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Abstract. Using rational Ehrhart theory and Fourier analysis, we give an elementary proof
that the volume of a closed manifold equipped with an integral-integral affine structure
equals the number of its integral points.
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1 Introduction

On an n-dimensional topological manifold M , an atlas whose transition maps are locally of the
form

x ↦→ Ax+ b with A ∈ GL(n,Z) and b ∈ Zn (1.1)

defines an integral-integral affine structure [10] (also known as a strongly integral affine struc-
ture [16]). This structure determines a (smooth) manifold structure on M , a measure on M ,
and a subset MZ ⊂ M of integral points. For details see Definition 3.2, Remarks 3.3 and 3.4,
and Definition 3.5 below.

For example, if Γ is a group of transformations of Rn of the form (1.1) whose action on Rn
is free and proper, then the quotient M := Rn/Γ inherits an integral-integral affine structure.
We do not know if every closed integral-integral affine manifold is of this form; this is a special
case of the Markus conjecture [13] (see the discussion in [7, Chapter 11]).

When M is closed, its volume (total measure) is a positive real number and its number of
integral points is a non-negative integer. In this paper, we give an elementary proof of the
following result, first proved in [10, Theorem 3.1].

Theorem 1.1. Let M be a closed integral-integral affine manifold. Then its number of integral
points is equal to its volume.

The motivation behind Theorem 1.1 comes from geometric quantization: this theorem is a key
ingredient in an instance of the “independence of polarization” phenomenon for Lagrangian torus
fibrations (see [10, Section 2]). In [10], Theorem 1.1 appeared as the “downstairs theorem”; its
proof was surprisingly non-trivial and was inspired by ideas that were sketched in papers on
geometric quantization and on mirror symmetry (see [1, proof of Theorem 4.1] and [8, Conjec-
ture 4.9]). The proof involved intersection theory in a bundle of tori over the integral-integral
affine manifold and required a subtle cohomological argument [10, Theorem 7.6].
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In this paper, we provide a more elementary proof of Theorem 1.1 that relies on rational
Ehrhart theory in Rn [2, 6] and on Fourier analysis. Here is a sketch of our argument. We in-
troduce the lattice-counting function, which associates to each m ∈ N the number LM (m) of
points in M whose coordinates are in m−1Z. By rational Ehrhart theory, for a rational convex
polytope P in Rn, the number of points in P ∩ m−1Zn is quasi-polynomial in m (see Defini-
tion 2.8). For a closed integral-integral affine manifoldM , we do not know how to decomposeM
into rational polytopes; however, we can cover M by overlapping rational polytopes and apply
an inclusion-exclusion argument, to conclude that LM (m) is quasi-polynomial in m. On the
other hand, by “decomposing” M using a smooth partition of unity supported in charts, we
conclude that LM (m)− vol(M)mn = o(1) as m→ ∞. From these two results, we conclude that
LM (m) = vol(M)mn on the nose (Theorem 4.4), yielding Theorem 1.1 as the case m = 1.

2 Rational polytopes

In this section, we introduce rational polytopes and the rational Ehrhart theorem.

Notation 2.1. The set of natural numbers is N := {1, 2, . . .}.

Notation 2.2. We denote by AffZ(Rn) the set of maps Rn → Rn of the form x ↦→ Ax+ b with
A ∈ GL(n,Z) and b ∈ Zn.

Definition 2.3. A set P ⊆ Rn is called a rational polytope if there exist v1, . . . , vk ∈ Qn such
that P = conv{v1, . . . , vk} =

{︁∑︁k
i=1 αivi | αi ≥ 0,

∑︁k
i=1 αi = 1

}︁
.

Definition 2.4. Let P ⊆ Rn be a rational polytope. A point x ∈ P is called a vertex of P if x
is an extreme point of P .

Remark 2.5. If P = conv{v1, . . . , vk}, then the set of vertices of P is a subset of {v1, . . . , vk}.

Proposition 2.6. Let P ⊆ Rn be a rational polytope, and let f ∈ AffZ(Rn). Then f(P ) is
a rational polytope.

Proof. Let P = conv{q1, . . . , qk} for qi ∈ Qn. Let A ∈ GLn(Z) and b ∈ Zn be such that f(x) =
b+Ax. Since f is an affine map, f(P ) = conv{f(q1), . . . , f(qk)} = conv{b+Aq1, . . . , b+Aqk}.
Because A ∈ GLn(Z) and b ∈ Zn, we have b + Aqi ∈ Qn for all 1 ≤ i ≤ k. Thus, f(P ) is
a rational polytope. ■

Proposition 2.7. Let P1, P2 ⊆ Rn be rational polytopes. Then P1 ∩ P2 is either empty or
a rational polytope.

Proof. See [5, Proposition 1.69]. ■

Definition 2.8. A function f : Z → R is quasi-polynomial if there exist n ∈ N ∪ {0} and
functions {ak : Z → R}nk=0 such that

� each ak is periodic with integer period, and

� f(m) =
∑︁n

k=0 ak(m)mk, for all m ∈ Z.

We say that a function p : N → R is quasi-polynomial if it is the restriction to N of a quasi-
polynomial function f : Z → R.

Proposition 2.9. Let p : N → R be a quasi-polynomial function such that p(m) = o(1) as
m→ ∞. Then p ≡ 0.
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Proof. By assumption, we can write

p(m) =
n∑︂
k=0

ak(m)mk

for allm ∈ N, where each ak is a periodic function with some integer period dk. Let d =
∏︁n
k=0 dk.

Then each ak is a periodic function with integer period d. For each 1 ≤ i ≤ d, the function
gi(m) := p(i+md) is then (the restriction to N∪{0} of) a polynomial inm such that gi(m) = o(1)
as m→ ∞. So gi ≡ 0 for every 1 ≤ i ≤ d, and hence p ≡ 0. ■

Definition 2.10. For a rational polytope P ⊆ Rn, we define its lattice-counting function by

LP : N → N ∪ {0}, LP (m) := #((m−1Zn) ∩ P ) = #{x ∈ P | mx ∈ Zn}.

Proposition 2.11 (rational Ehrhart). Let P ⊆ Rn be a rational polytope. Then its lattice-
counting function is quasi-polynomial.

Proof. See [2, Proposition 3.23]. ■

3 Integral-integral affine geometry

In this section, we define integral-integral affine manifolds, their integral points, and rational
polytopes in them. We then prove that every closed integral-integral affine manifold can be
covered by a finite collection of rational polytopes whose intersections are either empty or rational
polytopes; see Corollary 3.15.

Definition 3.1. A map f : Ω → Rn on an open subset Ω ⊆ Rn is called locally integral-integral
affine if each point has a neighbourhood on which the map agrees with an element of AffZ(Rn).

Definition 3.2. Let M be a topological n-dimensional manifold. An atlas

{φi : Ui → Ωi ⊆ Rn}i∈I
for M is called an integral-integral affine atlas if φj ◦ φ−1

i is locally integral-integral affine
on φi(Ui ∩ Uj) for every i, j ∈ I. An integral-integral affine structure on M is an integral-
integral affine atlas that is maximal (with respect to inclusion of integral-integral affine atlases).
An integral-integral affine manifold is a manifold equipped with an integral-integral affine struc-
ture. An integral chart is an element of the maximal integral-integral affine atlas of M .

Remark 3.3. Every integral-integral affine atlas is contained in a unique maximal integral-
integral affine atlas. This follows from the fact that locally integral-integral affine homeomor-
phisms between open subsets of Rn form a pseudogroup.

Remark 3.4. Let M be an n-dimensional integral-integral affine manifold. Since locally
integral-integral affine maps preserve the standard Lebesgue measure on Rn, there exists a unique
(Borel) measure on M such that each integral chart is measure preserving. The (affine) volume
vol(M) is the measure of M and integration on M is done with respect to this measure.

Definition 3.5. Let M be an n-dimensional integral-integral affine manifold. Its set of integral
points is

MZ :=
{︁
x ∈M | there exists an integral chart ψ : U → Ω ⊆ Rn

such that x ∈ U and ψ(x) ∈ Zn
}︁
.

Moreover, for m ∈ N, denote

Mm−1Z :=
{︁
x ∈M | there exists an integral chart ψ : U → Ω ⊆ Rn

such that x ∈ U and ψ(x) ∈ m−1Zn
}︁
.
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Lemma 3.6. For an n-dimensional integral-integral affine manifold M , and for m ∈ N,

Mm−1Z =
{︁
x ∈M | for every integral chart ϕ : U → Ω ⊆ Rn

such that x ∈ U , we have ϕ(x) ∈ m−1Zn
}︁
.

Proof. Let x ∈ Mm−1Z. So there exists an integral chart ψ : U ′ → Ω′ ⊆ Rn whose domain
contains x and such that ψ(x) ∈ m−1Zn. Let ϕ : U → Ω ⊆ Rn be another integral chart
whose domain contains x. By compatibility, there exists a neighbourhood of ψ(x) on which the
composition ϕ ◦ ψ−1 has the form y ↦→ b + Ay for b ∈ Zn and A ∈ GLn(Z). Thus mϕ(x) =
mϕ
(︁
ψ−1(ψ(x))

)︁
= m(b+A(ψ(x))) = mb+A(mψ(x)) ∈ Zn. ■

Definition 3.7. Let M be an integral-integral affine manifold. Its lattice-counting function is

LM : N → N ∪ {0,∞}, LM (m) := #Mm−1Z.

Proposition 3.8. Let M be a closed n-dimensional integral-integral affine manifold. Then its
lattice-counting function is finite: LM (m) <∞ for every m ∈ N.

Proof. Assume not; let (xi)
∞
i=0 be a sequence of distinct points inMm−1Z. SinceM is compact,

this sequence has a converging subsequence (xij )
∞
j=0 → x∗. Let ϕ : U → Ω ⊆ Rn be an integral

chart such that x∗ ∈ U . Then for some N > 0, we have xij ∈ U for all j ≥ N . Then ϕ(xij ) is
a convergent sequence of distinct elements of m−1Zn, which is a contradiction. ■

In order to use Ehrhart theory to study the lattice-counting function of an integral-integral
affine manifold M , we cover M by rational polytopes. However, if we are not careful, nonempty
intersections of polytopes in the cover may be disconnected.

Definition 3.9. A subset P ⊆ M of an n-dimensional integral-integral affine manifold M is
called a rational polytope if there exists an integral chart ϕ defined in a neighbourhood of P such
that ϕ(P ) ⊆ Rn is a rational polytope.

Example 3.10. In the integral-integral affine manifold R /4Z , the images of [0, 3] and of [2, 5]
are rational polytopes, and their intersection is disconnected.

In the definition of an integral-integral affine structure, the transition maps are locally
integral-integral affine (see Remark 3.3). In Lemma 3.12 below, we use a transition map that is
globally integral-integral affine.

Proposition 3.11. Let f : Ω → Rn be a locally integral-integral affine map on an open subset Ω
of Rn. If Ω is connected, then f is the restriction to Ω of some element of AffZ(Rn).

Proof. Because A := df |x ∈ GLn(Z) is locally constant, it is constant. So b := f(x)−Ax ∈ Zn
is locally constant, hence constant. ■
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Lemma 3.12. Let M be an n-dimensional integral-integral affine manifold, P ⊆ M a rational
polytope and ψ : W → Ω ⊆ Rn any integral chart such that P ⊆ W . Then ψ(P ) ⊆ Rn is
a rational polytope.

Proof. By definition, there is an integral chart ϕ : U → Ω′ ⊆ Rn such that P ⊆ U and ϕ(P )
is a rational polytope. In particular, ϕ(P ) is connected. Let O be the connected component of
ϕ(U ∩W ) that contains ϕ(P ). By Proposition 3.11, there exists f ∈ AffZ(Rn) that coincides
on O with ψ ◦ ϕ−1. By Proposition 2.6, ψ(P ) = f(ϕ(P )) is a rational polytope. ■

Lemma 3.13. Let M be an integral-integral affine manifold and P1, P2 ⊆M rational polytopes,
and let ϕ1 : U1 → Ω1 ⊆ Rn and ϕ2 : U2 → Ω2 ⊆ Rn be integral charts such that P1 ⊆ U1 and
P2 ⊆ U2. If U1 ∩ U2 is connected, then P1 ∩ P2 is either a rational polytope or is empty.

Proof. By Lemma 3.12, ϕ1(P1) and ϕ2(P2) are rational polytopes. The intersection U1 ∩ U2

is connected, so by Proposition 3.11, the composition ϕ1 ◦ ϕ−1
2 has the form x ↦→ Ax+ b where

b ∈ Zn and A ∈ GLn(Z). By Propositions 2.7 and 2.6, the set

Q := ϕ1(P1) ∩ (b+Aϕ2(P2)),

is a rational polytope. Moreover,

ϕ1(P1 ∩ P2) = ϕ1(P1 ∩ P2 ∩ U1 ∩ U2) = ϕ1(P1) ∩ ϕ1(P2 ∩ U1 ∩ U2),

and

ϕ1(P2 ∩ U1 ∩ U2) =
(︁
ϕ1 ◦ ϕ−1

2

)︁
(ϕ2(P2 ∩ U1 ∩ U2)) = b+A(ϕ2(P2) ∩ ϕ2(U1 ∩ U2))

= b+ (A(ϕ2(P2)) ∩Aϕ2(U1 ∩ U2))

= (b+Aϕ2(P2)) ∩ (b+Aϕ2(U1 ∩ U2)).

Therefore,

ϕ1(P1 ∩ P2) = (ϕ1(P1) ∩ (b+Aϕ2(P2))) ∩ (b+Aϕ2(U1 ∩ U2)) = Q ∩ (b+Aϕ2(U1 ∩ U2)).

The set ϕ1(P1 ∩ P2) is closed in Q, because P1 and P2 are compact. It is also open in Q,
because b + Aϕ2(U1 ∩ U2) is open in Rn. Because Q is (convex, hence) connected, ϕ1(P1 ∩ P2)
is either all of Q or is empty. ■

By repeated application of Lemma 3.13, we obtain the following corollary.

Corollary 3.14. Let M be an integral-integral affine manifold, let {Pi}i∈I be a finite collection
of rational polytopes in M , and let {ϕi : Ui → Ωi ⊆ Rn}i∈I be integral charts such that Pi ⊆ Ui
for every i ∈ I. Suppose that, for every subset I ′ ⊆ I, the intersection

⋂︁
i∈I′ Ui is connected.

Then
⋂︁
i∈I Pi is either a rational polytope or is empty.

Corollary 3.15. Let M be a closed integral-integral affine manifold. Then there exists a finite
collection {Pi}ki=1 of rational polytopes such that

(1) M =
⋃︁k
i=1 Pi,

(2) for every I ⊆ {1, . . . , k}, the intersection
⋂︁
i∈I Pi is either a rational polytope or is empty.

Proof. Recall that a good cover ofM is an open cover where every nonempty finite intersection
is diffeomorphic to Rn, and that every open cover of M has a refinement that is a good open
cover of M [4, Propositions 5.1 and 5.2].
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Thus, there exists a good open cover W of M such that every element of W is contained in
the domain of an integral chart.

For each point x ∈M , letWx be an element ofW that contains x, let φ : U → Ω be an integral
chart whose domain contains Wx, and let Q̃x ⊆ Rn be a closed cube with rational vertices that
is contained in φ(Wx) and whose interior contains φ(x). Then Qx := φ−1(Q̃x) is a rational
polytope in M .

Because M is compact, there exist x1, . . . , xk ∈M such that M =
⋃︁k
i=1 Int(Qxi).

For each i ∈ {1, . . . , k}, let Pi := Qxi . Then M =
⋃︁k
i=1 Pi. Because W is a good cover, for

each I ′ ⊆ {1, . . . , k}, the intersection
⋂︁
i∈I′ Wxi is connected. By Corollary 3.14, each intersection⋂︁

i∈I Pi is either a rational polytope or is empty. ■

4 Main result

In this section, we calculate the lattice-counting function of a closed integral-integral affine
manifold; see Theorem 4.4.

Proposition 4.1 (Ehrhart theorem for closed integral-integral affine manifolds). The lattice-
counting function of a closed integral-integral affine manifold is quasi-polynomial.

Proof. Let M be a closed n-dimensional integral-integral affine manifold and let {Pi}ki=1 be
a rational polytope cover from Corollary 3.15. For each set of indices I ⊆ {1, . . . , k}, denote
PI :=

⋂︁
i∈I Pi. By inclusion-exclusion,

LM (m) =
∑︂

x∈Mm−1Z

1 =
k∑︂
j=1

(−1)j+1
∑︂

I⊆{1,...,k}
|I|=j

#(Mm−1Z ∩ PI).

For every I ⊆ {1, . . . , k}, take an integral chart ψ : U → Ω ⊆ Rn such that PI ⊆ U . By Lem-
ma 3.12, ψ(PI) is a rational polytope. By Lemma 3.6,

#(Mm−1Z ∩ PI) = #
(︁
m−1Zn ∩ ψ(PI)

)︁
.

By this and Proposition 2.11, LM is an alternating sum of quasi-polynomials, hence a quasi-
polynomial. ■

The fact that the lattice-counting function is quasi-polynomial allows us to use asymptotic
methods.

Proposition 4.2. Let f : Rn → R be a compactly supported smooth function. Then∑︂
x∈m−1Zn

f(x) = mn

∫︂
Rn

f(x)dx+ o(1)

as m→ ∞.

Proof. Because f is a compactly supported smooth function, it is a Schwartz function. Because
the Fourier transform maps Schwartz functions to Schwartz functions [17, p. 181, Corollary 2.2],
the Fourier transform

f̂ : Rn → C,

defined by

f̂(ζ) =

∫︂
Rn

f(x)e−2πi⟨x,ζ⟩dx,
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is also a Schwartz function. In particular, for every polynomial P ∈ R[y1, . . . , yn],

sup
y∈Rn

⃓⃓
f̂(y)P (y)

⃓⃓
<∞.

Hence, the series
∑︁

y∈mZn f̂(y) is absolutely convergent.
By the Poisson summation formula [15, p. 88, Theorem 3.44],∑︂

x∈m−1Zn

f(x) = mn
∑︂

y∈mZn

f̂(y) = mn

(︃∫︂
Rn

f(x)dx+
∑︂

0̸=y∈mZn

f̂(y)

)︃
. (4.1)

Thus we would like to prove that∑︂
0̸=y∈mZn

f̂(y) = o(m−n) (4.2)

as m→ ∞. (Although f̂ is complex-valued, by (4.1) the sum in (4.2) is real.)
For any positive integers r ≥ m, set

Amr := {y ∈ mZn | r ≤ |y| < r + 1}.

Then

#Amr ≤ #{y ∈ Zn | |yj | ≤ r for all j} ≤ (2r + 1)n ≤ (3r)n,

and so, for any integer N such that 2N − 2 ≥ n,∑︂
y∈Am

r

1

|y|2N
≤ (3r)n

1

r2N
= 3n · rn

r2N−2
· 1

r2
≤ 3n ·mn+2−2N · 1

r2
. (4.3)

Because

∞⋃︂
r=m

Amr = mZn \ {0},

we have⃓⃓⃓⃓ ∑︂
0̸=y∈mZn

f̂(y)

⃓⃓⃓⃓
≤

∑︂
0̸=y∈mZn

|f̂(y)| =
∑︂

0̸=y∈mZn

⃓⃓
f̂(y)|y|2N

⃓⃓ 1

|y|2N

f̂ is Schwartz
≤ C ·

∑︂
0̸=y∈mZn

1

|y|2N
= C ·

∞∑︂
r=m

∑︂
y∈Am

r

1

|y|2N
(4.3)

≤ mn+2−2N · 3nC ·
∞∑︂
r=m

1

r2

= o
(︁
mn+2−2N

)︁
as m→ ∞.

To obtain (4.2), take N = n+ 1. ■

Remark 4.3. Although we do not require it, we have actually shown that∑︂
x∈m−1Zn

f(x) = mn

∫︂
Rn

f(x)dx+ o(m−∞)

as m→ ∞.

Combining the above asymptotics with the fact that LM is quasi-polynomial (Proposi-
tion 4.1), we obtain our main result.
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Theorem 4.4. Let M be an n-dimensional closed integral-integral affine manifold. Then its
lattice-counting function is

LM (m) = vol(M)mn.

Proof. Because M is locally compact, it has an integral-integral affine atlas whose chart do-
mains have compact closures in M . Because M is compact, it has such an atlas that is finite.
Let {ρi}ki=1 be a partition of unity that is subordinate to the cover of M by the domains of the
charts in such an atlas. For each i ∈ {1, . . . , k}, let ψi : Ui → Ωi ⊆ Rn be an integral chart whose
domain contains the support supp ρi of ρi inM . Then the subset ψi(supp ρi) of Ωi is compact, so
ρi ◦ψ−1

i extends by zero to a compactly supported smooth function on Rn. By Proposition 4.2,
we have (see Remark 3.4)∑︂

x∈Mm−1Z

ρi(x) =
∑︂

y∈m−1Zn∩ψi(Ui)

ρi
(︁
ψ−1
i (y)

)︁
= mn

∫︂
ψi(Ui)

(︁
ρi ◦ ψ−1

i

)︁
(y)dy + o(1)

= mn

∫︂
M
ρi(x)dx+ o(1).

Thus

LM (m) = #Mm−1Z =
∑︂

x∈Mm−1Z

1 =
∑︂

x∈Mm−1Z

k∑︂
i=1

ρi(x) =
k∑︂
i=1

∑︂
x∈Mm−1Z

ρi(x)

=

k∑︂
i=1

(︃
mn

∫︂
M
ρi(x)dx+ o(1)

)︃
= mn

(︄
k∑︂
i=1

∫︂
M
ρi(x)dx

)︄
+ o(1)

= vol(M)mn + o(1).

By Proposition 4.1, LM is quasi-polynomial; by Proposition 2.9, we obtain the desired equali-
ty. ■

Remark 4.5. Asymptotic expansions of a similar nature appeared in [3, 9, 12]. The idea to
take advantage of quasi-polynomial behavior to show that an asymptotic result is exact appeared
in [14]. In the future, it might be interesting to seek generalizations to integral-integral affine
manifolds of Euler–Maclaurin formulas relating sums to integrals [3, 11].

Finally, the case m = 1 of Theorem 4.4 yields Theorem 1.1.
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