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Abstract. Z invariants, rigorously defined for negative definite plumbed 3-manifolds, are
expected — on physical grounds — to exist for every closed, oriented 3-manifold (Gukov et
al., 2020). Several prescriptions have been proposed to extend their definition to generic
plumbings by reversing the orientation of a negative definite plumbing, thus turning it into
a positive definite one (Cheng et al., 2019). Two existing proposals are relevant for this
paper: (i) the regularized +1/r-surgery conjecture combined with the false-mock modular
conjecture (Park, 2021 and Cheng et al., 2024), and (ii) a construction based on resurgence
and a false theta function duality (Costin et al., 2023). In this note, we compare these
proposals on the class of Brieskorn homology spheres (s, ¢,rst & 1) and find that they are
incompatible in general. Our diagnostic is the effective central charge, ces, which governs
the asymptotic growth of coefficients of Z (Gukov and Jagadale, 2024). First, we prove
that the upper bound on ceg from prescription (i) is governed by the Ramanujan theta
function, which regularizes the surgery formula. Second, we develop numerical and modular
tools that deliver the lower bounds as well as exact values via mixed mock-modular analysis.
Complementing this, we also study c.g for negative definite plumbed 3-manifolds which allow
for a better comparison of pairs of 3-manifolds related by orientation reversal. As a result,
we find that for some Brieskorn spheres the surgery and false-mock prescriptions violate the
expected relation between cef, Chern-Simons invariants and non-abelian flat connections.
These findings underscore ceg as a sensitive probe of the “positive side” of Z-theory.

Key words: effective central charge; GPPV invariants; 3-manifolds; surgery formulae; Chern—
Simons theory; g-series
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1 Introduction

7 invariants are quantum g-series invariants for closed, oriented 3-manifolds. They were origi-
nally introduced by Gukov, Pei, Putrov and Vafa [26]. The Z invariants were shown to enjoy
two complementary realizations: one physical and one mathematical. The physical perspective
starts with a six-dimensional N = (2,0) theory on D? x S' x Ms. Compactifying this theory
over Ms yields a three-dimensional A" =2 theory T[Mj] on the solid torus D? x S!; the half-
index of T[M3] on D*x,S! with boundary condition b € Tor Hy(Ms)/Zs is precisely Z,(Mg; T).
Compactifying instead over D? x S! gives complex Chern-Simons theory on Ms. The defin-
ing relation between the level-k partition function, a.k.a. Witten-Reshetikhin-Turaev (WRT)
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invariant, and Z’s can then be seen as a finite-dimensional S-transform

Zos(Ma; k) = (iv2k) ") > e2miktk(aa) g, 7y (Ms; q)| 27 (1.1)
a,b€Tor Hy(Ms)/Zs =e

Here b;(Ms3) is the first Betti number, and the summation on the right side is over abelian
flat connections on Ms, which are one-to-one with the boundary conditions of T[M3]. The
authors of [26] also supplied a purely mathematical construction of 2b whenever M3 is a negative
definite plumbed manifold, i.e., it is presented by a weighted graph I" whose adjacency plumbing
matrix M, obtained by adding the weights of the nodes of I' to the diagonal, is negative definite.

Various structural properties of Z invariants (as well as generalizations thereof) for such
manifolds were further studied in [11, 12, 13, 23, 39, 41]. Let L = #Vert(I') and deg(v) degree
of a vertex v € Vert(I'); one obtains for each boundary condition b ~ (2 Coker M + 6)/Z2 the
convergent g-series

3L+ZUO‘U dZU _ ec(v
Zy(Ms;q) = q~ f - H — e (), (1.2)
Zy|=1

27TIZv

. L _@Mty
where the lattice theta-function is © a7(2;9) = D jconszr 13 q 1 Hf 1 zf , 4y 18 the weight

associated with vertex v and ¢ = e?™7. Crucially, this series is not convergent when the manifold
in question is a positive definite plumbed manifold.

7 invariants can thus be thought of as a g-series refinement of WRT invariants. In particular,
when M3 is a negative definite plumbed homology sphere, the linear combination of radial limits
of Z,(Ms;7) at roots of unity recovers the corresponding WRT invariant (in other words, the
equation (1.1) holds, as shown in [38]). One motivation for this refinement is due to the search
for a categorified invariant of a 3-manifold, rooted in the categorification programme initiated
by Crane—Frenkel in four-dimensional TQFT [16]. Since the discovery of 21), notable progress
on categorified invariants of 3-manifolds has been achieved (e.g., in [3, 4, 27, 36]) where new
categorified invariants have arisen from certain deformations of Zb. The construction of a proper
mathematical definition for the 21, for a general 3-manifold remains an open problem and serves
as a broader motivation for our work.

Continuing the line of research of [26], Cheng, Chun, Ferrari, Gukov and Harrison [11] ap-
proached the positive-plumbing problem by combining results from modularity and intuition
coming from the relation between the Zb and Chern—Simons theory. From the modularity point
of view, the authors of [11] show that for the simplest non-trivial negative plumbings — star-
shaped graphs giving Seifert homology spheres with three singular fibers — the Z\b is explicitly
written as a linear combination of false theta-functions, Eichler integrals of unary theta func-
tions. These functions are known to be quantum modular forms, modern extensions of classical
modularity [42]. In Chern—Simons theory, orientation reversal sends the level k to its negative

Zos(Ms; k) = Zos (Ms; —k).
Therefore, via ¢ = e2™7 = ¢27i/k orientation reversal should implement the inversion g < ¢
However, applying this transformation naively to the plumbing formula (1.2) generically leads to
divergent series. Nonetheless, the authors of [11] show that for some manifolds the Z invariants
can be rewritten as g-hypergeometric sums that converge on both sides of the unit circle, thus
admitting a well-defined g <+ ¢~! transformation. Consider, for example, the Poincaré homology
sphere ¥(2,3,5). Its Z invariant can be shown to be equal (up to a factor of ¢) to a linear
combination of false theta functions

Zo(%(2,3,5); 62ﬂ17> ~ ‘%0,1(7') + é%o,n(T) + é%o,lg(T) + 9%0,29(7)'

-1
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The authors of [11] show that this can also be written in a ¢-hypergeometric form

( 1)nqn(37571)

_ ) 1\, 8=l

Zo(%(2,3,5);q) ~ gm0 [2 -
= (),

The hypergeometric series converges for both |¢| < 1 and |g| > 1. Therefore, following the phys-
ical expectation from Chern-Simons theory, we can apply q <+ ¢~ ! transformation. Remarkably,
it leads to a relation to the order 5 mock theta function of Ramanujan xo(q)

n(3n—1) 2
g (23 EU ) 0o i oy ) = g2 - ola))
= ("ha), = (@),

Examples like these, where linear combinations of false theta functions are exchanged by mock
theta functions, shed light on the modular structure of the g-series associated to a 3-manifold
upon orientation reversal. The above had motivated the false-mock conjecture for Z invariants.

Conjecture 1.1 (the false-mock conjecture [12, 14]). Let M3 be a 3-manifold for which the Z
invariants take the form Zy(Ms;e*™7) = 62””6(’@(7) + p(7)), where T € HY, ¢ € Q, J(r)
is the Eichler integral of a unary theta function V(1) of weight 3/2 and p(t) is a polynomial
in ¢ = e>™7. Then the Z invariant of the manifold with reversed orientation is Zb (E, eQ’TiT) =
e~ 2MTe(f(7) + p(—7)), where f(7) is a weight 1/2 weakly holomorphic (mized) mock modular

form. Moreover, its completion f, transforming as a modular form of weight 1/2 under a certain
congruence subgroup of SLa(Z), has the following properties. It is given by

f=1—0=) g

el

where I is a finite set, 9; is a theta function, and g; with any i € I is a modular function for
some discrete subgroup of SLo(Z) that either vanishes or has an exponential singularity at all
CUSpS.

The false-mock conjecture predicts the modular properties of 7 invariants for positively-
definite plumbed manifolds and provides one possible way to constrain the space of the invariants
of positively plumbed Brieskorn spheres through modularity.

Let p1,p2, p3 € Ny be pairwise coprime integers, and denote by ¥ (p1, p2, p3) the Brieskorn ho-
mology sphere represented by a positive definite plumbing.! In this paper, we consider Brieskorn
spheres of the class X(s,t,rst +1). These are obtained by performing +1/r-surgery on torus
knot complements 53 \Ts ¢, where T + denotes a torus knot with s twists around the meridian
and t twists around the longitude (—¢ indicates negative twists). With the exception of Section 6,
all the manifolds we consider are integer homology spheres, which admit a unique abelian flat
connection and therefore a single 7 invariant Zo(q). In what follows, to simplify the notation
we will omit the subscript, simply writing Z in place of Z\b(q).

For X(s,t,rst £1), the 7 invariants admit a conjectural expression, obtained from their
surgery description via the Fg invariant of 3-manifolds with boundary [24]. This expression is
known as the regularized +1/r-surgery formula, suggested by Park [40, Conjecture 5], whose
details we recall in Section 2. The regularized +1/r formula is also known to have a close
connection to mock modularity and regularized indefinite theta series. In particular, Cheng,
Coman, Kucharski, Sgroi and Passaro [12] leveraged the false-mock conjecture [14] to recast the

'In this paper, we use Brieskorn spheres, Brieskorn homology spheres and integer homology spheres inter-
changeably.
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expression of the regularized +1/r-surgery formula in a linear combination of indefinite theta
series, well-known mock modular forms [43].

Parallel developments on Z focused on resurgence and Borel resummation. An important
conjecture about Z for any 3-manifold is the trans-series expansion conjecture [28]. It states
that Z can be obtained by Borel resummation of finitely many perturbative contributions, each
associated with a saddle of the Chern—Simons path integral

Z(Mg;e ) ™2 N et CSa (M) za (), (1.3)
a€EMgay
where h := —% and Z7,,(h) denotes the perturbative expansion of the Chern—Simons path inte-

gral around the non-abelian flat connection « with lifted Chern—Simons invariant CS, (M3) € C,
for some choice of a lift of a to the universal cover of the space of all flat connections Mg,y
(see [15] for details).

The moduli space of flat SL(2, C) connections on Seifert homology spheres (of which Brieskorn
spheres are a special case) is well understood [6, 7, 19, 33, 37]. Denote [z] = z + Z for z € Q.
Then the set of Chern—Simons invariants is given by

2

CS(Z(p1,p2,p3)) = {[0]} U { [ ] | m not divisible by any of pi, pa, pg} : (1.4)

4p1paps3

The main characteristic of Z invariant that we focus on is the growth rate of its coefficients,
which we encode in a quantity denoted by ce. Physically, ceg corresponds to the notion of
effective central charge for 2d CFTs given by the Cardy formula [9], and was recently generalised
to 3d N = 2 theories by Gukov and Jagadale in [22]. Tt can also be interpreted as a measure of
entanglement [32].

In our case, we consider ceg of 3d N = 2 theory T[Ms] associated to a 3-manifold. The ceg
encodes the asymptotic growth of the coefficients of A (Ms;q) =3, ang"

772
exp (\/ %Ceﬁn + 27riwn>] (1.5)

for some w € Q. While the general meaning of c.g for a 3-manifold and its connection to known
topological invariants largely remains mysterious, it is expected that c.g should be associated
with a distinguished non-abelian complex flat connection on M3, when M3 is an integer homology
sphere [22]. From the resurgent structure, the trans-series conjecture of Z invariant [28] and
expression (1.4), it is expected that

a, ~ Re

2
S m
Z(%(s,t,rst £ 1); =24 — X — 1 1.6
cor 2 torst £ 1)) =24 s 1), (1.6
for some integers [ and m such that m is not divisible by any of s, t and rst & 1.

This expectation has been confirmed for %(2,3,5) and 3(2,3,7) in [22] using the modular
properties of Z, assuming the regularized +1/r surgery conjecture. We aim to investigate this
for a larger class of Brieskorn spheres.

A brief summary of the results

The goal of this paper is to clarify the above conjectures by studying the compatibility of the
regularized +1/r-surgery formula for Z invariants with the trans-series expansion (1.3) and the
expression for c.g (1.6), as well as g-series arising from resurgence. We aim to investigate in detail
instances of Brieskorn spheres and to verify whether the c.g computed using the +1/r surgery-
indefinite theta series proposal can be expressed in terms of some Chern—Simons invariant of
a flat connection. Our main result is the following theorem.
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MODULARITY

T

RESURGENCE < NUMERICS

Figure 1. The study of ceg via numerical analysis, modularity and resurgence will shed light on the
existing conjectures about Z on the other side. For us, Brieskorn spheres (s, t,rst + 1) are the most
suitable class of examples, since they can be studied from various angles independently.

Theorem 1.2. The conjectural regularized —i—%—surgery formula for Z and the expected form
of cet (1.6) are generically incompatible with each other.

The first such inconsistency appears for (3,4, 13), for which we find the exact values [ = 0
and m =3 ?, which do not correspond to any Chern—Simons invariant of a flat connection.

Another noteworthy outcome emerged alongside a parallel study of c.g by Adams, Costin,
Dunne, Gukov, and Oner [2], which aimed to compute ceg using the resurgent analysis frame-
work proposed in [15]. A direct comparison between their results and ours shows that the two
approaches generally produce different values of ceg.

Our take on Z invariants and Ceff can be summarized via the triangle in Figure 1.

In order to study the other side of Brieskorn spheres, one can use three independent ap-
proaches: mock modularity, resurgence, and numerical analysis. When combined, all three
provide a very powerful set of tools at our disposal, which will shed light on the general struc-
tural properties of 7 invariants. The two cases (s, t,rst — 1) and X(s,¢,rst + 1) turn out to
be quite different. The Z invariants of ¥(s, t, str + 1) obtained by the regularized +1/r formula
have expressions as mock modular forms [12]. In this case, cog is computed by using mock mod-
ularity properties of Z. On the other hand, mock modular expressions for the same invariants
of ¥(s,t, str — 1) are not known. In these cases, we rely on estimates for the bounds of c.g and
we can also compare these bounds with ceg found from resurgence [2]. This approach turns out
to be sufficient to provide counterexamples to (1.6).

The paper is organized as follows. After recalling preliminary notions and necessary conjec-
tures in Sections 2 and 3, we establish an upper bound of ceg for our class of Brieskorn spheres.
We find that this upper bound comes entirely from the regularization factor in the conjectural
+1/r-surgery formula and thus depends only on the surgery slope, but not on the choice of
a knot. In Section 4, we provide the numerical analysis of ZAcoming from the regularized +1/r
formula. First, we analyze the structure of singularities of Z on the unit circle and conjecture
that for 41-surgeries they are situated at ¢ = 1. Second, we describe a numerical method of
finding the lower bounds for c.g, and combine this with the results from Section 3. In Sec-
tion 5, we proceed with the mock modular analysis of 7 for positive definite manifolds. We
define the modular completion of Z invariants by combining the modular completions of the
respective summands. We then provide a comprehensive asymptotic analysis of every part of
a modular completion of 7 in order to extract information about coff and to compare with the
trans-series expansion conjecture. In Section 6, we provide proofs for cog on the negative definite
side, which nicely complements the above results and makes the overall picture more coherent.
Finally, in Section 7, we investigate the concrete examples of Brieskorn spheres and apply all
three techniques in order to compute and compare cq.

2 Preliminaries

We begin by discussing some preliminaries. First, we introduce the general notion of ceg for
a g-series, which measures the growth rate of its coeflicients. Second, we review the notions
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of mock modularity and the properties of indefinite theta series which we will leverage. Third,
we recall the conjectural expression for the Z invariant obtained from the regularized surgery
formula and review its modular properties in the case of reverse-oriented Brieskorn spheres. In
the following sections, these will enable us to produce the exact results on c.g and to address
the main points of this paper.

2.1 cei for g-series and the basic example

Let P(q) € Z][q]] \ {0} be a formal non-zero g-series with integer coefficients. The following is
a slightly revised definition from [22].

Definition 2.1 (ceg for g-series). Let

P(Q) = Zanqna an € Z7
n>0

such that lim, .~ a, # 0. We define

2
cet (P(q)) = 2%2 limn sup (loglj”‘)-

In other words, ceg measures the growth rate of the coefficients of a g¢-series. According
to [22, Conjecture 1.2], if P(q) is a supersymmetric index of a three-dimensional N’ = 2 theory,
cef(P(q)) measures the growth of degeneracies of supersymmetric (BPS) states, and is therefore
analogous to the notion of effective central charge in 2d CFTs. A class of g-series we consider
in this paper comes from complex-valued functions f(q) defined on the unit disk. In order to
formulate the precise correspondence between cog and the asymptotic behavior of f(q), we first
need to understand its singularities.

Definition 2.2. Let f(q) be a complex function defined in |g| < 1 such that f(q) has essential
singularities on the unit circle and is analytic inside the unit disc. We say ¢ = e*™“ is a dominant
singularity of f(q) if for all ¢ € Q/Z,

lim sup [hlog |f(e*h+27ri“)] — hlog |f(e*h+2m¢) H > 0.
h—0t

Using this notion, we can relate ce to the growth rate of the coefficients of f(q) 20 > ang™.
Namely, assume that f(q) has a dominant singularity at ¢ = e=2™“ for some w € Q\Z. Then,
as was argued in [22] using the saddle point analysis,

272 .
exp =3 CefM + 2miwn | | .

Remark 2.3. Note that in Definition 2.1 we use a simplifying assumption that c.g € R, which is
less general than the one from [22]. However, this assumption holds for ¢-hypergeometric func-
tions whose essential singularities are at roots of unity, in particular, for the regularized +1/r-
surgery conjecture for Z (E(s, t,st £1); q). One can shift the dominant singularity to ¢ = 1 by
a suitable normalization.

a, ~ Re

Remark 2.4. Recall that in general Z,(Mg; q) € 27¢q™Z[[q]] where Ay is a rational number
defined as the minimal g-exponent of Zy and ¢ > 0 is an integer. When M3 = X(s,t,st +1)
we have ¢ = 0, Section 6 on the other hand contains instances when ¢ is non-zero. To main-
tain consistency with Definition 2.1, if ¢ > 0 is an integer, A, € Q and P(q) € Zl[g]] we
shall write cef (2*CqAbP(q)) to mean ce(P(q)) throughout this paper. This allows us to con-
sider ceg (Zb(Mg; q)) and ceg (Zb(Mg; q)/(q)oo).
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Example 2.5. Consider a prototype example which will be relevant for us in the following.
Define the infinite ¢-Pochhammer symbol as

o

(750)00 = [ [ (1 — z4¥).

k=0

Denote (q)oo = (¢; ¢)oo, and take the function f(q) = (¢)z},? whose series expansion around the
origin is given by

1 0
2 1 b g+ 2¢° + 3¢ +5¢  + 740 + -
(@)oo

Note that f(q) has essential singularities at all roots of unity and is analytic inside the unit
disc |g| < 1. By analyzing the radial limits of log |f(q)| as ¢ approaches various roots of unity
and applying Definition 2.2, we deduce that the location of the most dominant singularity is
at g = 1.

e~ h

Asymptotic analysis of its coefficients can be carried out easily. Let ¢ = and con-

sider A — 07. We can write

1 kB R
T = exp <h Z i ng_k(az)> , lz| <1,

where By, is the k-th Bernoulli number and Lis(z) is the dilogarithm function
[e.9]
LIS kz k’i

h

By substituting x = e™", we get

e (;[LiQ(l) + O(ﬁ)]> :

(@)oo

Noting that Lis(1) = %2 and using the relationship between the asymptotics of a g-series and
the growth rate of its coefficients,

2

f(q) ~exp (fh + O(h)) <~ ap,~exp(CyVn),

we finally obtain

Qp ~ €Xp —n |,
3

Le., Ceff ((q)gol) = 1. We can also plot log |a,| against n and see how fast the asymptotic value

is approached, Figure 2.

2From the CFT/VOA perspective, this functlon gives the character of a free boson VOA. It is also related to
Dedekind n function by a factor: n(q) = q24 (@)oo
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Figure 2. The growth log |a,| shown by the line, and log of the asymptotic, \/%n shown by
dashed line, for the first 10* coefficients of the function (q)3!.

o0

2.2 Mock modularity

Modular forms have featured predominantly in the fields of mathematics and physics in the
past century, appearing in many, seemingly disconnected areas. In mathematics, for example,
modular forms play a crucial role in the study of elliptic curves. In this context, the Taniyama—
Shimura-Weil conjecture (now a theorem) states that every rational elliptic curve is associated
with a modular form [34]. This theorem was instrumental in the proof of Fermat’s last theorem
by Andrew Wiles. Modular forms play a key role also in representation theory. The famous
Monstrous Moonshine conjecture states that the coefficient of the j-invariant, a modular func-
tion, encodes information about the representations of the Monster group, the largest of the
sporadic simple groups; this connection was proven by Richard Borcherds using vertex operator
algebras [8]. In theoretical physics modular forms appear in the computation of black hole en-
tropy, which in some contexts is given by the Cardy formula, involving modular forms like the
Dedekind 7 function and Jacobi forms [10, 17, 20, 32, 35].

It is well known that modular forms are complex functions of the upper half complex plane H
which benefit from a certain symmetry by the action of congruence subgroups of SLy (Z). This
symmetry reflects the discrete symmetries of the upper half complex plane and it is often referred
to as modular symmetry. Given the wide application of modular forms, it is interesting to
investigate occurrences where the modular symmetry of modular forms is broken in meaningful
ways.

One class of functions where the modular symmetry is “minimally” broken is that of mock
modular forms. The first examples of mock modular forms were discovered by Ramanujan and
are the primary focus of his last notebook. Mock modular forms have a fascinating history in
that examples of mock modular forms were known before a proper definition was established.
To this day, Ramanujan’s classification of mock modular forms into mock theta function orders
remains largely mysterious.

A concrete definition of mock modular forms was only given in 2002 by Zwegers in his PhD
thesis [43]. His groundbreaking work showed how mock theta functions fit into the broader con-
text of modular forms. A key aspect of mock modular forms is the trade-off between a modular
anomaly and a holomorphic anomaly. Mock modular forms are holomorphic functions of the
upper half plane which are not modular, but which admit a modular “completion” — the addi-
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tion of a non-holomorphic Eichler integral of a modular form. In working with mock modular
forms, then one needs to balance the modular anomaly of the mock modular form with the
holomorphic anomaly of the completion. More specifically, we will take mock modular forms to
be the following.

Definition 2.6. Let k € 1Z. A mock modular form h(r) of weight k is the first member of
a pair of functions (h, g), where

(1) h is a holomorphic function of the upper complex half plane with at most exponential
growth at all cusps.
(2) The function g(7), called the shadow of h, is a holomorphic modular form of weight 2 — k.
(3) The sum h=h+ g*, called the completion of h, is a non-holomorphic modular form of
weight k, where g* is the non-holomorphic Eichler integral of the shadow.
Here we take the non-holomorphic Eichler integral g*(7) of a modular form g(7) of weight
2 — k to be the solution of

~% 7

(47 Im(T))kaa'Z__ = —27ig(7).

If the modular form g(7) has expansion g(7) = >, _bnq", then we fix the solution of the
non-holomorphic Eichler integral to be

- — (4n Im(7))*F 1o .
g(r) =by—— o+ > 1, T (1 — k,dmnmy)g "

n>0

Here b’s are the coefficients of ¢g(7), implicitly defined in the line above. A common choice is to
restrict g(7) to the space of cusp forms, in which case the Eichler integral can also be defined as

i () = ( i )k_l/oo(z+7')_kg(—z)dz.

wm) )

Notably, mock modular forms are not closed under multiplication by a modular form. That
is, if (f,¢g) is a pair (mock modular form, shadow) and 7 is a modular form, then, to construct
the completion of 7n(7)f(7) one would need to multiply the shadow contribution by n(7) to get
something modular. On the other hand, mixed mock modular forms generalize mock modular
forms in such a way as to be closed under multiplication by modular forms of a given weight ¢.

Definition 2.7. Let k,¢ € 3Z. A mixed mock modular form h(r) of weight k|¢ is the first
member of the triplet (h, {fo,..., fn},{g0,---,9n}), where

(1) h is a holomorphic function of the upper half plane with at most exponential growth at
all cusps.

(2) The functions g;(7) are holomorphic modular forms of weight 2 — k + /.

(3) The functions f;(7) are holomorphic modular forms of weight /.

(4) The sum h = h + >_; figj, called the completion of h, is a holomorphic modular form of
weight k.

To avoid confusion, we shall refer to classical mock modular forms as being “pure” mock
modular forms.



10 S. Harichurn, M. Jagadale, D. Noshchenko and D. Passaro

Figure 3. Splitting of the plane into conical regions determined by the indefinite quadratic form defined
by A= (% 31) and the regularization factor p“°, with c¢; = (‘1)) and cy = (}1) The two connected
components with Q(c¢) < 0 and Q(c) > 0 are shown in blue and orange, respectively. The yellow shaded
region is the region where p:(n) # 0.

2.2.1 Indefinite theta series

Indefinite theta series are examples of mock modular forms. In the following, we will leverage
proposals for Z invariants for positive definite plumbed manifolds which hinge on indefinite theta
series. To that end, we will briefly summarize their theory.

Theta series on negative definite lattices constitute a large class of examples of holomorphic
modular forms. When the signature of the lattice is indefinite the sum over the whole lattice fails
to converge and the sum must be regularized. A useful regularization was found by Gottsche and
Zagier [21] whereby the sum reduced to a holomorphic theta series by restricting the summation
to cones of signature (1,n — 1). In Zwegers’s thesis [43], he was able to determine the modular
properties of these objects by constructing a modular completion and demonstrating these as
examples of mock modular forms. A more generic case of lattices of signature (2,n — 2) was
studied by Alexandrov et al. [5].

Let A be a 2 x 2 symmetric, non-degenerate matrix with integer entries and signature (1,1).
This matrix gives us a quadratic form ) and a bilinear form B, defined as follows,

Q: 7* -7, n— n' An, B: 7’ x7? > 7, (z,y) — ' Ay.

The quadratic form Q of signature (1,1) is extended from L = Z2 to L ®z R by ||z|* == 2T Az,
z € LezR. @ splits the two-dimensional plane into two pairs of conical regions distinguished by
the sign of Q(c) for ¢ € Z? and separated by rays of zero norm (see Figure 3 for an illustration).

Given a vector ¢y with Q(cp) < 0, we can specify the connected component containing ¢y as

Cp(co) = {c € R? | Q(c) < 0, B(e, cp) < 0}. (2.1)

Note that the resulting set of vectors depends only on the region where ¢y lies in, but not
on its particular choice. For example, we get the upper (lower) blue cone in Figure 3 when
choosing ¢g to be (—1,1) ((1,—1)).

Definition 2.8. For any a,b € R?, ¢i,co € Cp,? one can define regularized indefinite theta
function

2
. Z : 27iB(n,b) 17l
®A,a,b7c1,cz(7—) = P (n)e miB(n )q 2,
n€a +72

3In [43], Zwegers defines the regularized indefinite theta function for slightly more general parameters a, b, c1, ca.
However, all the cases relevant to the present paper have parameters from the set specified above.
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where the regularization factor p®2(n) is defined as,
512 (n) 1= sgn(B(c1,n)) — sgu(B(ea,n).

The choice of regularization is borrowed from [40]. The g-series ©4 g p.¢,.c,(7) is a mixed
mock modular form and it is convergent for |g| < 1. ©agpec, e (7) is the holomorphic part
of ©4,4,p.c1.c,(T, T) defined below.

Example 2.9. Choosing A = (1), and ¢; = () and ¢ = (}), the summands in the
indefinite theta series do not vanish when n + a for n € Z? and a € R? are in the yellow shaded

region in figure 3. With

1 0
_ (2 _
a= <§> and b= (0),

the indefinite theta series can be expanded to
Oaperer(TsT) = —2¢ +2¢° — 247 + 2¢° — 2¢" + 2¢'% + O(¢*).

Definition 2.10. We call (:)Aﬂ’bm,c2 (7,7) the modular completion of © 4 4 p ¢, .c, (T)

2

e 7 AC1,C 2miB(n,b) 2l

Ohaperer(T7) = D 5 (n, )OS,
n€a +72

where, for ci,ca,c € Cg, p?(n, 1) = p(n,7) — p(n, ), where

§(n.7) :=E<B(c,n> 2%5)), B(2) =2 /O T,

Using [43, Lemma 1.7], we can write p““?(n,7) as a sum of three terms,

c1,n 2 mi(7
P2 (n, 1) = p2(n) — sgn(B(c1,n))s <2B< 1—7‘6)1‘21 : )>

2B(ca,n)? Im(7)
—leaf? > ’

+ sgn(Blea,n))8 (
where for x > 0
o0 1
B(z) = / u”2e” "du.

This allows us to write the modular completion (:),4,(1,1,701702 (1,7) as a sum of ©4 qp ¢, (7) and
two other terms,

6A7a7b701,02 (7—7 7__) - @A7a7b901702 (T> + GA,a,b,q (T7 7__) - GA,a,b,CQ (7_7 71);

where

Gaape(T,T) = — Z eZWiB("’b)sgn(B(C,n))B

n€a +72

<zB(c, n)ZIm(T)> It

2
—|C‘2

The functions Gagpc, (7,7) and Gagpe,(T,7) are non-holomorphic functions that we need
to add to ©4 b e, (T) to get the modular completion © 4 g ¢, ¢, (7,7) which transforms like
a weight one modular form. In particular, for 2b € L* and pu € L*, where L is the lattice on Z?
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with a quadratic form A and L* :== A~1Z? /72, the modular S-transformation of 5) Aaberes(T,T)
is given by (see Appendix A for details),

e—27rlB(,u,,

DA —2miB(utbA+b) —2miB(Ab
1O A utbberer(T:T) = Z B (b At) g —2miB(XP)

\/]det Py

A 1 1
X O A+bber e <_7 _> . (2.2)

T T

Based on [43, Propositions 4.2 and 4.3], we can write G4 q,(7,7) as

Gaape(r,7) = —iv/=[c2 D 3 e2wiB(z,bL)q@

IeP \te(I+a)t+c Z

ico gB(I+2a,c) ,B(c,b) (_ |C|2y)
e ay, (2.3)
-7 —i(y +7)
where 21 is the projection of z on the line orthogonal to ¢, 2+ = = — g(( ))c ¢, is a generator

of the set {\ € Z? | B(c,\) =0}, P =7*/cZ ® ¢, Z, gy, is the unary theta function,

n?
E : neZmny T

nex+7Z

To summarize, above we laid out various notations which would help us with our further
study of Z. The key point for us is that the holomorphic completion of a regularized indefinite
theta function is a sum of three parts: holomorphic part, non-holomorphic part that depends
only on ¢, and non-holomorphic part that depends only on ¢s. Equation (2.3) helps us to relate
the non-holomorphic part with the Eichler integral, as in Definition 2.7. With this setup, we
will approximate G's with definite theta functions, which would help us to compute ceg coming
from non-holomorphic parts.

2.3 Conjectural form of Z on the other side

As was mentioned in the introduction, Brieskorn spheres (s, ¢, rst £1) = St i) (Ts.t) offer a par-
ticularly interesting class of examples for which the mathematical deﬁmtlon o Z is not currently
known. A candidate for such a definition in the case when M3 is a surgery along some knot
in 3 has been proposed in [40].

Conjecture 2.11 (the regularization conjecture for Z on the other side). Let Mz = Sil/T(K)
be a manifold obtained by performing +1/r-surgery on a knot K. Then
Z(Mg, ij (K; q T(J‘+%—%)2 _T’(J-‘r +355 )2)
J20
k((2r+1)k41)

Sk (—DF 2
x 1 , (2.4)

0(—q", —q ")

where f;(K;q) are coefficients of the Fx invariant of a knot complement S3\ K (see [24]), and
Ramanugjan theta function 6(a,b) is given by

= Z e B (—a; ab) oo (—b; ab) oo (ab; ab) oo
nez
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In particular, for r =1 this simplifies to

Z Fi(K; ) ( qf(jH)Q)(_

J20,lk|>j

L kBk+D)

Z(Ms:q) = qF — 7. (2.5)

(@)oo

Remark 2.12. We stress that throughout the paper we take Conjecture 2.11 as a working
definition for Z(X(s, ¢, rst £ 1); q). Note that other definitions are possible, for example, the one
in [2] using the resurgent analysis. One of the main goals of our work is to test the compatibility
of the conjectural form (2.5) with other proposals.

Note that if K is fibered, then f;(K;q) are bounded polynomials in ¢, as was discussed in [40].
In particular, this property holds for all torus knots and thus all the case studies in this paper,
where f;(Ts4;q) have coefficients {—1,0, 1} Equipped with this knowledge, in the following
section we will analyze the coefficients of 7 ( (s,t,rst £1); q) given by the above formulas and
derive the upper bounds on its cefg.

To highlight its modularity properties for M3 = (s, t,rst + 1), the regularized +1/r surgery
formula (2.4) for this class of manifolds was rewritten in [12] as

e Cr(g7) S
Z 2 S,t, StT—l— 1 ;627“7- — -\t J _1 Ee 27T1B(a€7b)@AaA cr.C T s 26

( ( ) ) 2f2r+1,1(7') éz(ﬂzez 63)( ) ,ag;b,c1, 2( ) ( )

€(2/27)%3
where
1)€1 1 —1)3
Do () (1,
_2(21}+1) 2(2r+1)

. —2st(rst + 1) 0

T 0 2r+1)/°

Cr is a monomial in ¢, the function f; ,(7) is defined as follows:
Fox(r) = (=g 2,
keZ

and cy, co are

= ( (1) ) 2= ( 2(Zr++11) >

The authors of [12] found that when s = 2 and ¢t = 3, as well as when s = 2, ¢ =5 and r = 3, the
invariant is a pure mock modular form, whereas in the generic case it is a mixed mock modular
form. In Section 5, we will leverage this by analyzing the S-transformation of this object.

3 Upper bounds on c.s for X(s,t,rst £ 1)

We begin our analysis by establishing the upper bounds on ceg for manifolds (s, t,rst +1).
We will show that ces(P) is bounded above by the contribution from the denominator in the
regularized formula for Z. This comparison yields explicit upper bounds on ceg for the Z-
invariant of both orientations of (s, ,rst £ 1) when the 3-manifold is obtained by a L surgery
on torus knots. We begin with a definition.

Definition 3.1. Given an infinite sequence of integers {a,}°°, we say that a, is polynomially
bounded if there exists a polynomial p(z) € R[z] such that a, < p(n) for all n > 0.
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Remark 3.2. One can equivalently define a, to be polynomially bounded if there exist constants
C,D € R and an integer k£ > 0 such that a, < CnF + D for all n > 0. One direction of this
equivalence is immediate, to prove the other observe if p(z) = Z?:o c;x’ satisfies a,, < p(n) for
all n > 0, then a,, < (Zf:o |ci|)nF + p(0)| for all n > 0.

We continue with a lemma that will be useful, for our purposes, in deriving estimates of ceg
for Z.

Lemma 3.3. Let P(q) = > ;" g ang"” and Q(q) = Y 7 bng™ be g-series such that ceg(P(q)) < 0o
and |by| is polynomially bounded. Then cex(P(q)Q(q)) < cet(P(q))-

Proof. Write P(q)Q(q) = >_n2 o (> r_o akbn—r)q". and set

1 " 2 2 2
L :=limsup M = iCeH(P(Q))-

n—00 n 3

Fix € > 0. By the definition of the limsup, there exists N, such that, for every n > N,

|an| < exp (\/W) :

After increasing a constant C. > 0 to account for the finitely many terms with n < N, we
therefore have

lan| < Ceexp(y/ (L +€)n)

for all n > 0. Since |b,| is polynomially bounded, there exist constants C' > 0 and an integer
d > 0 such that

|bn] < C(n+ 1)d
for every n > 0. Hence
S arbnok| <Y Jagllba-rl < CC(n+ 1) exp(V/(L + €)k)
k=0 k=0 k=0
< OC(n+1)"exp(v/(L +¢)n).

It follows that

10g | Y~ arbn—k| < V(L +e)n + (d+1)log(n + 1) + O(1).
k=0
Therefore,
log| >0 arbn_i|)’
lim sup (Og|2k_0 kon k’) <L+e.
n—00 n
Since € > 0 is arbitrary,
log| >0 arbn_|)’
lim sup (Og|2k_0 Gon kD < L.
n—o00 n
Multiplying both sides by % gives co(P(q)Q(q)) < ot (P(q)). [

For the benefit of the reader, we have stated the above lemma in greater generality than
needed. As we shall see, for our purposes it will be applied in the case when P(q) has strictly
non-negative coefficients.
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3.1 Estimates of c.g for T [X(s,t, st + 1)]

In this section, we find the upper bounds of ceg for T'[X(s, ¢, st£1)]. These manifolds correspond
to +1 surgeries on torus knots of type T'(s,t) and T'(s,—t). For Mz = X(s,t,st & 1), the
conjectural form of Z (2.5) takes the form

D=

= q JGHD) (P11 e 2 k(3k41)
Z(Ms;q) = @ Z eoj11qT st T 4t (¢ —g¢ (+1) )(~1)Fq 2
Voo 150 [k]>j
1
q2 JGHD (21?1, o —(it1)2
:TZ@JH(J; T (¢ —g (J+1))
q)oco >0
s k 3k2 4k k 3k2—k
x Y ((-DFg 2 +(-Dfg 2 ), (3.1)
k=j+1
where

—1 if2j+1=st+(s+t) mod 2st,
€2j4+1 = 1 if2j+1=st+(s—t) mod 2st, (3.2)

0 otherwise.

It is worth noting that the F signs appearing in the exponents in (3.1) depend on the + signs
from X(s,t, st 1) whereas the + signs in (3.2) are independent.

To find the upper bounds, the main idea is to apply Lemma 3.3 to the above expression
for Z expanded around g = 0, where — up to a power of ¢ — we treat the denominator ——
and the numerator of (3.1) as P(q) and Q(q), respectively. Let us first see that all conditions
of the aforementioned lemma are satisfied. First of all, P(q) is a well-defined function whose
asymptotics and the growth of coefficients are known (cog = 1). Its expansion around ¢ = 0 also
satisfies monotonic growth. That is, we can take

P(q)=1+q+2¢>+3¢° +5¢* +7¢° +--- .

On the other hand, the physical definition of Z implies a well-defined coefficient growth captured
by ceft, as discussed in [22]. However, we still need to confirm that Z as a g-series contains only
integer exponents of ¢, up to some common prefactor.

Proposition 3.4. Let M3 = X(s,t,st £1). The minimal q-exponent of E(Mg; q) is given by

1 (s=Dt—-1)(st—s—t—1) (s—1)(t—1)
5+ < T 5 : (3.3)

Moreover, Z(Ms; q) € ¢“Z[[q]).
Proof. By inspecting (3.1), we see that the minimal g-exponent of Z(Mg; q) is given by

1 j+1) _(#-1)(*=1)
- — 1
2 T st T 4st G+1)7+

3J+1)°-(+1)
5 :

where j > 0 is the first such natural number such that €941 # 0. From the definition of €941,
we see that j = $(st —s—t—1) and one arrives at (3.3) after simplification. To show that
Z(Ms; q) € ¢°Z][q]], it suffices to note that the difference of any pair of g-powers in (3.1) is an
integer. This is in part due to the fact that for ji,j2 > 0 the definition of 911 ensures that

ﬁ[jz(jz +1) — j1(j1 + 1)] is an integer. -
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Remark 3.5. The study of the minimal g-exponent A of 7 for negative definite plumbed
manifolds was initiated in [25]. Formulas for A for the negative definite family of Brieskorn
spheres M3 = 3(p, q,r) appeared in [29, 30]. It is interesting to note that, comparing the value
of A in (3.3) for X(s,t,st £ 1) with that of A for X(s,¢,st + 1), we see that A is not negated
under orientation reversal as was expected in [25].

The most non-trivial check which remains to be done is that the numerator of Z is polyno-
mially bounded. If this is true, we can then directly apply Lemma 3.3 to get the upper bound
on cef. Notice in the numerator of the expression in equation (3.1) that all of the coefficients in
front of g-powers are 1. However, after performing the summation in the numerator, not all
coeflicients will be unary, therefore we need a careful analysis for them.

The idea of the proof is to first split the expression in (3.1) into separate infinite sums QZ:-'E (q)

+ . . +ik . . . .
such that each Q;"(¢) contains powers of ¢, written as ¢%: (F) with coefficients ¢ o (k) satisfying
e+ ( j,k)\ < 1. (Note that the + signs in QF and ¢ are included to show dependence on the
sigﬁs in X(s,t,st £1).) Then for a specific g-power, say q%, we count the number of repetitions
of this g-power in the expression of in(q), that is the number of j, k € N such that cpii (J, k) =d,
and use this to give an upper bound for the absolute value of the corresponding coefficient c¢g4
associated to ¢%. The number of repetitions of a given g-power gives an upper bound for the
absolute value of the corresponding coefficient by virtue of the fact that the coefficients in the
expression for QF (q) satisfy |c@ii(jyk)| <1

Once the g¢-series

Q=) > e WY

§=0 k=j+1

are identified, the sum is split into 7= ¢*P(¢)Q(q), where Q(q) = ¢~ 2 Z?Zl Qii (¢) and P(q) =
ﬁ. The proof is then completed by showing that the absolute value of the coefficients of Q(q)
are polynomially bounded, therefore the upper bound on the ceg comes from the 1/(q) factor.

Lemma 3.6. Let

: 1 _jG+1) _(EB-1)(s2-1) , 3k2+k ' '
ek =5 F ﬂF( is(t )—32+2, 03 (4, k) = 1 (4, k) — k,

i, k) = oG, k) =21 — 1,  @i(jk) =i (k) —2j — 1

and for 1 <i <4 let

St ={(j,k) eN? |k >j >0 and ¢ (j, k) = A +n}. (3.4)
Then ‘S’%’i‘ is polynomially bounded for all i.

Proof. If we consider ;" (j, k) as a real-valued function ¢;": R? — R then we have that ShEC
{(G. k) € R?| @ (j, k) = A+n}N{j,k €R |k >j>0}NZ2 From the definition of the ¢, we
see that the graph of the set Hf = {(j,k) € R? | goii(j, k) = A +n} is a hyperbola in R?. See
Figure 4 for a schematic. Without loss of generality we will focus now on proving the statement
for S}L’Jr, with all remaining cases being similar with appropriate modifications made. We start
with cpf. In Figure 4, as j — oo, one can see that the line k = j grows faster than the upper
curve of the hyperbola. One can further verify that H Z+ has asymptotes at

k=2 (1 L) (Gt )1
—~\3 st) U 26t11)) 6
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Thus we just have to compute the intersection point X of H 1+ with the line £ = j in the upper-
right-hand quadrant of R?. This amounts to making the substitution of k = j into the equation
cp?( Jj,k) = A +n and then applying the quadratic formula. We get X = (z,x), where

1 8stn
= — —1 — — 2 .
x 2( +\/(st s—1) +st—2>

For simplicity in what follows, define m := (4st)?(1 4+ n). One can verify that m > z, and
if we define the bounding box B := (0,m) x (0,m), then B N Z? will contain Sy and the
cardinality of the set BNZ? is effectively m? which is a degree 2 polynomial in n. Thus \S}l’ﬂ is
polynomially bounded. The proofs of cp;t and S5F in all remaining cases follow similarly to the
above arguments, except different values of z and m will be chosen as the H Zi will be modified
hyperbolas to Hfr |

Figure 4. Schematic of hyperbola H;" intersecting line k = j (here s = 3, t = 10, n = 55 and H;' is
given by gof (j,k) = A +n). We focus on the upper right quadrant. If X is the intersection point, the
bounding box under consideration is the box B = (0,m) x (0,m). Then we see that S+ = BN H;" NZ2.
In this example S;? consists of two points depicted by a light red dot, », and dark red dot, e. The dark
red dot depicts the only point in this example in which makes a contribution to (3.1). The dashed orange
line shows the asymptote of Hfr .

Proposition 3.7. For Mz = 3(s,t,st 1), we get ceg (E(Mg;q)) <1.
Proof. For 1 <i < 4, define an infinite sum

D Ip e

J=0k=j+1

where ¢7(j, k) is defined as in Lemma 3.6 and c_+ ) is defined to be (—1)*egj41 for i = 1,2
and (—1)F+1eg;,q for i = 3,4. Comparing with (3.1}, we find

1
Z(Ms; q) Z
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Letting A denote the minimal g-exponent of Z (Ms; q), Proposition 3.4 implies that for each
1 <i <4 and for each j, k the g-powers of Qi( ) satisfy cp;t(j, k) = A+ n for some n € N.
Additionally, note that for each i and j, k one has |c - )\ < 1. Combining these observations,
if we collect like terms in Q(g), we can write

o

¢ 207 (q) = Y_biTq" € Zlq]]

n=0

for some coeflicients b,i{i which satisfy ‘bi{i’ < |Sfli| Lemma 3.6 then shows that ‘bi{i‘ is

polynomially bounded.

Now set P(q) = 1/(q)so and Q(q) = ¢~ 3.1, Q7 (q), so that ¢~ 2 Z(Ms; q) = P(q)Q(q). The
absolute value of the n-th coefficient of Q(q) is given by ‘ ZZ 1 b; i‘ Noting that

Zb’b:l: Z|b:~;i|

=1
a routine verification shows that ‘ 2?21 bf{i‘ is polynomially bounded. So we can apply Lem-
ma 3.3 to see that ceg(P(q)Q(q)) < cer(P(q)). Given ceg(P) = 1, this completes the proof. W

3.2 Generalization to higher values of r

We recall the +1/r-surgery (2.4) in the case of M3 = 3(s,t,rst £ 1) below

G+D - (2 -1)(s%-1) , ;
Z(Ms3; q) Z%Hq P FLTT (¢ U U te)?)
j=0
>iki<; (—1)*q
0(—q", —q 1) ’

E((2r+1)k41)
2

1 (3.5)

where €941 is defined as in (3.2).

We would like to use the same idea as in Proposition 3.7 to study the upper bounds for cqg
for X(s,t,rst £ 1), however we encounter two issues in doing so. The first issue is a subtlety in
locating the most dominant singularity of Z (X(s,t,rst £ 1)), a point we will address in more
detail in the next section. Namely, numerous examples suggest that forr>1,2 (X(s,t,rst £ 1))
has the most dominant singularity near ¢ = ™% where w = ST +1 for some integer a. However,
if we multiply Z by n(q)~!, the most dominant singularity shifts to ¢ = 1. Based on this
evidence, we make the assumptlon throughout this section that w = 0.

The second issue is that we cannot directly apply the techniques used to prove cog for the +1
surgery formula above as (3.5) involves a summation over the cone C = {(j,k) € Z* | j >0
and |k| < j } When we intersect C with the hyperbola (see Figure 4) generated by the set of
(j,k) € Z? which satisfy the expression (3.4) for a given g-power, we see that there are infinitely
many points in Z2 in the intersection. To remedy this, we can rewrite (2.4) in the following
form:

—1

’V‘Jr’l‘
7 - 12 (il 12
Z(M3;q):m Z fg K q r]+2 55) —q r(jt5+s- )
4 J20,|k[>j
((2r+1) )
X (—1)qu S (3.6)

To confirm this, it suffices to show that

E((2r+1)k+1)

G A D DR S D7

0(—q",—q) 0(—q",—q"t")

k((2r+1)k+1)
2

1 (3.7)
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Note that we have
k(k+1) k(k—1) k(k+1) k(k—1) 2,12
9(_qr, _qr+1) — Z(_qr) 3 (_qr—l—l) ) — Z(_1)72 (_1)72 q2rk +k k‘
kez kez
Examining the factors of —1 and using @ + k;(k;2—1) = k? and (—1)*
can simplify the above equation into
9(_qr7 _qr—H) _ Z(_l)kq2rk2+k2—k‘
keZ

2

= (=1)* for all k, we

Note that within the summation there is a symmetry in terms with £ and —k. Namely, we
have (—1)"Fg2r(=R*+(=k)*=(=k) — (_1)k2rk*>+k*+k  Thyg we may change the index of summa-
tion from k£ to —k and we end up with
9(_qr, _qr+1) — Z(_l)kq2rk2+k2+k — Z(_l)kqw'
keZ kezZ

From this (3.7) follows immediately. With the 4+1/r-surgery formula now given by (3.6), we can
apply the bounding techniques used to find the bound for ceg for the +1 surgery formula to the
+1/r surgery formula. One has the following updated proposition.

Proposition 3.8. Let M3 = X(s,t,rst £1). The minimal q-exponent of 2(M3; q) is given by

A:(r$1)(s—1)2(t—1)+(st—s—t—lé(st—s—t—?))_; (3.8)

Moreover, 2(M3;Q) € ¢“Z[[q]].

Proof. The proof is the same as that of Proposition 3.4 except this time, inspecting (3.6) shows
that the minimal g-exponent is given by

rtr! j(j+1)¢(t2—1)(82—1)_r< 1 1>2+(2r+1)(j+1)2—(j+1>

4 + st 4st 7+ 2 + 2 2
for j = (st — s —t — 1). After simplification, one arrives at (3.8). [
The proof of the bound for ceg is then completed by using the asymptotics of 9(—q’“, —q”l)
near ¢ = 1 in place of the asymptotics for 1/(¢)c0, which can be derived analogously to Exam-
ple 2.5. In the end, we obtain the following key result:

Proposition 3.9. Assuming that w = 0 holds in (1.5) for X(s,t,rst £ 1), we have
s 3
Coft [Z(E(s,t,rst +1); q)] < R

Having established the upper bounds of c.g for Brieskorn spheres, we now proceed to estimate
the lower bounds.

4 Lower bounds on ceg for X(s,t,rst + 1)

In this section, we discuss the numerical analysis of 7 for Brieskorn spheres (s, t,rst +1). We
begin by determining the dominant singularities of the conjectural expression (2.4). To this end,
we examine essential singularities of 7 as q approaches the unit circle radially, and estimate their
relative strength. Having located the dominant singularities, we proceed with calculating the
lower bounds for ceg [2(2(8, t,rst £1); q)} using the first N terms in the ¢ — 0" expansion of
the regularization formula (2.4). Combining this with the upper bounds from Proposition 3.9,
we will be able to analyze the relationship between c.g and Chern—Simons invariants of flat
connections.
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4.1 Singularity structure of Z

As was argued in [22] using the saddle point analysis, supersymmetric indices of 3d N' = 2
theories (in particular, Z invariants) in general are expected to have

272 )
exp Tcegn + 2mirn | |,

where r is the position of the most dominant singularity (see Definition 2.2) of the index on the
unit circle. Since the behavior of coefficients a,, depends heavily on the location of the dominant
singularities, it is essential to locate them beforehand.

Position of dominant singularities. The strength of a singularity reflects how quickly
the function approaches 1nﬁn1ty as it nears the pole (or, in our case, a pole of infinite order, i.e.,
the essential singularity).* The same applies for 7 invariants on the other side, when consadered
as a function of ¢ € C. According to the regularization conjecture discussed in Section 2.3,
7 invariants on the other side of Brieskorn spheres take the form of a combination of indefinite
theta series which are convergent in the unit disk. Since the denominator of the regularized
form (i.e., Ramanujan theta function) has zeroes at roots of unity, one would expect that they
determine all singularities of Z. However, it is difficult to predict which singularities will be
more dominant.

As an example, consider |Z ‘ inside the unit circle for Brieskorn spheres (2, 3,5) and (2, 3,

) Figure 5. The white regions (i.e., very large absolute values) are formed around a singularity
on the unit circle, and we can estimate its strength by comparing the areas of such regions and
computing numerically the radial limits, matching them with Definition 2.2.

a, ~ Re

1.0 1.0

0.5 H

0.0 H

0.0 -

-0.5 F -0.5

-1.0 1 n ] -1.0 L L n n n L L n n n n L L I n L n
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Figure 5. |2 | as a function of ¢ € C inside the unit circle: ¥(2,3,5) with the dominant singularity
at ¢ =1 (left), and $(2,3,11) with the dominant singularities at ¢ = ¢~2™% and ¢ = e~ 2735 (right),
which can be determined by comparing the radial limits.

Similarly, for ¥(2, 3, 13), we find the dominant as well as the sub-dominant singularities whose
structure turns out to be exactly the same as for 3(2,3,11) (Figure 5, right).

Our analysis shows that for s,z < 20, Z (Z(s,t, st + 1);q) has the dominant singularity
at ¢g=1. On the other hand, for » > 1 there are a number of examples where the domi-
nant singularity is not at ¢ = 1, such as ¥(2,3,12+ 1) (and the number of such cases grows
with r).5 However, if r is fixed and s, t are taken to be large enough, then it is again at ¢ = 1.

4Although the behavior of a general function around the essential singularity may be erratic, in our case we
will use the radial limits of Z invariant which are well behaved.

®Nonetheless, dividing by the Dedekind eta function 5(7) rotates the dominant singularity to ¢ = 1 for all r,
s and t.
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Figure 6. c.¢ data for 3(2,3,5): logla,| as a function of n ( ) producing a lower bound esti-
mate Myin = 0.9, reference curves 4/ (4mr)” %zn for m € {1,2} (blue), the upper bound w/%n (dashed

black). The exact value m = 1 was obtained in [22] using the mock modular property of Z. In this
case, e corresponds to the smallest numerical Chern—Simons invariant of a non-abelian flat connection:

CS(a2) = 135, Table 1. Therefore, the conjectural relation (1.6) holds in this example.

4.2 Estimates of the lower bounds

By using the truncated series, we can obtain lower bounds on c.g. To this end, consider

Zin =% axd, (4.1)

keln

where Iy denotes the set of exponents of the first NV non-zero terms in 7. Any estimated ceg
coming from (4.1) is automatically a lower bound because of the property called log-concavity,
see [18]. In this way, more terms in the truncated series Z|x will guarantee a better bound, and
for our studies we set N = 10%.

Our next step is to find the range of admissible values for ceg. From the above analysis, it is
safe to assume that ¢ = 1 is the dominant singularity for all +1-surgeries. We can then compare
the upper bound given by Propositions 3.7 and 3.9 with the numerical estimates providing the
lower bound. In this way, we can find all possible integer values of m (recall the conjectural
relation (1.6)) lying within the range [Mmin : Mmax], Where mpyy is given by the numerical
estimate, and mmpax is the exact bound from Proposition 3.9. In practice, this can significantly
narrow down the range of admissible c.g values. Based on this, we can compute the numerical
estimates of m for +1-surgeries on various torus knots.

To illustrate the idea, consider the reverse-oriented Poincaré homology sphere (2,3, 5). From
Figure 5 we already know that its dominant singularity is at ¢ = 1. Therefore, we can compare
the leading behavior with some Chern—Simons invariant. There are three flat connections, «q
(abelian), a; and ag, as listed in Table 1. In this case, the corresponding value m =1 (in other
words, m = 1 and [ = 0) is known from modularity [22], but we would nevertheless like to confirm
the consistency with Figure 1. We find the estimated value of m to be ~ 0.9, by considering the
first 10% terms in Z. We find it useful to plot log |ay| as a function of n and compare with the
upper bound given by the regularization factor (¢)3! in the +1-surgery formula. Additionally,
we include the logarithmic lines for m taking all integer values, starting from m = 1,2,3,....
Combining all these plots into one, we obtain the following picture (Figure 6).

There are two blue curves corresponding to m = 1 and m = 2 below the upper bound
(black dashed curve). The estimated values of m for N € [1, 104] is shown as a thick orange
line, and it provides the lower bound for cet. We can see both blue lines appearing within the
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o 0]
ar | [155]
ay | 5]

Table 1. Invariants of flat connections on ¥(2, 3, 5).

bounds, however, asymptotically m = 1 is getting much closer. This suggests m = 1, and the
ceffi-connection is the one with the smallest Chern—Simons number. In this case, we can access
this result analytically using the modular properties of Z ¥(2,3,5); q), as shown in [22].

We will conduct a more thorough study of Z for (s, t,rst + 1) using its mixed modular
properties in the next section, as well as the detailed analysis of various examples X(s, t,rst + 1)
in Section 7.

5 Mixed mock modularity and resurgence

Despite being defined as half-indices of three-dimensional N/ = 2 theories on a solid torus,
7 invariants often retain striking remnants of the full modular symmetry enjoyed by ordinary
two-dimensional indices on the torus boundary. Exact modular symmetry is broken, but the
surviving structure turns out to be surprisingly rich.

For Seifert homology spheres with three singular fibres (in plumbing language: star-shaped
graphs with three legs), the Z invariants were shown to be quantum modular forms [11, 42] —
functions of the cusps of the upper-half complex plane whose obstruction to modularity can
be extended to a real analytic function. In the same cases, upon orientation reversal that
obstruction to modularity further trivializes [11] and the invariant becomes a mock modular
form: the non-modular holomorphic part of a modular non-holomorphic object which is obtained
by the addition of an explicit, non-holomorphic Eichler integral of a cusp form. A curious
empirical relation between Z-series of manifolds related by orientation reversal culminated in
the false-mock conjecture [14], predicting a precise pairing between the 7 invariants of manifolds
related by orientation reversal in terms of their modular structure.

In this section, we leverage a proposal [12] for 7 invariants on positive Brieskorn spheres of
the type X(s,t, str + 1) in order to compute the ceg. We do this by constructing a modular
completion for the Z and use its modular transformations to re-express Z in terms of ¢ series.
We also demonstrate key differences that arise when studying these ¢ series as obtained from
the proposal of [12], which we use, and a recent proposal for the same object deriving from
resurgence analysis.

This section has the following structure: In Section 5.1, we identify the completion of the Z
invariant and use it to re-write the invariant in terms of a sum of three ¢ and § series, W(—%),
ZG(1,7) and ZG*(71,7). In Section 5.2, we analyze each of the three terms. We con-
struct polynomials with the same asymptotic divergence as W(—%) and ZG%(7,7) and we
show that ZG(7,7) does not diverge as 7 = i — 07, so it does not contribute to the cef.
Lastly, in Section 5.3, we compare our results with recent developments from resurgence and
demonstrate that the modular S-transformation leads to terms which do not have an analogue
in that formalism.

5.1 cegr from modularity

To find the ceg of Z(Z(s, t,rst+1); q), we need to study the asymptotics of, Z(E(s, t,str 4+ 1);
q) /n(q) as ¢ — 1, where n(7) is the familiar Dedekind 7 function. We can get the asymptotics by



cef from Surgery and Modularity 23

looking at the modular S-transform of Z(E(s, t,str+1); q). To obtain the modular S-transform
of the Z, we will introduce the (non-holomorphic) modular completion of the Z invariant by
taking the modular completions of each summand in (2.6)

g NV o Y C q_l é_ —2miB(ag,b)
Zvy (S(p1,p2,p3); T) = 2f2FJ(r11()T) Z (—1)ée~2mB( ﬁ’b)@A@é’b’cm(r).

é=(e1,€2,€3)
€(2/272)®3

Since 2b € L* and a; —b € L*, we can use the modular S-transformation given in equation (2.2)
to write

2 (Sl ppps)ir) |t e 2POY e o i
—1
Cr (q ) \/‘dT f2r+1 1 é=(e1,€2,63) AEL*
E(Z/zz)®3
_omi Fa) 1 1
w @ 2 B(’\’b)@A7/\+b7b7C1,CQ <—’ _—> ‘
T T

We can simplify the above expression by summing over €. We pick the following representatives
of L*:

« 141 lo
L= :
2st(rst+1)" 2r +1

We can simplify the sum over € with the following identity:

0§€1<25t(rst—|—1),0§€2<2T+1}.

(;)3 Z (_1)ée—27riB(b,b)e—QwiB(ag,A+b)e—27riB()\,b)
1 ~

ec(2)22)®3

=(-1h Sin<m> sin(m) sin< 20 )
s t str+1

We can write

. 2st(rst+1)—1
T — 4 , <m> , (m>
_ 2 7 (S(p1,p2,p3);T) = —— E " sin| — | sin{ —
Cl“(q_l) b()( (pl b2 p3) ) f2r+171(7_) = ( ) s ¢

O\ 11

. 1 ~

x N ).

Sln<7“8t n 1) = A, +b,b,c1,c2 < 7" 7—_>
0=

Just as the completion of indefinite theta series that comprise that of Z can be written as a sum
of three terms, we can write the completion of Z as a sum of three terms, Z , a non-holomorphic
term that depends on c¢; and a non-holomorphic term that depends on co. We will use this
grouping to write Z as a sum of three terms

Z=W(r)+ ZG(1,7) — ZG(1,7), (5.1)
where

CF (q_1)41 28t(T5t+1)—

Y AN 25 AN 2%
W(r)=— (-1~ sm<> sm<> sm< >
7/ det(A)|far41,1(7) glz—() $ ¢ rst+1
2r
1 1
X Z @A,M-b,b,cl,@ <—T7—7__) ) (5-2)

lo=0
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26e(r,7) = 2ol [( ) 8i

2for+1,1(7) [det(A)]
2st(rst+1)—1
5% O bhm
_ A 17 1 17 1 L
X ZZ:O (-1) sm( . )sm( . )Sm<rst+1>
1=

2r
1 1 é ,—2miB(a;¢ =
X D Garpbpe (—T7—7> — Y (—1)femB E’b)GA’aé7b7c(T,T)].

£2=0 é=(e1,€2,€3)
€(z/272)®3

5.2 Asymptotic structure of the modular completion

We will determine the leading order of divergence of the Z invariant by analyzing each of the
three terms of equation (5.1). Due to the technical nature of the proofs, here we shall summarize
the main results, and relegate their proofs to Appendix B. The main strategy will be that of
isolating the leading terms from the ¢ series of W (7) and ZG to construct polynomials with
the same asymptotic properties. We will also show that ZG* does not diverge and thus does
not contribute to ceg. Our main result will be the identification of a finite polynomial whose
leading order divergence is the same as the Z invariant proposal, as summarized in the following
lemma.

Lemma 5.1. Let Z (E s, t, str+1); 2””? be the Z invariant for a positive Brieskorn sphere as
described in Section 2, then Z( (s, t str+ 1);€*™M7) ~ ((s,t, str 4+ 1;7) as ¢ = *™7 — 1, where

C(s,t,str+1;7)

Cr(a—1) 4i 2st(rst+1)—1
S SIS I CL PN
T ’det(A)‘fgr_i_l,l(T) S t rst+1

¢1=0
2r
X Z P(s,t,r, A7) +

4iCr (¢ ) V=ir/(2r + 1)(st — 2)
=0 (—7 )\/@sm( T )

< 33 o) () (i)
(

l1=—L1 lo=—Lo

im(20941) 20941 1
é 2[ Jrl "‘QC bl )
2(2r+1 1 2 2\ 3st(rst1) 2 27‘+1 8(2r+1
e 270 sgn(B (e, (2st(rst+1)’ 2(2r+1) )))a T D) s

m|B(c2, (25t(fslt+1)’ Q%iﬁ)))‘

iCr (q_l) V2r+1 Z (_1)66—27riB(ae7b Z Z qéff(fft 22) 8(2r+1)

4m SIH(Q +1> St(St - 2) €=(€1,62,E3) IePs k=L3
€(z2/27)%3

( B(I+ag,co) +1) B(I+ag,c9) 27rikB(I+ag,c27L)
X log (2r+1)(st—2)(rst+1) e (2r+1)(5t 2) st(st—2) ,

where A = ({1, 43),

Z q%R(y,s,t,r;ZL@z), 6 ;é 07
) (01,82)€{(0,0),(—1,-1)}
'P(Satﬂ"aﬂﬂ—) = Z qQR(MstT&,Ez) §=0

(£1,62)€{(0,0),(—1,0)}
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for
1 (209 +1 ay 209 + 12
R tili, ) =02r+1)—|= — lyst+ ¢
(a1, g,y 8,65 01, 09) = (2r + )< {2(27“—{—1 rst+1>J + lyst+ 0o + 47“—}—2)
2
a1
—2st(rst+1) (£ —_—
stlrst + )<1+2r52t2+25t>
and 0 = 22(3‘73111) — 2(r?t1+1)' The quadratic form Qc, is given by

_ In]> _ (B(ca.n))?
Qey(n) = 9 o2

The set Py is defined by Py == {(0,z) | 1 <z < st — 2} and the bounds of summation Ly, Lo,
L3 and L4 are given by
I V/2st(rst + 1)(4rst + st + 2) I [\/4rst+ st + 2 1}
' 2/@r + 1)(st — 2) ’ 2 ’

2y/st — 2 2
L |V_st_ st(st—2)—‘ o {_stJr st(st—2)J |

2 4(2r +1) 2 A(2r +1)

Asymptotics of W (1)

To capture the leading divergence of W(r) as 7 — 07 (q~ = /T 0), we replace every
indefinite theta function that appears in its definition by a two-term polynomial in ¢. The con-
struction proceeds in two steps. Within the summation cone (2.1), the g-exponent is monotone:
it increases with the distance of the lattice point n from the origin. Hence only the two points
that lie closest to the origin — one in each connected component of the cone — govern the smallest
power of ¢. So keeping just those two contributions yields a polynomial of two monomials whose
leading g-power coincides with that of the full theta function. Substituting these two-term ap-
proximants for every indefinite theta series in W furnishes a single polynomial that reproduces
the asymptotic divergence of W(T) The precise form of the approximant for an individual theta
function is stated in the following lemma.

Lemma 5.2. Using the same conventions as Section 2, the leading order of © A ;44.pc,,c.,» Where

aq
— 2st(str+1
= 8(3§+) ’
2r+1

with 1 < aq < 2st(str +1), 0 < g < 2r + 1, is the same as

Z q%R(u,s,t,r;&,ﬁg)’ 5 7& 0’
(617£2)€{(070)7(_17_1)}
t ; =
P(s,t,r, 5 7) 3 gERmstritnt) 5 g
(41782)6{(070)7(_170)}
where
1 (20 +1 ay 2az + 1)
bl le) = 2r+1) (— | = - bist +¢
R(alaO@aT,Sav 1, 2) (T+ )< \‘2<27"+1 T‘St+1>J+ 18t f2 4T+2>

2
aq
— 2st(rst+1) | £ —
stlrst +1) < e +25t>

_ 2a0+1 aig
and 6 = 2(2r+1)  2(rst+1)°
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Note that we are not considering the case where a; = 0 mod 2st(str + 1). This is sufficient
for our goals, as if a; were zero, then the sines in (5.2) vanish, so the ¢-power should not be
considered.

Asymptotics of ZG*!

The term ZG! can be shown to be finite, thus not contributing to the ceg. The first step to do
so is to perform a rewriting of ZG*, to

Cr(q)

2G4 (7,7) = ==

st(rst+1 ,2st(rst+1)(ag)1 (y)

< 3 [ /
62(51762763) \/2st(rst + 1) —i(y + 1)

c(z/27)®3

dy|. (5.3)

Then, after substituting in the definition of the unary theta function 9,1717,, (1), its modular prop-
erties can be leveraged to show that the integral in (5.3) converges.

Asymptotics of ZG*2

The asymptotic order of divergence of ZG? is obtained in a similar way to that of W (). First,
the sum is separated into two terms

4101“ (qil) 23t(rst+1)—1

Z (—1)61 Sin<m> Sin<m>
—7)+/| det(A)] for+1,1(T) £,=0 § '
2r
. b L
X Sm(rst n 1) ZE:OGA,A+b,b,c2 <_7_7 _T> ’
y=

Cr(q) .

ZGPH(1,7) =5~ —1)fe2mBReb) G, T, T
2 (n7) 2forp11(7) Z (=1) Aae b (T, T)
é=(e1,€2,€3)
€(z/22)®3

ZGP(T1,7T) =

and each term in the sum is considered independently. We show that the leading order divergence
of the first term ZG7*(7,7) is

4iCr (¢ ) V=ir/(2r + 1)(st — 2)
(—7) 83tsm(

ZGP (1, 7T) =

2r+1

1
!/ /
X E E sm( T:) sin<¥r> Sin(rstli 1>
61 7L1f2 7L2

im(209+1) 269 +1 1
o 20511 \\) ~@cs ( : )-
2(2r+1 2 2 \ 2st(rst+1)’2 2r+1 8(2r+1
e 2ri sgn(B(ca, (QSt(rst—i-l)’ 2(2r+1))))q R 2D ) R

m|B(c2, (zst(f§t+1)v z%gii})))‘ ’

where the bounds L1, and Ly are given by

Ly =

2¢y/st =2 2

V/2st(rst +1)(4rst + st + 2) Lo [\/4rst +st+2 1—‘
2./(2r + 1)(st — 2) ’ 2T '
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Similarly, the leading order divergence of ZG5*(r, T) is

N Cr( )\/ 2r+1 _2miB(ach L opian?
ZG;Q(T, ) ~ Z (-1 6 27iB(ag,b) Z Z GHsitsi=2) 8(2T+1)
47r51n( )\/m —(e1,e2,63) IeP, k=Ls

€(z/27,)®3

( B(I+ag,c) ) . B(I+ag,c) 27"ikB(I+357C2,J_)
X log (2r+1)(st— 2)(7‘st+1) e (2r+1)(st 2) st(st—2) ,

where

| st st(st —2) | st st(st —2)
bs = {—2‘ 4(2+1J b= {_2+ 4(2+1>J

5.3 Resurgence and mock modularity

Along with the surgery formula from [40] and modularity [12], one can obtain Z on the other
side using resurgence techniques. This approach was carried out in [1, 15]. In this section, we
will briefly summarize the resurgence approach and compare it to the approach using regularized
surgery formula for Z.

In [15], a new g-series, W, (g), called dual false theta functions, were introduced. Wy (q) is
obtained by performing the ¢ — ¢~! operation on a false theta function ¥, , using resurgence
techniques. The dual false theta functions are expected to satisfy the following equation:

2]
i 2ip pu? sinh((p — a)u)
VY () = = Sud™ Wil@) ﬂ/ / g SIh{(p — aju) 5.4
a/vp(q) \/ﬂ e bq b ue smh(pu) ( )

For further details, see [15, equation (4.95)]. Just as Z for negative definite Brieskorn spheres is
a linear combination of false theta functions, according to the proposal in [1], the 7 for positive
definite Brieskorn spheres is the same linear combination of dual false theta functions. Therefore,
the Z for positive definite Brieskorn spheres ¥(p1, p2, p3) satisfies a linear combination of the
equation above (5.4). Schematically, one can write

Z(S(p1,p2p3);q) = F S Soad® Wi(@)

aEMy, ap
4 J2ip / duel et sinh(p1pou) sinh(papsu) smh(plpgu)’ (5.5)
sinh(pu)

where p = pipaps, Myap is the set of non-abelian SL(2,C) flat connections on X(p1, p2, p3),
Wi(G) is a g-series, and A, are rational numbers that are integer lifts of Chern—Simons values
of non-abelian flat connections. Here, the product of three hyperbolic sines in the integrand
of (5.5) arises from the underlying linear combination of dual false theta functions through the
identity

Y eeasinh((paps + epip2 + eapips)u) = 4sinh(pipyu) sinh (p1 psu) sinh(papsu).
61,62€Z/QZ

The above equation (5.5) is the modular S-transformation of the Z for positive definite
Brieskorn spheres obtained from resurgence techniques. To compare it with Z for positive
definite Brieskorn spheres obtained from the surgery formula, we have to look at the modular
S-transform of Z given in equation (5.1). Comparing the two equations (5.1) and (5.5), we see
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that the functions W (7) and ZG' (7, 7T) have the following analogues in the world of resurgence
techniques:

W(r) «— VT ST Sead® W),
7 aeM nAb
26 (7 s 4 2ip /oo due% sinh(p1pau) sin.h(pgpgu) sinh(plpgu).
T \/ T Jo sinh(pu)

However, the term ZG2 (7, T) has no analogue in the resurgence framework. The term ZG2 (1, T)
is associated with the mized mock modularity of Z.
Further, the number of g-series in

S Soad® Wi(d)

aEMy, ap

is equal to the number of non-abelian SL(2,C) flat connections on X(p1, p2, p3). However, in the
case of (s, t,str + 1), for r > 1, the number of g-series in the term W (1) exceeds the number
of non-abelian flat connections.

6 ce on the negative side

So far we have been concerned with finding ceg for the family of Brieskorn spheres ¥(s, ¢, rst + 1)
which are positive definite plumbed manifolds. In this section, we take a slight detour and
consider negative definite plumbed manifolds which aren’t necessarily integer homology spheres
but whose Z invariants admit a precise mathematical description in terms of the plumbing data.
Similarly to Section 3, our goal is to bound the growth of coefficients of Z. We will prove
that ceg < 1 for this class of manifolds.

We begin with recalling the following definition and proposition from [3].

Definition 6.1. Con81der the family of functlons F= {F | Z — Q} >0 defined by setting F,(r)
to be the coefficient of 2" in (z — z 1) for 0 <n < 2. For n > 3, we define

n+|r|
= 2 sgn(r)"( 2772) if |r|>n—2, andr=n mod 2,
F.(r) = 0 n—3 (6.1)

otherwise.

In the above sgn(r) € {—1,1} denotes the sign of r. Further, if I' is a weighted tree with L
vertices and framing matrix M and b € 2Z% + §, then define Fry: 7Y — Q by

Frp(x H Fdeg(v)((2Mx+b) )
veV(T)
where (—), denotes the v-th entry, V(I') is the set of vertices and ¢ is the degree vector.

Proposition 6.2. Let M3 be a negative definite plumbed manifold and b € Spin®(Ms). Sup-
pose M3 is obtained by plumbing along a weighted tree I' on L vertices with framing matriz M.
Let b € 27 + 6§ be a Spin® representative for b. Then

~ _ 3L+Tr(M)+b'M " 1b ~
Zy(M3;q) = q 3 > < > Fnb(X))(J”a (6.2)

neZ “xeDy,

where® D, = {x € ZI' | 2xp(x) = n} and xu: Z' — Z is defined by xu(z) == %(XTMX-FXTb).

®In [3], the modified prefactor —; (3L + Tr(M) 4+ b"M~'b) was denoted by A, as a result of a different choice
of notation. Note however this prefactor is not the minimal g-exponent in Z,.
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Remark 6.3. The reader may notice that the prefactor appearing in (6.2) differs from the
one seen in [24]. To avoid confusion in the indexing of coefficients, let ny be the smallest
integer such that erD Fp b(x) #0. Then the smallest g-exponent of Zb is Ay = —7(3L +
Tr(M) + bTM 1b) + no As a result, the coefficient a, associated to ¢~**" in Zy is given

by 3 xeDuing Frp(x).
We continue with a quick lemma inspired by experimentation with [31].
Lemma 6.4. Letn € Z. If n < %bTM_lb, then D, = @. Otherwise,

L

n—beM )
|Dn| < |2 )\——i—l ;

where Amin 1S the minimum eigenvalue of —M .

Proof. We want to find |[{x € Z% | 2xp(x) = n}|. Observe that 2yp(x) = n holds if and only if
(I L LT -1
X + §M b| (-M)|x+ §M b|=n- Eb M™"b. (6.3)

Note that ibTM ~!b does not depend on x and so it is a constant. Since M is negative
definite so is M~'. On the other hand, —M is positive definite as a result. This implies
that — 1bT]W b > 0 and Apay > 0. Considering xp, as a function from R” to R a linear algebra
computatlon shows that min 2y, = b "M ~'b. This implies that (i) the right-hand side of (6.3)
is always greater or equal to zero and (i) that if n < 1bT]W b, then D,, = @. Consider
E = {x € R¥ | 2xp(z) < n}. From (6.3), one sees that E forms a solid elipsoid centered at
v = —%Mﬁlb with diameter

\/ n—1bTM-1b
2 - =
)\min ’

where Apiy is the minimum eigenvalue of — M, which contains at most

L
n—ibTM~1b
2| —A———+1

Amin

points of Z~. Since D,, is contained in this set the result follows. |

Before continuing, let us note that Definition 3.1 can be extended to define the notion of
a sequence of rational numbers being polynomially bounded. This is relevant since by Remark 2.4
one sees that the coefficients a,, of Z, take values in the set 27°Z for some integer constant ¢ > 0.
With this extension at hand we can state and prove the following.

Proposition 6.5. Let M3 be a negative definite plumbed manifold, b € Spin®(Msz) and n > 0
be an integer. If a, is the coefficient associated to ¢™vT™ in Zy(Ms; q), then |ay| is polynomially
bounded.

Proof. Suppose Mj is obtained by plumbing along a weighted tree I' on L vertices with
(negative-definite) framing matrix M. Let b € 2ZF + § be a Spin® representative for b and
consider (6.2). Let ng be the smallest integer such that erDn Fr b(x) # 0. By Remark 6.3,
we see that a, = erDn+n Fr b(x). Let d denote the maximal degree of a vertex of I". If d < 2,
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then Zj is a polynomial in q. One then seces lan| < max; |a;| and the result follows trivially.
Suppose now d > 3. Define
m = max |(2Mx + b),| (6.4)
XeDn+n07UEV(F)
and G: R — R by G(y) = 2(3”:%) = (d+y)(dzzly:5!)"'(y+2). Comparing with (6.1), we observe for
all x € Dy4p, and v € V(T') that |Fdeg(v)((2Mx—|—b)v)’ < G(m). This implies for all x € Dy, 1y,
that

|Frp(x)| < G(m)*E. (6.5)

Let Amax, Amin denote the largest (resp. smallest) eigenvalue of —M. Define the constant Cy, :=
ng — %bTMflb and define

C )\m X
h(n) := 4Amax ntlh Ib]| (1+ a )

)\min )\min
where || - || is the usual R* norm. We claim that
G(m) < G(h(n)). (6.6)

Let x € Dyip,. Since M and M ! are symmetric, we find || M|| = Amax and ||M 7| = 1/Amin
(here || - || denotes the spectral norm). Using the fact ||[Mx|| < ||M]]| - ||x||, we find

[(2Mx 4+ b)y| < 2Amax - [[x[| + [[b]]- (6.7)

Further, from the proof of Lemma 6.4, one sees that

x:xo—%Mflb, x065<0,2 "+Cb>,

>\min
where S(0, R) is the solid ball centered at 0 with radius R. Therefore, by the triangle inequality

n+ Cp
)\min
Since HM‘le < HM‘lHHbH = ||b||/Amin, combining (6.7) and (6.8) gives

x|l < 2 + %HM‘le. (6.8)

m < Dy | bl <1 + Ama"> = h(n).

)\min )\min
Since G is monotonically increasing, the claim follows. Equations (6.5) and the claim (now
proven) imply

|Frp(x)| < G(h(n))".

By Lemma 6.4,
o L
|Dn+no| < (2 n+. L +1)
Therefore,
o L
|an| < (2 ";ib + 1) G(h(n))-. (6.9)
Since h(n) = O(v/n) an((id_Czr')Lis a polynomial of degree d — 3, we have G(h(n)) = O(n%).

Consequently, |a,| = O(n 2 ) In particular, choosing any integer k > ((d_;)ﬂ, there exists

a constant C' > 0 such that |a,| < C(n + 1)¥ for all n > 0. Hence |a,| is polynomially
bounded. |
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Corollary 6.6. Suppose Ms is a negative definite plumbed manifold and b € Spin®(Ms), then
Ceff (Zb(MfS; Q)/(Q)oo) <1

Proof. From Proposition 6.5 and the discussion preceding it, one sees that up to an overall
factor of 27¢ for some integer ¢ > 0, the absolute values of the coefficients of Z,(Mg; q) form
a polynomially bounded sequence of integers. After reviewing the conventions of Remark 2.4,
the proof then follows by an application of Lemma 3.3. |

7 Case studies

We conclude the analysis of ceg derived from the conjectural +1/r-surgery formula for Z invari-
ants on the positively plumbed Brieskorn spheres with case studies. We focus on a simpler case
of +1-surgeries, but also include one example of —i—%—surgery, namely ¥(2, 3,13). Comparing the
resulting cog with the Chern—Simons invariants given by (1.4) could shed light on the conjectural
relation (1.6) between the two. In turn, this will allow us to produce a set of counterexamples
confirming our main Theorem 1.2, as well as differences of the two approaches (modular and
resurgent) to Z on the other side. Our data for Cef is presented in numerical tables which
contain the following;:

e Numerical values on the lower bounds of ceg for X(s,t, st + 1), following the analysis in
Section 4.
e Exact values of cog for X(s,t, st + 1) from the analysis of Section 5.

e Exact values of ¢ coming from resurgence, based on [2] as well as asymptotic results from
Section 5.2.

e In Table 6, we also present ceg for the half-index of the corresponding 3d N' = 2 the-
ory T[Ms].

7.1 X(s,t,st+1)

The numerical estimates for the lower bound of m are shown in Table 2.

! 3 4
s
2 0.937 .
3 . 4.66 .
290 6.02 7.88 .
. . . 11.8 .
4.84 837 11.0 138 16.4 .
. 9.48 . 15.7 . 21.8 .
6.63 . 14.1 17.6 . 24.4 278 .
. 11.8 . . . 27.0 . 34.3 .
832 13.0 172 21.5 255 29.6 33.6 375 412 .
. . . 23.3 . 32.2 . . . 48.4 .
9.96 153 20.2 252 30.0 347 392 436 47.8 51.8 55.6 .
. 16.5 . 27.1 . . . 46.5 . 55.1 . 62.7 .
11.6 . 23.3 . . 39.6 44.6 . . 58.2 . 66.0 69.5 .
. 18.8 . 30.8 . 42.0 . 52.1 . 61.2 . 69.1 . 75.8
13.2° 20.0 263 32.6 38.6 443 49.7 548 59.6 640 682 720 755 787 816
. . . 344 . 46.6 . . . 66.8 . 4.7 . . . 86.8
147 223 293 36.2 427 489 546 600 649 694 735 772 806 83.7 86.5 89.0 91.3
23.4 . . . 51.1 . 62.4 . 71.9 . 79.7 . . . 91.1

Table 2. The lower bounds on m derived from the numerical analysis; M3 = X(s,t, st + 1). The first 10*

terms in Z are being used. Using this, c.g for Z invariant can be estimated by the conjectural for-

7?’7.2

mula ceg = Toi(siET)
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t 3 4
s
2 1.13 .
3 . 1.84 .
1.32 1.80 1.89 .
. . . 1.90 .
141 1.70 1.78 1.86 1.89 .
. 1.66 . 1.82 . 1.89 .
1.44 . 1.73 1.79 . 1.86 1.88 .
. 1.63 . . . 1.83 . 1.86 .
145 162 170 176 1.79 1.81 1.83 1.84 1.83 .
. . . 1.74 . 1.79 . . . 1.80 .
145 1.60 1.67 1.72 176 1.78 1.78 1.79 1.78 1.77 1.76 .
. 1.59 . 1.72 . . . 1.76 . 1.74 . 1.71 .
1.45 . 1.66 . . 1.74 1.75 . . 1.72 . 1.68 1.65 .
. 1.58 . 1.69 . 1.73 . 1.72 . 1.69 . 1.65 . 1.60 .
144 158 164 168 1.71 1.71 171 1.70 1.68 1.66 1.64 1.62 159 1.56 1.54 .
. . . 1.68 . 1.70 . . . 1.64 . 1.59 . . . 1.48
144 157 1.63 1.67 168 1.69 1.68 1.66 1.64 1.62 159 156 1.53 1.51 148 1.45 143
1.56 . . . 1.67 . 1.64 . 1.59 . 1.54 . . . 1.42 . 1.38

Table 3. The numerical estimates of the lower bound on ceg for the half-index of T [E(s, t, st + 1)]
Note that these values are obtained from the above Table 2 via CZ;%Ms] =1+24—" _ see [22] for the

4st(st+1)?
details.

This class of examples admits a mixed mock modular description (see Section 5). The analysis
from that section allows us comparison the numerical data with ce obtained by using modular
completion of Z, as shown in Table 4. One can see that it gives an excellent agreement with
Table 2. By carefully examining the values of m in Table 4, we see that the majority of cases
(where m is not an integer) fail to relate to any Chern—Simons invariant, even with [ # 0. This
confirms Theorem 1.2.

t

w
w
5w
.
w(o
o

o] -
1]
S

: 14
/3 5191 48 T
[ 3 5
2 224/15 39 Vi1 2 .
5. /13 15457 1769
11 57 3
/95 3737 wii /10 30587
2 . 17 46 13 : 64 61 35 .
59969
2130 84277 Vi
: 14 : : : 102 : 2 :
P 2613 36593
7 /28 34 /5 g [255 56 [26 3VTE 26vaT 168121 400 2
15 31 7 159 1 5 129 NG 3 :
17. /61 48705 190057
: : 29 11 : : : 65

Table 4. The exact values of m for ¥(s,t, st + 1), obtained from the analysis of the modular completion
of Z. Note that only three cases, namely X(2,3,7), 3(2,5,11) and ¥(2,7,15) correspond to integer
values of m. In all other cases the conjectural relation (1.6) fails, as the value ceg is not related to any
Chern—Simons invariant.

We can also see how fast the coefficients grow — some examples are shown in Figure 7.

7.2 XY(s,t,st —1)

For this class of examples, a mock modular description is not known, and we are only left to rely
on the numerical estimates. Note that the resurgence analysis has been performed independently
in [2], and we can also compare our estimates with the values found there (although based
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t

3 4
s

2 .

3 1.00 .
. 4.84 .
3.00 6.28 8.23 .
. . . 12.4 .
5.00 874 115 145 17.3 .
. 9.89 . 16.5 . 23.0 .
6.89 . 14.8 18.6 . 259 29.6 .
. 12.4 . . . 28.7 . 36.9
8.67 13.7 181 226 27.1 31.6 36.1 40.6 45.1

24.7 . 34.5 . . . 54.1

Table 5. The three-digit approximation of the numbers from Table 4.

t

19
Lo
82 120 59
55 65 30 :

139

. . .o B

12 265 361 769 279

7 133 182 385 140 '
87 757 503

: 14 : 380 : 252 :
11 203 1289 2561 839
6 : 102 645 : 1281 420 :
139 2377 1319

: : : 1190 : 660 :
104 681 307 5827 703 3849 3781 6401 1979
55 341 154 2915 352 1925 1892 3201 990
579 1147 2859
290 : 574 : : : 1430

Table 6. The exact values of ceg for T[E(s,t,st+ 1)]7 obtained from the analysis of the modular
completion of Z. Note that only three cases, namely %(2,3,7), £(2,5,11) and X(2,7,15) correspond to
integer values of m. In all other cases, the conjectural relation (1.6) fails, as the value cog is not related

to any Chern—Simons invariant.

on X(s,t,st + 1), we know that the value coming from resurgence analysis may not produce the
actual ceg). Table 7 shows the numerical estimates of m. We further compare the numerical
results for the regularized +1 surgery formula with the resurgence — the detailed comparative
results for some small values of s, ¢ are shown in Figure 9.

7.3 3(2,3,13)

We also include one example with dominant singularity not located at ¢ = 1. Numerical analysis
shows that in general, for higher values of r the position of the dominant singularity will change
as a function of r. The simplest case is ¥(2, 3, 13). In this case we find the dominant singularities
at g = e~2™2 and q= ef%i%, similarly to the case shown in Figure 5, left. We can bring the
dominant singularity to ¢ = 1 by dividing the Z (2(2,3, 13), 7) by a Dedekind eta function n(g).
Using modularity we see that the asymptotic behavior of Z (2(2, 3,13); e%iT) /n(q) is given by

7Z(2(2,3,13); 277 in :
( ( ) ) ~ egsf as g = e2™T 1,
n(q)
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Figure 7. c.g data for ¥(2,5,11), X(2,7,15) and 3(3,4,13) (from top to bottom). The numerical
estimates for m are shown by orange lines. The exact value of m from mixed mock modularity is shown
in green, and the value of m obtained from resurgence is shown in blue. In the first two cases with m = 3
and m = 5, the green and blue lines coincide. For 3(3,4,13) the value from resurgence is significantly
smaller than the actual cog. We can also see that (3,4, 13) provides a counterexample to the conjectural
relation (1.6) since m is an irrational number (m = 3\/1531 ~ 4.8375, see Table 4) and is not related to

any Chern—-Simons invariant of a flat connection.

). Therefore, the cef is given by ce = 13-

It implies that the asymptotic behavior of the coefficients of the g-series Z (m, ™) /n(q)
is given by a, ~ eXp( /ﬁ%—‘ln 14

8 Discussion of the results

In this paper, we focused on the conjectural form of Z invariants for Brieskorn spheres X(s, t,
rst + 1) from the regularized +1/r-surgery formula (the same approach to Z was considered,
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Figure 8. c.g data for 3(2,9,19), X(3,5,16) and 3(4,5,21) (from top to bottom). The numerical
estimates for m are shown by orange lines. The exact value of m from mixed mock modularity is shown
in green. All cases show an excellent agreement of the mixed modular analysis and the numerics. On the
other hand, they provide another set of counterexamples to the conjectural relation (1.6) since m is an
irrational number and is not related to any Chern—Simons invariant of a flat connection, see Table 4.

for example, in [12]). Having studied the asymptotic growth of its coefficients encoded by the
effective central charge co.x € R, we were able to highlight certain distinctions with another,
independent proposal [2] rooted in resurgence. The more subtle analysis of the mock modular
structure of the regularized surgery showed the mutual incompatibility of the two proposals; as
a result, they also produce very different values of cog for the same 3-manifold. This is a very
interesting (and somewhat surprising) result — we anticipate that these findings are an important
step towards a comprehensive definition of Z for a general positive definite plumbed 3-manifold.
Among the examples where the two proposals agree on ceg are surgeries on the trefoil knot,
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B 3 4
2 0.951 .
3 . 4.34 .
2.90 5.63 7.50 .
. . . 11.4 .
4.70 797 106 134 16.0 .
. 9.09 . 15.3 . 21.4 .
6.38 . 13.7 172 . 24.0 27.3 .
. 11.4 . . . 26.6 . 33.8 .
8.02 126 16.8 21.0 251 29.2 331 369 40.7 .
. . . 22.9 . 31.7 . . . 47.8 .
9.62 149 19.8 248 29.5 342 38.7 43.0 472 51.2 55.0 .
. 16.1 . 26.6 . . . 45.9 . 54.4 . 62.0 .
11.2 . 22.9 . . 39.1 44.0 . . 57.5 . 65.2 68.7 .
. 18.4 . 30.3 . 41.4 . 51.5 . 60.5 . 68.3 . 75.0
128 195 259 321 381 43.8 49.1 542 589 633 674 712 746 778 80.7
. . . 33.9 . 46.0 . . . 66.0 . 73.9 . 85.9 .
144 21.8 288 357 422 483 54.0 59.3 641 68.6 727 764 798 828 85.6 88.1 90.4
. 23.0 . . . 50.5 . 61.7 . 71.1 . 78.8 . . . 90.2

Table 7. The lower bounds on m derived from the numerical analysis; M3 = X(s,t, st — 1).

as well as ¥(2,5,9), ¥(2,5,11) and ¥(2,7,15). On the contrary, for 3(3,4,11) the resurgent
method produces cog which exceeds the upper bound using our approach, while for (3,4, 13)
the corresponding values of cqg differ significantly. Many other case studies produce similar
inconsistencies.

Apart from all that, we revealed numerous counterexamples to the expected relation be-
tween ce and Chern—Simons invariants of flat connections — assuming, of course, the surgery
prescription for Z which we use throughout the paper. Among all such cases, the first one
happens for (3,4, 11), shown on the bottom plot of Figure 9. In this case there are no integer
values of m lying between the lower and upper bounds, indicating that ceg is not related to
any Chern—Simons invariant. The same phenomenon happens for (2, 2k + 1,4k + 1), starting
from k = 5. As for the +1-surgery on a negative torus knot, the first such example is (3, 5, 16).
Another notable example is 3(4,5,21), where the only integer value of m within the bounded
region is m = 8. However, it is divisible by 4 and therefore not a Chern—Simons invariant. It is
plausible that in these cases cog may correspond to “flat connections at infinity” [27]; it would
be interesting to investigate this in future work.

In order to confirm these numerical suspicions with the exact values of cqg, we used the mock
modular properties of the conjectural form of 7 for (s, t,rst +1). By using the technique of
modular completions, we were able to derive asymptotics of all terms in the S-transformation
of Z , approximated by an appropriate regularized theta series — in agreement with the numerical
estimates for co for this class of manifolds. Interestingly, we also found that A decomposes into
a number of summands, not all of which correspond to non-abelian flat connections.

Summing up, our findings put a number of current conjectures about 7 invariants of positive
definite plumbed manifolds to a strong test. We keep their interpretation open and leave it for
future much-anticipated research.

A  Modular S-transformation of © 4 ;14 p.c,,c,

Suppose A is a 2 x 2 indefinite matrix, u € L*, 2b € L*, B(z,y) = =a2"Ay, [n]?> = B(n,n)
and c1, ¢z € Z2 such that |¢;| < 0. The modular S- transform of © A puvbber e (T, T) is given in [43]

~ B -7 exp 2miB( u—i—b b)) 1 1
('_)A,,u—l—b,b,cl,CQ(TaT) = ( Z AN+b,—pu—b,c1,c2 _7>_f .

V| det(A AEL* T
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Figure 9. c.g data for 3(2,5,9), ¥(2,7,13) and %(3,4,11) (from top to bottom). The numerical
estimates for m are shown by orange lines, and the value of m obtained from resurgence is shown in

blue. The first case gives a nice agreement with the resurgence, while the other two show important

discrepancies. For ¥(2,7,13), the resurgence value lies below the numerical estimate, while for (3,4, 11)

it lies above the upper bound and thus cannot be consistent with the regularized 41-surgery formula (2.5).

3(3,4,11) is another counterexample to the conjectural relation (1.6), since there are no integer values

of m between the numerical estimate and the upper bound.

In this appendix, we will simplify this equation. Let us look at the term on the right-hand side

of above equation,

, _ 11
exp(2miB(p + b, b)) Z O ANb,—p—bier o (——, —t)

T T
AeL*

= exp(2miB(p+b,b)) Y > p2(n+A+b,7,7)
AeL* nez?
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Figure 10. Comparison of coefficients of Z(3(2,3,13);¢)/n(g) (in blue) and eV 5 1n (in orange).

\n+)\+b\2
x exp(2miB(n+ A+ b, —p — b))q
\n+/\+b|2
= Z Z P2 (n4+ N+ b,7,7)exp(2miB(n + A\, —pu — b))q
AeL* nez?
= exp(—27iB(b,b)) Z exp(—2miB(\, p + 2b))
AEL*
In +/\+bl2
X Z P n+ AN+b,7,7)exp(2miB(n + A+ b,b))q
nez?
. . ~ 1 1
= Z exp(—2miB(p + b, A + b)) exp(2miB (1 — A, 0))O A M 4b.bc1 o <—, —> .
AeL* T T
Therefore,
e—27riB(u,b) @A u+b b,c1,c2 <T7 7_—)

—2miB(p+b, )\er) —2miB(A,b) @A b <_1 _1>
§ : A+b,bcr ez T )

\% | det(4)] 7. T

B Asymptotic structure, proofs

In this appendix, we will provide a more detailed analysis of the asymptotics of the Z invariant
on positive Brieskorn spheres when the proposal of Conjecture 2.11 is utilized. Our aim will
be to give a proof for Lemma 5.1. This appendix is divided into three sections, mimicking
Section 5.2.

B.1 Asymptotics of W (1)

We shall compute the asymptotic order of divergence of W(7) as ¢ — 1, or eqzlgriivalently asT — 0
for the indefinite theta functions which form its building blocks. Since § = e = this corresponds
to the leading g-power of these series.

The strategy that we will use is the following: we will demonstrate that within the cone of
summation (2.1) of the indefinite theta series the g-power increases as the index of summation
moves further away from the origin. With this information, we will construct a finite polynomial
with two terms which will have the same leading G-power as the indefinite theta function. Each
polynomial will then be summed over in the same way as in the definition of W (), resulting
in a polynomial with the same leading G-order as the original sum of indefinite theta series.
We now give a proof of Lemma 5.2.
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Proof. The indefinite theta series is given by
Ot pitbbieren(T) = Y P2+ b+ ) e2miBlctbind) g3 Blutbinyitbin)
nez?

To analyze the leading g-power, we shall look at the derivatives of the g-exponent along the rays
of the cone. Let

b1 =n1+ . S =n by =n9 —nyst + dap ¥l _ a1
P T last(str+ 1) | Y 2o 2(2r +1)  2(rst+1) ]’
then, for 6 = 22(3‘73111) - 2(r?t1+1)7 we have B(u+b+n,u+b+n) = R(ay,ae,r,s,t;¢1,02) and
d st — 2 a1
— t; 01, 4) = 2st(2 1 l _ lo+6— |6
ag, o az,r s, 661, ) = 2st(2r 4 1) [27"—!—1 ( L 25t(str+1)> o] J] ’
d a1
—R tily, ) =2r+1) st b+ —— lo+0— 6
d£2 (a17a27r787 s X1, 2) ( 4+ ) |:8 < 1+ 28t(8t7"+ 1)) + £2 + L J:| )

which are non-negative and negative for ¢1,¢5 > 0 and ¢1, ¢y < 0, respectively. Furthermore, we
can expand the kernel of the sum p©1-<2

aq

ci.ce _ )
P Selt ( L 2st(rst + 1)

) _sen (b +5— |4))

therefore, for £1 > 0, resp. £1 < 0, the first sign is positive, resp. negative. If § # 0 for 5 > 0,
resp. £o < 0, the second sign is positive, resp. negative. If § = 0, then the second sign reduces
to sgn(f2).

For § # 0, the theta function reduces to

-1 -1
O, Ltbber o (7_) -9 § : § : eQﬂ'iB(,u—i—b—i—n,b)q%R(OQ,ag,r,s,t;él,fg)

l1=—00 ba=—00
0o oo

_9 § : § : erriB(/J,+b+n,b)q%R(al,ag,r,s,t;Zhb).
01=04¢2=0

Hence, given the derivatives of the R(«aq, 9,1, s,t;41,02) the leading g-power is given for ei-
ther (¢1,¢2) = (0,0) or (¢1,¢3) = (—1,—1).
If 6 = 0, the theta function becomes

—1 —1
. 1 .
Onsithaal) =2 3 35 R Rt
f1=—00 la=—0c0
o oo
-9 Z Z eQTriB(,u+b+n,b)q%R(a1,ag,r,s,t;él,fg)
{1=0/42=1

—1
+ 2: 627riB(,u+b+n,b)q%R(a1,ag,r,s,t;Z1,O)

l1=—00

0
o § :627rz'B(,u+b+n,b)q%R(a1,az,r,s,tgfl,())

£1=0
Here
R(aq, 9,1, 8,t;—1,—1) — R(ay, ag,r, s, t;—1,0)

2r+1

=2r+1+ 1(2st(st7’+1)—a1)>0

str
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and
(st —2)(st(str+1) + a1)
t; 1 — t; = .
R(Oll,OQ;T)Su ) 70) R(O[l,O[Q,T,S, 7070) str+ 1 >0
Hence the leading g-power is given by (¢1,¢2) = (0,0) or (¢1,¢3) = (—1,0). [

B.2 Asymptotics of ZG*

In this appendix, we will show that ZG“ (7, T) is convergent. Recall that

c1 -\ — CF(q_l) _1\€
7G (T7T)_2f2r+1,1(7—)€ Z ( 1)

=(€1,€2,€3)
€(z/22)%®3
2st(rst+1)— — 927 : —27i
[Zef TS e B e 2miBOGbD Gy (<1 1)
(=7)/| det(A)]

— efQﬂ_iB(aé’b)GA,ae,b,Cl (7, 77—)] )

For B= (25t(rst+1)’ 2r+1) € L*

TR P — o [ Dot @)
ptbber (T, T) =—————=fort12ms11 st )m 2
prbbe 2st(rst + 1) Tk amat —r —i(y+7)

— * _ 4 *
Therefore, for p = (%, i) e LY A= (W;HI)’ m) €L,

o~ 2miB(u+bb)

1 . .
—27iB b,A+b) ,—2wiB(A+b,b
§ : § :e TiB(u+ +)e TiB(A+ )GA)\+bbc

Vi@ = = Arbe\ s )
28t(’f‘8t+1) i 23t(rst+1) / S 7’St+1) 51( )
1

- —— >
(—7)+/| det(A)] (o V2st(rst+1) [—i(y —
2r (205+1)(2my+1)

i (224D (2@ma+1) 1
% Z e v 2(2r+1) f27‘+1,2£2+1 (—T) . (Bl)

lo=0

N o=

2st(rst+1)—1 2p < 1

The term in the second bracket is the S-transformation of the theta function for41 2m,+1,

2r
in 20 Em T
Z o 20D forit 26pt1 = V2r + 1V=iT fors1.2mat1 (7). (B.2)
02=0

Now let us look at the first bracket,

i mq4q .
2st(rst+1)— 2 72st(rst+1) 0 est(rst-I—l) 51( )

> _FG -1
0=0 2875 rst+ 1 1 y _

dy

f/_T % 23t(rstz+1) 1 e2 %ﬁt%—l) (_1> .
= T o y
i(y +7) 2375 rst + 1 Hrst+L), Yy

£1=0

s (rst+1) —ml(y)
=i2 dy
\F/ Vv —i(y+ 1)
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_ _:3 s (rst+1), (y)
i f/ \/W — = dy. (B.3)

Here we have changed the integration variable y — —1/y in the first step, and then used the
S-transformation for unary theta functions in the second step, and finally we used the property
of unary theta function

_Q;t(rst—i-l),ml (y) = Q;t(rst—l-l),—ml (y)
Combining (B.1), (B.2), (B.3), we get

2st(rst+1)—1 2r 1 1
Z Z e_QmB(‘H_b’)H_b)G_QmB()\—i_b’b)GA7)\+b7b,c <T’ )

1
DVIdet@A)] = = =
i 7 0, (y)
1 st(rs m
f2T+1,2m2+1(T) t( L)

2st(rst + 1) 0 Vv —iy + 1)

eL*, A=

01 )GL*

This implies, for u = (ma T

(W’ 27"+1)

2st(rst+1)—1 2p

: : -1 -1
—omiB(utbAb) —2miB(A+bb
Z Z e~ 2miB(p+b,A+b) ,—2miB( )GA7A+b,b,c1 <7_7 _>

1
—7)y/] det(A)] = 2 T

_6—27riB(u+b,b) Ga

7M+bab701 (T’ 7_—)
i o 93t(rst+1) mi (y)

T T
dettrar ) e ) ST

Here the integral over the contour 0 to ico is obtained by concatenating the contour 0 to —7 com-
ing from the S-transformed term with the contour —7 to ico appearing in the original integral
defining G A yuyb.,c, (T, 7). Therefore,

———————dy.

s (rst+1),2st(rst+1)(ag)1 (y)

Cr(q™)
2 LZ [\/23t rst+1) / —i(y + 1) v

é=(e1,€2,€3)
€(z/22)®3

26 (1,7) =

where (ag); denotes the first component of a;. For 7 = ia, we can show that each integral
converges with the following lemma.

Lemma B.1. Let m € N and let v > 0 be real. Define, for 0 < a <1,

)= [ Dasalrs o om0
0 Vita

Then the integral I(c) converges absolutely for o € [0,1).

dz. (B.4)

Proof. Put
a = 2m, 0= L7 S(z) = Z(n + 5)e*ﬂ'az(n+5)2.
nez
Differentiating the Jacobi identity

Z e—7rt(n-|—b)2 _ t_1/2 Z e—7rk‘2/t€27rik:b

nez kEZ
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with respect to b, and setting ¢t = az, gives
S(Z) — —i(az)_3/2 Z k_e—ka/(az)GQWiké'
keZ

Hence, for 0 < z <1,
1S(2)| < Cz73/2e¢/*

for suitable C,c > 0.
On the other hand, let d = min{|n + | |n € Z, n+§ # 0} > 0. For z > 1,

|S(Z)| < Z‘n+5|e—7raz(n+5)2 Se_%d%zhb_{_(ﬂe o 2 (n4-§)2 < Cle—cz
neZ neL

for suitable C’,¢ > 0.
Since (z + a)~/2 < 2712 for a > 0,

A5G Cz72e7* 1o (2) + C'27Y2e™%1y (2),

Vzita
and the right-hand side is integrable on (0,00). Thus I(«) converges absolutely. Moreover, the
same majorant and dominated convergence give I(a) — I(0) as a — 0T, [

B.3 Asymptotics of ZG*2

In this appendix, we will look at the asymptotics of ZG*2. We can split ZG*? into two parts,
ZG(1,7) = ZG{ (7, 7) — ZGS*(T,T), where

4ICF (q_l) 25t(TSt+1)—1

Z (-1)" Sm(ﬁm’) sin<m>
=)V det(A)|fort1(T) S s t
. 1 1
X Sm(rs +1) Z AN+bb.cy <—7—T> ;

Cr(¢?) ¢ —2miB(a;

ZG3(1,7T) = g —1)ée2mBeb) iy, T,T).
2 ( ) 2f2r+1,1(T) é=(e1,€2 63)( ) Ajae,b,CQ( )

e(Z/ﬁZf®3

ZGP(1,T) =

Using f(x) = f,as:r:—>oo we find

8 <2B(62,n) Im(—1/7)> (st =2)@2r + I)(rst + D.- 2 (Eezm)® ) (-1 /7)
—leaf? 7T|B ca,n)|/Im(—1/7)
Voiry/(st -2+ st + 1, MLCE
™| B(cz, n) '

Therefore, we can approximate G A x1b b.c (—l —%) near 7 = 0 as follows’

T
1 1

G —— ==

A,,\+b,b,c< - 7__>

. Z V—=ire?mB(:b) son(B(co, n))
™ | B(ca,n)|

V (st —2)(2r + 1) (rst + 1)g%=™,  (B.5)
neEA+b+72

"In equation (B.5), when B(cz,n) = 0 we need to take % =0.
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with Qc, is the quadratic form given by, Qc,(n) = ‘?' %' By [43, Lemma 2.5, we can

see that ()c, is a positive definite quadratic form.
Near 7 = 0, using modular S-transform of fa,41,1 we can approximate 1/ for41,1(7) as

1 oV iTY2r +

§sED
Forra(r) ~ 2sin (52

We get exponential singularity from ZG3(7,7) if ZG7(7,7) = ¢* for some s < 0. Therefore,
we can ignore the n’s from the sum in (B.5) for which Q,(n) > (27}“)
Let us now look at which n’s can be ignored. For a fixed ny, minima of Q,(n) are at

n = % At this minimum,
1 Trst + st + 2
n)> —o—~ if  |ngl > ‘
Therefore, if [na] > %’ then Qc,(n) > 8(27'+1) for all n;. We can argue similarly that if

VArst + st + 2
V/8st(rst + 1)(2r + 1)(st — 2)

|n1| >

then Qc,(n) > 8(2r+1) for all ng. Therefore, we can restrict the sum in (B.5) to

Ina| < VAarst + st + 2 and Ins| < Vdrst + st + 2
= V/8st(rst +1)(2r + 1)(st — 2) = 2(27“%—1)\/375—27

2GS (r.7) ~ 4ICI‘(C]_ )\/—17'\/ 2r + 1) (st — i Z Sm<£17r> Sjﬂ(m)
1 (7 (—7)V/8st sin (5777 ) Py s t

(B.6)

im(209+1) £ 209+1 1

2 205+1 ~Qcy ( ) )—
2(2r+1 2 2\2 8 1)’2(2r+1 8(2 1
y sin< hr )e @0 sgn(B (e, (25t(rst+1)’ 2(2r+1))))q SHrstHT2ErED 7 SErty

rst +1 W’B(C% (23t(7~€slt+1)’ 2%55*1%)))‘ |

where the bounds L, and Lo are given by

{\/25t(rst+1)(4rst+st+2)-‘ [\/4rst+st+2 1—‘
L= R P L L i
2¢/(2r +1)(st — 2)

24/t — 2 2

The leading order singularity of the ¢-polynomial in (B.6) gives us the leading order singularity
of ZGP(7,7).

Now let us examine the asymptotics of ZG5*(7,7). Using equation (2.3), we can write
GA,ag,b,CQ (Ta 77_) as

~ 1212
G b (T,7) —iy/—|co? Z ( Z eQmB(e,bL)q | )
2g(

IepP, €(+ag)t+cs, 1 Z

oo 98U b o (—e2l?y)

o |2
X dy
/T —i(y +7)
B(I+ag,co |) st(s 2B(I+ag,co | )2
i /—|C2‘2 Z (st— 22L (Z(_l)kstq ! t = (kJr zst(st—gil ) )

I1€ePy keZ
oo 9 B(+azcy) 7(rst+1)(2(1 +2r)(st — 2)(rst + 1)y)
> / 2(1427r)(st—2)(rst+1) ' dy, (B7>
-7 —i(y+ 1)

where we can choose P, = {(0,z)|1 <z < st — 2}, and take the generator to be ¢; = (1, st).
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Using Poisson summation, we can write the integrand as

B(I+ag,c2) (rst+1)(2(1 +2r)(st — 2)(rst + 1)y)

T 2(042r)(st—2)(rst+1)

) —im(k+rst+1)B(I4ag,ca) ink?

. e @r+1)(st—2)(rst+1) @ 2(2r+1)(st—2)(rst+1)y

= 12 3, . \3
wez  (2(2r +1)(st —2)(rst +1))2(—iy)>2

Therefore,

(21 +2r)(st — 2)(rst + 1)y)

i g B(I+ag,co)
/loo _2(1+2r)(5t72)%r5t+1) (rst+1)
—7

dy
—i(y +7)
—im(k+rst+1)B(I+ag,co) . _ k2
. ke Cr+D)(st—2)(rst+1) 100 o™ 2(2r+1)(st—2)(rst+1)(—iy)
= IZ 3 / .3 =
wez (22r +1)(st = 2)(rst +1))2 /-7 (—iy)2+/—i(y + 1)

To write down the asymptotics of the integral above, we use the following integral identity valid
for Re(a) > 0 and Re(8) > 0:

o _8
/ fixdx =,/ Let (Erfc ( 5) — Erfe ( 25))
a z2 T+« af @ @

Asa — 0T,

ali>1]([)1+ ;—Beg (Erfc (\/E) — Erfc (\/ ?)) = ;

Therefore, near 7 = 0,

12

/ioo e 2(2r+1)(st:r2)(rst+1)(7iy) d 2(27~ + 1)(St — 2)(7’St + 1)i
Yy ~
(i)l ) mk®

Y

and consequently,

(2(1 4 27)(st — 2)(rst + 1)y)

i g B(I+ag,c)
/loo _2(1+2T)(st—2)(2'rst+l)’<T$t+1) dy

-7 —i(y + 1)
—imB(I+4ag,c9) —imkB(I+ag,co)
e (2r+1)(st—2) e (2r+1)(st—2)(rst+1)

m(2(2r + 1) (st — 2)(rst + 1))2 k% k
k20
—imB(I4ag,c) . B(I+az,co)
GW log(em(mﬂ))
m/2(2r + 1) (st — 2)(rst + 1)

Using Poisson summation, we can write the theta function in the equation (B.7) as

Q

) i7TB(1+a€7C2’L)

st(st—2) 2B(I4ag,cg 1) - (st—2) 2mikB(Itag,co | ) (2k+st)?
z :(_1)kstq 2 (k+ 25t (st—2) ) — ¢ e st(st—2) (‘j&st(stf?)'
keZ —ist(st — 2)T

kEZ

Therefore, we can approximate ZG5?(7,7) by

iCr(q!)v2r+1 Z
47 sin ( 2171:1 ) \/m é=(e1,€2,€3)

€(z/27,)®3

ZG;Q (7.’ 7:) ~ (_1)€e727riB(ag,b)
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(2k+st)? 1
X Z Z q~83t(st72)_8(2r+1)
IeP> k=L3
. B(I+ag,co) . B(I+ag,co) 727"ik3(1+ag»62,l)
x log (e ™ @G 2GR G T ey (B.8)

st(st —2)
A(2r + 1)

’ L4: —-——+

By restricting the sum over k to the range L3 < k < L4 we are throwing away the terms that
do not contribute to the exponential singularity of ZGS*(7,7). Therefore, the leading order
singularity of the ¢-polynomial in (B.8) yields the leading order singularity of ZG5*(7, 7).
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