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Abstract. The purpose of this note is to show that a connection with closed skew-symmetric
torsion and reducible holonomy admits a locally defined Riemannian submersion together
with a projected geometry on the base. We reframe known submersion results for non-Kähler
Bismut–Hermite–Einstein manifolds and sHKT structures in this context. For homogeneous
SKT structures on semi-simple Lie groups, we obtain the holonomy decomposition leading
to holomorphic submersions over generalized flag manifolds.
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1 Introduction

Geometries with torsion generalize special holonomy manifolds. Where the latter are often too
rigid, adapted connections with torsion can expand the scope while retaining desired proper-
ties. In particular, geometries with skew-symmetric and parallel or closed torsion have shown
great promise. Parallel torsion is considered more convenient for its geometric properties,
see, for example, [4, 15, 16], yet closed torsion geometries appear canonically in many cir-
cumstances [13, 19]. Applying tools from parallel torsion to closed torsion has seen efforts to
combine both types [7, 32]. However, this comes with its own share of restrictions, namely
a very narrow class of possible manifolds, see [3, Theorem 4.1]. In this work, we instead re-
discover a dimensional reduction argument from parallel torsion, see [9], in the closed torsion
world.

The fundamental principle goes back to de Rham’s theorem arguing that a reducible holonomy
representation should introduce a split geometry. Indeed, our main theorem gives the following
interpretation.

Theorem 1.1. Suppose ∇ is a metric connection with closed skew torsion T and TM = H⊕V
splits orthogonally as a representation of the holonomy group Hol(∇). Assume further that

T = TH + Tm + TV ∈ Λ3H⊕ Λ2H∧V ⊕ Λ3V ⊊ Λ3TM.

Then

(a) there exists a locally defined Riemannian submersion π : (M, g) → (N, gN ) with totally
geodesic fibers tangent to V,

(b) the purely horizontal part of the connection TH is projectable, π∗Ť := TH,

(c) and ∇̌ = ∇gN + 1
2 Ť is a connection with, not necessarily closed, skew torsion on N satisfying

∇̌XY = π∗
(︁
∇XY

)︁
, where X, Y denote the horizontal lifts of X,Y ∈ TN .

While we only obtain a locally defined Riemannian submersion instead of a full product
geometry, it allows for more intricate relations between the total, base and fiber spaces. In the
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parallel case, this gave rise to classification results [1, 24] and new solutions to geometric systems
of equations [2, 17].

Our focus here will be employing the submersion theorem to SKT manifolds. These manifolds
are a class of non-Kähler Hermitian manifolds that rose to prominence due to their connection
with the generalized Ricci and pluriclosed flow, [18], and being one of three special non-Kähler
Hermitian geometries in the Fino–Vezzoni conjecture [12, 14, 26]. Prime examples of compact
non-Kähler homogeneous SKT manifolds are Bismut-flat structures on compact semi-simple Lie
groups of even dimension with their bi-invariant metrics. Recent results in [11, 23, 29] have shown
that there is a vivid collection of left-invariant metrics generalizing those bi-invariant examples.
Our second main Theorem 4.3 computes the decomposition of their Bismut-holonomy. To our
knowledge, these are the first non-trivial examples of SKT manifolds where the Bismut holonomy
decomposition is fully determined. We find that

g = t⊕
⨁︂

α∈∆Imax

gRα ⊕

(︄ ∑︂
α∈∆+\∆Imax

gRα

)︄

for a span of simple roots ∆Imax directly determined by the metric. Therefore, we obtain Hermi-
tian submersions G → GC/P for any generalized flag GC/P as special examples of Theorem 1.1.

The paper is organized as follows. Section 2 is devoted to the main Theorem 2.3. We recall the
necessary preliminaries on connections with closed skew torsion in order to prove the submersion
theorem. In Theorem 2.8, we show under which circumstances the holonomy projects to the
base. Our theorem also covers the parallel torsion case where this question has been shown
to be delicate in some situations. We investigate the situation for SKT manifolds in Section 3
reframing in Theorems 3.4 and 3.7 recently proved submersion theorems for BHE and sHKT
manifolds as special cases of our main theorem. The final section is all about homogeneous
SKT structures on semisimple Lie groups with Samelson complex structures. We give a full
decomposition of the Bismut holonomy in Theorem 4.3, proving that they admit holonomy
induced Hermitian submersions to all generalized flag manifolds.

2 Submersion theorem

Definition 2.1. A connection ∇ is said to have skew-torsion if the torsion

T (X,Y, Z) := g(∇XY −∇Y X − [X,Y ], Z) ∈ Λ3T ∗M.

In this case, ∇ = ∇g + 1
2T .

Here and in the following we will always refer to the Levi-Civita connection of (M, g) and its
associated objects by a superscript g.

One interpretation of torsion is a failure of ∇ to compute the exterior derivative. One gets
the amended formula for a k-form ω

dω(X0, . . . , Xk) =
k∑︂

i=0

(−1)i(∇Xiω)
(︁
X0, . . . , X̂i, . . . , Xk

)︁
−
∑︂
i<j

(−1)i+jω
(︁
T (Xi, Xj), X0, . . . , X̂i, . . . , X̂j , . . . , Xk

)︁
. (2.1)

For a connection ∇ with skew-torsion, we consider its curvature

R∇(X,Y, Z, V ) := g
(︁
R∇(X,Y )Z, V

)︁
:= g(([∇X ,∇Y ]−∇[X,Y ])Z, V ).
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Note that we cannot assume the usual symmetries from the Levi-Civita curvature. However, we
obtain the following Bianchi identity

X,Y, Z

S R(X,Y, Z, V ) = dT (X,Y, Z, V )− σT (X,Y, Z, V ) +∇V T (X,Y, Z), (2.2)

where on the left-hand side
X,Y, Z

S is short for a sum over all cyclic permutations of X, Y , Z.
On the right-hand side we denote by σT the 4-form

σT (X,Y, Z, V ) =
X,Y, Z

S g
(︁
T (X,Y )#, T (Z, V )#

)︁
∈ Λ4T ∗M.

Definition 2.2. We call (M, g,∇) a closed torsion geometry if ∇ has skew-torsion T satisfying
dT = 0.

We can immediately state our main theorem.

Theorem 2.3. Suppose (M, g,∇) is a closed torsion geometry with torsion T and TM = H⊕V
splits orthogonally as a representation of the holonomy group Hol(∇). Assume further that

T = TH + Tm + TV ∈ Λ3H⊕ Λ2H∧V ⊕ Λ3V ⊊ Λ3TM. (2.3)

Then

(a) there exists a locally defined Riemannian submersion π : (M, g) → (N, gN ) with totally
geodesic fibers tangent to V,

(b) the purely horizontal part of the connection TH is projectable, π∗Ť := TH,

(c) and ∇̌ = ∇gN + 1
2 Ť is a connection with, not necessarily closed, skew torsion on N satisfying

∇̌XY = π∗
(︁
∇XY

)︁
, (2.4)

where X, Y denote the horizontal lifts of X,Y ∈ TN .

Remark 2.4. The condition (2.3) is equivalent to V being integrable. Indeed, for V,W ∈ V
and X ∈ H

g([V,W ], X) = g(∇V W,X)− g(∇WV,X)− T (V,W,X)

and, hence [V,V] ⊂ V if and only if T vanishes on Λ2V ⊗H.
Hence, property (2.3) immediately induces a foliation or, equivalently, a locally defined sub-

mersion. These local submersion patches will combine to a global submersion only for regular
foliations. Staying in the terminology of foliations, Theorem 2.3 can be rephrased in terms of
a transverse geometry. However, for local results as in the following we may just work with π
as a submersion.

Proof of Theorem 2.3. We note that by (2.3) and the invariance of V under∇ for any vertical
vector fields V,W ∈ V, we have

∇g
V W = ∇V W − 1

2T (V,W ) ∈ V.

Therefore, the distribution V is integrable and a curve is geodesic on the integral submanifold
tangent to V if and only if it is a geodesic in M . The integral submanifolds give rise to a foliation
and hence to a submersion π from a small neighborhood U ⊂ M to a local transverse section S.
We show that the metric restricted to H×H is constant along vertical vector fields and therefore
projectable. For X,Y ∈ H, we have

(LV g)(X,Y ) = V (g(X,Y ))− g([V,X], Y )− g(X, [V, Y ])

= g(∇g
XV, Y ) + g(X,∇g

Y V ) = g(∇XV, Y ) + g(X,∇Y V ) = 0

since V is preserved by ∇. This proves that π is a Riemannian submersion.
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To prove the second assertion, we denote TH = prΛ3HT . If we show that TH is constant
along the fibers, it projects to a well-defined 3-form Ť . Let V ∈ V. By Cartan’s formula,
LV T

H = ιV T
H as ιV T

H = 0. Then by (2.1), we obtain

LV T
H(X,Y, Z) = dTH(V,X, Y, Z)

=
(︁
∇T

V T
H)︁(X,Y, Z)+

X,Y, Z

S TH(T (V,X), Y, Z). (2.5)

Whenever either X,Y, Z ∈ V this vanishes. Indeed, by (2.3), we have that T (V,Z) ∈ V if Z ∈ V
and, hence, T (V,Z) TH = 0. Now consider X,Y, Z ∈ H. Since ∇ preserves V and H, the

curvature R∇T
(X,Y, Z, V ) = 0 and the Bianchi identity for connections with skew torsion (2.2)

implies

0 =
X,Y, Z

S R∇(X,Y, Z, V ) = dT (X,Y, Z, V )− σT (X,Y, Z, V ) + (∇V T )(X,Y, Z)

=
X,Y, Z

S g(T (V,X), T (Y, Z)) + (∇V T )(X,Y, Z)

=
X,Y, Z

S TH(T (V,X), Y, Z) + (∇V T )(X,Y, Z) = LV T
H(X,Y, Z),

where we used again that T (V, Z) ∈ H and the last step is (2.5).

Equation (2.4) follows directly from ∇gN
X Y = π∗

(︁
∇g

X
Y
)︁
for Riemannian submersions. ■

Corollary 2.5. In the situation of Theorem 2.3, the base space
(︁
N, gN , ∇̌

)︁
is again a closed

torsion geometry if and only if the torsion Ť satisfies

dŤ (X1, X2, X3, X4) = −2σTm

(︁
X1, X2, X3, X4

)︁
= 0. (2.6)

Proof. Denote T⊥ = Tm + TV ∈ Λ2H∧V ⊕ Λ3V, then

dŤ (X1, X2, X3, X4) = dTH(︁X1, X2, X3, X4

)︁
= −dT⊥(︁X1, X2, X3, X4

)︁
=
(︁
∇T

X4
T⊥)︁(︁X1, X2, X3

)︁
−
X1, X2, X3

S
(︁
∇T

X1
T⊥)︁(︁X2, X3, X4

)︁
−

X1, X2, X3

S T⊥(︁T (︁X1, X2

)︁
, X3, X4

)︁
−

X1, X2, X3

S T⊥(︁X1, X2, T
(︁
X3, X4

)︁)︁
.

Since ∇ preserves the type Λ2H ∧ V ⊕ Λ3V of T⊥, both covariant derivative terms vanish.
Furthermore, on horizontal vectors X1, X2 ∈ H, we have T⊥(︁X1, X2, Z

)︁
= T⊥(︁Z,X1, X2

)︁
=

g|V×V
(︁
Tm(X1, X2), Z

)︁
and hence

dŤ (X1, X2, X3, X4) = −
X1, X2, X3

S T⊥(︁T (︁X1, X2

)︁
, X3, X4

)︁
−
X1, X2, X3

S T⊥(︁X1, X2, T
(︁
X3, X4

)︁)︁
= −2

X1, X2, X3

S g
(︁
Tm
(︁
X1, X2

)︁
, Tm

(︁
X3, X4

)︁)︁
. ■

Corollary 2.6. Let (M, g,∇) be a geometry with closed torsion T and TM = V1 ⊕ V2 an
orthogonal holonomy-invariant decomposition. Then locally

(M, g,∇) =
(︁
M1, g1,∇T1

)︁
×
(︁
M2, g2,∇T2

)︁
into closed torsion geometries if and only if the torsion is decomposable, i.e., T = T1 + T2 with
Ti ∈ Λ3Vi.
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Proof. If the torsion is decomposable, (2.3) is satisfied for V = V1, H = V2 and vice versa.
Hence, both distributions are integrable and we obtain locally defined Riemannian projection
maps to their respective integral submanifolds. As the mixed torsion parts vanish, we have (2.6)
satisfied for both T1 and T2. The converse is clear. ■

Note that the submersion and hence all above results are local. Exploiting the splitting
TM = V ⊕H and (2.4), we collect some remarkable identities for the curvature R of ∇.

Proposition 2.7. Let π : M → N be a Riemannian submersion, ∇ and ∇̌ connections on M
and N as above.

(a) Then g(∇XY,Z) = T (X,Y, Z) for any vector X ∈ V, Z ∈ H and basic vector field Y ∈ ΓH.
In particular, both sides are tensorial.

(b) The curvatures R of ∇ and Ř of ∇̌ are related by

R(X,Y, Z, V ) = Ř(π∗X,π∗Y, π∗Z, π∗V )− g(Tm(X,Y ), Tm(Z, V )),

for any X,Y, Z, V ∈ H.

(c) For any X,Y ∈ H and Z, V ∈ V, R(X,Y, Z, V ) = 0.

Proof. For the first identity, recall that for projectable vector fields π∗[X,Y ] = [π∗X,π∗Y ] and
hence, [X,Y ] ∈ V. Thus,

g(∇XY,Z) = g(∇Y X + [X,Y ], Z) + T (X,Y, Z) = T (X,Y, Z).

As the identity is entirely tensorial, we may extend all vector fields as horizontal lifts. Then,
by (2.4),

Ř(π∗X,π∗Y, π∗Z, π∗V ) = gN
(︁(︁
∇̌π∗X∇̌π∗Y − ∇̌π∗Y ∇̌π∗X − ∇̌[π∗X,π∗Y ]

)︁
π∗Z, π∗V

)︁
= g((∇X∇Y −∇Y ∇X −∇[X,Y ]−[X,Y ]V )Z, V )

= R(X,Y, Z, V )− g(∇[X,Y ]VZ, V ),

where [X,Y ]V = [X,Y ]− π∗[X,Y ] = [X,Y ]− [π∗X,π∗Y ] ∈ V is the vertical part of the commu-
tator. Further, for any Z ∈ V, we get g([X,Y ]V , Z) = g([X,Y ], Z) = g([X,Y ]−∇Y X−∇XY ) =
T (X,Y, Z). Now using part (a)

g(∇[X,Y ]VZ, V ) = T ([X,Y ]V , Z, V ) = gV(T (X,Y ), T (Z, V )).

Part (c) uses an inverted Bianchi identity for skew-torsion due to [20, Proposition 2.1]

Y, Z, V

S R(X,Y, Z, V ) = −1

2
dT (X,Y, Z, V ) + (∇XT )(Y, Z, V ).

Observe that R(X,Z, V, Y ) = 0 = R(X,V, Y, Z) as the two back entries are in different com-
ponents of TM = V ⊕ H. Hence, only R(X,Y, Z, V ) remains on the left-hand side. On the
right-hand side, dT = 0 and ∇ preserves the splitting of Λ3TM . Thus, the component ∇XT
vanishes on vectors in Λ2V ⊗H. ■

Theorem 2.8. Let π : M → N be a Riemannian submersion, ∇ and ∇̌ connections on M
and N , respectively, such that ∇̌XY = π∗

(︁
∇XY

)︁
. Suppose Ω is a ∇-parallel tensor field that

projects under π to a tensor field Ω̌ on N . Then ∇̌Ω̌ = 0.

In particular, if Hol0(∇) ⊂ Stab(Ω), then Hol0(∇̌) ⊂ Stab
(︁
Ω̌
)︁
.
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Remark 2.9. Here we consider Ω̌ a projection of an (s, t)-tensor Ω if

g
(︁
Ω
(︁
X1, . . . , Xs

)︁
, Y 1 ⊗ · · · ⊗ Y t

)︁
= ǧ
(︁
Ω̌(X1, . . . , Xs), Y1 ⊗ · · · ⊗ Yt

)︁
for all X1, . . . , Xs, Y1, . . . , Yt ∈ TxN . Such a Ω̌ exists if and only if

LV Ω = 0, and g(Ω(X1, . . . , V, . . . , Xs), Y1 ⊗ · · · ⊗ Yt) = 0

for all V ∈ V and X1, . . . , Xs, Y1, . . . , Yt ∈ H.

Proof of Theorem 2.8. Using that Ω̌ is the projection of Ω, we have

ǧ
(︁(︁
∇̌ZΩ̌

)︁
(X1, . . . , Xs), Y1 ⊗ · · · ⊗ Yt

)︁
= Z

(︁
g
(︁
Ω
(︁
X1, . . . , Xs

)︁
, Y 1 ⊗ · · · ⊗ Y t

)︁)︁
−

s∑︂
i=1

g
(︁
Ω
(︁
X1, . . . , ∇̌ZXi, . . . , Xs

)︁
, Y 1 ⊗ · · · ⊗ Y t

)︁
−

s∑︂
i=1

g
(︁
Ω
(︁
X1, . . . , Xs

)︁
, Y 1 ⊗ · · · ⊗ ∇̌ZYj · · · ⊗ Y t

)︁
.

Now, by assumption, π∗
(︁
∇XY

)︁
= ∇̌XY and, hence, ∇XY = ∇̌XY +

(︁
∇XY

)︁V
. The vertical

parts do not contribute as Ω vanishes on such vectors and we are left with

Z
(︁
g
(︁
Ω(X1, . . . , Xs), Y 1 ⊗ · · · ⊗ Y t

)︁)︁
−

s∑︂
i=1

g
(︁
Ω(X1, . . . ,∇ZXi, . . . , Xs), Y 1 ⊗ · · · ⊗ Y t

)︁
−

s∑︂
i=1

g
(︁
Ω
(︁
X1, . . . , Xs

)︁
, Y 1 ⊗ · · · ⊗ ∇ZY j · · · ⊗ Y t

)︁
= g
(︁(︁
∇ZΩ

)︁(︁
X1, . . . , Xs

)︁
, Y 1 ⊗ · · · ⊗ Y t

)︁
= 0. ■

Remark 2.10. The theorem above is not restricted to the case of Theorem 2.3. In fact, for
any Riemannian submersion π : (M, g) → (N, gN ) the Levi-Civita connections project ∇gN

X Y =
∇g

X
Y . Additionally, it applies to the submersion theorem for parallel torsion, compare the

version in [31].

Remark 2.11. The condition that Ω projects is crucial here. In [1], we have proved that even
though the canonical connection ∇ on a parallel 3-(α, δ)-Sasaki manifold has Hol0(∇) = Sp(n),
the holonomy on the quaternionic base is only Sp(n)Sp(1). In this case, the fundamental forms
(Φi)i=1,2,3 are parallel, but do not project. Nonetheless, the combined 3-form Ω =

∑︁
Φi ∧ Φi

leads to the observed holonomy on the base.

3 Submersions in SKT geometry

For the remainder of this paper, we will work in a specific geometry with closed torsion, namely
SKT, sometimes called pluriclosed, manifolds. Consider a Hermitian manifold (M, g, J) and
denote its fundamental form ω = g(·, J ·). Then there exists a unique Hermitian connection with
skew-symmetric torsion T = dcω, where dcω(X,Y, Z) = −dω(JX, JY, JZ). This connection
is called the Bismut, or sometimes Strominger, connection and agrees with the Levi-Civita
connection if and only if (M, g, J) is Kähler.

Definition 3.1. A Hermitian manifold (M, g, J) is called SKT if dT = 0.
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The fully expanded term “strong Kähler with torsion” falsely suggests that SKT manifolds
are Kähler. Instead, SKT manifolds are often called pluriclosed, referring to the fact that
a Hermitian manifold is SKT if and only if ∂∂̄ω = 0. We use the term SKT to emphasize the
closed torsion involved.

We now want to understand Theorem 2.3 for SKT geometry.

Lemma 3.2. Let (M, g, J) be an SKT manifold satisfying the conditions in Theorem 2.3 and
suppose that H is J-invariant. Let Ť denote the torsion on the base N of the submersion
π : M → N . Then J projects to an almost complex structure J̌ on N if and only if (X T )|Λ2H ∈
Ω1,1(M) for all X ∈ V. In this case J̌ is integrable and parallel under ∇Ť . In particular, ∇Ť is
the Bismut connection on N .

Proof. We compute

g((LXJ)Y,Z) = g([X, JY ]− J [X,Y ], Z)

= g(∇X(JY )−∇JY X,Z)− T (X, JY, Z)

− g(J∇XY − J∇Y X,Z)− T (X,Y, JZ)

= g(∇JY X −∇Y (JX), Z)− T (X, JY, Z)− T (X,Y, JZ),

where we have used that ∇J = 0. If X ∈ V and Z ∈ H, then as the holonomy splits the
covariant derivative summand vanishes. It follows that J projects to an almost complex structure
J̌ ∈ EndTN if and only if T (X, JY, Z) + T (X,Y, JZ) = 0 for all X ∈ V and Y, Z ∈ H or
equivalently X T |Λ2H ∈ Ω1,1(M).

Now that J projects to an almost complex structure J̌ on N by Theorem 2.8 we find
Hol0

(︁
∇̌
)︁
⊂ Stab

(︁
J̌
)︁
. This shows ∇̌J̌ = 0. It remains to show that J is integrable. Observe that

for any Hermitian connection ∇ with torsion T , we have

NJ(X,Y, Z) = g([X,Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ], Z)

= g(∇XY −∇Y X,Z)− T (X,Y, Z)

− g(∇JXY −∇Y (JX), JZ) + T (JX, Y, JZ)

− g(∇X(JY )−∇JY X, JZ) + T (X, JY, JZ)

− g(∇JX(JY )−∇JY (JX), Z) + T (JX, JY, Z)

= −T (X,Y, Z) + T (X, JY, JZ) + T (JX, Y, JZ) + T (JX, JY, Z).

As this vanishes for the Bismut connection on M , the same holds for the connection ∇̌ on N
with torsion given by π∗Ť = TH, implying that J is integrable. ■

In the rest of this section, we shall frame two submersion results on Bismut–Hermite–Einstein
and sHKT manifolds as instances of Theorem 2.3. We recall the definitions.

Definition 3.3. An SKT manifold
(︁
M2n, g, J

)︁
is called BHE (Bismut–Hermite–Einstein) if

ρB(X,Y ) =
1

2

2n∑︂
i=1

RB(X,Y, Jei, ei) = 0,

where {ei} is an orthonormal frame and RB is the Bismut curvature tensor. A hyperhermi-
tian manifold

(︁
M4m, g, I1, I2, I3

)︁
consists of three complex structures (Iα)α=1,2,3 that satisfy the

quaternionic relations and are all compatible with a single Riemannian metric g. A hyperhermi-
tian manifold is called HKT if the Bismut connections of all three Hermitian structures agree,
i.e., T = T I1 = T I2 = T I3 . Finally, it is called sHKT if, in addition, dT = 0.
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As the Bismut connection is Hermitian, its holonomy is always contained in U(n). The
condition ρB = 0 is equivalent to Hol

(︁
∇B
)︁
⊂ SU(n). In the HKT case, the Bismut connection

preserves I1, I2, I3 and g so its holonomy lies in Sp(m) ⊂ SU(2m). In particular, any sHKT
manifold is also BHE.

In [5], the authors prove that any non-Kähler Bismut–Hermitian–Einstein manifold admits
a non-vanishing vector field V such that V and JV are parallel with respect to the Bismut
connection. Furthermore, J is preserved under the flow of V and JV :

LV J = LJV J = 0. (3.1)

They continue to prove that the distribution ⟨V, JV ⟩ defines a Riemannian foliation. We rephrase
their result using the submersion theorem.

Theorem 3.4. Let (M, g, J) be a non-Kähler BHE manifold. Then there exists a locally defined
Riemannian submersion π : M → N along the distribution spanned by {V, JV }. J projects to
an integrable complex structure J̌ on N such that the Bismut connection ∇̌ on

(︁
N, gN , J̌

)︁
and ∇

on (M, g, J) are related via

∇̌XY = π∗
(︁
∇XY

)︁
.

Proof. As the two vector fields V and JV are parallel under the Bismut connection, we may
consider the decomposition TM = V ⊕H where V = ⟨V, JV ⟩. Furthermore,

dV ♭ =
n∑︂

i=1

ei ∧∇g
eiV

♭ =
n∑︂

i=1

ei ∧
(︁
∇eiV

♭ − T (ei, V, ·)
)︁
= V T.

Hence, by [8, Proposition 2.3], JV V T = JV dV ♭ = 0. This implies that T ∈ Λ2H∧V ⊕Λ3H
and we can employ Theorem 2.3 to obtain a locally defined Riemannian submersion π : M → N
along the distribution ⟨V, JV ⟩.

Then (3.1) shows that the complex structure J is constant along the fibers and hence pro-
jectable. As seen in the proof of Lemma 3.2, this implies that we may furnish the base N with
an integrable complex structure whose Bismut connection ∇̌ is the projection of the Bismut
connection of the total space. ■

In the case of sHKT, the parallel vector fields V associated to Iα, α = 1, 2, 3, coincide [8]. In
other words, there exists a vector field V such that V , I1V , I2V , I3V are parallel vector fields
for ∇B. They show the following statement in dimension 4m = 8:

Theorem 3.5 ([8]). Let
(︁
M8, g, I1, I2, I3

)︁
be an 8-dimensional sHKT manifold that is not hy-

perkähler. Then the distribution spanned by V , I1V , I2V , I3V is integrable and satisfies

LV ωi = 0, LIiV ωi = 0, LIiV ωj = −ωk, (3.2)

where (ijk) is an even permutation of (123).

In particular, this shows that
(︁
M8, g, I1, I2, I3

)︁
is conical in the sense of [10] with Euler vector

field 2V . Indeed, (3.2) shows by the argument in [28, Lemma 2.2] that ∇OV = 1
2 Id, where

the Obata connection ∇O is the unique torsion-free connection preserving the hyperhermitian
structure (g, I1, I2, I3), see [25]. Note that we may argue with the fundamental forms as V ,
I1, I2, I3 are parallel with respect to the Bismut connection and thereby Killing. Conversely,
given a conical sHKT structure with Euler vector field 2V the authors in [10] show that (3.2) is
satisfied. Moreover, it is shown that the distribution spanned by V , I1V , I2V , I3V is integrable.

Lemma 3.6. The conditions in (3.2) for all cyclic permutations (ijk) of (123) imply LIjV ωi=ωk.



Reducible Holonomy in Closed Torsion Geometries 9

Proof. As LIkV ωk = 0, we can commute LIkV with Ik and, hence,

(LIkV ωj)(X,Y ) = (IkV )(ωj(X,Y ))− ωj(LIkV X,Y )− ωj(X,LIkV Y )

= −(IkV )(ωi(X, IkY )) + ωi(LIkV X, IkY ) + ωi(X, IkLIkV Y )

= −(IkV )(ωi(X, IkY )) + ωi(LIkV X, IkY ) + ωi(X,LIkV IkY )

= −(LIkV ωi)(X, IkY ) = ωj(X, IkY ) = ωi(X,Y ). ■

With that, we reach the same conclusion as [8, 10] in terms of Theorem 2.3.

Theorem 3.7. Let (M, g, I1, I2, I3) be a non-hyperkähler conical sHKT manifold. Then there
exists a locally defined Riemannian submersion π : M → N with totally geodesic leaves spanned
by {V, IV, JV,KV }. The base N admits a quaternionic structure Ω̌ and a quaternionic connec-
tion ∇̌ with skew-symmetric torsion.

Proof. As seen above, the 4-dimensional distribution V = ⟨V, IV, JV,KV ⟩ is a trivial rep-
resentation of the holonomy. By Remark 2.4, vanishing of the Λ2V ⊗ H-part of the torsion in
Theorem 2.3 is equivalent to V being integrable, which we have seen for conical sHKT structures.
We obtain a locally defined Riemannian submersion π : M → N . Now consider the quaternionic
4-form Ω = ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3 ∈ Λ4T ∗M . As the ωi are parallel under the Bismut
connection, so is Ω. Now consider LWΩ for W =

∑︁3
k=0 fkIkV ∈ V, where we set I0 = id and

fi ∈ C∞(M). We have for X,Y ∈ H and (ijk) an even permutation of (123)

(LWωj)(X,Y ) = W (ωj(X,Y ))− ωj(LWX,Y )− ωj(X,LWY )

=
3∑︂

µ=0

(︁
(fµLIµV ωj)(X,Y ) + ωj(dfµ(X)IµV, Y ) + ωj(X,dfµ(Y )IµV )

)︁
=

3∑︂
µ=1

fµ(LIµV ωj)(X,Y ) = (fiωk − fkωi)(X,Y ),

where we have used that ωj(V,H) = 0, the identities (3.2), and Lemma 3.6. Thus, restricted
to Λ4H

LWΩ =
3∑︂

j=1

LW (ωj ∧ ωj) = 2
3∑︂

j=1

(LWωj) ∧ ωj = 2
ijk

S (fiωk − fkωi) ∧ ωj

= 2
ijk

S fi(ωk ∧ ωj − ωj ∧ ωk) = 0.

As the ωi are non-vanishing only on Λ2V ⊕ Λ2H Ω projects to a 4-form Ω̌ ∈ Λ4T ∗N . As
the stabilizer of such a 4-form is Stab

(︁
Ω̌
)︁

= Sp(m − 1)Sp(1), we have that the holonomy
Hol0

(︁
∇̌
)︁
⊂ Sp(m− 1)Sp(1) by Theorem 2.8. ■

Remark 3.8. In [21], the authors investigate several further geometries akin to Theorems 3.7
and 3.4. In their setup, they independently arrive at similar conclusions as Theorem 2.3, see
[21, Lemma 2.2].

Remark 3.9. Theorems 3.4 and 3.7 are particularly useful given regularity assumption of the
local submersions. For instance, see the study of low-dimensional BHE and sHKT manifolds
in [6] and [27], respectively.
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4 Submersions on SKT Samelson spaces

In this section, we consider SKT structures on semi-simple Lie groups. These were first found
on SO(9) in [11] and by [29] on G2. We follow the general construction and notation in [23].

LetG be a simply connected, compact, semi-simple Lie group of even rank. Set the Lie algebra
of G as g = t⊕ q with t its Cartan subalgebra. Further consider the root space decomposition

gC = tC ⊕
∑︂

α∈∆+

(gα ⊕ g−α),

where ∆+ is a choice of positive roots. For any α ∈ ∆+, we may choose E±α ∈ g±α and Hα ∈ tC

such that

[Eα, E−α] = Hα, B(Eα, E−α) = 1, [H,Eα] = α(H)Eα, B(H,Hα) = α(H)

for all H ∈ tC and where B(X,Y ) = tr(ad(X) ◦ ad(Y )) is the Killing form.

We consider a left-invariant complex structure J : g → g due to Samelson given as J =
J |t + J |q, where J |t is given by any complex structure on t ∼= RrkG and J |q is defined as

JE±α = ±iE±α

for α ∈ ∆+. Note that the defined J |q restricts to a complex structure on the compact real
root spaces gRα = (gα ⊕ g−α) ∩ g. Up to biholomorphism, this does not depend on the choice of
maximal torus and positive roots ∆+. In fact, the biholomorphism class of (G, J) is uniquely
determined by the choice of J |t : t → t up to the action of a finite subgroup of Aut(G) [30].

Let g = g1 ⊕ · · · ⊕ gs be the decomposition of g into its simple factors and ti, ∆+
i their

corresponding maximal tori and positive roots. We consider the left G- and right T -invariant
metrics on g given by

g = −
s∑︂

i=1

λi

(︄
B|ti×ti +

∑︂
α∈∆+

i

cαB|gRα×gRα

)︄
,

for constants λi, cα > 0. For each J-indecomposable component of G and thereby t, there is
up to uniform scaling a unique set of λi such that g is compatible with J . In [23], the authors
show that all pluriclosed Hermitian metrics that are left G- and Ad(T )-invariant are obtained
this way. We will assume g to be J-compatible in the following.

On reductive homogeneous manifolds, G/H invariant connections are in bijective correspon-
dence with Ad(H)-invariant linear maps Λ: m×m → m, compare [22, Chapter 10]. In our case,
H = {e}, m = g, and any metric connection with skew-torsion T can be characterized via the
corresponding (0, 3)-tensor g(ΛXY,Z) ∈ g∗ ⊗ Λ2g∗ ⊂ ⊗3g∗,

g(ΛXY, Z) = g(Λg
XY, Z) + 1

2T (X,Y, Z)

= 1
2(g([Z,X], Y ) + g([Z, Y ], X) + g([X,Y ], Z)) + 1

2T (X,Y, Z).

Further, the correspondence identifies the holonomy algebra as the subalgebra of End(g)
generated by

ΛX1ΛX2 · · ·ΛXk
R(X,Y ) (4.1)

for any X1, . . . , Xk, X, Y ∈ g and where R(X,Y ) = [ΛX ,ΛY ]−Λ[X,Y ] is the curvature operator.
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Lemma 4.1. The maximal torus t is a trivial representation of the Bismut holonomy,

g = t⊕

(︄ ∑︂
α∈∆+

gRα

)︄
.

Furthermore, the decomposition g = g1⊕· · ·⊕gs of g into simple Lie algebras is preserved under
the holonomy.

Proof. The Bismut connection has torsion

T (X,Y, Z) = dcω(X,Y, Z) = −dω(JX, JY, JZ)

= ω([JX, JY ], JZ) + ω([JY, JZ], JX) + ω([JZ, JX], JY )

= −g([JX, JY ], Z)− g([JY, JZ], X)− g([JZ, JX], Y ), (4.2)

and, thus, corresponds to the Nomizu operator

g(ΛXY,Z) = 1
2(g([X,Y ], Z) + g([Z,X], Y )− g([Y,Z], X)

− g([JX, JY ], Z)− g([JZ, JX], Y )− g([JY, JZ], X)). (4.3)

Observe that by (4.1) if ΛX preserves a given subspace for all X ∈ g so does the holonomy. We
show the splitting on the complexified gC and Λ. If all three vectors X,Y, Z ∈ tC, then so are
JX, JY , JZ. Hence, all commutators in (4.3) vanish and so does Λ. Now suppose any two
vectors of X, Y , Z are in tC. Then commutators of these two vanish directly. Commutators of
these with a vector in some root space gα map into gα and, thus, pair trivially with any vector
not in g−α. It remains to investigate the case where only Y ∈ tC. By previous consideration,
the only possible non-trivial components of Λ can be obtained if X ∈ gα is in some root space
and Z ∈ g−α. We separate two cases: For α ∈ ∆+,

g(ΛXY,Z) = 1
2(g([X,Y ], Z) + g([Z,X], Y )− g([Y,Z], X)

− g([iX, JY ], Z)− g([−iZ, iX], Y )− g([JY,−iZ], X))

= 1
2(−α(Y )g(X,Z) + g([Z,X], Y ) + α(Y )g(Z,X)

+ iα(JY )g(X,Z)− g([Z,X], Y )− iα(JY )g(Z,X)) = 0,

and for −α ∈ ∆+,

g(ΛXY,Z) = 1
2(g([X,Y ], Z) + g([Z,X], Y )− g([Y,Z], X)

− g([−iX, JY ], Z)− g([iZ,−iX], Y )− g([JY, iZ], X))

= 1
2(α(Y )g(X,Z) + g([Z,X], Y )− α(Y )g(Z,X)

+ iα(JY )g(X,Z)− g([Z,X], Y )− iα(JY )g(Z,X)) = 0.

To prove the second assertion, we consider Y ∈ gi. If Y ∈ t, then we have just shown that Y
is parallel. Hence, let Y ∈ gα for some root in ∆i. By skew-symmetry, we may assume Z ∈ gβ
for some root β ∈ ∆. Note that J preserves gα and gβ. If α + β = 0, X ∈ g−α ⊂ gi as well. If
α+ β ̸= 0, the complex structure J preserves g−α−β and all commutators in (4.3) vanish unless
X ∈ g−α−β. That implies α+ β ∈ ∆ and, thus, β ∈ ∆i is in the same simple component. ■

We now want to restrict to homogeneous SKT structures. They were described in [23] in the
following theorem.

Theorem 4.2 ([23]). The Hermitian manifold (G, J, g) is pluriclosed if and only if cα+β =
cα + cβ − 1 for all α, β ∈ ∆+ such that α+ β ∈ ∆.
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Equivalently, for any positive root α =
∑︁rkG

j=1 kjαj, we have

cα = 1 +

rkG∑︂
j=1

kj(cαj − 1).

where cαj ∈ R, for αj a simple root, are free parameters so long as all cα > 0.

Consider the set Imax of simple roots αi such that cαi = 1. Then by construction for all
roots α in the span of I

∆Imax
:=

{︄ ∑︂
αi∈Imax

kiαi | ki ∈ N

}︄
∩∆,

we also have cα = 1.

Theorem 4.3. Let (G, J, g) be a pluriclosed Hermitian structure as above. Then g splits as
a representation of the Bismut holonomy as

g = t⊕
⨁︂

α∈∆Imax

gRα ⊕
s⨁︂

i=1

(︄ ∑︂
α∈∆+

i \∆Imax

gRα

)︄
.

Here the summand t⊕
⨁︁

α∈∆Imax
gRα is trivial.

Proof. Fix α ∈ ∆Imax ∩∆+
i . Let Y ∈ gα and Z ∈ gβ, where α±β ̸= 0. We consider g(ΛXY,Z)

as in (4.3). Observe that X ∈ gγ with α + β + γ = 0 or otherwise the commutators map to
the wrong root spaces and all summands in Λ vanish. By Lemma 4.1, we may also disregard
Z ∈ tC as any metric connection admits skew-symmetry in Y and Z. Suppose β ∈ ∆+. Then
−γ = α+ β ∈ ∆+ and we find

g(ΛXY,Z) = 1
2(g([X,Y ], Z) + g([Z,X], Y )− g([Y,Z], X)

− g([−iX, iY ], Z)− g([iZ,−iX], Y )− g([iY, iZ], X)) = 0

Now assume −β ∈ ∆+. If γ = −α− β ∈ ∆+, we have

g(ΛXY,Z) = 1
2(g([X,Y ], Z) + g([Z,X], Y )− g([Y,Z], X)

− g([iX, iY ], Z)− g([−iZ, iX], Y )− g([iY,−iZ], X))

= −c−βλiB([X,Y ], Z) + cγλiB([Y,Z], X)

= −λi(c−β − cγ)B([X,Y ], Z). (4.4)

Hence, Theorem 4.2 implies

c−β = cα−α−β = cα+γ = cα + cγ − 1

and g(ΛXY,Z) vanishes if and only if cα = 1. If −γ = α+ β ∈ ∆+, we have

g(ΛXY,Z) = −λi(cα − c−γ)B([X,Y ], Z) (4.5)

instead and it vanishes if and only if c−β = 1. However, −γ ∈ ∆+ implies that α = −β − γ is
the sum of positive roots and, hence, −β,−γ ∈ ∆Imax . Therefore, c−β = 1, as desired.

As the complex structure J appears only pairwise in (4.3), we obtain the same results when
inverting the signs of α, β and γ. Hence, we have shown that the root pairs gα ⊕ g−α for
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α ∈ ∆Imax split off in the complexified holonomy representation and hence the corresponding
2-dimensional real subspaces gRα = (gα ⊕ g−α) ∩ g.

It remains to show that the maximal torus t acts trivially on gRα. For H ∈ tC, Y ∈ gα and
Z ∈ g−α, we have

g(ΛHY,Z) = −λi(cα − 1)B([H,Y ], Z). (4.6)

This vanishes for α ∈ ∆Imax . Now by skew-symmetry of ΛX these are all possibilities and
ΛXY = 0 for all X ∈ g and Y ∈ gα ⊕ g−α. ■

In general, we cannot guarantee that cα ̸= 1 for α ∈ ∆+ \ ∆Imax and therefore the non-
vanishing of (4.4), (4.5) and (4.6). However, if we assume that cαi < 1 for all αi ̸∈ Imax, then
the same holds for all α ∈ ∆+ \∆Imax .

Corollary 4.4. If 0 < cα < 1 for all α ∈ ∆+ \∆Imax, then the real holonomy representations

Vi =
∑︂

α∈∆+
i \∆Imax

gRα

are irreducible.

Proof. We may assume that g is simple and λ1 = 1. Consider the two complex hol(∇)C-
representations W =

∑︁
α∈∆+\∆Imax

gα and W =
∑︁

α∈∆+\∆Imax
g−α. We show that they are

irreducible. Let X ∈ gα and Y ∈ gβ, α, β ∈ ∆+ \∆Imax ,

R(Y,X,X, Y ) = g
(︁
ΛY ΛXX,Y

)︁
− g
(︁
ΛXΛY X,Y

)︁
− g
(︁
Λ[Y,X]X,Y

)︁
= g
(︁
ΛY H,Y

)︁
g
(︁
ΛXX,H

)︁
− g
(︁
ΛXEα+β, Y

)︁
g(ΛY X,E−(α+β))

− g
(︁
Λ[Y,X]X,Y

)︁
,

where H ∈ tC is chosen appropriately and g(Eα+β, E−(α+β)) = 1 for E±(α+β) ∈ g±(α+β). Now

the first term vanishes as ΛXH = 0 for any H ∈ tC. Using (4.4) and (4.5), we find

g
(︁
ΛXEα+β, Y

)︁
g(ΛY X,E−(α+β)) = (cβ − 1)(cα − 1)B

(︁
[X,Eα+β], Y

)︁
B([Y,X], E−(α+β))

= −
(cβ − 1)(cα − 1)

cα+β
B
(︁
[X,Y ], [X,Y ]

)︁
and

g
(︁
Λ[Y,X]X,Y

)︁
= −B

(︁
[Y,X], [X,Y ]

)︁{︄(cα − 1), β − α > 0,

(cβ − 1), β − α < 0.

As both (cα − 1), (cβ − 1) > 0, we have

R
(︁
Y,X,X, Y

)︁
=

(cβ − 1)(cα − 1)

cα−β
B
(︁
[X,Y ], [X,Y ]

)︁
−

{︄
(cα − 1)

(cβ − 1)

}︄
B
(︁
[X,Y ], [X,Y ]

)︁
> 0

as long as α+β or α−β is a root. Therefore, R
(︁
Y,X

)︁
X ∈ gβ\{0}. As α and β are arbitrary roots

in ∆+ \∆Imax , the representation W is irreducible. The same holds for W =
∑︁

α∈∆+\∆Imax
g−α.

We claim that the two representations W and W are non-isomorphic as hol(∇)-represen-
tations. Assume by contradiction that T : W → W is an invariant isomorphism. Then for every
h ∈ hol(∇) we have T ◦ h|W = h|W ◦ T . In particular, for every eigenvector X ∈ W of h|W , the
image TX ∈ W is an eigenvector for h|W with the same eigenvalue. Let α ∈ ∆+ \∆Imax be the
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highest root. Note that such a root exists if ∆Imax ⊊ ∆+. Let XR = X−X ∈ gRα ⊂ gα⊕g−α with
B
(︁
X,X

)︁
= 1 and consider h = R

(︁
XR, JXR)︁. For any Y ∈ gβ, β ∈ ∆+ \∆Imax , g

(︁
Y, Y

)︁
= 1,

we find

R(X,JX)Y = R
(︁
X, JX, Y, Y

)︁
Y = 2iR

(︁
X,X, Y, Y

)︁
Y

= 2iY
(︁
g
(︁
ΛXE−(α−β), Y

)︁
g(ΛXY,Eα−β)− g

(︁
Λ[X,X]Y, Y

)︁)︁
.

Observe that if β ̸= α, then α− β ∈ ∆+ and the first term vanishes. Hence,

R(X,JX)Y = 2i(cβ − 1)B
(︁
[X,X], [Y, Y ]

)︁
Y = 2i(cβ − 1)⟨α, β⟩Y.

As α is the highest root, ⟨α, β⟩ ≥ 0 and strictly positive if α and β are not orthogonal. In
particular, the eigenvalues of R

(︁
XR, JXR)︁ on W are multiples of −i. The same argument shows

that g−β is a R(X, JX)-eigenspace to the eigenvalue −2i(cβ − 1)⟨α, β⟩ ∈ iR+. In conclusion,
the eigenvalues of R(X, JX) on W and W differ contradicting a hol(∇)-invariant isomorphism
T : W → W .

The final step is to assume there is a non-trivial hol(∇)-subrepresentation U ⊂ Vi. Then
UC = U⊗C ⊂ Vi⊗C is a hol(∇)C-invariant subrepresentation. As W and W are not isomorphic,
either UC = W or UC = W . But, as U is real, UC is invariant under complex conjugation in
contradiction to either UC = W or UC = W . ■

Remark 4.5. If all simple roots satisfy cαi = 1, then the metric g is biinvariant. It is a well
known result that (G, J, g) with g biinvariant is Bismut-flat and, hence, the holonomy representa-
tion is trivial. In this case, the SKT structure is obviously also BHE. By [11, Corollary 5.1 (iii)],
any other metric fails to be BHE showing that the associated submersions below are distinct
from the ones in Theorem 3.4.

Corollary 4.6. Let I ⊂ Imax and HI the connected subgroup of G with Lie algebra hI =
t ⊕

⨁︁
α∈∆I

gRα. Then the map G → G/HI is a Hermitian submersion. The Bismut connection
projects to the Bismut connection on N = G/HI .

Proof. Let h = hCI and set gC = h⊕ p. We prove that the Bismut torsion TB(X,Y, Z) = 0 for
X,Y ∈ VC = h and Z ∈ HC = p. Let X ∈ gα, Y ∈ gβ and Z ∈ gγ , where we allow g0 := tC.
Observe that J preserves these spaces. Thus, either all terms in (4.2) vanish individually and
T (X,Y, Z) = 0 or α+β+γ = 0. However, this implies that if α, β ∈ ±∆I ∪{0} so is −γ. Hence,
we obtain a Riemannian submersion as in Theorem 2.3.

To apply Lemma 3.2, we further show that T (X, JY, JZ) = T (X,Y, Z) for all X ∈ gα ⊂ h
and Y ∈ gβ ⊂ p and Z ∈ gγ ⊂ p. As before, we may assume α+ β + γ = 0. Suppose β, γ ∈ ∆+.
Then −α = β + γ is the sum of two positive roots, implying β, γ ∈ ∆I , in contradiction to
Y,Z ∈ p. The same holds if −β,−γ ∈ ∆+. Hence, we may assume β ∈ ∆+ and −γ ∈ ∆+.
By (4.2),

T (X,JY, JZ) = −g([JX, Y ], JZ) + g([Y,Z], X)− g([Z, JX], JY )

= ig([JX, Y ], Z)− g([iY, iZ], X)− g([Z, JX], Y )

= g([JX, JY ], Z) + g([JY, JZ], X) + g([JZ, JX], Y )

= T (X,Y, Z). ■

Remark 4.7. The quotient spaces G/HI are exactly the generalized flag manifolds. Indeed,
any parabolic subalgebra is given by

pI = tC ⊕
∑︂

α∈∆+

gα ⊕
∑︂
α∈∆I

g−α
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for some subset I of simple roots as before and hence, hI = pI ∩ g. On the other hand,
generalized flag manifolds are homogeneous spaces GC/PI where PI is a parabolic subgroup
with Lie algebra pI . The compact real form G acts transitively on GC/PI and we can see that

GC/PI = G/PI ∩G.

Now HI is the connected component of PI ∩ G and as generalized flags are simply connected,
G/HI = GC/PI .
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