) is the quotient of 7 by the following
diagonal relations

IFiF =1 for1<i<N, (3.10)

(A7)

together with RLL-relations, which is a family of all matrix coefficients in 7 of the following
matrix equations, evaluated in the superalgebra 7 ® End(V,)®?:

RioLE Ly = Ly LERyo, (3.11)
RioL{ Ly = Ly LT Rys. (3.12)
Remark 3.7.

(a) As the relations (3.10)—(3.12) are @-homogeneous, (3.8) indeed defines a )-grading on the
superalgebra U(R).

(b) As Lt and L~ are upper and lower triangular matrices, respectively, and their diagonal
entries are invertible by (3.10), they are invertible U(R)-valued matrices.

Furthermore, U(R) admits the structure of a Hopf superalgebra, with the comultiplication
and counit given by

A(LF) = L)L € UR)P?@End(V,),  ¢(LF) =1¢€ End(Vy), (3.13)

and the antipode uniquely determined by
S(L*) = (L¥) ™' € U(R) @ End(V,). (3.14)
Component-wise (3.13) reads as

AE)y= > (-)EREDE s (i) =06;  forall1 <ij<N. (3.15)
1<k<N

These formulas imply that U(R) is actually a @-graded Hopf superalgebra.
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Remark 3.8. For the later use, we record a few identities using the leg-numbering notation
of Section 3.2. Let i denote the multiplication morphism of A, which is either 7 or one of its
subquotients. We then have

M(L(”1)71L’(72)’2) = LYL] € A®End(V,)®?

where v, € {£}. Since the braiding 7: A ® B — B ® A itself is a superalgebra morphism for
any superalgebras A and B, we also obtain

7(12)( ?1),1'1’7(72),;') = T(12) (L'(jl) ')T( )(L7(72),j) (2)1L?)
T2 (L 1 Ly 2) = 12 (LG )2 (L) 2) = Loy o L 10 (3.16)

where i and j are not necessarily distinct. Furthermore, since L¥ € A ® End(V;) have Zo-
degree 0, we obtain the following commutativity relation between matrices acting on disjoint
tensor arguments

L

L?) L?j),b (i), for a # b and i # j. (3.17)

Remark 3.9. Recall the notion of the supertranspose. For any superalgebra A and matrix
X = nyj:l zi; ® Eijj € A® End(V,), its supertranspose is defined as

i),a

XSt .— Z (_1)3(@&)3% @ Ej;. (3.18)
1<i,j<N
Suppose X = Zgjzl zij @ Eijj and Y = 2%21 yij ® E;j are elements in A ® End(V;) that are
homogeneous with respect to the total Zs-grading, and whose entries satisfy the following su-
percommutativity condition:

[Tk, Ykj] = 0 forall 1 <4,j,k <N, (3.19)
where [—, —] denotes the supercommutator (2.3). Under this condition, the following identity
holds:

(XY)*t = (=) XIWTyst xst, (3.20)

Following the notation of Section 3.2, for any element X € A ® End(V,)®* and 1 <i <'s, we
let X® denote the partial supertranspose applied to the i-th factor of End(V,). We note that
these partial supertranspose operations acting on different factors mutually commute ((X Sti)stj

= (XStj)Sti for i # j) and satisfy (cf. (2.1))
T (X)) = (T"(X))St“(“ for any o € S;. (3.21)

The full supertranspose, obtained by applying the partial supertranspose to all s matrix factors, is
denoted by X5t := Xst1sts | By (3.21) and the mutual commutativity of partial supertransposes,
we have

77 (X% = (r7(x))™. (3.22)

Moreover, for homogeneous elements X,Y € A®End(V,)®* with respect to the total Zs-grading,
whose entries satisfy the supercommutativity condition (3.19), the full supertranspose obeys the
exact same identity (3.20). Furthermore, for any elements X,Y € A® End(V},) (not necessarily
satisfying (3.19)), we have in A ® End(V,)®*

(X:Y)™ = X'Vt V1<i#j<s. (3.23)
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Now consider the defining relations (3.11) and (3.12) Ri2LYL3 = LJLYRy2, where (v,n) €
{(+,+),(—,—),(+,—)}. Since Rj2 has coefficients in the base field, its entries supercommute
with those of LYLJ], L]LY. Thus, applying the identity (3.20) to the full supertranspose of this
relation yields

(LY LD (Ri2)™ = (Ruo)* (LYLY)™

Furthermore, direct computation using the explicit formula (3.5) yields?

R12 Z (] E“E m ® E]_] (q - q_l) Z(_]‘);E]’L ® El_]
1<4,5<N 1<j
= 0107 Ry1 - (010;) 7, (3.24)

where © = Zfil q©=)/2Ey; . and by (3.23) we obtain

(L) (LD)™ - ©102 - Ry1 - (0102) ™1 = 010y - Ry - (0:02) 71 - (L1)™ (L4)™.
Applying the permutation operator 73 to both sides gives (cf. (3.16), (3.22))

(L5)™ (L1)™ - ©102 - Riz- (0102) ™1 = 010, - Riz - (0:02) 71 - (L1)™ (L5)™,
and conjugating further by (0102)~! gives

(©10) 7" - (L5)™ (L)™ - ©102 - Ria = Riz - (0:02) ' - (LY)™(L4)™ - ©102.

As Ll:-t and ©; commute for i # j, and (LJF)St and (If)St are lower and upper triangular,
respectively, we thus obtain a superalgebra isomorphism

wr: U(R)5U(R)  given by L* — 07 1(LF)™e. (3.25)

~

Similarly to Remark 2.9, it gives rise to the Hopf superalgebra isomorphism wg: U(R)—>
U(R)°P since for © € End(V,) and L* € U(R) ® End(V,)

A((Li)St) = (A(L:I:))st (3.20) (L?;))st(L?i))st7

and therefore we obtain
A(@7H(LF)e) =oA((LF) e =07 (L) (L]

(
=0 (L?;))Ste e ((1))“@

It is immediate that wg restricts to superalgebra isomorphisms between the subbialgebras U™ (R)
and U~ (R) introduced in the next subsection, cf. Remark 2.15.

3.4 Generalized double construction of U (R)

Let UT(R) and U~ (R) be the superalgebras generated by {l1]}1<1<]<N and {lﬂ}1<l<]<N,
spectively, equipped with the @-grading (3.8) and the compatible Zo-grading, subject to the
respective relations (3.11). The same formulas (3.13) endow both U*(R) with superbialge-

bra structures. Similarly to the case of Uy(gl(V')), the superalgebra U(R) can be realized as
a quotient of the double of the superbialgebra pair (U (R),U~(R)).

3While one simply has (R12)** = Ra; for the general linear type, we introduce the conjugation by © to provide
a uniform treatment that will also apply to orthosymplectic types below, see Remark 5.4, where it is absolutely
necessary.
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Proposition 3.10.

(a) There exists a unique skew-pairing (cf. (A.8))
(v )r: UN(R) x U (R) — C(q) (3.26)
satisfying the following property on the generators:

S (-)EDED () B © By = R (3.27)
1<i,j,k,I<N

(b) The superalgebra U(R) is isomorphic to the quotient of the generalized double Dp =
D(UT(R),U™(R)) modulo the relations IE1F =1 forall1 <i<N.

21
Remark 3.11. Using the notation o := (-,-)g, the formula (3.27) can be written concisely as
a matrix relation

a(La)’lLém) =R, (3.28)

where we employ the leg-numbering notation defined in Section 3.2. We will frequently use this
below.

Remark 3.12. We also note that (3.27) is compatible with the convention ljj =0=1[ fori>j,
which is evident from the explicit formula for R presented in (3.5).

Proof of Proposition 3.10. (a) We first note that there exists a skew-pairing between the free
C(q)-superalgebras generated by {lz]}l <i<j<N and {l hi<i<j<n respectively, which is defined
by the exact same formula (3.27) on the generators. It is then enough to show that the rela-
tions (3.11) belong to the kernel of this skew-pairing, which is a consequence of the Yang-Baxter
equation (3.6) together with Remark 3.8. The proof is analogous to that for the non-super case,
which can be easily deduced from [17, Section 10.2.5 and Example 16] (cf. [8, Section 3] for
a similar pairing between the quantum enveloping algebra U(R) and the quantized coordinate
algebra A(R)).

(b) The proof is completely parallel to that of Proposition 2.11 (b). Following the notation in
Proposition A.16, we note again that the double Dg is the quotient of the free product superal-
gebra Ut (R) x U~ (R) by the two-sided ideal Z generated by the cross-relations (2.35), namely
all elements u,, for Zs-homogeneous z € UT(R) and y € U~ (R). Since UT(R) and U~ (R)
are respectively graded by QT and —Q™, the explicit comultiplication formula (3.15), together
with Proposition A.17 (see Remark A.18), implies that Z is generated by the elements u, , as
and y range over the generators of UT(R) and U~ (R), respectively. Applying (2.35) to pairs of
generators (l;g, l,;l) and organizing them into a matrix yields

Z U+ - ® Bij ® By
177"kl
i,5,k,1

_ Z Z b+l )(i+7) (- 1)(E+a)(a+3)(_1)(E+B)(E+Z)

i,5,k,l a,b

A C)EDED o) — (50 gl b © By © Bu

) Z Z a+y Y(k+1)

4,7,k,0 a,b
y {( 1)(z+a)(k+b) (i1 ) la]ll; (la],lbl)R lkblm} ® Eij Q@ Eyy
= R12L1 L2_ — L2_L1 R127
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where the simplification of signs (x) is due to Remark A.6,

za’llzb)R
(~)CHED () EED () EDOD () EDED . (1 1)

( )(b-&-l)(z—&-])( )z—i—a a+])( )(k:-‘rb ) (b+1) ( )H—a ) (k+b) (l
b

= (= 1)*HD@HD (1) @D EHD) | (U l)
and
(_1)(E+Z)(€+3)(_1)(€+a)(6+3)(_1)(E+B)(E+l) (l:[],l )
— (_1)(5+7)(5+3)(_1)(5+5)(5+7)(_1)(k+b)(a+3) ) (l:j’ll;)R — (_1)@""7)(54‘]) (l;r],l )
Thus, imposing ulfj,l,jl = 0 is precisely equivalent to imposing relation (3.12).
Finally, by taking the quotient of the double Dg by the two-sided ideal (cf. (3.10))
J = (57 -1]1<i<N),

1 "1

we obtain the isomorphism Dr/J ~ U(R). [ |

Remark 3.13. Let UZ(R) and US(R) be the Borel subalgebras of U(R) generated by

{lgg}lgiéjSN U{lgh<esy  and {5 h<icjen U {lG hi<ksn,

respectively. From the double construction above, one can check that the defining relations
of UZ(R) consist of the internal relations of U (R) (the “+”-sign of (3.11)) and the cross-
relations between {llj}1<z<j<N and {l_.}1<k<n (encompassing (3.10)). An analogous state-
ment holds for US(R). Consequently, it can be shown that the skew-pairing (3.26) extends
uniquely to a skew-pairing U= (R) x US(R) — C(q), denoted by the same symbol. Furthermore,
UZ(R) and US(R) are Hopf subalgebras of U(R), as they are closed under the antipode (3.14).
As in Remark 2.14, the generalized double construction for U(R) can alternatively be carried
out using these Hopf subalgebras instead of the subbialgebras Ut (R) and U~ (R). Also the
isomorphism wp of (3.25) restricts to a superalgebra isomorphism between U= (R) and US(R).

Remark 3.14. As in Remark 2.13, one may alternatively construct the generalized double
of U(R) by taking the subbialgebras in the opposite order and utilizing the transposed inverse
of the pairing o = (-, ) g:

5= (——)z: U (R)x U*(R) — C(q).

By direct computation using the convolution product, one can verify that its evaluation on the
generators is explicitly given by the matrix formula (cf. (3.28))

(L) = Bal' (3.29)

using the notation of Section 3.2. Furthermore, as in Remark 3.13, this pairing uniquely extends
to a skew-pairing (—, —) z: US(R) x UZ(R) — C(q) between the Borel subalgebras.

3.5 The twisted superalgebra U (R)

Although the defining relations (3.11) and (3.12) are concise in matrix form, extracting their
component-wise formulas can be computationally complicated. This difficulty arises from the
Koszul signs generated when swapping elements of the coefficient superalgebra A with the aux-
iliary matrix algebra End(V;) during the multiplication of formal matrices like Li),b' To cir-

cumvent this issue, we introduce a twisted superalgebra.
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Let G be an abelian group, written additively, and let C = Vect]% be the category of G-graded
K-vector spaces with degree-preserving linear maps, endowed with the standard tensor product of
underlying K-vector spaces. Consider a 2-cochain (that is, an arbitrary function) (: GxG — K*
on GG. The identity functor F' on C, together with the identity morphism K 4p (K) and the
natural isomorphism

Jiy: FX)@FY)SFXeY), zoy-((zlelle)r oy,

defined for any G-homogeneous elements z € X,y € Y of degrees |z|g,|yl¢ € G, forms
a monoidal endofunctor on C if and only if { is a normalized 2-cocycle

C(d9")¢(g. 9 +9")¢(9,9) Cg+7d,¢") =1, ((g.0) =1=¢(0,9),
Vg,q',¢9" € G. (3.30)

Let A be an algebra object in C (i.e., a G-graded algebra), and let p4 denote its multiplica-
tion morphism. Using the above isomorphism J¢, one can define a twisted algebra AS whose
multiplication is given by
psy = paoJy: a®d = ((lae,ld|c)ad. (3.31)

Furthermore, if ¢: A — B is an algebra morphism, functoriality ensures that the map ¢ = F(¢)
itself provides an algebra morphism ¢: A¢ — B¢ between the twisted algebras.

Now let us consider braided structures on C. For any 2-cochain 8: G x G — K*, one can
define a natural isomorphism

Gy X@Y-2YRX,  a@y-— Bzl lyle)y @,

for any G-homogeneous elements z € X, y € Y of degrees |z|g, |y|¢ € G. This natural isomor-
phism equips C with a braided monoidal structure if and only if 8 is a bicharacter, meaning it
is additive in both arguments

Blg+4d',h)=B(g,h)B(g h),  Blg,h+h')=p(g,h)B(g, ),  Vg,¢,h N €G.

Equivalently, viewing G as a Z-module, a bicharacter is simply a Z-module homomorphism
G®7G— K*.

For any algebra objects A and B in C, the braiding ¢® endows the tensor product A ® B with
an algebra structure, denoted A ®° B, with multiplication given on G-homogeneous elements
by (cf. (2.2))

(a®@b)* (d @V) = B(|bg, |d|c)aa’ @ bY.

Remark 3.15. The category sVect is recovered in this framework by setting G = Zy and
Blg,h) = (1)

We shall now apply these constructions for G = Zy x Zgo and K = C(q). When working with
tensor products of the form A%" ® End(V,)®*, we view the coefficient superalgebra A and the
matrix algebra End(V;) as objects in C by assigning their standard Zs-degrees to the first and
second components of GG, respectively. Specifically, homogeneous elements in A have degrees
in Zy x {0}, while those in End(V,) have degrees in {0} x Zy. We endow C with two different
braidings given by bicharacters.

e The standard braiding: Consider the bicharacter

Blg.h) = (~1)@ o) ¢ 1),
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defined for any elements g = (g1, 92) and h = (h1,hs) in G = Zy X Zg. For any objects X, Y
in C, the standard braiding ¢ := ¢® evaluates on G-homogeneous elements z € X and y € Y as

(lzl1+1z|2)(yli+lyl2)

cxy(r®@y) = B(zlg, |yle)y @ x = (-1) y®,

where their G-degrees are denoted by |z|¢ = (|z]1,|x|2) and |yle¢ = (|y|1,|yl2), respectively.
Under this braiding, multiplying two formal matrices yields

= 3 (~)EEDE @ By @ By € A End(V,) %2,
1<i,j k<N

Here, the Koszul sign appears because the matrix unit £;; “passes through” the generator lZl‘ We
note that this braiding is compatible with the standard symmetric monoidal structure of sVect:
the group homomorphism

G — Zo, (a,b) —a+0b

induces a braided monoidal functor from (C,c) to sVect. Therefore, computing the matrix
relations (3.11) and (3.12) in (C, ¢) yields the exact same component-wise formulas as computing
them in sVect.

e The twisted braiding: Consider the alternative bicharacter

5/(97 h) — (_1)g1h1+g2h2’

defined for any g = (g1, 92),h = (h1,h2) € G. For any objects X, Y in C, this yields the twisted
braiding ¢ := ¢# given by

dyy(@®y) =Bzl lyle)y @ v = (—1)lhlvhtiekibly g 4.

Under this twisted braiding, no signs appear when swapping an object concentrated in de-
gree Zy x {0} with an object concentrated in degree {0} x Za. Consequently, formal matrix
multiplication simplifies as follows:

Ly = Y I ® By © By € Ag” End(V,)®*.
1<i,g,kI<N

Now consider the superalgebra ﬁ(R), which has the exact same generators and diagonal
relations (3.10) as U(R), and whose remaining defining relations take the identical matrix
form as (3.11) and (3.12) but are evaluated in the superalgebra 7 ®7 End(V,)®? instead of
T @7 End(V,)®2.

Proposition 3.16. Let (: Zy x Zy — C(q)* be the 2-cochain on Zy given by ((i,j) = (—1)i_j,
Then, the assignment lij; — liij for all i, j gives rise to a superalgebra isomorphism U(R)—">
U(R)C.

Proof. We first note that it is straightforward to verify that ¢ is a normalized 2-cocycle, i.e.,
satisfies (3.30). To avoid confusion, let * and %' denote the multiplications in 7®" ®” End(V,)®?
and 7% @7 End(V,)®? for any r > 1, respectively. We also note that since Rjz € End(V,)%?
has G-degree 0, multiplication by Rjs does not depend on the choice of * or *’.

Consider the RLL defining relations (3.11), (3.12) of U(R) written as Rig (LY  L3) = (L3 *
LY)Ry2 with (v,n) € {(+,+), (=, =), (+,—)}. Using the multiplication morphism p7 of T, this
can be written as follows:

Rl?”T(L'(jU,l * L7(72),2) = MT(L?2),2 * Ll(/1),1)R12-
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Since /i%- =T o JEF,T? this is equivalent to

1., -1 v
Rl?“CT((J%T) 1( (1,1 * L?z),z)) = #CT((J%T) (L?z),z * L(l),l))RH- (3.32)

Moreover, direct computation yields (cf. (3.17))

N
(T5.7) " (L1 * Ly ) Z D) EDED (g V14 @ 1) © Biyj @ By
k,l=1
= L(1)71 ' L(z),zv
N ~ s 1. T J—
(S5 (Liya* L) = > (=)EE (5 ) N0 ® By @ By
,7,k,l=1

= L?Q),Q */ Ll(ll)’l.

Substituting these back into (3.32), we obtain
— ¢ v
Rl?NT( (1),1 + L(2) 2) = MT(L?2),2 +! L(1),1)Rl2-

This implies that the defining relations of U(R)¢ coincide exactly with those of U(R) (where the
compatibility of the diagonal relations (3.10) is trivial due to ¢ (\l;ﬂ, |1;]) = 1), which completes
the proof. |

Remark 3.17. The above isomorphism U (R)~5U(R)¢ implies that the original superalge-
bra U(R) can be recovered from U(R) via an untwisting procedure (i.e., twisting by ¢~1), that
is, U(R)~>U(R)S™

3.6 Gauss decomposition and twisted identities: general linear case

In this subsection, we shall assume that all algebraic manipulations occur within the twisted
superalgebra U(R) or the tensor product U(R)®" @7 End(V,)®* (for r,s > 1), rather than in
their untwisted counterparts.

Any element in U(R) ®@% End(V,) can be expressed in matrix form as follows:

ailp ai2 - Q1N
a1 a2 -+ Q2N ~ 6/
S @By = € U(R) ®" End(V,). (3.33)
1<ij<N an1 ana - aNN

Since the Koszul signs no longer arise when swapping elements of U (R) and End(V}), the
multiplication in U(R) ®° End(V,) coincides exactly with the standard matrix multiplication:

( 3 ®E>< 3 bijwl-j): 3 ( ) aikbkj>®Eij. (3.34)
1<i,j<N 1<i,j<N 1<i,j<N “1<k<N

We will frequently utilize this matrix form. In particular, L™ and L~ are genuinely upper and
lower triangular matrices, respectively. As ll-jl-[ are invertible by (3.10), we obtain the following
Gauss decompositions:

I, 0 0 L)~ - Gy
0l - 0 . :
+ 22 . :
Lt=| . = o 1 ;
oot : .. o+ 14
0o - 0 It . ’ : (lel,Nfl) 1lN—1,N
NN 0 0 1
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I; 0 « 0
- by ()™ 1 Sl om0
I~ = | 2t (3.35)
: 0 Do e
lﬂn(lﬂ)fl le,Nfl(lefl,Nfl)il 1 0 = 0 iyy

For convenience, we define the elements {e;;, fj;}1<icj<n in U(R) via the following formulas
(cf. (2.8)):

-1 T oo (oo _
(l;zr) l;; = (-1)"q (E“el)q (pei 5’)((1 —q 1) - €5,
BRI | R iT (eres e _
L (l“) = —(=1)tH 1(_1)1]q(52751)q(p751 s])(q P 1) £, (3.36)
We also introduce {quk}ivzl in ﬁ(R) via ¢tHe = l,fk and define ¢tHii = ¢FHi (quj)fl for
1<i<j<N. ~

We now exhibit a list of identities satisfied by the above elements of U(R). These identities
are extracted by comparing the appropriate matrix components of the defining relations (3.11)
and (3.12) of U(R). We illustrate this methodology with a few selected computations. To
prevent ambiguity, we use [—,—]¢ and [—,—]¢ to denote the supercommutator and the g¢-

supercommutator of elements in U(R), cf. (2.3), (2.20).

1. Commutativity of Cartan generators: [qu,qHﬂ' ]C =0.

We compute the (Ej; ® Ej;)-component of (3.11) for the “+”-sign case (recalling that LT
is upper triangular)

o LHS: (¢~ %) By @ Ejj) (151 By @ Eyj);

e RHS: (Il Eii ® Ej;) (¢~ <) E; ® Ej;).

U O bl

Equating both sides yields [ i = Uil which gives gHigHi = ¢HigH,

2. Inverses: ¢gtHigTH: =1,

This follows directly from the diagonal identity (3.10).

H,q.

ijq Ha = gEasi=eie, ;.

3. Cartan action on root vectors: ¢

We compute the (E,q, ® Ejj)-component of (3.11) for the “+”-sign case (recalling that L™
is upper triangular)
o LHS: (¢ ) Eoy ® Ey) (14,15 Faa © Eij);

e RHS: (I}l Eua @ Ejj) (q_(aa’sj)Eaa ® Ejj).

ijaa

Equating both sides yields ¢~ (ae)(f 1% = g~ £+ which simplifies to If,1 (I,) o=

a’ij ij aa’ aa’ij

q(sa’si_sj)l;;. This establishes the desired identity ¢ aeijq_H“ = q(sa’si_sj)eij.

To exhibit the rest of aforementioned identities, we summarize the relevant matrix com-
ponents and the resulting twisted identities in Table 1 (the identities verified above are also
included for ease of reference).

Remark 3.18. While (3.42) is a special case of (3.46), it is recorded separately as it corresponds
to the Serre relations. We also note that (3.46) implies e?j =0 for |e;;| = 1.

Remark 3.19. The relations (3.37)—(3.40) are applied repeatedly to derive the higher-order re-
lations in Table 1. For instance, the F; ;11®F; ;1o component of (3.11) yields [e; ;11,€;i12]¢ = 0,
which directly recovers (3.43) upon substituting the iterative formula (3.40) and removing the
overall sign.
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Matrix Component Conditions Identity
E; @ Ejj 1<i,j<N [¢%, "] =0 (3.37)
1<i<N gtHigTHi =1 (3.38)
By ® By 1<i<j<N, 1<a<N qHaeijq*Ha:q(sa’ei’gf)eij (3.39)
Ey; ® Ej i 1<i<j<N e jr1=(—1) DG e, e;i41]¢ (3.40)
Eiiv1®Ej 1 1<i<j<N,j—i>1 [e;i+1.€;,+1]°=0 (3.41)
Eii1® B 1<i<N, |ejiy1|=1 leiit1,€i,i41]°=0 (3.42)
Eiiv1®E; 40 1<i<N -2 [eiit1, [€i+1, ei+1,i+2]]<ﬂ<:0 (3.43)
Eiiv1®@FEi_1,i41 2<i<N —1 [[[[eifl,i»ei,i+1]]<»ei,i+1]]<:0 (3.44)
Eiit1 QB 1,42 2<i<N -2 [[[[ei-1,i>€s,i+1]¢, ei+1,i+2ﬂca €iiv1] ‘=0 (3.45)
E;; ® By 1<i<j<N, le;j|=1 [e;j,e;]°=0 (3.46)

Table 1. A-type, identities in U(R) derived from RL} L = L LT R and (3.10).

Remark 3.20. Similar relations for f;;’s can be obtained by applying Remark 3.9 to Table 1.
We note that while

qu,'L+1 _ q*HmH

(_1)(z’+i+1)(j+j+1)[e@'7i+1, fjJrl,j]C = 52-3' q— q_l

can be derived alike, it will not be needed.

3.7 Homomorphism theorem: general linear case

The main result of this section is the identification of the Hopf superalgebras U,(gl(V))”
and U(R).

Theorem 3.21.

(a) The assignment
€ — € it1, fi = fiv14, gt s g*H (3.47)

gives rise to a Q-graded Hopf superalgebra isomorphism &: Uy(gl(V))” =>U(R).

(b) The images of the quantum root vectors from Section 3.1 under £ are given by £(e,;) = e;j,
g(f'Yij) = fji'
(¢) The isomorphism £ is compatible with the pairings of Remarks 2.18 and 3.13

(&), 6W)r = (x, )55 for allw € UZ(gU(V)T, y € U (al(V))”.

Remark 3.22. Since the elements I are even, the defining formulas (3.36) for e;; and f}; still
hold when the multiplication in the left-hand sides is replaced by that of U(R), instead of that
of U(R).

Remark 3.23. For the later use in the proof of Theorem 3.21, we record here how the su-
peralgebra isomorphism wp of (3.25) acts on the elements e;;, fj; of (3.36), and ¢=Hr. We
have wg (quk) = ¢THr and
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In particular, we have (cf. (2.9))

T g

wr(eii+1) = —(—1) i1,

WR(fi-i-l,i) _ _(_l)ii-i-l(_1)i+i+1q—3(p,o¢i)ei7i+1.

Proof of Theorem 3.21. We first prove that the assignment (3.47) gives rise to a morphism of
Hopf superalgebras Uz (gl(V))? — UZ(R). By untwisting the relations in Table 1 via (cf. (3.31))

2,91 = (=) [z, y], (3.48)
we obtain the following:

e cquations (3.37)—(3.39) imply the Chevalley-type relations (2.26)—(2.27) for Uz (gl(V))”;
e cquations (3.41)-(3.45) imply the Serre relations (2.21)—(2.23) for UZ(gl(V))”.

This proves that £ gives a superalgebra morphism Uz (gl(V))” — U=(R). Moreover, the follow-
ing computations show that £ also intertwines the comultiplications:

A(gT) = A(LL) = L @ U = ¢ @ ¢,
A A

A(ei,i—l—l) = (_1>ii+1q(8i75i)q(p:5i_5i+1) (q _ q—l) y z,i+1)
_ i1 (eivei) o(pei—ei -1\~ -]t —IT —IT
= (—1)iHiglEeiglpei=e “)(q —q ) (e F L LT )
=1®eiit1+ €1 ®q T

Furthermore, untwisting (3.40) via (3.48) gives €; j+1 = [eij, e;j+1], which is compatible with
(3.1), thus establishing part (b) for the positive Borel subalgebras. We note that this iterative
formula also proves the surjectivity of £: UqZ (gl(V)) = UZ(R).

To derive the analogous results for the negative Borel subalgebras, we utilize the isomorphisms
from Remarks 2.9 and 3.9. Specifically, using Remark 3.23, one can check that the composed
morphism

US(@IV)T 225 (U2 (al(V)T)™ & (U2 (R)*™ 25 US(R)

coincides with £ on the generators. This proves that the assignment (3.47) gives rise to a well-
defined Hopf superalgebra morphism UZ (gl(V))F — U=(R). Moreover, this morphism is au-
tomatically surjective since both wpjy and wpg restrict to isomorphisms between the respective
positive and negative Borel subalgebras (cf. Remarks 2.15 and 3.13). Furthermore, we obtain an
analogous iterative formula fj1; = —(—1)F)0++Dg(E5) £, £ ], which is also compatible
with (3.1). This completes the proof of part (b) for the negative Borel subalgebras.

Let us now compare the pairings. Since both pairings are of @)-degree zero, cf. (2.32), we get

(€iit1, a7 ) p = 0 = (es, quk)%, (¢, fip14) p = 0= (¢, fi)]D%-
Moreover, we have

(qu7q_Hj)R — (l;g’l;j)R — q—(eiyfj) — (qu’q—Hf)fD—;J.

Finally,
Ul b b) = (i @10, A ) ATS) &
(2.32) ,_ _ _
= (G @ G b @ L) g
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- - + - — [X) -
(lw ) l]—i-lJ-‘rllJ])R(lZ i+1 l]+1 ]l]])R =4 ~(Enes) (ljﬂrl’ l]+1 JZJJ)R
(2.32) . _ e -
= 4 ~(e aj)(l++1 ®luvlj+1j ®l ) - q(s E]H)(lz z+1’lj+1 J)
= —0iq = ) () (1) (g - g 71) = —8i(- D (g - a7,
which implies
1y -1
(eiir1,Fip1 )R =6ij(a—q ") = (e, fj)gj
This establishes the compatibility of the pairings on the generators, which completes the proof

of part (c).
Thus, £ defines a surjective Hopf superalgebra morphism between the corresponding doubles

& Dhy=UZ(al(V)” @ Uz (al(V))” — UZ(R) ® US(R) = Dp,

see Remark 2.18. Since the pairing (—, —)ng is non-degenerate, &: DSJ — Dpr must be in-
jective on each Borel subalgebra, and so is an isomorphism. Finally, the identification of the
Cartan subalgebras yields an isomorphism ¢: U,(gl(V))” —5U(R), thus completing the proof of
part (a). [ |

3.8 Inverse morphism: general linear case

Following [6], we shall now construct a morphism in the opposite direction (whose construction
requires working in the fi-adic completion, as emphasized in Remark 3.3).

Proposition 3.24. The assignment
Lt (Id®o)(Ren), L+~ (Ideo)(R), (3.49)
gives rise to a Q-graded Hopf superalgebra morphism ¢P¥: U(R)°P — U,(gl(V)).

Proof. We first verify that the assignment (3.49) defines a superalgebra morphism. The ex-
plicit formula (3.3) (together with an h-adic computation, see Remark 3.3) ensures that ¢PF (L+)
and ¢PF (L*) are indeed upper and lower triangular matrices, respectively. Furthermore, since
the diagonal components of (Id ®0)((Ru)21)) and (Id®e)(R, ') reduce to the identity ma-
trix, the diagonal components of (Id®0)(R(2 )) and (Id®p) (9‘{*1) simplify respectively to
(Id ®0)((Rs)21)) = 1d®0)(R) and (Id®g) (R, ), verifying (3.10).

From the Yang-Baxter equation (3.6), we deduce the following equalities:

RepRenRen = RenRenRes,  Ren Ry Ry = Ry Ry Res), (3.50)

with the former obtained by applying 7(12)7(23) to (3.6). Applying Id ®0%? to (3.50) verifies (3.11)
RusgP (1,67 (1), = 0%F (12),0°" (1), oo

We note that because Id ®0%? maps the second and third tensor factors of Uq(g[(V))®3 to the
last two factors in U(R) ® End(V,)®2, the element 9‘{(23) is sent to Ryo.
L1kew1se applying 7(;) to (3. 6) and multiplying 9{( 13) o0 both sides, we get R (23R 2 )9{_

(13) —
ZR( )SR( 1R (23)- Applying Id ®0%? to the latter equality then verifies (3.12)

Ry1s¢°F (L+) 1¢DF (Li)Q =" (Li)z‘bDF (L+) fz.
To verify that ¢P¥ also intertwines the respective comultiplications, we note that (3.7) implies

(A IRy = ReRey, (AI)R =Ry Ry

Applying Id®? ®p to this yields (A ® Id)¢PF (L*) = ¢PF (Li)@)(bDF (Li)(l). This completes
the proof. |
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To establish the relation between ¢PF and &, we start with the following explicit computation.

Lemma 3.25. The images of the generators {l 1 and {ll 1o Lt 1:11 under ¢PF are as
follows:
O g e —(g— a7 fig T,

livii— (= D* (g —q g e

Proof. We begin by evaluating the semisimple part. A direct h-adic computation yields
(cf. (2.10))

(Id®g Z q H ® Ey,

1<i<N

so that ¢PF (li) = g7, Next, we evaluate the unipotent part. We first determine the E;i1-
component of

- k>0
(Id@o)(Ru)ery) = [] Yoot )\ek\fL‘Q()

k ok
ved+ \ k<1 if yedg (4, e%) b,

Since g preserves the -degree and deg(E; i+1) = «; is a simple root, the only term contributing
to this component is

( )|ea \fal ®Q(€Olz) _

(f e )DJ _(q - qil)fi & Ei,i+17
Q9“0

which implies that ¢DF( ”H) = —(q - qil)fiq*H”l. Likewise, let us compute the F;iq ;-
component of

— k>0 k k
_ ® o(fF)
(ldoo)(%;') = 1 > W
yedt \k<lifyed; V7 %7/DJ
T
STx (- > e
~yed+ >0 k<1 if ye®3 ('f'l; ek)
where we use the fact that
kf ek © o(f})
k<1 if yedg (fﬁ’eg)m
is nilpotent. As above, the only contributing term is thus

_€q; @ o(fa,)
(fa” eai)DJ

which implies that ¢DF( i1 z) = (- 1)m(q - qil)qu“ei. This completes the proof. |

= (—1)“”71((] —qg e ® (_1){Ei+1,i = (-Um(q —q e ® B,

We shall now exhibit ¢PF as the inverse of &, up to canonical superalgebra automorphisms.

Proposition 3.26. The composition

1 -1

o= F £ YR ¢PF
U, (gl(V)) —L— U,(gl(V U U(R)®Y —— U, (gl(V
(S0 220 U)oU) S oy 2 v v))

1s the identity morphism.
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Proof. This is verified by direct computation (cf. (2.9) and Remark 3.23)

¢DF

—1 —1
+H, 5 +H, & +H, “R H +H
e e
07 h € Hii1 “R T g i+t 3(pa “H; 90
e; —— e;q (RIS ei,i—‘rlq i,4+1 —t _(_1)'”+ (_1)Z+Z+ q (paaz)fi_"_l’z.q i,4+1 e,
OF  _his & _H,, Wi Tl —3(p,c) Hi oPF
fZ — q Zfl [N q 7«77«+1fi+17i — _(_1)/L/L+ q (p7al)q ZﬂJrleZ‘,i-‘rl RN f’L' .

4 Orthosymplectic Lie superalgebras and quantum supergroups

4.1 Orthosymplectic Lie superalgebras

As in Section 2.3, we fix a superspace V of dimension (m,n), and its homogeneous basis
{v1,...,un}, where N = m 4+ n. We assume that n is even, and define s = LMJ Consider

2
the involution ’ on the index set I = {1,2,..., N} defined by
i i i =N4+1—1.

We shall assume that 7 = i/ for all 4 € I. In particular, v, ; is necessarily even when N is
odd. We also choose a sequence ¥y = (91,02,...,9y) € {£1}" such that ¥; = 1if i = 0
and ¥; = —y if i =1 (we do not assume 9; = 1 for i < s). From the conditions above, we
immediately have

92 =1 and Iy =(-1)°" foralliel

)

Consider a bilinear form Bg: V x V — C defined by the anti-diagonal matrix G = Ef\il % By
The orthosymplectic Lie superalgebra osp(V') is defined as the Lie subalgebra of gl(V') consisting
of all matrices X that preserve the bilinear form B¢, meaning (see notation (3.18))

X*G +GX =0.

Explicitly, osp(V') is spanned by the elements
Xy = Eij — (=1 9,0, Ejrir.

Since Xy = —(—1)5({+7)19i19j - Xjj;, the following elements form a basis of osp(V):
{Xij|i+j < N}U{Xy |i=1}.

We also introduce a closely related object, the extended orthosymplectic Lie superalgebra®
gosp(V) :=osp(V)a C-1C gl(V),

where I denotes the identity matrix. We note that both osp(V) and gosp(V') inherit the Zs-
grading from gl(V'). Since [I, X] = 0 for all X € osp(V), the orthosymplectic Lie superalge-
bra osp(V') forms a codimension 1 ideal of gosp(V'). To avoid confusion, the central element I
will frequently be denoted by C.

Similarly to gl(V'), we choose the Borel subalgebras of osp(V) and gosp(V') consisting of
all upper triangular matrices. The Cartan subalgebra bosp of 0sp(V') consists of all diagonal
matrices and has basis {X;;};_;, while the Cartan subalgebra by of gosp(V) is the direct
sum Bosp & C - C. Recall the linear functionals {e;}1*; on gl(V), and let & = &;ly,,,, be their
restrictions to the Cartan subalgebra hgosp of gosp(V). Then &4y = &;4+Ej forall1 <i,5 < N.

“Our choice of notation gosp follows that of [22].
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Thus é¢c = (&; + €;7)/2 is well-defined independently from the choice of i, and o = £44; for
odd N. The set {& — éc}i_; U {éc} forms a basis of hy,, dual to the basis {X;};_; U {C}
of hgosp. Moreover, as Ecly,,, = 0, we note that €;ly,,, = (& — €¢)|p,,, for all 1 <4 < N, and
therefore

Ei‘husp = _e’i,’hosp for all iy Es""l‘hosp =0 for odd N.

This implies that {e;ly,,, };—; forms a basis of b5, dual to the basis {X;i};_; of hosp. The
functionals ]y, € Bosp and their extension to by, by zero on C' will be simply denoted by &;,
so that

€, =€& —Ec € f)zoﬁp V1 <i<N. (4.1)

In complete parallel with the gl(V') case, a direct computation shows that [X;;, Xup] = (64 —
ep)(Xii) Xap, and thus X, is a root vector corresponding to the root e, —ep = £, —&p. This yields
the root space decomposition 0sp(V') = bosp ® P cqp 059(V)a with the root system given by

@z{sa—eb\a+b§N,a#b}U{25a|E:i},
and the corresponding polarization

Pt ={e,—ep|a<b<d}u{2e,]|
@7:{5a—5b|b<a<bl}u{2€a\

a=1,a<
a=1,d <s}.

In particular, ® contains any (equivalently all) of {#¢;}Y, if and only if N is odd. We use &g
and @7 to denote the sets of even and odd roots, respectively. Lastly, we consider the following
reduced root system:

d={yed|iy¢ o} Py = @ N Py, d; = d N Py. (4.2)

We also note that gosp(V') shares the same root system ® and admits the corresponding root
space decomposition

g0sp(V') = bgesp ® @ gosp(V)q with  gosp(V)q = 0sp(V), Va € ®.
acd

4.2 Chevalley—Serre-type presentation

With respect to the above polarization, the simple roots and corresponding root vectors in
osp(V') are as follows:

e Case 1 (B-type): m is odd.

Q= €; — €iy41, ei=Xiit1, fi=(—1)"Xii1, for 1 <i<s,
hi = (1) X; — (1) X100 for1<i<s. (4.3)
e Case 2 (C-type): m is even and 5 = 1.

g —egip1 i1 <i<s,
Qy = e -
2e, if i = s,

{Xi,iJrl fl1<i< S, ¢ {(_1)iXi+l,i f1<i< S,
Z' =

€, =
E.o ifi=s, 2B, ifi=s,
h = (—1)iXy — (—1)F X4 if1<i<s, o
b 2% if i = s. :
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e Case 3 (D-type): m is even and 5 = 0.

g —eip1 i1 <i<s,
oy =
€s_1tes ifi=s,
o — Xi,i+1 ifl1<i< S, £ (_1)5Xi+1,i ifl1<i< S,
| Xee ifi=s, ’ (1) "Xy ifi=s,
h — {(—I)ZX“ — (—1)mXi+1,i+1 ifl1<i< S,
i =

3 . (4.5)
()5 1 X 1601+ (15X, ifi=s.

While {h;}?_, is a basis for hasp, it is often more convenient to employ an alternative basis.
To this end, we consider the following elements:

H; == (—1)'X;; = (—1)(Ej; — Eyy)  for 1<i<N.

Note that H; = —Hy for all 1 < i < N, and Hs; = 0 when N is odd. The set {H;}{_; also
forms a basis of hsp, and in terms of this alternative basis, the elements h; from (4.3)—(4.5) take
the following form:

H;—H;iy1 if1<i<s (inall BCD-types),
. e _ Bt 7
h — H if z s (B-type) (4.6)
2H, if i =s (C-type),

Hs—1 +Hs ifi=s (D-type).
Furthermore, the lattices PY = ZC & @;_, ZH; and Q" = @;_, Zh; constitute the coweight

and coroot lattices of gosp(V'), respectively. We also define the lattice

Z Z 7 B‘ )
P Z P O P, Zé; (B-type)
L(2éc) @ GBZ 128 (CD-types),

the root lattice Q == @;_; Za; C P, and QT = @;_, Z>o«, the latter giving rise to the partial
order on P. One can verify that gosp(V) is graded by @ (and hence also by P) via

deg(e;) = oy, deg(f;) = —ay, deg(h;) =0, deg(H;) =0, deg(C) =0, (4.7)

which restricts to a @-grading on osp(V'), and is compatible with the Zs-grading via the group
homomorphism

P17y,  &w—i foralll<i<N, (4.8)

cf. (2.11). Specifically, this implies éc + 0 in B-type, and 2&¢ +— 0 in C'D-types.
We define a non-degenerate bilinear form (-,-): gosp(V) x gosp(V) — C by

(X,Y) = LsTr(XY), (C,X)=0=(X,C), (C,C)=1, (4.9)

forall X,Y € osp(V). Asin the gl(V) case, its restriction to hgegp is non-degenerate. Through the
identification by, = hgosp Via &; <> H; and €c <> C, this induces a bilinear form (—, —): by, X
hgosp — C satisfying (for all 1 <i,j < s)

(Ei,Ej) = 5ij(—1)i, (50,&}‘) =0= (Ei,éc), (éc,éo) =1. (4.10)
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We note that the factor 1/2 in (4.9) is used to ensure the first formula above akin to (2.13).

We define the symmetrized Cartan matriz by a;; = (as, ;) for 1 < i,5 < s. The ele-
ments {e;,f;, h;};_; generate osp(V') and satisfy the exact same Chevalley-type relations (2.15)
as in the sl[(V') case. By [27, Main Theorem], this set of generators and relations provides a com-
plete presentation of osp(V) when augmented with the appropriate Serre relations (which we
omit here).

Remark 4.1. We note that our choice of generators corresponds to a rescaled version of
those used in [25, 27|, as we work with the symmetrized Cartan matrix rather than the non-
symmetrized one.

Remark 4.2. As in Remark 2.3, instead of using Cartan generators h; or H;, one can use
an additive subgroup I' C hgoep containing {h;}7_, to provide a uniform Chevalley—Serre type
presentation for both osp(V') and gosp(V'). Consider the Lie superalgebra g(I') over C generated
by {ei,fi};_; and I', subject to the Serre relations together with the Chevalley-type relations
as in Remark 2.3, but for all H,H € T'and 1 < i,j < s. It is clear that g(Q") = osp(V)
and g(T'gosp) = gosp(V'), where

_ ) ZC & By ZH; (B-type),
%) Z(20) @ @3, Z(H; + C)  (CD-types),

is the image of P inside P under the identification bgosp = Bgosp induced by the above non-
degenerate form. One can uniformly choose a different basis of the above lattice 'gosp =
@it ZH; via

4.3 Drinfeld—Jimbo-type orthosymplectic quantum supergroups

Similarly to the general linear case in Section 2.4, we define a class of quantum supergroups U, (T")
parameterized by an additive subgroup I' € PV containing the coroot lattice QV, see Remark 4.2.

Remark 4.3. As in Remark 2.4, we shall denote the elements h;, H;, H; € Bgosp Dy hi, Hj, H;,
respectively, in the quantum supergroup setting in order to distinguish them from their Lie
superalgebra counterparts.

Definition 4.4. For a fixed additive subgroup I' C PV containing @V, the quantum super-
group U,(T") is the C(g)-superalgebra generated by {e;, fi};_; and the formal symbols {qu \
H e€T}. It is equipped with the Q-grading (cf. (4.7))

deg(e;) = ay, deg(fi) = —au, deg(¢=") =0, (4.12)

and the compatible Zs-grading, see (4.8). These generators are subject to the Serre relations
specified later in this subsection, alongside the Chevalley-type relations (2.17)—(2.19) as in the
gl(V') case, but for all H,H' € T" and 1 <i,j < s, where aj(H) denotes the values of root «; on
the Cartan element H € PV.

To express the Serre relations, we recall the g-supercommutator [—, —] from (2.20). First of
all, we impose (2.21) for all 1 <1i,j < s as well as (2.22), (2.23) provided all featured indices
are strictly less than s. The remaining Serre relations involving the index s are specified by the
following type-dependent list:
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e B-type:

[[63717 [[6571, es]]]] =0, [[f87].’ [[fsflv fs]]]] =0 if Qs 1 € (I)ﬁ’
[[Mes—laes]],esﬂaes]] =0, M[[fs—lyfs]]afs]]yfs]] =0 if o € @67
[[les—2;es—1],es], es—1] =0, [[Ifs—2, fs—1], fs], fs—1] =0 if as1 € ®1. (4.13)

e (-type:

[[63—17 [[es—la [[65—17 es]]m] = 07 [[fs—l’ [[fs—la [[fs—ly fs]]]]]] =0 if as—1 € q)(_h
Mes—h 68]]7 68]] =0, MfS—lv fS]]7 fS]] =0,

{MMesz, es—1], es]; [es—2, €s—1]] €s1] =0
00 fs—25 fs—1l, fs]s [fs—2, fs—1]l, fs—1] =0
{u

I

[[ if ag_9, 5.1 € P4, (4.14)
[[[[[[6573, 6372]]7 6571]]7 ES]], esfll]a 6372]]7 6571]] =0
[

e D-type:

I |
fo— Dp, as— D3.
ML s—3, fs—2], fs—1ls fs]s fs—1], fs—2], fs—1] =0 if ag_9 € g, as—1 € P31

[[65—27 [[65—2; esM =0, [[fs—% [[fs—2; fs]]]] =0 it a9 € (I)()a
[[[[65—2765]]765]] =0, [[[[fs—2;fs]]7fs]] =0 if as € (I)(),
[[[[[[63—37 63_2]], 65]], 63—2]] =0, [H[[[fs—3a fs—2ﬂa fs]]> fs—Z]] =0 if g9 € (I)iv

{[[[[88—27 65—1]]7 65]] = [[[[65—27 65]]7 65_1]]’ if g € Dy. (415)

MfS—% fS—l]]a fS]] = Mfs—% fs]]; fs—l]]

The Hopf superalgebra structure on U, (I") is naturally defined by the formulas (2.24)-(2.25).
Definition 4.5.

(a) The quantum supergroup Uy(T'gesp) is called the extended Drinfeld—Jimbo-type orthosym—
plectic quantum supergroup and is denoted by U,(gosp(V')). Using the basis {H }
of Igosp, see (4.11), it admits an equivalent presentation with finitely many generators
Specifically, it is the C(q)-superalgebra generated by

7.y s+1
{ei, fitiz U {qul}le’

equipped with the same Q-grading as in (4.12) and compatible Zy-grading. These gener-
ators are subject to the Serre relations specified above, alongside the Chevalley -type rela-
tions (2.17)—(2.19) evaluated on the chosen basis of I'gesp. Here, the elements ¢ quS“
for B-type (resp. ¢72¢ = quSqu“rl for C'D-types) are central, and the elements ¢+

in (2.19) are described through the chosen Cartan generators { qu’“ k 1 ! akin to (4.6) via

qilihq¥f{i+1 if 1 <i<s (in all BCD-types),
gt = gHloqFhrifi =5 (BC-types),
gEFls1gFHsnif j = s (D-type).

(b) Analogously, the Drinfeld—Jimbo-type orthosymplectic quantum supergroup is defined as
Ugy(osp(V)) = U, (QV). Equivalently, it is the C(g)-superalgebra generated by {e;, fi}7_,

s

and the Cartan generators {g*" S_1, subject to the same -grading and Z»-grading.
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These generators satisfy the Serre relations specified above, alongside the following explicit
Chevalley-type relations (for all 1 <i,j < s):

(" q"] =0, gTigThi=1,  glejghi = glroey,
e Ch (o qrt—q "
¢ fig i = g £ e, f5] = 6ij————-
qa—q
By definition, there is a canonical Hopf superalgebra morphism from Ug(osp(V)) to
U,(gosp(V)). This morphism can be shown to be an embedding via the triangular de-
composition (4.16) discussed below.

Remark 4.6. Our choice of the denominator ¢ — ¢! in the Chevalley-type relations follows

the conventions of [25], and may therefore differ from some other literature through a scalar
rescaling of the f;’s.

Remark 4.7. Analogously to Remark 2.9, the assignment wpj (qiﬁk) = quHk (1<k<s+1)
and

wny(es) = mfs for C-type and ¢ = s,
—(—1)"H1g3pei) £ otherwise,
() (1 +q*)es for C-type and i = s,
w ) = o
DI —(—I)W(—1)“+1q*3(f”ai)ei otherwise,

gives rise to a Hopf superalgebra isomorphism wpy: Uy(gosp(V))==U,(gosp(V'))°P, where p is
the Weyl vector of ® given by the formula (2.8) and satisfying property (2.9) for simple roots o
of (4.3)-(4.5).

4.4 Drinfeld double and Drinfeld twist of U,(gosp(V'))
In complete analogy with the gl(V') case (cf. (2.29)), U,(gosp(V')) admits a triangular decompo-
sition

Uy (gosp(V) @ Uy (gosp(V)) @ Uy (gosp(V))==+Uq(gosp(V)), (4.16)

where the factors are the subalgebras generated by {fi};_, {qu | H € Fgosp}, and {e;}; ;.
respectively. This triangular decomposition yields the following isomorphisms of underlying su-
perspaces for the positive and negative Borel Hopf subalgebras Uz (gosp(V)) and U (gosp(V')):
U; (gosp(V)) ® Uy (gosp(V))-=>U (gosp(V)),
Uy (gosp(V)) @ Ug (gosp(V))~>U (gosp(V)).

The following result establishes the Drinfeld double realization of U,(gosp(V')). This is a di-
rect analogue of Proposition 2.11 (we omit the proof which is identical).

Proposition 4.8.
(a) There exists a unique skew-pairing (cf. (A.8))
()pa: Uz (gosp(V)) x Uz (gosp(V)) = C(q) (4.17)
satisfying the following properties on the generators for 1 <i,j < s and H, H' € T'ggp:

555 (—1)IFilles
¢ l—q

)

(find")p; =0, (¢",ei)p, =0, (firej)py =
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(qu q" )DJ = qi(H’H ),
where the pairing in the last equality is evaluated via (4.9). Moreover, this pairing is non-
degenerate, as is its restriction to the Cartan subalgebras UJ(gosp(V)) x UL(gosp(V)).

(b) The superalgebra Uy(gosp(V')) is isomorphic to the quotient of the Drinfeld double Dpy,
formed by the pair of Hopf subalgebras Uqﬁ(gwp(V)) and qu(gosp(V)) with respect to
(4.17), obtained by identifying the Cartan subalgebras Ug(gosp(V)) from both factors.

Remark 4.9. Similarly to Remark 2.13, one may alternatively construct the Drinfeld dou-
ble by taking the Borel subalgebras in the opposite order. This utilizes the transposed in-
verse (—, —)53° qu(gosp(V)) X UqS (gosp(V)) — C(q), which is also non-degenerate and evalu-
ates on the generators as follows:

]3:] - 07 (qH7 f%)]’)\j = 07 (61‘, f])]’jj = q o q_17 (qH,qH,)f)‘j - q(H’H/).

(eina™)

We now introduce a specific Drinfeld twist of U,(gosp(V')) using the element F = R, =
g C®C = Xiai D Hi®Hi | ¢he gemisimple part of the universal R-matrix, see Section 5.1. This
yields the exact same formulas for the twisted comultiplication A7 and antipode S¥ on the
generators e;, f;, ¢! as in the gl(V) case from Section 2.6:

Af(e)=1®e+e®q ™, A (f)=d"o fi+ fi®1, A (g") =¢" @ ",
§7(en) = —eiq™, ST =g ST(¢") =g
The following structural properties are completely parallel to Proposition 2.16.
Proposition 4.10.

(a) The assignment ¢x(e;) = eiq™™, ox(f;) = ¢ fi, gzb;(qH) = ¢ uniquely extends to a Q-
graded Hopf superalgebra isomorphism

dr: Uglgosp(V))" U, (gosp(V)).

(b) The isomorphism ¢r preserves the Borel subalgebras UZ(gosp(V)) and Us(gosp(V)).

(¢) The pullback skew-pairing (z,y)3; = (d7(z), ¢F(y))ps evaluates identically to the skew-
pairing (—, —)py on the generators. Consequently, U,(gosp(V))” can also be realized as
the Drinfeld double of Uqg(gosp(V))]: and UqZ(QOEp(V))]: with respect to (—, —)h; (and

similarly for (—, —)gj with the opposite order, see Remark 4.9).

5 RLL-realization of extended orthosymplectic
quantum supergroups

5.1 The universal R-matrix

Following the combinatorial approach developed in [11] (based on [5]), one defines the corre-
sponding quantum root vectors {ev, fy},cg+ recursively as in [11, equation (5.20)], using iterated
g-supercommutators (2.20) and combinatorics of dominant Lyndon words. As in the gl(V') case,
let v;; == &; — €;. Since 7;; = 7y;/, the reduced positive root system &+ of (4.2) is uniquely
parameterized by a subset of {(¢,7) | i < j <4’} via

o+ — {vij i <j <i'} (B-type), 651)
{vijli<j<i}U{yw|i=1} (CD-types).
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The set L™ of dominant Lyndon words depends on the order of simple roots, and we choose it
as in [11]:

ap <ag < <o (5.2)

Using the aforementioned bijection 1: LT —~3®*, the lexicographic order on L* induced by (5.2)
gives rise to a lexicographic order < on ®*. Explicitly, < is obtained from the lexicographic
order on the pairs {(i,7) | i < j < '} (cf. (3.2)) by imposing ;s < Yiir < 7is forall 1 <i <'s
satisfying 7 = 1. For simple roots «;, we set e,, = e; and f,, = f;. For non-simple roots v € &7,
the root vectors are defined inductively via (cf. (3.1))

€y = [[eaveﬁ:ﬂv f'y = _(_1)|fa“f5|q_(a76) [[fa7f,3]]a

where the pair of roots (a, 3) corresponds to the so-called costandard factorization ¢ = ¢;/9
of the dominant Lyndon word ¢ = 171(v) into ¢; = 17!(a) and £ = 17(3). The costandard
factorization for the order (5.2) is generically given by the uniform rule v;; — (vij—1,7j-1,5)
for ¢ < j <4/, which applies exhaustively for B-type, while the type-dependent exceptions for
C D-types are as follows:

o C-type: viir — (Vis, Vis') for i <'s;
i D'type: Yis' (%,5—1,%—1,5’) fori < s — 17 and Yii (’Yisa')/is’) for i <s.

In complete parallel with the gl(V) case (cf. Theorem 3.4), these quantum root vectors
provide PBW-type bases for the strictly positive and negative subalgebras U (gosp(V')) and
U (gosp(V)), which are orthogonal with respect to the skew-pairing (—, —)py from (4.17).

Theorem 5.1.
(a) The sets of ordered monomials

— ’ -
My my€L>0 H My
H €y m~y <1 if yEP3 isotropic and f’Y

~EDT ~EDT

m’YGZZO
m~ <1 if y€®7 isotropic

form bases for U; (gosp(V)) and Uy (gosp(V)), respectively. Here, the arrow < over the
product signs refers to the lexicographic order < on ®T, thus ordering the elements of ®*
in decreasing order.

(b) These bases are orthogonal with respect to the skew-pairing (—, —)py of (4.17).
Using these dual PBW bases, the universal R-matrix $R in the completion of the tensor

square of U,(gosp(V')) (cf. Remark 3.3) factors exactly as it does in the gl(V') case (cf. [11,
Theorem 5.18])

R=N,R, R, =g O TV HOH
— k>0 k k
— e ®f
I
yed+ \ k<1 if yed; isotropic 7’ ¥/ DJ
We now evaluate R on the first fundamental representation o:U,(gosp(V')) — End(V;) (cf. [11,

Proposition 3.1]), where V, = C(q) ®c V as before. The representation o is defined on the
generators by o(e;) = e; and o(f;) = kif; for 1 < i <'s, where

.y — {ﬁg_l for C-type and i = s, (5.3)

1 otherwise,
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while on the Cartan generators it is given by g(qui) =¢*MitD for 1 < i < s+ 1, where I
denotes the identity matrix and the exponentials of diagonal matrices are evaluated as in (3.4).

The evaluation of the semisimple part ¢®%(R;) follows from a direct h-adic computation
(cf. (4.1) and (4.10)), while that of the unipotent part o®?(9R,,) is derived in [11, Propositions 5.23
and 5.28],

R, = ¢} (R) = ¢ o) Y g E9E @B = Y ¢ ©YE @ By,
1<ij<N 1<ij<N
Ry = 0" (Ry) =1- (q—q ")) (-1 Ej
i<j
® (q(giyfj)Ej. _ (_1)3(5+3)19i19jq(P761—€j)q—(fi@i)/?q—(&j75j)/2Ei,j,)7

where p is the Weyl vector. Combining these we get explicit formulas for R = 0®%(R) and its
inverse R in End(V;)®?, cf. [11, Remark 4.7]

R=q Cefel. { Z ¢ B ® Bjj— (¢—q7") Z(_l)jEij

1<ij<N i<y

Q (Ej' _ (_1)3(E+3)19i19jq(075i—Sj)q—(%ai)/2q(5j:€j)/2Ei,j,) }’

Rl = glfee). { > B @B+ (q—q7") Z(—l)jEz’j

1<ij<N i<j

® (Eji — (_1)3@+3)ﬁiﬁjq*(Pvfz’*Ej)q*(EmEi)/Qq(Ej:Ej)/2Ez.,j,) } (5.4)

Remark 5.2. We note that 2R (as well as its evaluation R) satisfies the exact same Yang-Baxter
equation, comultiplication properties, and braid relations as those detailed in Remark 3.5 for
the gl(V') case.

5.2 The superalgebra U(R)

Following the general linear case, we define the RLL-realization U(R) of the extended orthosym-
plectic quantum supergroup using the corresponding R-matrix (5.4). The overarching algebraic
structure is defined in exactly the same way as in the gl(V') setting, with the only difference
being the specific choice of R.

Definition 5.3. The C(q)-superalgebra U(R) is generated by the elements {l;;7l]'_i}1§i§j§N~
Adopting the convention l;; =0= l;i for ¢ > j, we organize these generators into formal
matrices L* = ijzl l;; ® Ejj. The superalgebra U(R) is defined as the quotient of the free
superalgebra 7 = (C(q)(l;;, l;;|1 <1< j < N) by the relations (3.10), together with all matrix
coefficients in 7 of the matrix equations (3.11) and (3.12) evaluated in 7 ® End(V,)®?. The

Zs-grading is compatible via (4.8) with the @-grading determined by
deg(li) =¢g; — €. (5.5)

As the defining relations are Q-homogeneous, we note that U(R) is indeed a Q-graded super-
algebra. Furthermore, the exact same formulas (3.13), (3.14) endow U(R) with the structure of
a Hopf superalgebra.

Remark 5.4. As follows from the explicit formula (5.4), we have (R12)" = ©105-Ro1-(0102)7!
where © = Zf\il q©=)/2 B similarly to (3.24). Thus, arguing exactly as in Remark 3.9, we note
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that applying the full supertranspose to the defining relations of U(R) yields an isomorphism of
Hopf superalgebras

wr: U(R)=5U(R)®P  given by LT — 071 (LF)™e. (5.6)
This wg induces a superalgebra isomorphism between U1 (R) and U~ (R) introduced below.

Let UT(R) and U~ (R) be the superalgebras generated respectively by {l;;}l cicjen and
{lﬁ}léiSjSN» equipped with the @-grading (5.5) and the compatible Zs-grading, subject to
the respective single-sign relations (3.11). The same formulas (3.13) endow both U*(R) with
superbialgebra structures. As in the general linear setting, the superalgebra U (R) can be realized

as a quotient of the generalized double of the superbialgebra pair (UJ“(R)7 U_(R)).
Proposition 5.5.

(a) There exists a unique skew-pairing

()r: UT(R) x U™ (R) — C(q) (5.7)
satisfying the following property on the generators:
S (n)EDED @ L) pEy © By = R. (5.8)
1<i,j, k<N

(b) The superalgebra U(R) is isomorphic to the quotient of the generalized double Dr =
D(UT(R),U™(R)) modulo the relations IE1F =1 forall1 <i<N.

(A4

We omit the proof of Proposition 5.5, as it relies entirely on the structural compatibilities
governed by the Yang—Baxter equation (cf. Remark 5.2) and is thus completely analogous to
that of Proposition 3.10. We note that

(5l g 70 <= Gk)=0G0) o (,k)=(74) o k=i&l=j,

which in view of (5.5) implies that the skew-pairing (5.7) is of Q-degree zero, and consequently
of Zg-degree zero. The latter is crucial for (x) used in the proof of Proposition 3.10.

Remark 5.6. As in Remark 3.12, the evaluation (5.8) is compatible with the convention ljj =
0 =1 for i > j, as evident from the explicit formula (5.4).

Remark 5.7. Following Remark 3.13, let UZ(R) and US(R) denote the Hopf subalgebras
of U(R) generated by {l;;}léiSjSN U {liphi<w<n and {0 h<i<j<y U {U} Y1<k<n, respectively.
The skew-pairing (5.7) extends uniquely to a skew-pairing UZ(R) x US(R) — C(g). Thus, the
generalized double construction of U(R) can equivalently be carried out using these Hopf sub-

algebras. Furthermore, the isomorphism wp from (5.6) restricts to a superalgebra isomorphism
between UZ(R) and US(R).

Remark 5.8. Asin Remark 3.14, the generalized double construction for U(R) can equivalently
be carried out by taking the subbialgebras in the opposite order and utilizing the transposed
inverse of (—, —)g:

o= (=) U (R)x UT(R) — C(q).
By direct computation, its evaluation on the generators is given by the matrix formula (3.29). As
in Remark 5.7, this pairing uniquely extends to a skew-pairing (—, =) 5: US(R)xU=(R) — C(q).
Finally, the twisting procedure used to bypass the emergence of Koszul signs during formal

matrix multiplication carries over verbatim, yielding the analogue of Proposition 3.16.

Proposition 5.9. Let C: Zy x Zy — C(q)* be the normalized 2-cocycle given by ((1,]) == (—1)4.
Then, the assignment ZZ?'JE- — lf‘; for all 1 < i < j < N gives rise to a superalgebra isomor-
phism U(R)—>U(R)".



Orthosymplectic Quantum Groups Revisited 41

5.3 Gauss decomposition and twisted identities: orthosymplectic case

As in Section 3.6, we shall assume that all algebraic manipulations occur within the twisted
superalgebra U(R) or the tensor product U(R)®" @ “End(V,)®*® (for r,s > 1), rather than in
their untwisted counterparts. Again, the elements in U(R)®" @ End(V,)®* will be considered
as formal matrices (3.33), following the standard matrix multiplication (3.34). Consequently,
L* and L~ are genuinely upper and lower triangular matrices, respectively, and using (3.10) we
obtain the exact same Gauss decompositions (3.35).

Similarly to the general linear setup, we define the elements {e;;, fji}1<i<j<n in U(R) via
the exact same formulas (3.36). We also introduce quk = ljE in UR) for 1 < k < N and
define ¢™Hij = ¢* (qu)lfora111§i<j§N.

By evaluating the specific matrix components of the defining relations (3.11) and (3.12),
we deduce a set of identities governing the elements e;;, f;;, and ¢ within U(R). As be-
fore, [—, —]¢ and [—, —]¢ denote the supercommutator and the g-supercommutator (cf. (2.3)
and (2.20)) of elements in U(R).

We start with type-independent identities, the first three of which are derived exactly as in
Section 3.6:

Matrix Component Conditions Identity

Eiu®Ej; 1<i,j<N ¢, ¢"] =0 (5.9)
1<i<N g HigTHi =1 (5.10)

FEuu®FE;; 1<i<j<N,1<a<N ¢Hee;jqHe =gleasi=eile,; (5.11)

E;®FE;; 1<i<j<N, e;—¢; odd isotropic [e;;,e;;]*=0 (5.12)

Table 2. Type-independent identities in U(R).
We now proceed to list the type-dependent identities:

Matrix Component Conditions Identity

E;; ® Eyj 1<i<j<s+1 gt gt =gt gHy (5.13)

Ei7i+1 ® Ei’i’ 1§Z§S ei,i+1——( )1(Z+Z+1)19 19l+1e (i+1)"4 (514)

Eij ® Ejj i<j<(i+1) €ij+1=(— 1)(Z+j)(3+j+1)[[ 1J7e.7,]+1]]< (5.15)

, e =(—1)"*e; 1y e(iqry
Ei, i+1’®Ei+1 7% 1SZSS (516)
( ) ( ) —q (5176 )q (€L+17 Hrl)e( +1)/ 1€; (1)
E(jJrl)lj/ ® Ej’i’ Z<]<(2 + 1)’ e(j+1)/1/_g )(1+J)(J+j+1 [[e(]Jrl) 57 ej/l/]]f (517)
i = 1 i + € % i
Eiit1® By 1<i<s e =(= () )t +18 +1) (5.18)
—q q €i41,Ei41 €i+1,i'€iit1

Ei,i+1 ®Ej,j+1 1§i<j§8, j —i>1 [[ei7i+1,ej1j+1]]<—0 (519)

Eiit1®FEiin1 1<i<s, |ei,i+1|:i [[ei,iJrlaei,iJrl]]C:O (5.20)

Eiiv1® Eijivo I<i<s leiis1 [eiiv1, €1 ival®]] =0 (5.21)

Eiiv1 ®FE;_1,41 1<i<s [Mei—l,ia eiit1]°, ei,i+1HC:0 (5.22)

Es,s+1 X Es—l,s’ [[[[[[es—l,mes,s—&-l]]caes,s—&-l]]aes,s-&-lﬂgzo (523)

Eiit1® Ei_14+2 1<i<s [[[[ei-1,i€i,i+1]° €it1,i42]] C, ei,i+1]]<:0 (5.24)

Table 3. B-type, identities in ﬁ(R) derived from RLT L =L3 L{R.

Matrix Component  Conditions Identity

Eij @ Eyjs 1<i<j<s qHi gt =M gHy (5.25)

Eiiv1® By 1<i<s—1 €,i41=—(—1)"rF D99, 1ei1yy (5.26)
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Matrix Component  Conditions Identity
Eij ® Ejjy1 i<j<(i+1), j#s  eij=(—1)FN0H e e 14]¢ (5.27)
By ® E;s 1<i<s —1 (1+¢%)eis=[eis, ess ] (5.28)
(1) e
ey @ Barye 1sise—1 - —(q‘l()sf"5”qﬁ?gﬁ?sifi:;1)wez-,(m)' (529
E(j+1y5 ® Ejrv i<j<(i+1), j#s ey =(—1)TFDNTHID]e 41y, e50i]¢ (5.30)
Eso ® Egrys 1<i<s—1 (1+ ¢?)esi=[ess, 5] (5.31)
Eiit1® Eit1 I<i<s—1 eii/:(__1();%;:1?(’?1%%1’1‘/ (5.32)
' ’ —q~Cre)gmEreine; e
Eiiv1® Ej 11 1<i<j<s,j—i>1 [e;it1,€5,+1]°=0 (5.33)
Eiiv1 Q@ FE; i+1 1<i<s, lejit1|=1 [eiit1,€ii+1]°=0 (5.34)
Eiit1®E;iyo 1<i<s —2 [eiit1, [€iit1, ez’+1,z‘+2}]g]]<=0 (5.35)
Eiiy1®@Ei 1,11 1<i<s [lei-1,i,€ii+1]°, ei,i+1]]C:0 (5.36)
Eiit1®@E 142 I<i<s—1 [[lei-1,i>€ii+1]° €iv1,iv2]] ‘ ei7i+1ﬂ<=0 (5.37)
€6_36-2,€5-9 1] €s_1.5]°,
RO Y e T
Table 4. C-type, identities in U(R) derived from RLYLI=LILTR.
Matrix Component Conditions Identity
Ei; @ Ey s 1<i<y<s qHigHy =gt My (5.39)
Eiiv1 & By 1<i<s e i1 =—(—1) Dy, iVir1€(ip1)ir (5.40)
Bu 10 @ Ea_1y(ac1y eot = (1T, e, (o 1y (5.41)
Ei; ® Ej j+1 i<j<(i+1),j#s e jr1=(—1)F0T+ e, e;1]¢ (5.42)
Eis 1QFEs 1, 1<i<s—2 ey =(—1)Fs—DE143)[e, - 1 e, 1 ] (5.43)
Eis ® Eg (s—1) I<i<s—2 ei(s—1y =(—1)HDCET e, e, (,_1)]° (5.44)
L (—1)itite, o
Bi(i+1y ® Brayw  1<i<s -1 A AL (5.45)
q q €(i+1)i' €4, (i+1)’
E(ji1yj ® Ejry i<j<(i+1),j#s egiiye=(—1)FDTH e, )0, e (5.46)
Es(s—1y @ E(s—1yy 1<i<s—2 ey =(—1)Hs D196, 1y e 1yi]C (5.47)
Es 14 ®FEgp 1<i<s—2 es 1= (1)1 e, o egi]C (5.48)
1+ e e
Eiit1® Eiy1,00 1<i<s—1 €ii’ _(q_l()ai)Ei)qigiﬁiﬂiim’i,ei’iﬂ (5.49)
Eiiv1® Ejj 1<i<j<s, j—i>1 [eiit1,€,41] =0 (5.50)
Eiiy1®9FE; 1 1<i<s—3 leiit1,€s5-1,]°=0 (5.51)
Eiiv1®FE; 41 1<i<s, lejis1|=1 [eiit1,€i,41]°=0 (5.52)
Ey 19 @FEs 1 les—1.s|=1 les—1,5,€s—1,5]° =0 (5.53)
Eiiv1®E; 10 1<i<s -2 [eiit1, [€ii+1, €it1,i+2]°]] ‘=0 (5.54)
Es 21 3 [es—2,6-1, [€s—2,5-1,€5— 1 s’ ]]Cﬂ =0 (5.55)
Eiit1® Ei—141 1<i<s ([[ei-1.i,€ii41]¢ e z‘+1]] =0 (5.56)
Es 1o ®@FEs oy [[es—2,5—1,€5-1,5/], €5-1,50 ]] =0 (5.57)
Eiii1® Eio1i4o l<i<s—1 [[[ei—1.6 €011, €11 Hz}]c eiit1]]" =0 (5.58)
Ei 95 1QKE; 34 [[[es—3,5-2,€5-2,5-1], €5-1,5' ﬂc, 9572,571}]420 (5.59)

Table 5. D-type, identities in U(R) derived from RL} Li =Li L} R.
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Remark 5.10. As in Remark 3.18, while (5.20), (5.34), (5.52)—(5.53) are special cases of (5.12),
they are recorded separately as they correspond to the Serre relations. Also (5.12) implies egj =0
for odd isotropic €; — €.

Remark 5.11. For each type, both the type-independent identities (Table 2) and the type-
dependent identities listed earlier for that same type are applied iteratively to establish the
subsequent relations, cf. Remark 3.19.

Finally, we record the following exceptional identities for C- and D-types:

Type Conditions Identity
C-type [[es—l,sa [[es—l,Sa Hes—l,sa ess’]]cﬂ C]]C:O (5.60)
‘95—275—1|a |es—1,s|:i [[ [[ [[[[es—Q,s—la es—l,s]]<7 ess/]] ) [[es—Q,s—la es—l,s]]gﬂ aes—l,s]]<:0 (561)
:_ ’ C: .
D—type |esfl,s‘ 0 [[esfl,mesfl,s ]] (3 ¢ ) ¢ (5 62)
[[[[9572,5717 esfl,s}] 9 esfl,s’]:l = [H[esflsfla esfl,s’]] 7857175}] (563)
Table 6. Exceptional identities in U(R).

The proofs of the exceptional identities are as follows:

e Since relation (5.60) obviously holds when |es—1 | =1, due to €2 ; ;=0 by (5.34), we

shall assume now that |es_1 | = 0. Then identity (5.60) reduces via (5.28) to [[es—1.s,
les—1.s, es,lysf]]g]]c = 0, expanding to

9371,395—1,3’ - (1 + qu)es—l,ses—l,s’es—l,s + q72es—1,s’e§7173 = 0. (564)
Evaluating the Ey (,_1y ® Ey_j (s_1y-component of RL;FLQ+ = L;LTR (together with
(5.11) and (5.26) for i = s — 1) yields

[65_175765717(371)/]4 =0, (565)

while (5.29) for i = s—1reads e,_ (s_1y = es,17s/e5,7(5_1),—quslv(S_l)/eS,LS/. Substituting
the latter into (5.65) and applying (5.26) for i = s — 1 yields a scalar multiple of (5.64),
thus completing the proof of (5.60).

e Using the formulas (5.27) and (5.28), identity (5.61) reduces to [[[[ef_g,sl,es,gysﬂc,es,l,sﬂC
= 0, which by (5.26) is equivalent to [[[[es_g,s/,es_g,s]]C,es/7(3_1)/ﬂ = 0. This is further

equivalent to [[[[887275765_275&]@‘,es/7(s_1)/j|j| =0 as the condition |es_25-1] = |es—1,5| =1
implies |es_2s| = |es_2,¢| =0 and (ys-2,,7s—25) = 0. We note the following Jacobi
identity:

[[[[85_2’37 esz,s’]]Q es’,(s—l)’]] ¢
= [[9372,& [[esz,s’aes’,(s—l)’]]C]]C - [[9572,86 [[837273, es’,(s—l)’]]c]]c' (566)
The second term in (5.66) vanishes because [es_2s,es_15] = 0 by (5.36) together with
(5.26) and (5.27). The first term reduces via (5.27) to a scalar multiple of [es_2 s,

e5_27(5_1)/]]<, which can be shown to vanish by evaluating the Es_o s ® E;_5 (;_1)-compo-
nent of RLT L] = L3 LT R (together with (5.11)). This completes the verification of (5.61).

¢ Relation (5.62) follows by comparing the iterative formulas (5.45) and (5.49) at i = s — 1,
alongside formulas (5.40) and (5.41) for i = s — 1.

e Applying formulas (5.41) and (5.40) at i = s — 1 reduces relation (5.63) to

Formulas (5.42)—(5.44) imply that both sides equal (—1)ﬁ+§e5_27(5_1)/, thus completing
the proof.
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5.4 Homomorphism theorem: orthosymplectic case

The key result of this section is the identification between the Hopf superalgebras U, (gosp(V))”
and U(R).

Theorem 5.12.

(a) The assignment

quiniﬁi for1<i<s+1,

€iitl if 1 <i < s (in all BCD-types),
€s,5+1 if i = s (B-type),
€ — 9 o
e /(1+¢%) ifi=s (C-type),
[ €5-1, if i = s (D-type),
(fi+17i if 1 <i< s (in all BCD-types),
f ifi=s (B-t
P L ZfZ s (B-type), (5.67)
gfys if i = s (C-type),
fo s—1 if i =s (D-type),

gives rise to a Q-graded Hopf superalgebra isomorphism &: Uy(gosp(V))T —>U(R).

(b) Under the isomorphism &, the images of the quantum root vectors from Section 5.1 are
given by

e B-type:
If y =6 —¢j withl <i<j<s+1, then &(ey) = €45, £(fy) = £
If y=¢;+¢ej with1 <i<j<s, then
§(ey) = V0511 - H(—(—l)g(mm)) - €)1,
k=j

&) =901 [L (D) g
k=j
o C-type:
If y=¢;—¢j with1 <i<j<s, then {(ey) = e, £(fy) = £i.
Ify=¢;+ej with1l <i<j<s, then

g( 19 19 H k:(k:+k+1)) “eijr,
§(fy) =—(a+q )09, H 1)FEHRRD) £,
e D-type:

If y =e; —ej with1 <i < j <s, then {(ey) = €5, £(fy) = fji.
If y=¢;+¢ej with1 <i<j<s, then

£le) = —0,0, H k(k+k+1)) e,

E(fy) = =005 H —1)FERED) g
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(¢) The isomorphism & is compatible with the pairings introduced in Proposition 4.10 (¢) and

Remark 5.7:
(E(@),EW)r = (z,9)55  for allz € UZ (gosp(V))”, y € Ug (gosp(V))”.

Proof. The proof is completely analogous to that of Theorem 3.21. We first establish that the
assignment (5.67) defines a surjective Hopf superalgebra morphism &: U, qZ (gosp(V))T — UZ(R).
By untwisting the relations in Tables 2-6 via (3.48), we deduce the following;:

e The Chevalley-type relations for Uz (gosp(V))” are recovered directly from identities (5.9)~
(5.11);

e The standard Serre relations (2.21)—(2.23) (for the appropriate indices) and the higher-
order Serre relations (4.13)—(4.15) for each respective type follow from identities (5.19)—
(5.24) for B-type; (5.33)—(5.38) along with (5.60)—(5.61) for C-type; and (5.50)—(5.59)
along with (5.62)—(5.63) for D-type;

e The surjectivity of £ restricted to the Cartan subalgebra follows from identities (5.13),
(5.25), and (5.39) for the respective types. The fact that all remaining generators e;;
(¢ < j) lie in the image is then guaranteed by the iterative formulas: (5.14)—(5.18) for
B-type, (5.26)—(5.32) for C-type, and (5.40)—(5.49) for D-type. We also emphasize that
for D-type, setting ¢ = s in (5.40), one actually gets

e.s = 0; (5.68)

e In conjunction with (3.1), these iterative formulas simultaneously establish part (b);

e The fact that £ intertwines the respective comultiplications follows by the exact same
computation as in the gl(V') setting. The only case deserving a separate treatment is
the generator e;_; ¢ for D-type, in which case one uses l:s, = 0, due to (5.68), to derive

+ _ 7+ + + +
A(ls—l,s’) - ls—l,s—l ® ls—l,s’ + ls—l,s’ ®1

s's!"

This confirms that £ is a well-defined, surjective Hopf superalgebra morphism of the positive
Borel subalgebras. The corresponding morphism for the negative Borel subalgebras

Ug (gosp(V))” — US(R)

follows by utilizing the superalgebra isomorphisms wpj and wgr from Remarks 4.7 and 5.4,
precisely as executed in the gl(V) case.

The compatibility of the pairings stated in part (c) is verified by a direct evaluation on the
generators. Since both pairings are of Q-degree zero (cf. (2.32)), we have

(eija quk)R =0= (qiﬂka fji)Ra
forall 1 <i<j <N, and

(qﬁi,qfﬁj)R = (l;;a lj_j)R &4 qf(éc’édqf(si’sj) = qi(gi’éj) = (qﬁ“qigj)gﬁ'

Furthermore, for any 1 <i < j < N and 1 <k <[ < N, expanding the pairing yields

o _ B (2.32) , _ _ _
(L li;’ L) p = (I © li} Al)AGR)) g = (e l;;, Ll © L) m
= (o b bi) (U5 lli) | = @ S0 (15, i)

D A1 11y © 1) = 4 (1,07 (569

(2

[l eo
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which vanishes unless deg(l;;) = —deg(ll_k). Therefore, (£(e;),&(f;))r = 0 for ¢ # j due to
degree reasons, and it remains to evaluate the pairing for ¢« = j. Thus, the proof of part (c) is
concluded by the following explicit type-dependent evaluations for all 1 < i < s using (5.69),
cf. (4.10):
e 1 <i< s in BOD-types:
q(6i7€i+1) (lz i+1) l’L_+1 ’L)R ==

and therefore
(€(er),&(fi))r = (€iit1, fiv1i)R
= _(_1)i(q - qil)_Q (lu lz 410 lz_—l—l zlu>R = (C] - qil)_l'

e | = s in B-type:

q(5s75s+1) (ZIS—&-I’ l;+1’s)R — _(_1)S+1 (q _ q—l)q—(é"aé"c) . (_1)§+s+1q(5s,€s+1)

and thus
(&(es) &(fs))r = (esst1. fsv1s)R
= —(-D%(g— ¢ ) (bl o) p = (a—a7 )
o i =s in C-type:
g (15 05,) = —(a— q—l)q—(éc,éc) ((=1)° - q(p,2as)) - qEsEsr)
_ —(q _ qfl)qf(ss,ss)((_l)g_ qz(ss,es)) — (q _ q—l)(q+ qfl)7
and hence
(€(ea)s&(f ) r=(a+a7") " (e fus)r
= — (=17 (g+a7") (a—a ) Pl odi) g = (a—a7)
e i =s in D-type:
g E (I ) = —(m1)F (g — g7 1) g o) (—1) TG

s—1,8"7"s" s—1
=—(-)""g—q"),

and therefore
(€(es):E(fs))r = (es—1,541, fst1,5-1)R
= ()" (g = q ) e e bl g
=(q—q¢ )"
We conclude that in all cases, the right-hand side evaluates precisely to (q — q_l) = (e fl)

As in the gl(V') case, £ naturally extends to a surjective Hopf superalgebra morphism between
the doubles

&: Dhy=Ug (gosp(V))” @ UF (gosp(V))” — U=(R) ® US(R) = Dr.

The non-degeneracy of the pairing (—, _)]]5:3 guarantees that &: Dg ; — Dg is injective on each
Borel subalgebra, thereby establishing an isomorphism of doubles. Finally, the identification of
the Cartan subalgebras yields the desired isomorphism ¢: U,(gosp(V))” —=3U(R), completing
the proof of (a). [
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5.5 Inverse morphism: orthosymplectic case

Following the approach in the general linear setting (see Section 3.8), we shall now construct
a similar morphism for the orthosymplectic quantum supergroups. The proof of the following
proposition is completely analogous to that of Proposition 3.24.

Proposition 5.13. The assignment
Lt (Id®o)(Ren), L+~ (Ido)(R), (5.70)

gives rise to a Q-graded Hopf superalgebra morphism ¢PF : U(R)P — U,(gosp(V)).
We now determine the explicit images of the generators under ¢P¥, cf. Lemma 3.25.

Lemma 5.14. The images of the generators {l 1 under ¢PY are given by ¢PF (l;[) = q:FHi.

For the generators l”, lj_l associated with a szmple root v;; = €; — €5 from (5.1), their images

under ¢PY are as follows:
2 -2\ H :
” —(q° — e if vi; = as for C-type
A IR N (qf q )q1 & f ij ' o f ype,
! J (=1 (¢—qY)q iey,; otherwise.
Proof. As in the general linear case, we first evaluate the semisimple component. An explicit
h-adic computation yields

(Id®g Z q Z®Eu7

1<i<N

which establishes ¢P¥ (llil) = quﬁi. Proceeding to the unipotent part, for the simple root
Vij = € — €5, we need to determine the E;;-component of

— k>0
(Id@o)(Ru)en) = |] 3 (—1 )le’“lfLQ()

k ok
~ed+ \ k<1 if yedg isotropic (f ¢ )

Because the representation p preserves the ()-degree, the only contribution to this component
arises from

(-1 )|ew |f%7 ® o(eyy;) _

(Fyij2 €35 )1 = (0= a7 @ elesy)-

As the coefficient of Ej; in each g(e,,,) is 1 by (4.3)~(4.5), this implies that ¢P¥ (l:;) = —(q—
1 —H|
¢ ) frya

Let us now determine the Fj;-component of

— k>0 k k
- ey @ o(fy
meoen) = I > e
yEP+ \k<1 if v€®1 isotropic * 7’ V/DJ
'
_ f[ 3 kf eh ® o(f})
B o ek kY )
yed+ r>0 k<1 if y€d1 isotropic (f]{f’ GQ)DJ

where we utilize the nilpotency of > = . The sole contributing term is

k<1 if y€®1 isotropic (fE.ek)py
_e%;j & Q(f’)’z]) _ it

(f,y.., e’y~~)DJ B (_1)l+j (q B qil)e’ﬁ'j ® Q(f"}/ij)‘
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Within o(f,,,), the coefficient of the matrix unit Ej; evaluates to —(q + q_l) when v;; = a; in
C-type, and to (—1)¢ in all other cases, see (5.3) combined with (4.3)—(4.5). Therefore,

Ji

40P () — —(¢* —q7?)q Hy €s if vi; = a for C-type,
(—1)7 (q g )q%e,,; otherwise.

This completes the proof. |

We conclude with the following analogue of Proposition 3.26.

Proposition 5.15. The composition

-1 —1

d’]: F f wR cop ¢
Uul@osp(V)) = Uylgosp(V))" = U(R) s UR)I™ = Uy (gosp(V)

(see Proposition 4.10 for ¢x) is the identity morphism.

Proof. This is verified by direct computation. For the Cartan generators, we have

7. bF g € A Wr' . oPF 7.
gt PRICN quz B quz el q:FHz \ qu27

while the rest is based on the following type-dependent computations:
e 1 <i< s in BCD-types:
1 —1 —— - — ~ DF
€i AZaN eid" S e H—lq Hiipn 22, (1) 0 ()T o g i e,

- -1 — - DF
]: —h, [ = wp ii+1 —3(p,a;) Hi
fi > q zfi Py g z,z+1fi+l7i 5 _(_1)zz+ q (p O(z)q Z’H—lei,z#l , fz

e | = s in B-type:

o' he £ wg' Sst1 545113 -H
es RN esq™ > es 114 H. .11 Rati N _(_1)35 (_1)s+s+ q (”’O‘S)fsﬂ,sq 5,541
DF
L és,

¢J_~: _h & _H “’1_21 s+1_—3 H or
fs — q st [N q Sys+1fs+1,s [EEELEEN _(_1)55+ q (pvaS)q s, s+1es S+1 RN fS

e i =5 in C-type:

o7 h. & 1 i wi' 1 A DF
€ —— € Sy ———— @ 5,8’ [ f ’ s,s! — e
s sq 1+¢ 5 €ss'4 q4(1 i q2) s'sq 59
—h -1 DF
fs f : éé/fss'—>q - q ééess/'—>fs

e | = s in D-type:

ot - W=l S — 5

es F esqhs $6871,s,qHsilys/ R _(_1)5 15(_1)3 1+sq3(p,o¢5)fs/’871q H,_ ;g
DF
LN €s,

¢71 _ § . = f w 1< DF
fs'éq hsfs’_>q Hsil’s fs’,s—l’L_(_l)s 1 q 3(p,a5)q ST lses ls”—>fs |
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A Generalized double construction in the super setting

This appendix is devoted to the generalization of the non-super constructions from [19] to the
setting of superbialgebras. Specifically, we systematically incorporate the Zs-grading and the
corresponding super-sign conventions into the standard theory of matched pairs. Throughout
this appendix, we assume for convenience that all elements of superbialgebras we consider are
Zso-homogeneous.

A.1 Matched pairs of superbialgebras

Let A and B be superbialgebras. Our goal is to endow the superspace A® B with a superbialgebra
structure such that A and B can be identified as subbialgebras via the natural embeddings

A— AR B, ar—>a®l,
B — A® B, b—1®b.

Requiring these embeddings to be superbialgebra morphisms (and assuming A ® B is endowed
with such a superalgebra structure) forces the following multiplication rules:

(
(

Analogously, for the comultiplication®

a®1)(d®1) = (ad ®1), 1eb(1eb)=(1bb),

a®1)(1®b) = (a®b). (A1)
Ala®b)=Ala® DAL @b) = > (-1)=Ple @ 1)(1®b) @ (a2 ® 1)(1® by)

(a)(b)

_ Z Iaszl (a1 ® b1) ® (a2 ® by),
(a)(b)

and for the counit e(a ® b) = e(a ® 1)e(1 @ b) = e(a)e(d).
The only remaining nontrivial structure is the cross-multiplication (1 ® b)(a ® 1). To define
this, we introduce morphisms (hence degree-preserving)

>: BRA—A, <: B® A— B,

and define the multiplication as follows:

1@bael)= > (1)l >a) ® (b <as). (A.2)
(a)(b)

Proposition A.1. Suppose that > defines a left B-module supercoalgebra structure on A, and <
defines a right A-module supercoalgebra structure on B. If these maps satisfy the following
compatibility conditions:

baa' = Y (=1)"10l(b > ay) - (br<az) >d),  b>1=eb),
()(a)

b qa= > (=D)Plulpq ) >a)) (bh<az),  1<a=e(a),
(v)(a)

SThroughout this appendix, unless stated otherwise, we omit parentheses in the subscripts and write the
Sweedler notation as A(a) = Z(a) a1 ® az instead of a(1) ® acz). Additionally, to maintain brevity during iterated
comultiplications, we suppress the summation symbols for subsequent components such as (a;) or (b;).
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> (el qa1) @ (b > as)
(a)(b)
= Z (_1)\b2|\a1\(_1>(\a1\+\b1|)(|a2|+|b2|)(b2 az) @ (by > ar),
(a)(b)
then the pair (A, B) is called a matched pair of superbialgebras. In this case, the preceding formu-
las (A.1)—(A.2) endow A® B with a well-defined superbialgebra structure, called the double cross

product of A and B and denoted by A<t B. Moreover, if A and B are Hopf superalgebras with
respective antipodes S4 and Sp, then A< B is also a Hopf superalgebra with antipode Sy ® Sp.

Proof. By the definition of module supercoalgebra structures and module actions, the following
identities hold:

Absa)= > (-)Plulby > a) @ (o> az),  e(b>a) = e(b)e(a),
(a)(b)

Ab<a)= Y (=)Pluldy ca) @ (bp<az),  e(b<ia) = e(d)e(a),
(a)(b)

aswellasb> (W >a)=bV'>a, 1>a=aq, (b<a)<d =b<ad,b<a1=>b. We now verify the
superbialgebra axioms. Since many of the required conditions hold trivially by construction, we
exhibit only the nontrivial cases.

e Associativity 1:

(ten{let)al)}=0cb) Y ()@ > a) o b <a)
(®)(a)

= Z (—1)lellanf( 1) allaral_p)lb2l(bh, [ +ara)
(b)(v')(a)
X {bl > (b/Ll > a171)} & {bz < (b/172 > algg)}(bé < ag)

= Z (—1)lt%
(0)(v)(a)
X {by > (b} > a1)} @ {by < (b > az) } (b} < a3)

= Z (=1)lPallarl(—q)le2l(¥+arD £, 1> 01} @ {bobhy <1 an},
(b)(v)(a)

(\a1|+\a2l)(_1)\b’2Ha1|<_1)\b2|(|b’1\+\a1\)

which coincides with

{1l aexl)=12b ) (a®1)

= Z (—1)oellbil () (b2l BaDlan] (b b 1> a1) @ (bobly <1 an).
(0) (') (a)

e Associativity 2:

{teb) (e} al)= Y (=114 b>a) o (b <) 1)
(b)(a)
= Z (—1)lezllarl(_q)lbzzllazal 1)zl +laz 2 D)) |
(b)(a)(a’)
(b1 > a1)((b2,1 < az,1) > a))} @ {(ba2 < az2) < as}
= Z (=1)Ub2l+1bsDlasl (_1ylbsllazl (_1)(Ibs|+lasDlai]
(b)(a)(a’)
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. {(bl > al)((bg < ag) > a'l)} & {(bg < a3) < al2}

- Z (—1)lellarl(—q)(e2ltlazDlal () 1 g6} @ {by <t agdl},
(b)(a)(a’)

which coincides with

1@b){(a®1)(d ®1)} = (1®b)(ad’ ®1)

= Z (=1)lezlletl(—pyl2llarl+1aiD) (h) 1> a1a)) @ (by <1 agdd).
(0)(a)(a")

e Unit 1:
1)1l =) i) b<l)=> cb)@b =1
() ()
e Unit 2:
1el)(eel)=) (1ra)®(l<dan)=Y a®dn)=ad]l.
(a) (a)

e Comultiplication and multiplication:

A{l@b)(a®1)}

_ Z \52”“1‘A{ b1 I>CL1) (b2<1a2)}
(a)
— Z yUbsltlbal)(lasl+azl) (1) lballaal(_q)lballas] (_)(Jbl+laz])([bs|+las])

X {(bl >a;)®(bs<as)} @{(b2>az) ® (bs <aq)}
- Z \b4|\a1\ )(\b2|+|b3|)\a1\(_1>|b4|(\a2\+\a3\)<_1)\b3Ha2|(_1)(|b2\+|02\)(|53|+|a3|)

X {(bl >a1) ® (by Qaz)} @ {(ba > az) @ (by <aq)}
— Z 1)lballarl(—q)(b2l+lbaDlar](_q)lbal(az|+las]) (_q)lbsllaz]

X {(bl I>a1) (bg<1a2)}®{(bg>a3)®(b4<la4)},
which coincides with

AQ®bA(@®1) = Z (—D)lzlleal(1 @ by) (a1 @ 1) © (1 @ ba)(az @ 1)
(a)(b)
- Z )(bsltlbal)(lar | +azl) (_qylballaa] (1 )lballasl
(a)
X {(bl Dal) (bg<1a2)}®{(b3>a3)®(b4<a4)}.

e Counit and multiplication: Since € vanishes on odd-degree elements,

f1@b)(ae )} =Y (=1)»Ile{(b >a) @ (b <as)}
(a)(b)

_ Z Dlellatle by > ap)e(by <t ag)
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— Z (_1)|b2||a1|€(b1)€(a1)e(b2)e(a2)
(a)(b)

= Z e(b1)e(ar)e(ba)e(az) = €e(b)e(a),
(a)(b

=

which coincides with ¢(1 ® b)e(a ® 1) = €(b)e(a). |

A.2 Convolution product

Let us briefly recall the convolution product that will be frequently used below. Let (A, pa,n4)
be a superalgebra, (C,Ac,ec) be a supercoalgebra, and consider the space of morphisms
Homygyeet (C, A). For any two morphisms ¢,v: C — A, their convolution ¢ x ¢: C' — A is
defined as the composition g4 o (¢ ® 1)) o Ac. This equips Homgyeet (C, A) with a unital asso-
ciative (non-super) algebra structure, with the identity element 74 o €¢c. A morphism is called
convolution invertible if it admits an inverse with respect to this product.

Remark A.2. We restrict the convolution product to the space of morphisms Homgyect (C, A),
i.e., degree-preserving linear maps. Alternatively, one could use the internal Homg (C, A) (cf.
Section 2.2) consisting of all linear maps, in which case the convolution algebra naturally becomes
a superalgebra. Unless stated otherwise, we shall work in the space of morphisms and thus
frequently omit the subscript sVect.

The following functoriality properties of the convolution product are straightforward.
Lemma A.3. Let A and A’ be superalgebras, and let C and C' be supercoalgebras.

(a) For any superalgebra morphism ¢: A — A', the postcomposition ¢.: Hom(C, A) —
Hom(C, A") is an algebra morphism (i.e., it preserves the convolution product).

(b) For any supercoalgebra morphism ¢: C — C', the precomposition ¢*: Hom(C’, A) —
Hom(C, A) is an algebra morphism (i.e., it preserves the convolution product).

We also note the following general result.

Lemma A.4. Let A be a superalgebra, C' be a supercoalgebra, and consider the space Hom(C, A)
endowed with the convolution product.

(a) If C has a superbialgebra structure and ¢: C' — A is a superalgebra morphism, then its

convolution inverse ¢' is a superalgebra morphism from C to A°P (or equivalently, from C°P
to A).

(b) If A has a superbialgebra structure and ¢: C — A is a supercoalgebra morphism, then
its convolution inverse ¢' is a supercoalgebra morphism from CP to A (or equivalently,
from C to A°P).

Proof. (a) As the multiplication puc: C®C — C'is a supercoalgebra morphism, Lemma A.3 (b)
implies that ¢/ o uc: C ® C' — A is a convolution inverse of ¢ o uc. Furthermore, one can check
that g := pa o744 0 (¢ ® ¢') is also a convolution inverse of f := ¢ o uc = s o (¢ @ ¢) via the
following computation:

(frgecad)= 3 ()=l fe; @ ) )glez © &)
(e)(c)
= 3 ()l (e d(ch) o () (ca)
(e)(c)
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=Y ec(d)d(er)d (c2) = ec(e)ec(d) = ecpclc® ).
(c)

By the uniqueness of the convolution inverse, we get ¢’ o uc = g 0 744 © (¢' ® ¢'), completing
the proof.
(b) The proof is completely analogous to that of part (a). [

A.3 Coadjoint actions

Let A, B be superbialgebras over a field K, and consider a dual pairing between A and B, i.e.,
a bilinear map (-,-): A ® B — K satisfying

(1,b) =€(b),  (ad,b)=(a®d ,A(D),  (a,1)=¢(a),  (a,bV) = (Afa),b@V),
subject to the usual sign convention (a ® a/,b®@ V) = (—1)1¢bl(a, b)(a’, ¥).

Remark A.5. Recall that the dual space of a supercoalgebra admits a canonical superalgebra
structure. Therefore, a bilinear map (+,-): A® B — K is a dual pairing iff the following are
superalgebra morphisms:

A—=B,  aw (b (a,h), B—=AY, b (am (—1)P(a,b)). (A.3)

Alternatively, recall the restricted dual H® of a superbialgebra H, consisting of all linear func-
tionals f € H* such that their pullback fopug along the multiplication map pg: HQH — H lies
in the subspace H* @ H* C (H ® H)* (cf. [17, Section 1.2.8]). By construction, the restricted
dual of a superbialgebra is again a superbialgebra. Thus, a bilinear map is a dual pairing if
and only if the induced linear map A — B* takes values in B° and defines a superbialgebra
morphism A — B° (or, analogously, if the induced map B — A* defines a superbialgebra
morphism B — A°). Since the morphism A — B° canonically identifies with the morphisms

A% — (B°)? = (B©P)°, AP — (B°)*" = (B?)",
AOPscop _y (BO)OI%COP _ (Bop,cop)o7

the initial pairing naturally induces dual pairings between the following superbialgebras:
AP @ B*P — K, AP @ BP? - K, ACPOP @ BOPCOP K

The underlying morphism of superspaces (hence the explicit formula for the pairing) is identical
in all cases.

Remark A.6. Since (,-) is a morphism between superspaces, it is degree-preserving by defini-
tion and thus (a,b) = 0 if |a| + |b] # 0.

Since A ® B admits a canonical supercoalgebra structure, the space of superspace morphisms
from A ® B to K can be endowed with the convolution product: the convolution ¢ x 1 of
morphisms ¢ and v is given by

(@*)(a@b) = (ux o (p@¢) o A)(a@b) = Y (~=1)l*Ig(ar @ br)ip(az @ by).
(a)(b)

Moreover, the morphism a ® b — €(a)e(b) is the identity element for the convolution product.
A dual pairing is called convolution invertible if it admits a convolution inverse. Notably, any
dual pairing (—, —): A ® B — K between Hopf superalgebras is convolution invertible, with its
inverse given by

a® b (S(a),b) = (a, S(b)). (A.4)
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Let (—,—): A® B — K be a convolution invertible dual pairing between superbialgebras,
and let (—, —)" denote its convolution inverse. By definition, the following identity holds:

> (=)' l(ay, by) (az, by) = e(a)e(d) = > (=1)=1P(ay, b1) (a2, by). (A.5)
(a)(b) (a)(b)

We also note the following.

Lemma A.7. Let 0: A® B — K be a convolution invertible dual pairing. Its convolution
inverse o' is a dual pairing between A°P and B°P (equivalently, a dual pairing between AP
and B®P by Remark A.5).

Proof. Consider the superalgebra structure on B*, and let \: Hom(A ® B, K)—> Hom( ,B*)
be the canonical isomorphism of vector spaces mapping ¢ to A(¢): a — (b — ¢la®Db)). We
claim that A intertwines the convolution products. Indeed, for any ¢,1 € Hom(A ® B,K), we
have

=Y (M@ (@) - A)(a2)) () = Y (=1)!=I"IN(@)(a1)(b1) - M) (a2) (b2)
(a) (a)(b)

Z D0a2lbrlg(ay @ by) - p(az @ ba) = (¢ x 1) (a @ b) = M % 1) (a) (D).

Since o is a dual pairing, A\(0): A — B* is a superalgebra morphism (see Remark A.5). By
Lemma A.4(a), its convolution inverse A(¢’) = A(o)’ is a superalgebra morphism from A°P
to B*, which establishes the first condition of (A.3) for A°? and BP.

A completely similar argument utilizing A* and the canonical isomorphism Hom(A® B, K)—~~
Hom(B, A*) completes the proof. |

A convolution invertible dual pairing canonically induces a double cross product algebra
structure via the following coadjoint actions.

Definition A.8. The right coadjoint action <coaq: B ® A — B of A on B is defined by
b<lgoad @ =Y (—D)lel(=1)Prllb=ltonllosl (g ) (ay, bg)bo.
(a)(b)
Analogously, the right coadjoint action <lcoad: A ® B — A of B on A is defined by
a <Coad b = Z (—1)lerllazl*larllasl(q, b)) (ag, by) as
(a)(b)

These actions are structurally motivated by duality with the left adjoint actions of Hopf
algebras A and B on themselves, given by

Dag: AQA— A, a>aq a':Z(—l)m?“a,'ala’S(ag),
(a)
Bad: B®B =B,  beaab =Y (1) b S (by).
(0)
Proposition A.9. Let A and B be Hopf superalgebras. For any a,a’ € A and b,b € B, the
following holds:

(a/,b <Agoaq @) = (=)D (g > 04 @, b) and (@ <Ugoad b, b)) = (a,b>aq V).
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Proof. These identities follow from direct computation

(=1)lal(@+D (g 1>y g o', b) = Z(_l)lal(la’lJrlbl)(_1)|aalla’\(04(1/5(@)7 b)
(a)
= Z (_1)|a|(\a/|+\bl)(_1)|azlla’\(al ®d ® S(as),by @ by @ bs)
(a)(b)
— Z (_1)|a|(\a'|+\b|)(_1)|a2||a'\(_1)|bl||52|+\b1Hb3\+|52||53|
(a)(b)
x (a1, b1)(a’, b2)(S(az), bs)
= 3 (D)l oy, by) (@', bo)(S (az), bs).
(a)(b)

and

(a,baad) =D (=)0, b10/S(be)) = Y (1) (a1 @ 4z @ a5, b1 @ V' ® §(b2))
(b) (a)(b)

= Z (=10l (—1)lenllazlHarllas|+Hazllasl (g, b ) (ay, b)(as, S(bs))

= 3 (~p)lerllealtialionl gy by)(as, 1) (as, S(ba)). u
(a)(b)

Remark A.10. The right coadjoint action <lgpaq: AR B — A of B on A induces a left coadjoint
action >ceoad: BP ® A — A of B°? on A via

br>coad @ = (—1)!Pla Geoaq b = Z (=1)lallbl(—1)larllaziFlarllasl g, 1Y (as, by) ag
(a)(b)

Since the supercoalgebra structures of B and B°P are the same, we note that <icgaq: BRA —
B can be thought of as a right coadjoint action of A on B°P as well. The following proposition
ensures that the coadjoint actions are compatible in the sense of a double cross product.

Proposition A.11. The morphisms <lcoad: B°P? @ A — B°P and >coaq: B®? ® A — A satisfy
the conditions in Proposition A.1.

Proof. We first verify that >cgaq defines a left B°P-module structure on A

b > Coad (b/ > Coad (I)
= b >Coad Z Ial\b’ Iall(\azlﬂas\)(al’ b,)(as, b)) az
(a)(v")
= Z (=D)lellt’l(—1)larl(lazl+las|+lasl+las]) (1) (laz|+las|+aa bl _1)laz|(|as|+laal)
(a)(b)(b")
x (a1, b})(as, by) (a2, b1) (a4, b2) a3
_ Z (_1)\allb’2|(_1)|bi\+\b\(_1)|bz|(\as\+\bll) ) (_1)|b1||bi|+|bzllbé|
(a)(b)(b")
X (a1 ® az,b] @ b1)(as @ as, by @ by) as
_ (_1)\allb’2|(_1)|b’1\+\b\(_1)|bzl(\a2\+\b1|) ) (_1)|blllb’| (a1, (V'b)1)(as, (V'b)2) as

LS ()l gyl lezbelesD ay (b'0),) (as, (4)2) az
(a)(b)(¥)
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= (_1)|b|‘bl|(b/b) >Coad @,
as well as

1 >Coad @ = Z(_1)|a1|(\a2|+\a3|)(al’ 1)(as, 1)/@2 _ Ze(al)e(ag)ag —
(a) (a)

Furthermore, this action is compatible with the supercoalgebra structure of A
Z (_1)|b2”a1‘(b1 > Coad al) ® (b2 > Coad a2)

(a)(b)
- (_1)\b2|\a1\ (_1)|01Hb1\ (_1)|a1,1\(lal,2\+|al,3|) (_1)|a2||52| (_1)\a2,1|(\a2,2|+|a2,3|)

—

a)(b
x (a1,1,b1,1)(a1,3,b1,2) (a21,b21)(az3,b22) a12 ® as 2
— (=1)lellbl(—)lazallavsl_q)lerl(eral+larsl+lazal)

=

X X =

(
(—1)(lavalHlarsltaz.) (az 2l +az,])
(

a11,b11)(a1,3,b12) (az1,b21)(az3,b2,2) a12 @ azs

as well as
e(b>coaa @) = Y (=)Wl (—p)lerlliazitlosh(a, by (ag, bs)'e(az)
(a)(d)
A.5)
=€

- Z (—l)la”bl(—1)|al|la2|(a1,bl)(ag,bg)’ (A
(a)(b)

(a)e(b)-

Analogous computations confirm that <icoaq defines a right A-module supercoalgebra struc-
ture on B°P. Since the verification of the remaining compatibility conditions from Proposi-
tion A.1 is purely computational, we explicitly exhibit only the relation governing the left action
on a product

Z (—D)l1P2l(b) > 0q a1) - (b2 Dcoad @2) B>Coad @)
(a)(b)
- (_1)\a1\|b2\(_1)|01Hb1\(_1)|a1,1\(|a1,2\+|a1,3|)(_1)|<12|(_1)\b2,1|(|b2,2\+|52,3|)

(
X (a1,1,b1,1)(a1,3,b12) (a2,1,b2,1)(az,2,b23) a1,2 - (b2,2 >Coad @)
= Z (—1)Ual=laz2DIbl_q)laralaral+lavsl+lazal)(_q)lezz2l(_q)larsllaza]
(a)(a’)(b)
> (_1)|a/\(|b2,2|+|b2,3|)+|a'1|(\a'2|+\a§|)
X (a11,b11)(a13,b12) (a21,b21)(az:2,b24) (a},b22)(ajs, ba3) ar 2ah
(A5) (L elloalll(_gyloalfal lash (_pleal(—1)lo sl e+l (15
(a)(a’)(b)
x e(az)e(b2)(a1, br)(aq, bs)' (a1, bs) (a5, bs) azay
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- Z (_1)(|al+\a/|)|b\(_1)|a3|\aé\(_1)(\01|+\a’1\)(\a2\+|a’2\+|a3\+|aé|)
(a)(a)(b)
x (—1)lazllarHasllarl+lasllazl () @ af, by @ by)(ah © a3, bs @ by) azdh
= Z (_1)(|a|+\a’|)|b\(_1)(|a1\+|a’1\)(|a2|+|a’2|+|a3|+|a’3|)(_1)|a2|\a’1\+|a3Ha’1|+\a3lla’2|
(a)(a’)(b)
x (aya’,by)(asay, be) azdl
= b>Coaq (ad’). [ |
Combining the above result with Proposition A.1, one obtains the double cross product

A BP,

Proposition A.12. The double cross product A <t B°P corresponding to the convolution invert-
ible dual pairing has the cross-multiplication formula

1@b)(aw1)= Y (—1)la=lashel=oD )l —1)lsl (a1, by) (a3, b3) ag @ bs. (A.6)
(a)(b)
Proof. Direct computation yields the following:
(1®b)(a®1)
= Z ‘b2Ha1‘ b1 > (Il) (b2 < CLQ)

— Z \52”“1\{ |a1||b1|( )\a1,1||611,2|+\t11,1||al,3|(al,l’ bl,l)(al,?n 6172)/(1172}

® { 1)la2l(—1)lb2allb22 021110231 (g 1 by 1)(a,,b2,3) b22 }-

Expanding and re-indexing the terms, we have
(1®b)(a® )
Z |b3|+|b4\+|b |)(|a1|+|a2|+\a3|)(_1)(|a1|+|a2|+|a3|)(|b1\+\bzl)(_1)|a1|\a2\+\a1\|03|
(a)(b)
(= 1)|a4|+la5|( )|b3\|b4\+|53||b5|(a1’ bi)(as, bs) (as, b3)(as, bs) az @ by

® S (1) Uel—lashbl=lba (_1)ler] (—1ylasl (—1)leellas] (ay. by ) (a, by (as, bs) (as, bs) az © by

(a)(b)
(LS (ayUel—laah ol =lbaD (1) il (11951 (ay, by )e(as)e(be) (as, ba) as @ bs
(a)(b)
Z —1)Ual=lashol=leal) (_1)lbrl(—1)lasl (g1 b)) (as, bs) ag @ bs,
(a)(b)

where the sign identity (£) follows from
(—1)(laslFlazl+las)(brf+{b2lFbslHbalHbs]) (_7)larl(lazl+las]) (_1)laal+as]
x(—1 )|b3\(|b4|+\b5\)(_1)\52Ha4\
= (—1)Uenl+lazl+laahbl_q)larl(az|+lasl) (_qylasl+las] _q)lbsl(bal+lbs]) (_1)[ballas]
= (—1)(asl+lazl+lasD(bI=[br)) (_p)lanllbal(_q)lasl+lasl(_q)lbsl(lbaltlbs]) (1 )lbzllaal
=(-1) |a1|+|a2|+|a3|)(|b|—|b1\)(_1)\b1|(_1)|a5|(_1)|b3|(|b|—|b1|)
= (-1 |a‘*‘a5‘)(|b‘*|b1|)(_1)|b1|(_1)‘0«5“ ]
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The next result provides an equivalent definition of A 1 B°P without using the convolution
inverse.

Proposition A.13. The cross-multiplication admits the alternative form
Z (=1D)P=2lll (1 @ by)(ay ® 1)(ag, bs) = Z (=1)l=llal (—pylerllbil (g by)ag @ by. (A.7)
(a)(b) (a)(b)
Proof. Substituting (A.6) into the left-hand side, we obtain
> 0Pl @ by)(ar @ 1) (a, bo)
(a)(b)
_ Z \b4|\a| (|b2\+\b3|)(|al|+|a2|)(_1)|b1|+\a3|(ahbl)(ag’bg)/a2 ® bo(ay, by)

— Z \a3|+\a4|)|a|( )\b2

— Z 1)lasllal (—pylballarl+lazl (_ 1)1l (g, by )e(as)e(bs)ag @ bo

(\a1|+\azl)(_1)lb1\(_l)las\\ale(al, bi)(as, bg)/(%’ by)as @ by

_ Z \b2|\a| \bl\(al bi)as ® by = Z(—1)“’2“‘”(—1)|‘””b1|(a1,bl)az®bz'
(a)(b)

Conversely, (A.6) is recovered from (A.7) as follows:
D (el Dl (—nl(ar, br) as, by) a2 @ b
(a)(b)
- Z fetteaiita] (el 1)kl (ay, by)(as, bs)' a2 © by

(A:'7) Z (—1)UarlFlazDlbzl(_1)lallbsl (g, by)(ag, bs)'(1 @ by )(a; @ 1)
(a)(b)

— Z 1)lalb2l+1bsD) (1) lb2llasl (4, by)(as, bs) (1 @ by)(ay @ 1)

= Z(— Jallb2le(ay)e(be) (1@ by) (a1 ® 1) = (1@ b)(a ® 1). -

a)(b

—
=

A.4 Generalized doubles

In contrast to the dual pairing used in the previous subsection, we now consider a skew-pairing
between A and B, defined as a bilinear map (-,-): A ® B — K satisfying

(Lb) =€),  (ad,b) = (a®d,A(})),

(1) = @), (a,b) = (A(a),b@ V), (A8)
subject to the standard super-sign convention (a ® a/,b @ V') = (=1)I*Il(a, b) (/. 1').
Remark A.14. The skew-pairing property implies the following:

(a,00) = (AP(a),b@ V) =Y (-D)\"I=l(ay @ a1, b2 V)
(a)

= Z ag, b) (a1, ') = (—1)IPI(A(a), ¥’ @),

which yields (a,V *op b) = (A(a), b’ @ b), where *,, denotes the opposite multiplication of B.
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The remark above shows that a skew-pairing is equivalent to a dual pairing between A
and B°P. Accordingly, we call a skew-pairing convolution invertible if the corresponding dual
pairing A ® B°® — K is convolution invertible. Consequently, for any convolution invertible
skew-pairing, the construction in Appendix A.3 yields a double cross product A <t B, which we
denote by D(A, B) and call the generalized double of A and B. Moreover, if the skew-pairing is
non-degenerate, D(A, B) is referred to as the Drinfeld double. Since the underlying coalgebra
structures of B and B°P are identical, the cross-multiplication formulas (A.6) and (A.7) remain
unchanged.

Remark A.15. Since a skew-pairing between A and B and the corresponding dual pairing
between A and B°P coincide as morphisms of the underlying superspaces, we use the exact same
symbol, e.g., (+,-) or o(,-), to denote both a skew-pairing and its corresponding dual pairing.

The following is clear from the construction.

Proposition A.16. The generalized double D(A, B) is isomorphic to the quotient of the free
product Ax B of the algebras A and B by the relations (A.6) (or equivalently (A.7)). Specifically,
for each pair of homogeneous elements a € A and b € B, define

Ug p = Z (—1)l2llal . {(—1)|a1””1|(a1,bl) ~asby — (az,ba) - brar },
(a)(b)
and let Z be the two-sided ideal of Ax B generated by these elements. Then D(A, B) ~ (AxB)/Z.
The multiplicative properties of these elements are described in the next result.

Proposition A.17. For any a,a’ € A and b,b’ € B, the following equalities hold

Uga! b = Z (_1)|b2||a\( )|a1|(a1 b1) - agugy byt Z |b2|(\a|+|a |)(a/2, bo) - ua,blallv
(a)(b) (a’)(b)

Ug by = Z (—1)lellal(— 1)l (g, 1)) - g, pbh + Z 1)le2lal D (g by) - brug, 4.
(a)(¥)

Proof. For any a,a’ € A and b € B, direct expansion of the first term of u,q 5 yields

S (1)leltlaaD ) erbladDioal 1) lezllatl (g 01, by) - asalbs
(a)(a')(b)

= > (ynllere el 1)ielal (o, by) (a), ba) - azabby

- Z (—1)Ub2lHbsDlal(_1)latl (g, py)ay - {(— 1)bslla’l(— 1)‘“/1Hb2‘(a’1,bg)a’2b3}
(a)(a)(b)

= Z (=)=l (—1)l (g, b1) - agugr g,
(a)
+ Z 1)t lsblel (1)l (ay, by)ag{ (—1) P91 (ab, by)boat }.
(a)(a’)(b)

Similarly, for the second term, we have
> (=)lellleltlaD_q)lazlletl (ayah, by) - brasa
(a)(a’)(b)
Z 1)zt atla’l (_)lazllo’l (0, by) (ah, bs) - brara

a)(a)(b
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= S (sl )l g, by)bran } - (ah. ba)al
(a)(a")(b)

_ ba2|(|al+]|a’ / /
== E 1)Pllel 9D (0, b) - gy ay

+ Z IR el (1), by s} - (a bs)ah
(a)(a”)(b)

Subtracting these expressions recovers the identity for uq, 3. The other identity follows from an
analogous computation

Z (—1)Ub2lHBaDlal _qylaal(br 1030 (1) 2083 () | b18)) - agbabl
(@)(®)(¥)
= Z (—1) (b2l HBaDlal(_qylal 103l 1)102%01 (g1 8 (ag, by) - agbabl
(@)(®)(¥)
= Z (—1)l0llal (1) Pty (—1)lbalazl+lash (1 ylazlibil gy by )agby} - (ar, b))t
(@)(®)(¥)

/ /
- Z Ib Ia\ )\bll(al’bfl).u%bbé

Z 1) Pellel ()Pl { (—1)PelleeilosD (a5 by)oras} - (a1, 0)b5,

and

Z y(b2lt1BaDlal _q)le2llbil (g, bobl) - bybas

= > ()bl oy, bh) (a3, by) - babhan
(@)(®)(¥)

= Z (—1)\b2\(|a\+|b'|)(a37b2)b1,{(_1)|b/2|(|a1\+|a2|)(a27bé)b,lal}
(a)(0)(V')

= Z 1)le2lal 6D (g by) - byug, 4

+ Z 1)le2l( Ia\+|b’|)(a3’bQ)bl{(_1)|b’2\(|a1|+|a2|)(_1)|a1Hb’1\(al’bfl)@bé}. n
(a)(b) (')

Remark A.18. The result above implies that if A and B are generated by subsets X and Y
having well-behaved comultiplications, then the ideal Z is generated by u,, restricted to the
generators z € X and y € Y, rather than all u,p. In all cases of interest to us, specifically U,(g)
and U(R), this reduction holds, thus allowing us to define their doubles by imposing the cross-
multiplication (A.6) solely on the algebra generators.

A.5 The opposite double construction

Consider the generalized double D(A, B) of superbialgebras A and B associated with a convo-
lution invertible skew-pairing. It is often useful to formulate the double in the opposite order,
namely as a generalized double D(B, A) with respect to an appropriately induced skew-pairing.
We shall now detail this canonical construction.

Let 0: A® B — K be a convolution invertible skew-pairing, viewed as a dual pairing be-
tween A and B°P. Lemma A.7 implies that its convolution inverse ¢’ is a dual pairing be-
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tween A°P and B, hence, the composition
cd=0o1: B A® 5K (A.9)

defines a dual pairing between B and A°P and thus a skew-pairing between B and A. We
shall refer to ¢ as the transposed inverse of o. This induced pairing allows us to construct the
double D(B, A). We also note that ¢/ = 0 o7 by Lemma A.3 (b). To prevent any ambiguity, we
shall explicitly specify the chosen pairing in our notation for the double, denoting the resulting
algebras by D(A, B,o) and D(B, A, 7).

Proposition A.19. There exists an isomorphism of superbialgebras D(B, A,5)—>D(A, B, o)
which is the identity on both subbialgebras A and B.

Proof. Since both doubles are quotients of the isomorphic free products AxB ~ Bx* A, it suffices
to show that their respective cross-multiplication relations (A.6) generate the exact same two-
sided ideal. For simplicity, we identify the superbialgebras A and B with their respective images
inside the doubles, thereby omitting the tensor product symbols.

For any a,b € D(A, B, o), a direct computation yields (cf. Remark A.6)

Z(,1)(\b\—\b3|)(|a\—la1\)(,1)|a1\(,1)|b3| 5(by,a1)d" (b3, as)baas
(a)(b)
Z \bl |65 ) Ia\*lal\)(_l)\al\(_1)|b5|(_1)(|azl+|a3|)(|bsl+\b4|)(_1)|b2|(_1)|a4|
(a)(b)
xa(bl,al) '(bs, as)o(az, by)o’ (ay, by)asbs
Z \bl 1651) Ia\—lal\)(_1)(|az|+\a3l)(\b3\+|b4|)(_1)|b2l+\a4\

X 0'(al,bl)a(a5,b5)a(ag,b2)aj(a4,b4)a363
) (—1)(el=lbal=lbs ) (lal=lar|=laz]) (_7)lazlbr]+las|lbs|+[ballas|
(a)(b)

X U/(alabl) (a2,b2)0" (a4, bs)o(as, bs)asbs

= 37 (1) sDal=laal ()2l . ¢(y)e(by)e(as)e(bs)azba = ab,

(a)(b)
where the sign identity (1) follows from Remark A.6
(_1)(|b\—|b5|)(|a|—|a1|)(_1)(|a2\+|a3\)(|b3|+|b4\)(_1)\b2|(_1)|a4| - o(ag, by)o’ (ag, by)
= (—1)UbI=lbsD(al=larl=lazl)(_q)lazllbsl(_q)lasl(bsl+bal) (_1)laal . 5 (ay, bo)o” (ag, by)
= (—1)Ubl=lbal=lbsD(al=lazl=lazl) (7 ylazllbal _q)laslibal(_q)lballasl . 5 (4 by)o! (ay, by).
This computation demonstrates that the cross-multiplication relation defining D(B, A, o) is

satisfied within D(A, B,o). By a completely analogous calculation, the cross-multiplication
relation defining D(A, B, o) is satisfied within D(B, A, 7), establishing the algebra isomorphism.

Finally, because the coproducts on both doubles are determined by the exact same formulas on
the elements of A and B, their supercoalgebra structures automatically coincide. |

A.6 Canonical element

Suppose the skew-pairing (+,-): A® B — K is non-degenerate and that both A and B are finite-
dimensional. The non-degeneracy implies that A and B must have the same dimension, and we
may choose bases {ai,...,an} and {b1,...,bn} of A and B, respectively, dual to each other
with respect to the skew-pairing: (a;, b;) = 5,]
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Definition A.20. The canonical element of D(A, B) is defined as
R= > b®acDAB)&DA,DB). (A.10)
1<i<N
This construction is independent of the choice of dual bases and clearly satisfies || = 0.
The basic properties of this SR are summarized in the following result.

Proposition A.21. The canonical element R satisfies the following properties:

(A & Id)% - 9{(13)9%(23), (Id ®A)9{ - 9{(13)%(12),
(IR =1=(Ide R,  RuyNRuzRes) = ResRas) Rae),
A°P(u)R = RA(u) for allu € D(A, B),

where the notation of Section 3.2 is used.

Proof. We first note that for any a € A and b € B, the following identities hold:

a= Y (aba, b= > (a;b)b (A.11)
1<i<N 1<i<N
We begin by proving AR = (Id ®A)R = R(13)NR(12). Since the skew-pairing is non-degenerate,
it suffices to show that the equality holds after applying (ar,—) ® Id®Id to both sides for
alll1<k<N

Z (ak, bz) . A(az) = Z (ak, bibj) ca; & a;. (A.12>

1<i<N 1<i j<N

The left-hand side of (A.12) is simply A(ay), while the right-hand side becomes

Z (ak,bibj) - a; ® a; = Z Z ai)1,b ak)Qabi)'aj®ai

1<i,j<N 1<i,j<N (ay)

U2 S ) @ (ak)2 = Ala),
(ax)

thus establishing (A.12). Analogous computations prove AR = (A ® Id)R = R(13)R23)-
The identity (e ® Id)R = 1 can be verified by the following direct computation

(coldR= 3 cbai= 3 (Lba 21,

1<i<N 1<i<N
and analogously for (Id ®e)R = 1.
We now prove A°P(u)R = RA(u) for all u € D(A, B). As {a;,b;}Y, generate D(A, B), it is
sufficient to check the identity for u = a; and u = by. Setting u = by and applying (a;, —) ® Id
to both sides yields

((al, ® Id) (AOp (be)R Z Z bk)l“(bk 2\( )l(bk)lubi‘(ah (bk)2bz') - (bg)1ai

1<i<N (by)

= 3 3 (0l (@), b) (@), (be)2) - (br)ras

1<i<N (ar)(bk)

(A1) (_1)|bk||al| Z (_1)|(bk)2”al|((al)2’ (bk)2) (b))
(a1)(br)
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and

((a, =) @ TA)(RAGB)) = S S (=) (b)) - ai(br)a

1<i<N (by)

= 3 S (=)ol (a)y, (b)) ((ar)2, by) - ai(be)s

1<i<N (ap)(bg)
LD (el § ()l @allel ()l
(ar)(br)
x (@)1, (b)1) - (ar)2(bk)2,

which coincide by (A.7). The verification for v = a is analogous, concluding the proof of
A°P(u)R = RA(u). Lastly, the Yang-Baxter equation R12)R13)R(23) = Rz)Ras) R fol-
lows directly from above identities

RanRaznRes) = RanAq)(R) = A(()f) (R)R12)
= (Ta2)21)) (R)Ru2) = 702) (R R23) Ra2) = Res)Ras) Rae)- u

Furthermore, the existence of antipodes yields explicit formulas for the inverse of the canonical
element.

Proposition A.22. If A is a Hopf superalgebra with an invertible antipode S (thus A°P and
AP are also Hopf superalgebras with antipode S™1), then the canonical element R is invertible,
with its inverse given by

Z bi ® S (a
1<i<N

Likewise, if B is a Hopf superalgebra with antipode S, then SR is invertible, with its inverse
given by

Z S ®az

1<i<N

Proof. Assume that A is a Hopf superalgebra with an invertible antipode. For any 1 < k < N,
we have

((ar, =) @ 1) (R D" b @ 57 (ay)

1<j<N
= Z (_1)|ai|‘aj|(ak‘7b’ibj)'aiS_l(aj)
1<i,j<N
- Z Z D)@zl (@)1 b5) ((ag)a, bi) - a:S™(ay)
1<i,j<N (ag)

BLD S @il (g,0,5 (a)1) = e(an),
(ax)

which implies that %(Zjvzl b; ® S~'(a;)) = 1. The verification of (Zjvzl b; ® S Haj))R =1
and the analogous statements for B proceed similarly, completing the proof. |

Assume the hypotheses of Proposition A.22 hold. For notational convenience, let us denote
the skew-pairing by 0: A® B — K while using 7: B® A — K for its transposed inverse. Invok-
ing D(B, A,0) ~ D(A, B,o) from Proposition A.19, let us now relate their canonical elements.
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Corollary A.23. Under the assumptions of Proposition A.22; the canonical element of super-

bialgebra D(B, A, ) with respect to 7 is 9%(_211)

Proof. First, consider the case when A is a Hopf superalgebra with an invertible antipode S.
The evaluation

~ _ (A.4),(A.9) aillbs aillbs
U(bj,S 1(%)) A (_1)| z\\bg\0<ai’bj) — (_1)\ zllbgl(gij

implies that {bj}j.vzl and {(—1)'“1'”1’1"5_1(%)}?;1 form dual bases with respect to o. The result
then follows from Proposition A.22.
The case where B is a Hopf superalgebra is analogous. |

Remark A.24. The results of this subsection naturally generalize to any infinite-dimensional
setting where the summation (A.10) is well-defined, such as the h-adic quantum supergroups
(cf. Remark 3.3).
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