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Abstract. Given a singular filtration on a manifold, e.g., a sub-Riemannian setting, one can
understand the regularity problems through the Androulidakis–Mohsen–Yuncken pseudodif-
ferential calculus. The principal symbol in this calculus involves the unitary representations
of a family of graded nilpotent groups. Not all the irreducible representations of these groups
have to be taken into account, however, the ones that should be considered form the Helffer–
Nourrigat cone. This space thus plays the role of a phase space in sub-Riemannian geometry.
Its topology is however very singular, preventing any kind of geometry on it. We propose
a way to desingularize it. The unitary spectrum of a nilpotent group can be stratified into
strata that are locally compact Hausdorff, following Pukánszky and Pedersen. We show
how this stratification extends to the whole Helffer–Nourrigat cone. As a byproduct, we
show that the C∗-algebra of principal symbols and the one of pseudodifferential operators
of order 0 are solvable with explicit subquotients.
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1 Introduction

Let X1, . . . , Xm be vector fields on a manifold M that are Lie bracket generating. This means
that for any x ∈ M , the linear span of vectors of the form XI(x), I ⊂ {1; . . . ;m}N is equal
to TxM , where

Xi1,...,iN := [Xi1 , [. . . , [Xin−1 , XiN ] . . . ].

This condition, known as Hörmander condition, appeared in [18], where it was proved to be
a sufficient condition for the hypoellipticity of the sublaplacian

∑︁m
i=1X

2
i . A differential opera-

tor P is hypoelliptic if for any distribution u ∈ C−∞(M) such that Pu is smooth then u is also
smooth. Given such vector fields, a natural question is how to determine the hypoellipticity of
a polynomial in the vector fields X1, . . . , Xm, beyond the sublaplacian (i.e., a sum of squares).
A necessary and sufficient condition for maximal hypoellipticity (a stronger version of hypoel-
lipticity mimicking the usual elliptic estimates) was conjectured in [16] and solved completely
in the recent work [1], see [10, 17] for a more complete overview and history of the problem.

To solve this conjecture, the authors of [1] develop a pseudodifferential calculus, and show that
the invertibility criterion of the principal symbol (i.e., the ellipticity criterion in this calculus)
is exactly what was conjectured by Helffer and Nourrigat. The idea of this new calculus is to
consider the vector fields Xi1,...,iN as having order N . More precisely, a differential operator
that can be written as a C∞(M)-linear combination of the vector fields XI , |I| ≤ N has order
at most N , its order being the minimal such natural number N . Because of the Hörmander
condition, every vector field can be written in terms of the vector fields XI , so every differential
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operator has a finite, well-defined order. In order to define a principal symbol at a point x ∈ M ,
the idea is to freeze the coefficients at x and look at a model operator. In the usual calculus,
this operator is a differential operator with constant coefficients on the tangent space TxM .
Here, because of the inhomogeneity in the directions, the model operator becomes a differential
operator on a graded nilpotent group arising naturally from the anisotropy: the osculating
groups [1, 25]. In such a general setting, these nilpotent groups can have a dimension bigger
than the dimension of M , they will typically be universal nilpotent groups following the methods
of [25]. To understand the model operator, one uses its image in the unitary representations of
the group. Not all these representations make sense for our initial operator on M , giving rise to
the Helffer–Nourrigat cone. This cone therefore plays the role of a phase space for the calculus at
hand as it replaces the cotangent bundle. Indeed, in this sub-elliptic setting, certain phenomena
such as observability and controllability (for associated wave or Schrödinger operators) are not
captured by the classical phase space, but by this singular “non-commutative” phase space, see,
e.g., [14, 20]

The unitary representations of a nilpotent group form a topological space with the Fell
topology. It was proved by Kirillov [19] that this space is homeomorphic to the space of coadjoint
orbits, i.e., the dual of the Lie algebra, quotiented by the coadjoint action and endowed with the
quotient topology. As such, this space can be quite pathological, usually being not Hausdorff. We
can however stratify this space into some nice parts following Pukánszky and Pedersen. On these
parts the representations can be continuously parameterized, in particular the corresponding
subquotient of the group C∗-algebra is an algebra of continuous functions (with values in compact
operators). In the case of graded groups, this stratification can be also applied to the spectrum
of the algebra of principal symbols on the group. It was shown in [7] that one can do this
stratification over the whole manifold M when the filtration is equiregular, see Section 3 below.
The strata appearing in the Pedersen decomposition of the space of representations of a nilpotent
group can be identified to semi-algebraic sets in the vector space g∗. Therefore, one can hope
to get a similar stratification for the Helffer–Nourrigat cone and use it to adapt geometric
constructions used in the classical setting. For instance, can the notion of Hamiltonian dynamics
on the cotangent bundle T ∗M make sense on the Helffer–Nourrigat cone? If so, one can hope
to understand questions such as propagation of singularities, of semiclassical measures, define
a geometric control condition, study quantum ergodicity (see, e.g., [4]). Such stratification can
also be used in index theory as in [15].

We wish here to extend this stratification in a general setting. More precisely, given a family of
vector fields on M satisfying Hörmander’s condition, we denote by gr(F) the family of osculating
groups over M (F denotes the singular Lie filtration of the tangent bundle induced by the vector
fields, see below). We denote by HN(F) ⊂ ˆ︂gr(F) the Helffer–Nourrigat cone, it is a closed subset
of the irreducible unitary representations of all the osculating groups. For x ∈ M , the fiber of
the cone at x contains the trivial representation of the osculating group gr(F)x. We consider M
as a subset of HN(F) through the trivial representations of the fibers and denote by HN0(F)
the complement of this inclusion. The spaces HN(F) and HN0(F) are endowed with an action
of R∗

+ obtained from the inhomogeneous dilations of the underlying osculating groups. This
action is free and proper on HN0(F). We prove the following theorem.

Theorem 1.1 (stratification of the Helffer–Nourrigat cone). Let F be a finitely generated sin-
gular Lie filtration on a manifold M . There exists a filtration by open sets

∅ = U0 ⊂ U1 ⊂ · · · ⊂ Ud = HN(F),

such that all the spaces Ωj = Uj \ Uj−1 are locally compact Hausdorff.
We also have HN0(F) =

⨆︁d−1
j=1 Ωj ⊔ (Ωd \M). The action of R∗

+ on HN(F) induced by
the inhomogeneous dilation on gr(F) preserves these strata. The spaces Ωj/R∗

+, 1 ≤ j < d
and (Ωd \M)/R∗

+ are locally compact Hausdorff as well.
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Finally, for x ∈ M , denote by Ωj,x = Ωj ∩HN(F)x. Then, if x ∈ Mreg, the non-empty sets in
the collection (Ωj,x)1≤j≤d form a Pedersen stratification of the group gr(F)x. If x ∈ M \Mreg,
the sets Ωj,x are closed subsets of the Pedersen strata of some Pedersen stratification of gr(F)x.

This theorem shows that one can take a Pedersen stratification of each of the osculating groups
and “glue” the strata together into a stratification of the Helffer–Nourrigat cone, while retaining
reasonable topological properties. There are however some subtleties to that construction, some
of which are showcased in the examples of Section 6.

We can then use this result on the algebra of principal symbols of [1]. Let F1 = ⟨X1, . . . , Xm⟩
and F j+1 = F j +

[︁
F j ,F1

]︁
, j ≥ 1. We see that they are (locally) finitely generated sub-modules

of vector fields and satisfy the condition ∀i, j ≥ 1,
[︁
F i,F j

]︁
⊂ F i+j . More generally, we call

a collection of sub-modules of vector fields with these properties a singular Lie filtration on M .
Following [1], one can create spaces of pseudodifferential operators Ψk

F (M), k ∈ Z. For k = 0,
these operators act continuously on L2(M) and one can consider their closure ΨF (M). They
obtain the exact sequence

0 // K
(︁
L2(M)

)︁
// ΨF (M) // ΣF (M) // 0.

The algebra ΣF (M) is the corresponding C∗ algebra of principal symbols. We prove the
following result, which is an extension of a theorem of Fermanian and Fischer [13].

Theorem 1.2. Let F be a singular Lie filtration on a manifold M . Then the spectrum of the
algebra of principal symbols ΣF (M) is naturally homeomorphic to HN0(F)/R∗

+.

Combining this result with Theorem 1.1, we obtain the following.

Corollary 1.3. Let F be a singular Lie filtration on a manifold M . Then the algebra of principal
symbols ΣF (M) and the algebra of pseudodifferential operators of order 0 ΨF (M) are (explicitly)
solvable.

The paper is organized as follows. Section 2 gives the construction of the Helffer–Nourrigat
cone. We give two different construction, one intrinsic, using the osculating groups, following [1].
The other one uses an additional graded group that surjects onto all the osculating groups. This
extrinsic construction goes back to the work of Rothschild and Stein [25] and is the original
construction of Helffer and Nourrigat [16]. We also prove that the two constructions yield home-
omorphic cones. Section 3 then describes the Pedersen stratification of a group. Section 4
provides examples of such stratification on groups. Section 5 then extends Pedersen’s strati-
fication to the Helffer–Nourrigat cone. We prove Theorem 1.1 reformulated in Theorem 5.3.
Section 6 then gives examples of such stratification both in equiregular and singular situations.
Section 7 then explains some features of the Androulidakis–Mohsen–Yuncken calculus, before
proving Theorem 1.2.

Conventions and notations

All the Lie algebras involved in this paper are nilpotent. Because of this, we will use the Baker–
Campbell–Hausdorff formula to identify the Lie algebra with the connected, simply connected
group integrating it. We will write both of them using lowercase gothic letters (e.g., g). The only
exception to that rule are some examples of nilpotent groups in Section 6, where the notations
try to match existing ones in the literature. The notation ˆ︁g will refer to the space of irreducible
unitary representations of the group g with its Fell topology. We will denote by 0 ∈ ˆ︁g the trivial
representation.

The letter C will be used to denote the space of continuous functions on a locally compact,
Hausdorff space. The subscript Cc will denote the subspace of compactly supported functions
and C0 continuous functions vanishing at infinity. The superscript C∞ will denote smooth
functions and will be combined with the aforementioned subscripts.
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2 The Helffer–Nourrigat cone

2.1 Generalities on distributions and singular Lie filtrations

In this section, we describe the Helffer–Nourrigat cone of representations. We describe it in
two different ways. The first is intrinsic and obtained from the so called collection of osculating
groups over each point of the manifold following [1]. The second follows the method of Rothschild
and Stein [25] and describes the cone as a subset of representations of a single graded group
(parameterized by the manifold M). This graded group depends on choices of generators for
each module F j , j ≥ 1, of the filtration. Once these choices are made, they also induce a map
from this group to each osculating group. The dual of this map induces a homeomorphism
between the two constructions of the Helffer–Nourrigat cone.

We start this section by generalities on modules of vector fields. Let D ⊂ X(M) be a C∞(M)-
sub-module, locally finitely generated. For a given x ∈ M we denote by Dx := D/IxD the fiber
at x, where Ix = {f ∈ C∞(M), f(x) = 0} is the ideal of functions vanishing at x. This vector
space is finite-dimensional because D is locally finitely generated. The evaluation at x induces
a linear map Dx → TxM . The image of this map is Dx = evx(D) but the map is not always
injective.

The subset MD ⊂ M of points over which this map is bijective is called the regular part
of D. By [2, Proposition 1.5], the regular part of D is an open dense subset of M , the family
of Dx, x ∈ MD forms a subbundle of TMD, and the restriction of D to M|D is its module of
sections. In [2], this is proved for a singular foliation but the proof of this result only uses the
locally finitely generated assumption, so it is also valid in our context.

Finally, denote by D∗ =
⨆︁

x∈M D∗
x. We define a topology on D∗ by requiring that the

projection on M is continuous as well as the maps ⟨·, X⟩, X ∈ D. Following [3, Proposition 2.10],
it is a locally compact Hausdorff space.

Definition 2.1. Let M be a smooth manifold. A singular Lie filtration is a family F =
(︁
F j

)︁
j≥1

of locally finitely generated C∞(M)-sub-modules of the module of vector fields X(M). They
satisfy the condition on the Lie brackets ∀i, j ≥ 1,

[︁
F i,F j

]︁
⊂ F i+j . Such a filtration satisfies

the Hörmander condition if Fk = X(M) for k big enough.

The Hörmander condition is technically stronger than the original one. This condition
requires that for every x ∈ M , F k

x = TxM for k big enough (that might depend on x).
We can always take a uniform k locally. Indeed, take X1, . . . , XN ∈ Fk such that their
evaluations X1(x), . . . , XN (x) at x ∈ M span TxM . Then there exists an open neighbor-
hood x ∈ U ⊂ M such that X1, . . . , XN is a basis of Fk

|U . In particular, if M is compact,
then we can take a uniform k that works for every point. In the case where the manifold is
non-compact, we want to avoid situations where we need more and more depth in the filtration
when going to infinity. Therefore, in this paper, we always assume such k to be uniform for all
the points in M and the Hörmander condition will refer to the definition above, which is slightly
stronger than the one in the literature.

Example 2.2. Let X1, . . . , XN be vector fields on M . Set F1 = C∞(M)⟨X1, . . . , XN ⟩, and
define inductively

Fk+1 = Fk +
[︁
Fk,F1

]︁
.

Then F =
(︁
Fk

)︁
k≥1

is a singular Lie filtration. The Hörmander condition on the filtration is

then equivalent to the one on the vector fields (from the initial work of Hörmander [18]) when M
is compact (in general, the weaker version given above is equivalent to the Hörmander condition
on the vector fields).
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Example 2.3. More generally, one can take vector fields X1, . . . , XN and associate weights
ν1, . . . , νN ∈ N to them. Then declare that a vector field XI , I ∈ {1, . . . , N}k, k ∈ N has
weight

∑︁
j∈I νj . Consider then Fk to be the sub-module of vector fields generated by the ones

of weight at most k. The family F =
(︁
Fk

)︁
k≥1

forms a singular Lie filtration on M and the

(weaker version of the) Hörmander condition on F again corresponds to the one on the vector
fields X1, . . . , XN .

This singular Lie filtration is (globally) finitely generated. Conversely, every finitely generated
singular Lie filtration is of this form. This can be seen by taking a basis of the first stratum
and iteratively adding vector fields not obtainable by Lie brackets to get a generating set for
each Fk, k ≥ 1.

2.2 The Helffer–Nourrigat cone: Intrinsic definition

We now construct the osculating groups associated to a singular Lie filtration F . At a given
point x ∈ M , we define

grx(F) :=
⨁︂
j≥1

F j
x

F j−1
x

=
⨁︂
j≥1

F j

F j−1 + IxF j
,

with the convention F0 = {0}. In the quotient Fj
x

Fj−1
x

, the map F j−1
x → F j

x comes from the inclu-
sion between the modules, F j−1 ⊂ F j , but is not necessarily injective between the fibers over x.
Therefore, the dimension of grx(F) can be greater than the dimension of M . Given i, j ≥ 1,
x ∈ M , and sections X ∈ F i, Y ∈ F j , the value of [X,Y ](x) mod F i+j−1

x only depends
on X(x) mod F i−1

x and Y (x) mod F j−1
x . This defines a Lie bracket on grx(F), giving it the

structure of a graded nilpotent Lie algebra. Using the Baker–Campbell–Hausdorff formula, this
defines a connected, simply connected, graded Lie group. We can therefore look at the unitary
representations of this group, that we understand through Kirillov’s orbit method [19]

ˆ︂grx(F) ∼= grx(F)∗/Ad∗(grx(F)).

To define the Helffer–Nourrigat cone, we need the adiabatic foliation from [1]

aF :=
∑︂
j≥1

tj ˜︁F j ⊂ X(M × R+).

Here, t denotes the projection onto the second factor and ˜︁F j is the module of vector fields
on M × R+ generated by the elements (X, 0), X ∈ F j . By the properties of a singular Lie
filtration, this defines a singular foliation on M ×R+. For x ∈ M , the point (x, 0) is stationary
for aF , therefore the fiber aF(x,0) is a nilpotent Lie algebra. It is shown in [1, Proposition 1.6]
that this Lie algebra is naturally isomorphic to grx(F). For t ̸= 0, we have aF(x,t) = TxM
because of the Hörmander condition.

On the graded Lie algebra gr(F)x, there is a natural R∗
+-action δλ, λ > 0 given by multi-

plication by λj on gr(F)j,x. This is compatible with the Lie bracket and is thus a Lie algebra
automorphism. We denote the Lie group automorphism the same way. One can check that
this action is induced from the zoom action defined on M × R+ by αλ(x, t) =

(︁
x, λ−1t

)︁
, which

preserves the adiabatic foliation.

Remark 2.4. A Lie filtration is called regular if all the F j correspond to the sections of subbun-
dles Hj ⊂ TM . With a regular Lie filtration, the osculating groups all have the same dimension
as M and form a Lie groupoid over M . With a singular Lie filtration, we can consider the open
dense subset

⋂︁
j≥1MFj formed by the intersection of the respective regular sets. On this subset,

the singular Lie filtration is a regular Lie filtration.
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Now to define the Helffer–Nourrigat cone, consider the locally compact space aF∗. We de-
fine T ∗

x F := T ∗M × R∗
+ ∩ aF∗

(x,0) and identify it to a subset of grx(F)∗. By [1, Proposition 1.12],
this set is stable under the coadjoint action so we can consider the corresponding subset of rep-
resentations through Kirillov theory.

Definition 2.5. The Helffer–Nourrigat cone is the set

HN(F) := T ∗F/Ad∗(gr(F)) ⊂ ˆ︂gr(F).

We also define its subset

HN0(F) := (T ∗F \ (M × {0}))/Ad∗(gr(F)),

which corresponds to removing the trivial representation of each osculating group from the
Helffer–Nourrigat cone.

Remark 2.6. Consider the simple case where M = R and define a filtration of depth 3 by
defining F1, F2, F3 as generated by x2∂x, x∂x, ∂x, respectively. The singular part is {0}. The
osculating group at that point is the abelian group R3 with each component having grading 1, 2
and 3 (generated by the respective equivalence classes of x2∂x, x∂x, ∂x).

We get a differential operator of order 4 by setting D =
(︁
x2∂x

)︁
∂x − (x∂x)

2. One can then
“freeze the coefficients” at x = 0. The osculating Lie algebra is generated by the equivalence
classes

[︁
x2∂x

]︁
, [x∂x], [∂x]. The operator D yields the left-invariant operator on the osculating

group
[︁
x2∂x

]︁
[∂x]−[x∂x]

2. Since the osculating group is abelian, we can take the Fourier transform
of this operator. We obtain the function ξ ↦→ ξ1ξ3 − ξ22 in the dual coordinates. It turns out
however, after a simple computation, that D = −x∂x and has thus order 2. Its principal symbol,
as an operator of order 4, would then have to vanish. Therefore, if we want a reasonable notion
of principal symbol, we can only take representations (which here corresponds to evaluations of
the Fourier transform above) corresponding to ξ ∈ R3 with ξ1ξ3 − ξ22 = 0. This turns out to be
the Helffer–Nourrigat cone (at x = 0) in that particular case.

Since the definition of T ∗F is invariant under the zoom action, we get the following.

Proposition 2.7. The set T ∗F is invariant under δ∗λ, λ > 0. Consequently, so are the sets
HN(F), HN0(F). The action on the quotient is still denoted by δ.

Proof. The adiabatic foliation is preserved by the zoom action, and so is its dual with the dual
action. Therefore, at t = 0, we get the R∗

+-action δλ, λ > 0 on gr(F), and both T ∗F and HN(F)
are stable under the dual action. ■

2.3 The Rothschild–Stein method

We now give an alternate construction of the Helffer–Nourrigat cone based on the work of
Rothschild and Stein [25] that corresponds to the initial definition of Helffer and Nourrigat [16].
The idea is to choose generators of each F j to construct a bigger graded Lie group that surjects
onto every osculating group. Dualizing this projection, we obtain an embedding of the unitary
representations of each osculating group into the representations of this bigger group. We
can then give an alternate description of the Helffer–Nourrigat cone, where the group does
not depend on the point in M . We now assume the modules of vector fields are (globally)
finitely generated and use the following notations: let N denote the depth of the filtration, i.e.,
F j = X(M), ∀j ≥ N . Now consider as in Example 2.3 vector fields X1, . . . , Xm ∈ X(M) and
weights ν1, . . . , νm ∈ N such that the submodule Fk is generated by the XI of weight at most k,
I ⊂ {1, . . . ,m}n, n ∈ N. Now let g be the universal graded Lie algebra of depth N generated
by elements Yk, 1 ≤ k ≤ m with Yk having the same degree as Xk, i.e., νk.
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Remark 2.8. In the original approach of [25], they only choose a generating family for F1. This
is because they consider the sub-Riemannian situation where F j+1 = F j +[F j ,F1], ∀j ≥ 1, i.e.,
all the groups appearing are stratified Lie groups.

It is also worth mentioning that we only need a generating family for the vector fields. In
particular, given two different generating families, one can consider the union of both of these
families. This gives rise to 3 universal nilpotent Lie algebras, g1, g2, and g, respectively, and g
projects on both g1 and g2. It is not the algebraic sum though, as it would (in general) not be
a universal Lie algebra.

We define a linear map β : g → X(M) by sending Yk to Xk and every commutator of weight
at most N onto the respective commutator of Xj ’s. This map is not a Lie algebra morphism
because the Lie bracket of vector fields on M with length bigger than N will not necessarily
vanish, whereas it automatically does in g. For x ∈ M , we get a map βx := evx ◦β : g → TxM .
This map is surjective, so by duality we get a linear injection β∗

x : T
∗
xM ↪→ g∗.

Definition 2.9. The (extrinsic) Helffer–Nourrigat cone, at a point x ∈ M is the set of ele-
ments ℓ ∈ g∗ such that there exists a sequence ((tn, xn, ξn))n∈N ∈

(︁
R∗
+ × T ∗M

)︁N
with tn → 0,

xn → x and δ∗tnβ
∗
xn
(ξn) → ℓ. This set is stable under coadjoint action on g∗ so we see it as

a subset HNg(F)x ⊂ ˆ︁g. Similarly as in Definition 2.5, we also define its subset HN0,g(F)x, and
denote by HNg(F) and HN0,g(F) the disjoint union of the corresponding sets for x ∈ M .

In this definition, δ denotes the natural R∗
+-action on the graded group g, similarly as for the

osculating groups.

Remark 2.10. In general the only requirements on the group g should be that it is a (finite-
dimensional) graded Lie group of depth N , equipped with a linear map g → X(M) sending gj
to F j . This map should preserve commutators of length lower or equal to N . Finally, every
localized map g → TxM , x ∈ M should be surjective.

To define this version of the Helffer–Nourrigat cone, we had to make choices in order to
construct the group g. We now show that Definition 2.9 coincides with Definition 2.5 and
thus does not depend on any choice. To do this, first notice that since β sends gj into F j

for each 1 ≤ j ≤ N then it induces a map gr(β) : g → gr(F). This map sends each Yj to Xj

mod Fkj−1 where 1 ≤ kj ≤ N is the smallest integer for which Xj ∈ Fkj . We can also localize
this map to get a collection of maps

gr(β)x : g → gr(F)x, x ∈ M.

All these maps are surjective by construction. Moreover, since β preserves Lie brackets of length
lower or equal to N then each gr(β)x is a Lie algebra homomorphism. Indeed the Lie brackets
of length lower or equal to N are preserved, and the ones of higher length are equal to 0 on both
sides. As such, gr(β)x also induces a group homomorphism between the respective (connected,
simply connected) Lie groups, denoted the same way.

Either via precomposition, or via the transpose map tgr(β)x and the use of the orbit method,
the map gr(β)x induces a continuous map

ˆ︂gr(β)x : ˆ︂gr(F)x → ˆ︁g, x ∈ M.

Proposition 2.11. Let x ∈ M , the map ˆ︂gr(β)x is a topological embedding. Moreover, it induces
a homeomorphism between HN(F)x and HNg(F)x. In particular, the latter does not depend on
the choice of generators of F (up to homeomorphism). This homeomorphisms also identifies the
subsets HN0(F) and HN0,g(F).
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Proof. We use the orbit method. Since gr(β)x is surjective, then tgr(β)x : grx(F)∗ → g∗ is
injective. Then if ξ ∈ grx(F)∗, g ∈ g,

tgr(β)x
(︁
Ad∗gr(β)x(g) ξ

)︁
= Ad∗g(

tgr(β)x(ξ)).

Therefore, two points ξ, ξ′ ∈ grx(F)∗ lie in the same coadjoint orbit if and only if the points
tgr(β)x(ξ),

tgr(β)x(ξ
′) ∈ g∗ lie in the same coadjoint orbit. Consequently, the corresponding

quotient map ˆ︁gr(β) : ˆ︂grx(F) → ˆ︁g is injective and is also a topological embedding.
To show that the Helffer–Nourrigat cones are the same, we extend β to ˜︁β : M×g×R → TM×R

by ˜︁β(x,X, t) = (x, βx(δt(X)), t). The map ˜︁β takes values (when applied to sections) in the
adiabatic foliation aF . The map ˜︁β∗ : aF∗ → M × g∗ × R is also an embedding. At t = 0, we
obtain the previous map tgr(β). At t ̸= 0, we obtain the map δ∗t β

∗. Therefore, since the limit
conditions defining HNg(F) and HN(F) are the same, we get

ˆ︁gr(β)(HN(F)) = HNg(F). ■

Remark 2.12. The independence of the choice of generators can also be proved without the
intrinsic version of the Helffer–Nourrigat cones. If we get two sets of generators, we can construct
the respective groups g1, g2. We can also create another nilpotent group g by considering the
universal Lie algebra generated by both the generators used for g1 and g2. Given some x ∈ M ,
the map g → gr(F)x factors through both the maps gi → gr(F)x. Dually, we get a commutative
diagram

ˆ︁g ˆ︁g1ι1xoo

ˆ︁g2
ι2x

OO

ˆ︂gr(F)x.

OO

oo

The maps ιix are both topological embeddings and, even though the images of ι1x and ι2x might
differ, we have

ι1x(HN(0),g1(F)) = ι2x(HN(0),g2(F)).

Indeed, both are equal to the image of HN(0)(F)x under the map ˆ︂gr(F)x → ˆ︁g.
From now on, we will omit the subscript g in the Helffer–Nourrigat cone and will not make

a distinction between its intrinsic and extrinsic definition.

3 Pedersen stratification of a group

Let g be a graded Lie algebra. Recall that a Jordan–Hölder basis is a basis Y1, . . . , Yn of g seen
as a vector space, such that every gj = ⟨Y1, . . . , Yj⟩ is an ideal of g. The idea of the Pedersen
stratification is to regroup elements ξ ∈ g∗ based on the numbers

dj,i(ξ) := dim
(︁
Ad∗(gi)

(︁
ξ mod g⊥j

)︁)︁
.

The subspaces gj being ideals, they are stable under the adjoint action. Therefore, g⊥j ⊂ g is
stable under the coadjoint action. Therefore, we get an action of g (hence of each gi) on the
quotient g∗/g⊥j . We can see g∗j ⊂ g∗ because we have chosen a basis of g, we then have g∗j

∼= g∗/g⊥j
and dj,i is the dimension of the orbit under gi of the projection of ξ onto g∗j .

The following properties of these numbers can be found in [5, 23].



Stratification of the Helffer–Nourrigat Cone 9

Proposition 3.1. Let ξ ∈ g∗, the numbers dj,i = dj,i(ξ), 1 ≤ i, j ≤ n, satisfy

(1) di,j = dj,i.

(2) dj,i − dj−1,i ∈ {0; 1}.
(3) dj,j − dj−1,j−1 ∈ {0; 2}.
(4) If dj,i = dj−1,i, then dj,k = dj−1,k for all 1 ≤ k ≤ i.

(5) For 1 ≤ i ≤ n, di,i = di−1,i + 1 if and only if di,i = di−1,i−1 + 2.

(6) For all g ∈ g, dj,i(Ad
∗
g(ξ)) = dj,i(ξ).

Before proving the result, notice that the last property implies that the numbers dj,i(ξ) are
invariants of the coadjoint orbit corresponding to ξ. The idea of Pedersen’s stratification is to
regroup all the points (hence all the orbits) in g∗ that have the same dj,i. However, we also want
to order them to get not just a union of orbits but a stratification.

Proof. We can compute the dimension of the orbit by computing the dimension of its tangent
space. Let M(ξ) be the matrix in the Jordan–Hölder basis of the bilinear map (X,Y ) ↦→
⟨ξ, [X,Y ]⟩. Let M(j,i) be the sub-matrix of M(ξ) formed by the j-th first rows and i-th first
columns. Then dj,i = rk(M(j,i)(ξ)). Since M(ξ) is antisymmetric, this gives (1).

The number dj,i−dj−1,i is the dimension of the orbit under gi of the image of ξ in g∗j/g
∗
j−1. This

space being of dimension 1, the dimension of the orbit is either 0 or 1. This proves item (2).
The matrix M(ξ) being antisymmetric, the rank dj,j(ξ) of the sub-matrices M(j,j)(ξ) (still

antisymmetric) can only increase by 2 (or not change at all) when we go from j − 1 to j. This
proves (3).

If dj,i = dj−1,i, this means that the projection of ξ in g∗j/g
∗
j−1 is a fixed point for the action

of gi (the orbit has dimension 0). Then it is also the same for the subgroups gk, 1 ≤ k ≤ i.
This proves (4).

The matrix M(i,i−1) is an intermediate sub-matrix between M(i−1,i−1) and M(i,i) so (5) follows
directly from the previous points by considering the contrapositions.

Finally, let g ∈ g, we have

Ad∗(gi)Ad
∗
g(ξ) = Ad∗g Ad

∗
g−1 Ad

∗(gi)Ad
∗
g(ξ) = Ad∗(g)Ad∗

(︁
ggig

−1
)︁
ξ = Ad∗(g)Ad∗(gi)ξ.

Since Ad∗g is a diffeomorphism of g∗, it preserves the dimension and we get (6). ■

Example 3.2. Let g = g1 ⊕ · · · ⊕ gN be a graded Lie algebra. Let Y1, . . . , Yn be a basis of g
of eigenvectors for the inhomogeneous dilations. We have δλ(Yi) = λνiYi, λ > 0, 1 ≤ 1 ≤ n.
If the (νi)1≤i≤n form a non-increasing sequence then (Yi)1≤i≤n is a Jordan–Hölder basis. With
a graded Lie algebra, the weights νi are integers and correspond to the grading of the elements Yi,
i.e., Yi ∈ gνi . The way to obtain such a basis is to first take a basis of gN , then complete it with
a basis of gN−1, and so on until we have a basis of g.

We call such a Jordan–Hölder basis compatible with the grading.

We now consider the indices for which a jump in dimension happens. We define

Ji(ξ) = {1 ≤ j ≤ i, dj,i = dj−1,i + 1}, 1 ≤ i ≤ n.

We can reconstruct the numbers dj,i(ξ) from these sets using properties (1)–(5). We put a par-
tial order on subsets I, I ′ ⊂ {1; . . . ;n} by I ≺ I ′ ⇔ min(I \ I ′) ≤ min(I ′ \ I). With the
convention min(∅) = +∞, this defines a total ordering for which the maximal element is ∅.

Now the collection of all our orbits form a set J (ξ) = (Jn(ξ), . . . , J1(ξ)) ∈ P({1, . . . , n})n.
Notice that using (6), we have that for all ξ ∈ g∗ and g ∈ g, J (Ad∗g(ξ)) = J (ξ).
We put the lexicographic order on P({1, . . . , n})n using the previous order ≺ on each com-

ponent.
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Definition 3.3 (Pedersen stratification). Let g be a nilpotent group with a choice of Jordan–
Hölder basis. For J0 ∈ P({1, . . . , n})n we set ΛJ0 = {ξ ∈ g∗ | J (ξ) = J0}. The non-empty sets
obtained that way can be ordered using the previous ordering for the indexing J0. We denote
by Λ1, . . . ,Λd, the subsets obtained and ordered that way. We have g∗ =

⨆︁d
k=1 Λk. Since these

sets are stable under the coadjoint action, we also define

Ωk = Λk/Ad
∗(g), 1 ≤ k ≤ d.

We call the decomposition ˆ︁g =
⨆︁d

k=1Ωk the Pedersen stratification of ˆ︁g.
Example 3.4. Regardless of the Jordan–Hölder basis, we have Λ(∅,...,∅) = Ω(∅,...,∅) = [g, g]⊥.
Indeed, the points on both sides correspond to the fixed point for the coadjoint action. The
set (∅, . . . ,∅) is necessarily the biggest for the previous order.

Remark 3.5. Although the final stratum in the stratification does not depend on the choice of
the Jordan–Hölder basis, the others do. For instance, the first stratum is always a subset of the
flat orbits (see [15]) but might depend on the Jordan–Hölder basis, see Example 4.3 below.

Theorem 3.6 (Pedersen [23]). Let g be a nilpotent group with a choice of Jordan–Hölder basis.
Let Λk, Ωk, 1 ≤ k ≤ d denote the Pedersen strata, in g∗ and ˆ︁g respectively. We have:

� The sets Wk =
⋃︁

ℓ≤k Λℓ are Zariski open in g∗. Consequently, the sets Uk = Wk/Ad
∗(g) =⨆︁

ℓ≤k Ωℓ are open in ˆ︁g.
� For every 1 ≤ k ≤ d, there is a decomposition g∗ = V S

k ⊕ V T
k such that each orbit in Λk

meets V T
k exactly once. The corresponding set Ck = Λk ∩ V T

k is then a cross-section for
the quotient map Λk → Ωk.

� There is a non-singular, birational bijection Ψk : Ck×V S
k → Λk such that for each v ∈ Ck,

the map pTk ◦Ψk(v, ·) : V S
k → V T

k , is a polynomial, whose graph is the orbit g · v. Here pTk
denotes the projection onto V T

k parallel to V S
k . The map pr1 ◦Ψ−1

k : Λk → Ck is Ad∗(g)-
invariant and the quotient is the inverse bijection of Ck

∼−→ Ωk.

This theorem shows that we can identify the sets Ωk ⊂ ˆ︁g to a semi-algebraic set Ck ⊂ g∗

and that, after some birational reparameterization, the set of corresponding orbits Λk is homeo-
morphic to Ck × V S

k . This reparameterization is important as the orbits don’t have to be flat.
The first property is also crucial in what will follow as it will enable us to define ideals in the
group C∗-algebra. It also gives sense to the term stratification since we are adding “layers” to
an increasing union of open sets in ˆ︁g.
Remark 3.7. There is another stratification of the orbits due to Pukánszky [24]. It is obtained
by regrouping points (hence orbits) ξ ∈ g∗ that share the same set Jn(ξ) and the order is the
same as before. Therefore, Pedersen’s stratification is finer than the one of Pukánszky in the
sense that his strata are subsets of strata in the Pukánszky’s stratification. The former is often
called the fine stratification while the latter is the coarse stratification. The coarse stratification
has similar properties as the fine one, the previous theorem is true for the coarse stratification as
well. In most simple examples, the two coincide. See Example 4.3 below to witness a difference.

The advantage of using the fine stratification instead of the coarse one can be seen through
the next result.

Lemma 3.8. Let g be a graded nilpotent group and fix a Jordan–Hölder basis compatible with the
grading. The inhomogeneous dilations δλ ∈ Aut(g), λ > 0, define an action of the positive real
numbers on ˆ︁g by precomposition. The Kirillov homeomorphism ˆ︁g ∼= g∗/Ad∗(G) is equivariant
with the action of

(︁
tδλ

)︁
λ>0

on g∗. Moreover, the sets Λk, Ωk, Wk, Uk from Theorem 3.6 are
all invariant under the respective R∗

+-action. Finally, the action R∗
+ ↷ Ωk is free and proper

for k < d and so is the action R∗
+ ↷ Ωd \ {0}.
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Proof. The equivariance of Kirillov’s map is clear from its construction. Let ξ ∈ g∗, let n ⊂ g
be a subalgebra for which ⟨ξ, [n, n]⟩ = 0 and maximal for that property (we call n a polarization
for the orbit). Then ξ defines a character χξ,n of n by X ↦→ exp(2iπξ(X)). The representation
corresponding to the orbit Ad∗(g) · ξ is then the induced representation from n to g: Indgn(χξ,n).
This representation can be shown (cf. [19]) to be irreducible, and not depend on the choice of ξ
or n, up to unitary equivalence. Here if we fix λ > 0 and take ξ and n, then the algebra δλ−1(n)
is a polarization for tδλ(ξ). Moreover, χtδλ(ξ),δλ−1 (n) = χξ,n ◦ δλ. We conclude by functoriality of
the induction.

Since the Jordan–Hölder basis is compatible with the grading, we have ∀1 ≤ i, j ≤ n,
dj,i

(︁
tδλ(ξ)

)︁
= dj,i(ξ), and the rest follows. ■

Theorem 3.9 (Lipsman, Rosenberg [21]). Let g be a nilpotent group with a Jordan–Hölder
basis and Ωk ⊂ ˆ︁g any of the Pedersen strata. Then there exists an integer n ∈ N such that
every representation of Ωk can be realized on the space L2

(︁
Rn

)︁
, with smooth vectors being the

Schwartz functions S
(︁
Rn

)︁
, and the elements of U(g) are realized as differential operators with

polynomial coefficients. These coefficients have a rational non-singular dependence in the rep-
resentation π ∈ Ωk.

The next theorem uses the group C∗-algebra. Given a group g, it is obtained by considering
the algebra C∞

c (g) for the convolution product. It acts on L2(g) by convolution. The resulting
operators are bounded. The C∗-algebra C∗(g) is then the closure of C∞

c (g) in the algebra of
bounded operators on L2(g) (this is, in general, the reduced C∗ algebra, there is also a notion
of maximal C∗-algebra but for all the groups considered here, they coincide). Its spectrum is
homeomorphic to ˆ︁g and any of its open subsets defines an ideal of C∗(g), for which the quotient
has a spectrum homeomorphic to the complement of the open set.

Corollary 3.10. Let g be a nilpotent group with a Jordan–Hölder basis. Let Ω1, . . . ,Ωd ⊂ ˆ︁g be
the corresponding Pedersen strata and Uk =

⋃︁
ℓ≤k Ωℓ their increasing unions.

Let Jk ◁ C∗(g) be the ideal corresponding to the open set Uk. Then we have an increasing
sequence of ideals {0} = J0 ◁ J1 ◁ · · · ◁ Jd = C∗(g), with for each 1 ≤ k ≤ d a homeomorphism

Jk/Jk−1
∼= C0(Ωk,Kk).

The algebra Kk is the algebra of compact operators on a separable Hilbert space, of infinite
dimension for k < d and of dimension 1 for k = d.

Finally, if g is graded and the Jordan–Hölder basis compatible with the grading, then the
ideals Jk are stable under the action of the δ∗λ ∈ Aut(C∗(g)), λ > 0. The isomorphism with the
subquotient is then R∗

+-equivariant.

It is not clear if such a result is true if one replaces the fine stratification with the coarse one.
The subquotients would have Hausdorff spectrum, they would be continuous fields of C∗-algebras
over their spectrum. These fields however have no reason to be trivial. This would require the
corresponding Dixmier–Douady invariants δDD(Ji/Ji−1) ∈ H3(Ωi;Z), to vanish (see [11]). It is
however unclear if such a counterexample exists.

Remark 3.11. It is worth mentioning though that in some cases we can ensure that it is true.
For instance, for polycontact groups (a particular case of graded groups of step 2, such as the
Heisenberg group), the coarse stratification does provide subquotients that are trivial fields of
C∗-algebras. The reason is that for these groups, the orbits are either flat or points. It can be
shown (see [15, Proposition 9.5]) that the set Γg of flat orbits is open and the corresponding
ideal Ig ◁ C

∗(g) is isomorphic to C0(Γg,K(H)). Therefore, if g is a polycontact group, then we
have an exact sequence

0 // C0(Γg,K(H)) // C∗(g) // C0

(︁
[g, g]⊥

)︁
// 0.
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4 Examples of Pedersen stratification for groups

In this section, we describe the Pedersen stratification for some graded groups where compu-
tations can be made explicit. They will be used in Section 6 with classical examples from
sub-Riemannian geometry.

Example 4.1 (abelian group). If g is an abelian graded Lie group then ˆ︁g = g∗ and the Pedersen
stratification consists of only one stratum.

Example 4.2 (Heisenberg group). Let H2n+1 be the Heisenberg group, n ∈ N. Its Lie algebra
is spanned by elements X1, . . . , Xn, Y1, . . . , Yn, Z satisfying the relations [Xi, Yj ] = δi,jZ and Z
spans the center. In the dual basis, the only non-trivial coadjoint actions are Ad∗exp(tXk)

Z∗ =
Z∗ + tY ∗

k , Ad∗exp(tYk)
Z∗ = Z∗ − tX∗

k . Therefore, the coadjoint orbits are either the hyper-
planes {Z∗ = λ}, λ ̸= 0 and the points {(x, y, 0)}, x, y ∈ Rn. We get two strata, the first Ω1 = R∗

corresponds to infinite-dimensional representations and the second Ω2 = R2n corresponds to the
characters. Notice that the two strata cannot be glued in a Hausdorff way since a sequence of
points converging to 0 in Ω1 converges to all the points in Ω2.

Example 4.3 (complex Heisenberg group). Consider HC
3 obtained by complexifying the Lie

algebra but then seen as a real Lie algebra. It is still nilpotent of depth 2. The first stratum has
now dimension 4 and the center dimension 2. The coadjoint orbits are similar as for the real
Heisenberg group. Flat ones corresponding to γ1Z

∗ + γ2iZ
∗ + C2 for (γ1, γ2) ̸= 0. The other

orbits are the other points, each representing a single orbit. The stratification however, depends
on the Jordan–Hölder basis and differs from the real case.

Consider first the Jordan–Hölder basis iZ, Z, iY , Y , iX, X. Consider coordinates ξ =
(γ2, γ1, β2, β1, α2, α1) in the dual basis. Then when considering the action of the subgroups
of HC

3 , we see that

d3,5(ξ) =

{︄
1, γ1 ̸= 0,

0, γ1 = 0.

Therefore, the strata for this Jordan–Hölder basis are given by Ω1 = {γ1 ̸= 0} = R∗×R, Ω2 = R∗,
Ω3 = C2. If we change the order in the Jordan–Hölder basis for iZ, Z, Y , iY , X, iX instead,
then the stratification is similar but Ω1 then appears as {γ2 ̸= 0}. Changing the coordinates
for the 4 elements of depth 1 in the Jordan–Hölder basis, we can get any first stratum that has
the form C \ L where L is a real line. The second stratum will then be L \ {0} and the third
stratum will always be the same C2. In this case, the coarse stratification consists of 2 strata:
C \ 0 and C. A similar analysis can be done for HC

2n+1, and will give 3 strata again.

Example 4.4 (Engel group). Let E be the Engel group. Its Lie algebra is spanned by elements
X, Y , Z, V of respective degree 1, 1, 2, 3. The Lie bracket is given by [X,Y ] = Z and [X,Z] = V .
In the dual basis, the only non-trivial coadjoint actions are

Ad∗exp(uX) Z
∗ = Z∗ + uY ∗, Ad∗exp(uX) V

∗ = V ∗ + uZ∗ +
u2

2
Y ∗,

Ad∗exp(sY ) Z
∗ = Z∗ − sX∗, Ad∗exp(tZ) V

∗ = V ∗ − tX∗.

Therefore, in these coordinates, the orbit of a point (x, y, z, v) ∈ R4 is given by{︃(︃
x− tv − sz, y + uz +

u2

2
v, z + uv, v

)︃
, t, s, u ∈ R

}︃
.

If v ̸= 0, there is a unique element of the orbit that has its first and third coordinates equal to 0.
If v = 0, z ̸= 0, there is a unique element of the orbit with all the coordinates except the third
being equal to 0. If v = t = 0, the orbit is a point. These 3 cases correspond to the Pedersen
stratification. We get 3 strata Ω1

∼= R∗ × R, Ω2
∼= R∗, Ω3

∼= R2.
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The fact that the last two strata for the Engel group correspond to the strata of the Heisenberg
group H3 is not a coincidence. This is because H3

∼= E/Z(E). This relation can be generalized
in a recursive way with the so called model filiform Lie algebras.

Example 4.5 (model filiform Lie algebra). Let Ln be the Lie algebra spanned by elements X,
Z0, . . . , Zn with the Lie bracket defined by [X,Zk] = Zk+1, 0 ≤ k < n, and the others being
zero. We have L1 = H3, L2 = E. More generally, we have Ln

∼= Ln+1/Z(Ln+1).
From this relation, we get that the coadjoint orbit for Ln containing a point of coordinate

(β, α0, . . . , αn−1, 0) is the coadjoint orbit for Ln−1 of the point of coordinate (β, α0, . . . , αn−1),
embedded in the hyperplane of equation α∗

n = 0.
Therefore, by induction, Ln has n + 1 strata ΩLn

1 , . . . ,ΩLn
n+1. They satisfy the recursion

relation Ω
Ln+1

k = ΩLn
k−1, 1 < k ≤ n+ 2. In particular, we get that ΩLn

n+1
∼= R2. Also for 1 < k <

n + 1, ΩLn
k = Ω

Ln−k+1

1 . So now we only need to compute the first stratum, i.e., the orbits for
which αn ̸= 0. Using

Ad∗exp(tZn−1)
Z∗
n = Z∗

n − tX∗,

we can make β vanish. The only action we can then use is

Ad∗exp(tX) : Z∗
k ↦→

k∑︂
j=0

tk−j

(k − j)!
Z∗
j .

Taking t = −αn−1

αn
, we can get rid of αn−1 and find a unique point in the orbit of the form

(0, α′
1, . . . , α

′
n−2, 0, αn). Therefore, we get ΩLn

1
∼= R∗ × Rn−1. Combining with the recursion

relation, this gives ΩLn
k = R∗ × Rn−k, 1 ≤ k ≤ n.

5 Pedersen stratification of the Helffer–Nourrigat cone

Let (M,F) be a singular Lie filtration. According to Section 2, the Helffer–Nourrigat cone is
defined as a closed subset HN(F) of the coadjoint orbits of gr(F). As before, we make the
assumption that F is globally finitely generated so we may use the Rothschild–Stein method to
find a global graded Lie basis with model group g. We may then take a Pedersen stratification
of ˆ︁g =

⨆︁d
j=1Ω

g
j . Since HN(F) ⊂ M × ˆ︁g is closed, then all the sets

Ωj :=
(︁
M × Ωg

j

)︁⋂︂
HN(F),

are closed subsets of M ×Ωg
j hence locally compact and Hausdorff. Moreover, they form a par-

tition of HN(F).
Notice however that since we use a universal Lie algebra construction, it can be fairly big, so

some of the Pedersen strata may not intersect HN(F). We can solve this problem by getting rid
of the empty strata and re-indexing the remaining ones. Another thing that may occur is that
a strata Ωj could have an empty fiber over a point x ∈ M but be non-empty (so have non-empty
fiber over other points). See Section 6 below, for examples, where this phenomenon happens.
Typically in a lot of sub-Riemannian settings, F1 generates the whole tangent space by itself
on an open dense subset Mreg ⊂ M and we only need to consider Lie brackets over the singular
set. In that case, the only non-empty stratum over Mreg is the last one since it only consists of
abelian representations. However, we could have infinite-dimensional representations appearing
in addition over the singular set.

The goal of this section is to prove Theorem 1.1. The sets Ωj defined above define a strat-
ification of the Helffer–Nourrigat cone. However, given a point x ∈ M , we want to relate the
fibers over x to the Pedersen strata for gr(F)x. This is a consequence of the following result.
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Lemma 5.1. Let g, h be graded Lie algebras, φ : g ↠ h a surjective homomorphism that preserves
the grading. Let Y1, . . . , YN be a Jordan–Hölder basis of g compatible with the grading. Then
there exists a Jordan–Hölder basis of h such that ˆ︁φ : ˆ︁h ↪→ ˆ︁g maps elements belonging to a same
Pedersen stratum in ˆ︁h to the same Pedersen stratum in ˆ︁g. Moreover, the induced map between
the Pedersen strata of ˆ︁h and ˆ︁g is injective.

Proof. Define Zj = φ(Yj), 1 ≤ j ≤ N . These vectors span the Lie algebra h. We extract a basis
in the following way. Define i1 = min{i | Zi ̸= 0}, and then inductively ik+1 = min{i | Zi /∈
Span(Zi1 , . . . , Zik)}, until we get a basis for some in. The vectors Zi1 , . . . , Zin form a Jordan–
Hölder basis of h, compatible with the grading.

We now want to relate jump indices for the two bases when we apply tφ. To do that, we
define u : {1, . . . , N} → {1, . . . , n}, i ↦→ max{k | ik ≤ i}. The map u is a right inverse to
σ : k ↦→ ik. We have φ(gi) = hu(i) for all 1 ≤ i ≤ N . Recall also that if ξ ∈ h∗ and g ∈ g
then tφ

(︁
Ad∗φ(g)(ξ)

)︁
= Ad∗g

(︁
tφ(ξ)

)︁
, i.e., tφ induces a homeomorphism between the h-coadjoint

orbit of ξ and the g-coadjoint orbit of tφ(ξ). Consequently, for all ξ ∈ h∗ and 1 ≤ i ≤ N we
have J i

(︁
t(φ(ξ)

)︁
= σ

(︁
Ju(i)(ξ)

)︁
. We therefore map Pedersen strata to Pedersen strata, injectively

between the strata. ■

Remark 5.2. The proof of the lemma is for the Pedersen stratification, i.e., the fine stratifi-
cation. One can see that the same proof also works for the Pukánszky stratification, i.e., the
coarse stratification.

Using this result we have proved the following, which is a reformulation of Theorem 1.1.

Theorem 5.3. Let (M,F) be a finitely generated singular filtration. We fix generators and
let g be the group obtained by the Rothschild–Stein method. Let Ωj ⊂ HN(F), 1 ≤ j ≤ d, be
the non-empty sets obtained by intersecting HN(F) with the Pedersen strata. Then the sets
Uj =

⋃︁
k≤j Ωk are open and Ud = HN(F), i.e., the sets Ωj form a partition of HN(F).

Moreover, if x ∈ Mreg, the intersections Ωj ∩ HN(F)x form a Pedersen stratification of
gr(F)x. If x ∈ M \Mreg then the intersections Ωj ∩ HN(F)x are closed subsets of a Pedersen
stratification of gr(F)x.

Remark 5.4. It could happen that the Helffer–Nourrigat cone gives the whole set of repre-
sentations of the osculating groupoids, even in the singular set. In that case, the intersec-
tions Ωj ∩HN(F)x form a Pedersen stratification of gr(F)x regardless of x. See Example 6.5
below for a case where it happens.

With this decomposition at hand, we can replicate the result of Corollary 3.10. This time
the algebra to consider is not directly C∗(gr(F)) as it contains too much representations. Its
spectrum is given by ˆ︂gr(F) so we can consider the closed subset given by HN(F). It corresponds
to a quotient of C∗(gr(F)) denoted by C∗(T F). This C∗-algebra plays a key role in the work [1]
where it appears as the right algebra to consider at t = 0 in aF to avoid artifacts coming
from the singularities of the filtration (which create singularities in the adiabatic foliation).
More precisely, some elements of the fiber at t = 0 of C∗(aF) appear as elements that can be
extended to a ∈ C∗(aF) with ∀t > 0, at = 0. The C∗-algebra C∗(T F) is obtained by modding
out the ideal of these very discontinuous elements. See [1, Theorem 2.20] and also [22] where it
appears in a more conceptual and general way.

Theorem 5.5. Let Ω1, . . . ,Ωd ⊂ HN(F) be the Pedersen strata of the Helffer–Nourrigat cone
and Uk =

⋃︁
j≤k Ωj, k ≥ 0. Let Jk ◁ C∗(T F) be the ideal corresponding to the open subset Uk.

Then we get a sequence of nested ideals 0 = J0◁J1◁· · ·◁Jd = C∗(T F), such that the subquotients
satisfy ∀k ≥ 1, Jk/Jk−1

∼= C0(Ωk,Kk). The algebra Kk is the one of compact operators on
a separable Hilbert space, of infinite dimension if k < d and dimension 1 if k = d.
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Proof. We use the global graded Lie basis g with its Jordan–Hölder basis. Using Corollary 3.10,
we get ideals 0 = ˜︁J0 ◁ ˜︁J1 ◁ · · · ◁ ˜︁JD = C∗(g), such that the subquotients satisfy

∀k ≥ 1, ˜︁Jk/ ˜︁Jk−1
∼= C0

(︁˜︁Ωk,Kk

)︁
.

Here the ˜︁Ωk, 1 ≤ k ≤ D are the Pedersen strata of g.

The C∗-algebra C∗(T F) is a quotient of C0(M) ⊗ C∗(g) corresponding to the closed sub-
set HN(F) ⊂ M × ˆ︁g. Consider the ideal Jk ◁ C∗(T F) obtained as the image of ˜︁Jk under this
quotient map. Then Jk/Jk−1 is a quotient of ˜︁Jk/ ˜︁Jk−1. By construction, this quotient corre-
sponds to the closed subset Ωk = ˜︁Ωk ∩ HN(F) so we have Jk/Jk−1

∼= C0(Ωk,Kk). We then
re-index the ideals Jk. Indeed, if there is k ≥ 1 for which Ωk = ∅, then we have Jk−1 = Jk. We
can then drop down the ideal Jk and consider Jk+1 as the next one, reapplying the procedure
if Ωk+1 is also empty . . . At the end of this procedure, the only sets Ωk appearing are the non-
empty ones, they thus correspond the Pedersen stratification of HN(F) as in Theorem 5.3. ■

6 Examples of Pedersen stratification
for the Helffer–Nourrigat cone

In this section, we give examples of Helffer–Nourrigat cones and their Pedersen stratifications.
In the equiregular case, we know from INSERT RESULT that the Helffer–Nourrigat cone is the
whole unitary dual. The Pedersen stratification then restricts over each point to a Pedersen
stratification of the group corresponding to the fiber.

Example 6.1 (cntact manifolds). Let M be a contact manifold with contact distribution H.
We set F1 = Γ(H) and F2 = Γ(H) + [Γ(H),Γ(H)] = X(M). Then gr(F) = H ⊕ TM/H, the
osculating groups are all isomorphic to the Heisenberg group. Using the decomposition from
Example 4.2, we get Ω1 = H⊥, Ω2 = H∗.

The next example shows that even in the equiregular case and when all the osculating groups
are isomorphic, the Pedersen strata do not necessarily form a nice fiber bundle over the base
manifold.

Example 6.2 (complex contact manifold). Let X be a complex manifold. A complex con-
tact structure is the data of a complex subbundle H ⊂ TX of complex codimension 1. If we
write θ : TX → TX/H =: L, then we need the map dθH : Λ2H → L to be everywhere non-
degenerate. We obtain an equiregular Lie filtration of depth 2. The osculating groups form
a bundle of complex Heisenberg groups. The flat orbits in this case are parameterized by L∗ \M
and the characters by H∗. However, in general the vector bundle L∗ is not trivial, not even of
the form L0⊗C for a real line bundle L0. If we take, for instance, the standard complex contact
structure on CP2n+1, the corresponding line bundle is OCP2n+1(2). This bundle is non-trivial in
general and every real line bundle over CP2n+1 is trivial so L cannot be obtained from a line
bundle either.

Regardless of this issue, we can perform the Pedersen decomposition by choosing local trivi-
alizations of X with complex Darboux coordinates. The second stratum will, in general, not be
a real line bundle however (hence the first stratum is not the complement of a real line bundle
either).

In this case, it is much more comfortable to work with the coarse stratification. With it, we
get 2 strata: the flat orbits, identified with L∗ \M , and the characters, identified with H∗.

Example 6.3 (parabolic homogeneous spaces). Let G be a semi-simple Lie group, P a parabolic
subgroup. We can assume that g =

⨁︁k
j=−k gj with [gi, gj ] ⊂ gi+j for every indices −k ≤ i, j ≤ k,
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and such that p =
⨁︁k

j=0 gj . Then the homogeneous space G/P is an equiregular filtered man-
ifold. We have T (G/P ) = G×P g/p so the filtration comes from the one of g/p as a vector
space. We have gr(F) = G ×P g−, where g− =

⨁︁−1
j=−k gj is the opposed nilpotent Lie algebra.

The adjoint action of P on g preserves g− and its graduation. Therefore, let Ω
g−
1 , . . . ,Ω

g−
d be

the Pedersen strata of the group g−. We have ∀1 ≤ i ≤ d, Ωi = G ×P Ω
g−
i . This example can

be extended to manifolds having a parabolic geometry in the sense of Cartan (i.e., they locally
look like this homogeneous space), see, e.g., [8]. However, similar problems as in the previous
examples could arise in that case and prevent the Pedersen strata to form fiber bundles.

Example 6.4 (Engel manifold). An Engel manifold is a 4-dimensional manifold M endowed
with a distribution F1 of constant rank 2 such that F2 = F1 +

[︁
F1,F1

]︁
has constant rank 3

and F3 = F2+
[︁
F1,F2

]︁
= X(M). This is an example of equiregular sub-Riemannian structure.

For an Engel manifold, all the osculating groups are isomorphic to the Engel group E and they
form a bundle of groups. There is a characteristic line field L ⊂ F 1 which is uniquely determined
by the property

[︁
Γ(L),F2

]︁
⊂ F2. Taking the notations from Example 4.4, the characteristic

line field on the Engel group would be generated by Y . Globalizing the decomposition for the
Engel group, we get the strata

Ω1 =
(︁
F 2

)︁⊥ ⊕ (L \M), Ω2 =
(︁
F 2/F 1

)︁⊥
=

(︁
F 1

)︁⊥F2 , Ω3 =
(︁
F 1

)︁∗
.

The following examples now present singularities.

Example 6.5 (Martinet distribution). Consider the Martinet distribution on M = R3 with
F1 =

⟨︁
∂x +

y2

2 ∂z, ∂y
⟩︁
. We have F2 = F1 + ⟨y∂z⟩ and F3 = X

(︁
R3

)︁
. We then have gr(F)(x,y,z) =

H3 if y ̸= 0 and gr(F)(x,0,z) = E. We haveMreg = {(x, y, z), y ̸= 0} so HN(F)(x,y,z) = ˆ︂H3 if y ̸= 0.
Take E = Span(X,Y, Z, V ), and consider the map Φp,t : E → TpR3 that sends X to t

(︁
∂x +

y2

2 ∂z
)︁
,

Y to t∂y, Z to t2y∂z, V to t3∂z and then evaluates at p. We have ker(Φp,t) = Span((0, 0,−t, y))
with p = (x, y, z). Thus

im
(︁
tΦp,t

)︁
= {α ∈ E∗, tα3 − yα4 = 0}.

Therefore, for y = 0, we can approach (p, 0) by a sequence of points (pn, tn), n ∈ N with yn/tn
approaching any given slope. Therefore, we get HN(F)(x,y,z) = ˆ︁E when y = 0.

Using the Pedersen strata of E from Example 4.4, we get

Ω1 = {(x, y, z) ∈ M, y = 0} × R∗ × R, Ω2 = M × R∗, Ω3 = M × R2.

Example 6.6 (n-Grushin plane). Consider the n-Grushin distribution generated by F1 =⟨︁
∂x,

xn

n! ∂y
⟩︁
on M = R2. We have

gr(F)(x,y) =

{︄
R2, x ̸= 0,

Ln, x = 0,

where Ln = ⟨X,Y0, . . . , Yn⟩ is the model filiform Lie algebra from Example 4.5. We get linear
maps Φp,t : Ln → TpM sending X to t∂x, Yk to tk+1xn−k

(n−k)! ∂y and evaluating at p. We have

ker(Φp,t) = Span

(︃(︃
0, . . . , 0, tn−k, 0, . . . , 0,− xn−k

(n− k)!

)︃
, 0 ≤ k ≤ n− 1

)︃
.

Thus, with dual coordinates, β ∈ R, α ∈ Rn+1, we get

im
(︁
tΦp,t

)︁
=

{︃
(β, α) ∈ L∗

n, ∀0 ≤ k < n, tn−kαk =
xn−k

(n− k)!
αn

}︃
.
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As in the previous example, taking a sequence (pn, tn), n ∈ N going to (p, 0) with p = (0, y), the
limit of xn/tn determines the limit space in the grassmanian topology. If the limit is infinite,
then we obtain the space {(β, α) ∈ L∗

n, αn = 0} which corresponds to the union of the ΩLn
i ,

i > 1. If xn ∼n→∞ λtn, then the limit space becomes{︃
(β, α) ∈ L∗

n, ∀0 ≤ k < n, αk =
λn−k

(n− k)!
αn

}︃
.

The image in the first Pedersen stratum is characterized by the intersection of the coadjoint
orbit with {β = αn−1 = 0}. Here this forces all the αk, 0 ≤ k ≤ n− 1 to vanish. Therefore,

HN(F)(0,y) ∩ ΩLn
1 = R∗ × {0} ⊂ R∗ × Rn−1.

Combining everything we get

Ω1 = {(x, y) ∈ M, x = 0} × R∗, Ωk = {(x, y) ∈ M, x = 0} × R∗ × Rn−k,

1 < k < n+ 1, Ωn+1 = M × R2.

In all these examples, the strata are always the same for points in the regular set or its
complement. However, we can produce situations where the dimension of the osculating group
is not locally constant within the singular set.

Example 6.7. Consider M = R3 with the distribution F1 = ⟨∂x − xy∂z, ∂y⟩. This time we
have two different situations on the singular set

gr(F)(x,y,z) =

⎧⎪⎨⎪⎩
H3, xy ̸= 0,

E, xy = 0, (x, y) ̸= (0, 0),

L6,21(−1), x = y = 0.

Here L6,21(−1) = Span(X,Y, Z,X ′, Y ′, Z ′) satisfies the relations (the terminology is from [9])

[X,Y ] = Z, [X,Z] = X ′, [X,Y ′] = Z ′, [Z, Y ] = Y ′, [X ′, Y ] = Z ′.

This algebra has depth 4. What happens on the singular set away from (0, 0, z) is similar to the
Martinet case so we have HN(F)(x,y,z) = ˆ︁E in that case. For the points (0, 0, z), a quick computa-
tion shows that the Helffer–Nourrigat cone is the image of {(a, b, c, α, β, γ) ∈ L∗

6,21(−1), αβ = cγ}.
Let us see to which representations this set corresponds. We first describe the Pedersen strata
in the coordinates (a, b, c, α, β, γ) given by the dual basis.

The first stratum corresponds to γ ̸= 0, each of these orbits intersect the plane ⟨Z∗, Z ′∗⟩
exactly once so Ω

L6,21(−1)

1 = R∗ × R. The second stratum corresponds to γ = 0, β ̸= 0. All these
orbits intersect the space ⟨X∗, X ′∗, Y ′∗⟩ at a single point so Ω

L6,21(−1)

2 = R∗ × R2. The next stra-
tum corresponds to γ = β = 0, α ̸= 0. All these orbits have a unique intersection with ⟨Y ∗, X ′∗⟩
so Ω

L6,21(−1)

3 = R∗ × R. The next one corresponds to γ = β = α = 0, c ̸= 0, all these orbits
meet the line ⟨Z∗⟩ exactly once (at (0, 0, c, 0, 0, 0)) so Ω

L6,21(−1)

4 = R∗. The last stratum corre-
sponds to all the points (a, b, 0, 0, 0, 0) that are all stationary. Therefore, Ω

L6,21(−1)

5 = R2. Now
for the Helffer–Nourrigat cone, we need to take the intersection with the cone αβ = cγ. When
γ ̸= 0, we can take the representative for the orbit of the form (0, 0, c, 0, 0, γ). Since γ ̸= 0, this
forces c = 0. When γ = 0, this forces α = 0 or β = 0. This first case intersects the second
stratum in a proper subset and gives the whole fourth and fifth stratum. The second case gives
in addition the whole third stratum. Combining all these results, we have

Ω1 = {(0, 0, z) ∈ M} × R∗, Ω2 = {(0, y, z) ∈ M} × R∗ × R,
Ω3 = {(x, 0, z) ∈ M} × R∗ × R, Ω4 = M × R∗, Ω5 = M × R2.
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We can see in the last example that some strata are only concentrated on parts of the singular
set. To explain this, notice that L6,21(−1) has two different Engel groups as quotient

L6,21(−1)/⟨Y ′, Z ′⟩ ∼= E ∼= L6,21(−1)/⟨X ′, Z ′⟩.

The first one corresponds to the Engel group appearing as gr(F)(0,y,z) with y ̸= 0 and the second
one as gr(F)(x,0,z) with x ̸= 0.

Remember that for a given graded group g, the strata Pedersen strata Ωi can all be identified
to algebraic subsets of g∗. In the previous examples, the intersection with the Helffer–Nourrigat
cone stayed algebraic as well. Of course, if the vector fields used to define the filtration are not
analytic, this has no reason to stay true. This is however not even the case when the vector
fields are analytic.

Example 6.8 ([1, Example 1.11.d]). Let M = R2 and consider the filtration of step 2 given by
the distributions

F1 =
⟨︁
x2y4∂x, x

6∂x, x
4y2∂x, y

6∂x
⟩︁
, F2 = ⟨∂x, ∂y⟩.

The osculating groups are all abelian and we have

gr(F)(x,y) =

{︄
R⊕ R, (x, y) ̸= 0,

R4 ⊕ R2, (x, y) = (0, 0).

Since all the groups are abelian, the whole Helffer–Nourrigat cone consists of only one Pedersen
stratum. We have

HN(F) = {(x, y) ∈ M, (x, y) ̸= (0, 0)} × R2

⊔ {(0, 0)} ×
{︁
(ξ, η) ∈ R5 ⊕ R | ξ31 = ξ2ξ

2
4 , ξ

3
3 = ξ22ξ4, ξiξ5 ≥ 0∀i

}︁
.

In the last example, the Helffer–Nourrigat cone is still semi-algebraic. It is not clear if
this result holds in general. That is, if the singular Lie filtration is analytic (e.g., M = Rn

and a filtration given by vector fields with polynomial coefficients), can the Pedersen strata be
chosen to be semi-algebraic?

7 Pseudodifferential operators on filtered manifolds

In their paper [1], Androulidakis, Mohsen and Yuncken introduce a class of pseudodifferential
operators on a filtered manifold (M,F). This calculus is made so that sections of F j define
differential operators of order at most j. Moreover, they associate to polynomials in these
vector fields a principal symbol, a family of operators in the representations of HN(F). They
show that the invertibility of this principal symbol in all the non-trivial representations (i.e.,
HN0(F)) characterizes hypoellipticity for the operator. An important step in their proof is to
understand the C∗-algebra ΨF (M), obtained by completion of the algebra of operators of order 0
in their calculus. This algebra contains the compact operators on L2(M) and sits in the exact
sequence

0 // K // ΨF (M) // ΣF (M) // 0. (7.1)

The compact operators here appear as the completion of the algebra of negative order operators
in the calculus. The quotient map in the exact sequence corresponds to the principal symbol
map. At this point, the algebra ΣF (M) can be considered as defined by this exact sequence. We
will give an explicit description of this algebra as well as the symbol map in Section 7.2 below.
The goal of this section is to show Theorem 1.2 which we recall here the following theorem.
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Theorem 7.1. Let (M,F) be a singular Lie filtration. There is a natural homeomorphism

ˆ︂ΣF (M) ∼= HN0(F)/R∗
+.

Given this result, we can use the Pedersen stratification to prove the solvability of ΣF (M)
and ΨF (M) (with explicit subquotients), as stated in the introduction.

7.1 The Androulidakis–Mohsen–Yuncken calculus

We start by recalling the construction of the pseudodifferential calculus from [1]. As in Sec-
tion 2.3, and in order to simplify the exposition, we make the assumption that the filtration is
finitely generated and denote by g the universal Lie group generated by a choice of generators,
and β : g → X(M) the corresponding linear map.

For λ > 0, denote by αλ the action on g×M × R∗
+ given by αλ(X,x, t) :=

(︁
δλ(X), x, λ−1t

)︁
.

Consider the partially defined map

ev : g×M × R∗
+ → M ×M × R+, (X,x, t) ↦→ (expx(β(δt(X))), x, t),

with the convention δ0 = 0. This map is defined on a neighborhood of g×M×{0}∪{0}×M×R∗
+.

We can restrain such a neighborhood to an open set U still containing the previous set and such
that ev : U → M × M × R+ is a smooth submersion and is R∗

+-equivariant (we take U to be
stable under this action). The quadruple (g, β,U,M) is then a graded basis in the sense of [1].
The open set U and the map ev serve as a bi-submersion for the holonomy groupoid of the
adiabatic foliation aF near the units. Our assumption on the filtration being finitely generated
is equivalent to the existence of a global graded basis. In full generality, the reasoning of this
section can also be applied to any singular Lie filtration by covering the manifold with graded
bases.

We now introduce the basic ideas from the calculus of [1]. To avoid choosing measures and
having scaling factors from the dilations, we work with half-densities.

Consider the maps r, s : U → M × R+ defined by

s(X,x, t) = (x, t), r(X,x, t) = (expx(β(δt(X))), t).

These maps give U the structure of a bi-submersion for the adiabatic foliation aF . One
can go further and endow U with a local groupoid structure corresponding to the one of the
holonomy groupoid of the adiabatic foliation. It interpolates between the pair groupoid structure
on M ×M × {t} for t > 0 and the group structure on the fibers of gr(F) at t = 0 (here given
through the bigger group g). We then define Ω

1/2
r,s = Ω1/2 ker(ds)⊗ Ω1/2 ker(dr) (here ΩsE

denotes the bundle of s-densities of a vector bundle E, s ∈ R). A quick computation shows
that here Ω

1/2
r,s

∼= Ω1g. If we denote by evt : U → M the composition of ev and the evaluation
at t > 0, we get a submersion, hence evt∗ : C∞

c

(︁
U,Ω1/2

r,s

)︁
→ C∞

c

(︁
M ×M,Ω1/2

)︁
. Here Ω1/2 is

the half-densities bundle on the pair groupoid M ×M ⇒ M .
For a vector bundle E → M , we denote by D′(M,E) the topological dual of C∞

c

(︁
M,E∗ ⊗

Ω1TM
)︁
. This way we get the inclusion C∞(M,E) ⊂ D′(M,E).

Definition 7.2. For k ∈ Z, let E ′k(U) be the subset of distributions u ∈ D′(︁U,Ω1/2
r,s

)︁
such that

(1) u is transverse to s : U → M×R+ in the sense of [2], which means that if f ∈ C∞(︁
U,Ω−1/2

r,s ⊗
Ω1 ker(ds)

)︁
, then s∗(fu) ∈ C∞(M × R+).

(2) For any λ > 0, we have αλ∗u− λku ∈ C∞
c

(︁
U,Ω1/2

r,s

)︁
.

(3) u is properly supported in time, i.e., supp(u) → R+ is a proper map.
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From the space E ′k(U), we get two types of maps

evt∗ : E ′k(U) → D′(︁M ×M,Ω1/2
)︁
, t > 0,

evx,0 : E ′k(U) → D′(︁gr(F)x,Ω
1
)︁
, x ∈ M.

Definition 7.3. The space of pseudodifferential operators of order k ∈ Z is defined as

Ψk
F (M) := ev1∗

(︁
E ′k(U)

)︁
+ C∞

c

(︁
M ×M,Ω1/2

)︁
.

The definition given in [1] is slightly different but coincides with the one given here in the
presence of a global graded basis. In particular, it can be shown to be independent of the choice
of a graded basis (i.e., of the choice of g here).

7.2 Principal symbol of an operator

We now want to define the principal symbol of an operator in the Androulidakis–Mohsen–
Yuncken calculus. The idea is to take an operator P ∈ Ψk

F (M) then find a global lift u ∈ E ′k(U)
(meaning that ev1∗(u)− P is smooth). We then produce from u a function on M ×

(︁
g∗ \ {0}

)︁
,

homogeneous of degree k. From this function, we construct a (family of) multiplier(s) of a certain
subalgebra of C∗(g) which we can evaluate at the non-trivial representations of g. The goal is
then to make sure that this construction does not depend on any choice. This is not true in
general for all the representations, but at least for the ones in the Helffer–Nourrigat cone HN0(F).

The construction of the homogeneous function is a result due to Taylor [27, Proposition 2.4]
for a single graded group, the bundle version below is from [1, Proposition 3.4].

Proposition 7.4. Let k ∈ Z and u ∈ E ′k(U). There is a unique smooth function Au ∈ C∞(︁
g∗×

M × R+ \ ({0} ×M × {0})
)︁
satisfying:

(1) Au is homogeneous of degree k, i.e.,

∀λ > 0, ∀(η, x, t) ∈ g∗ ×M × R+ \ ({0} ×M × {0}),
Au(

tδλ(η), x, λt) = λkAu(η, x, t).

(2) There exists K ⊂ M compact such that supp(Au) ⊂ g∗ ×K × R+.

(3) If χ ∈ C∞
c

(︁
g∗ × R+

)︁
is equal to 1 in a neighborhood of (0, 0) and we set

f(X,x, t) := u(X,x, t)−
∫︂
η∈g∗

exp(i⟨η,X⟩)(1− χ)(η, t)Au(η, x, t),

then f ∈ C∞(g×M×R+). Moreover, there exists a compact subset K ⊂ M and a positive
number ε > 0 such that supp(f) ⊂ g×K × [0; ε]. Finally, f and all its derivatives in x, t
are Schwartz on g, uniformly in x, t.

This function is called the full symbol of u. Conversely, for every smooth function A satisfying
the first two conditions, there is a distribution u ∈ E ′k(U) with Au = A.

Given such a total symbol, we can restrict it to the fiber g×M ×{0} (this corresponds to the
total symbol of the original distribution restricted to U|t=0 = M × g). The resulting function
is homogeneous of degree k for the pullbacks by tδ. Let us now work with A ∈ C∞(︁

g∗ × M \
({0} ×M)

)︁
, homogeneous of degree k. Let S0

(︁
g,Ω1g

)︁
be the algebra of Schwartz functions on

g whose (Euclidean) Fourier transform vanishes at all orders at 0 ∈ g∗. It is an algebra for the
group convolution product of g. For a fixed x ∈ M , we get a multiplier of S0

(︁
g,Ω1g

)︁
f ∈ S0

(︁
g,Ω1g

)︁
↦→ qA(·, x) ∗ f ∈ S0

(︁
g,Ω1g

)︁
.
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According to [6, Proposition 2.2], this map is well defined and continuous. We denote by σk(A, x)
this multiplier or σk(u, x) for A = Au.

For a representation π of g, we denote by L2(π) the underlying Hilbert space and C∞(π) the
subspace of smooth vectors. If π ∈ ˆ︁g is non-trivial, we define σk(A, x, π) by

σk(A, x, π)(π(f)ξ) = π
(︁
σk(A, x)f

)︁
ξ, f ∈ S0

(︁
g,Ω1g

)︁
, ξ ∈ L2(π).

This is well defined and gives a linear map σk(A, x, π) : C∞(π) → C∞(π). This principal symbol
is compatible with the convolution product of distributions. If v ∈ E ′ℓ(M × g), then

σk(u, x, π)σℓ(v, x, π) = σk+ℓ(u ∗ v, x, π).

Similarly with the adjoint σk(u, x, π) = σk̄
(︁
u∗, x, π

)︁∗
.

Before stating the next result, recall that S0

(︁
g,Ω1g

)︁
is a dense subalgebra of the C∗-algebra

C∗
0 (g) defined as the kernel of the trivial representation in C∗(g) (which itself is a completion of

C∞
c

(︁
g,Ω1g

)︁
).

Theorem 7.5 ([1, Theorem 3.18]). Let u ∈ E ′k(M × g) with ℜ(k) = 0 then σ(u, x) extends to
a multiplier of C∗

0 (g). Moreover, for every non-trivial π ∈ ĝ, σ0(u, x, π) extends to a bounded
operator on L2(π) and

sup
x∈M

∥σ(u, x)∥C∗
0 (g)

= sup
x∈M,π∈ˆ︁g\{0} ∥σ(u, x, π)∥B(L2(π)) < +∞.

Finally, we have σ0(u) : x ↦→ σ(u, x) ∈ Cc(M)⊗M(C∗
0 (g)).

Proof. The multiplier aspect and the norm relations are the content of [1, Theorem 3.18] as
well as the continuity aspect in the last part. The compact support comes from the fact that u
is compactly supported along M thus so is Au. ■

We can then form the C∗-algebra Σ(M × g) by taking the closure of the subalgebra formed
by the σ0(u), u ∈ E ′0 inside of C0(M)⊗M

(︁
C∗
0 (g)

)︁
. This algebra is isomorphic to C0(M)⊗Σ(g)

where Σ(g) is defined analogously, using E ′0(g) instead. From [13, Proposition 5.6] (see also [7,
Theorem 5.8]), we get that the evaluations of symbols at points (x, π) ∈ M ×

(︁ˆ︁g \ 0
)︁
define

irreducible representations of Σ(M × g) and all of them arise that way. Moreover, two such
representations are equivalent to one another if and only if they are on the same orbit for the
inhomogeneous dilations (δλ)λ>0. Consequently, we get

ˆ︂Σ(M × g) ∼= M × (ˆ︁g \ 0)/R∗
+.

Going back to the filtered calculus, not all these representations make sense for the principal
symbol of an operator in Ψk

F (M). Indeed, if u ∈ E ′k(U) is the global lift of a given operator, we
want to only consider the elements x ∈ M , π ∈ ˆ︁g for which σ(u, x, π) does not depend on the
choice of g, U or u. The representations that satisfy this condition are exactly the ones coming
from the Helffer–Nourrigat cone. Let ΣF (M) be the quotient of Σ(M × g) corresponding to the
closed subset HN0(F)/R∗

+. This algebra is independent of the choice of g by Proposition 2.11
(see also the remark following that proposition).

We can see the algebra ΣF (M) as a C0(M) − C∗-algebra, whose fiber at a point x ∈ M
is Σ(gr(F)x) if x ∈ Mreg. If x is a singular point, then ΣF (M)x is a quotient of Σ(gr(F)x)
corresponding to the closed subset

HN0(F)x/R∗
+ ⊂

(︁ ˆ︂gr(F)x \ {0}
)︁
/R∗

+.
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We also have defined a map σ0 : E ′0(U) → ΣF (M). In order to prove Theorem 1.2, all that
remains is to prove that this map factors through Ψ0

F (M) in the sense that if P,Q ∈ E ′0(U)
satisfy ev1∗(P )− ev1∗(Q) ∈ C∞

c

(︁
M ×M,Ω1/2

)︁
, then σ0(P ) = σ0(Q). Once this is done, one has

to show that the symbol map induced on Ψ0
F (M) extends continuously to the C∗-closure ΨF (M)

and that we obtain the exact sequence (7.1). Theorem 1.2 is thus a consequence of the following
result.

Theorem 7.6 (Androulidakis, Mohsen, Yuncken [1]). Let P ∈ Ψ0
F (M), u ∈ E ′0(M × g) be the

restriction over M × g× 0 of any global lift. The class of σ0(u) in ΣF (M) does not depend on
any choice of lift and graded basis. Moreover, the map σ0 : Ψ0

F (M) → ΣF (M) described this way
is a continuous ∗-algebra homomorphism. If ΨF (M) denotes the completion of Ψ0

F (M) within
the bounded operators on L2(M), we get the exact sequence

0 // K
(︁
L2(M)

)︁
// ΨF (M)

σ0
// ΣF (M) // 0.

Proof. The proof can be found in [1]. The fact that the principal symbol is well defined and
its continuity are given by Theorem 3.34. The exact sequence is Theorem 3.39. ■

7.3 Decomposition series for the algebra of principal symbols
and pseudodifferential operators

Assume once again that (M,F) is a finitely generated singular Lie filtration. We fix a global
graded basis β : g → X(M) which by the Rothschild–Stein construction, comes with a Jordan–
Hölder basis (for g) compatible with the grading. Recall that we have an injection

β∗ : HN0(F) ↪→ M ×
(︁ˆ︁g \ 0)︁.

Let ˜︁U1 ⊂ · · · ⊂ ˜︁UD = ˆ︁g \ {0} be the increasing unions in the fine stratification (we have
removed 0 on each fibers, it corresponds to the trivial representation and only affects the last
strata). Let ˜︁Ωj = ˜︁Uj \ ˜︁Uj−1 be the corresponding strata.

Let Σj ◁ ΣF (M) be the ideal such that ˆ︂Σj =
(︁
β∗)︁−1(︁

M × ˜︁Uj/R∗
+

)︁
. This defines an ideal

of ΣF (M) because it corresponds to an open subset of the spectrum.

Lemma 7.7. There is an isomorphism

Σj/Σj−1
∼= C0

(︁(︁
β∗)︁−1(︁

M × ˜︁Ωj/R∗
+

)︁
,Kj

)︁
,

where Kj is the algebra of compact operators on a separable Hilbert space, of infinite dimension
if j < D and dimension 1 if j = D.

Proof. Define ˜︁Σj ◁ Σ(M × g) whose spectrum corresponds to the open set M × ˜︁Uj/R∗
+. Then

by construction the map Σ(M × g) → ΣF (M) sends ˜︁Σj to Σj . We therefore have a quotient

map ˜︁Σj/˜︁Σj−1 ↠ Σj/Σj−1.
Now from [7, Theorem 5.16], we know that

˜︁Σj/˜︁Σj−1
∼= C0

(︁
M × ˜︁Ωj/R∗

+,Kj

)︁
.

The construction of ΣF (M) then gives that this quotient has the desired form. ■

Now, recall from Section 5 that we stratified HN(F) by taking the sets
(︁
β∗)︁−1(︁

M × ˜︁Ωj

)︁
,

and re-indexing them to only consider those that are non-empty. With sets described here, we
get a stratification of HN0(F) (again, it only affects the last non-empty strata). Let Ω1, . . . ,Ωd

be the non-empty Pedersen strata in HN0(F) and Uj =
⋃︁

k≤j Ωk. Let Σj ⊂ ΣF (M) be the
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ideal corresponding to the open subset Uj/R∗
+. This is nothing but one of the previous Σk after

re-indexing to avoid repeating the same ideal several times. With these new notations, we have

Σj/Σj−1
∼= C0(Ωj/R∗

+,Kj).

We summarize this discussion in the following theorem, which is similar to Theorem 5.5.

Theorem 7.8. Let (M,F) be a finitely generated singular Lie filtration. We fix generators
and let g be the corresponding global Lie basis. Let ∅ = U0 ⊂ U1 ⊂ · · · ⊂ Ud = HN0(F), be
the Pedersen stratification and denote by Ωj = Uj \ Uj−1, 1 ≤ j ≤ d the corresponding strata.
Let Σj ◁ ΣF (M) be the ideal corresponding to the open set Uj/R∗

+. Then we have

Σj/Σj−1
∼= C0(Ωj/R∗

+,Kj).

Here Kj is the algebra of compact operators on a separable Hilbert space, of infinite dimension
for j < d, and dimension 1 for j = d.

Corollary 7.9. The C∗-algebras ΣF (M) and ΨF (M) are (explicitly) solvable.

Proof. We have proved it for ΣF (M), the result then follows for ΨF (M) by the exact sequence
of Theorem 7.6. ■

Remark 7.10. This result also works with other types of decompositions. In the case where
the coarse stratification of Pukánszky gives trivial subquotients like the fine one (e.g., if g is
a step-2 group and has flat orbits like Examples 4.2 and 4.3).

From the decompositions of C∗(T F) and ΣF (M), one can extend a result of Ewert [12] whose
statement is the same as the following corollary but for equiregular filtrations.

Corollary 7.11. Let C∗
0 (T F) be the ideal of C∗(T F) corresponding to the open set HN0(F) ⊂

HN(F). Then the action δ : R∗
+ ↷ C∗

0 (T F) is free and proper, we get

ΣF (M)⊗K ∼= C∗
0 (T F)⋊δ R∗

+,

where K is the algebra of compact operators on a separable infinite-dimensional Hilbert space.

Proof. Denote by 0 = Σ0 ◁ Σ1 ◁ · · · ◁ Σd = ΣF (M) and 0 = J0 ◁ J1 ◁ · · · ◁ Jd = C∗
0 (T F),

the decompositions into nested ideals obtained from a Pedersen stratification of HN0(F). By
induction, it suffices to prove that Jk ⋊δ R∗

+
∼= Σk ⊗K. Note first that the ideals Jk are indeed

preserved by the R∗
+-action since they correspond to parts of the spectrum that are stable by

the corresponding action.
If we have an isomorphism for some k, then we can deduce that we still have one for k + 1

by looking at Jk/Jk−1. Since Ωk is homeomorphic to Ωk/R∗
+ × R∗

+ (we can choose for instance
a homogeneous quasi-norm on gr(F)∗ so that this corresponds to polar coordinates), the iso-
morphism

C0(Ωk,Kk)⋊δ R∗
+
∼= C0(Ωk/R∗

+,Kk)⊗K

is a direct consequence of Takai duality [26]. ■
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