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Abstract. We analyze three related families of q-series arising from characters of vertex
(super)algebras. More precisely, we consider: (i) graph series and characters of principal
subspaces associated with arc algebras; (ii) characters, or indices, of class-S vertex operator
algebras in the context of 4d N = 2 SCFT; and (iii) supercharacters of the U family of vertex
superalgebras and their quasi-modular properties. Along the way, we introduce a family of
multiple q-zeta values associated with simple Lie algebras and present their conjectural
properties.
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1 Introduction and summary of results

In this paper we investigate several families of q-series arising from characters of vertex algebras
and vertex superalgebras, together with Hilbert series of arc algebras. We begin with graph
series associated with certain principal subspaces of non-conformal vertex algebras, where mod-
ularity is absent but rich combinatorial structures emerge. We then turn to conformal vertex
(super)algebras, whose characters are expected or are shown to possess quasi-modular proper-
ties. A common theme throughout the paper is the appearance of q-multiple zeta values and
their generalizations.

There is a vast literature on multiple zeta values (MZVs), much of it devoted to understanding
the relations among them. Under the usual multiplication, MZVs (and q-MZVs) form an algebra.
This property led to the development of the harmonic (or “stuffle”) and shuffle algebras [28].
There remain many deep questions concerning generators of these and related algebras [7, 8, 13,
25, 29, 43, 44, 53, 54], and multiple zeta values have remarkable connections with many areas
of mathematics.

In their standard form,1 q-MZVs are usually defined as

ζq(a1, . . . , ak) :=
∑︂

n1>n2>···>nk≥1

q(a1−1)n1+···+(ak−1)nk

(1− qn1)a1 · · · (1− qnk)ak
, (1.1)

where ai ∈ N and a1 ≥ 2. Throughout the paper, N = {1, 2, 3, . . . } and Z≥0 = {0, 1, 2, . . . }.
There are closely related q-MZV versions with non-strict summation variables (so-called multiple
q-zeta star values); see [43] and especially [7, 9] for a discussion of various models.

This paper is a contribution to the Special Issue on Recent Advances in Vertex Operator Algebras in honor
of James Lepowsky. The full collection is available at https://sigma-journal.com/Lepowsky.html

1Another “standard” form is (1 − q)a1+···+akζq(a1, . . . , ak) [13].
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In this work, we are concerned with q-MZVs and related q-series in connection with characters
of vertex (super)algebras. Throughout the paper we consider vertex algebras, vertex operator
algebras, and vertex operator superalgebras. A vertex operator algebra is a vertex algebra
equipped with a conformal vector, whose associated grading determines the usual notion of
character and is the basis for studying its modular properties. By contrast, a general vertex
algebra need not possess a conformal vector, although it may still carry natural gradings. In
particular, the principal subspaces studied below are naturally graded but are not conformal,
so their characters are defined with respect to this auxiliary grading. We also consider vertex
(operator) superalgebras, the Z2-graded analogues of vertex (operator) algebras; whenever the
distinction is irrelevant, we use the collective term “vertex (super)algebra”.

Our approach is motivated on the one hand by our previous work on arc spaces and graph
series [15, 30, 31, 36] (see also [35]), and on the other hand by character formulas for certain
vertex algebras introduced by Arakawa [5], related to genus-zero class-S theories in physics
[10, 11]. As already pointed out in [15, 31, 35, 36], the Hilbert series of the arc algebra J∞(RΓ),
where RΓ is the edge algebra (defined below) of a simple2 graph Γ, coincides with the character
of a certain principal subspace WΓ (after Feigin and Stoyanovsky [24]) inside an appropriate
lattice vertex algebra [17, 32, 40]. Moreover, the arc algebra J∞(RΓ) carries the structure of
a commutative vertex algebra, and this correspondence can be realized as an isomorphism of
commutative graded vertex algebras. We stress, however, that the principal subspace WΓ is not
a conformal vertex algebra, so its grading is not canonical. Therefore, following [35], we equip
the principal subspace WΓ with the grading

deg
(︁
eαi

(−m−1)

)︁
= m+ bi,

where

Y (eαi , x) =
∑︂
m∈Z

eαi

(m)x
−m−1,

together with the color grading recording the multiplicity of each generator eαi . This grading is
the analogue of the grading on the arc algebra J∞(RΓ), where the jet variables satisfy

deg(xi,m) = m+ bi.

Thus the correspondence

xi,m ←→ eαi

(−m−1)

preserves both the homogeneous grading and the color grading.
Unless stated otherwise, the variable q records the chosen grading (conformal in the conformal

case and the auxiliary grading described above in the non-conformal case), while the variables xi
record the multigrading (or charge) associated with the generators.

We now return to the connection with arc algebras. The corresponding Hilbert series of
J∞(RΓ) is what we call the graph series

HΓ,b(q) :=
∑︂
n∈Nr

0

q
1
2
nAΓn

T+b1n1+···+brnr

(q)n1 · · · (q)nr

,

where AΓ is the (symmetric) adjacency matrix of a graph Γ with r vertices and b = (b1, . . . , br) ∈
Nr. Here we use the standard q-Pochhammer notation

(q)n =
n∏︂

j=1

(1− qj) and (q)∞ =
∞∏︂
j=1

(1− qj),

2It is possible to slightly relax this condition and consider graphs with loops [35].
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whenever the latter product is viewed formally or converges analytically. The vector b deter-
mines the grading of the generators of WΓ. Equivalently, we can start from the full character
of WΓ,

HΓ(q,x) :=
∑︂
n∈Nr

0

xn q
1
2
nAΓn

T

(q)n1 · · · (q)nr

,

and specialize to x = qb. Essentially the same type of (q, x)-series appeared in so-called “knots-
quivers” correspondences; see [23, 33].

In this paper, we are only interested in the standard grading b = (1, . . . , 1), in which case

deg
(︁
eαi

(−m−1)

)︁
= m+ 1,

and we simply write HΓ(q) instead of HΓ,b(q), thus recovering the original graph series intro-
duced in [15, 30, 31]. Although not directly related to this work, it is worth noting that there is
an interesting connection among the Donaldson–Thomas invariants of symmetric quivers, coho-
mological Hall algebras, and the dual of the principal subspace of WΓ [20, 21] (see also [22]).

In parallel with the h-polynomial of the Hilbert series of a finitely generated graded commu-
tative algebra, it is convenient to express HΓ(q) in the form

HΓ(q) =
hΓ(q)

(q)d∞
,

where d is the Krull dimension of the edge algebra RΓ. Here

RΓ := k[x1, . . . , xr]/IΓ, (1.2)

where IΓ is the ideal generated by all monomials xixj such that the vertices i and j of Γ are
connected by an edge; there are no other generators.

In our previous paper with Bringmann and Jennings-Shaffer [15], see also [35, 36], we had
observed that graph series of several well-known graphs (with a small number of vertices) give
rise to interesting q-series with peculiar modular and combinatorial properties. The problem of
finding a closed expression for HΓ(q) for every graph is of course hopeless, but in many examples
we have obtained significant simplification that led to new q-series identities.

We noticed in [15] that non-isomorphic graphs can have identical graph series. For example,
the 5-cycle C5 (later also denoted by Γ5) and E6 graphs (see Figure 1) give the same graph
series up to an Euler factor, i.e., a multiplicative power of the Euler product (q)∞:

HC5(q) = q−1

∑︁
n≥1

nqn

1−qn

(q)2∞
, HE6(q) = q−1

∑︁
n≥1

qn

(1−qn)2

(q)3∞
, (1.3)

and thus

HC5⊕pt(q) = HE6(q), (1.4)

where “pt” denotes the trivial (or singleton) graph with one vertex and no edges, and ⊕ denotes
the disjoint union (coproduct) of graphs. This indicates that HΓ, which is clearly a graph
invariant, does not distinguish non-isomorphic graphs. This is perhaps not so surprising, as
there are non-isomorphic algebraic schemes with identical Hilbert series.

Our first result in this paper extends (1.3)–(1.4) to two infinite families of graphs. Part (i)
identifies one family with the special multiple q-zeta values z∗q(2, 1, . . . , 1) (see (1.5) below), while
part (ii) recovers the ordinary q-zeta values zq(k).
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Figure 1. C5 and E6 graphs.

Theorem 1.1. We have

(i) Let Γ3k+2 be the leafless graph defined in Section 2.1. Then

HΓ3k+2
(q) = q−1

∑︁
n≥1

n
(︁
n+k−2
k−1

)︁
qn

1− qn

(q)k+1
∞

.

Here the numerator is the logarithmic derivative of MacMahon’s (k+1)-dimensional gen-
erating series for higher-dimensional partitions [2]:

1∏︁
n≥1(1− qn)(

n+k−2
k−1 )

.

(ii) Let T2k+2, k ≥ 2, be the (k + 1)-star graph described in Section 2.2. Then

HT2k+2
(q) = q−1 zq(k)

(q)k+1
∞

,

where zq(k) =
∑︁

n≥1
qn

(1−qn)k
=
∑︁

n≥1
(n+k−2

k−1 )qn

1−qn is the k-th q-zeta value.

From this, we obtain the following.

Corollary 1.2. For k ≥ 1,

HΓ3k+2⊕pt(q) = k ·HT2k+4
(q)− (k − 1)HT2k+2⊕pt(q).

In particular, for k = 1 this is equivalent to (1.4).

In addition to results about graph series, we also analyze Hilbert series of the edge ideals
RΓ3k+2

and of RTk
.

Since we have encountered a q-zeta–type value zq(k), it is natural to ask whether other
q-multiple zeta values also arise as graph series, possibly with additional Euler factors. As
indicated above, we are primarily interested in the standard grading, corresponding to bi = 1.
Within this framework, the q-MZVs relevant to our work were introduced by Ohno, Okuda, and
Zudilin in [43]:

z∗q(a1, . . . , ak) :=
∑︂

n1≥n2≥···≥nk≥1

qn1

(1− qn1)a1 · · · (1− qnk)ak
. (1.5)

The star symbol indicates that the summation is over non-strict summation variables as opposed
to the more standard model:

zq(a1, . . . , ak) :=
∑︂

n1>n2>···>nk≥1

qn1

(1− qn1)a1 · · · (1− qnk)ak
.

The difference between the strict and non-strict q-MZV models is controlled by the “lower depth”
q-MZVs, so one can easily transform between the two. Our next result concerns graph series
and multiple q-zeta values (1.5).
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Theorem 1.3. For every choice of positive integers a1, . . . , ak, there is a simple graph Za1,...,ak

such that

HZa1,...,ak
(q) =

q−1z∗q(a1, . . . , ak)

(q)k+a1+···+ak∞
.

In particular, for k = 1 and a1 = r, this recovers HT2r+2(q) and Theorem 1.1 (ii).

Remark 1.4. With a different framing vector b ∈ N and the same underlying graph as in
Theorem 1.3, the graph series of Za1,...,ak can be expressed using the standard q-MZVs (1.1),
albeit in non-strict form.

Our previous results concerned non-conformal vertex algebras, and therefore their modular
properties cannot be studied using standard methods such as those of [52]. In Section 3, we
change perspective and consider characters of vertex operator algebras arising from the genus
zero class-S vertex operator algebras [5, 11], which play an important role in four-dimensional
N = 2 superconformal field theories [10, 11]. These vertex operator algebras are expected to be
quasi-lisse, and consequently their characters should satisfy modular linear differential equations
(MLDEs) with modular coefficients; see [6] for a precise formulation.

As we shall see later, certain characters of class-S vertex operator algebras can be expressed
as suitable modifications of q-multiple zeta values associated with a simple Lie algebra, which
we introduce next.

Denote by ∆ a root system of ADE type, by ∆+ the set of positive roots, and let ⟨·, ·⟩ denote
the inner product normalized such that ⟨α, α⟩ = 2 for every root α. For integers kα ≥ 1, we
define a q-MZV associated with g as

ζg,q(kα;α ∈ ∆+) :=
∑︂
λ∈P+

q
1
2

∑︁
α∈∆+

kα⟨λ+ρ,α⟩∏︁
α∈∆+

(1− q⟨λ,α+ρ⟩)kα
, (1.6)

where the summation is over the cone of positive dominant integral weights. The asymptotic
behavior motivates our definition. Indeed, after setting q = e2πiτ and taking the asymptotic
limit τ → 0+ with kα := k ≥ 2, we recover Witten’s ζ-function of g (see [51])∑︂

λ∈P+

1

dim(Vλ)k
,

as the leading coefficient of the asymptotic expansion. This fact follows from the Weyl dimension
formula.

In the simplest case of g = sl2, where ∆ = {±α}, these q-zeta values are given by

ζsl2,q(k) =
∑︂
n≥1

q
k
2
n

(1− qn)k
.

This slightly non-standard q-zeta value has several nice properties. For instance, the summand
is invariant under q → q−1 for k even and skew-invariant for k odd. For simplicity, we only
consider k even here. Then it is known (or it can be easily verified) that for k ≥ 1, ζsl2,q(2k),
up to an additive constant, is a linear combination of Eisenstein series, and in fact we have

C[ζsl2,q(2k) : k ≥ 1] = C[E2(q), E4(q), E6(q)]⏞ ⏟⏟ ⏞
:=QM

,

where E2i are Eisenstein series defined with their q-expansion; see formula (3.1) in Section 3.
The space QM is called the ring of (holomorphic) quasi-modular forms on SL(2,Z). For k odd
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and k ≥ 3, these values capture Eisenstein series of level two which we do not consider in this
paper. In parallel with other, more familiar examples of q-MZVs, we expect a symmetry formula
to hold.

Conjecture 1.5. Assume that g is of A type. Denote by ∆+ = {α1, . . . , αr} the set of positive
roots of g. Then we have

(i) Let kα ∈ N for every α ∈ ∆+. Then∑︂
σ∈W

ζg,q(2kσα1 , . . . , 2kσαr) ∈ QM,

where W is the Weyl group of g and where we let k−αi = kαi.

(ii) In particular, for k = kα, we have

ζg,q(2k) := ζg,q(2k, 2k, . . . , 2k) ∈ QM.

The second part of the conjecture is closely related to another quasi-modularity conjecture for
the characters of vertex operator algebras Vg,k introduced by Arakawa [5]. Based on previous
work of Beem and Rastelli [11], dealing with the g = sl2 case, we expect the following.

Conjecture 1.6. For every even k > 3,

η(τ)mg,kch[Vg,k](τ) ∈ QM,

where mg,k is a positive integer depending on g and k and η(τ) = q1/24
∏︁

i≥1(1 − qi) is the
Dedekind eta function.

In Section 3, using results on the constant terms of quasi-Jacobi forms, we prove (see Theo-
rem 3.13 and Proposition 3.14) the conjectures in the first non-trivial case:

Corollary 1.7. Conjectures 1.5 and 1.6 hold for g = sl3.

In our subsequent work [16], we established significantly more general quasi-modularity results
related to the conjectures above. Although [16] treats a much broader class of examples, the
methods developed there are substantially different from those used in the present paper. The
sl3 case treated here therefore remains an independent and self-contained proof.

The third part of the paper concerns a different but related family of examples. Motivated
by a similar circle of ideas, Adamović and the author constructed in [1] a new family of vertex
operator (super)algebras U (m), m ≥ 3. More precisely, U (m) is a Z≥0-graded vertex operator
superalgebra for oddm and 1

2Z≥0-graded vertex operator algebra for evenm. These are expected
to share properties with those in the class-S setting [10, 11] and with Deligne’s series [6], including
quasi-modularity of characters. In contrast to Deligne’s series – where the corresponding vertex
operator algebras admit a unique ordinary module – U (m) (for m ≥ 3) possesses precisely
m inequivalent irreducible ordinary modules. Consequently, their characters are expected to
transform under an additional level-m structure. The algebra U (m) is an infinite conformal
extension of L−1(slm) and can also be viewed as a coset subalgebra inside L1(pslm|m); see [1,
Proposition 7.1]. This explains its simultaneous relation to affine and superalgebraic examples.
We finish with a result on supercharacters for the U -series in the vein of Conjecture 1.6.

Theorem 1.8. For m odd, we have

sch[U (m)](τ) =
η(mτ)3

η(τ)2m−1
Fm(τ),

where Fm(τ) ∈ Q[E2(τ), E4(τ), E6(τ), E2(mτ), E4(mτ), E6(mτ)] is a quasimodular form on
Γ0(m).
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2 Graph series and multiple q-zeta values

This section contains the first part of the paper. We recall the elementary commutative-algebra
background for edge ideals, then compute graph series for the families Γ3k+2 and T2k+2, and
finally explain how the same construction realizes the non-strict q-MZVs appearing in the intro-
duction. The connection with vertex algebras enters through the interpretation of these graph
series as characters of principal subspaces mentioned in the introduction. However, once this
correspondence is established, the proofs in this section are entirely commutative-algebraic and
combinatorial.

2.1 Hilbert series of RΓ

First we recall a few basic facts about square-free monomial ideals and their Hilbert series.
Let [n] := {1, . . . , n}. A simplicial complex ∆ on the vertex set [n] determines the square-free

monomial ideal

I∆ :=
⟨︁
xi1 · · ·xir | {i1, . . . , ir} /∈ ∆

⟩︁
⊆ S := k[x1, . . . , xn].

This is the unique Stanley–Reisner ideal associated with ∆. Conversely, every square-free mono-
mial ideal I ⊆ S determines a unique simplicial complex by declaring {i1, . . . , ir} to be a face
precisely when xi1 · · ·xir /∈ I. In particular, an edge ideal is square-free because it is generated
by square-free quadratic monomials xixj corresponding to the edges of a simple graph.

The Stanley–Reisner ring k[∆] := S/I∆ has a multigraded Hilbert series, with deg(xi) = 1,
that can be computed directly from ∆. We regard it as an element of the formal power-series
ring Z[[x1, . . . , xn]]. It is given by

H(k[∆];x1, . . . , xn) =
∑︂
σ∈∆

∏︂
i∈σ

xi
1− xi

,

where the sum is over all faces σ of ∆ and every denominator is expanded at the origin, namely
(1 − xi)

−1 =
∑︁

r≥0 x
r
i . Thus the displayed rational expression is always understood through

its image in Z[[x1, . . . , xn]]. This formula arises from the fact that the monomials not in the
Stanley–Reisner ideal I∆ correspond precisely to the monomials supported on faces of ∆, and for
each face σ, the set of monomials supported on σ contributes the term

∏︁
i∈σ

xi
1−xi

. To obtain the
standard (total degree) Hilbert series, we make the substitution xi = t for all i as our generators
all have degree 1. We denote the corresponding Hilbert series by Ht(k[∆]).

The combinatorial structure of the simplicial complex ∆ of dimension d− 1 is encoded by its
f -vector (f−1, f0, . . . , fd−1) and its h-polynomial h(t) = h0 + h1t+ · · ·+ hdt

d. These are related
to the Hilbert series of the Stanley–Reisner ring k[∆] by

Ht(k[∆]) =
d∑︂

i=0

fi−1t
i

(1− t)i
=

h0 + h1t+ · · ·+ hdt
d

(1− t)d
.

In particular, the order of the pole at t = 1 equals the Krull dimension d = dim k[∆].
In this work, we are only interested in edge ideals (1.2) and their graph series. Since the edge

ideal IΓ = ⟨xixj | {i, j} ∈ E(Γ)⟩ of a simple graph is generated by square-free monomials, it is
a Stanley–Reisner ideal and k[∆] = RΓ, where ∆ is the corresponding independence complex.
Then H(k[∆];x1, . . . , xn) can be analyzed using the graph series as follows.

Proposition 2.1. Suppose that ∆ is associated with IΓ; see (1.2). Then we have

H(k[∆];x) = CTqHΓ(q;x),

where on the right-hand side we are taking the constant term with respect to the q-expansion.
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Proof. Observe that the contribution to the constant term in q, that is monomials of the form
xn = xn1

1 · · ·xnr
r , only comes from r-tuples n = (n1, . . . , nr) ∈ Zr

≥0 for which nTAΓn = 0 and
that is precisely the case when xixj does not divide xn1

1 · · ·xnr
r /∈ I. ■

For an edge ideal IΓ, the corresponding simplicial complex ∆ and the full Hilbert series
H(RΓ;x) may be quite complicated to determine explicitly. But in the situation when the
Hilbert series is specialized x1 = · · · = xn = t, so it only depends on a single variable, we have
the following very useful result (see, e.g., [49]).

Lemma 2.2. Let Xv be the neighborhood of the node v of the graph Γ. Then we have

Ht(RΓ) = Ht(RΓ\{v}) +
t

1− t
Ht(RΓ\({v}∪Xv)).

Next we prove Theorems 1.1 and 1.3 stated in the introduction and related results.

2.2 Edge ideals and graph series of Γ3k+2, k ≥ 1

We first define a family of leafless graphs Γ3k+2 that generalize the 5-cycle and are obtained
by gluing together several pentagons. The graph Γ3k+2 has 3k + 2 vertices, enumerated by
1, 2, . . . , 3k+2. The vertices 1 through 5 form a pentagon, so we impose the adjacency relations

1 ∼ 2 ∼ 3 ∼ 4 ∼ 5 ∼ 1.

Continuing, we require

i ∼ i+ 1, 5 ≤ i ≤ 3k + 1.

Vertices 1 and 4 are special: for these we additionally impose

1 ∼ 3t+ 2 and 4 ∼ 3t+ 2, t ≥ 2.

Finally, we impose the relations

3s+ 1 ∼ 3(ℓ+ 1) + 2, 2 ≤ s ≤ ℓ ≤ k − 1.

This graph has in total 5k + (k−2)(k−1)
2 edges. For example, below we display graphs Γ14

and Γ17 to illustrate how to inductively construct Γ3k+2 from Γ3k−1 (additional edges and vertices
are denoted in red), see Figures 2 and 3.

3

2

1

5

4

86 7 9 11 1210 13 14

Figure 2. Graph Γ14.

We first compute the Hilbert series of RΓ3k+2
.

Theorem 2.3. For k ≥ 1, we have

Ht(RΓ3k+2
) =

(1 + t)k−1(1 + (2 + k)t+ t2)

(1− t)k+1
. (2.1)

In particular, the Krull dimension of RΓ3k+2
is k + 1.
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3

2

1

5

4

86 7 9 10 11 12 13 14 15 16 17

Figure 3. Graph Γ17.

Proof. We require some auxiliary graphs and their edge ideals. We denote by Γ̄3k+2 the graph
obtained from Γ3k+2 by adding a path of length two to the (3k + 2)-th vertex, i.e., Γ̄3k+2 is
obtained from Γ3k+2 by adjoining a path of length two at the terminal vertex. For example, in
Figure 3, Γ̄14 is the subgraph induced by the vertices 1, . . . , 16. Here a “path of length two”
means two consecutive edges joining the old terminal vertex to two newly added vertices. As
such, this new graph has 3k + 4 vertices.

Next, we choose in Lemma 2.2 the vertex v to be the (3k + 2)-th vertex, and we obtain
a relation

Ht(RΓ3k+2
) = Ht(RΓ̄3k−1

) +
t(1 + t)k

(1− t)k+1
,

where for the second term we used (several times) that Ht(R•−•) =
1+t
1−t .

We also apply Lemma 2.2 starting from Γ̄3k+2 where we take again v to be the (3k + 2)-th
node. This gives a new relation

Ht(RΓ̄3k+2
) =

1 + t

1− t
Ht(RΓ̄3k−1

) +
t(1 + t)k

(1− t)k+2
.

We claim that Ht(RΓ̄3k+2
) = (1+t)k−1

(1−t)k+2 (1 + (k + 3)t+ (k + 2)t2). This follows easily by induction
using the second relation and the fact that Ht(RΓ̄5

) = 1+4t+3t2

(1−t)3
, which is easily checked. The rest

follows from the first relation and the formula for Ht(RΓ̄3k−1
). ■

Recall that a standard graded ring is Cohen–Macaulay if its depth equals its Krull dimension.
It is Gorenstein if, in addition, its canonical module is isomorphic to a graded shift of the
ring itself (equivalently, the canonical module is self-dual in the standard graded setting used
here). The graph families studied here were originally selected because their edge algebras
possess these distinguished algebraic properties. In particular, among the cycle graphs only C5

is Gorenstein [49], and it is precisely this graph that gives rise to the remarkably simple graph
series appearing in [15].

This example motivates the analogous question for the family Γ3k+2 appearing in Conjec-
ture 2.4. Based on the palindromic property of the h-coefficients in (2.1) and analysis for small k,
we expect the following.

Conjecture 2.4. The algebra RΓ3k+2
is Gorenstein for k ≥ 1.

We now turn to the study of the graph series associated with Γ3k+2. One drawback of working
with leafless graphs is that their graph series are more difficult to analyze, and in particular,
we lack an analogue of Lemma 2.2. As already suggested in [15], there does not appear to be
a satisfactory closed combinatorial formula for the graph series of the n-cycle, except in the
cases n = 3 and n = 5. The following result was used in [15].
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Lemma 2.5. For any integers a, b ≥ 0, we have∑︂
n,m≥0

qmn+m(a+1)+n(b+1)

(q)m(q)n
=

1(︁
qb+1

)︁
a+1

(︁
qa+1

)︁
∞

=
1(︁

qa+1
)︁
b+1

(︁
qb+1

)︁
∞
.

We also record an elementary identity for q-Pochhammer symbols:

(q)m1+···+mk
= (q)m1

(︁
qm1+1

)︁
m2
· · ·
(︁
qm1+m2+···+mk−1

)︁
mk

. (2.2)

To compute HΓ3k+2
(q) as in Theorem 1.1, we require the following result.

Theorem 2.6. For k ≥ 1, we have

HΓ3k+2
(q) =∑︂

n2,n5,...,n3k+2≥0

q
∑︁k

i=0 n3i+2(︁
1− qn3k−1+n3k+2+1

)︁(︁
1− qn3k−4+n3k−1+n3k+2+1

)︁
· · ·
(︁
1− q1+

∑︁k
i=0 n3i+2

)︁ ,
where the summation is over k + 1 variables.

Proof. The theorem clearly holds for k = 1, where we recover the result from [15] so we assume
k ≥ 2. Next we group certain summation variables in pairs. We first sum over n1 using Euler’s
identity, and then we sum over k pairs of variables (n3, n4), (n6, n7),. . . , and (n3k, n3k+1) using
Lemma 2.5. Notice that this will result in a summation over k + 1 variables appearing in the
formula

HΓ3k+2
(q) =

∑︂
n1,...,n3k+2≥0

1∏︁k
i=1(q)n3i−1

× qn1(n2+n5+···+n3k+2+1)+n2+n5+···+n3k+2

(q)n1

qn3n4+n4(n5+n8+···+n3k+2+1)+n3(n2+1)

(q)n3(q)n4

× · · · × qn3kn3k+1+n3k+1(n3k+2+1)+n3k(n3k−1+1)

(q)n3k
(q)n3k+1

.

From this, we easily get using Lemma 2.5

∑︂
n2,n5,...,n3k+2≥0

(q)∑︁k
k=0 n3k+2

q
∑︁k

k=0 n3k+2

(q)k+1
∞ (q)n3k+2

(︁
qn3k+2+1

)︁
n3k−1+1

(︁
qn3k+2+n3k−1+1

)︁
n3k−4+1

× · · · × 1(︁
q
∑︁k

i=2 n3i+2+1
)︁
n5+1

(︁
q
∑︁k

i=1 n3i+2+1
)︁
n2+1

=
∑︂

n2,n5,...,n3k+2≥0

q
∑︁k

i=0 n3i+2

(q)k+1
∞
(︁
1− qn3k+2+n3k−1+1

)︁(︁
1− qn3k+2+n3k−1+n3k−4+1

)︁
× · · · × 1(︁

1− q
∑︁k

i=1 n3i+2+1
)︁(︁
1− q

∑︁k
i=0 n3i+2+1

)︁ ,
where in the last line we used the elementary identity which follows directly from (2.2):

(q)∑︁k
i=0 n3i+2

(q)n3k+2

(︁
qn3k+2+1

)︁
n3k−1+1

(︁
qn3k+2+n3k−1+1

)︁
n3k−4+1

· · ·
(︁
q
∑︁k

i=1 n3i+2+1
)︁
n2+1

=
(q)n3k+2

(︁
qn3k+2+1

)︁
n3k−1

(︁
qn3k+2+n3k−1+1

)︁
n3k−4

· · ·
(︁
q
∑︁

i=1 n3i+2+1
)︁
n2

(q)n3k+2

(︁
qn3k+2+1

)︁
n3k−1+1

(︁
qn3k+2+n3k−1+1

)︁
n3k−4+1

· · ·
(︁
q
∑︁

i=1 n3i+2+1
)︁
n2+1

=
1(︁

1− qn3k+2+n3k−1+1
)︁(︁
1− qn3k+2+n3k−1+n3k−4+1

)︁
· · ·
(︁
1− q

∑︁k
i=0 n3i+2+1

)︁ . ■
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To prove Theorem 2.6, we first require an auxiliary result.

Lemma 2.7. We have∑︂
n1≥n2≥···≥nk≥1

qn1xnk

(1− qn1) · · · (1− qnk)
=

∑︂
n1≥n2≥···≥nk≥1

xqn1

(1− xqn1)(1− qn2) · · · (1− qnk)
.

Proof. We compare the coefficients of xm, m ≥ 1, on both sides. On the left-hand side, we
clearly have

∑︁
n1≥n2≥···≥nk−1≥m

qn1

(1−qn1 )···(1−qnk−1 )(1−qm)
. On the right-hand side, we get (using

xqn1

1−xqn1 =
∑︁

ℓ≥1 x
ℓqn1ℓ)∑︂

n1≥n2≥···≥nk≥1

qn1m

(1− qn2) · · · (1− qnk)
=

∑︂
n2≥···≥nk≥1

qn2m

(1− qn2) · · · (1− qnk)(1− qm)
.

Thus it remains to show∑︂
n1≥n2≥···≥nk≥m

qn1

(1− qn1) · · · (1− qnk)
=

∑︂
n1≥···≥nk≥1

qn1m

(1− qn1) · · · (1− qnk)
.

This certainly holds for m = 1 (for all k). Next we write∑︂
n1≥···≥nk≥1

qn1(m+1)

(1− qn1) · · · (1− qnk)
=

∑︂
n1≥···≥nk≥1

(︃
1

1− qn1
− 1

)︃
qn1m

(1− qn2) · · · (1− qnk)

=
∑︂

n1≥···≥nk≥1

qn1m

(1− qn1) · · · (1− qnk)
−

∑︂
n2≥···≥nk≥1

∑︂
n1≥n2

qn1m

(1− qn1) · · · (1− qnk)

=
∑︂

n1≥···≥nk≥1

qn1m

(1− qn1) · · · (1− qnk)
−

∑︂
n2≥···≥nk≥1

qn2m

(1− qn2) · · · (1− qnk)(1− qm)
.

Also observe∑︂
n1≥n2≥···≥nk≥m+1

qn1

(1− qn1) · · · (1− qnk)

=

(︄ ∑︂
n1≥n2≥···≥nk≥m

−
∑︂

n1≥n2≥···≥nk−1≥m
nk=m

)︄
qn1

(1− qn1) · · · (1− qnk)

=
∑︂

n1≥n2≥···≥nk≥m

qn1

(1− qn1) · · · (1− qnk)

−
∑︂

n1≥n2≥···≥nk−1≥m

qn1

(1− qn1) · · · (1− qnk−1)(1− qm)
.

The proof now follows by induction on m. ■

Taking the first derivative d
dx and then letting x = 1 in Lemma 2.7 gives∑︂

n1≥n2≥···≥nk≥1

nkq
n1

(1− qn1) · · · (1− qnk)
=

∑︂
n1≥···≥nk≥1

qn1

(1− qn1)2(1− qn2) · · · (1− qnk)
.

To compare with the graph series of Γ3k+2, the left-hand side above can be written as∑︂
n1≥n2≥···≥nk≥1

nkq
n1

(1− qn1) · · · (1− qnk)

=
∑︂

m∈Nk+1

qm1+···+mk+1+1

(1− qm2+m3+1) · · · (1− qm2+m3+···mk+1+1)(1− qm1+m2+m3+···mk+1+1)
. (2.3)
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The last relation easily follows by letting

nk = m2 +m3 + 1,

nk−1 = m2 +m3 +m4 + 1,

· · ·
n1 = m1 +m2 +m3 + · · ·+mk+1 + 1.

The linear factor in the numerator in (2.3) is the factor nk, which after the change of variables
equals the number of possible splittings of the relevant summation variable into m2 and m3.

Following the notation from the introduction, we have zq(m) = z∗q(m) =
∑︁

n≥1
qn

(1−qn)m and

z∗q(2, 1, . . . , 1) =
∑︂

n1≥n2≥···≥nk≥1

qn1

(1− qn1)2(1− qn2) · · · (1− qnk)
.

Lemma 2.8. We have

z∗q(2, 1, . . . , 1⏞ ⏟⏟ ⏞
k-tuple

) =
∑︂
n≥1

n
(︁
n+k−2
k−1

)︁
qn

1− qn
.

Proof. This, for instance, follows directly as a special case of the main theorem in [43] (cyclic
formula)

z∗q(2, 1, . . . , 1⏞ ⏟⏟ ⏞
k-tuple

) = k · z∗q(k + 1)− (k − 1) · z∗q(k)

and properties of binomial coefficients. ■

This concludes the proof of Theorem 1.1 (i).

Remark 2.9. One can show that the adjacency matrix of Γ3k+2 has determinant (−1)k+1(k + 1).
Consequently, the graph series associated with Γ3k+2 may be interpreted as the character of the
principal subspace WΓ3k+2

corresponding to a non-degenerate lattice L of rank 3k+2; see [40]. It
would be interesting to investigate q-series identities arising from distinguished WΓ3k+2

-modules
associated with irreducible VL-modules. For the case k = 1, such identities were studied in [15].

2.3 Graph series of star graphs T2k+2

Recall that an ℓ-star graph is a graph (more precisely, a tree) consisting of a central vertex of
valency ℓ together with ℓ legs of arbitrary length. In particular, every ℓ-star graph has exactly ℓ
leaves. An ℓ-star graph is called simple if all of its legs have length one. The graph series
associated with simple ℓ-star graphs were studied in [15].

Next, we define a family of graphs T2k+2, for k ≥ 2, each having 2k + 2 vertices. The graph
T2k+2 is a (k + 1)-star graph with k legs of length two and one leg of length one. We label the
central vertex by 1. The leaf vertices are labeled by 3, 5, . . . , 2k+1 and 2k+2, where the vertex
2k + 2 corresponds to the short leg. The vertices 2, 4, 6, . . . , 2k all have valency two. For k = 2,
the graph T6 coincides with the Dynkin diagram of type E6, while for k = 4 the corresponding
graph is depicted in Figure 4.

The Hilbert series of RT2k+2
is easily computed giving Ht(RT2k+2

) = t+(1+t)k

(1−t)k+1 .

To compute its graph series, and finish proving Theorem 1.1, we only need basic manipulations
with q-series.
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Figure 4. T10 graph.

Proposition 2.10. We have

HT2k+2
(q) = q−1

∑︁
n≥1

(︁
n+k−2
k−1

)︁
qn

1− qn

(q)k+1
∞

.

Proof. By definition, the graph series of T2k+2 is

HT2k+2
(q) =

∑︂
n1,...,n2k+2≥0

q
∑︁2k+2

i=1 ni+n1n2k+2+
∑︁k

j=1(n1n2j+n2jn2j+1)

(q)n1(q)n2 · · · (q)n2k+2

.

First, we sum over the variables n3, n5, n7, . . . , n2k+1. For each of these variables, the summand

has the form qr(ni+1)

(q)r
, where r denotes the variable being summed and ni is the adjacent remaining

variable. By the q-binomial identity∑︂
r≥0

zr

(q)r
=

1

(z; q)∞
,

we obtain∑︂
r≥0

qr(ni+1)

(q)r
=

1

(qni+1; q)∞
=

(q)ni

(q)∞
.

The numerator (q)ni cancels the corresponding factor already present in the denominator of
the original summand. Since there are k such summations, their total contribution is 1

(q)k∞
.

We next sum over the remaining intermediate variables n2, n6, n8, . . . , n2k. After the preceding
cancellations, each of these variables occurs only through a geometric factor qr(n1+1). Hence∑︁

r≥0 q
r(n1+1) = 1

1−qn1+1 . There are k such geometric sums, and therefore together they con-

tribute 1
(1−qn1+1)k

.

To prove the assertion, we observe∑︂
n≥1

qn

(1− qn)k
=
∑︂
n≥1

∑︂
ℓ≥0

(−1)ℓ
(︃
−k
ℓ

)︃
qn(ℓ+1)

=
∑︂

ℓ≥1,n≥1

(︃
k + ℓ− 2

ℓ− 1

)︃
qnℓ =

∑︂
ℓ≥1

(︁
k+ℓ−2
k−1

)︁
qℓ

1− qℓ
. ■

The edge algebra of T2k+2 is not always Gorenstein (e.g., T10). However, we still have the
following.

Proposition 2.11. The edge algebra RT2k+2
is Cohen–Macaulay for every k ≥ 1.

Proof. As already pointed out, T2k+2 is a bipartite graph with the bipartition

X = {1, 3, . . . , 2k + 1} and Y = {2, 4, . . . , 2k + 2}.
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We relabel the vertices as

xi := 2i− 1, 1 ≤ i ≤ k + 1, and yi := 2k + 4− 2i, 1 ≤ i ≤ k + 1.

With this notation, the following clearly hold:

(1) xi ∼ yi for every i,

(2) if xi ∼ yj , then i ≤ j,

(3) for i < j < k, the condition xi ∼ yj and xj ∼ yk implies xi ∼ yk. However, this never
occurs since xi ∼ yj and xj ∼ yk does not happen simultaneously.

These conditions (1)–(3) are necessary and sufficient for RΓ (when Γ is bipartite) to be Cohen–
Macaulay [27, Theorem 3.4]. ■

2.4 Graph series and multiple q-zeta series

Now we are ready to explain how to construct all multiple q-zeta values in the framework of graph
series and thus of vertex algebras. As already discussed in the introduction, we are interested
in the q-MZV model given by

z∗q(a1, . . . , ak) =
∑︂

n1≥n2≥···≥nk≥1

qn1

(1− qn1)a1 · · · (1− qnk)ak
.

Consider a disconnected graph with 2k vertices {1, . . . , k, 1′, . . . , k′} and k edges:

1 1′ 2 2′ 3 3′ 4 4′ 5 5′ ... ... ... ... k′k

We next construct a graph, denoted by Za1,...,ak , which will contain the above graph as a sub-
graph. In this new graph, the nodes denoted by 1′, . . . , k′ are leaves (so they are only adjacent
to 1, 2, . . . , k, respectively).

To construct our graph, we attach various simple star graphs to the underlying graph with 2k
vertices. For better transparency, in parallel, we consider the graph Z1,1,1,2,2 displayed on
Figure 5.

We first attach a1 simple (k + 1)-star graphs to the k nodes enumerated by 1, 2, . . . , k (e.g.,
on Figure 5, we attach one 6-star graph with the central node 6 to the nodes 1, 2, 3, 4, 5). Then
we attach a2 simple star graphs with k legs to the k − 1 nodes enumerated by 1, 2, . . . , k − 1
(e.g., on Figure 5, we attach one 5-star graph with central node 8 to the nodes 1, 2, 3, 4). We
continue until we attach ak 2-star graphs (i.e., paths of length two) to node 1 (e.g., on Figure 5,
we attach two 2-star graphs with central vertices 16 and 18 to node 1).

The Hilbert series of RZa1,...,ak
can be recursively computed using the relations

Ht(RZa1,...,ak
) = Ht(RZa1−1,...,ak

) +
t

(1− t)k+1

(︃
1 + t

1− t

)︃a1+···+ak−1

,

Ht(RZ0,...,0,ai,ai+1,...,ak
) = Ht(RZai,...,ak

).

A closed formula for Ht(RZa1,...,ak
) is somewhat messy so we do not display it here.

For the graph series, we have the following result:

HZa1,...,ak
(q) =

q−1z∗q(a1, . . . , ak)

(q)a1+···+ak+k
∞

.
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Figure 5. Graph Z1,1,1,2,2.

Proof of Theorem 1.3. Again, the proof is easier to follow by considering an example in par-
allel; see Figure 5. We first sum over all (k+1)-star subgraphs. By definition, there are a1 such
subgraphs. For each subgraph, we start from the leaf node s (for instance, node 7 in Figure 5)
and the central node t (for instance, node 6 in Figure 5). This leads to the following summation:∑︂

ns,nt≥0

qns(nt+1)+nt(n1+···+nk+1)

(q)ns(q)nt

=
∑︂
nt≥0

qnt(n1+···+nk+1)

(qnt+1)∞(q)nt

=
1

(q)∞
(︁
1− qn1+···+nk+1

)︁ .
Repeating this a1 times (observe that the summation variables corresponding to the relevant
subgraphs are independent) results with

1

(q)a1∞
(︁
1− qn1+···+nk+1

)︁a1 .
We repeat the same procedure for k-star graphs attached to 1, 2, . . . , k − 1. These subgraphs
contribute with

1

(q)a2∞
(︁
1− qn1+···+nk−1+1

)︁a2 .
We continue until we sum over paths of length two (e.g., nodes 17 and 16) attached to the node
1. Here the contribution is

1

(q)ak∞
(︁
1− qn1+1

)︁ak .
We also have to sum over the variables that correspond to the “prime” nodes:∑︂

n′
1,...,n

′
k≥0

qn
′
1(n1+1)+···+n′

k(nk+1)

(q)n′
1
· · · (q)n′

k

=
1(︁

qn1+1
)︁
∞ · · ·

(︁
qnk+1

)︁
∞
.

Combining everything with the final k-fold summation over n1, . . . , nk, we quickly get

1

(q)
∑︁k

i=1 ai+k
∞

∑︂
n1,...,nk≥0

qn1+···+nk(︁
1− q

∑︁k
i=1 ni+1

)︁a1(︁1− q
∑︁k−1

i=1 ni+1
)︁a2 · · · (︁1− qn1+1

)︁ak .
Setting n1 + n2 + · · ·+ nk + 1→ m1, n1 + n2 + · · ·+ nk + 1→ m2, . . . , n1 + 1→ mk proves the
claim. ■
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Remark 2.12. Observe that Za1,...,ak is a connected bipartite graph. Using exactly the same
type of argument as in the proof Proposition 2.11, it follows that the rings RZa1,...,ak

are Cohen–
Macaulay.

2.5 Algebra of graphs series

The set of all graph series of simple graphs is closed under the multiplication

HΓ1(q) ·HΓ2(q) = HΓ1⊕Γ2(q). (2.4)

Under this operation we form a Q-algebra

G = Q⟨HΓ(q) | Γ ∈ SGraphs/∼⟩,

taking the Q-span over all isomorphism classes of simple graphs. This algebra is filtered,

G =
⋃︂
n≥0

Gn, Gn · Gm ⊂ Gm+n,

where Gn is spanned by all HΓ(q) where Γ runs through the set of (non-isomorphic) graphs with
≤ n vertices, and G0 = Q. As we already indicated, apart from the obvious relations (2.4), new
relations start to emerge for graphs with six and more vertices. Moreover, this Q-algebra is not
graded, as is visibly seen from the (non-homogeneous) relation

HΓ8⊕pt = 2HT8(q)−HT6⊕pt(q),

a consequence of Theorem 1.1. Let gr(G) denote the associated graded algebra of G. Summa-
rizing the previous discussion:

dim(gr(G)1) = 1, dim(gr(G)2) = 2, dim(gr(G)3) = 4,

dim(gr(G)4) = 11, dim(gr(G)5) = 34,

all coinciding with the number of non-isomorphic graphs on 1≤n≤5 vertices, but dim(gr(G)6) <
156, the number of non-isomorphic graphs on six vertices. Most graph series are unfamiliar q-
series even for graphs with a small number of vertices. For instance, among the 21 connected
graphs with five vertices, their graph series HΓ(q), modulo multiplicative powers of the Euler
product, do not appear in the OEIS database [46], except for HC5(q) and HD5(q), which were
studied in [15].

2.6 Quasi-modularity and graph series

We end this part with some comments on quasi-modularity of q-MZVs. This feature is important
and directly related to conjectures on graded dimensions of the algebra of q-MZVs. For classical
multiple zeta values, we have a well-known formula [28]:∑︂

σ∈Sn

ζ(2kσ(1), . . . , 2kσ(n)) ∈ Q[π2].

More precisely, the left-hand side can be expressed as a sum of products of the ordinary zeta
values ζ(2k). For q-MZVs, this type of formula is formulated in terms of ζq(2k) or, equivalently,
in terms of quasi-modular forms. Either way, [13] shows that

ζq(2k, 2k, . . . , 2k)

can be expressed as a polynomial in q-zeta values ζq(m). Even though [4]

ζq(2, 2, . . . , 2) ∈ QM,

in general

ζq(2k, 2k, . . . , 2k) /∈ QM.
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3 Multiple q-zeta values, quasi-modular forms, and characters

This section contains the second part of the paper. Throughout, we let τ ∈ H, z ∈ C, q = e2πiτ ,
and ζ = e2πiz. Unless stated otherwise, all identities involving Fourier series in ζ are interpreted
in the annulus specified in the statement, which determines the corresponding geometric-series
expansion of each denominator. We begin by recalling the elliptic and quasi-Jacobi functions
needed for our constant-term computations and then apply these techniques to characters of
genus-zero class-S vertex operator algebras.

3.1 Elliptic functions, theta functions, and quasi-modular forms

We present some basic (and mostly well-known) results on elliptic functions, (quasi)-Jacobi
forms, and their Fourier coefficients. We closely follow [34].

The Jacobi theta function is given by

ϑ(z; τ) =
∑︂

n∈Z+ 1
2

eπin
2τ+2πin(z+ 1

2
).

We also define Eisenstein series with their q-expansion, for integers k ≥ 1 (and with the usual
convention that E2 is quasimodular)

G2k(τ) = 2ζ(2k) +
(2πi)2k

(2k − 1)!

∑︂
n≥1

n2k−1qn

1− qn
, q = e2πiτ ,

and slightly normalized versions

E2k(τ) = 1− 4k

B2k

∑︂
n≥1

n2k−1qn

1− qn
, (3.1)

where B2k is the Bernoulli number. Recall that QM us the ring of quasi-modular forms for the
full modular group discussed earlier. A famous result of S. Ramanujan is that(︃

q
d

dq

)︃
: QM→ QM,

so QM is a differential ring. This well-known fact is employed throughout this section and in
later parts.

The Weierstrass ζ-function3 and the ℘-function are defined as

ζ(z; τ) =
1

z
+

∑︂
(n,m)̸=(0,0)

(︃
1

z −mτ − n
+

1

mτ + n
+

z

(mτ + n)2

)︃
,

℘(z; τ) =
1

z2
+

∑︂
(n,m)̸=(0,0)

1

(z −m− nτ)2
− 1

(m+ nτ)2
,

℘′(z; τ) = −1

2

d

dz
℘(z; τ).

3Not to be confused with the Fourier coefficient ζ = e2πiz used below.
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Their Laurent expansions around z = 0 are then given by

ζ(z; τ) =
1

z
−
∑︂
n≥1

G2n+2(τ)z
2n+1,

℘(z; τ) =
1

z2
+
∑︂
n≥1

(2n+ 1)G2n+2(τ)z
2n,

℘′(z; τ) =
1

z3
−
∑︂
n≥1

n(2n+ 1)G2n+2(τ)z
2n−1.

For concrete computation, it is convenient to use the so-called P -functions or “propagators”
(widely used for computations of genus one correlators in CFT and vertex operator algebra [52]):

Pk(ζ; q) =
(2πi)k

(k − 1)!

∑︂
n≥1

(︃
nk−1ζnqn

1− qn
+ (−1)kn

k−1ζ−n

1− qn

)︃
.

Then inside |q| <
⃓⃓
ζ−1
⃓⃓
< 1 we have

P1

(︁
e2πiz, τ

)︁
= −ζ(z; τ) +G2(τ)z − πi, (3.2)

P2

(︁
e2πiz, τ

)︁
= ℘(z, τ) +G2(τ), (3.3)

P3

(︁
e2πiz, τ

)︁
= −℘′(z, τ). (3.4)

Similarly, Pk

(︁
e2πiz; τ

)︁
, k ≥ 4, is proportional to the (k−2)-th z-derivative of ℘(z; τ). The second

and the third relations (3.3)–(3.4) are equivalent to the following:

℘(z, τ) = −G2(τ) + (2πi)2
∑︂
n≥1

(︃
nqnζn

(1− qn)
+

nζ−n

(1− qn)

)︃
,

℘′(z, τ) = −(2πi)3
∑︂
n≥1

(︃
n2qnζn

(1− qn)
− n2ζ−n

(1− qn)

)︃
.

To see that (3.2) holds, we require an identity

−1

2
+

ζ

ζ − 1
−
∑︂
n≥1

(︃
ζ−1qn

1− ζ−1qn
− qnζ

1− qnζ

)︃
=

1

2
+
∑︂
n≥1

(︃
ζnqn

1− qn
− ζ−n

1− qn

)︃
, (3.5)

again valid in |q| < |ζ−1| < 1. We denote either side of (3.5) by J1(z; τ). This function does not
transform as a Jacobi form, instead we have

J1(z +mτ + n; τ) = J1(z; τ)−m,

J1

(︃
z

τ
;
−1
τ

)︃
= τJ1(z; τ) + z.

We also require σ(z; τ), which can be defined using the theta function [34]

σ(z; τ) = −exp
(︃
η1z

2

2

)︃
ϑ(z; τ)

2πη(τ)3
,

where η1 = G2(τ) in the normalization of [34]; for our purposes, it is a function of τ only and
will not be used elsewhere.

Functions ℘, ϑ, and σ are related through a fundamental relation [34]:

℘(z1; τ)− ℘(z2; τ) =
σ(z1 + z2; τ)σ(z1 − z2; τ)

σ(z1; τ)2σ(z2; τ)2
=

ϑ(z1 + z2; τ)ϑ(z1 − z2; τ)

4π2ϑ(z1; τ)2ϑ(z2; τ)2η(τ)6
. (3.6)
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Our next result concerns the constant term in the Fourier expansion of elliptic functions with
respect to ζ = e2πiz. This result is well known and has appeared previously in the literature;
see, for example, [26, 40]. In the present work, however, we adopt the approach of [14], where
all Fourier coefficients of certain index-zero Jacobi forms are investigated, rather than focusing
solely on the constant term.

Proposition 3.1. Let f(z; τ) ∈ C[℘(z; τ), ℘′(z; τ)]. Then, in the range |q| <
⃓⃓
ζ−1
⃓⃓
< 1, the

constant term CTζf(z; τ) belongs to QM, and the non-constant terms CTζf(z; τ)ζ
−r, r ̸= 0,

are not quasi-modular.

Proof. We may assume that f = ℘r(℘′)s. Using the Weierstrass equation

(℘′)2 = 4℘3 − g2(τ)℘− g3(τ),

where g2(τ) and g3(τ) are multiples of E4(τ) and E6(τ), respectively, every higher power of ℘′

can be reduced to the cases s = 0 and s = 1. We use the Laurent expansion in the variable z
around zero to write

f(z; τ) =
∑︂

0≤i< ℓ
2

Dℓ−2i(τ)

zℓ−2i
+D0(z) +O(z),

where the z-coefficients Dℓ−2i(τ) are holomorphic modular forms of weight 2i that can be ex-
plicitly computed using the Laurent expansion of ℘ and ℘′, and ℓ = 2r + 3s. Of course, D0(z)
could be zero depending on the parity of s. To compute the ζ-constant term, we proceed as in
[14, Theorem 1.1] dealing with a particular Jacobi form of index zero (the case when m is even
in [14] is precisely the case of elliptic functions here).

For the nonzero Fourier coefficient fr(τ), r ̸= 0, we compute the contour integral∫︂
∂Pz0

f(w; τ)e−2πirw dw,

where

Pz0 = {z0 + rτ + s | 0 ≤ r, s ≤ 1},

in two different ways: directly as a contour integral, and by the residue theorem by choosing

z0 = −1
2 −

τ
2 ,

so that the only pole inside the contour is at z = 0. This quickly leads to a formula for the r-th
coefficient, which is quasi-modular if and only if r = 0 and not quasi-modular otherwise (see
[14, Theorem 1.1]). More explicitly,

CTζf(z; τ) = D0(τ) +
∑︂
i

λiD2i(τ)E2i(τ),

where λi are some coefficients. This is certainly contained in QM. ■

3.2 Quasi-Jacobi forms

We are also interested in Fourier coefficients, or more precisely the constant term, of more
general functions that include τ -derivatives of elliptic functions. For that we need the concept
of quasi-Jacobi forms (see [37, 42, 50] for instance). We are only concerned with the subspace
of meromorphic quasi-Jacobi forms of index 0 with poles at Lτ = Zτ + Z. These are known
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to form a subring QJ 0 := C[E6, E4, J1, ℘, ℘
′] inside the ring of quasi-Jacobi forms QJ :=

C[F,E6, E4, J1, ℘, ℘
′] (E6 can be omitted from both rings though), where F is a particular

quasi-Jacobi form of non-zero index not needed here [42]. Besides J1(z; τ) mentioned earlier, we
also require more general quasi-Jacobi forms (k ≥ 2):

Jk(z; τ) = Bk − k
∑︂
n,r≥1

rk−1
(︁
ζn + (−1)kζ−n

)︁
qnr.

Next we define the polynomials pm(x), m ≥ 2 via∑︂
n≥1

nm−1xn =
xpm(x)

(1− x)m
.

For instance, p2(x) = 1, p3(x) = 1 + x, etc. These are known as (slightly shifted) Euler’s
polynomials. The next result is elementary and essentially follows from the definition of pm(x).

Lemma 3.2. We have

(1) For every even s ≥ 0, and k ≥ 1,∑︂
r≥1

rsqrp2k(q
r)

(1− qr)2k
∈ QM.

(2) For every odd s ≥ 1, and k ≥ 1,∑︂
r≥1

rsqr(1 + qr)p2k(q
r)

(1− qr)2k+1
∈ QM.

Proof. For (1), it is enough to observe:

∑︂
r≥1

rj
qrpa+j(q

r)

(1− qr)a+j
=

∑︂
r≥1, n≥1

rjna+j−1qnr =

(︃
q
d

dq

)︃j ∑︂
r≥1, n≥1

na−1qnr =

(︃
q
d

dq

)︃j∑︂
n≥1

na−1qn

1− qn
.

This implies that, for every s and k as above, we may choose a ≥ 2 and j ≥ 0 such that the sum
in (1) is a (higher) derivative of an Eisenstein series, or an Eisenstein series with its constant
term removed. Similarly, any series appearing in (2) can be expressed as a linear combination
of derivatives of two Eisenstein series. In either case, the resulting sum lies in QM. ■

Theorem 3.3. Let f(z; τ) ∈ QJ 0. Then in the range |q| <
⃓⃓
ζ−1
⃓⃓
< 1, CTζf(z; τ) ∈ QM.

Proof. Compared with Proposition 3.1, where f is doubly periodic in z and belongs to C[℘, ℘′],
the only new issue is the contribution of J1(z; τ) and thus it suffices to prove the statement for

f(z; τ) = J1(z; τ)
jg(z; τ),

where g(z; τ) ∈ C[℘, ℘′] is elliptic and j ≥ 1. We use induction on j. For j = 1, we have to
analyze

J1(z; τ)g(z; τ),

where g(z; τ) is elliptic. We will compute the constant term by expanding g(z; τ) = ζrgr(τ),
where g0(τ) is quasi-modular (possibly zero) and non-zero Fourier coefficients are given by [14]

gr(τ) =
qr

1− qr

∑︂
0≤ℓ<m/2

rm−2ℓ−1Dℓ(τ), r > 0,
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and

gr(τ) = −
1

1− q−r

∑︂
0≤ℓ<m/2

rm−2ℓ−1Dℓ(τ), r < 0,

where the parity of m depends on the parity of the z powers in the Laurent expansion of g(z; τ),
and Dℓ(τ) are modular forms as in Proposition 3.1. Multiplying out J1(z; τ) =

1
2+
∑︁

n≥1

(︁ ζnqn
1−qn −

ζ−n

1−qn

)︁
and g(z; τ), we quickly find the constant term of J1(z; τ)g(z; τ) to be

1

2
g0(τ)−

∑︂
0≤ℓ<m/2

Dℓ(τ)
∑︂
r≥1

rm−2ℓ−1qr

(1− qr)2
−

∑︂
0≤ℓ<m/2

Dℓ(τ)
∑︂
r≥1

(−r)m−2ℓ−1qr

(1− qr)2
.

If m is even, then the two sums cancel out and we end up with 1
2g0(τ) for the constant term

which is certainly in QM by Proposition 3.1. If m is odd, then we get a contribution from the
sum ∑︂

r≥1

rsqr

(1− qr)2
,

where s := m− 2ℓ− 1 ≥ 0 is even. For s = 0, this sum equals 1
24(1−E2(τ)) ∈ QM. For s ≥ 2,

the sum is the first
(︁
q d
dq

)︁
-derivative of the Eisenstein series Es−1(τ) and thus in QM.

For the induction step, we need [41, formula (11)] that allows us to express J ℓ
1 as a linear

combination of Jℓ, an elliptic Jacobi form Kℓ, and quasi-Jacobi forms involving Jk
1 , k < ℓ, for

which the induction hypothesis applies. Thus in order to finish the proof we have to argue that

CTζJℓ(z; τ)g(z; τ) ∈ QM,

where g(z; τ) is elliptic. As in the j = 1 case, we first observe that

1

ℓ
(Bℓ − Jℓ(z; τ)) =

∑︂
n≥1

(︃
qnpℓ(q

n)ζn

(1− qn)ℓ
+ (−1)ℓ q

npℓ(q
n)ζ−n

(1− qn)ℓ

)︃
,

where pℓ are as above. We distinguish two cases: ℓ is even and ℓ is odd. Assume first that ℓ = 2k
is even. After we multiply out Fourier expansions and extract the constant term as above, the
constant term takes the shape∑︂

r≥1

q2rrsp2k(q
r)

(1− qr)2k+1
− (−1)s

∑︂
r≥1

qrrsp2k(q
r)

(1− qr)2k+1
,

where s := m− 2n− 1 could be either even or odd. For s even, we have∑︂
r≥1

rsq2rp2k(q
r)

(1− qr)2k+1
− (−1)s

∑︂
r≥1

rsqrp2k(q
r)

(1− qr)2k+1
= −

∑︂
r≥1

rsqrp2k(q
r)

(1− qr)2k

whereas for s odd, we obtain∑︂
r≥1

rsq2rp2k(q
r)

(1− qr)2k+1
+
∑︂
r≥1

rsqrp2k(q
r)

(1− qr)2k+1
=
∑︂
r≥1

rsqr(1 + qr)p2k(q
r)

(1− qr)2k+1
.

By Lemma 3.2, both series are in QM. Similarly we argue for ℓ odd. That completes the
proof. ■
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Denote by Dz = 1
2πi

∂
∂z and Dτ = 1

2πi
∂
∂τ , and let s(x, y) ∈ C[x, y] be a polynomial with

complex coefficients.

Corollary 3.4. Let f(z; τ) ∈ QJ 0. Then

CTζ(s(Dz, Dτ )f(z; τ)) ∈ QM.

Proof. We only have to argue that the ring QJ 0 is closed under Dz and Dτ . This can be
verified explicitly on the generators J1, ℘, ℘

′, E4, E6 (see, for instance, [42, 50]). ■

An important special case involves products of derivatives of the P -functions introduced
earlier. A similar result appeared previously in [26, Proposition 5.9], though our proof differs.

Proposition 3.5. We have

(i) For m ≥ 1 and k ≥ 1,

CTζ

(︁
Pk(ζ; τ)

m
)︁
∈ QM.

(ii) More generally, for every polynomial s(x, y) and k ≥ 1,

CTζ

{︁
(s(Dτ , Dz)Pk(ζ; τ))

m
}︁
∈ QM.

Proof. Part (ii) follows immediately from Theorem 3.3, Corollary 3.4, and formulas (3.2)–
(3.4). ■

3.3 Characters of genus zero class-S vertex operator algebras

In this section, g denotes a finite dimensional Lie algebra of ADE type for simplicity. In the
introduction, we constructed a q-MZV function associated with g, ζg,q(kα;α ∈ ∆+). Letting
kα ≥ 1, we consider a slightly different q-MZV model where all kα are equal and there is an
extra polynomial dependence on the labels of λ ∈ P+:

ζsg,q(k) :=
∑︂
λ∈P+

(dim(V (λ))s
qk⟨λ+ρ,ρ⟩∏︁

α∈∆+
(1− q⟨λ,α+ρ⟩)k

.

The boldface symbol Vg,k denotes Arakawa’s vertex operator algebra attached to the Lie alge-
bra g (actually our notation Vg,k corresponds to Arakawa’s VS

G,b with g = Lie(G) and b = k+2;
see [5]) and the positive integer parameter k; it should not be confused with the ordinary italic
letter k used as a summation or weight parameter elsewhere. Here V (λ) is the finite-dimensional
g-module of highest weight λ, so that dim(V (λ)) can be computed using the Weyl dimension
formula and ρ = 1

2

∑︁
α∈∆+

α is the half-sum of positive roots. Then we have a remarkable result
of Arakawa on class-S vertex operator algebras motivated by the previous very important work
of Beem, Rastelli and others [10, 11].

Theorem 3.6 ([5]). For every k ≥ 3, there is a vertex operator algebra Vg,k such that

ch[Vg,k](τ) =
1

η(τ)mg,k
ζkg,q(k − 2), (3.7)

where mg,k = dim(g)k− (k− 2)rank(g) is a positive integer and η(τ) = q1/24
∏︁

i≥1(1− qi) is the
Dedekind η function.
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Remark 3.7. Although this seems to be implicit in the literature, it is expected that

dimXVg,k
= mg,k,

where XVg,k
is the associated variety of Vg,k. In the 4d/2d correspondence, the associated

variety is expected to recover the Higgs branch of the corresponding four-dimensional theory,
while the vertex operator algebra character is identified with its Schur index. Thus formula (3.7)
suggests that the generalized q-MZV is the infinite-dimensional analogue of the numerator in
a Hilbert-series presentation: it contains the non-free contribution after the universal product
factor has been separated. We use the phrase “Hilbert-series numerator” here, rather than
“h-series”, to avoid confusion with the h-polynomial of a finitely generated graded algebra.

Example 3.8 (g = sl2). For k ≥ 3,

ζksl2,q(k − 2) =
∑︂
n≥1

nkq
n
2
(k−2)

(1− qn)k−2
.

Example 3.9 (g = sl3). For k ≥ 3,

ζksl3,q(k − 2) =
∑︂

m1,m2≥1

(m1m2(m1 +m2))
k q(m1+m2)(k−2)

(1− qm1)k−2(1− qm2)k−2(1− qm1+m2)k−2
.

It is not hard to see that we also have

ζksln+1,q(k − 2) =
∑︂

m1,...,mn≥1

⎛⎝ ∏︂
1≤i≤j≤n

(mi + · · ·+mj)
k

⎞⎠ · q(k−2)( 1
2

∑︁n
i=1(i−1+1)(n−i+1)mi)∏︁

1≤i≤j≤n(1− qmi+···+mj )k−2
.

This can be rewritten as

ζksln+1,q(k − 2) =
∑︂

m1,...,mn≥1

∏︂
1≤i≤j≤n

(︄
(mi + · · ·+mj)

k q
1
2
(k−2)(imi+···+jmj)

(1− qmi+···+mj )k−2

)︄
.

Based on the sl2 case studied by Beem and Rastelli [11], it is expected the following.

Conjecture 3.10. We have

(1) For k ≥ 3 even, ζksln+1,q
(k − 2) belongs to QM and for k ≥ 3 odd it belongs to QM[2] :=

Q
[︁
E2(τ), θ2(τ)

4, θ3(τ)
4
]︁
.4

(2) For k ≥ 3, the character ch[Vg,k](τ) is a solution of a modular linear differential equation
(MLDE) with coefficients in QM or QM[2], depending on the parity of k.

Beem and Rastelli verified these conjectures for numerous examples for g = sl2 (for both k
even and odd) and also for additional examples coming from genus g ≥ 1 theories. These higher-
genus theories are not discussed in Arakawa’s paper but presumably correspond to characters
of (mostly unknown) vertex operator algebras due to 2d/4d correspondences [10]. In [16], we
proved a broader theorem that implies the even-parameter quasi-modularity assertion in Con-
jecture 3.10 (1) for the relevant A-type series. It does not by itself prove the MLDE assertion in
Conjecture 3.10 (2). Theorem 3.13 below supplies a direct, self-contained constant-term proof
for the first non-trivial case g = sl3, while Proposition 3.14 treats the corresponding symmetrized
family.

4It is possible to formulate a slightly stronger conjecture depending on whether or not ρ ∈ Q, where Q is the
root lattice of g.
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3.4 Bi-brackets of multiple q-zeta values of a Lie algebra g

The notation in this subsection is independent of the one-variable zeta values in (1.6); here
the square-bracket notation records two arrays of parameters, following the terminology of bi-
brackets. Motivated by Arakawa’s character formula, we can also define more general multiple
q-zeta series, reminiscent of the bi-brackets construction in the setup of q-MZVs [7, 8, 9]. For
simplicity, we again only discuss the A-type here so the positive roots are parametrized by the
segments [i, j], i ≤ j.

Let k[i,j] ≥ 1, 1 ≤ i ≤ j and s[i,j] ≥ 0 be integers, and

ζsln+1,q

[︃
k[i,j]; 1 ≤ i ≤ j ≤ n

s[i,j]; 1 ≤ i ≤ j ≤ n

]︃
:=

∑︂
m1,...,mn≥1

∏︂
1≤i≤j≤n

(mi + · · ·+mj)
s[i,j]

q
1
2
k[i,j](imi+···+jmj)

(1− qmi+···+mj )k[i,j]
.

With this definition, we have

ζsln+1,q

[︃
k[i,j] = k; 1 ≤ i ≤ j ≤ n

s[i,j] = k + 2; 1 ≤ i ≤ j ≤ n

]︃
= ζk+2

sln+1,q
(k).

Based on many examples, we expect a symmetric formula to hold.

Conjecture 3.11. Assume that all k[i,j] are even and s = s[i,j] for all [i, j]. Then∑︂
σ∈W

ζsln+1,q

[︁
kσ[1,1], kσ[1,2], . . . , kσ[n,n]; s

]︁
∈ QM,

where k−[i,j] = k[i,j].

One can also formulate a similar conjecture for other root systems. We also expect quasi-

modularity to hold for ζsln+1,q

[︂
k[i,j]; 1≤i≤j≤n

s[i,j]; 1≤i≤j≤n

]︂
provided that kα and sα have the same parity.

3.5 Example: Quasi-modularity for sl(3)

The quasi-modularity of sl(2) q-MZV values and their modifications is well known to experts,
and therefore we only briefly comment on this case. Recall the Lie-theoretic q-multiple zeta
values introduced in (1.6). In the simplest case g = sl2, one has

ζsl2,q(2k) =
∑︂
n≥1

qnk

(1− qn)2k
.

It is well known that, up to an additive constant, these Lambert series are linear combinations
of Eisenstein series and consequently,

ζsl2,q(2k) ∈ QM.

Similarly, for every k ≥ 1, there exist constants ck,i ∈ Q, 1 ≤ i ≤ k, such that, for every n ≥ 1
and a ≥ 0, the following identity of rational functions in q holds:

n2k+aqnk

(1− qn)2k
=

k∑︂
i=1

ck,i

(︃
q
d

dq

)︃2k+1−2i n2i−1+aqn

1− qn
. (3.8)

Summing over n and letting a = 2 immediately gives

ζ2k+2
sl2,q

(2k) =
k∑︂

i=1

ck,i

(︃
q
d

dq

)︃2k+1−2i

E2+2i(q) ∈ Q[E2, E4, E6].
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Corollary 3.12. For integers k ≥ 1 and a ≥ 0, we have

k∑︂
i=1

ck,iD
2k+1−2i
τ

⎛⎝∑︂
n≥1

(︃
n2i−1+aqnζn

1− qn
+ (−1)a+1n

2i−1+aqnζ−n

1− qn

)︃⎞⎠
=
∑︂
n≥1

(︃
n2k+aqnkζn

(1− qn)2k
+ (−1)an

2k+aqnkζ−n

(1− qn)2k

)︃
. (3.9)

Equipped with (3.9) and results from Section 3.3, we are now ready to prove the following.

Theorem 3.13. Let k ≥ 1 and let a ≥ 0 be even. Then∑︂
m1,m2≥1

(m1m2(m1 +m2))
2k+a q2k(m1+m2)

(1− qm1)2k(1− qm2)2k(1− qm1+m2)2k
∈ QM.

In particular, taking a = 2 gives ζ2k+2
sl3,q

(2k) ∈ QM.

Proof. Keeping a even, we prove that

ζ2k+a
sl3,q

(2k) =
∑︂

m1,m2≥1

(m1m2(m1 +m2))
2k+a q2k(m1+m2)

(1− qm1)2k(1− qm2)2k(1− qm1+m2)2k

also belongs to QM. Keeping a even, observe an identity

CTζ

⎛⎝∑︂
n≥1

n2k+aqnkζn

(1− qn)2k
+ (−1)an

2k+aqnkζ−n

(1− qn)2k

⎞⎠3

= CTζ

⎛⎝∑︂
n≥1

n2k+aqnkζn

(1− qn)2k
+

n2k+aqnkζ−n

(1− qn)2k

⎞⎠3

= 6
∑︂

m1,m2≥1

(m1m2(m1 +m2))
2k+a q2k(m1+m2)

(1− qm1)2k(1− qm2)2k(1− qm1+m2)2k
,

where in the last step we expanded the triple product as triple sums and we extract the constant
term from each individual term. Formula (3.9), together with Proposition 3.5, now gives the
assertion. ■

The value of the present argument is not merely the abstract quasi-modularity conclusion:
it identifies the relevant q-series explicitly as constant terms of concrete index-zero quasi-Jacobi
forms and gives a direct proof that can be adapted to further graph and Lie-theoretic series.
This complements the more general result of [16] and explains the mechanism behind the first
non-trivial sl3 examples.

The method in Theorem 3.13, together with Proposition 3.5, can be used to prove the quasi-
modularity property for additional q-MZVs associated with sl3. For example, expanding the
triple product

∑︂
m1,m2,m3≥1

(︄
m2k+1

1 ζm1qm1

1− qm1
+

m2k+1
1 ζ−m1

1− qm1

)︄

×

(︄
m2k+1

2 ζm2qm2

1− qm2
+

m2k+1
2 ζ−m2

1− qm2

)︄(︄
m2k+1

3 ζm3qm3

1− qm3
+

m2k+1
3 ζ−m3

1− qm3

)︄
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and extracting the constant term gives

∑︂
m1,m2≥1

(m1m2(m1 +m2))
2k+1 qm1+m2

(1− qm1)(1− qm2)(1− qm1+m2)
∈ QM.

More explicitly, for k = 1, we get

∑︂
m1,m2≥1

(m1m2(m1 +m2))
3 qm1+m2

(1− qm1)(1− qm2)(1− qm1+m2)

=
1

570240
E2

6(τ) +
1

798336
E4(τ)

3 − 1

332640
E2(τ)E4(τ)E6(τ).

Our next result concerns ζsl3,q(2k) values.

Proposition 3.14. For every k ≥ 1,

ζsl3,q(2k) ∈ QM.

More generally,∑︂
σ∈S3

ζsl3,q(2kσ(1), 2kσ(2), 2kσ(3)) ∈ QM. (3.10)

Proof. Recall the series Jk(z; τ) from Section 3.1. Using formula (3.8), up to an additive
constant, we can write (here k ≥ 1)

Qk(z; q) =
∑︂
n≥1

(︃
qknzn

(1− qn)2k
+

qknz−n

(1− qn)2k

)︃

as a linear combination of J̃2k := 1
2k (B2k − J2k(z; τ)), which are already in QJ 0. For instance,

∑︂
n≥1

(︃
q3nzn

(1− qn)6
+

q3nz−n

(1− qn)6

)︃
=

1

120
J̃6(z; τ)−

1

24
J̃4(z; τ) +

1

30
J̃2(z; τ).

The rest follows as before by expanding the triple product

CTζ

⎛⎝∑︂
n≥1

qknζn

(1− qn)2k
+

qknζ−n

(1− qn)2k

⎞⎠3

= 6ζsl3,q(2k).

To prove (3.10), we expand the triple product⎛⎝∑︂
n≥1

qk1nζn

(1− qn)2k1
+

qk1nζ−n

(1− qn)2k1

⎞⎠ ·
⎛⎝∑︂

n≥1

qk2nζn

(1− qn)2k2
+

qk2nζ−n

(1− qn)2k2

⎞⎠
×

⎛⎝∑︂
n≥1

qk3nζn

(1− qn)2k3
+

qk3nζ−n

(1− qn)2k3

⎞⎠ ,

which results in eight triple sums. Two sums do not contribute to the constant term, and the
remaining six sums give the left-hand side of (3.10) after taking CTζ . ■
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Remark 3.15. We expect ζaq,sl3(k) /∈ QM whenever a+ k is odd. For instance, some manipu-
lations with q-series as in [3] gives∑︂

n,m≥1

qn+m

(1− qn)(1− qm)(1− qn+m)
= −

(︃
q
d

dq

)︃∑︂
n≥1

qn

1− qn
+
∑︂
n≥1

n2qn

1− qn

and ∑︂
n,m≥1

nmqn+m

(1− qn)(1− qm)(1− qn+m)
= −

(︃
q
d

dq

)︃2∑︂
n≥1

qn

1− qn
+

(︃
q
d

dq

)︃∑︂
n≥1

n2qn

1− qn
.

Sums like
∑︁

n≥1
qn

1−qn and
∑︁

n≥1
n2qn

1−qn , including their derivatives, do not belong to QM. How-
ever, many series of this type are holomorphic quantum modular forms (after Zagier). Closely
related q-series also appeared in the study of graph series of type A [15].

4 Characters and supercharacters of the U family
of vertex operator (super)algebras

In [1], Adamović and the author introduced an infinite family of vertex operator (super)algebras,
somewhat analogous to those appearing in the class-S and in the Cvitanović–Deligne series
[6, 10]. We refer to this family as the U family of vertex operator (super)algebras and denote
its members by U (m). As demonstrated in [1], for each integer m ≥ 3, U (m) is constructed as
an infinite (super)extension of the simple affine vertex operator algebra V−1(sl(m)) of central
charge −(m+ 1).

When m is odd, U (m) is a Z-graded vertex operator superalgebra, and it is therefore natural
to consider its supercharacter sch[U (m)](τ). Recall that the supercharacter of a vertex operator
superalgebra is defined by taking the difference of the graded characters of its even and odd
subspaces. Equivalently, it is obtained by replacing the ordinary trace in the definition of the
character with the supertrace. When m is even, U (m) is a vertex operator algebra with 1

2Z≥0-
grading. For simplicity, we restrict our attention here to the case wherem is odd; see Remark 4.5.
The main motivation for the study undertaken in [1] was the following:

Conjecture 4.1 ([1]). For every m ≥ 3, the vertex operator (super)algebra U (m) is quasi-lisse.

One of the main results of [1] is that the characters and supercharacters of a distinguished
family of U (m)-modules (including U (m) itself) exhibit quasi-modular behavior. This observation
provided one of the primary motivations for the conjecture.

In this section, we present two new results on supercharacters that refine and extend the
results of [1]:

1. We derive a more explicit formula in terms of the constant terms of powers of the Weier-
strass elliptic function, in the spirit of the computations carried out in Section 3.3.

2. We prove that the supercharacter can be expressed in terms of quasi-modular forms of
a specific type on the congruence subgroup Γ0(m).

An important role in our construction is played by the index-zero Jacobi form

Fm(z; τ) = ϵmη(τ)m+1ϑ(mz;mτ)

ϑ(z; τ)m
,

where ϵm is some non-zero constant defined in [1]. Then we have the following result.

Theorem 4.2 ([1]). For m odd, we have (in a suitable ζ-range)

CTζFm(z; τ) = sch[U (m)](τ),

where as before ζ = e2πiz.
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4.1 Supercharacters of U (m) via elliptic functions

Using the notation from [34], let

G2,N,(0, r
N
)(τ) := ℘

(︂ r

N
; τ
)︂

with 1 ≤ r ≤ N − 1, a certain weight two Eisenstein series of level N . Then we have for
A =

(︁
a b
c d

)︁
∈ SL(2,Z),

G2,N,(0, r
N
)

(︃
aτ + b

cτ + d

)︃
= (cτ + d)2G2,N,A(0, r

N
)(τ).

Consider now c|N , so that gcd(d,N) = 1. Then the right-hand side equals

(cτ + d)2G2,N,( cr
N
, dr
N

)(τ) = (cτ + d)2G2,N,(0, dr
N

)(τ).

In other words, elements of Γ0(N) permute the G2-series. Using ℘(−z; τ) = ℘(z; τ) and lettingN
be odd, we see that

G1(τ) :=

(N−1)/2∑︂
a=1

G2,N,(0, a
N
)(τ)

is invariant under Γ0(N). Similarly, we evaluate elementary symmetric polynomials ei(x1, . . . ,
x(N−1)/2), 1 ≤ i ≤ (N − 1)/2, at G2,N,(0, r

N
)(τ) and construct genuine modular forms on Γ0(N),

which we denote by Gi(τ) (observe that G1(τ) comes from x1 + x2 + · · ·+ x(N−1)/2). These are
modular forms of weight 2i.

Now we are ready to give a new formula for the supercharacter of U expressed using CTζ℘(z)
k.

Proposition 4.3. We have the supercharacter formula

sch[U (m)](τ) = µm
η(mτ)3

η(τ)2m−1

(m−1)/2∑︂
k=0

(−1)kGk(τ)CTζ℘(z; τ)
k,

where µm ̸= 0 is a constant depending only on m.

Proof. We first recall identity (3.6) that allows us to write

℘(z; τ)− ℘

(︃
j

m
; τ

)︃
=

θ
(︁
z + j

m ; τ
)︁
θ(z − j

m ; τ)

4π2θ(z; τ)2θ
(︁ j
m ; τ

)︁2
η(τ)6

.

Multiplying out these relations from j = 1, . . . , m−1
2 (here m = 2k + 1 is odd!), using

(︁
1− x2k+1

)︁
= (1− x)

k∏︂
j=1

(︁
1− xe

2πj
2k+1

)︁ k∏︂
j=1

(︁
1− xe−

2πj
2k+1

)︁
,

modulo Euler factors, we can express the Jacobi form Fm(z; τ) as the product of ℘(τ)−℘
(︁
k
m ; τ

)︁
,

where 1 ≤ k ≤ (m − 1)/2. After collecting the z-independent theta and eta factors, put
r = (m− 1)/2 and aj = ℘(j/m; τ). Vieta’s formula gives

r∏︂
j=1

(X − aj) =
r∑︂

k=0

(−1)r−ker−k(a1, . . . , ar)X
k.

Taking X = ℘(z; τ) shows explicitly that the coefficient of ℘(z; τ)k is (−1)r−ker−k(a1, . . . , ar);
these elementary symmetric functions are precisely the forms denoted by Gr−k(τ), up to the
common normalization absorbed into µm. ■



Generalized q-MZVs and Characters of Vertex Algebras 29

As an application, we compute the supercharacter for m = 3. We only have to examine
℘(z; τ)− ℘(13 , τ). Explicit computation with Eisenstein series gives

℘

(︃
1

3
; τ

)︃
=

3

2
G2(τ)−

9

2
G2(3τ).

Combined with the fact that the constant term of ℘(z; τ) is G2(τ), we obtain

G2(τ)− (
3

2
G2(τ)−

9

2
G2(3τ)) = −

1

2
G2(τ) +

9

2
G2(3τ).

This agrees with the formula obtained in [1]:

sch[U (3)](τ) =
η3(3τ)

η5(τ)

(︃
−1

8
E2(τ) +

9

8
E2(3τ)

)︃
= q

1
6
(︁
1 + 8q + 44q2 + 152q3 + 487q4 + 1352q5 + · · ·

)︁
.

We should point out that E2(τ) − 9E2(3τ) is not modular on Γ0(3) but quasi-modular. More

precisely, up to a scalar, it equals the logarithmic derivative of η(3τ)3

η(τ) . Another slightly more

involved example is m = 5. Analyzing ℘
(︁
i
5 ; τ
)︁
, 1 ≤ i ≤ 2, gives

sch[U (5)](τ)

=
η3(5τ)

η9(τ)

(︃
25

1152
E2

2(τ)−
125

192
E2(τ)E2(5τ) +

3125

1152
E2(5τ)

2 +
1

576
E4(τ)−

625

576
E4(5τ)

)︃
= q

2
3
(︁
1 + 24q + 249q2 + 1750q3 + 9750q4 + 45750q5 + · · ·

)︁
.

The appearance of the series E2k(mτ) in these formulas is not an accident.

Theorem 4.4. Assume m ≥ 3 is odd. Then we have

sch[U (m)](τ) =
η(mτ)3

η(τ)2m−1
Fm(τ),

where Fm(τ) ∈ Q[E2(τ), E4(τ), E6(τ), E2(mτ), E4(mτ), E6(mτ)] is a quasi-modular form on
Γ0(m) of weight m− 1.

Proof. Let QM(m) := Q[E2(τ), E4(τ), E6(τ), E2(mτ), E4(mτ), E6(mτ)]. We only have to find
a Laurent expansion that involves suitable Eisenstein series. For this, we use a well-known
identity [34]

ϑ(z; τ) = −2πzη(τ)3 · exp

(︄
−

∞∑︂
k=1

G2k(τ)

2k
z2k

)︄
.

The Laurent coefficients in the expansion around z = 0 of

ϑ(mz;mτ)

ϑ(z; τ)m

are of the form E2i(τ) and E2i(mτ). Consequently, they lie in the ring generated by E2i(τ) and
E2i(mτ) for i = 1, 2, 3, and hence belong to QM(m).

Using the same argument as in Theorem 3.3 or in [1], we then show that the constant term
can be expressed in terms of these Eisenstein series together with ordinary quasi-modular forms.
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Finally, to see that Fm(τ) is a quasi-modular form on the congruence subgroup Γ0(m), it
suffices to observe that

E
(m)
2 (τ) := E2(τ)−mE2(mτ), E4(mτ), E6(mτ)

are modular forms on Γ0(m). Therefore, any homogeneous polynomial in

E2(τ), E4(τ), E6(τ), E2(mτ), E4(mτ), and E6(mτ)

is a quasi-modular form on Γ0(m). ■

Remark 4.5. The same method should apply to the ordinary characters of U (m) and its irre-
ducible modules for both odd and even m. The present paper treats only the supercharacters
in the odd case, where they have a particularly nice form. More precisely, using the formulas
from [1], we have

ch[U (m)](τ) = ϵmη(τ)m+1CTζ

(︄
ϑ
(︁
zm+ 1

2 ;mτ
)︁

ϑ(z; τ)m

)︄
.

for some non-zero number ϵm. Hence, as in Theorem 4.4 we obtain the same type of Eisenstein
series – however the formula is now more difficult to write down due to the shift in the z-variable.

5 Final remarks

We end with a few comments.

(i) We are not aware of examples of graphs Γ for which qaHΓ(q) is modular except if Γ
is totally disconnected (no edges). We are also not aware of non-isomorphic connected
graphs whose graph series are identical. However, of course, there are edge ideals of
connected graphs with the same Hilbert series. For instance, RC5 and RΓ, where I(Γ) =
⟨x1x2, x1x3, x3x4, x4x5, x5x3⟩ have the same Hilbert series, although their graphs are non-
isomorphic.

To the best of our knowledge, the graphs in Section 2 are the only infinite families of
connected graphs (up to isomorphism) whose graph series can be reduced to familiar q-
series. Even elementary graphs such as paths (and especially cycles) are quite non-trivial
to analyze [15].

(ii) Based on the sl(3) example, we believe that ch[Vg,k] appears as the constant term in the
Fourier expansion (in appropriate range) of a nice family of meromorphic quasi-Jacobi
forms of index zero in several variables. At the same time, there is computational evidence
that characters ch[Vg,k] can be interpreted as certain 1-point correlation functions on the
torus:

trF o(a)qL(0)−
c
24

computed on a suitable bosonic space F or a Z2-twisted F-module, for particular choice
of a ∈ F . If so, then [19] would immediately imply Conjecture 3.10 (i).

(iii) The approach based on 1-point functions, combined with [38, 39], can be used to give an-
other proof of quasi-modularity of “correlation functions” in the theory of Hilbert schemes
of point on surfaces [18] and various Bloch–Okounkov type formulas [50]. Another in-
teresting aspect of q-MZVs is in the theory of Hilbert schemes of points; see [45] and
especially [48]. It is unclear to us whether their work is connected with ours.
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