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Abstract. This paper constructs the cohomology theory for grading-restricted vertex su-
peralgebras, generalizing Yi-Zhi Huang’s cohomology theory of grading-restricted vertex
algebras. To simplify the discussion, motivate the construction, and make it easier for the
reader to understand the technical points, we also include the construction of the coho-
mology theory of supercommutative associative algebras, a generalization of the Harrison
cohomology theory of a commutative algebra that has not been explicitly written down. The
paper will serve as the foundation for many subsequent studies, especially the deformation
theory of vertex superalgebras.
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1 Introduction

A vertex superalgebra is an algebraic structure formed by vertex operators satisfying supercom-
mutativity and associativity. It plays a fundamental role in mathematical physics, especially in
the mathematical construction of two-dimensional superconformal field theories. So far, most
existing results require the module category of the vertex superalgebra to be semisimple. The
results for vertex superalgebras with nonsemisimple module categories are limited and often rely
heavily on particular properties of the corresponding examples.

In the study of nonsemisimple associative algebras, the cohomology method has played a cru-
cial role. In representation theory, the first Hochschild cohomology associated with a certain
bimodule characterizes the nontrivial extensions of two modules. In deformation theory, the sec-
ond Hochschild (and Harrison) cohomology describes square-zero deformations and first-order
deformations in the category of associative (and commutative associative, respectively) algebras,
while the third Hochschild (and Harrison) cohomology describes obstructions to integrating
a first-order deformation. Since vertex operators in vertex superalgebras satisfy associativity,
we naturally wish to develop a cohomology theory for vertex superalgebras that is analogous
to that for an associative algebra, and establish a general method for studying representation
theory and deformation theory of vertex superalgebras.

This paper is a contribution to the Special Issue on Recent Advances in Vertex Operator Algebras in honor
of James Lepowsky. The full collection is available at https://sigma-journal.com/Lepowsky.html
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A lot of work has been done on vertex algebras, which are Z-graded with vertex operators
satisfying commutativity. In [6], Yi-Zhi Huang constructed a cohomology theory for a grading-
restricted vertex algebra V' and its module W, where the vertex operators satisfy both com-
mutativity and associativity. The key idea is to use the space W, . .. of W-valued rational
functions, the analytic continuations of series with coefficients in W. The cochain complex is de-
fined by linear maps from V®" — W,, . that are compatible with the grading and translation
operator, and satisfy very technical but natural convergence conditions (called the composable
condition). Even though different summands in the coboundary operator have disjoint regions of
convergence, after analytic continuation, we operate in the space of W-valued rational functions,
and thus make sense of the coboundary operator.

Based on this construction, in [7], Huang proved that the first cohomology describes deriva-
tions of the vertex algebra, and the second cohomology describes the square-zero extensions
and first-order deformations. In [14], the second author generalized Huang’s construction to
meromorphic open-string vertex algebras, where the vertex operators satisfy only associativity
without any commutativity. In [9], Yi-Zhi Huang and the second author gave a cohomolog-
ical criterion of semisimplicity. In [15], the second author gave a cohomological description
of the Ext!-group of two left-modules for a meromorphic open-string vertex algebra. In [10],
Vladimir Kovalchuk and the second author established an algorithm for classifying first-order
deformations for all freely generated vertex algebras.

All these results are expected to hold for vertex superalgebras. Moreover, in recent discussions
and computations with Andrew Linshaw and Yi-Zhi Huang, the second author believes that we
are capable of classifying full formal deformations of a large class of strongly generated vertex
superalgebras. Of particular interest are the W-algebras, which are generally %Z—graded and
might have both bosonic and fermionic generating fields of half-integral weights. To accommo-
date such fields, it is necessary to extend Huang’s construction of cohomology theory to the most
general vertex superalgebras. To solidify the foundation for all the subsequent generalizations,
it is essential to examine all the details carefully. This paper serves the purpose.

Passing from commutativity to supercommutativity is not as easy as it seems. For the
Harrison cohomology of a commutative associative algebra, the corresponding cochain complex
is obtained from imposing a shuffle sum condition on the space of Hochschild cochains. For
a supercommutative associative algebra, we need to modify each summand in the shuffle sum
condition by an additional sign factor to keep track of the positions of the odd elements. This
additional sign factor proves to be quite confusing, as some of the most obvious expectations
actually fail (see Remarks 2.11 (2)). For this reason, we give a self-contained treatment of these
signs in Section 2, in a form suited to the subsequent construction for vertex superalgebras.

For the convenience of the reader, we have decided to organize the paper as follows: In
Section 2, we elaborate on the details of the generalization of Harrison cohomology to a su-
percommutative associative algebra. In Section 3, we construct the cohomology theory for
grading-restricted vertex superalgebras. In Section 4, we study the first and second cohomolo-
gies. In Section 5, we provide an explicit calculation of the first cohomology of the vertex
superalgebra V*(0sp(1]2)).

2 Cohomology theory for supercommutative algebras
In this section, we give the definitions of superalgebras and supercommutative algebras, which

are particular types of associative algebras. To define the cohomology theory, we introduce
a shuffle condition on the Hochschild cochain complex. Cochains satisfying the shuffle condition

Tt was revealed by ChatGPT that related treatments existed in [4, 5]. But we did not conduct a detailed
comparison.
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form a Harrison-like cochain complex for a supercommutative algebra. All vector spaces will be
assumed to be over C, although the results of this section are easy to generalize to other fields.
We use N to denote the set of nonnegative integers {0,1,2,...} and Z, to denote the set of
positive integers {1,2,... }.

2.1 Superalgebra and supermodules

Definition 2.1. A superalgebra A is a Zs-graded vector space (a vector superspace) A = A°@ A!
(hereafter the @ means the direct sum of vector spaces) equipped with a bilinear multiplication
- A® A — A such that A*- A7 C A", Elements of A° are called even and elements of Al
odd. Given a homogeneous element a € A’, we say |a|] = i, and call |a| the parity of a.
A supercommutative associative superalgebra is a superalgebra whose multiplication is associative
and satisfies supercommutativity: for every homogeneous a,b € A, b-a = (—1)|“Hb|a -b. For
convenience, we shall use the abbreviation supercommutative algebra.

Remark 2.2. Note that in a supercommutative algebra A, an even element commutes with every
element in A. Only for two odd elements a,b € A, we have the anticommutativity ba = —ab.

Definition 2.3. We say M is a supermodule for the supercommutative algebra A if M is
a Zs-graded vector space M = M? @ M equipped with an action -: A ® M — M, such that
M forms a module for the associative algebra A, and A*- M7 C M. We similarly define even
elements, odd elements, and the parity |m| = i for homogeneous elements m € M.

Remark 2.4. A supermodule M may be regarded as a bimodule for the associative algebra A,
where the right action -: M x A — M is defined by m - a = (—=1)l*l1™lg . m for homogeneous
a€ A meM.

As any supercommutative algebra has the structure of an associative algebra, we can study
it with the Hochschild cohomology. Let’s recall the definition here.

Definition 2.5. Let A be an associative algebra, and M an A-bimodule. For each n € N, define
the n-th Hochschild cochain

C™(A, M) = {C-linear map f: A®™ — M}.
Define the coboundary map 0: cn — Ol by

(Of) (a1 ® -+ @ ant1)

n

=a1f(aa® -+ @ ant1) +Z(—1)if(a1 Q- ®a; g1 @ @ A1)
i=1

+(=1)"" fla1 @+ @ an)ania.

Theorem 2.6. For alln € N, 92C™ = 0 (or simply 82 = 0). Therefore, the collection (C™, d)nen
forms a cochain complex, called the Hochschild cochain complex.

Proof. A conceptual proof can be found in [17] using simplicial methods. We shall not elaborate
on the details here. u

Definition 2.7. Let Z"(A, M) = ker(9) ¢ C™(A, M) be the space of Hochschild cocycles,
B"(A,M) = im(d) C C"(A, M) be the space of Hochschild coboundaries. By Theorem 2.6,
B"(A, M) C Z"(A, M). The quotient H"(A, M) = Z"(A, M)/B"(A, M) is the n-th Hochschild
cohomology of A with respect to M.
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2.2 Shuffles and the super shuffle sum

Recall the Harrison cohomology for a commutative associative algebra is defined by a subcochain
complex of the Hochschild cochain complex. Using the same idea, we shall now give a cohomology
theory of supercommutative algebras. To start, we need to define shuffles and the shuffle sums.

Definition 2.8. Let n € Z; and fix p€ Z, 1 <p <n— 1. A permutation o € Sym(1,...,n) is
a shuffle of the letters 1,...,n if

o(l)y<---<a(p) and o(p+1)<---<o(n). (2.1)

Let Jy(1,...,n) be the collection of all shuffles satisfying (2.1). Clearly, a shuffle o € J,(1,...,n)
may be identified with two increasing sequences respectively with lengths p and n — p, consisting
of distinct numbers in {1,...,n}. In particular,

To(1,...,n)| = (Z)

Remark 2.9. When taking the sum over all shuffles in Jy,(1,...,n), it is important to note
that, unlike how the summation of o € Sym(1,...,n) can be interchanged with the summation
of 71 € Sym(1,...,n), we cannot replace ¢ in the summation of o € Jy(1,...,n) by o~ L.
Generally, o € Jy(1,...,n) does not imply o le Jp(1,...,n). For example, consider n =5 and

(12345
77 \2 4 5 1 3)°
Then o € J3(1,...,5). But

. (12345
7 T\4 15 2 3

is no longer an element in J,(1,...,n) for any p.
Recall that A®™ admits a right action of the symmetric group Sym(1,...,n), defined by
ola1 ® - ®ay) = Ug(1) ® *++ @ Ug(p)-
This right action induces a left Sym(1,...,n)-action on linear maps f: A®™ — M, given by
(cf)a1® - ®@an) = faga) @+ @ agm))-

Definition 2.10. Fix homogeneous a1, ..., a, € A where the odd elements are aq,, ..., aq, for
1<a; < <ap <n. Forafixed o € Sym(1,...,n), let 1 < 8 < --- < B < n such that
Ug(Br)s -+ > Go(,) are odd. Then o(B1),...,0(B) is a permutation of {a1,...,ax}. We define
0° € Sym(ayq,...,ax) by

c’(am) = o(Bm), m=1,...,k.

For convenience, we shall refer to aq,...,a; as the odd indices of the sequence (1,...,n), and
o(B1),...,0(Bk) as the odd indices of the sequence (o(1),...,0(n)).

Remark 2.11.

1. Conceptually, ° keeps track of the change of ordering of the odd elements. In particular,
if we consider the product aq ---a, in A, then
0.0

Ao(1) " Ao(n) = (—1)7 a1+ - an,

where (—1)?” is the signature of ¢° € Sym(ay, ..., o).
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2. Care is needed with repeated application of the © operation, as each new instance of °

involves an implicit reordering of the input indices. Therefore, for o, 7 € S,,, (07)° generally
does not coincide with ¢°7°. Below are examples of ¢ and 7 with o7 = id, but ¢°7° #

(o7)° =id.
3. Let
o — 1 2 3 -+ n—1 n n+1
S \n+1 12 -+ n=2 n-1 n )
Then for aq,...,a,+1 € A homogeneous, we have

(=1)°° = (=1)Uarl++lanl)lania]

4. Let
(1 2 3 -+ n-1 n n+1
Tm\234 - n on+1 1)
namely, the inverse of o studied in (3). Then for ay,...,a, € A homogeneous, we have

(=1)7 = (=1)Uael++lansr)la],

5. If 0°7° = id, then (—1)°°(—1)"" should be identically 1 regardless of parities of aj, ..., ap.
This is obviously not the case, as we may choose |a1| = 0, |ag| + -+ + |a,| = 1, and
|ny1| = 1.

Definition 2.12. Fix positive integers n and p < n — 1. For a linear map f: A®" — M, we
define the super shuffle sum

Suppf: A®" — M

by
(Sunupf)(a/l Q- ® an) = Z (_1)0(_1)(U71)0f(a0*1(1) Q- ® aofl(n))'
o€Jdp(1,...,n)
where ay,...,a, are Zs-homogeneous. The definition naturally extends to A®™,

Remark 2.13. Note that (—1)7 is the signature of o € S,, that is independent of the parity of
ai,...,an, while (—1)("71)o depends both on ¢ and the parity of ay, ..., a,.

2.3 The super Harrison cochain
Definition 2.14. Let A be a supercommutative algebra.
1. For each n € N, the tensor product A®™ is also a superspace with parity given by
]a1®”-®an] = |a1\—|—~-+|an\ € Zs

for homogeneous ayq, ..., a, € A.

2. Let M be an A-supermodule. A linear map f: A®" — M is parity-preserving if

1f(a1 ® - @an)| = |ar]| + - + |an| € Zo.
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3. For each n € N, define the n-th super-Harrison cochain by
C™(A,M) = {f: A®™ — M | f is parity-preserving, and su, pf =0,p=1,...,n—1}.
Clearly, C™(A, M) is a subset of the Hochschild cochain C™(A, M).
Theorem 2.15. With all notations as in Definition 2.14, for every f € C™(A, M),
of € C"TH(A, M).

Proof. Fix a positive integer p < n. We analyze the super shuffle sum su,1,(0f), namely,

Yoo VDT 0 (@ 1) © - @ 1))

oeJdp(1,...,n+1)

= > ()7~ P ag11yf (agi(2) @ ® agi(ns1)) (2.2)
ceJdp(1,...,n+1)

+ Y (17 (=D (1) f (ag10) @+ @ Ag-1(n)) Qo1 (i) (2.3)
ceJp(1,...,n+1)

S % o o~ h)e
+> (=) > (=)=
i=1 oedp(1,...,n+1)
X fag-1(1) @+ @ Ag-1(33) " Ag=1(i41) @ =+ ® Ag—1(n41))- (2.4)

We shall proceed to show that both (2.2) + (2.3) and (2.4) all vanish.

The analysis of (2.2). Note that o € Jp(1,...,n+1). Then the number 1 sits either in the
first increasing sequence or the second. This means either o(1) =1 or o(p + 1) = 1. Therefore,
either c71(1) =1oro (1) =p+ 1.

1. If =1(1) = 1, then the increasing sequences

o2)<---<o(p),olp+1l)<---<o(n+1)

.,n+1. Clearly, the extension

form a shuffle 7 € J,_1(2,...,n+1), with 7(m) = o(m),m =2, ..
= 1) coincides with o. Therefore, we

of 7in Sym(1,...,n+ 1) (obtained by supplementing 7(1)

o

have (—1)" = (—1)7,(=1)"" = (—=1)°°. Thus

Z (_1)0(_1)(U_l)oaafl(l)f(aafl(2) - aafl(n—i-l))
o€Jdp(1,...,n+1)
o 1(1)=1

STEEED DR G

Ter*l (2,,TL+1)

f(a771(2) R R a,7_71(n+1)). (25)

But since f € C"(A, M), we know that suy,—1f = 0in case p > 2. Evaluated at a2 ®@- - - @ ap1,
we see that

Z (_1)7(_1)(7*1)0]0 (CLT—1(2) R ® ar—l(nJrl)) =0.
T€Jp—1(2,...,n+1)

Therefore, (2.5) vanishes if p > 2.
2. If 071(1) = p+ 1, then the increasing sequences

o(l) <---<a(p), olp+2)<---<o(n+1)
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form a shuffle 7 € Jp(1,...,p+1,...,n+ 1), with

r(m) = {U(m) b Rsolmspad,
- a(m) if o(m) > p+2.

To calculate the signature (—1)7, let 7 be the extension of 7 in Sym(1,...,n + 1), i.e.,

. T(m) ifm#p+1,
7(m) = o
p+1 ifm=p+1.

Then (—1)7 = (—1)7. Moreover, we have ¢ = (1,2,...,p + 1)7. Therefore,

To calculate the signature (—1)7", let 1 < a; < -+ < ag < n + 1 be the indices of the odd
elements in the sequence (ay,...,an+1). Let 1 < 1 < -+ < Br < n+1 be the indices of the
odd elements in the sequence (ag-1(1), .- @o—1(n41))-

e If a,;1 is even, then p + 1 appears neither in the sequence as,...,ax nor o~ 1(B),...,
o~ 1(Bk). From the relation 0=t =7 1(p+1,p,...,2,1), we know that

1(6,) = {71<5m ~1) 2 pn <pl,
T (ﬁm) if /Bm >p+2.

In other words, only the f3,,’s before p 4+ 1 are shifted by 1; the others remain the same. Thus,
the odd elements in (a;-1(1), -+, @r=1(p—1), Ar=1(ps1)s - - - s Gr—1(p41)) TeMain to be (ag-1(g,y,-- -,
Ag-1(8,.,))- We may conclude that (c=1° = (r71)°. In particular, (—1)°" = (—=1)7". Therefore,

we conclude that

> (17 (-1 ap100) fag-1(2) @+ @ Ag-1(ns1))
o€Jp(l,...,n+1)
o1 (1)=p+1

+—1)o
R 2T R DI S S0
r€Jp(1,e;p+ 1,0 ,nH1)
X f(anl(l) K- ®m®”' ®a771(n+1)). (2.6)

Since f € C™(A, M), we know that su,,f = 0 in case p < n — 1. Evaluated at a,-1(q) ® -+ ®
Ar1(p1) @+ @ Ar-1(n41), We see that

—1yo
Z (—I)T(_l)(T ) f(anl(l) ®...®a7_71(p+1) ®...®a7_71(n+1)) —0.
T€Jp(Lep 1, nt1)

Therefore, (2.6) vanishes if p <n — 1.
o If apy1 is odd, then By =1 and o7 }(B1) =p+ 1. Let ¢ = #{1 < j <p+1|aj is odd}.
Then oy = p+1. So

(O’_I)O=< o ay e a1 ag=p+l agpn e O )
p+1 o7 (B2) o o (Bem1) o HBY) o HBgs1) o oTHB)

With the same analysis as above, we see that

N al e aqil anrl e ak

(T_l)o_(a_1(52) o 0 (Bgm) o7 By U_l(ﬁk))
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Therefore, we conclude that (2.6) equals to
(—=DPapr - (177" > (-7 (=)
r€Jp(1,e;p+1,..,nH1)

X far101) @ @ T i) @+ @ Gr1(np1))-

—1)0

By a similar argument as above, we see that (2.6) vanishes if p <n — 1.

3. We have handled most parts of (2.2) except for the case where p = 1 and the part with
o~1(1) = 1, and the case where p = n and the part with ¢='(1) = p+ 1 = n + 1. To process
these terms, we will need the corresponding contributions from (2.3).

The analysis of (2.2) + (2.3). With a similar procedure as in the analysis of (2.2), we may
show that the parts of (2.3) where p < n—1,0 '(n+1)=n+landp>2 0 (n+1)=p
all vanish. What remains are the case with p = n and the part with c='(n 4+ 1) = n + 1, and
the case with p = 1 and the part with 0=!'(n 4 1) = 1. Fix a1,...,a,.+1 € A homogeneous and
assume the odd elements are aq,,...,0q, for 1 <oy <--- < ap <n+1. We first combine the
remainder terms of (2.2) and (2.3) in the case of p = 1.

1. If p=1and ¢7!(1) = 1, this means ¢ = id. Thus, ¢° = id. The corresponding term
in (2.2) is

alf(ag XX an+1). (27)
2. If p=1and o~ (n+ 1) = 1, this means

(1 2 .- n n+1 e _ (_1\n
g _<23... n+1 1 :>(1) _( 1)-

We have analyzed (0~!)? in Remark 2.11 (4) and concluded that (—1)(¢
corresponding term in (2.3) is

e (_1)(1f—1)'|a1|, The
f(f1)(|a2|+~~~+|an+1|)'\a1\f(az @ @ Apy1)al. (2.8)

Note that since M is a supermodule and f preserves parity, from Remark 2.4, we know that (2.8)
is precisely the negative of (2.7). Thus they sum up to be zero.

In the case of p = n, we similarly combine the remainder terms of (2.2) and (2.3).

1. If p=mn and o(n + 1) = 1, this means

_ 1 2 ... n n-+1
1 _ 1Yo — (_1\"
g _<n—|—1 1 -+ n=1 n ) = (-1) (=1)"

We have analyzed (0~1)° in Remark 2.11 (3) and concluded that
(_1)(071)0 - <_1)(k—1)'|an+1\.
The corresponding term in (2.2) is
(—1)" (=)ol tlanDlanaly a1 @ - ® ay). (2.9)

2. If p=nand o(n+1) =n+1, this means ¢ = id. Thus, ¢° = id. The corresponding term
in (2.3) is

()" (a1 @ @ an)ant1. (2.10)

Again from the assumption of f and Remark 2.4, we know that (2.9) is precisely the negative
of (2.10). Thus they sum up to be zero.



A Cohomology Theory of Supercommutative Algebras 9

The analysis of (2.4). The sum (2.4) may be decomposed as

) o o~ 1)e
> (=1 > (=)7(=pl)
i=1 oeJp(1,..,n+1)
1<o~!(i)<p
1<o~1(i+1)<p
X flag-11) ® @ ag-1() * Ag-1(i41) ® *** @ Ag—1(n 1)) (2.11)
= A o o~ 1)e
SO IC VD DR CE I C I
i=1 o€dp(l,...,n+1)
1<o~'(i)<p
p+1<o1(i+1)<n+1
X flag-11) ® @ Ag-1() * Ag-1(i41) ® *** @ Ag—1(n 1)) (2.12)
- i o o~ 1e
+> (1) > (17 (=1
i=1 o€Jp(1,...,n+1)
1<o~Hi+1)<p
p+1<o~1(i)<n+1
X fag-1(1) @+ @ Ag-1(33) " Ag=1(i41) @ * * * @ Ag—1(n41)) (2.13)
. i o o~ 1)e
LD CH D DN C L C VA
i=1 o€Jp(l,...,n+1)
p+1<o~1(i)<n+1
pH1<o™ 1 (i+1)<n+1
X flag-11) ® @ Ag-1() * Ag-1(i41) ® *** @ Ag—1(n 1)) (2.14)

according to the positions of o~1(i) and o= 1(i + 1).
1. We first analyze (2.11). For a fixed i between 1 and n, the increasing sequence correspond-
ing to o looks like
I1<o(l)<--<i<i+l<---<o(p) <n+l1,
1<o(p+1)<---<on+1)<n+l.
In particular, there exists an integer 1 < ¢ < p — 1 such that ¢ = 071(i), ¢ +1 = o (i + 1).
From the property of shuffles, we know that ¢ < i. Then (2.11) may be rewritten as

-1

bS]

> (D=1 (-1 "
q=1 cedp(1,...,n+1)
o~ 1)=q,071(2)=¢+1

p—1
SRR > (-1 (=17 (=n“"
q=1

o€Jp(l,...,n+1)
o (i)=q,0 " (i+1)=q+1

f(agag11 @ ag-1(3) @ -+ @ a-1(41))  (2.15)

X flag-1(1) @+ ® aqag11 @ - © Ag-1(n41)) (2.16)
p—1
n o o~ 1)e
LD > (=)"(=1)7 (=)
q=1 oedp(1,...,n+1)
o~ (n)=g,0~ (n+1)=q¢+1
X flag-11) @+ ® Ap-1(p_1) ® Agg+1). (2.17)

Set

by =ai, ..., bg—1 = aq-1, by = aqag+1, bgr1 = agy2, ..., by = ant1.
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For fixed i between 1 and n, define the permutation 7~! by requiring that

flag-11) ® -+ ® ag-1(i-1) ® Aqlg4+1 ® Ay-1(3i12) @+ ® Ag-1(ny 1))
= f(b;_fl(l) Q- b;——l(i_l) & b;fl(i) & b;——l(z‘_i_l) Q- b;——l(n))

and 77 1(n+1) =n + 1. It is clear that
Fl=m+1,n,...,¢+2,¢g+ Do (i+1,i+2,...,n,n+1).
Taking the inverse, we have

T=Mm+Ln,...,i+2i+1)o(qg+1,q+2,...,n,n+1).

In particular, if there exists a (necessarily unique) index p+1 < r < n+4+1 with o(r) < i,0(r+1) >
i+ 1, then

(1) =0(1), ..., 7(q) = o(q) =1,
T(g+1)=0(qg+2)—1, ..., T(p—1)=0(p) — 1
T(p)=0clp+1), ..., 7(r—1)=0(r) <1,
T(r)=c(r+1)—1>4, ..., 7(n)=0c(n+1)—1,7(n+1) =n+1.
If we set 7 as the restriction of 7 on {1,...,n}, then clearly from o € J,(1,...,n + 1), we

know that 7 € J,_1(1,...,n). The summation over o € Jy(1,...,n + 1) with o71(i) = ¢,
o~ Y(i+ 1) = ¢ + 1 reduces to the summation of 7 € J,_1(1,...,n) with 771(i) = q. Also, we
have

To analyze (771)°, let 1 < a1 <---< ag < n+1 be the odd indices in the sequence of ay, . . ., an11,
1 <p1 <-- <Pk <n+1 be the odd indices in the sequence of a,-1(1), ..., As-1(41)-
e If a, and a4 are both even, then ¢, ¢+1 do not appear in the odd indices of (a1, ..., an41).

Let 7 be the index such that o, < g, a;41 > ¢. It is clear that (771)° can be expressed as

<a1 o Qe Qpyq Qg >'(01)0

al .o oe e a'f' aT‘+171 e ak/‘fl
-1
[0 I 2 Qr41 T Qf
X <a1 s g =1 e ap— 1> . (2.18)

In particular, (—1)(7 )7 = (=1)(e™)°.

e If a, is odd, agy1 is even, then b, is odd. In this case, we see that ¢ appears both in the
odd indices of a1, ...,an+1 and by,...,b,. Say a, = ¢. In this case, we see that (771)° can also
be expressed by (2.18). In particular, (—1)(7 )7 = (=1)(e )’

o If a, is even, a4y is odd, then b, is odd. In this case, it suffices to supplement a conjugation
by (¢,q+ 1) in (2.18). We still have (—1)(7 )% = (=1)(e )",

e If both a, and a,41 are odd, say o, = g and 0~ 1(8;) = q. Necessarily, a,+1 = ¢+ 1, 85 = 4,
and 071 (Bs +1) = ¢ + 1. If r = s, the following is trivial, so assume that r < s. In this case,
(0_1)0 is the permutation given

( ar o r=q¢ au=q+1 o asn oy )
oM B) o oM B) oM Bewr) g g+l - 07N (B))
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To pass to (7'_1)0, we need to remove both ¢ and ¢+ 1 from the domain and codomain of (0‘1)0,

resulting in

< ] Q1 Q42
Uﬁl(ﬁl) 0'71(67’—1) 0'71(67‘)
as Qsp1 Qs42 ag >
0 (Bs—2) o7 (Bs=1) 0N (Bsy2) - o7 HBR))

whose signature is (—=1)" - (—=1)"5(=1)(¢")° = (=1)(® )°. We then apply the conjugation as
in (2.18) to obtain (771)°. In particular, we still have (—1) ) = (=1)(7 ),

To summarize, we first rewrite (2.11) as (2.15) + (2.16) + (2.17), then showed that for each
i =1,...,n, the summation is

1

=3
|

ST D)D) by @ @ byt

1redp—1(1,...,0)

q

By the assumption that suy, p,—1f(b1 ® - ®by) = 0, we see that (2.11) vanishes for every p > 2.
Note that (2.11) does not contain any parts with p = 1. Therefore, we conclude that (2.11) = 0.

2. We next analyze (2.14). For a fixed i between 1 and n + 1, the increasing sequence
corresponding to o looks like

1<o(l)<---<o(p) <n+1,

I1<o(p+l)<--<i<i+l<---<on+1)<n+l.
We may now use a similar procedure as in the analysis of (2.11), tracking the contracted term
aqaq+1. In this case, we use the assumption that su,,f(b; ® --- ® b,) = 0. Note that (2.14)
does not contain any parts with p = n + 1. Thus, we conclude that (2.14) = 0.

3. Finally, we analyze (2.12) + (2.13). Consider a shuffle ¢ appearing in (2.12). Then for

a fixed ¢ between 1 and n, the increasing sequence corresponding to o looks like

I1<o(l)<--<i<---<o(p) <n+1,

1<opp+1l)<---<i+l<---<on+1)<n+l.

Now we define the permutation 7 € Sym(1,...,n+ 1) by
i if o(k)=1+1,
T(k)=<i+1 ifo(k) =1,

o(k) otherwise.
Then 7 is also a shuffle in Jp(1,...,n + 1), with increasing sequence

L<r(l) < <itl< o <7(p) <n+l,
I<t(p+1l) < <i<---<7(n+1)<n+1.
In particular, 7 is a shuffle appearing in (2.13). Furthermore, starting with some 7 in (2.13) we

can build the corresponding o in (2.12) with a symmetrical construction. In this way, terms in
(2.12) and (2.13) can be paired together in a bijective way. Consider a fixed term in (2.12)

i o o~ b)e
(—1) (—1) (—1)( ) f(ao.fl(l) & .- ®a071(i) “Qp—1(i41) &® ---®a071(n+1)) (2.19)
and its corresponding term in (2.13)

(D' (=) (=1

—1)0

flar-11) ® - @ ar-1(3) " Ar-13341) @+ ® Ar-1(ny 1))
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= (1 (=) (=D fagiy ® - @ tgr(i41)  Agi(s) ® @ A1 (1))
= (~D)' (=17 (=) (=)ol e

X flag-1(1) ® @ Ag-1(3) * Ug1(i41) @ " @ Ag—1(n41))5 (2.20)
where the supercommutativity of the algebra is used in (2.20). By construction
T=(i,i+ 1)o,
so (—=1)7 - (=1) = (=1)7. Now we analyze (771)°. Let 1 < a3 < - < ax < n+ 1 be the odd
indices in the sequence of ay,...,apt1, 1 < 1 < -+ < Br < n+ 1 be the odd indices in the
sequence of ag—1(1y,. -+, Go=1(p41)-
e If a,-1(;) and a,-1(;41) are both even, then neither appears in the odd indices fi,..., B,

so (=1)(@ 1 = (=1)"’. Further, (—1)/%toll%-1ainl = 1,

e If one of a,-1(;) and ag,-1(;11) are odd, then only one of the two appears in the odd indices
b1, ..., Br. Because the only difference between o and 7 is the transposition interchanging ¢ and
1+ 1, they will act identically on the odd indices, so once again (—1)((’71)0 = (—1)(771)0. Again,
(—1)‘%*1(2')”"“0*1(#1)' =1.

o If both of a,-1(;) and a,-1(;4.1) are odd, then o only differs from 7° by a transposition, so

(—1)@° = (=1)("°+1 In this case, (—1)1%@/1%1anl = _1.
All these three cases show that
(_1)(071)0 = <_1)(7'71)0(_1)‘%—1(1')”‘10—1(1‘-&-1)‘,

so (2.19) and (2.20) only differ by a sign. Therefore, (2.19) + (2.20) = 0. Note that no terms
with p+1=1or p=n+ 1 appear in (2.12) or (2.13). Thus, each of the terms of (2.12) cancels
with a corresponding term of (2.13), so their sum vanishes.

We have now shown that (2.4) = 0, so (2.2) + (2.3) and (2.4) all vanish, proving that
of € C" (A M). [ |

Definition 2.16. With Theorem 2.15, we see that C™(A, M) forms a cochain complex, called

the super Harrison cochain complex. Let Z™(A, M) = ker(9) € C"(A, M) and B"(A, M) =
im(9) € C™(A, M). We define the super Harrison cohomology by

H™(A, M) = Z"(A, M)/B"(A, M).

Remark 2.17. If A is a commutative algebra (i.e., A! = 0) and M an even module, the super

Harrison cohomology agrees with the usual Harrison cohomology, since (—1)(‘7_1)0 = 1 restricted
to AY.

Remark 2.18. Let A be a supercommutative algebra, M an A-module, and f: A®? — M
a parity preserving linear map. Let a,b € A be homogeneous elements. The condition suz 1 f =0
then is precisely

fla@b) = (Db a).
Thus within C2(A, M), the super-Harrison condition encodes that the maps from A®? — M
must respect the supercommutativity of A, showing why this condition is natural to assume. In
higher dimensions this condition generalizes the supercommutativity condition. For example, for
a parity preserving linear map ¢g: A®3 — M, there are two shuffles to consider. For homogeneous
elements a,b,c € A, suz 19 = 0 states that

gla®boc) — (—~1)Plgbeawc)+ (~1)dlHDgb @ c0a) =0,
and sug 2 = 0 states that

gla@bec)— (—1)Plg(a® cob) + (—1)HDlg(c @ a @ b) = 0.
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Remark 2.19. With an argument similar to that for Harrison cohomology, we may show that
H?(A, M) describes all the equivalence classes of square-zero extensions of A by M. We may
also show that H?(A, A) describes all the equivalence classes of first-order deformations of A as
supercommutative algebras. We shall, however, not elaborate the details for supercommutative
algebra, but leave the space of the paper for the discussion of vertex superalgebras later.

Example 2.20. We demonstrate this by computing the second cohomology of the exterior
algebra A = A(C2), which has two generators z, y and a basis {1,z,y,zy}. Recall A has the
multiplicative relations

TY = —yYx, 2?2 =y?=0.
A is a supercommutative algebra with the grading
A% = Span{1, zy}, A' = Span{z, y}.
Proposition 2.21. For A= A(C?), H*(A, A) = 0.

Proof. Let f € Z?(A,A). Because f satisfies the super-shuffle condition, for homogeneous
a,b € A, fla®b) = (=Dl f(b®a). As a result, f(x ® ) = f(y ® y) = 0. Note that the
cochain restricts f: A®? — A so that f(a ® b) € Al**Pl. Thus we can consider the matrix
coeflicients

J1®1) =X+ My, flx®y) = co+ crzy,

with Mg, A1,c9,c1 € C. As a cocycle, f is in the kernel of the Hochschild differential, so for
a,bce A,

Of)a@bc)=a-f(b®c)— flab®c)+ fla®be) — f(a®b)-c=0.
We consider special cases of this. For a € A,

0=0f)1®1®a)=f1®a) - f1l®a)+f1®a)—f1®1)a
= f(l®a)= Na+ \izya.

Hence,
fl®z) = Aoz, fA®y) = Aoy, fA®zy) = Aozy.

Next, consider

0=0Nreroy) =cfltoy) - f(@*Qy) + flzory) - flxez)y
= z(co + c1zy) = — f(z @ xy).

Using this and a similar calculation on y ® y ® =,

flx®zy) = —coz, [y ® zy) = —coy.

Finally, consider

0=00f)(reyery)=cfly®zy) - fry @ zy) + f(r @ yry) — f(r @ y)ry
= zf(y®zy) - flr@y)zy = f(ry @ vy)
= f(zy ® xy) = —2coxy.

This fully determines f by showing how it acts on a basis of A%2.
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Now consider g € C'(A, A). As there is no super-shuffle condition to satisfy, ¢ is simply
a parity-preserving linear map g: A — A. Thus we may define g by

9(1) =Xo+Mzy,  g(x)=g(y) =0,  g(zy) = —co — crzy.
For a,b € A, g gives rise to the 2-coboundary

(9g9)(a®b) =a-g(b) — g(ab) + g(a) - b.

From this, it is clear (9g)(z ® z) = (9g)(y ® y) = 0. Further calculations show
(Og)(1®1) =X+ My,  (99)(x ®y) = co + crzy,
(9g)(1® x) = Aoz, (0g9)(z ® zy) = —coz,
(09)(1 ®y) = Aoy, (99)(y ® zy) = —coy,
(09)(1 ®@ xy) = Aozy, (0g)(zy ® 1Y) = —2cozy.

This exhausts how (9g) acts on a basis of A®2, and shows (9g) = f. Therefore, f is a 2-coboun-
dary, and vanishes in cohomology. Hence Z%(A, A) = B%(A, A), and H?(A, A) = 0. |

This result makes sense when thought of in terms of deformations. A((CQ) is the free super-
commutative algebra on two odd generators, and has no nontrivial supercommutative deforma-
tions. In comparison, the second Hochschild cohomology H? (A ((CQ) ) A((CQ)) is six-dimensional,
corresponding to deformations of the supercommutator. While these are valid deformations
of associative algebras, they destroy the supercommutative structure. Nonzero higher super-
Harrison cohomology can show up in characteristic zero even in the purely commutative case:
the ring C[z,y]/(xy) has a nontrivial 2-cocycle characterized by deforming the relation zy = 0
to xy = A, for a nonzero A € C.

3 Cohomology theory for vertex superalgebras

3.1 Vertex superalgebras and their modules
Definition 3.1. A grading-restricted vertex superalgebra is a %Z X Zo-graded C-vector space
_ a 0 1 _ y/0 1
v= I ve=Hvwe I ve=""ev"
ne%Z,anQ ne%Z nE%Z
equipped with a vertex operator map

Y: V= Home(V,V(@)),  w— Y(uaz)=Y upz ",

and a vector 1 € V(%) called the vacuum, satisfying the following axioms:

1. %Z-gmding conditions: Let Vi, = V((T)L) EBV(}L) for each n € %Z. For every n € %Z,
dim V{;,) < oo, and V{;,) = 0 if n is sufficiently negative. Let dy: V' — V be the %Z—grading
operator, i.e., dyv = nv for v € V(;). Then for every v € V, the following d-commutator
formula holds:

v, Y (v, 2)] = x%Y(v,x) +Y (dyo, z).

2. Zy-grading condition: For i,j € Zo, u € Vi, v € VI, Y(u,z)v € Vit Hx,m_l]]. We shall
say u, v are Zg-homogeneous. We shall use the notation |u| =i, |v| = j for the parity of u
and v, respectively.
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3. Identity and creation property: For v e V, Y(1,z)v =v, Y (v,z)1 € v+ 2V[[z]].

4. D-derivative property and D-commutator formula: Let Dy : V' — V be the linear operator
given by

Dyv = Reszz 2Y (v, 2)1 = v_sl
for v € V. Then for u e V,

%y(u,m) = Y(Dvu,z) = [Dy, Y (u,2)).

5. Duality: Let ui,us € V be Zs-homogeneous. Then for every element v € V and v € V' =
[,c17 Vi (the restricted dual of V'), the following three series:
2

(V'Y (u1, 21)Y (u2, 22)v), (=)=l ¥ (ug, 20) Y (us, 21)v),
(WY (Y (u, 21 — 22)ug, 22)v)
converge absolutely in the regions |z1| > |z2] > 0, |2z2| > |z1] > 0, |22] > |21 — 22| > 0,

respectively, to a common rational function in z; and zo with the only possible poles at
21 =0, 20 =0 and z1 = 29.

We denote a grading-restricted vertex (super)algebra by (V,Y,1), or just V.

A homomorphism of grading restricted vertex superalgebras (Vi,Yy,,1v,), (Va, Yy, 1y,) is
a parity preserving linear map f: V3 — V5 such that for u,v € V7,

f(le (U, Z)U) = YVQ(f(”)?’z)f(v)’ f(]lV1) = ]]-V27 f © dV1 = dV2 © f7
foDy, =Dy, o0 f,

where in the first equality f is extended linearly to Vi((z)) — Va((2)).

Remark 3.2. The duality axiom is often referred to as vertex operators satisfying (super)com-
mutativity and associativity (including in the introduction to this paper). Note that the vertex
operators do not necessarily (super)commute nor associate in the traditional sense (they do
weakly (super)commute and weakly associate though; see [3, 11]).

Remark 3.3. With the presence of the other axioms, the duality axiom is equivalent to the
Jacobi identity (see [11]), which states that for Zs-homogeneous elements u,v € V,

—Z2 + X1
Zo

zg'o (ml - “) Y (u, )Y (v, 29) — (—1)lvlz5 15 (

Lo

> Y (v,22)Y (u, x1)

= x2_1(5 <x1;2x0> Y (Y (u, xo)v, z2),

where 6(x) = Y .z 2" Applying the change of variables (u,v;xo,x1,22) < (v, u; —20, T2, 1)
to the Jacobi identity and using the formal Taylor theorem, one can obtain the super version of
skew-symmetry

Y (u, z)v = (=DPePvy (v, —z)u.

Definition 3.4. Let V be a grading-restricted vertex superalgebra, and let I be a linear subspace
of V' compatible with the Zo grading. We say [ is an ideal of V if I is closed under dy,, and for
all v € V and for all w € I,

Y(w, z)v € I((2)), Y (v, z)w € I((2)).

In other words, for all m € Z, v,w € I and wy,v € I.
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Note that an ideal I is invariant under Dy . It is also a graded ideal, i.e., if v € I, then
the homogeneous components of v are in I. Therefore, the quotient V/I naturally carries the
structure of a grading-restricted vertex superalgebra.

Definition 3.5. Let V be a grading-restricted vertex superalgebra. A grading-restricted V -su-
permodule is a C X Zo-graded vector space

— o 0 1 _ 0 1
w= I wg=1wee LW, =v'en
neC,a€Zs neC neC
equipped with a vertex operator map
Yig: V = Home(W, W (), ue Yw(uz)=> (Yig)(wa ",
neZ
and linear operators dyy and Dy on W, with Dy even, satisfying the following axioms:
1. C-grading conditions: Let W,y = W(On) @W(ln) for each n € C. Then for n € C, dim W,,) <

oo, and W,y = 0 if the real part of n is sufficiently negative. We require that dyw = nw
for w € W), and for every v € V, the following d-commutator formula holds:

d
[dw, Y (v,2)] = anw(v,x) + Y (dyv, z).

2. Zo-grading condition: For i,j € Zs, v € Vi, w € WY, Yy (v,z)w € Wit [[z,z71]]. We
likewise define Zo-homogeneous and parity, and use the notation |v| = i, |w| = j.
3. Identity property: For w € W, Yy (1, 2)w = w.

4. D-derivative property and D-commutator formula: For u € V,

%yw(u,x) = Yiy(Dyu, ) = [Dw, Y (u, )].

5. D-grading property: [dw,Dw] = Dy .

6. Duality: For Zs-homogeneous ui,uz € V, w € W, and w' € W = [[,.c W(*n) (the
restricted dual of W), the following three series:

(W', Yw (u1, 21) Y (ug, 22)w), (=) leallezl ) Yy (g, 20) Vi (un, 21 )w)

(W', Yw (Y (u1, 21 — 22)ug, 22)w)

converge absolutely in the regions |z1| > |z2| > 0, |22| > |z1| > 0, |22| > |21 — 22| > 0,
respectively, to a common rational function in z; and zo with the only possible poles at
21 =0, 20 =0 and z; = 2.

We denote a grading-restricted V-supermodule by (W, Yy, dw,Dw), or just W. In this pa-
per, we shall also use the abbreviation V -supermodule since we will not consider more general
supermodules. Note that V' is a supermodule over itself.

Homomorphisms of supermodules are defined analogously to vertex superalgebras: they are
parity-preserving maps that commute with Y, d, and D.

Remark 3.6. We can view the vertex operator map Yy in a V-supermodule W as a left-
action of V on W. Motivated by skew-symmetry, we define the linear map YV‘I)/VV analogous to
a right-action:

Yy WeV — W([z,z7]], w Qv Y (w, 2)v = (=)W yy, (v, —2)w

for w e W, v € V, w, v both Zo-homogeneous. With this right action, a V-supermodule is
automatically a bimodule if we view V as a %Z—graded meromorphic open-string vertex algebra
(cf. [2, 13, 14, 15, 16]).



A Cohomology Theory of Supercommutative Algebras 17

Remark 3.7. With an argument similar to those in [11], it is clear that the duality axiom is
equivalent to the super-Jacobi identity

—x9 + T

g 1o (‘"“ — ”) Yiv (u, 1) Yy (v, 22) — (= 1)/l 1y (

) Yw (v, x2) Y (u, x1)
Zo

o

) (T)) Yir (Y (u, )v, 22) (3.1)
for u,v € V that are Zs-homogeneous.

3.2 W-valued rational functions

Recall the algebraic completion W of a V-supermodule W is precisely the full dual of the
restricted dual. More precisely, if W =[], cc W(n), then

W=W)" =[] W
neC
Definition 3.8. Consider the configuration space
Fo,C={(z1,...,2n) €C" | z; # 25, 1 <i < j <n}.
A W-valued rational functionin z1,. .., z, with the only possible poles at z; = z;, i # j, is a map
f: F,C—=W, (21, oy2zn) = f(z1,. 0y 2n)

such that for any w’ € W', (w', f(z1,...,2,)) is a rational function in z; ..., 2, with the only
possible poles at z; = z;, 1 # j. We use W, .. to denote the space of such functions.

Example 3.9. Let uy,...,u, € V, w' € W and w € W be a vacuum-like vector in W, i.e.,
Y (v, z)w € W[z]]. In this case, we know that the series

<w/,Yw(U1,Zl) t 'YW(Un,Zn)U}> (32)

converges absolutely to a rational function with the only possible poles at z; = z;, 1 <1 < j < n,
denoted by

R((w', Yaw (u, 21) - - - Yiw (un, 20)0)); (3.3)

(3.3) is the analytic continuation of the series (3.2) and thus makes sense whenever z; # zj,
1 <i<j<mn. The linear map w' — R((w', Y (u1,21) - Yw (un, 2n)w)) defines an element in
W for every (z1,...,2,) € F,C. If we denote this element in W by

E(Yw(u1,21) - Yy (un, 2n)w), (3.4)

then the map (21, ...,2,) = E(Yw(u1,21) - Y (un, 2n)w) is a W-valued rational function. We
shall omit the reference of (z1,...,z,) € F,C and directly say that (3.4) is a W-valued rational
function.

Notation 3.10. Generally, for a series

—mi—1 —mp—1
E Wmy..mn?q 2y "

mi,....MnE€Z
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n

<w/, Z Wiy 2y ™ -znm"1> (3.5)

mi,...,mn€EZ

in W{|[z, 2 2, 2 1], such that for every w’ € W', the complex series

converges absolutely in a certain region to a rational function with the only possible poles at
zi = zj, 1 <1i < j <n, we may use the notation

R(<wl’ Z wml...mnzl_ml_l T ann1>> (3'6)
mi,...,MnEZL

for the sum of the complex series (3.5), which makes sense everywhere on F,,C. We will use the
notation

E( Z wm1...mnzl_m1_1 T ngn_1> (37)

mi,...,mn€Z

to denote the corresponding W-valued rational function, which may be viewed as the analytic
continuation of the sum of the series f(z1,...,2,) with coefficients in W.

Remark 3.11. Note that (3.6) and (3.7) make sense everywhere on F,,C, while (3.5) may
converge in a much smaller region. For example, let uy,us € V be Zs-homogeneous, w' € W/,
and w € W be a vacuum-like vector. Then

(W', Y (uy,21)Y (uz, 22)w)
converges absolutely in the region |z1| > |z2]; the series
(=Dl Y (ug, 22)Y (ua, 21 )w)

converges absolutely in the region |z2| > |21]. Since the regions of convergence of these two series
do not intersect, we cannot equate them. However, we may say that

R((w', Y (u1, 21)Y (ug, 22)w)) = (=) 2l R((w', ¥ (g, 20)Y (w1, 21)w)),
because these two series converge to a common rational function. We may also say that
E(Y(ul, Z]_)Y(UQ, Zg)w) = (—1)|“1Hu2|E(Y(u2, ZQ)Y(ul, Zl)’w),

since these two series converge to the same W-valued rational functions. The use of W-valued
rational functions is crucial for the construction of the cohomology theory of vertex algebras
and superalgebras.

Notation 3.12. For convenience, we introduce the following notations:
E (01 @ @ ugiwi 21, 20) = B(Yiv(v1,21) - Yiw (0, 2)w); (3.8)

(3.8) defines W-valued rational functions, but not in th...,zn unless w is vacuum-like. In case
W =V, we have

E‘(/n)(vl Q- QUpy Ly 21,0, 2n) = E(Y(v1,21) - Y (0p, 20)1)

which defines a V-valued rational function in ‘len
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Remark 3.13. A linear map f with domain W can be naturally extended to W, provided that
a certain convergence condition holds. More precisely, given an element w € W, we first apply
the projection P,: W — W) to obtain an element P,w € W. Then f(F,w) makes sense. The
extension is well defined if the series Y, . f(Pnw) converges to a well-defined element in W,
i.e., for each r € C, only finitely many n makes P, f(P,w) nonzero.

Remark 3.14. The product of vertex operators may also be understood via this procedure.
For example, fix uj,us € V, w € W. Then for a fixed zo € C*, Yy (ug,22)w € W. To act
Y (u1, 21) on this element in W, we follow the same procedure and set

Yiw (u, 21)Yiw (ug, 22)w = Y Vi (u1, 21) PoYw (ug, 22)w.
neC

From the duality axiom, the series converges absolutely if |z1] > |z2] > 0 defines an element
in W. By an analytic continuation process, we obtain a W-valued rational function, which is
an element in W that makes sense everywhere nonzero on F,C.

3.3 Cochain construction I: D-derivative property
and d-conjugation property

We shall build a cochain out of linear maps ®: V" — Wzl,..., =, For convenience, we modify the
notation as (v ® -+ @ vp; 21, ..., 2,) instead of the notation in [6], which is more conceptual
but involves too many parentheses. In order to maintain the geometric interpretation, we would
like them to be compatible with the operators d and D on V and W.

Definition 3.15. For n € Z,, a linear map ®: V®" — /I/I\?Zh,,.’zn is said to have the D-derivative
property if

0
@(U)/?@(Ul ® ttt ®Un;z]_7"‘ 7Zn)>
7

= (W, P(v1 @ @Vi—1 @Dyv; V41 @ +++ @ Up; 21, .., 2n))

fori=1,...,n,v,...,v, € V,and w’ € W'; and

0 0
<621++an1> <w/,‘1>(211 ®"‘®Un§zla--~7zn)>

= (W, Dy ®(v1 @+ @Vp; 21, -+, 2n)).
Definition 3.16. For n € Z, a linear map ®: V®" — th...,zn is said to have the d-conjugation
property if for vy,...,v, € V, w € W, w' € W', (z1,...,2,) € F,C, and 2z € C* such that
(z21,...,22n) € F,,C,

(W, 2P0 @ @Uns 21,y 20)) = (W, (V0 @ @ 2 WV 221, 22) ).

Note that despite the fact that V' and W admits half-integral grading, since ® is assumed to be
a rational function, the half-integer power introduced should be balanced on both sides. So it
is not necessary to specify a branch of z*/2 for this identity.

The following proposition follows directly from the D-derivative property and the formal
Taylor theorem. For a treatment of the formal Taylor theorem, see [11].

Proposition 3.17. Let ®: V& — th_.,zn be a linear map with the D-derivative property.
Then forvy,...,v, € V,w' € W, (z1,...,2,) € F,C, z € C, such that (2142, ...,2,+2) € F,C,

<w’,eZDW<I>(vl®-~®vn;zl,...,zn)> = <w',<1>(1)1®---®vn;21+z,...,zn+z)>,
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and for (z1,...,2n) € FC, z € C, such that (z1,...,2i—1,2i + 2, Zit1,- .., 2n) € FC, the power
series of

<w’, Cb(vl R ®Vi_1 QE PV QUi ® -+ QUp; 21, . .. ,zn)> (3.9)
in z is equal to the power series expansion of

<w', D] @ - @ Uny 21y ey Zic1y Zi F 2y Zid 1y e oy zn)> (3.10)
in z. In particular, the power series (3.9) in z is absolutely convergent to (3.10) in the disk
|2 < mingz;{[2 — 2}
3.4 Cochain construction II: composable condition

To make sense of the coboundary operator, we need to impose the following condition on the
linear maps V®" — Wiz

Definition 3.18. Let ®: V" — Wzl,”_,zn be a linear map. For m € N, ® is said to be
composable with m vertex operators if the following condition is satisfied: Fix arbitrary [y € N,
li,....l, €Zy such that lo+ 1y + -+ lp=m+n, v1,...,Untn €V and w' € W’. Set

_ ) 1.
s = By (Vg ety 41 © @ Vgl g 435 13 2l i1 41 = G- -+ Zlgoe i+ — Gi)
= BE(Y (Vg1 +15 Zlottli 141 = Gi) = Y (Vg by b 2ottty 1+ — Gi)1)
for i =1,...,n. Then the series

Z (W', E(Yw (v1,21) -+ Yw (vig, 215) Pro (P(Pry W1 @ -+ @ P Ui 1,y ..., C))))

rOEC,rl,...,rnE%Z
is absolutely convergent when

Zi#zjv 1§Z<]§l07
2l > G+l — Gl 1<i<ly, 1<j<n, > Ilg+1<k<Y lg+1;,

|Zl0+"'+li71+p - CZ’ + ’ZZO+"'+lj71+q - CJ| < HCZ‘ - KJH?

1<i<j<mn, 1<p<l, 1<qg <l
Moreover, there exist positive integers N (v;,vj) depending only on v; and v; for i,j = 1,...,
m + n, ¢ # j such that the sum can be analytically extended to a rational function in z1, ..., Zpmin
independent of (1, ..., (,, with the only possible poles at z; = z; of order less than or equal to

N(vi,v5) for 1 <i<j<m+n.

Notation 3.19. For n € Z,, let 60 (V,W) denote the subspace of Hom¢ (V Wzl’ Zn) satis-

fying both the D-derivative and d-conjugation properties, let cn ™ (V, W) denote the subspace of
CO (V, W) that is further composable with m vertex operators, and let C? (V. W) = W. Then
we have C’];‘L(V, W) C C%_I(V, W) for m € Z,. Additionally let CQO(V, W) = Nen cn m(V,W).

Example 3.20. For weight 0 w € W satistying Y (v,z)w € W][z]] and Dy (w) = 0, the

W-valued rational function EI(/;ZU(Ul ® - Quvy) for vy,...,v, €V gives a linear map
E(Wn3w: yen th...,zna V1R Ry EI(/;})(vl @ @ Up Wi 21y e ey Zn)-

By the properties of Yy-operators, this map has the D-derivative and d-conjugation properties.
Since products and iterates of vertex o?erators converge, o )w is composable with any number
of vertex operators. In particular, E is such a map. So the spaces O™ " (V,V) and cr m(V,V)
are nonempty for every m,n € Z,..
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Notation 3.21. For convenience, we define the linear maps
oo (B @ @B yomin L3y,
EI(/IT) o1 @2 VEMEN Wn,-..,

Egém) op V®(m+n) - Wzl,..

Zm4n?
Zm+n)

“Zm-4n

((I) © (E\(/ll) X E\(/ln)))(vl @ @ Umetn; 215 - - -aszrn)

=E( > O(P, BV (0 @ @ vy Li21 — Gy 2y — G1)

1
rl,...,rnGEZ

ln
R X PTHEX(/ )(Ull+...+ln71+1 K- ULyl s :H-v

Rt Hlp—1+1 — Cm sy Rl T Cn)v Clv s >Cn)>7

(EI(/IT) Om+1 (I)) (Ul QX Q U 21 - - - Zm+n)
_E<ZE$)(UI®®Um,PT(I)(vm+1 ®®’Um+n’2m+1’7Zm+n)721,,zm)>,
reC
(EVV‘l;ém) o) <I>) (V1 @+ @ Umtn 21 -+« s Zmtn)
1 % i‘anrj‘ m
=F Z Z(_l)]:l EW (UnJrl Q- Q Ungms Pr,iCD(Ul & ® Up;
reC =0
By .- 7Zn)§ Zn4ly .- 7Zn+m)> .

respectively, where for w € W, Pw = P, ow + P, 1w with P, ;w € Wt i=0,1.
In addition, if [y =--- =11 =lix1 =--- =1, =1 and l; = k for some ¢, 1 < ¢ < n and
k € Z4, we use the notation ® o; E‘(/k ) for the first expression.

To describe the square-zero extensions and first-order deformations, we consider the following
1/2-composable condition.

Definition 3.22. We say ® € ég(v, W) satisfies the 1/2-composable condition, if for vy, va,
vz € V, and w' € W', the series

ST (0, By (013 P(®(v2 @ 03522 — C, 23— €))3 21, )

reC
+ (', ® (v ® Po(BP (09 ® 0331520 — ¢, 23 — €)); 21,€)))
and

Z(<wly¢(Pr(E‘(/2)(v1 ®ug;ls21 — 22 — () @35 ¢, 23))

reC
+ (', EKV/"(/I)(Pr(‘D(M ® ;21 — (22 — €));v3)((;23)))
are absolutely convergent in the regions
|21 — (| > |22 — (], |z3 — (| >0, and |¢ — 23] > |21 — (], |z — (| >0,

respectively, and can be analytically extended to rational functions in z1, z2, and z3 with the
only possible poles at z; = z;, 1 <1 < j <3. LetAC%/Q(V, W) be the subspace of 1/2-composable
linear maps in C3(V, W). Clearly, C2,(V,W) C 012/2(‘/, W) for every m € Z..
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3.5 Cochain construction III: shuffle condition

For V-supermodules, we will further restrict to particular linear maps that are parity-preserving
and have zero super shuffle sums.

Definition 3.23. For n € Z, a linear map ®: V¢" — ann is parity-preserving if for every
v1,...,0, € V that are Zo-homogeneous, and (z1,...,z,) € F,C,

D(VL ® -+ @ Un; 21, - - -, 2n) € WAlH+onl,
Equivalently, for every r € C,

PO ®: - ®@Up;21,...,2n) € W(|:)1|+"'+|v”‘.

Definition 3.24. Let f € th_,_@n, and let 0 € Sym,,. We define a left action of Sym,, on
Wzla---va by

1

(O'(f))(21, A Zn) = f(Za(l)a s aza(n))'

Now let ® € Hom¢ (V®”, Wzlzn), and let vy,...,v, € V. We extend the action of Sym,, to
Hom¢ (V®”, W217~--,2n) by

(@(®)(v1 @+ @ vn) = 0 (P(Vp(1) @ -+ @ Vg(n)))-
More precisely,
(0’(@))(1}1 Q- @ Unj 21, 7271) = q)(va(l) @+ @ Vg(n)s Zo(1)s - -+ s za(n))'

We shall use the notation

<1 2 - n-—1 n>
11 2 o ip—1 in

for the permutation sending j to i; for j =1,...,n.

Definition 3.25. Recall the set of shuffles J,(1,...,n) from Section 2. Define the set J,.} =
{o7'| o€ Jy(1,...,n)}. For m,n € Nor m = %, n = 2, we define the subspace CI(V,W) C
6;;(1/, W) consisting of parity-preserving linear maps ®: V¥ — W,, . . such that

Z (_1)0(_1)000(@(1}0(1) Q- UU(n))) =0
O'EJ»,;%,
for 1 <p<n-—1. We also define
CoL(V,W) = [ Cr(V,W).
meN
3.6 Coface maps

To show that C” (V, W) and C" (V, W) form a cochain with the appropriate coboundary map,
we apply simplicial methods. We define the following coface maps analogously to the Hochschild
maps in [17, Chapter 9].
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Definition 3.26. For ¢ = 0,...,n + 1, we define the coface maps
apits Cr(V, W) — Gt (V, W)
by
EWoy® ifi=0,
@) = Do, BY  if1<i<n,
B og® ifi=n+1
(using Notation 3.21).

To check that the maps so defined form a family of coface maps, it suffices to prove the
following technical lemma.

Lemma 3.27. Forn € Z>o, 1,j =0,...,n+1,i<j, and m € Z4 + 1,
é;z’]_l o éﬁfl;i = é:f_l o éﬁfl;jfl.

Proof. Clearly, the image of each It is indeed composable with m — 1 vertex operators.
Because of absolute convergence, we may change the order of iterated sums. Now let & €
ég(v, W). Then for vy,...,v,41 € V that are Zo-homogeneous, w' € W', and (z1,...,2,41) €
F,,+1C, we can realize the coface maps explicitly:

(', (éﬁi(@))(vl ® - @ Uny1; 21, Znt1))

R(<w’, Yw(v1,21)P(v2 ® -+ @ vpt1; 22, - - zn+1)>) if i =0,
R((w',®(v1 @+ @1 @ Y (05,2 — ()Y (Vig1, zip1 — G)1
QVig2 @+ @ VUp13 21, - - -5 Zim15 Cir Zi4 2, - - 5 Znt1) ) if 1 <i<mn,

R(<w,a YW(UTL+17 ZnJrl)P(O) (é(vl @ QUnj 2, ,Zn))>)
+ (_1)‘Un+1|R(<w/7 YW(Un+17 Zn-l—l)
P(l)(®(v1®-~®vn;21,...,zn))>) ifi=n+1,

where P(g) and P(;) are the projections onto the even or odd parts of the relevant subspaces of

W-valued rational functions, respectively. Because the above is independent of ¢;, we can take
G = zit1, so for 1 <7 < n we get

<w/> (é?nﬂ(q)))(vl @ QD Unt1; 21y - >zn+1>>
= R((w',®(v1 @ - @ vi—1 @ (Y (i, 2i — Zi41)Vit1) @ Vig2 @ -+ @ Upy1;

ZlyeeeyRi—1yRi4+1s-- .,2n+1)>).

We now break things into cases, using lemmas in [12]. Let ® € Cn=Y(V,W).
1. First, we show 9,7 | o on—0 — 82{91 o I for 2 < j < n. We have

571;;{1(3;11—1;0(1)) — (E‘(/[I/) 09 (I)) 0 E‘(/Q)a
é?,;%(é?n_l;j_lq)) = EI(;/) 09 ((I) Oj—1 E\(/Q))

By [12, Lemma 4.19], these are equal, proving the first case.
2. Next we show 8:;{1 o 10 = 6;2;31 0 % 10, We have

ot (0n19%) = (B 0 ®) o) BP,
a0 (9r109) = EY) oy (B 02 @).

By [12, Lemma 4.18], these are equal, proving the second case.
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Anndl  An—1:0 _ Ani0  An—1; . .
3. Now we show 8ZLTf 00 " =0",00p . First consider

ot (00 = By og (B 0 @),

m—1

Evaluating at vi,...,vp41 € V (all Zo-homogeneous) and (z1,...,2,41) € Fr1+1C and pairing
with w’ € W', we obtain

(w', E(E W(l)((EI(/II/)O ‘I))(Ul®“‘®Un);vn+1))(21,---,Zn+1)>
= R((w, (( o5 (I)) @) Ung1) (21,0, Zng)))
= (< ( Ulv ®"'®Un))§vn+l)(zlv---7zn)>) (3.11)

(—1)J‘\vn+1lR(<w', Egy (0n415 Py (B (01; (02 @ -~ @ 0)))) (B, 21, - -5 20) )

Il
.
o

(—1)|U"+1|(‘U1|+j)R(<w/, Yw (Unt1, 2ne1) Y (v1, Zl)P(j)(<D(U2 Q- QUn;s22,. .. ,zn))>)

.
Il
o

On the other hand, consider
(émo )(érnn—l;n)q) = E‘(/[l/) 09 (Eg//"(/l) Op (I’)

m—1

Evaluating at v1,...,v, and (z1,...,2,41) and pairing with w’, we obtain
<wl E(E(l)(vls (EW’(I) 00 @) (V2 ® -+ @ Un41))) (21, - - - Zng1))

((w', ES) (v1; (B 0 ®) (02 @ -+ @ v041)) (215 -+ 2041)))

R(<w', By (01 B (@02 @ -+ @ 0)30n41)) (21, 2n1)))

'FU

(—1)j‘””+1|R(<w', E‘(,ll,) (vl; E‘(,[l,)(vnﬂ; P(j)(fb(vg R & vn)))) (21, Znt1y - - zn)>)

Il
.MH

<
|
o

= (—1)j‘vn+1|R(<w', Yy (01, 20) Y (Un 41, 204 1) Pj) (P(02 @ - - @ vpi 20, .., 20)))).-

<.
Il
o

Using the supercommutativity of the algebra, this is the same as

(—1)lewsrlirl(—1)ilem e RO, Yiv (v, 2n41) Yiv (01, 21)

M-

<
Il
o

X Py (@(v2 ® -+ ®@vps 22,. .+, 2n))))- (3.12)

We see that (3.11) = (3.12), proving the third case.
4. Next we showa 7 08n 1 37“ 0O for1<i<n—2andi+2<j<n We
have

é;ﬁ:{l (82’1_1#@) = (‘b Oi E‘(/Z)) Oj E‘(/?),
é::l’z_l (é?n_l;j_l‘l)) = (CD Oj—l E‘(/Q)) O; E‘(/Q)

By [12, Lemma 4.21], these are equal, proving the fourth case.
5. Now we show 0%t odp B = 8" o dp V', for 1 <i <n —1. We have

O (05770) = (@ oi B oupa B,

By [12, Lemma 4.22], these are equal, proving the fifth case.
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6. The case of 3;2??1 o Ol = 52111 0O E" for 1< i <mn—1, follows analogously to case
(1), except using the right action.

7. Similarly, the case of églﬁfl antn — (‘}nm o 5" follows similarly to case (2), except
using the right action. As in case (2), we need assomatlwty

This handles all possible cases, proving that % forms a family of coface maps. |

3.7 Coboundary map

We now define the coboundary map

5n: O (VW) — L (v, W)

by
~ n+1 A
O, = Z(—l)laﬁf
=0

We also define

52

1/2° Cl/Q(Va W) — @3(‘/7 W)

(w' (S% @))(111@”2@7}3721,22,23»
(<w’, vl, P(vo ® v3); 21, 22, 23))
+ (w', ®(v1 @ By (v ® v31); 21, 22, 23) )

~ R((w', @(EP (v1 @ v2;1) @ v3; 21, 22, 23) )
+ (', W(I) D(v1 © v2);v3; 21, 22, 23) )
forw e W', & € Cl/Q(V, W), v1,vg,v3 € V, and (21, 22, 23) € F3C.

Remark 3.28. The use of W-valued functions is crucial to make sense of the coboundary map.
As maps V& — W, .. 2., arithmetic operations are permitted. If we stick to the series, even
with the composable condition, such arithmetic operations are not allowed since there does not
exist a common region of convergence for each series appearing in the summand.

Proposition 3.29. Forn € N, m € Zy + 1, with m > 2, 5:;:11 o 33}1 = 0. Furthermore,
5%/2 o 3:2[ — 0.

Proof. The first claim follows directly from Lemma 3.27 and the corresponding discussion in
[17, Chapter 9]. The second follows from the first, and that 03(C3(V,W)) C C(V,W) C
c? 1o (V). ]
Theorem 3.30. Forn e N, m € Z,, 6" (C"(V,W)) C C™*L(V,W). In addition, we have that
035 (CF o (V, W) € CR(V, W),

Proof. The first claim follows from combinatorics identical to Theorem 2.15. As for the second
claim, let ® € Cl/Q(V, W). The shuffles of Ji(1,2,3) are

12 3 12 3 o 1 2 3
1 2 3)° 91 3) ® 31 2)°
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Also precomposing the elements of J»(1,2,3) with (}%3) returns exactly the set Ji(1,2,3).
Therefore, it is sufficient to show that

S (1170 (8 ,(®)) = 0.

aEngl
Let vy,v9,v3 € V, all Zy homogeneous, w' € W', (21,22,23) € F3C, and { € C such that
(zi —C, 25 — (), (2 — ¢) € FoC for 4,5,k =1,2,3, i < j. Then by definition we have

D D=7 (W (07 2(P)) (vo1) © Vo(2) @ Vo(3)) (21, 22, 23))
UEJS_JI

/

= <w ) ((5%/2( ))(Ul Qv2® 03))(21722723»
Dozl (o ((51/2( ) (v2 ® v1 ® v3)) (22, 21, 23))

- (=

+ (= 1)|v1|(|v2|+|v3‘)< (( 1/2 ))(U2®03®U1))(22723,Z1)>

:R(< (E(l) (v1; (U2®U3)))(Zl,z2,23)>

+ (', (@ (U1®E( )(Uz®v3,ﬂ)))(21,22,z3)>) (3.13)
— R((w' ( ( U1®U2%1)®U3))(21,22,Z3)>

+(w', ( (®(v1 ® v2);v3)) (21, 22, 23))) (3.14)
— (= 1)|U1||UQ|R(<UJ (E(l)(’UQ,(I)(Ul®U3)))(22,21,23)>

+ (', (D(v2 ® B (v1 @ v3;1))) (22, 21, 23))) (3.15)

+ (= 1)|vll|v2|R(<w (@ (Ex(/Q)(W®Ul;1)®v3))(22,21,33)>

+(u, ( (®(v2 ® v1);03)) (22, 21, 23))) (3.16)

+ (- 1)|v1|(|v2|+|v3\ (<w (E(l (o (U3®v1)))(22723’21)>

+(w', (®(v2 @ B (v3 ® 0131 )) 22,23,21))) (3.17)
— (- 1)|v1|(|v2|+|v3\ (<w,( ( " vg®v3; )®v1))(22,2’3,z1)>

+ (', (B (@(v2 @ vs); v1)) (22, 23, 21))). (3.18)

Since @ € C2,(V, W) and E{Y) € C3,,(V, V), we have

(®(u1 ® u2))(C1, G2) = (=)D (uy @ ur)) (G, G1),
(B (w1 ®us)) (G1, ¢2) = (~ 1)1l (B (up @ 1)) (Ca, 1)

for w1, ue € V', both Zy homogeneous, and ((1,(2) € F»C. Also,
B (s w) = (=)l B (w; w)

for u € V, and w € W. Using these formulas, we see (3.13) = —(3.18), (3.14) = —(3.16), and
(3.15) = —(3.17), so the whole sum goes to zero. [

Proposition 3.31. Let f: V. — W be any homogeneous map satisfying ID = Dwf. Let
F € CH(V,W) be defined by F(v;z) = e*PW f(v). Then the corresponding §F: V @V — W.,.,,,
1.e.,
P (v1,v2; 21, 22) = (6F)(v1 ® v2; 21, 22) = E(Yw (v1, 21) F(v2; 22))
— E(F(Y (1,21 — )Y (2, 22 — Q)150)) + (= 1) 2NV By (03, 20) F (015 21)).

is &-composable, i.e., 6F € CI/Q(V, w).



A Cohomology Theory of Supercommutative Algebras 27

Proof. Instead of elaborating a technical computation, we explain the conceptual aspect here.
It is clear that F' € 6’11(1/, W). It is also clear that for vi,ve,v3 € V', Yy (v1, 21) Y (ve, 22) f(v3)
and f(Y (v1,21)Y (ve, 22)v3) all converge absolutely when |z1| > |z2] > 0 to rational func-
tions with the only possible poles at z1 = 0, 29 = 0 and 21 = 23. The problematic series is
Y (v1, 21) f(Y (v2, 22)v3). Tt is very easy to adjust f so that this series converges nowhere. This
series (with e$P-modifications) does appear in the individual summands

> By (01 Br(OF) (02 @ w32 — €, 23 = ()i 21, ),

reC

Z(éF)(’Ul ® P E(Y (v2, 22 = ()Y (vs, 23 — ()1); 21, ).
reC

So we are not able to conclude that each individual summand converges. However, if we add
up these two summands, the problematic terms cancel out, thus do not appear in the sum. The
same applies to the other two summands. |

Note that for m € Z.., we have égo(v, W) C afn(V, W) for all n € N, so we can define a map

5 = 5 e vyt (VW) = G VW),
which is independent of m. Now, for n € N, m € Z; or m = % or m = oo, we define ), =
Om | om V- By Proposition 3.29 and Theorem 3.30, for m € Z, we obtain chain complexes:

1 m—1
6777,71 61

0
0 —— CO(V, W) —ms CL_(V, W) CI(V, W) —— 0,

! L

0
0 —— COV.W) —2s CHV, W) — 2 C2,(VW) —L5 CRV.W) —— 0,

0 1 2 3
0 —— CL(VIW) = CL(V,W) — = C2(V,W) —= CE,(V,IV) "= -

Definition 3.32. Let n € N. For m € Z, we define the n-th cohomology H)},(V, W) of V' with
coefficients in W and composable with m vertex operators to be

H(V,W) = ker ), /im 67",
We also define

H12/2(V, w) :keréf/Q/im(S% and H (V,W) = ker 6™ /im 67 L.
Remark 3.33. As in Remark 2.17, when restricted to vertex algebras (i.e., V! = 0) and even
modules, this cohomology theory agrees with that of Huang in [6].
4 First and second cohomologies and first-order deformations
In this section, we summarize the results in [7], which through minor modifications remain true
in the context of grading-restricted vertex superalgebras. More explicitly, the proofs in [7, §]

involve commuting at most two elements (say v and w), so when dealing with Zs-homogeneous
elements, terms are modified by (—1)*/l®l,
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4.1 First cohomology and derivations

Let V be a grading-restricted vertex algebra and W a V-supermodule.

Definition 4.1. A (%Z X ZZ)-grading—preserving linear map f: V — W is called a derivation
if, for u,v € V, both Zs-homogeneous,

FOY (u, 2)v) = Yy (f(w), 2)v + Yiv (u, @) f (v)
= (=) Pw Yy (v, —2) f (u) + Y (u, ) f (v).
We denote the space of all such derivations by Der(V, W).
We have the following result for the first cohomologies of V' with coeflicients in W.

Theorem 4.2. H} (V,W) is linearly isomorphic to the space of derivations from V to W for
any m € Z, U {oo}. In particular, H, (VW) for m € Zy U{oc} are isomorphic, and can be
denoted by the same notation H'(V, W).

Proof. First note that a derivation f: V' — W satisfies f(1) = 0. The proof follows identically
as in [7]. We set up the bijection between derivations and 1-cocycles. Let m € Z,. Given
a function ® € Z. (V, W), we obtain a map (®(-))(0): V — W. On the other hand, let f €

Der(V,W). Then we obtain a map ®;: V' — W, given by
(@f(v)(2) = (Y (v, 2)1) = Yy (f(v), 2)1 + Yiw (v, 2) (1)
= Yy (f(v),2)1 = &*P¥ f(v),

where the last equality follows from |1| = 0.
First we show (®(-))(0) € Der(V,W). Note, for v € V) and z € C*, by the d-conjugation
property,

2M(@(0))(0) = (2(210))(20) = 2" (2(v))(0),

so (®(v))(0) € Wy, meaning (®(-))(0) preserves the 3Z-grading. Together with the assumption
that ® is parity-preserving, (®(-))(0) preserves (3Z x Z)-grading.
Now let v1,v2 € V and w’ € W’. Since 6}, ® =0,

0= R((w', Y (v1, 21)(®(v2))(22))) — R((w', (®(Y (v1, 21 — 22)v2))(22)))
+ (=)l R, Yig (02, 22) (@ (01)) (21)).

By the D-derivative property, we have
R((w', Yoy (v3, 22)(®(v1))(21))) = R((w', € PW Yy (v2, =21 + 22)(@(01))(0)))-
Therefore, by setting zo = 0 we have

0= R((w', Y (v1, 21)(®(v2))(0))) — R({w', (B(Y (v1, 21)v2))(0)))
+ (—1)|”1H”2‘R(<w’, A PW Yy (vg, —21)(@(v1))(0))).

Because w’ is arbitrary, using skew-supersymmetry,
(DY (v1,21)02))(0) = Yiw (01, 21)(P(v2))(0) + Y3y (D (v1))(0), 21 )2,

so (®(-))(0) is a derivation from V to W.
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Now we show that ®; is a 1-cocycle. We first show that the map v — Y, (f(v),21)1 =
e*PW f(v) is composable with any number of vertex operators, i.e., 7 € CL(V,W) for all
m € Z,. Clearly, for every m € Z,, v1,...,vy € V, the series

Yiv (v1,21) -+ Yiw (U1, 2m—1)e"PW f(vp),

eCDWf(Y(vl, 21 =C) Y (Vm-1,2m-1 — Q)Y (U, 2m — ¢)1)

converges, since the product of vertex operator converges, and that e*PW has no impact on the
convergence (see [13]). To show the convergence of the series

Yiv (v1,21) -+ Y (0, 21)€PW F(Y (U1, 2641 — €) -+ Y (Vmy 20 — O)1),

we need to use the fact that f is a derivation, to split it as

Yiv (v1,21) - - Yiw (0, 2)€PW Yig (g1, 251 — €)

X f(Y(vkt2, 2kr2 — C) -+ Y (v, 2m — ()1) (4.1)
+ Y (vi, 21) -+ Yiw (vks 2)e P Yy (F (k1) 241 — )
X Y (vky2, 2zk+2 — C) -+ Y (U, 2y — ()1 (4.2)

The convergence of (4.1) follows from an inductive argument. The convergence of (4.2) follows
from the convergence of products of vertex operators.
Now we calculate 57171(1))‘- For v1,v0 € V and w’' € W',

(652 ® ) (01 © v2))(21, 22) (4.3)
= R((w', Y (v1,21) Vi (£ (v2), 22)1))
— R(w', YV‘[//VV(f(Y(Ul, 21 — 22)v2), zz)]l)
+ (=)l R (! Vi (va, 22) Vil (f(v1), 21)1)).

With a similar calculation as in [7], (4.5) is equal to
—R(<w’, YVI{‘//V(f(Ul), Zl)Yw<’U2, 22)1>) — R(<w’, Yw(vl, Zl)YV‘(/VV(f(UQ), ZQ)]l>) . (4.6)

We see that terms (4.4) and (4.6) cancel. What remains in (4.3) is

—R((w', Yl (f(v1), 21)Y (va, 2)1)) + (_1)\Ul||”2|R(<w’, Y (va, 22) Yoy (f (1), z1)1)).

By duality, these two terms equal each other, so the sum is zero. Thus ®; is a 1l-cocycle.
Note also that there exists no nonzero 1-coboundaries, since for every w € W = ng a(V,w),
(69, 1w)(v; z) = 0. Therefore, ®; € H},(V,W). The maps between Der(V, W) and H,(V, W)
are clearly inverse to each other. The conclusion thus follows for any m € Z,. Since HL (V, W)
is the inverse limit of the system {Hp, (V,W)} ez, and each H. (V,W) is isomorphic to
Der(V, W), it follows that HL (V, W) = Der(V, W). |

4.2 Square-zero extensions

Definition 4.3. Let V be a grading-restricted vertex superalgebra. A square-zero ideal of V is
an ideal W C V' such that for any u,v € W, Y (u,z)v = 0.

Definition 4.4. Let V be a grading-restricted vertex superalgebra and W be a V-supermodule
whose dy-grading is given by %Z. A square-zero extension (A, f,g) of V by W is a grading-
restricted vertex superalgebra A together with a surjective homomorphism f: A — V of grading-
restricted vertex superalgebras such that ker f is a square-zero ideal of A and an injective
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homomorphism of V-supermodules g : W — A such that g(W) = ker f and that Dyog = go Dy
and foDp = Dyo f. We say two square-zero extensions (A1, f1, g1) and (Ag, fa, g2) are equivalent
if there exists an isomorphism of grading-restricted vertex superalgebras h: A1 — As such that
the following diagram commutes:

0 s W o A A s V 0
| 4
0 > W 7 Ao 7 » V > 0.

Theorem 4.5. Let V' be a grading-restricted vertex superalgebra and W a (%Z X Zg)-gmded V-
supermodule. Then the set of equivalence classes of square-zero extensions of V by W corresponds
bijectively to Hl/Q(V, Ww).

Proof. Per the discussion in [7], any square-zero extension of V' by W is equivalent to one of
the form

0 W2 vVaew PV — 50

for embedding iy: w +— (0,w) and projection p;: (v,w) — v. For such a representative of the
equivalence classes of square-zero extensions, we denote the vertex operator by Yy gw . Then for
u,v € V, there exists an element ¥(u,z)v € W((x)) such that for vi,vs € V and wy,wy € W,

Yvew ((vi,w1), x)(ve, w2) = (Y (v1, x)ve, Yy (v1, x)ws + Ymv}/v(wl,:n)vg + U (v, x)v2). (4.8)

The vacuum of V& W is (1,0), and a quick check shows ¥(v,z)L =0 for v € V.
We proceed to show that ¥ leads to a 2-cocycle. By the D-derivative and d-commutator
properties of V' @& W, we obtain (shown explicitly in [7])

d
a\lf(v,m) = U(Dyv,z) = Dy ¥(v,z) — ¥(v,z)Dy,

dyV(v,z) — ¥(v,2)dy = ¥(dyv,z) + x%\ll(v,x),
2 W (v, 2) = (20, z2) 29
Identify (V @ W)’ with V! & W'. For vi,vs € V and w' € W/,
((0,w), Yvow ((v1,0), 21)Yvew ((v2,0), 22)(1,0))
= (W', ¥(v1, 21)Y (v, 22)1 + Yy (v, 21) ¥ (ve, 22)1) = (w', ¥(v1,21)Y (v2, 22)1),
(L0200, w'), Yyaw ((v2,0), 22) Yyew ((v1,0), 21)(1,0))
= (—1)lrllzl ! W (vg, 20)Y (v1, 21)1 + Yiy (v2, 22) ¥ (v1, 21)1)
= (=)=l @ (v, 29)Y (01, 20)1),
((0,w"), Y1 @W(YV@W((UlaO)vzl — 22)(v2,0),22)(L,0))
= (w' ( (v1,21 — 22)v2, 22)1 + ¥ (Y (v1, 21 — 22)v2, 22)1)

= (w', YWV( (v1, 21 — 22)v2, 22)1)

(=1

are absolutely convergent in the regions |z1| > |22 > 0, |22 > |z1| > 0, |22] > |21 — 22| > 0,
respectively, to a common rational function in z; and z9 with the only possible poles at z; = 0,
2o = 0 and z1 = 29. In terms of the F-notation, we have

E(U(v1,21)Y (va, 22)1) = (—=1)2l B(W (g, 29)Y (v1, 21)1)
= E(YV[V/VV(\I/(Ul, zZ1 — 2’2)’02, 22)]1)
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in /W/zl,ZQ. For v1,vy € V and (z1, 22) € F5C, we define the linear map ®: VoV — WZWQ by

(P(v1 ®v2))(z1,22) = E(V(v1,21)Y (v2, 22)1).

Straightforward arguments in [7] show that ® has both the d-commutator and D-derivative

properties, and the weakened %—composability condition, meaning ¢ € CIZ/Q(V, W). The ar-

gument in [7] also shows that 5% /2(<I>) =0, as it only relies on the associativity of the vertex

operators. To see that ® € C%/Z(V, W), we note that for v1,v, € V and (21, 22) € F>C we have
((I)(’Ul & ’02))(21, 22) = E(\IJ(’Ul, Zl)Y(UQ, ZQ)]l) = (—1)|U1||U2‘E(\I/(’U2, ZQ)Y(’Ul, Zl)]l)

= (=)l @ (vy @ 1)) (22, 21) = (—1) " (0(D(v2 ® v1))) (21, 22),

where o = (12) is the only nontrivial shuffle on 2 elements. Thus

> (1)) (@01 @ v3)) = 0.
oCdnp
Hence @ is a 2-cocycle in 6’12 o(V,W). Conversely, let ® be a representative of an element of

H12/2(V7 W) satistying (®(v1 ® 1))(z1,22) = 0. The existence of such a representative is given

in [8] (because 1 is even, the proof is verbatim). Then for any v1,v2 € V, w’' € W/, (v, (®(v1 ®
v2))(z,0)) is a rational function of z with the only possible pole at z = 0, whose order is bounded
above by a number independent of w’. This defines an element ¥ (v, z)ve € W((x)) by

(W', ¥ vy, 2)v2) o=z = (W', (2(01 ® 12))(2,0))

for z € C*. We define Yy gw (v1, x)ve using (4.8). Reversing the above proof, we see that Yy qw
and the vacuum (1,0) equips V@& W with a grading-restricted vertex superalgebra structure and
with the projection p;: V@& W — V and embedding io: W — V & W is a square-zero extension
of V by W.

Now we show that two square-zero extensions are equivalent if and only if the corresponding

2-cocycles differ by a coboundary. First, let &1, ®5 € ker 5% /2 be two 2-cocycles obtained from

square-zero extensions (V oW, Y{(/Zgw,pl,ig), where k = 1,2. Assume that &1 = &9 + §1(T),

where I' € C*(V,W). Necessarily, I' preserves the d-grading and the parity. Then we have
R((w', W1 (v1,21)Y (v2, 22)1)) = (0, (P1(v1 ® v2))(21, 22))

= (', (P2(v1 @ v2))(21, 22)) + (W', (61(1)) (21, 22))

= R((w', Wa(v1, 21)Y (v2, 22)1)) + R((w, Yi (v1, 21) (T (v2)) (22)))
— R((w', (D(Y (v1, 21 — 22)v2))(22)))
+ (=Dl R, Yig (vg, 22)(T(v1))(21)))

= R((w', Wa(v1, 21)Y (v2, 22)1)) + R((w, Yi (v1, 21) (T (v2)) (22)))
— R((w', (D(Y (v1, 21 — 22)v2))(22)))
+ (=Dl R, e =2 PW Yy (vg, —20) (D (v1)) (22)).-

Setting zo = 0, we have
(w', Wy (v, z1)v2) = (W', Wa(v1, 21)v2) + (W', Yiv (v1, 21) ((v2))(0))
— (@', (DY (01, 21)02))(0)) + (=1)"1*2/ (', e PW Vi (03, —21) (I (01))(0)).
Then, using skew-symmetry, we have
Uy (1, x)vg = Ua(v1,x)v2 + Yir(v1, x)(T'(v2))(0)
= (D(Y (v1,2)2))(0) + Yy (D(01))(0), ) 2.
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Using this and (4.8), for v1,vy € V and wy,ws € W, we have

Y‘ng((vl,wl),az)(vg,wg)
= (Y (v1, 2)va, Yiw (v1, 2)ws + Yyl (w1, z)vg + Wy (vy,
= (Y (v1, 2)va, Yiw (v1, 2)wa + Yyl (w1, z)vg + Wa(vy,
+ Y (1, 2)(T(v2))(0) = (D(Y (v1, 2)v2)) (0) + Yy (D (w1))(0), )v2)
= V{2 (o1, w1 + (D(01)(0)), ) (v, w2 + (D(62))(0)) = (0, (DY (v1,2)0))(0)). (4.9)
We now define a linear map h € End(V @& W) by, for v e V and w € W
h(v,w) = (v,w + (I'(v))(0)).

Then h is a linear isomorphism, and (4.9) can be rewritten as

WY (01, w1), 2) (02, w2)) = Y2 (h(or, wr), 2) h(vz, ws).

v2)

V2

2)
)

Thus h is an isomorphism of grading-restricted vertex superalgebras from (VEB W, Yégw, (1, O))

to (VaWw, Y‘%W, (1,0)), such that (4.7) is commutative (with Ay =V @& W = A3). Then the
two square-zero extensions of V by W are equivalent.

Conversely, let (V e W, Yégw,pl,ig), where k = 1,2, be two equivalent square-zero exten-
sions of V' by W. So there exists an isomorphism h: V & W — V & W of grading-restricted
vertex superalgebras such that (4.7) commutes. It is proved in [7, Lemma 3.1] that there ex-
ists a linear map g: V. — W such that h(v,w) = (v,w + g(v)) for v € V and w € W. Let
(T'(v))(21) = e2Pwg(v) € W. Then I': V — Wzl is an element of C3(V,W). By definition,
we have (I'(v))(0) = g(v), and h(v,w) = (v,w + (I'(v))(0)). Let ®; and ®3 be the 2-cocycles
obtained from (V o W, Y‘E-gw,pl, i2) and (V o W, Y‘%‘gw,pl,ig), respectively. Then following
the above proof in reverse, we see that ®; = &9 + 5%I‘, meaning that ®; and &, are in fact
representatives of the same cohomology class. |

4.3 First-order deformations

In the case of associative algebras, square-zero extensions of an algebra by itself are useful in
deformation theory, as their equivalence classes are in bijection with the equivalence classes of
first-order deformations. It turns out the same results follow analogously for grading-restricted
vertex (super)algebras.

Definition 4.6. A first-order deformation of a grading-restricted vertex superalgebra (V,Y, 1)
is defined by an operator Y1: V@ V. — V((z)), such that the (%Z X Zg)—graded vector space
Vi =C[t]/(t?) ®c V, with the vertex operator

Yi(u,z)v =Y (u, z)v + tYy(u, z)v,

the D operator Dy, and the vacuum element 1, i.e., (Vt, Y, ]1), forms a grading-restricted vertex
superalgebra over the base ring CJt]/ (t2) such that Dy+ = Dy. Two first-order deformations
(Vt, Yt’(l)) and (Vt, Yt’(2)) are equivalent, if there exists a C[t]/ (t2)—linear isomorphism f': V@
tV = V! — V! of vertex superalgebras, whose restriction on V is of the form f!|,, = 1y +tfy,
where f1: V — V is a C-linear grading-preserving map. In other words, for u,v € V,

fllu+tv) =u+t(v+ fi(u)).

To emphasize, equivalent first-order deformations are isomorphic, but the converse does not
necessarily hold.

Remark 4.7. When working with first-order deformations, we suppress the notation that we
are working modulo t2, for convenience.
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Theorem 4.8. The set of equivalence classes of first-order deformations of a grading-restricted
verter superalgebra is in bijection with the set of equivalence classes of square-zero extensions
of V by V.

Theorems 4.5 and 4.8 then imply the following result.

Theorem 4.9. Let V be a grading-restricted vertexr superalgebra. Then the set of equivalence
classes of first-order deformations of V' correspond bijectively to H12/2(V, V).

Theorem 4.9 is a significant result of this paper; it allows for a method of computing first-
order deformations of grading-restricted vertex superalgebras by computing the cohomology
group H 12 /Q(V, V). Now we move to proving Theorem 4.8, following alongside [7, 8].

Proof. Let V;: V®V — V(«)), t € C be a first-order deformation of V. By definition, there
exists U: V@V — V(z)), v1 ® va — ¥(v1, z)ve such that for v1,ve € V,

Yi(vy, x)vg = Y (v1, x)ve + t¥ (v, z)vg

and (V,Y;,1) is a family of grading restricted vertex algebras up to the first order in t. By the
identity property and creation properties for (V,Y;, 1) up to the first order in ¢, we can obtain

U(1,z)v =0, (4.10)
lim ¥(v,2)1 =0 (4.11)
z—0

for v € V, respectively.

The duality property up to the first order in ¢ can be written explicitly as follows: For
v1,v9,v3 € V and v’ € V/,

(W', (Y (v1,21)¥(ve, 22) + ¥ (v1, 21)Y (v2, 22))v3),
(=1)lellezl (o (Y (g, 20) W (01, 21) 4+ U (v, 22)Y (v1, 21))03),
<UI, (Y(\I/(’Ul, Z1 — ZQ)'UQ, 2’2) + \I/(Y<’U1, 21 — 2:2)’[)2, ZQ))’Ug)

are absolutely convergent in the regions |z1| > |z2| > 0, |z2| > |21] > 0, and |22] > |21 — 22| > 0,
respectively, to a common rational function in z; and z9 with the only possible poles at z; = 0,
z9 = 0 and z1 = 29.

Now, using this we make a square-zero extension of V by V. Let

Yvgv: (VoV)e(VeV)—= (VeV)||rz"],
(u1,v1) ® (uz,v2) = Yvey ((u1,v1), ) (uz, v2)
be given by
Yvev ((u1,v1), ) (u2,v2) = (Y (ur, z)ug, Y (ur, z)va + Y (v1, )us + ¥(u1, x)uz) (4.12)
for uy,ug,v1,v9 € V. In particular, by (4.12), (4.10), and (4.11) we have
YWev((1,0),2)(u,v) = (u,0),  lim Yyev((u,v),2)(1,0) = (u,v)

for u,v € V, respectively. That is, (V @V, Yygv, (1,0)) has the identity and creation properties.
By the duality property of V, and duality up to the first order in ¢, both of which involve
absolute convergence, we have that, for uy, us, us, vy, ve,v3 € V, u/,0" € V/

(W', 0"), Yvav ((u1,v1), 21)Yvav ((uz, v2), 22) (u3, v3)),
((u',0"), Yvev (Ywav ((u1,v1), 21 — 22)(uz, va), 22) (u3, v3)) (4.13)

are absolutely convergent to a common rational function in the regions |z1] > |z2] > 0 and
|za] > |21 — 22| > 0 with the only possible poles at z; = 0, z0 = 0, 21 = 22 ([7] shows
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this explicitly). Now, with the added assumption that (ui,v1), (uz,v2) € V& V are both Zs
homogeneous elements, we have that

(—1)lCellC w2l (o o) Yigy ((un, v2), 22)Yver ((u1,v1), 21) (us, vs))
= (=Dl ¥ (ug, 20)Y (ua, 21)us) + (=) 210! ¥ (ug, 29)Y (w1, 21)vs)
+ (=Dl Y (ug, 20)Y (01, 21 )us) + (= 1) 12 (0 Y (ug, 20) U (uy, 21 )us)
+ (=Dl Y (g, 29)Y (ur, 21)us) + (= 1)1l W (ug, 20)Y (uq, 21 )us),

e

which by the duality of V' and the duality up to the first order in ¢ is convergent to the same
rational function as (4.13) in the region |23 > |z1| > 0 with the only possible poles at z; = 0,
zo =0, 21 = z2. So (V@ V,Yygv, (L,0)) has the duality property.

Note that the D-derivative property is a consequence of the other axioms for vertex superalge-
bras (see [11]). The d-commutator formula follows from the corresponding properties of Y and W.
Thus (V& V, Yygv, (1,0)) is a grading-restricted vertex superalgebra. That (Va@V, Yy gy, (1,0))
is a square-zero extension of V' by V follows identically as in [7].

Conversely, let (V @V, Yygy,p1,i2) be a square-zero extension of V by V. Then there exists

UV: VeV —V(x), v1 @ vg — U(vy, x)ve
such that for ui,us € V

Yvev((u1,0),x)(uz,0) = (Y(uy, x)uz, ¥(ui, x)us).
Then for t € C, define

Yi(vi,x)vg = Y (v1, x)ve + t¥ (v, z)vg

for vy, vy € V. Working backwards through the above proof, using the identity property, creation
property, and duality of the grading-restricted superalgebra (V & V, Yy gy, (1,0)) shows that Y;
is a first-order deformation of (V,Y,1).

That two first-order deformations of V' are equivalent if and only if the corresponding square-
zero extensions of V' by V are equivalent follows identically as in [7]; one direction follows from
the difference of two first-order deformations and the other from [7, Lemma 3.1]. [

5 An explicit example of first cohomology

In this section, we use Theorem 4.2 to compute the first cohomology of the affine vertex super-
algebra V¥(0sp(1/2)). The higher cohomology is however far more technical and shall be left for
future studies.

5.1 A review of osp(1|2)

A Lie superalgebra is a vector superspace g = g° @ g' equipped with a bilinear multiplication
[-, -] satisfying

1) Parity for homogeneous elements f, g € g, [f, g] € g!/IT19],
2) Skew-supersymmetry: For homogeneous elements f, g € g, [f, g] = —(—1D)119![g, f],
3) Super Jacobi identity: For homogeneous elements f, g, h € g,

[f7 [gvh“ = [[fv g]v h] + (_1)|f||g|[g7 [f? h]]
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Let V = V?® V! be an m + 2n-dimensional vector superspace. Then End(V) is an associa-
tive superalgebra. Let gl(V) be the Lie superalgebra with elements in End(V) and bracket
given by the supercommutator. The orthosymplectic Lie algebra osp(m|2n) is the subalgebra of
gl(V) consisting of elements preserving a nondegenerate even supersymmetric bilinear form. For
m,n > 1, osp(m|2n) is simple. From Section 1.1.3 of [1], there are isomorphisms of superspaces

0sp(m|2n)° = so(VY) @ sp(V1), osp(m|2n)! = C™ ® C*".

In particular, osp(1|2) is a (3 + 2)-dimensional Lie superalgebra isomorphic as a superspace to
sly @ C2. Tt has a basis {e, f,h} C 0sp(1]2)°, {z,y} C osp(1|2)*. The nontrivial relations are

[h7e]:267 [evf]:ha [h7f]:_2f7
[.CC,(/E] = 2e, [x7y] =h, [y7y] =-2f
[h,l‘] =, [f? .%'] =Y, [evy] =, [hvy] =Y

The nondegenerate Killing form is rescaled so that the nonzero pairings are
K(€7 f) = H(fa 6) =1, H(hﬂ h) =2, /i(.%‘,y) = _K‘(yvm) =2

We construct the affine vertex superalgebras using the same process as that of Chapter 6 of [11].
First we take the central extension of the loop algebra

0sp(1|2) = osp(1|2) ®c C[t,t '] & CK.
with K central, and for a,b € osp(1|2), m,n € Z,
[a®t™ b@t"] = [a,b] @ """ + mpminok(a, b) K.

For k € C, let Ci be the one-dimensional module for the subalgebra spanned by a ® t",a €
osp(1]2),n > 0 and K, where a ® t" acts trivially, and K acts by the scalar k. Let V*(osp(1]2))
be the induced module of Cj, from the subalgebra to 0sp(1|2). Then V¥(0sp(1[2)) has a canonical
vertex superalgebra structure strongly generated by weight-1 elements corresponding to the basis
for osp(1]2). For an element a € 0sp(1]2) viewed as an element of V*(osp(1]2)), we have

Y(a,z)= Z anz "L

nez

where a, = a ® t", and we abbreviate Y (a, z) =: a(z).

5.2 The first cohomology of V*(osp(1|2))

For convenience, we set V' = V*(osp(1]2)). We now wish to compute H'(V, V).

Theorem 5.1. For V = V*(0sp(1]2)), H'(V,V) is 3-dimensional, and has a canonical linear
isomorphism with sla.

Proof. From Theorem 4.2, it suffices to compute Der(V, V). Let F': V. — V be a derivation.
Then F' is grading-preserving, and for u,v € V, n € Z,

F(upv) = F(u)pv + upF(v).
In particular, for u,v € V(1) = 0sp(1|2), n = 0, we have

F(upv) = F(u)ov + uoF (v).
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Since ugv = [u, v] for u,v € 05p(1]2), the restriction of I on V{;) is an even derivation of 0sp(1]2).
It is well known that derivations of osp(1|2) are inner, i.e., there exists a € osp(1|2)° such that
F(b) = [a,b] (see, for example, [1, Exercise 1.17]).

Since V is strongly generated by o0sp(1|2), F is uniquely determined from its action on the
generators. Moreover, its action coincides with the zero-mode of a, i.e., F(b) = agb. From the
super-Jacobi identity (3.1), the zero-mode ag is a well-defined derivation on V. Thus, every
F € Der(V,V) coincides with the zero-mode ag of some element in sl,. |
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