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Abstract. We study the general twisted intertwining operators (intertwining operators
among twisted modules) for a vertex operator algebra V. We give the skew-symmetry
and contragredient isomorphisms between spaces of twisted intertwining operators and also
prove some other properties of twisted intertwining operators. Using twisted intertwining
operators, we introduce a notion of P(z)-tensor product of two objects for z € C* in
a category of suitable g-twisted V-modules for ¢ in a group of automorphisms of V' and
give a construction of such a P(z)-tensor product under suitable assumptions. We also
construct G-crossed commutativity isomorphisms and G-crossed braiding isomorphisms. We
formulate a P(z)-compatibility condition and a P(z)-grading-restriction condition and use
these conditions to give another construction of the P(z)-tensor product.
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1 Introduction

Modular tensor categories associated to conformal field theories were discovered first in physics
by Moore and Seiberg [36]. In [40], Turaev formulated a precise notion of modular tensor
category based on his joint work [39] with Reshetikhin on the construction of quantum invariants
of three manifolds using representations of quantum groups. In [13], the second author proved
the following theorem.

Theorem 1.1. Let V' be a simple vertex operator algebra satisfying the following conditions:

(1) Forn <0, Vi, =0 and Vigy = C1 and as a V-module, V is equivalent to its contragredient
V-module V' (or equivalently, there exists a nondegenerate invariant bilinear form on V).

(2) Every lower-bounded (generalized) V -module is completely reducible.

(3) V is Cy-cofinite.

Then the category of V-modules has a natural structure of modular tensor category in the sense
of Turaev [40].

The proof of Theorem 1.1 was based on the results obtained by Lepowsky and the second
author in [24, 25, 26] and the results obtained by the second author in [9, 11, 12, 14].

This paper is a contribution to the Special Issue on Recent Advances in Vertex Operator Algebras in honor
of James Lepowsky. The full collection is available at https://sigma-journal.com/Lepowsky.html
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It is natural to expect that Theorem 1.1 has generalizations in two-dimensional orbifold
conformal field theory. Two-dimensional orbifold conformal field theories are two-dimensional
conformal field theories constructed from known theories and their automorphisms. The first ex-
ample of two-dimensional orbifold conformal field theories is the moonshine module constructed
by Frenkel, Lepowsky and Meurman [6, 7, 8] in mathematics. In string theory, the systematic
study of two-dimensional orbifold conformal field theories was started by Dixon, Harvey, Vafa
and Witten [2, 3]. See [19] for an exposition on general results, conjectures and open problems
in the construction of two-dimensional orbifold conformal field theories using the approach of
the representation theory of vertex operator algebras.

In [33], Kirillov Jr. stated that the category of g-twisted modules for a vertex operator
algebra V for g in a finite subgroup G of the automorphism group of V' is a G-equivariant fusion
category (G-crossed braided (tensor) category in the sense of Turaev [41]). For general V, this
is certainly not true. The vertex operator algebra V must satisfy certain conditions. Here is
a precise conjecture formulated by the second author in [16].

Conjecture 1.2. Let V be a vertex operator algebra satisfying the three conditions in Theo-
rem 1.1 and let G be a finite group of automorphisms of V.. Then the category of g-twisted
V-modules for all g € G is a G-crossed braided tensor category.

We also conjecture that the category of g-twisted V-modules for all g € G is a G-crossed
modular tensor category in a suitable sense. Since the definitions of G-crossed modular tensor
category in [33, 41] are different, more work needs to be done to find out which definition is the
correct one for the category of twisted modules for a vertex operator algebra. But we do believe
that this stronger G-crossed modular tensor category conjecture should be true in a suitable
sense.

In the case that G is trivial (the group containing only the identity), Conjecture 1.2 and even
the stronger G-crossed modular tensor category conjecture is true by Theorem 1.1. Thus the
G-crossed modular tensor category conjecture is a natural generalization of Theorem 1.1 to the
category of g-twisted V-modules for g € G.

In the case that the fixed point subalgebra V& of V under G satisfies the conditions in
Theorem 1.1 above, the category of V¢-modules is a modular tensor category. In this case,
Conjecture 1.2 can be proved using the modular tensor category structure on the category of
V& modules and the results on tensor categories by Kirillov Jr. [31, 32, 33] and Miiger [37, 38].
In the special case that G is a finite cyclic group and V satisfies the conditions in Theorem 1.1,
Carnahan-Miyamoto [1] proved that V¢ also satisfies the conditions in Theorem 1.1. In the
case that G is a finite cyclic group and V is in addition a holomorphic vertex operator algebra
(meaning that the only irreducible V-module is V itself), Conjecture 1.2 can be obtained as
a consequence of the results of van Ekeren-Moller—Scheithauer [42] and Méller [35] on the
modular tensor category of V&-modules. Assuming that the category of grading-restricted
V& modules has a natural structure of vertex tensor category in the sense of [23], McRae [34]
constructed a nonsemisimple G-crossed braided tensor category structure on the category of
grading-restricted (generalized) g-twisted V-modules.

For general finite group G, the conjecture that the fixed point subalgebra V& of V under G
also satisfies the conditions in Theorem 1.1 is still open and seems to be a difficult problem. On
the other hand, using twisted modules and twisted intertwining operators to construct G-crossed
braided tensor categories seems to be a more conceptual and direct approach. If this approach
works, we expect that the category of V%-modules can also be studied using the G-crossed
braided tensor category structure on the category of twisted V-modules.

In the case that the vertex operator algebra V does not satisfy the three conditions in The-
orem 1.1 and/or the group G is not finite, it is not even clear what should be the precise
conjecture. This was proposed as an open problem in [16].
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In the present paper, we prove some initial results in a long term program to prove the con-
jecture and to solve the open problem above. We introduce a more general notion of twisted
intertwining operator than the one introduced by the second author in [17]. In [17], the cor-
relation functions obtained from the products and iterates of twisted intertwining operators
and twisted vertex operators are required to be of a special explicit form. But for a twisted
intertwining operator in this paper, such correlation functions are not required to have such an
explicit form.

As in [17], we prove some basic properties and construct the skew-symmetry and contragre-
dient isomorphisms for our general twisted intertwining operators. Using such general twisted
intertwining operators, we introduce a notion of P(z)-tensor product of two twisted modules
for z € C* and give a construction of such a P(z)-tensor product under suitable assumptions.
We also prove a result showing that under suitable conditions, these assumptions are satis-
fied.

We need P(z)-tensor products for z € C* because we would like to construct G-crossed
vertex tensor categories in the future, not just G-crossed braided tensor categories. Also note
that to give the correct notion of P(z)-tensor product of twisted modules, we need to use the
most general twisted intertwining operators. If we use only a certain special set of twisted
intertwining operators as in [17] to define and construct the P(z)-tensor products, we would
obtain submodules of the correct P(z)-tensor products.

We note that in the untwisted case, a P(z)-compatibility condition and a P(z)-grading-
restriction condition (see [26, 28]) play an important role in the proof of associativity (operator
product expansion) of intertwining operators and in the construction of the associativity isomor-
phisms for the vertex tensor category structure (see [9, 30]). In this paper, we also formulate
a P(z)-compatibility condition and a P(z)-grading-restriction condition and use these condi-
tions to give another construction of the P(z)-tensor product. In the untwisted case, the P(z)-
compatibility condition is formulated using a formula obtained from the Jacobi identity in the
definition of intertwining operators (see [26, 28]). But since in general we do not have a Jacobi
identity that can be used as the main axioms for the definition of twisted intertwining operators,
our formulation of this condition and the construction of tensor products using this condition
are complex analytic and are very different from the formulation and construction in [26, 28].
We expect that these two conditions will play the same important role in the future proof of
the conjectured associativity of twisted intertwining operators formulated in [19] (where twisted
intertwining operators should be replaced by the most general twisted intertwining operators
introduced in this paper).

This paper is organized as follows: In Section 2, we recall the definitions of (generalized)
twisted module, lower-bounded (generalized) twisted module and grading-restricted (general-
ized) twisted module. We then introduce the general notion of twisted intertwining operator
mentioned above. In Section 3, we give the skew-symmetry and contragredient isomorphisms
for these general twisted intertwining operators. We introduce the notion of P(z)-tensor prod-
uct and give a construction under suitable assumptions in Section 4, we prove a result showing
that under suitable conditions, these assumptions are satisfied. We also construct G-crossed
commutativity isomorphisms and G-crossed braiding isomorphisms in this section. We give the
P(z)-compatibility condition and P(z)-grading-restriction condition and give another construc-
tion of the P(z)-tensor product in Section 5.

2 Twisted modules and twisted intertwining operators

We first recall in this section the notion of (generalized) twisted module from [15]. We then
introduce a notion of twisted intertwining operators more general than the one in [17]. We also
give some basic results on such twisted intertwining operators.
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For z € C* and p € Z, we shall use the notation [,(z) = log|z| + iargz + 2mpi, where
0 < argz < 2mw. We shall also use the notation log z = ly(z) = log|z| + iargz. For a vector
space U, p € Z and a formal series

K
= Z Z amkxn(log x)ky

k=0neC

where a, j, € U, the series

K
=D > anke™ Ol (2)*

k=0neC

is called the p-th analytic branch of f(x). We also denote f°(z) simply by f(z).

Let V be a vertex operator algebra and g an automorphism of V. We recall the definition of
generalized g-twisted V-module first introduced in [15]. Note that as in [15, 17] in this paper,
the vertex operator map for a generalized g-twisted V-module in general contains the logarithm
of the variable and the operator L(0) in general does not have to act semisimply.

Definition 2.1. A generalized g-twisted V-module without a g-action is a C-graded vector

space W = [1,,cc Wiy (graded by weights) equipped with a linear map
Yii: VoW — W{z}logal,

K
vRw— Y (v, 2)w = Z Z(Yé{/)n’k(v)wx*”*l(log z)*

k=0neC
satisfying the following conditions:

1) The equivariance property: Forp € Z, z € C*, v € V and w € W, (Y] ptl v, Z)w =

( q property p ; s () (g
(Yg,)p(v, z)w, where for p € Z, (YV‘{,)p(v, z) is the p-th analytic branch of Y, (v, x).

(2) The identity property: Forw € W, Y, (1, 2)w = w.

(3) The duality property: For any u,v € V, w € W and w' € W', there exists a mazimally-
extended multivalued analytic function with preferred branch of the form

N
flz,22) = ) aimz 257 (log 21)* (logz2)' (21 — 22) 7"
,5,k,0=0
for NeN, my,....,mpy, ni,...,ny € C and t € Z,, such that the series

<w,a (YV!{/)p(uv Zl)(YI/‘?/)p(fU) 22)w> = Z <’U)/, (Yv%)p(% Zl)ﬂ-n (Ylg/)p(va 22)w>7
neC

<'ll)/, (YVg[/)p(vv 22)(YI/£I]/)p(u7 21)w> = Z <wl7 (Yg/)p(va 22)7777, (Y{/S[I/)p(ua Zl)w>7
neC

<w', (Y ) (Yv (u, 21 — 22)v, z9)w Z <w P Yy (u, 21 — 20)v, 20)w >

neC

are absolutely convergent on the regions |z1| > |z2| > 0, |22] > |21] > 0, |22| > |21 — 22| > 0,
respectively, and their sums are equal to the branch

FPP (21, 29) = Z a; klemzlp(zl) ehilp(22)] (2P (22) (21 — 22) 7"
,7,k,1=0

of f(z1,22) on the region |z1| > |z2| > 0, the region |z2| > |z1] > 0, the region given by
|z2| > |21 — 22| > 0 and |arg 21 — arg z3| < T, respectively.



Twisted Intertwining Operators and Tensor Products 5

(4) The L(0)-grading condition: Let L, (0) leéiesx zYy, (w,z). Then forn € C, w € Wy,
there exists K € Zy such that (L}, (0) —n)" w = 0.

(5) The L(—1)-derivative property: For v €V,

%YVQ{/(’U,Z‘) =Y (Ly(-1)v,z).

A lower-bounded generalized g-twisted V-module is a generalized g-twisted V-module W such
that for each n € C, Wy, = 0 for sufficiently negative real numbers l. A generalized g-
tunsted V-module W is said to be grading-restricted if it is lower bounded and for each n € C,
dim W) < oo. A generalized ?-twisted V-module with a g-action is a C x C/Z-graded vec-
tor space W = Hnec,aeC/Z W[E% (graded by weights and g-weights) equipped with a linear map
Vi VoW — W{z}logz| as above and an action of g such that W equipped with Y, is a gen-
eralized g-twisted V -module without a g-action satisfying in addition the following g-grading con-
dition: There exists A € Z. such that for a € C/Z, w € Wl = hen W[[%], (g —e*™ ) w =0.
Moreover, gYi{,(u, x)w = Y], (gu, x)gw forue V and w € W.

Module maps between g-twisted V-modules are defined in the obvious way. For two different
automorphisms g; and go of V', there might exist linear maps from a g;-twisted V-module to
a go-twisted V-module commuting with the twisted vertex operator maps when V' is not simple.
But we will not consider such maps in this paper. So in the categories of twisted V-modules
considered in this paper, we always choose the space of module maps between a g;-twisted
V-module and a go-twisted V-module to be 0 if g1 # go.

In this paper, generalized g-twisted V-modules with or without g-actions are all called gener-
alized g-twisted V -modules. Only when the g-actions are specifically discussed, we shall add the
words “with a g-action” or “without a g-action”. Later, we shall also need generalized g-twisted
V-modules with g-actions equipped with an h-action for another automorphism A of V. Also,
for simplicity, we shall sometimes omit the subscript W to denote the twisted vertex operator
map ngll/ by Y9.

Remark 2.2. Note that a lower-bounded generalized g-twisted V-module defined above also
satisfies the lower-truncation property: For v € V and w € W, n € C and k£ = 0,..., K,
(YV%)n+l7k(w1)w2 = 0 for | € N sufficiently large. This in fact follows from the L(0)-commutator
formula, which is a consequence of the duality property and the L(0)-grading condition.

Remark 2.3. In this paper, we need to study generalized g-twisted V-modules with and without
g-actions in a different way because the skew-symmetry and contragredient isomorphisms in
Section 3 are different in these two types of twisted modules. In fact, there is also a notion of
generalized g-twisted module with a G action for a group G of automorphisms of V. See [22]
for a definition and the construction P(z)-tensor product of such twisted modules.

In this paper, we shall consider only lower-bounded generalized g-twisted V-modules and
grading-restricted generalized V-modules. For simplicity, we shall often call lower-bounded
generalized g-twisted V-modules simply g-twisted V-modules and grading-restricted generalized
V-modules simply grading-restricted g-twisted V-modules.

Let (W, YV%) be a g-twisted V-module without a g-action. Let h be an automorphism of V.
We recall the hgh~'-twisted V-module (VV, 1033 (YV“{/)) without a hgh~!-action (see, for exam-
ple, [17]). Let

on(Yi)): V x W — W{z}logz], v w s op (YY) (v, z)w
be the linear map defined by
on (Vi) (v, 2)w =Y, (h_lv,:n)w.
Then the pair (VV, on (YV?,)) is an hgh~!-twisted V-module without a hgh~!-action.
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In the case that W is a g-twisted V-module with a g-action and also has an action of A in
the sense that W is a module for the group generated by g and h, we define

on(Yil): Vx W — W{z}logz], v@w— o (V) (v, z)w
by
on (V) (v, 2)w = hY (h_lv, az)h_lw.

Then (W, ©n (YV%)) is also an hgh~!'-twisted V-module without a hgh~!-action. Since the con-
formal element w is fixed under the action of ¢!, the coefficients

Ly, w)(n) = Res, "oy (YY) (w, 2) = hRes, 2" 7Y (w, 2)h ™" = WL, (n)h ™!

of the vertex operator ¢y (YV“{,) (w, ) for n € N also give Virasoro operators on W with the same
central charge. Since h is an isomorphism of the vector space W,

_ o]
w= I »wwg.
neC,aeC/Z

We denote the graded space hW by ¢p, (W) and hW[[sj} by (ph(W)% n € C,a € C/Z. Then we
have

o) = T enmisl.
neC,aeC/Z

Note that as a vector space pp (W) = hW is[t]he same as W, but as grade[d} spaces, they are
different. For w € pp(W)p = H%E(C/Z gph(W)M hlw e Wy, = Hoec)z W[sj . So there exists
K € Zy such that (L, —n)" h~'w = 0. Then

(L, () (0) = n) 5w = h(L8, —n) h'w = 0.

For w € op(W)l =],
w =

A] on(W ) o hly e Wil = ez W[[:]. So there exists A € Z, such
that (g —e*™*) A1

z¥
0. Then (}hgh 1 QWiQ)Aw = h(g — 627”"‘) h~'w = 0. Also we have

hgh™ton (V) (v, 2)w = hgY{, (b~ v, 2)htw = hY;, (b~ hgh™ v, 2)h ™ hgh ™ w
=y (YV%) (hgh_lv, a:) hgh~tw.

So (en(W), ¢n (Vi) is a hgh™!-twisted V-module with an hgh™!-action. We shall denote this
hgh~!-twisted V-module with an hgh~!-action by oy (W).
Note that when h = g, ¢p(W) = W and ¢4(WW) with the twisted vertex operator given by

bg (YV?/) (v, x)w = YV?/ (g_lv, az)w

is equivalent to the original g-twisted module W with the equivalence g~': W — W. By the
equivariance property, we have (Yg/)p(g_lv,x) = (YV“{,)pH(U, x) and, if

K
YV%(’U, T)w = Z Z(Yé{,)n’k(v)x_"_l(log x)k

k=0neC

for v e V and w € W, we have

K
Vi (g v, z)w = Z Z (YV%)n,k(U Je 2™y =" (log & + 27i)*.
k=0neC
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Remark 2.4. In the definitions of (¢, (W), ¢, (Y(})), we assume that there is an action of h
on W. One immediate question is whether there exist such g-twisted V-modules with h-actions.
In fact, the same construction in Section 5 of [18] can be used to construct such a g-twisted
V-module with an h-action or even a g-twisted V-module with a G-action for a group G of au-
tomorphisms of V' satisfying the additional condition hY ], (v, z)w = Y, (hv, x)hw for h € G. In
this case, though ¢,(W) = W as vector spaces and ¢y, (YV‘{/) = ngll/ as linear maps from V @ W
to W{z}[log z] when we view ¢, (W) as a vector space equal to W, (W) is graded by gener-
alized eigenspaces of hgh™! but Wis graded by the generalized eigenspaces of ¢g. In particular,
(en(W), on(Yi)) and (W, Y} are indeed different twisted V-modules.

We also recall contragredient twisted V-modules (see, for example, [17]). Let (W,Y}],) be
a g-twisted V-module relative to G. Let W' be the graded dual of W. Define a linear map

(YI/?/)/; VoW — W'{z}log ], VW — (Yg/)/(v,:c)w’
by
() (v, 2)0,w) = (w', Vil (e (=272) " Vo, 27 w)

forveV, we W and w' € W'. Then the pair (W, (Y‘f{/)/) is a g~ '-twisted V-module.

Let M? = {(Zl,ZQ) €EC?| 21 #0,20#0, 21 # ZQ}. Let f(z1,22) be a maximally extended
multivalued analytic function on M? with a preferred single-valued branch f€(z1,z2) on the
simply-connected region Mg given by cutting M? along the positive real lines in the z;-, zo- and
(21 — z2)-planes, that is, the sets

{<21,22)€M2’Z1€R+}, {(21,22)€M2‘22€R+},
{(21,22) € M? | 21 — 20 € Ry },

with these sets attached to the upper half z1-, zo- and (21 — 22)-planes, that is, the points in
these sets are viewed as limits in Mg of sequences of points approaching them from the upper
z1-, z9- and (z1 — z2)-planes. Note that given any point (z?,zg) € M? and any loop v in M?
based at (z(f, 28), we obtain from the preferred branch of f(z1,z2) another single-valued branch
by going around . The resulting single-valued branch depends only on the homotopy class of
the loop and is independent of the choices of the base point. Thus we obtain a right action of
the fundamental group of M? on the set of single-valued branches of f(z1,z2). Note that M? is

homotopically equivalent to the configuration space
Fg((C) = {(21,22,23) € (C3 | Z3 75 25, ) 75 j}

So the fundamental group of M? is in fact the pure braid group PBs3 and has three genera-
tors bio, b13 and beg, which are given as follows: Choose the base point to be (—3, —2). Then the
generator bis is the homotopy class of the loop given by letting z; go counterclockwise around
the circle of radius 1 centered at —2 (see Figure 1). The generator bog is the homotopy class of
the loop given by letting z9 go counterclockwise around the circle of radius 2 centered at 0 (see

Figure 1. The loop for bys.



8 J. Du and Y.-Z. Huang

Figure 2. The loop for bas.

Figure 3. The loop for b;3.

Figure 2). The generator by3 is the homotopy class of the loop given by letting z; go around
first the lower half circle of radius 3 centered at 0 counterclockwise, then the upper half circle
of radius 2 centered at 1 counterclockwise and finally the lower half circle of radius 1 centered
at —2 clockwise (see Figure 3). We know that the pure braid group PBj is isomorphic to the
group generated by bio, bi3, bog with the relations bisbiobag = b12bogbis = bagbisbie. See [4] for
more detailed discussions on M?, its fundamental group, the pure braid groups and multivalued
functions on M?2.

For a € PBj3, we denote the single-valued branch of f(z1,z2) obtained by applying a to
fe(z1, 22) by f4(z1, 22).

Let 6 = (01,...,0,), where ¢; € {0,00}, i = 1,...,n. Suppose f(z1,...,2,) is a multi-
valued analytic function defined on an open region 2 of C". We say (z1,...,2,) = 0 is
a component-isolated singularity of f(z1,...,2,) if there exists r = (r1,...,7,) € R} such that
AX(6,7) C Q, where AX(5,7) = {(21,...,2n) € C" | |zi| > r; if 0; = 00,0 < |z| < 7 if §; = 0}.
Let A € GL(n,C) and g € C™ (written as a row vector). Then (y,...,(, given by

(Cla"‘agn):(Zla"'azn)A_ﬁ

are also independent variables. Define

g(glw-'aCn):f((Chuwgn)Ail"’_BAil)‘ (2'1)

For 6 € (CU {oc0})", we say that (¢1,...,(n) = 0 is a component-isolated singularity of the
function f(z1,...,2n) if ((1,...,(y) = 9 is a component-isolated singularity of g((i, ..., ().

Remark 2.5. Notice that ((1,...,)(= (21,...,2n)A — B) = J being a component-isolated
singularity of a function is not equivalent to (z1,...,2,) = 04~ 4+ BA~! being a component-
isolated singularity of the same function. This is because we have different sets of independent
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variables. For example, consider f(21,22) = ;= z2 Since (€1, (2) = (0,0) is a component-isolated
singularity of the function ¢((1, (2) = 1/¢1, we also say that (z; — 22, 22) = (0,0) is a component-
isolated singularity of f(z1, 22). In this case, z; — 22 and 22 are independent variables. However,
(z1,22) = (0,0) is clearly not a component-isolated singularity of f(z1,22). In this case, the
independent variables are z; and z».

Definition 2.6. Let f(z1,...,2,) be a multi-valued analytic function defined on an open re-
gion of C". Let 0 = (d1,...,0,) € {0,00}"™. Suppose (z1,...,2,) = 0 is a component-isolated
singularity of f(z1,...,2,). Let {f%(21,...,21)}sen be the set of all single valued branches
of f(z1,...,2,) near ¢ with cuts at z; € Ry. Then for each b € B, there exists r, € R’}
such that f°(z1,...,2,) is analytic on AX(8,7). We say that (21y..y2n) = 0 1s a regular
singularity of fgzl,.. ,2n) if there exists K € N, D; = UY r 4N (or D, = UJ D _ N)

bjly 175

where r%z),.. rN) €C for 6; = 0 (or §; = 00), and ay, Jrjiann € C, such that on the re-

gion A*(4,1p), the right-hand- 81de of the following equation is absolutely convergent, and

foz, .. Z > Z am a2 (10g 21 )7 -+ 2 (log 2, )m. (2.2)

=1 a;€D; j1,---,jn=0

If K =0and D; = —n® + N in the case §; = 0 and D; = n() — N in the case §; = oo for
i=1,...,nin ((2.2)), where n() € Z, fori € I C {1,...,n} and n() = 0 for i # I, we say
that z; = &; for i € I are poles of f(z1,...,2n). I n® € Zy forie I c {1,...,n}, §; = 0 are
the smallest and such that (2.2) holds, we call n; the orders of the poles z; = §;, respectively,
fori € I. Let A € GL(n,C) and 8 € C" be the same as above. We say that ((1,...,¢,) =9 is
a regular singularity of f(z1,...,2n) if (C1,...,(y) = § is a regular singularity of g((1,...,¢),
where g(C1,...,(n) is given by (2.1). We say that ¢; = d; for ¢ € I are poles of f(z1,...,2,) with
orders n;, respectively, if (; = §; for i € I are poles of g((1,...,(,) with orders n;, respectively.

Remark 2.7. Let f(z1,...,2,) and g(z1,...,2,) be multivalued analytic functions with pre-
ferred branches defined on an open region. Then Af(z1,...,2n) + pg(21,...,2,) for \,u € C
and f(z1,...,2n)9(21,...,2n) are well defined using the preferred branches and are also mul-
tivalued analytic functions on the same region with preferred branches. If ((1,...,() =
((#1,...,2n)A— B =)0 is a regular singular point of both f(z1,...,2,) and g(z1,...,2,), then it
is also a regular singular point for Af(z1,...,2n) + pg(z1,...,2n) and f(z1,...,2n)9(21, ..., 2n).
Therefore, the set of multivalued analytic functions on the same region with a preferred branch
such that ({1,...,(,) = ¢ is a regular singular point form a commutative associative algebra
over C.

We also need the region M™ = {(z1,...,2,) € C" | 2; # 0,2; # z;,1 # j} for n € Z.
Definition 2.8. Let g1, g2, g3 be automorphisms of V and let Wy, Wy and W3 be g1-, g2-

and gs-twisted V -modules (with or without actions of the corresponding automorphisms of V'),

respectively. A twisted intertwining operator of type (Wlf/‘f[,?) s a linear map

y: W@ Wy — W3{9U}[10g33]
wy ® we — Y(wy,x ZZ)}M (wy)wex™ "™ 1(logx)k
k=0 neC

satisfying the following conditions:

(1) The lower truncation property: For wy € Wi and we € W, n € C and k = 0,..., K,
Yntik(wr)we =0 forl € N sufficiently large.
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(2) The duality property: For u € V, wy € Wi, wy € Wa and wy € W3, there exists a maxi-
mally extended multivalued analytic function f(z1, z2; u, w1, wa, wh) on M? with a preferred
single-valued branch f¢(z1, z2; u, w1, wa, ws) on Mg such that the series

<wév YV’;’J (uv Zl)y(wla 22)w2> = Z <wév YV’;; (uv Zl)ﬂ—ny(wla Z2)w2>7 (23)
neC
(wy, Y(wr, z0) Vi, (u, z1)w) = Z (wy, Y(wr, z0)mn Vi, (u, 21)wz), (2.4)
neC
(wy, Y(Yi (u, 21 — z2) w1, 22) wa) = Z (wy, (Y} (u, 21 — 22)wy, z2)wz) — (2.5)
neC

are absolutely convergent on the regions |z1]| > |z2| > 0, |z2| > |21] > 0, |22| > |21 — 22| > 0,
respectively. Moreover, their sums are equal to f€(z1, z2; u, wy, wa, wh) on the region given
by |z1] > |z2] > 0 and |arg(z1 — 22) —argz1| < 3, the region given by |za| > [z1| >0
and —37” < arg(z1 — 22) — argze < —3%, the region given by |ze| > |z1 — 22| > 0 and

27
larg z1 — arg zo| < 7§, respectively.

(3) The convergence and analytic extension for products with more than one twisted vertex
operators: For k € N+3, uy,...,u,—1 € V, wy € Wi, we € Wy and why € W3, the series

(wy, Yif? (1, 21) - - Vi (w1, 26-1)V (w1, 25 )wz)

= Z (wg, Yi?, (ur, 21) 0y - - Tong L, ViF (U1, 2i1) 1 Y (w1, 25 )wa)
niye.,ni_1€C

is absolutely convergent on the region |z1| > --- > |zx| > 0 and can be mazimally ex-
tended to a multivalued analytic function f(z1,...,zx) on the region M*. Moreover, for
any fived z, € C* and M;; € Zy such that 2MiYy (u;, x)u; € V[[z]] fori,j=1,...,k—1,
any component-isolated singularity of the form (z1,...,2zx,_1) — B = 6 for p € Ck1
and § € {0,00}*~1 of the multivalued analytic function of z1,. .., z,_1 obtained as a value
at ¢ =z of [1<icjcp1(2zi — zj)Mii f(z1,...,C) is regular.

(4) The L(—1)-derivative property %y(wl,x) = Y(L(—1)wy, x).

Remark 2.9. Note that the series in the definition of twisted intertwining operator ) above
are all summed over unique expansion sets (see [29, Definition 7.5]). In fact, by the duality
property and the fact that w is fixed under g1, go and g3, the L(0)-commutator formula for )
holds. Then for homogeneous v € V, w; € Wy, wy € Wy and wh € Wé, the series above are in
fact summed over sets of the form ({ry,...,rn}+N) x {0,..., K}, which is a unique expansion
set (see [20]).

Remark 2.10. For simplicity, in the duality property in Definition 2.8, we use only the preferred
branches of the twisted intertwining operator and the twisted vertex operators. One can derive
what the products and iterates of other branches of a twisted intertwining operator converge to
using the actions of the elements of PB3 on the single-valued branch f€(z1, z2; u, w1, wa, wh) of
the multivalued function f(z1, z; u, w1, we, w4) in the definition. Let ) be a twisted intertwining

operator of type (WZV%Q) For any p1,p2,p12 € Z, the series

(wh, (Yé{};)pl(u, 21)YP? (w1, 22)wo) = Z (wh, (Yé{f’g)p1 (u, 21) TR VP2 (w1, 22)w2),

neC
(wy, VP2 (w1, z9) (Vi3 )" (u, 21)w2) = Z (wh, VP2 (w1, z9)m, (Vi)™ (u, 21)w2),
neC

(wiy, VP2 (V7 )72 (u, 21 — z2)wy, 29)ws) = Z (wh, YP? (mn (Y )72 (1, 21 — 22)w1, 20)w2)
neC
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are absolutely convergent on the regions |z1]| > |22| > 0, |22| > |z1| > 0, |22] > |z1 — 22| > 0,
respectively. Moreover, their sums are equal to the branches

stz bty

. / . /
215227u7w17w25w3)7 Zl,ZQ,U,wl,TUQ,’[U3),

f(bz3b13)p2b117%2 (Zla 291U, WY, W, wé),

respectively, of f(z1, z2; u, w1, w2, w4) on the region given by |z1| > |z2| > 0 and |arg(z; — 22) —
arg z1| < %, the region given by |23| > |21] > 0 and —37” < arg(z1 — 22) —arg 22 < —3, the region
given by [za| > |21 — 22| > 0 and |arg z; — arg zo| < 7§, respectively. See [4] for more details.
Remark 2.11. From Definition 2.8, we see that a twisted intertwining operator of type (Wvlv‘fw)
is in fact an intertwining operator of type (WVIVI;”’W) when Wy, Wy, and W3 are viewed as (un-
twisted) modules for the fixed-point subalgebra of V' under g; and go. In particular, all the
usual properties for intertwining operators holds for the vertex operators associated to elements
of the fixed-point subalgebra and the twisted intertwining operator. For example, the Jacobi
identity and the commutator formula for these operators are satisfied.

Proposition 2.12. Let g1, g2, g3 be automorphisms of V., W1, Wy, W3 g1-, g2-, g3-twisted
generalized V-modules and Y a twisted intertwining operator of type (Wvlv‘?w) Assume that the
map u —> Yv’i}”g (u,x) is injective and Y is surjective in the sense that the coefficients of the

series Y (w1, x)wy for wy € Wi, wy € Wy span Ws. Then gz = g192.

Proof. By the definition of twisted intertwining operator, for u € V, w; € Wy, wy € Wy
and wj € W}, there exists a multivalued analytic function f(z1, z2;u, w1, ws, w}) on M? with
a preferred single-valued branch f¢(z1, 22; u, w1, wa, w}) on Mg such that (2.3), (2.4) and (2.5)
are absolutely convergent to f¢(z1,z2;u,wi,ws, ws) on the corresponding regions in given in
Definition 2.8. In particular, on the region |z1] > |22 > 0, |arg(z; — 22) —argz1| < 7 the
sum of the series <w’3,YVgV3;3 (g3u, 21) Y (w1, z2)wa) is equal to f€(z1, z2; gsu, w1, we, ws). By the
equivariance property for Wi,

(wg, Yii? (g3, 21) Y (w1, z2)wa) = (ws, (Ygf’g)il(% 21)V (w1, 22)wa), (2.6)

where as above (Vi )_1 is the (—1)-th branch of the twisted vertex operator map Y{?. But
the right-hand side of (2.6) can be obtained from (w’g,Yvﬁ (u, 21)Y (w1, 22)wsz) on the region
|z1] > |22] > 0, |arg(z1 — 22) —argz1| < § by letting 21 go around clockwise a circle of radius
larger than |z|. The homotopy class of such a circle is equal to (b13b12)~t. So (2.6) gives

-1
fe(zlv 22; 93U, wy, wa, w,3) = f(blsblg) (217 22; U, W1, W2, w‘i’))

or equivalently
Fo13012 (2 295 g3, wr, wa, wh) = f(21, 22; U, wi, wa, Wh). (2.7)

Similarly, on the region |2| > |21| > 0, —=2F < arg(z; — 22) — argzp < —3, the sum of the
series (wg,y(wl,ZQ)Yv*‘{fS (gou, z1)ws) is equal to f€(z1, 2z2; gou, w1, we,ws). By the equivariance
property for Wa,

(wy, Y(wi, 22) VT (g2, 21)w2) = <w§,y(w1,22)(Yv‘L{/22)_l(U7 21)wa), (2.8)

where (YV“{% )71 is the (=1)-th branch of the twisted vertex operator map Y;i? . The right-hand
side of (2.8) can be obtained from <wg,y(w1,22)YV%,23(u, z1)wz) on the region |zo| > |z1] > 0,
—37” < arg(z1 — 22) — argze < —3% by letting 21 go around clockwise a circle of radius less

than |z2|. Such a circle as a loop must have a base point in the region |25 > |21| > 0, =2 <
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arg(z; — z2) —argzz < —%. But there is a canonical isomorphism between the fundamental
group of M? with such a base point and PB3 which has a base point (—3, —2). To see how the
loop given by the circle above acts on the single-valued branches of f(z1, z9; u, w1, we, w}), we
need to find the element of PB3 corresponding to this loop. We choose the following loop
based at (—3,—2): The first part 7; of 7 is the lower half circle centered at —2 with radius 1
from —3 to —1 for z; and trivial for ze (meaning 2o is always equal to —2). The second part 7,
is the counterclockwise circle centered at 0 with radius 1 based at —1 for z; and trivial for zs.
The third part v3 = v, 1is also the lower half circle centered at —1 with radius 1 but from —1
to —3 for z; and trivial for z5. It is clear that « is homotopically equivalent to the loop given in
Figure 3. Then we have bjz = [y] = [y1][2][y1] !, where [y] for a path v means its homotopy
class. Equivalently, we have [y2] = [y1]'b13[y1]. When we let z; go from —1 to —3 along ; *,
since 7, 1 passes the cut along the positive real line in the z; — zo-plane, the single-valued
branch f¢(z1, z2; u, w1, we, w}) is changed to the single-valued branch fb;21 (21, 22; u, w1, wa, Wh).
Similarly, when we let z; go from —1 to —3 along 4, fb(zl, 295 u, w1, wa, wh) is changed to the
single-valued branch f%12(zy, zo; u, wy, wo, wy) for any b € PB3. Thus when we let z; go around
the loop 72, f€(21, 22; u, w1, we,w}) is changed to fb1_21b13b12(21, 295 U, w1, wa, wh), that is,

71 .
fm](zb 295 U, W1, Wo, Wh) = fb12 b“bl?(zl, 295U, W1, Wa, Wh).

Note that the circle vy ! is exactly the circle we use to obtain the right-hand side of (2.8)
from <w§,y(w1,z2)YVﬁ7}3 (u, 21)ws ) on the region |zg| > |21] > 0, =2 < arg(z—22)—argzs < — 3.
So the right-hand side of (2.8) is equal to

—1 —1;—1
£ (21, 20w, wr, wo, wh) = 1201502 (2, 295w, w1, wa, wh).
But the sum of the left-hand side of (2.8) is equal to f¢(z1, z2; gau, w1, w2, wh). So we obtain
e ) I\ by by bio ) ’
f (21722792u)w17w2)w3) — f (217225u7w17w2)w3)
or equivalently
—1
Fr2 01012 (21 29: gou, wi, wa, wh) = (21, 225 U, w1, wa, Wh). (2.9)
Similarly we also have
F22 (21, 225 gru, wi, wa, wh) = €21, 225 4, w1, wa, wh). (2.10)

Using the right action of PB3 on the set of single-valued branches of the multivalued analytic
function f(z1, z2; u, w1, wa, wh), for b € PB3, we obtain from (2.10)

F120 (21, 203 gou, wi, wo, wh) = fO(21, 225w, wi, wa, wh). (2.11)
From (2.7), (2.9) and (2.11), we have
FO1012 (21, 203 ggu, wi, wa, wh) = FE(21, 225w, wi, wa, wh) = F212 01012 (21 2o: gou, wy, w, wh)
= forabibisbiz) () o g1 o, wy, wa, wh)
= 13012 (51 29: grgou, w1, wa, wh) (2.12)

When |z1| > |22] > 0 and |arg(zll— 29) —arg z1| < 5, the left- and rightl—hand sides of (2.12) are
equal to the sum of <wg, (YV%Z) (g3u, 21) Y (w1, 22)w2> and <w’3, (Yﬁf’g) (91920, zl)y(wl,zg)w2>,
respectively. Therefore, we obtain

(wh, (Yif) (91920 — gau, 20)V (w1, 22)wz) = 0 (2.13)

for w; € Wi, we € Wa, wg € W3. Since ) is surjective in the sense above and wj is arbitrary,
(2.13) implies (ng[};)l(glggu — gsu, z1) = 0. But the map given by v — YVg[}; (v, x) is injective, we
obtain g1gou — gsu = 0 for u € V. So we have g3 = ¢1¢92. |
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3 Skew-symmetry and contragredient isomorphisms

Let g1, g2 be automorphisms of V', Wy, Wy and W3 g1-, go- and g1 go-twisted V-modules without
g1-, g2- and g; go-actions, respectively and ) a twisted intertwining operator of type (W%’%) We
define linear maps Q4 (Y): Wy @ Wi — Wis{z}[log z], we ® wy — Qx(Y) (w2, x)wy by

QL (V) (we, 2)wr = "LV Y (wy, y)w2|yn

for w1 € W1 and we € Wa. Note that we can also define (2, for p € Z by changing + in the
right-hand side of (3.1) to +(2p + 1). But we will not discuss €2, in this paper.
From the definition (3.1), for p € Z, wy € Wi, we € Wy and z € C*,

Q1 (V)P (w2, 2)wr = Qe (V) (w2, 2)w1 | oty o) Jog w1, (=)

= (emL(_l)y(wlay)UJZ‘yn

(3.1)

=etnmign Jog y=log x+7i

=etn7ign Jog y=log :r:hri) ’x”:e”ll’(z>,log x=lp(2)
= DY (w1, y)ws |y":e"<lp(z)i”i>,log y=lp(z)£mi’
When argz < m and argz > 7, arg(—z) = argz + 7 and arg(—z) = argz — 7, respectively.
Hence
LD Y (wy, y)w2‘ynzen(’p(z”’“),logyzlp(sz = LD YP (g, —2)wy
when arg z < 7 and

L(—1 L(—1
e? ( )y(w17y)w2‘y”:en(lp(z>*”i),logy:lp(z) =¢e° ( )yp(wl,—z)wg

—i

when argz > w. In particular, for wy € Wy, we € Wy and z € C* satisfying argz < 7 and
arg z > mw, we have

Oy (V)P (wa, 2)wy = LTVYP(wy, —2)wy (3.2)
and

Q_ (V)P (wa, 2)wy = XD YP(wy, —2)ws, (3.3)
respectively.

Now assume that Wy, Wy, and W3 are gi-, go-, and g1gs-twisted V-modules with g1-, go-
and g1 go-actions, respectively. In the case that W also has an action of g, ! we have the
9y Lg1go-twisted V-module ¢ g2_1(W1). In this case, we define

1 —1
Qﬁ? (YV): W@ W1 — Wi{z}logx], Wy @ Wi > Q_gf (V) (we, z)w;

-1
by QO (V) (w2, 2)wr = e D Y(gawr, ) w2 o i 1og ymtog asmi ©OF W1 € Wi and wy € W, In

the case that W5 has an action of gi, we have the g1g2g, "-twisted V-module ¢g, (W>). In this
case, we define

QYY) Wy @ Wy — Wa{x}[logz], we @ wy — QI(V)(wa, z)wy
. for wy € W7 and we € Wh.

- -1
by Qg_l (y)(w27 l’)wl == eZEL( l)y(wIJ y)gl wQ‘y”:e—"”iw”,logy:lo r—7i
For wy € W1, we € Wy and z € C* satisfying arg z < w and arg z > 7, we have

1
QP (V)P (wa, 2)wy = LY g IP(gowr, —2) g5 wa (3.4)
and
QIY (V)P (we, 2)wy = LEDYP(wy, —2) g7 M, (3.5)

respectively.
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—1
Theorem 3.1. The linear maps Q4(Y), Q_(Y), QF (V) and Q7 (Y) are twisted intertwining
operators of types

(Wmff(wn)’ (m%vm)’ (Wwf(%))’ (wm(%’)m)’

respectively (recall the definition of ¢4 and ¢4 for an automorphism g of V' in Section 2).

Proof. We need only prove the results for €, ()) and Q_(Y). Using the definitions of ¢,
and ¢ -1 and (3.4) and (3.5), we see that the proofs for Q9> () and Q% ()) are reduced to the
proofs for Q4 ()) and Q_(Y).

The proofs of the lower-truncation property and the L(—1)-derivative property of Q. ())
and _()) are easy to verify. As in the proof of [17, Theorem 5.1], we omit their proofs here.
The main difference between the proof here and the proof of [17, Theorem 5.1] is that here we
cannot use the explicit form of the correlation functions in [17] obtained from the products and
iterates of twisted intertwining operators and twisted vertex operators. So our proof here is
much more complicated and involves some technical convergence and analytic extension results,
even though the idea is the same as in the proof of [17, Theorem 5.1].

Let u € V, wy € Wi, wy € Wy and wi € W4. As in the proof of [17, Theorem 5.1}, we
use f(z1,292;u,wy, ws,wh) to denote the multivalued analytic function in the duality property
for the twisted intertwining operator ) with the preferred branch f€(z1, z2; u, w1, w2, wh). Note
that f(z1, z2; u, w, wa, wh) in [17] is of the particular form in the definition of twisted intertwining
operator there. But in this proof, it is a maximally-extended multivalued analytic function on M?
with regular singular points at 21,20 = 0 and z; — 29 = 0 and in general might not have the
special form in [17].

Define

. Iy . zoL/(1), 1
g+ (21, 223 u, wa, wi, w3) = f(21 — 22, —22; U, w1, Wwa, €72 ( )w3)

and choose the preferred branch g9 (21, z2; u, wa, w1, w}) of g4 (21, z2; u, wa, w1, wh) as follows: On
the subregion |z1| > [22| > 0, |arg(z1 — 22) —argz1| < § and argzp < 7 (for Q) or argzy > 7
(for Q_) of M2, let

e . I\ _ re . 2o L'(1),,/
95 (21, 203w, wa, wi, wh) = F€(21 — 22, —22; u, wi, wa, €2 Mapl).

For general (21, 22) € M2, we define g5 (21, z2; u, wa, w1, w}) to be the unique analytic extension
on Mg.
When |z1| > |z2| > 0, |arg(z1 — 22) —argz1| < § and argzy < m (for Q) or argze > 7
(for Q_), from (3.2) and (3.3) and the L(—1)-derivative property for Y}{} , we have
(ws, Yif? (u, 21) Qe (Y) (w2, z9)wr )
= <w§n YI%/SS (u, 1)+ (V) (w2, $2)w1> }$?:e” 10821 log 21 =log 21,2} =" 1°6 2 log zo=log 22
= (wh, Vi, (uw, 21)e VY (wn, y)wa)] o,
= (e W, (V) (w21 + )
X y(w1,y)w2>!x?

n198 21 log 1 =log 21,y =e" 18(~22) log y=log(—22)

=en 19821 log z1=log z1,y" =e™ 1°8(=22) log y=log(—z2)" (3.6)
We first prove that the right-hand side of formula (3.6) is absolutely convergent on the region
|z1] > |z2] > 0 and is convergent to g% (z1,22;u, wy, we,ws) on the region |z1| > |z2| > 0,
larg(z1 — 22) — arg z1| < 5. The proof is in fact the same as the proof that the right-hand side
of [30, equation (9.170)] is absolutely convergent in the region |za| > |z9| > 0. Here we give
a slightly different proof.
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We can always take u € V, wy € Wy, wy € Wy and eZZL/(l)wg € W3 to be homogeneous.
Let A = —wt eZQL/(l)wé + wtu + wtwy + wtws. Let
D = {n € C| there exist i,j € N, <(YV?%)A_n_zj(u)ym(wl)wﬁ #0}
and M, N € N such that (Yé{}”g)mj(u) =0formeC, j>M and YV, i(w;) =0 for i > N. Then
by the lower truncation property of ), the fact that w is a finite sum of generalized eigenvectors

of g3 and the equivariance property of the gs-twisted module W3, we know that there exist
a finite subset A of C/Z and R,, €  for each ;1 € A such that

Dc |J=(R,—N).
HEA

Let

2o L'(1)

An,ji = <e wh, (YV%)Afnfzj(u)(y)n’i(wl)wﬁ eC

forne D,0<j <M and 0 <n < N. Then, by the convergence of (2.3), the L(—1)-derivative
properties for Ygfg and Y, and [29, Proposition 7.9], we know that the triple series

M N
DD Y angael B log 2 el B2 (log 2y (3.7)
neD j=0 i=0

is absolutely convergent on the region given by |z1| > |22| > 0 and is convergent on the region
|21] > |22| > 0, |arg(z1 — 22) —arg z1| < § to

fe(zl’zz;u7w17w2’ezQL/(1)wg) — <ez2L/(1)wé7YIz/33(u7 Zl)y(wl’z2)w2>.

Forne D, j=0,....M, k € Z>g, s =0,...,], let b, jrs € C be the numbers defined
in (A.4). Then

M N M
>SS (5 8 b e gy

meD—-N s=0 i=0 \ j=s n—k=m
neD, keN

w e(—m—1)log(—z2) (log(—ZQ))i

is equal to the right-hand side of (3.6) and, by Lemma A.l, is absolutely convergent on the
region |z1] > |z2] > 0 and is convergent to fe(zl — 22,—ZQ;U,’LUl,’LUQ,eZQL/(I)U)é) on the re-
gion |z1| > [22] > 0, |arg z1 — arg(z1 — 22)| < 3.

Now it is easy to see that the left-hand side of (3.6) is absolutely convergent on the re-
gion |z1] > |z2| > 0 and its sum is equal to g5 (21, z2; u, w1, w2, wh) on the region |z1]| > |z2| > 0,
larg z1 — arg(z1 — 22)| < 5. In fact, we know that the left-hand side of (3.6) as a series is equal
to the right-hand side of (3.6) on the region [z1] > [22| > 0, |arg(z1 — 22) —arg 21| < § and
arg zg < 7 (for Q4 ) or arg zo > 7 (for Q_). But we have just proved that the right-hand side
of (3.6) is absolutely convergent on the larger region |z1| > |22| > 0. The left-hand side of (3.6)
is also a series of the same form as (3.7). In particular, its absolute convergence on the smaller
region |z1| > |22| > 0, |arg(z1 — 22) —argz1| < § and arg zp < 7 (for ;) or argzp > 7 (for 1)
implies its absolute convergence on the larger region |z1| > |2z2| > 0.

On the region |z1| > [z2] > 0, |arg(z1 — 22) —argzi| < § and argzy < m (for €y) or
arg zo > m (for Q_), by (3.6) and the discussion above, the left-hand side of (3.6) is convergent to
fe (z1 — Zo, —Z9; U, W1, W2, eZZL/(l)wg), which in turn is by definition equal to g5 (21, z2; u, w1, wa,
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wy) on the same region. We know that the left-hand side of (3.6) on the region given by
|z1] > |22] > 0 and |arg(z1 — 22) —argz1| < § with cuts along the positive real lines on the
z1- and zo-planes is convergent to the analytic extension of the sum of the left-hand side
of (3.6) on the smaller region [z1| > [z2] > 0, |arg(z1 — 22) —argz1| < § and argze < 7
(for Q) or argzg > 7 (for Q). Also, by definition, g% (21, 22;u, w1, ws,w}) on Mg is ob-
tained by analytically extending g% (21, z2; u, w1, w2, w4) on the smaller region |z1]| > |z2| > 0,
larg(z1 — z2) —argz1| < § and argzp < 7 (for Q) or argz; > 7 (for Q_). Thus the left-hand
side of (3.6) on the region given by |z1| > |22 > 0 and |arg(z1 — 22) — arg 21| < § is absolutely
convergent to g5 (21, z2; u, w1, we, wh) on M.
Generalizing the proof of the convergence of (3.6) above, we can prove that

(w5, Yif? (ur, 21) - - Vg2 (ug—1, 26-1) Qe () (w2, k) w1 ) (3.8)
is absolutely convergent on the region |z1]| > -+ > |2zx| > 0 and can be maximally extended to
a multivalued analytic function on the region M* for k € N+ 3, uy,...,up_1 € V, wy € Wi,

wy € Wy and w4 € Wi, In fact, generalizing (3.6), we see that (3.8) is equal to

<ez;€L’(1)wg7 (Yg/ﬁ;) (up, o1 +y)--- (YV“{%) (Uk—1,Tk—1 +Y)

x Y (w1, y)w2>‘z (3.9)

?:e”logzi,logzizlogzi,izl,...,k—l,y":e”1°g<*zk),10gy:10g(—zk)'
From Definition 2.1, we see that the convergence and analytic extension of (3.9) on the re-
gion |z1| > -+ > |zx| > 0 is equivalent to the convergence and analytic extension of

H (Zi _ Zj)Mij <eZkL’(1),lU/37 (le%)(ula T + y) . e (ngvi) (kala xk*l _|_ y)
1<i<j<k—1

x V(w1 y)w2>‘x (3.10)

?:e”k’gZi,logxizlogzi,izl,...,k—l,y":e”1°g<*zk),logyzlog(—zk)
on the region |z;| > |z;| > 0 for i = 1,...,k — 1, z; # z; for i # j, where M;; € Z for i # j
satisfy M Yy, (u;, v)u; € V[[z]]. From Remark A.3, we know that Lemma A.1 can be generalized
to the case of more than two variables for a series of the form (3.10). It is important to note
that the polynomial [];; ;4 (2 — z;)Mis in (3.10) is multiplied to cancel the poles at z; = z;
for 1 <i < j <k —1 so that the series (3.10) is a different iterated sum of a convergent iterated
series of the form (A.22). Using the convergence of products with more than one twisted vertex
operator for the twisted intertwining operator ) and this generalization of Lemma A.1, we
see that (3.10) is absolutely convergent on the region |z;| > |zx| > 0 for i = 1,...,k — 1,
z; # zj for i # j and its sum has analytic extension on the region M*. Thus (3.8) is absolutely
convergent on the region |z1| > -+ > |zx| > 0 and its sum has maximal analytic extension on
the region M*. Moreover, from the discussion above, we have

J i

z
921, 2k) =Y R iz = 2k 21 — 26— 2),
i=0 7’
where g(z1,...,2;) is the maximal analytic extension of the sum of (3.8) on the region MF,

J € Zy such that L'(1)7Ttw} = 0, and f;(z1,...,2) for j =0,...,J are the maximal analytic
extensions of the sum of

(L' (D wy, Vi (w1, 21) - - Vi (up—1, zk—1) Y (w1, 2x)wa).

For fixed z, € C*, let (21,...,2p-1) — 3 =06 for B = CF1 and § € {0,00}*! be a component-

isolated singularity of the multivalued analytic function of of zq,...,2;_1 obtained as a value

Micicjer-1(z — 20) g0, —21) at ¢ = —2 of Mciejpr (51 — %) Mig(a1, ). Th
1<i<j<k—1\%i = %j g\Z1,..., —2k) @ 2k of [ |<icjcn1(2i — 25 g(z1,...,0). en
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this singularity, which can also be written as (21 — zg, ..., 2k-1 — 2k) — (B + (2ky - .-, 2)) =9, is
also a component-isolated singularity of the corresponding values
I 2™ fi(zn = 2y 2her = 2y —22)
1<i<j<k—1
at ( = —z of
I Gi—2)™sfi( = 2k 201 = 2 €)
1<i<j<k—1

for j =0,...,J. Thus this singularity of

H (zi — 2)) M5 fi(21 = 2k oy Zhe1 — 2 —2k)
1<i<j<k—1
corresponds to the component-isolated singularity (z1,...,2x-1) — (8 + (2k,-.-,2k)) = 0 of
[licicjcp-1(zi — zj)Mii f;(21,...,2). But we know that a component-isolated singularity of
H1§i<j§k:—1(’zi —2j)Mii f;(z1,. .., 21, —2x) of such a form is regular. So this component-
isolated singularity (z1,...,2k-1)—(8+(2k, ..., 2k)) = 0 is regular. Equivalently, the component-

isolated singularity (z1,...,2x-1) — 8 =20 of

H (z — zj)Mijfj(zl — Zhy ey Zh—1 — Zky —Zk)
1<i<j<k—1
for j = 0,...,J is regular and thus the component-isolated singularity of H1§i<j§k—1(zi —
zj)Miig(zl,...,zk,l, —zp) is regular. But zj is arbitrary, —zj is also arbitrary. We see that
for any fixed z;, € C*, (21,...,25-1) — 8 = ¢ is a regular singularity of any value at { = zj
of [Tycicjer—1(zi — zj)Miig(z1, ..., Q).

When |z2] > |21] > 0 and argze > m,

(wg, (V) (wa, 22)Yij} (u, 21)w1)
= (w3, eZQL(_l)y(YV‘({}I (u, z1)wi, —22)ws)

= <eZ2L/(1)w§,y(Yg}l (u, (21 — 22) — (—22)) w1, —22)w2) (3.11)

converges absolutely and if in addition, |arg(z; — 22) — arg(—z2)| < 7, its sum is equal to
F(21 — 22, — 223w, w1, wo, 2F M), (3.12)

Note that by definition, (3.12) is a single-valued analytic function on the set Mg given by
cutting M? along the positive real line in the z;- and (21 — z2)-planes and along the negative
real line in the zo-plane, with these positive real lines in the z;- and (27 — 2z2)-planes attached
to the upper half z1- and (21 — 22)-planes and the negative real line in the z3-plane attached to
the lower half z9-plane. Then the subset

{(zl,ZQ) € MZ | |22] > |21| > 0, arg zo > 7, |arg(z1 — 22) — arg(—29)| < %} (3.13)
of Mg is also a subset of MZ. But on the subset of Mg given by |z1] > |22] > 0, arg 22 > 7, by
definition, (3.12) is equal to g¢ (21, 22; u, wa, w1, w}). Since g€ (21, 22; u, wa, w1, wh) on MZ is ob-
tained by analytic extension, we see that (3.12) is equal to g° (z1, 22; u, w2, wy, wh) also on the sub-
set (3.13). Thus the left-hand side of (3.11) is absolutely convergent to g¢ (21, z2; u, wa, w1, w4)
when |zo| > [21] > 0, |arg(z1 — 22) — arg(—22)| < § and arg zp > 7. Since g€ (21, 22; u, w2, w1, w3)
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and the sum of (3.11) are both analytic extensions of their restrictions on the subset given
by |z2] > [z1] > 0, |arg(z1 — 22) —arg(—22)| < § and argzp > 7, we see that the left-hand
side of (3.11) is absolutely convergent to g€ (z1,2z2;u, w2, w1, w}) when |zo| > |z1| > 0 and
larg(z1 — z2) — arg(—22)| < §. But when argz > 7, arg(—z2) = argze — 7. Hence in this
case, the inequality |arg(z1 — z2) — arg(—22)| < § becomes —3T < arg(z1 — 22) — argzs < —3.
Also both the left-hand side of (3.11) and g (21, z2; u, wa, w1, w4) are single valued analytic
functions in z; and 2y with cuts at z; € Ry and zo € Ry. Thus when |22 > |21] > 0 and
—37” < arg(z1 — z2) — argzz < —73, the left-hand side of (3.11) is absolutely convergent to
g% (21, z2; u, wa, wy, WY).

Next we discuss the iterate of Q_()) and the twisted vertex operator map ¢4, (YV%). When

|z2| > |21 — 22| > 0 and argzo > m,

<wg, Q—(y)(%l (Yg%)<u7 21 — z2)w2, 22)w1>
= (w3, (V) ((V}$2) (91 ', 21 — 29)wo, 20) w1 )
= <w§, eZQL(*l)y(wl, —zg)(Yv‘({g) (gl_lu, 71 — 22)w2>

= <eZ2L/(1)wg,y(w1, —@)(YV%) (gl_lu, 21 — zg)w2> (3.14)
converges absolutely and if in addition, —37” < argz; — arg(—=22) < —7%, its sum is equal to
fe(z1— 29, —29; gl_lu, wy, wa, e22X Wws). Note that the proofs of [17, Lemmas 4.5 and 4.6] do not
use the explicit form of the multivalued analytic functions in the duality property of the twisted
intertwining operators introduced in [17]. Then the same proof of [17, Lemma 4.5] shows that
the sum of the right-hand side of (3.14) is equal to fb1—21 (zl — 29, —22;gl_1u,wl,wg,e'z?L/(l)wg)
when |z9| > |21 — 22| > 0, argzp > 7 and § < argz; — arg(—22) < 2F. The same proof of (4.4)
in [17, Lemma 4.6] shows that

b7t e | 2oL/ (1), 1 e . 2o L'(1), 7
f 12 (Zl — 22, —22;0; U,W1,w2,€ 2L )w3) = f (Zl — 22, TR2;U, W1, W2,€ 2L )’UJ3)

Since when argzy > 7, arg(—z2) = argzz — 7 and § < argz; — arg(—z22) < 37” becomes
larg 21 — arg zo| < 7, we see that the sum of the right-hand side of (3.14) is equal to (3.12)
when |z2| > |21 — 22| > 0, arg 20 > 7 and |arg z; — arg 2| < 7.

We now use the same argument as above to finish the proof in this case. The subset

{(21,22) € MZ | |22] > |21 — 22| > 0, arg zo >, |arg(z1) — arg 2| < g} (3.15)

of Mg is also a subset of MZ. By definition, on the subset of M given by |z1| > |22 > 0,
arg 29 >, (3.12) is equal to g¢ (21, 29; u, w2, w1, w}). Since g€ (21, z2; u, wa, w1, wh) on M is ob-
tained by analytic extension, we see that (3.12) is equal to g€ (z1, 22; u, w2, wy, wh) also on the sub-
set (3.15). Thus the left-hand side of (3.14) is absolutely convergent to g¢ (21, z2; u, wa, w1, w4)
when [z2] > |21 — 22| > 0, |argz; —argzp| < § and argz; > 7. Since ¢ (21, 22; u, w2, w, wh)
and the sum of (3.14) are both analytic extensions of their restrictions on the subset given
by [z2| > |21 — 22| > 0, |argz; —argzs| < § and argze > m, we see that the left-hand
side of (3.14) is absolutely convergent to g¢©(z1,z2;u, w2, w1, ws) when |za] > |21 — 22| > 0
and |arg z; — arg zo| < 3.
We still need to prove the two other cases for Q4 ()). When |z2| > |z1| > 0 and arg zo < T,

<wé) Q—i—(y) (’lUQ, ZQ)ng;l (YI/!IJ/}l ) (’U,, Zl)wl>
= <wé, eZZL(—l)y(¢92—1 ( Vng1) (u, zl)wl, —22)w2>

= <622L/(1)w§, y((YV?}l) (gou, z1)w1, —22)w2> (3.16)
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converges absolutely and if in addition, |arg(z; — z2) — arg(—=22)| < 7, its sum is equal to

Fé(21 — 22, —22; gou, wi, wa, €2 Wyl (3.17)
The subset
T
{(2'1722) € M2 | |20| > |21| > 0, arg zo < T, |arg(z1 — 22) — arg(—22)| < 5} (3.18)

of Mg is also a subset of MZ. By definition, on the subset of Mg given by |21| > |22] > 0,
arg zo <, (3.17) is equal to g5 (21, 22; gou, wo, w1, w}). Since g% (21, 22; gau, w2, wr, wh) on MG
is obtained by analytic extension, (3.17) is equal to g% (21, 22; gou, w2, w1, w}) also on the sub-
set (3.18). Thus the left-hand side of (3.16) is absolutely convergent to g5 (21, 22; gau, w2, w1, w})
when |z] > |2z1| > 0, |arg(z1 — 22) —arg(—z2)| < § and argze < m. Since g5 (21, 22; gou, wo,
wi,wh) and the sum of (3.16) are both analytic extensions of their restrictions on the subset
given by |zo| > |21] > 0, [arg(z1 — 22) — arg(—22)| < § and arg z; < 7, the left-hand side of (3.16)
is absolutely convergent to g5 (21, z2; gou, w2, w1, wy) when |zo| > |z1] > 0, |arg(z; — 22) —
arg(—22)| < E. .

The same proof as that of (4.5) in [17, Lemma 4.6] gives g5 (21, 22; gou, w1, wo, wh) = gil?’ (21,
Zo;u, Wi, wa, wy), since argz; < w, arg(—z2) = argzz + m and the inequality |arg(z; — 2z2) —
arg(—z2)| < I becomes I < arg(z;,— 22) — argzs < 2X. So the sum of the left-hand side of
(3.16) is absolutely convergent to g'* (21, z2; u, w1, w2, wh) when |z| > |z1] > 0and § < arg(z;—
z9) —arg z2 < 2X. Then the same proof as that of [17, Lemma 4.5] shows that this is equivalent
to the sum of left-hand side of (3.16) being equal to g5 (21, 22; u, w2, w1, ws) when |2z > |2z1| >0
and —37” <arg(z1 — 22) —argz < —3.

Finally, we discuss the iterate of Q4 ()) and the twisted vertex operator map YVgVQ2 . When
|z2| > |21 — 22| > 0 and argzo < m,

(w3, (V) (VT2 (u, 21 — z2)wa, 22)wr)
= <w§,ez2L(_l)y(w1, —ZQ)Y‘}[Q/?Q (u,21 — zQ)w2>

= <eZ2L,(1)wg,y(w1, —2)ViT: (u, 21 — z2)wa) (3.19)

converges absolutely and if in addition, —37” < arg 21 —arg(—z2) < —7, its sum is equal to (3.12).
The subset

3
{(21,22) € M2 | 20| > |21 — 22| > 0, arg zp < T, —g < argz — arg(—z9) < _;r} (3.20)

of Mg is also a subset of MOQ. As we have discussed above, on the subset of Mg given by
|z1] > |z2] > 0, arg zo < 7, (3.12) is equal to g5 (21, z2; u, wa, w1, wh). Since g5 (21, z2; u, w2, w1,
wh) on Mg is obtained by analytic extension, (3.12) is equal to 95 (21, 223 u, wo, w1, w) also on
the subset (3.20). Thus the left-hand side of (3.19) is absolutely convergent to g5 (21, 22; u, wa,
wi,wh) when |zo] > |21 — 20| > 0, =3 < argz — arg(—22) < —% and argzs < 7. When
arg zo < 7, arg(—z2) = 7 + arg z3. So in this case, —%ﬁ < argzy — arg(—z22) < —73 is the same
as |argz; —argzp| < 5. Since g9 (21, 22;u, wa, w1, ws3) and the sum of (3.19) are both analytic
extensions of their restrictions on the subset given by |z2| > |21 — 22| > 0, |argz1 — arg zo| < §
and arg zp < m, the left-hand side of (3.19) is absolutely convergent to g% (21, z2; u, w2, w1, w})
when |z3| > |21 — 22| > 0 and |arg z; — arg 23| < 7. [ |

Let vangQ be the space of twisted intertwining operators of type (WV1V5V2) Then we have the
following.
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Corollary 3.2. The maps

W3 W3 . yWs W3
Qi Vi, — VW2¢ 1) Q- Vdw, = Vs, waymy
—1
9s . W3 W3 g1 . W3 Ws
Q+ : VW1W2 VWg(p _1(W1) Q= VW1W2 Vsa 1 (W)W,

are linear isomorphisms. In particular,

Y vW3

Wr W AL YWs and V3

1 (W2)Wy? Wag 71(W1)’ gy (W2)W1 Wap 71(W1)

are linearly isomorphic.

Proof. It is clear that 2, and €2_ are inverse of each other. Since ¢q, (W2) and ¢, _1(W1) are
equivalent to ¢g, (W2) and ¢, o1 (W), respectlvely, Q% and Q%" are also linear 1somorph1sms |

The linear isomorphisms Q, Q_, Q‘f]f and Q7' are called skew-symmetry isomorphisms.
Let g1, g2 be automorphisms of V', Wi, Wy and W3 g1-, go- and g1go-twisted V-modules
without g1-, go- and g;go-actions and ) a twisted intertwining operator of type (W%Vz) We

define linear maps A4 (Y): Wi @ Wi — Wi{z}logz], w1 @ wh — AL(Y)(w1,x)ws by
(AL (V) (wy, 2)wh, wa) = <wé,y(exL(1)ei7riL(0) (x_L(O))2w1,:v_1)w2> (3.21)

for w; € Wi and wy € Wy and wh € Wi. Similarly to Q, for p € Z, we can also define A,
for p € Z by replacing £ in (3.21) by (2p + 1). But we will also not discuss A, in this paper.

Let Liy, (0) be the semisimple part of Ly, (0). From the definition (3.21), for p € Z, w1 € W1,
wy € Wa, wh € Wy and z € C*, we have

(AP, )
= <A:|: (y)p(wlv .Z')U)é, 'LU2> |x"=e"lp(z),10g z=lp(2)

_ <w§, y(easzl(l)eiﬂiLwl (0) (g;*Lwl (0))2w1, xfl)w2>|xn:enzp(z) log 2=l (2)
_ <w§, y(ewal (1) gEmi L, (0) (I—Lévl (0))2‘
% (e—(LW1 (0)=Liy, (0))10g:v)2w1, x_l)w2>’m":e”’1>(z) log =1, (=)

_ <wé“’y( 2Ly, (1) gEmilw, (0)( —lp(2) Liy, (0))2.

% (e_(Lwl(O) ( ))lp(Z)) ?y)w2>‘y":efnlp(”,logy:—lp(z)

= (wh, Y(e*Lw: (1) gEmiLw, (0) =20 (2)Lwy (0) y)ws)|

y":e*"lﬂz),logy:—lp(z)' (322)

When argz = 0, argz"! = argz = 0 and —I,(z) = [_,(27!). When argz # 0, argz"! =
—argz + 27 and —I,(2) = l_,—1(z7!). Hence when argz = 0, the right-hand side of (3.22) is
equal to

/ Ly, (1) .£miLy. (0) .21_,(z~ 1) Ly, (0
<w37y(ez Wl( )e m Wl( )e p(z ) Wl( )w17y)w2>|yn:enl_p(27l) lOgy:l_p(Z_l)

= <wé7 yP (eszl(l)eiWiLwl (0)g2l-—p(z~ ") Lw, (0)101, Z_l)w2> (3.23)
and when arg z # 0, it is equal to

/ 2Ly, (1) \EmiLy, (0) 20— p—1(2~1) Ly, (0)
<w3’y(e e e ! wl’y)w2>‘yn:e"lfpfl(2_1)710gy:l7p71(271)

= (wh, Y (eszl(l)eiTriLwl (0)g2l-p=1(z"1)Lw; (0);, 2 Hwg). (3.24)
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From (3.22)-(3.24), for w; € Wy, wp € Wy, wh € W3 and z € C*, we have
(AL (V)P (w1, 2)wh, wa) = (wh, Y7P (e*Lwr (DeEmilwy 02" Iwy (0)yyy, 2 Dwg)  (3.25)
when arg z = 0 and

(AL (V)P (w1, z)wh, wo)

= <wé7 y-r-l (eszl(l)eiWiLwl (0)e2lfp71(2‘71)LW1 (O)wl’ z_l)w2> (3.26)

when arg z # 0.

Now assume that Wi, Wy, and W3 are g1-, go- and g1 go-twisted V-modules with g1-, go- and
g1g2-actions, respectively. In the case that W3 has an action of g; (which induces a g7 Laction
on Wy), we have the g1g5 ! 91 Ltwisted V-module g, (W3). In this case, we define

AL (Y): Wi @ Wy — Wy{a}log z], wy @ wh — AT (V) (wr, z)wh
by
(AL ) s )y z) = (s Y(eHOETEO (o HO 2 o) g )

for wy € Wi, wy € Wy and wj € Wj. In the case that W3 has an action of g;° 1 (which induces
a gi-action on Ws), we have the g; ! gy Ltwisted V-module Pt (W3). In this case, we define

AT () Wi o Wh - WilaYllogal,  wi @ wh s A% (V) (wr, )
by
<Ag_1_1(37)(w1,$)w§,w2> = <91wé,y(ezL(l)efﬂiL(0) (wa(O))2w173771)w2>

for wy € Wi, wy € Wy and wfy € Wi,
For wy € Wy, we € Wy, wh € W} and z € C*, we have from (3.25) and (3.26)

(AL )P (wr, 2)ws, w2)
= (wh, VP (eszl(l)eWiLwl (0)g2l—p(="")Lwy 0y z_l)gl_lw2> (3.27)
and
-1
(AT (V)P (w1, 2)ws, wa)
= (grwh, VP (erEwi (el (0) g2l—p(=" ) Lw (0)y, 271wy (3.28)
when arg z = 0 and
<Aﬁ_1 (V)P (w, z)wg, w2>
= (wh, Y21 (e2lw W emilws 0 2-p-1(HIwy (0 5=1) gy ) (3.29)
and
-1
(AT (V)P (w1, 2)wh, w)
= (grw}, y—p-1 (eszl (1) g=miLw, (0)g2l—p-1(2~") Lw, Oqpy, 2—1)w2> (3.30)

when arg z # 0.
Let (VV, YV%,) be a g-twisted V-module. When W7 =V, W = W3 = W and Y = YV%, by
definition, A+ (Vi) = A_ (Vi) = AV (Vi) = AV (Vi) = (¥4}) (see Section 4).
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—1
Theorem 3.3. The linear maps Ay (Y), A_(Y), AL (V) and A" (V) are twisted intertwining
operators of types

<¢91<W5>> < w; ) (sogl(Wg)) and( w; >
W1Wé ’ Wl(ﬁg;l(Wé) ’ W1Wé Wltpgfl(Wé) ’

respectively.

Proof. As in the proof of Thegrem 3.1, we need only prove the results for A, (Y) and A_()).
The proofs for A% (Y) and A” () are reduced to the proofs for A4 (V) and A_(Y) using the
definitions of ¢4, and Pyt and (3.27)—(3.30).

The proof for A1 ()) and A_()) is essentially the same as the proof of [17, Theorem 6.1]. But
the proof here is much more complicated because the correlation functions involved are not of
the explicit form as in [17]. As in [17], we prove only the duality property since other properties
are essentially the same as in the untwisted case.

We first give the multivalued analytic functions with preferred branches in the duality
property. We shall denote these multivalued analytic functions for A, (Y) and A_()) by
hy (21, z2; u, wy, ws, wa) and h_(z1, 22; u, wi, wh, ws), respectively. Let f(z1, z2;u, wi, wh, wa) be
the multivalued analytic function with the preferred branch f¢(z1, z2; u, w1, w2, wh) in the duality
property for the twisted intertwining operator ). Define

/
ha (21, 225 u, wy, w3, wa)

_ f(zl—1722—1.ez1LV(1)(_z%)*LV(O)u7ezszl(l)eiﬂiLwl(O) (Zg)*Lwl(O)wl,w%wé) (3.31)

)

and choose the preferred branch hS (z1, z2; u, wi, w4, wa) of hy(z1, z2;u, wy, wh, ws) as follows:
On the subregion |z1| > |22 > 0, |arg(z1 — 22) — arg z1| < T and arg 21, arg 2o # 0 of Mg, let

—1,-1
he . / _ophsbes o 1 1. 27lLy (1) 2\ —Lv(0)
+(217227u7w17w3aw2) _f (21 yR9 5 € (_Zl) u,
eZQLW1 (1)e7TlLW1 (O)eiz(log ZQ)LW1 (O)wI’ w27 w’g) . (3.32>
and
—1,-1
b1z ba3'b

!/
he_(zlazQ;uawhw?,an) = )

—1
12 ¢ —1 -1, 271Ly(1 2\ —Lv(0)
(zl 1% ;€ ()(_zl) u

eZQLW1 (1)eiﬂ1LW1 (0)672(10g ZQ)LW1 (O)wl’ w2, wg) .

For general (21, 29) € M2, we define h (21, z2; u, w1, w}, wa) to be the unique analytic extensions
on Mg.

Let u € V, wy € Wi, wy € Wy and wh € Wi. We consider zj, 2 € C satisfying |z;1‘ >
{21—1‘ > 0 (or equivalently |z1] > |z2] > 0) and argz;,argze # 0. Since ‘22_1‘ > }21_1‘ >0
and arg 21, arg z3 # 0, from (3.26), (YVQVQZ)/ =A; (ng{,";) and the duality property for )V, we know
that

<w§, y (eZZLwl (1) gmiLw, (0) o —2(log 22) Lw, (0)w1, Z;l)

XYVsz (621Lv(1) (—ZfQ)LV(O)gflu, zfl)w2> (3‘33)

is absolutely convergent and if in addition, —37” < arg(zl_l — z2_1) — arg 22_1 < —73, its sum is
equal to
—1 _—1. z1Ly(1 —2\Lv(0) —1 L, (1) ;wiLw, (0) ,—2(1 Lw, (0 /
fe(Z1 2y L et v ( )(_Z1 ) g7 tu, e wy (1) milw, (0) ,—2(log 22) Ly, ( )w1,w2,w3)
-1 —1. -1 _z1Ly(1 -2\ Lv(0) Lw, (1) ;miLw, (0) ,—2(1 Lw, (0 /
_fe(zl 25 Y01 e Lv( )(_Zl ) u, e wy (1) gmilwy (0) ,—2(log 22) Ly, ( )w17w2’w3)
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We know that

(b (VE2)) (u, 21) A (V) (w1, 22)wh, w2)

= <(Yg2) (gl u zl)A+(y)(w17 Z2)w§>w2>
< ( 22 Ly, (1) 7r1LW1 (0)6—2(10g22)LW1 (O)w17z2—1)
% (Yg2 ) (ez1Lv(1) (_21—2)Lv(0)gl—1u7 21—1)w2> (3.34)

can be obtained using the multivalued analytic functlon (3.31) on the region |z:2 1‘ > ‘zl 1| >0
starting from the value glven by (3.33) by letting zl go around 0 clockwise once (corresponding
to b1_31), then letting z; ! go around 0 clockwise once (corresponding to bog b1o ). Then (3.34)

also converges absolutely on the region ‘zQ | > ‘21 1’ > 0 and if in addition, —3— < arg(zf -

-1 -1 T o :
29 ) —argz, < —37, its sum is equal to

—1;—1;—1 _ _ _ — Ly (0 i -
s bas bro (21 Lzt IGZILV(D(_% 2) v )U,GZQLwl(l)emel (02008 22) Ew )y qpy, ws)

9

e e T S O G L

e72Lwy (1) gmilw, (0) ,—2(log 22) L, (0 )wth’wé)_ (3.35)

Using the equivariance property for W and the convergence of (2.5) to f¢(z1, z2; u, wi, wa, w4)
on the region |z2| > |21 — 22| > 0, |arg 21 — arg 23| < §, we have

£E (21, 225 97 tuy wi, wa, wh) = f12 (21, 295w, w1, wo, wh).
Applying b € PB3 to both sides of this equality, we obtain

fb(zl,z“g;gl_lu,wl,wg,wg) = 0128 (51 2o, Wy, wa, wh) (3.36)
for b € PB3. By (3.36) with b = bf;bf;b;;, we see that (3.35) is equal to

fb;;b;; (21—17 z;l; o#1Lv (1) (_21—2)Lv(0)u7 oz2Lwy (1) gmiLw, (0) o —2(log z2) L, (O)wh W, wg)
which by definition, is equal to h¢ (21, z2; u, wa, w1, wh) when |z1] > |z2] > 0, |arg(z1 — 22) —
arg z1| < & and arg 21, arg z2 # 0.

What we need to prove is that when |z1| > |22] > 0 and |arg(z1 — 22) —argz1| < F, the
sum of the left-hand side of (3.34) is equal to h+(z1, 295U, Wa, W1, WY). We choose 21,20 € —R .

such that |z1| = —2z1 > —22 = |22/ > 0. Then ‘22 | = —zt > 2t ‘z11| > 0. In this
case, arg(z1 — 22) = T, arg(z; ' — 2, ') = 0, and argz; = argzy = arge; ' = argz, =
Hence |arg(z1 — 2z2) —argzi| = 0 < § and —37” <0—-7= arg(zl_1 - z;l) = argz;l < —3.

From the discussion above, for such z; and z, the sum of the left-hand side of (3.34) is
equal to h% (z1, z2; u, w2, wi,ws). On the other hand, such z; and 2y satisfy |z1] > |z2] > 0
and |arg(z1 — z2) —argz1| < 5. Since both h§ (21, z0;u, w2, w, ws) and the sum of the left-
hand side of (3.34) are analytic extensions of their restrictions on the subset given by (z1, z2)
for z1, 20 € =Ry such that |z1| = —2z1 > —23 = |z2| > 0, the sum of the left-hand side of (3.34)
is equal to h (21, z0; u, wo, w1, ws) when |21 > |22| > 0 and |arg(z1 — 20) — arg z1| < 5.
Generalizing the convergence and analytic extension of (3.34) above, we can prove that

(bg0 (Vi2)) (w1, 21) - b, (V2)") (i1, 20—1) A (V) (w1, 20w, w2) (3.37)
is absolutely convergent on the region |z1| > -+ > |2x| > 0 and its sum can be maximally

extended to a multivalued analytic function on the region M* for k € Z, + 3, u1,...,up_1 €V,
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wy € Wi, wy € Wy and wh € Wy, In fact, the same calculations as in (3.34) shows that (3.37)
is equal to

<wé, y—l (eszwl (l)eﬂ'iLWI (O)G—Q(IOg Zk)LWI (O)wl, Z];l)

X (YV%)_I(ezkflLV(l)(_ZI;—Zl)LV(O)gfluk—lv ZI;—11)

x (V) T (e TV (<2 2) Y Oty oY) (3.38)
when argzi,...,argz; # 0. From the duality properties in Definitions 2.1 and 2.8, we know

that
(wh, (V) " (e v (=5 2) Y Oty 51) -
% (Y{}L{/Qz)_l (eZ1LV(1) (_21—2)Lv(0)gl—1uh 21—1)
% y—l (eszWl (l)ewiLwl (0)6—2(10g 21) Ly, (0)w1, ijl)w2> (339)

is absolutely convergent on the region ‘zk__lll > e > ‘21_1| > ‘zk_1| > 0. Then for M;; € Z4
(1<j<i<k—1)such that

My (e BV (=7 2) VO gty e BV (—72) VO gty € v [a]),

we have

H (2;1 B Z;l)Mij <w§, (ng[v/z)—l(ezkﬂLv(l) (*Z/;_Ql)LV(O)gfluk—h Z};_ll) o

1<j<i<k—1
-1 —oLy(0) — _
% (YV%QQ) (ezlLV(l)(—zl 2) v( )91 1u1,z1 1)
Xy*l (eszwl(l)eﬂiLwl (0)672(10g Zk)LVVl (O)U}h Zl;l)w2> (340)
is absolutely convergent on the region ‘z;l} > ‘zk_l‘ >0fori=1,...,k -1, for i # j be-

cause z; I = z;l for i # j are poles of (3.39) and are canceled by H1§j<i§k_1(z;1 - z;l)Mi'
in (3.40). Moreover, the sum of (3.40) can be analytically extended to a maximal multivalued
analytic function on {(21, o) ECF | i # gy i=1,... k— 1}. Using the duality property

in Definition 2.8 repeatedly, we see that

H (Zil o Z*l)sz <w/3’ y—l(eszwl (1)e7TiLW1 (O)G—Q(IOng)Lwl (O)wl, ijl)

1<i<j<k—1 ' ’
(Vi) (et (5 2) Y Vg w2 )

(Vi) T (e O (=) Vg 2w

is absolutely convergent on the region |zl_1‘ < ‘zk_l‘ fori=1,...,k—1, zi_l %+ zj_l for ¢ # j, and
its sum can be analytically extended to a maximal multivalued analytic function on {(21, 78
€ C* |z # 2k, i=1,...,k—1}. Thus (3.38) is absolutely convergent on the region |21 > --- >
|zi| > 0 and consequently (3.37) is absolutely convergent on the region |z1| > --- > |z > 0,
arg zi,...,arg z; # 0. But the absolute convergence of (3.37) on the region |z1| > -+ > |zx| > 0,
argzy,...,argzr 7 0 implies the absolute convergence of (3.37) on the region |z| > -+ >
|zx| > 0. Moreover, its sum has a maximal analytic extension on the region M* and from the
discussion above, we have

J I M
h(zl, s 7Zk) = Z Z Z 2{1 T Zik—illzl? (10g Zk)mfjhn-,jk—l;i,m (Z1_17 R Zk_l)’

J1yeedk—1=J" i=1 m=0
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where h(z1,...,2;) is the maximal analytic extension of the sum of (3.37) on the region M¥,
J.,Jel,r,...,r1 € C, M €N such that

J
ezlLV(l)(—zfQ) v(0 )gfl _ Z At I=1,...,k—1,
a=J'
ezt Lw; (1) gmilw, (0) ,—2(log z) Lw, (0), Z Z 2 (log z1) wl

i=1 m=0

for ul' € V and w{™ € Wi, and fj, jx im(21,...,2x) for J,J € Z, r1,...,r1 € C, M € N
are the maximal analytic extensions of the sums of <w3, Y (ul , 21) Yg2 (ui,’“ 2k 1)y(w§m,
zk)w2> We will show at the end of this proof that a component isolated smgularlty of the form
(21,...,28-1) — B =0 for B € CF~1 and § € {0, 00}* of any value at ¢ = 2, of [licicejcr(zi—
zj)Mijh(zl, vy 2k-1,() is regular. -

Next we consider the product of A, ()) and the twisted vertex operator (YV?,QS)/. Let u, wi,
wy and wh be the same as above. When ’zfl‘ > ’z;l} > 0 (or equivalently |z2| > |z1| > 0),

(i Y (200 (272) 0 O 27
xy( zoLwy (1) gmiLy, (0 )e*2(10g22)LW1(0)w1722—1)w2> (3.41)

1

converges absolutely and if in addition, }a,rg (zl_ — 2y 1) —argz; 1! < 3, its sum is equal to

—2\Ly (0 i _
fe (Zl 2ol ezlLV( ) (_Zl 2) v ( )’LL, ez2LW1 (l)emLW1 (0)e 2(log z2) Ly, (0)w1’ wo, wé) ]

We know that when arg 21, arg zo # 0,

(AL (V) (w1, 22) (ViE2) (u, 21)wh, w2)
_ <wé, (ng{/é)_l (ezlLV(l) (—Z;Q)LV(O)’LL 2 1)
YL (ezszl(l)eme1 (0) g =2(log z2) Ly (0, 23 ) ws) (3.42)
can be obtained using the multivalued analytic functlon (3.31) on the region |z1 1‘ > ‘zz 1| >0
starting from the value glven by (3.41) by letting 22 go around 0 clockwise once (corresponding

to byy ), then letting z; ' go around 0 clockwise once (corresponding to b12 bis). Then (3.42)
also converges absolutely and if in addition, ( - 2y 1) —arg z; 1‘ < 3, its sum is equal to

boab b f—1 _—1. z1Ly(1 N Lv(0)  zoLw. (1) .miLw, (0),.—2(log z2) Ly (0 /
fba3 b2 b (Zl L2y et v ( )(_Zl ) u, e wy (1) gmiLw; (0) o —2(log z2) L, ( )wl’W27w3)
bbbl —1 _—1. z1Ly(1 -2\ Lv (0)
= fY13 P23 012 (Zl 25 ;e v()(_z1 ) u,

e22Lw, (1) gmilw, (0) o —2(log 22) L, (0)101, wo, wé) ) (3.43)

We now show that the sum of (3.42) is equal to (3.43). We choose 21,22 € —R4 such that

|zo| = —2z2 > —2z1 = |z1] > 0. Then ‘zl_l} = 27! > -zt ‘221‘ > 0. In this case,

arg(z; — z2) = 0, arg(zf1 — z;l) =7, and argz; = argzy = argz; 1= = arg 2, -1 = 7. Hence

3 < 0—7 = arg(s1 — 22) —argz < —% and \arg(zl_l —22_1) —argz; ' =0 < g From
the discussion above, for such z; and z3, the sum of (3 42) is equal to (3.43). Using analytic
extension, we see that when |23 > [21] > 0 and —=5F < arg(z; — 22) — argze < —7, the sum

of (3.42) is equal to (3.43).

On the region |zp| > [z1] > 0, (3.43) is in fact equal to h% (21, 22;u, w2, wi,ws). This
can be proved as follows: On the intersection of the region |za| > |z1] > 0 and Mg, the
branch h€ (21, 22; u, wa, w1, wh) is obtained by analytically extending (3.32) defined on the in-
tersection of the region |z1]| > |22 > 0, |arg(z1 — 22) — argz1| < 3, argz;,argzs # 0 and M¢.
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We need to find what is this analytic extension. Let &, € —Ry satisfying & < ¢ < 0. Then
we have |{| > [(] > 0, arg({ — () = argé = arg( = 7 so that |arg({ — () —arg{| =0 < §. By
definition,

—1;—1 — _
R (€, Gy wa, wr, wh) = fU1sbas (¢71 ¢l et v (—e2)TF
e¢Lwy (D gmilw, (0)g =205 ) Lwy Oy 4y 1), (3.44)

Let v = (71,72) be the path from (£, ¢) to (¢, €) given by the upper half circle v centered at £
with radius _E;FC from £ to ¢ and the lower half circle v centered at % with radius _Ejg
from ¢ to €. Since by definition, (£,(), ((,€) are in MZ and the path + does not cross the
boundary of MZ, « is a continuous path in MZ. So by definition, the value at (z1,22) =
(¢, €) of the multivalued analytic function hy (21, z2; u, we, w1, wh) obtained by starting with the
value R (&, (;u, we, wi, ws) and analytically extending along « is h% (¢, §; u, wo, w1, ws). On the
other hand, we need to find out what the right-hand side of (3.44) is analytically extended
to along the same path . We have the path v = (71_1,72_1) from (S_I,C_l) to (C‘l,f_l),
where 7{1 and 751 are the paths on the complex plane from ¢! to ¢~! and from ¢~! to ¢!
respectively, given by v (t) = v1(t)~" and 75 ' (t) = 71 (t)~!. But 4/ is not a continuous path
in Mg because when ¢ goes from 0 to 1, (yfl(t), fy;l(t)) goes from (5_1, C‘l) to (C‘l, 5_1) along
the path 4/ but v; () — 75 (t) when t goes from 0 to 1 crosses the positive real line clockwise.
Crossing the positive real line clockwise corresponds to changing the branch by an action of bﬁl.
So we see that the value at (21_1, 22_1) = (Cil, ffl) of the multivalued analytic function

f(zfl, o1 gz1lv(1) (—zf2)LV(0)u, oz2Lwy (1) gmiLw, (0) o —2(log z2) Ly, (O)wl, ws, wg) (3.45)

2
of 2 L and 25 L obtained by starting with the value

fb1_31b2_31 (6717 C*l; eé lLV ( 6-2) CLW1 (1) 71'1LW1( )672(10g C)Lwl (O)U)l; wa, wé)

and going along the path 7/ is

frisbasbiz (¢1 et e v D) () TRV Oy ofhwy (Demilw, (0)g=2008 ) Lwy 00y, g 4yt

Since we have (3.44) and the path ~ is mapped to +" under the map (21, 22) (zfl, z;l), the
value hS ((, & u, wa, wy, ws) of the multivalued analytic function hy (21, 22; u, we, wy, wy) of 2
and zo at the end point (21, z9) = ((, &) of v and the value of the multivalued analytic func-
tion (3.45) of z;' and z; ' at the end point (21 ) 2y ) = (¢"1 &) of 4/ must be the same,
that is,

hi(C7 §a w, Wa, W1, 'U)é) — fb;glbgslbfgl (C_flj 571; ec—lLV(l) (_gZ)—LV(O)u’
ey (1) grion, 0)g=2008 ) Lowy 0y ).

Since a single-valued branch on a subregion of Mg of a multivalued analytic function on M?
is determined uniquely by the value at one point in this subregion of M2, we see that on the
intersection of the region |23| > |21| > 0 and Mg,
—1;—-1;—1 —1 —
he (21, 22 u, wo, wy, wh) = fo13 02 bi (o1 ottt Iy (22) Lv(®
e2Lw, (1) E7iLw, (0) ,—2(log 22) L, (O)wl, wo, wé) ] (3.46)

U,

™

Since on the region |z9| > |z1] > 0 and ‘arg(zl_l —zy ') — arg 21_1‘ < %, the sum of (3.42)
is equal to (3.43) (that is, the right-hand side of (3.46)), the sum of (3.42) is indeed equal
to hS (z1, 22; u, wo, w1, ws) on the same region.



Twisted Intertwining Operators and Tensor Products 27

We can prove the absolute convergence of
(%) (o 2) A ) (wn, zwh, wa), (A (wn, 22)6,1 ((V)') (u 22w, )

in the corresponding regions to he (21, z2; u, we, w1, w4) similarly by generalizing the proofs in [17]
using the same method above for A_()). Here we omit the details.

Now we study the iterate of A1 ()) and the twisted vertex operator Yv%ll. When arg zo # 0,
from (3.26), we have

(AL() (Vi1 (u, 21 — z9) w1, z2) wy, wa)

— <w§, y—l (ezszl(l)e:i:7riLw1 (0)6—2(10g 22) Ly, (O)Yv%ll (u’ 21 — 22)101’ 251)w2>‘ (3‘47)

As in [17], we have in the region |z3| > |21 — 22| > 0

eszwl(l)e:I:ﬂiLwl (O)G—Q(bg 22) Ly, (O)vai} (u’ 2 — 22)101
1
— vy [oanlv()(_,—2yLv(0), ~ TTO
- YW1 <e ( 21 ) u, ($2 +$0)$2 }acg:e"103(Z1*22>,logacozlog(zl—zg),acg:e"1°gz2

log zo=log zo,x™=eT"™ log x=—+7i

x e22Lw, (1) gEmilw, (0)g—2(log 22)Lw, (0)y)

As in the proof of the first part of Theorem 3.1, we see that

-1 g ( zLy)(_ —2\Lv(0) Lo
N YW1 (e ( 21 ) u, (.’132 +.%'0>H?2 ‘xg:enlog(zl_22),log:pozlog(zl—ZQ),rgzenlog22
log zo=log 2o,z =eT"™ log x==4Ti

wez2Lw, (1) gmiLw, (0) o —2(log z2) L, (0)1017 22_1>

is an iterated series obtained by expanding one variable inside the series obtained from the it-
erate of Y~ and Yg}l. Using the same method as in the proof of the first part of Theorem 3.1
(including the use of Lemma A.1), we can prove that the corresponding multiple series is ab-
solutely convergent. Here we omit the detailed proof. In particular, we can calculate the sum
of the series using any of the iterated sums associated with the multisum. Then the same cal-
culations as those in the proof of [17, Theorem 6.1] shows that when |z1],|22] > |21 — 22| > 0
and |arg z; — arg 22| < 7, the right-hand side of (3.47) is equal to
<w§, y-1 ((Yﬁ}l)m+1% (ezlLV(l) (_Zl—z)LV(O)u7 Zl_l _ 22—1)

we?2lwy (1) g mil, (0)g=2(log 22) Lw; (0), z;l)w2>, (3.48)
where m € Z is given by
log(z1 — z2) —log z1 — log zo + 7i = lyp41 (zl_l — 22_1).
We know that

<wé’ y(YI;(I]}l (ezlLv(l) (_Zl—Q)LV (O)U, zl_l . 22_1)622LW1 (1)e:t7riLW1 (0)

Xe—2(10g22)LW1 (O)wl7 251)w2> (349)

is absolutely convergent on the region |22_ 1‘ > ’21_ . 1‘ > 0 and, if in addition ‘arg 2t -
arg 22_1} < 5, the sum is equal to

1 _o\Ly (0 ; _
fe(zl 1’,22 1;621LV(1)(_21 2) v ( )u7 e?2Lwy (1) gEmiLwy (0) 2(logz2)LW1(O)w17w27wé)'
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Since (3.48) can be obtained from (3.49) using the multivalued analytic function (3 31) on the
region }zQ 1‘ > |zl — 24 1‘ >0 startlng from the value given by (3 49) by letting ,22 go around 0
clockwise once while 2] - 22 is fixed (corresponding to b13 623 since to keep 21 - 2y ! fixed,
2y ! must also go around 0 clockwise once), gind then letting z; 1 go around 2y I counterclock-

wise m + % times (correspondlng to b12+ ), we see that (3.48) is absolutely convergent on
the region }22 ’ > |zl — 2y 1’ > 0 and if |arng1 — arg251’ < 3, the sum is equal to

1+1

—1,—1;,Mm+5 _ _ _ o\ L (0
fb13 bag byo (Zl L 2 L. ezlLv(1)<_Zl 2) v(0),,

eZQLwl (1)e:t7TiLW1 (0)6—2(10g ZQ)LWl (0)

9

/
wl,wg,w3).

In the case of A, we consider the subset Sy of (21, 22) € C? such that z1, 25 € —R4, 21 < 29,

and —zl_l > 21_1 — 22_1 > 0. This set is certainly nonempty since for z; = —%, 29 = —%, we have
z1 < 29 and —zfl =2>1= zfl — z;l > 0. Then for (21, 22) € Sy, we have

|z1| > |22| > 0, argz) = argzp = argz; - = argz, | = arg(z; — 29) =,

arg(2; ' —2;,') =0, larg(z1 — 22) —argz1| =0 < g,

‘251’ :—251>—zf1>zf1—z;1: ’2;1_22—1‘ > 0, |arng1—argz51’ :0<g,

and

log(z1 — 2z2) —log z1 — log zo + i
= log |21 — 22| + arg(z1 — 22)i — log |z1| — arg z11 — log | 22| — arg zoi + =i
21 — 29
2129

= log(z;1 — z;l).

= log zlog’zfl—zgl‘+arg(zl_l—22_l)

In particular, for (21, z2) € Sy, we have m+1 = 0. Then on S, (3.48) is absolutely convergent to

( Z1LV(1)( 2 Z)LV(O)% ezszl (1)eﬂ'iLW1 (0)672(log 22)Lw, (O)w17 wo, wé)

= h¢ (217227u Wi, Wy, W).

By analytic extension, we see that the sum of (3.48) is equal to h% (21, z2; u, w1, w5, w2) on the
subregion of Mg given by ‘z;1| > ‘21—1_22— 1 —arg 251’ < 5. By analytic extension
again, we see that the sum of (3.47) is equal to h& (z1, z2; u, w1, wh, wa) on the subregion of Mg
given by |z2]| > |21 — 22| > 0, |arg 21 — arg z3| < 3.

In the case of A_, we consider the subset S_ of (21, 22) € C? such that 21, ZQ € —Ry, 21 < 29,
and —zl_l > zl_l — 22_1 > 0. This set is nonempty since for z; = %, Z9 = 3, we have z1 < 29
and —2; ' =2>1=-2+3=2"—2,' > 0. Then for for (zl,zg) € S_, we have |z1| > |z2] > 0,
larg(z1 — z2) —argz| = 0 < §, arg(z1 — 22) = m >, ‘ = 2" > —t >t -t =
|zf1—25 71—argz§1}20<%, and

— 22

_ -1
jowes i= log( 2y )

log(z1 — 2z2) —log z1 — log 2o + 7i = log 2l

In particular, for (z1,29) € S_, we also have m +1 = 0. Then on S_, (3.48) is absolutely
convergent to

—1,-1;—1 i
fb13 baa bl (2;1’ 251; o#1Lv (1) (—zfQ)LV(O)u, e2Lw, (1) g—miLw, (0) ,—2(log 22) Lw, (0)w17 wa, wé)

e . /
= h—(zlv 22; U, W1, Ws, ’UJQ).
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By analytic extension, we see that the sum of (3.48) is equal to h® (21, 22; u, w1, wh, w2) on the
subregion of Mg given by ‘22_1| > ‘zfl—zgl‘ > 0, ’arg 2t — arg 22_1‘ < 5. By analytic extension
again, we see that the sum of (3.47) is equal to h® (21, z2; u, w1, w}, we) on the subregion of M2
given by [zo| > |21 — 22| > 0, |arg 21 — arg z3| < 7.

Finally we prove that for any fixed z; € C*, a component-isolated singularity of the form
(#1,...,2p_1) — B =0 for € C*L and § € {0,00}* of any value at ¢ = 2 of [li<icejcr—1(zi—
zj)MiJ’ h(z1,...,21,() is regular. Generalizing the proof above, we can show that

(b (V) ) (wr, 21) - gy (V2)") (w2, 2—2) AL (V) (Vi (u, 21 — 2)w1, 2k )wh, wa)

is absolutely convergent on the region |z1| > -+ > |2k_2| > |zx| > |2k—1 — 2k| > 0 and the maxi-
mal analytic extension of its sum on MP¥ is h(z1,...,2;). But we have proved above that (3.37)
is absolutely convergent on the region |z > --- > |z;| > 0 and the maximum analytic extension
of its sum is also h(z1,...,2x). Thus [T« ;e (2 — zj)Miih(21,...,¢) can be expanded as

T Gi— 2560 (VE)) (1, 21) -+ by (Vi)") (w1, 201

1<i<j<k—1
XAi(y) (YI/‘%}I (U, Zk—1 — Zk)wl, zk)wéa ’LU2>, (350)

a series in powers of z1,...,2r_92,2x—1 — 2x and finitely many integral powers of logz,...,
log z—2,10g(zk—1 — 2). From the expansion (3.50), we see that the component-isolated singu-
larity (z1,...,2k—2, 2k—1 — 2) = (00, ..., 00,0) of the value [[;; <, (2 — zi)Miih(z1,. .., 2k)
at ( = zp is regular. Using the commutativity for Ay()) (which is already proved), we
see that the component-isolated singularity (zi,...,2zx—2,2k—1 — 2x) = (0,...,0) of the value
[li<icjcr1(zi — zjYMiih(z1,...,2,) at ( = z is also regular. The regularity of the other
component-isolated singularity of the form above can be proved either similarly or easily by
using the relation between h(z1,...,2;) and fj, i, 1im(21,-- ., 2k)- [ |

4 Tensor product bifunctors and some natural isomorphisms

In this section, we introduce the notion of twisted P(z)-intertwining map and give a definition
and a construction of P(z)-tensor product of a g;-twisted module and a go-twisted V-module
for g1, g2 in a group G of automorphisms of V' in a category of twisted V-modules under suit-
able assumptions. Using the skew-symmetry isomorphism 2, given in the preceding section, we
construct G-crossed commutativity isomorphisms. We also construct parallel transport isomor-
phisms. Using G-crossed commutativity isomorphisms and parallel transport isomorphisms, we
construct G-crossed braiding isomorphisms. The material in this section is essentially the same
as the corresponding material in [13, 24, 27] except that V-modules and intertwining maps are
replaced by twisted V-modules and twisted intertwining maps.

Let G be a group of automorphisms of V. Let C; be a category of g-twisted V-modules
without g-actions for g € G. For g € G, let W be a g-twisted V-module with a g-action and also
with an extension of the g-action on W to an action of G. Here by an action of G or a G-action
on W, we mean that W is a left G-module. We shall call W simply a g-twisted V-module
with a G-action. But note that the g-action on W has additional properties but the actions of
other elements of G are not required to have any properties. Let Co be a category of g-twisted
V-modules with actions of GG. In this paper, we do not require that morphisms in Co commute
with actions of G. But to prove substantial results on Co, we do need to consider categories
whose morphisms commute with the actions of G. See, for example, [22] for such results. The
category C; can be the category of grading-restricted g-twisted V-modules without g-actions
for g € G and the category Cy can be the category of grading-restricted g-twisted V-modules
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with actions of G. We shall use C to denote either C; or Cs. Since many of the constructions
in the present paper work for any category satisfying suitable conditions, we shall work with
a general category C. But the constructions for C; and Ca, especially the construction of the
G-crossed commutativity isomorphisms and thus the construction of the G-crossed braiding
isomorphisms, are slightly different.

Definition 4.1. Let g1,90 € G, W1, Wa, W3 g1-, go-, g192-twisted V-modules, respectively,
in the category C and z € C*. A twisted P(z)-intertwining map of type (WVIVSVQ) is a linear
map I: W1 @ Wo — W3 given by I(w1 @ wa) = Y(wi, z)ws for wi € Wi and wy € Wa, where Y

s a twisted intertwining operator of type (WZVSVZ)

Using the notion of twisted P(z)-intertwining map, we now define the notion of tensor product
of two twisted modules in C.

Definition 4.2. Let W; and W5 be g;- and go-twisted V-modules, respectively, in C. A P(z)-
product of W1 and Wy in C is a pair (W3, 1) consisting of a g1go-twisted V-module W3 in C
and a twisted P(z)-intertwining map I of type ( ) A P(z)-tensor product of W1 and Wy
in C is a P(z)-product (W1 Xp(,) W, Kp(.)) satlsfymg the following universal property: For any
P(z)-product (W3, ) of Wi and Wa, there exists a unique module map f: Wi Kp(,) Wo — W3
such that we have the commutative diagram

W1®W2;>W3

Xp(. ~
| AT

W1 Rp(z) Wa,

where f is the natural extension of f to Wi X P(z) Wa.

We now give a construction of (W; X p(z) W2, p(z)) under a suitable assumption using the
same method as in [24, 27].

Given a P(z)-product (Ws3,I) of Wi and Wy in C, for wj € Wj, we have an element
/\IﬂUé € (Wl & Wg)* defined by )\Lwé(wl X wg) = <wg,I(w1 & w2)> for wy € Wy and wy € Wh.
Let Witlp(,)W2 be the subspace of (W1 ® Wa)* spanned by Ay, for all P(z)-products (W3, I)
and wy € W3. Note that Witlp(,)W2 in fact depends on the category C. We define a vertex
operator map

-1
ng/glli)(z)w2 VR (WlP(z)WQ) (W]_.P WQ){.’L‘}[IOg x]

(9192)~*

WiEp(o) We (0, Z) ALy, = A

I,Yv([f,ng)_l(v,x)wé
for v € V and A wl S Wllglp(z)Wg

This vertex operator map is indeed well defined. In fact, assuming that Aj w, = Af 1, for
another P(z)-product (Wg, I) of Wy and Wy in C and w4 € W4. Then for v € V wy € Wy

and wo € W,
<wé,I(Y‘f{}1 (v, 3)wy @ ws)) = AL (Y‘f{}l (v, Z)wr @ W) = A @, (v w, (v, 2)w @ wy)
= (w3, f(Yg}l (v, 2)w; @ wy)).

Let Y and Y be the twisted intertwining operators corresponding to I and I. We also need the op-
posite twisted vertex operator map (Y;J,)” of a g-twisted V-module W defined by (Y;3,)’(v,z) =
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YVE{,(ezL(l)(—a:_Q)_L(O)v,x_l) for v € V. Then on the region |z1| > |z| > |z1 — 2] > 0,
larg(z1 — z) —arg 21| < §, |arg z1 — arg 22| < 7§, we have

((G9) (0, 20) 0, T(wn @ ws))

= (W}, it ®) (0, 2)V (w1, 2)wa) = (wh, Y(Yiv, (v, 21 = 2)wn, 2)wy))
<w (Yg1 v, 21 — 2)wy ® w2)> = <w3, (Yg1 (v,21 — 2)w ® w2)>
= (0}, Y (YWl(v 21 — 2)wy, 2)ws)) = <w3, V(‘flm)(v,z)y(wl,z w2>
= (¥

glgz) 1)0 (v, 21)Wh, I (w1 ® wa)).

Since the both sides are analytic on the region |z1| > |z| > 0, this equality holds on this larger
region. So we can replace the complex variable z; by a formal variable x to obtain

-1 —1
<(Yv([%192) )’ (v, 2)wh, I(w @ wa)) = <(YV%192) ) (v, 2)wh, I (wr @ wo)).
Then from the definition of opposite twisted vertex operator map, we obtain

<Y 9192)~ (U, x)wé’ I(w; ® w2)> — <Y%9/192)—1 (v, .r)ﬁ}é, I(w; ® w2)>.
3

Thus we have

A =A

-1 ~ -1
I,Yv(vgngZ) (v,)w) I,YVLV?QZ) (v,)iy’

proving that YV(Vgll.gZ)( )Wz( v, z) is indeed well defined.
Proposition 4.3. The pair (Witp(,)Wa, Yéﬂll.g;)( )1W2) is a generalized (g1go) ™ -twisted V -module
without a (g1g2)~*-action.

Proof. Note that every element of Witp, W2 is a linear combination of elements of the
form A I, for a g1 go-twisted V-module W3 in C, a P(z)-intertwining map I of type of (W1W2)
and an element w4 € Wj. For fixed W3 and I, the space spanned by all A I for wf € W3 is the
image of W3 under the linear map from W to Witlp(,) W2 given by wj + A7, This linear map
preserves the gradings. So the space of spanned by all A; wl, , for wh € Wiisa generahzed (91 go) t-
twisted V-module without a g-action. Thus Wi5p(,)W2 as a sum of generalized (g192)  t-twisted
V-modules without a (g1g2)!-action is also a generalized (g1go2)~'-twisted V-module without

a (g192) " '-action. [
Assumption 4.4. We assume that the following conditions for C hold:

(1) For objects W1 and Ws in C, the contragredient of Wimp,)Ws is also in C. (In the
case C = Co, this means in particular that for objects Wi and W in Cs, there exists
an action of G on Witp)Wa and a decomposition of Witp,)Ws as the direct sum of
generalized eigenspaces of the (g1g2)-action such that the contragredient of Witlp,)Wa
with this action and this decomposition is an object in Cs.)

(2) The double contragredient of an object in C is equivalent to the object itself.

See Theorem 4.8 for some conditions implying condition (1) in Assumption 4.4. Condition (2)
in Assumption 4.4 can be replaced by the condition that all the twisted V-modules in C is
grading-restricted. In fact, the proof in [5] in the untwisted case of the result that the double
contragredient of a grading-restricted V-module is equivalent to the V-module itself still works
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for grading-restricted twisted V-modules. In the untwisted case, it has been shown by the second
author in [21] that Assumption 4.4 is enough to construct P(z)-tensor product bifunctors. In
the case that G is abelain, the second author has shown in [22] that when V' is C-cofinite and
the category is the category of Cy-cofinite twisted modules, condition (1) in Assumption 4.4 is
satisfied and condition (2) is a consequence.

From Assumption 4.4 (1), we see that (Witp(,)Wa)" is in C. We take Wy Kp( Z)W 5 to be
(Witp.yWa)". We still need to give a twisted P(z)-intertwining map Xp.) of type ( 1§pW)2W2)
or equivalently, an intertwining operator of the same type.

Let W be a (g192) -twisted V-module in C and f: W — Witlp(,) W2 a V-module map.
For wy € Wy, wy € Wo and w € W, we define an element V¢ (w1, 2)wp € W* = W' by

(w, Yp(wr, 2)wz) = (f(w)) (w1 @ wa). (4.1)
Then we define
yf(w17 x)w2 — xLW’(O)e_(IOg Z)LWS (O)yf (aj_Lwl (O)Q(lOg Z)Lwl (0)w17 Z)

X waWQ (O)e(lOgZ)LWZ (O)w2 (42)

for wy € Wi, wy € Wa. We now have a linear map V¢: W1 @ Wo — W/{z}log z|.

Proposition 4.5. The linear map Yy: W1@Wy — W'{z}[log z] given by (4.1) and (4.2) above is
a twisted intertwining operator of type (WKVWZ). In particular, in the case that W = Witlp(,)Ws
and f = 1W1§|p< Wy W — Wisp é yWo is the identity map, we obtain a twisted intertwining

W-
operator ylwlnp( s of type ( WJ;I(/V; 2)

Proof. We first verify the L(—1)-derivative property,

< (2 P OB O,y Ly 0) oll08 ) vy 0)

— hwr O=1 =108 L O) L (0)Y (5 (06008 2)Ewy Oy 2 =L, (0
w 01082)Lwy (0) ) L (0) o= (108 2) Ly (0)

X _xLW/(U)e—(logZ)wa(O)yf (x—Lwl () g(log2) Ly (0)yy,, 2)
X LW2 (0) 7LW2 (O)fle(lOg Z)LWQ (O)w2
— g~ LpLlw(0)g—(log 2) Ly (0) (Lw(0)Yy (x_LWI (0)glog 2)Lw, (0)y;, 2)
— V¢ (Lw, (0)z~Lwa (0 gllog2) L (0),, 2)
— Yy (x—Lw1 (0) (log 2) Ly (0) 2)Lw, (0))$—Lw2 (0)g(log 2)Lw, (0)yy,, — (4.3)

Since f is a V-module map, f(W) is a submodule of WiTpyWa. By the definition of
Witlp(z)Wa, it is spanned by elements of the form Ay, for a g1 go-twisted V-module W3, a P (2)-
intertwining map I of type (WVK}&) and wy € W3, In particular, for w € W, f(w) =>"1" 4 At s
where for ¢ = 3,...,n, w} is an element of the contragredient module W/ of a g;gs-twisted
V-module W;, I a twisted P(z)-intertwining map of type (WIIV‘}VQ)

Let )’ be the twisted intertwining operator of type (W%VQ) such that I' = (-, z)-. Then we
have

n
(w, Yy (wr, z)ws) = (f(w)) (w1 @ wa) Z At (w1 @ w2) = (wf, I'(wy @ wy))

=3
n

= (wg,yi(wl,z)w2)>

=3
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for w1 € Wy and wy € Ws. Also,
(f(Lw (0)w)) (w1 ® wa) = ((Lwymp,ws (0) f(w)) (w1 @ wa)

=3 Ly, wa (O)A ) (w1 @ )
=3

= Z:ResgC 9192 1(w T)Afi gy v)(wl ® wa)

for wy € Wy and wy € Ws. So we have

n
w) = Z )\Ii,LW,(o)w
i=3 !
Thus for w1 € Wl, Wy € WQ,

(w, (Lw (0) Yy (w1, 2) — V¢ (Lw, (0)wr, 2) — Vy(w1, 2) L, (0)) w2)
= (Lw (0)w, Yy(w1, 2)wa) — (w, V¢ (Lw, (0)w1, 2)wa) — (w, Yy(w1, 2) L, (0)w2)
= (f(Lw(O) ) (w1 ® wa) — (f(w))(Lw, (0)wr @ wz) — (f(w)) (w1 @ Ly, (0)ws)

= Z ALi Ly (0yw! (W1 ® w2) Z AL, (Lw, (0)wy @ wa)

- Z ALw, (w1 ® Ly, (0)wa)

=3
_Z<LW, “(wr, 2)wz) = Y (wi, V' (L, 0wy, 2)wa)
=3
3 (i, )y (O)2)
=3

= Z <wz, L, (0)V (w1, 2) — V' (Lyw, (0)wy, 2) — V' (wy, z)LWz(O))w2>

= Z z<w;, yi(Lwl( wl, WQ> = ZZ )\p LW1 )w1 &® ’11}2)

= z(f(w))(Lw, (=D)w1 @ w2) = (wvyf(Lwl(— Jwi, 2)wa),

where we have used the L(0)-commutator formula for the twisted intertwining operators )* (see
Remark 2.11). Since w € W and wq € W5 are arbitrary, we obtain

W(O)yf(wlv 2) - yf(LWl (O)wla Z) - yf(wla z)LW2 (0) = zyf(LW1(_1)w17 Z) (4'4)

for wy € Wh.
Using (4.4), we see that the right-hand side of (4.3) is equal to

2~ L Lw (0)o—(log Z)LW(O)ny (Lw, (—1)z~ b1 (0 g(log 2) Ly (O)y, 2) g~ Lw; (0)glog 2) L, (0),)
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— pLw(0),—(log2)Lw (0 yf( Lwl(O)e(logZ)Lwl(O)LWI(_l)whZ)x*LWQ(O)e(IOgZ)LWQ(U)w
= Vi (Lw, (—=1)w1, z)wo,

2

proving the L(—1)-derivative property.
For v € V, w; € Wi and wy € W, we have

(f(YV(V£31g2)*1(U, z)w))(w @ we) = (Yv(lzléii W (v, 2) f(w)) (w1 @ wy)

I
M:

(YI/(‘/%E‘Q?D)(;WQ(U .1,‘))\]1 )(’UJI (024 ’11)2)
3

-.
Il

A

Il
AM:

@
Il
w

) -1 w1 X W ).
IZ,YV(V?_IQQ) (v,x)wé( 1 2)
1

Then we obtain

n

(9192)7" —
f(YI/Iglgz (U,I‘)U}) - z; A[t',YV(‘fvl”)_l(v,x)w;.

i=
For u e V, wy € Wy, wyg € Wy and w € W, we have

<w Y9192 u Z1)yf(w1732)w2>
= <w7 ng[/lng (u, Zl)e(log 22) Ly 1(0) o —(log 2) Ly (0)
x Yy (e~ (o8 z)lws (O)plos ) Lwy O)gy, ) o=(08 22) vy (00 (108 2) Ly (0)yy)

—1

:< (log z2) Ly (0) —(logz)LW(O)Y(gng) (ezlLv(l)(izl—Z)Lv(O)

U zfl)w,
yf(e (log 22) Ly, (0) (10gZ)LW1(0)w Z) —(log z2) L, (0) o (log 2) Ly, 0)w2>
— (f(elog22)lw (0) (1ogz)LW(0)YV([§192) 1(ez1LV(1)(_zl—2)LV(0)u, Zl—l)w))

(
x (008 72)w, 0) 108 ) Ly 0) ) =108 72) Ly 0) 108 2) vy (0) )

A

I
WE

. (logz3) Ly, (0) —(log 2) L,/ (0) -1 Ly (0)
Tie S bw Y TR R W Yv(g,/m) (eZlLv(l)(_Zl_z) v “77«’1_1)11;’,

x .
—~ W

o~ (log 22) L, (0) ,(log 2) Lw, (O)wl ® e~ (log 22) L, (0) ,(log 2) L, (O)WZ)

n

<e 10g22)LW'(0 —(log Z)Lwl((O)YV(‘gllgﬂfl (ezlLV(l) (—21_2)LV(0)U 2] l)wiv
=3 !

Y (e~ 1082) L, (00108 )L, 00 ) o= (108 22)Lawy (0) o108 2) Livy (0,

.

— (wl, yvg/lim (u, 21 )e(log 22) Lw; (0) ,—(log 2) L, (0)
i=3
« yz (e—(log z2) Ly, (0) (log z) L, (O)w Z) —(log z2) Lw, (0)e(log z)Lw, (0)w2>

= > (W}, i (u, 20) Y (wi, 22)wa). (4.5)
i=3

Similarly, we have

(w, Yy(wr, 29)Yii? (u, z1)wy) = Z (w, V' (wr, 22)Yifs (u, z1)ws) (4.6)
=3
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and
n .
(w, Vs (Yifh (u, 21 = zo)w1, 22)wa) = Y (wi, V' (Vi) (u, 21 — 22)wy, 22) wa). (4.7)
i=3
Since ) for i = 1,...,n are twisted intertwining operators, the duality property for ) follows

from (4.5), (4.6), (4.7) and the duality properties for J’.
The convergence for products of more than two operators follows from the formula

(w, Vi (ur, 21) - - Y% (ug—1, 2-1) Yy (wr, 2 )wa)

n
= (wh, Vi (ug, 21) - - Vi (g1, 26-1) V' (w1, 2)w2),
=3

whose proof is the same as that of (4.5). [
. ) . Wi p () W

Let Kp(.) =1, Sp oy s (-,2)-. Then Rp(,) is a P(z)-intertwining map of type ( 1W}131(/V>2 ?).
Let wq &p(z) Wy = gp(z)(wl (= wg) = y(wl,z)wg eW; &p(z) Wy for wy € W1 and wo € Ws. We

call wy Mp(,) wa the tensor product of wy and wa. By (4.1), we have

Aw1 @ wa) = (A, w1 p(,) w2) (4.8)
for A € WlP(Z)WQ, w1 € Wi and we € Who.
Theorem 4.6. The pair (W1 Rp.y Wa,Wp(,) is a P(z)-tensor product of W1 and Wy in C.

Proof. Let (Ws3,I) be a P(z)-product of W; and W5 in C. Then we have a module map
g: W5 — Witlp(,)Wa given by g(wy) = Ap,y, for wy € Wi, By definition, we have (g(w3))(w1 ®
wy) = AL, (w1 @ ws) = (wh, [(w1 @ws)) for w; € Wi and wy € W, The adjoint of this module
map is a module map from Wi Xp(,) Ws to W4. By condition (2) in Assumption 4.4, we have
a canonical module map from W3 to W3. The composition of these two module maps gives
a module map f: W1 Xp(,) Wa — W3. By definitions and (4.8),

(wh, (f o Bp(s)) (w1 @ wa)) = (wh, f(w1 Bp(,) wa)) = (g(ws), w1 Kp() wa)
= (g(wé))(wl X 'UJQ) = <w§, I(w1 X w2)>.
So we obtain f o Np) = 1. |

We have assigned each object (W1, W2) in the category C x C an object W1 Kp(,) W2 in C.
To obtain a functor from C x C to C, we still need to assign a morphism (f1, f2) in C x C
a morphism f1 Mp(,) fo in C. Recall that in Section 2, we define module maps between a g-
twisted V-module and a go-twisted V-module to be 0 if g1 # g2. So we need only consider
module maps or morphisms in C from g-twisted V-modules to g-twisted V-modules for g € G.

Let W1, W1 be gi-twisted V-modules in C and Wy, Wy go-twisted V-modules in C. Let

f1: Wl — Wl and fg: W2 — WQ

S . . .. Wil p () W-
be module maps. Let ) be the twisted intertwining operator of type ( IWP % 2) such that
1Vv2

u~11 gp(z) ’LZ)Q = y(ﬁ)l, Z)'(Z)Q.

Since fi;_and fo are module maps, Y = Yo (f1 ® f2) is a twisted intertwining operator of type
(Wl‘%’: I(;)QWQ). Then I = Y(-, 2)- is a twisted P(z)-intertwining operator of the same type. Hence
we have a P(z)-product (W1 Xp.) Wa, I) of W1 and Wy. By the universal property of the tensor
product (W1 Xp(z) Wa, @p(z)), there exists a unique module map f: W1Kp,)Wa — Wl ﬁp(z)WQ
such that I = folXp(,). We define this module map f to be the P(z)-tensor product of f1 and fo
and denote it by fi &p(z) fo.
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Theorem 4.7. The assignments given by (W1, W) — W1 Rpy Wa and (f1, f2) = f1 Rpy fo
above is a functor from C x C to C.

Proof. It is easy to verify 1w1 gP(z) 1W2 1W1@p( yWa and (fl &P fg) (91 &P(z) 92) =
(f191) ®p(2) (f2g2) by using the construction of the tensor products of module maps. We omit
the details of the proofs. |

We call this functor the P(z)-tensor product bifunctor.

We now construct G-crossed commutativity isomorphisms. We assume that C; is closed
under ¢, for h € G and Cy is closed under ¢y for h € G, that is, for a g-twisted module W
in C; (or Ca), ¢on(W) (or pr(W)) for h € G is also in C; (or C3). Note that the category of
grading-restricted g-twisted V-modules without g-actions (or the category of grading-restricted
g-twisted V-modules with actions of G) is indeed closed under ¢, (or ¢y,) for h € G.

Let W7 and Ws be objects of C. Let )Y be the twisted intertwining operator of type
(%1 (WQ)‘;E;P - Z)Wl) when C = C; or the twisted intertwining operator of type (¥*! W2(‘;E;P )(WZ) Y
Wentg 2Cgsuchthat PRI

w9 &P(fz) w1 = y(wg, —Z)U)l

for w1 € Wi, we € ¢g,(W2) or wy € @4, (Wa), respectively. Then by Theorem 3.1, (V) or
Q‘il (V) is a twisted intertwining operator of type

<¢91 (WZ) &P(—z) Wl) _ <¢g1(W2) IZP(_Z) W1>
Wiy, (dg, (W2)) Wi, ’

when C = C; or

(9091 (WQ) ®P(—z) Wl> _ <8091 (WQ) ‘Xp(,z) W1>
Wi, (pg, (Wa)) WiWs

when C = Cz. In particular, the pair (¢g, (Wa) Kp_,) Wi, Q2 (Y)(-,2)) or (pg (W2) Kp_,)
Wi, Q% (V)(-,2)) is a P(z)-product of Wi and W in C; or Ca, respectively. By the universal
property of the tensor product Wy Mp(,) W2, there exists a unique g1 go-twisted V-module map

Rpz): Wi1lp) Wa = ¢4 (W) Kp_.y W1
or
Rp(z): Wi gp(z) Wy — Pg1 (Wg) &p(,z) Wi

_ -1 _ _
such that Q4 (V) (-, 2)- = Rp(z) o Mp) or QF V), 2) = Rp(z) © Mp(z), where Rp(,) is the nat-
ural extension of Rp(;). The g1go-twisted V-module map Rp.) has an inverse

R;zz) : (bgl (W2) IXP(—Z) W, — W, ‘XP(z) Wo
or
R;%z) P (W2) &P(—z) W]_ — W]_ IZP(Z) W2

constructed in the same way as above except that we use Q_ or Q' instead of Q4 or Q% 1,
respectively. Then we obtain a natural isomorphism Rp(;) called the G-crossed commutativity
1somorphism.

As in [13, 27], we also have parallel transport isomorphisms. Let 21,22 € C* and v a path
in C* from z; to z2. We denote the homotopy class of v by [y]. For the same W7 and Wa, let



Twisted Intertwining Operators and Tensor Products 37

be the twisted intertwining operator of type (Wlﬁf(;ﬁ)wz) such that wy Mp(,) wa = Y (w1, 22)ws

for w; € Wy, wy € Wy, Let [,(21) = log|z1] + 1argz; + i27p be the value of logarithm of z
obtained by analytically extending the value log 29 along the path ~. Then

I'= y(wl’ :E)wz|m":e"lp(zl),logx:lp(z1)

is a P(z1)-intertwining map of type (ngvpl(ﬁg)wz) and we have a P(z1)-product (W1 Xp(,) W, I)
of W1 and Wa. By the universal property of the P(z1)-tensor product W; X P(z1) W2, there exists

a unique g go-twisted V-module map
Ty Wilp() Wa = Wi Rp(.,) Wa

such that Tp,; o Mp(,,) = I. The gigo-twisted V-module map T, is invertible since the same
construction also gives a g1 go-twisted V-module map

7?7—1]2 Wi &p(m) Wy — Wi ®P(z1) Wa,

which is clearly the inverse of 7j,). Thus the natural transformation 7}, is a natural isomorphism
called the parallel transport isomorphism from z1 to zo along [v].

Let v be a path from —1 to 1 in the closed upper half plane with 0 deleted. For the same W}
and Wa, we define the G-crossed braiding isomorphism R: W1 Wpy Wo — ¢g, (W2) Kpq) Wi
or R: Wy &p(l) Wy — Pag (Wg) gP(l) W1 by R = 'TM o Rp(l).

We now give a result on condition (1) in Assumption 4.4.

Theorem 4.8. Let Cy be the category of grading-restricted g-twisted V -modules without g-actions
for g € G and Cy the category of grading-restricted g-twisted V -modules with actions of G. Let C
be either C1 or Ca, Assume that the following conditions are satisfied:

(1) For g € G, there are only finitely many inequivalent irreducible grading-restricted g-twisted
V-modules in C.

(2) Ewvery object in C is a direct sum of irreducible objects in C.

(3) For gi1,92 € G and g1-, g2-, g1g2-twisted V-modules Wy, Wy, W3 in C, the fusion rule
NVI?,/ISWQ = dim VII,/VVSW2 is finite.

Then for objects Wi and Wy in C, Witlp(,)W2 is in C.

Proof. Let Wi and Ws be g1- and gs-twisted V-modules, respectively, in C. From the construc-
tion of W1tlp(,)Wa, it is a sum of objects in C. By condition (2), W1t p(,)W2 must be a direct sum
of irreducible objects in C. But by condition (1), there are only finitely many irreducible grading-
restricted (g1g2) ~!-twisted V-modules in C. If WiEp(z)Wa is an infinite direct sum of irreducible
grading-restricted (g1g2)~!-twisted V-modules in C, at least one irreducible grading-restricted
(g192) '-twisted V-module W3 has infinitely many copies in this decomposition of Witp)Wa.
But then we have infinitely many linearly independent injective V-module maps from Wj to
the Witlp(;)W2. But by Proposition 4.5, these inﬁnite/ injective V-module maps give linearly
independent twisted intertwining operator of type (WVIVI?VQ) Thus the fusion rule NV%WQ is oo.
By condition (3), this is a contradiction. So Witip(,yW2 must be a finite direct sum of irreducible
grading-restricted (g1g2)~!-twisted V-modules in C. In particular, it is grading restricted. In
the case C = Ca, the actions of G on irreducible grading-restricted (g1g2)~'-twisted V-modules
in C and the decompositions of the finitely many irreducible grading-restricted (g1g2)~'-twisted
V-modules as direct sums of eigenspaces of the actions of (g1g2)~! give an action of G and
a (g192)'-grading on WiEp(,)Wa satisfying the (g192) " '-grading condition. |
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Corollary 4.9. Under the assumptions in Theorem 4.8, the categories C1 and Cy satisfy As-
sumption 4.4.

Proof. Note that C is closed under contragredient. By Theorem 4.8, W13p(,)W2 is in C. Thus
the contragredient of Witip(,)Wa is also in C. So condition (1) in Assumption 4.4 holds. Con-
dition (2) clearly holds for grading-restricted twisted V-modules (see the discussions after As-
sumption 4.4). [

5 Compatibility condition and grading-restriction condition

In this section, we introduce P(z)-compatibility condition and P(z)-local grading-restriction
condition and use these conditions to give another construction of Witlp(,)Ws for two twisted
V-modules W7 and W5. As in Section 4, we take C to be either C; or Cs satisfying Assumption 4.4.
In the untwisted case (the case that C is the category of (untwisted or 1y-twisted) V-modules),
these conditions and this second construction given in [24, 25, 28] play a crucial role in the proof
of the associativity of intertwining operators and the construction of associativity isomorphisms
in [9, 30]. It is expected that they will play the same crucial role in the proof of the associativity
of twisted intertwining operators and the construction of associativity isomorphisms for the P(z)
tensor product bifunctors on the category C of twisted V-modules.

In the untwisted case, The P(z)-compatibility condition is formulated using a formula corre-
sponding to the Jacobi identity for intertwining operators. Even though we can obtain a Jacobi
identity for the rational coefficients of the expansions in a suitable basis of products and iter-
ates of twisted intertwining operators with twisted vertex operators as in [10], we do not have
a Jacobi identity for the products and iterates of twisted intertwining operators with twisted
vertex operators. Thus we have to use the analytic method to formulate the P(z)-compatibility
condition and prove the main results. In particular, the formulation and proofs involving the
P(z)-compatibility condition are completely different from those in [24, 25, 28].

For a fixed z € Cy, we need to study multivalued analytic functions on the region

M"™0,z) = {(zl,...,zn) ecC”

2z #0, 2z, #F2z,1=1,...,n,
zi # zjfori,j=1,...,n, and ¢ # jif n > 1

for n € Z+ and its subregions

12| < |zm| < -+ <|z1] if m >0,
0<|zmar — 2| < - <l|zm+1— 2| < |z] if £ >0,
(Zlv ey Zm+k+l) .

Qm,hl(z) = c (Cm-i-k-i-l 0< |Zm+k+l| <0< |Zm+k+1’ < |Z’ if [ >0, ,
|Zmt1 — 2| + |zmakt1] < |2| if £ >0, 1 >0,
|Zmt1 — 2| + |21l < |z| if m >0, k>0 )

s
jarg(z; — 2) — ara(z)] < o
j=1,...,m,if m >0,
v
(1) (21, 2mpnpr) | larg(zy) —arg(2)] < o,
Qg (2) = 2 ’
" € L k(2) j=m+1,....m+kif k>0,
3
- ?ﬂ < arg(zj — z) —arg(z) < —g,
j=m+k+1,....m+k+1ifl>0)
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,

7r
larg(zj — z) —arg(z;)] <

57

j=1,...,mif m >0,
T
@ e i) |l —arg() < 7

Qia(2) =
" € QU ri(2) j=m+1,....m+kif k>0,
g<arg(zj—z)—arg(z)<3§,
L j=m+k+1,....m+k+1ifl>0)

for m,k,l € N. Also, we define M{(0,2) to be the simply-connected region given by cut-
ting M™(0, z) along the positive real lines in the z--planes, z; — zj-planes and z; — z-planes, that
is, the sets

{(z1,-..,2n) € M™(0,2) | z; € Ry}, i=1,...,n,
{(21,...,20) € M™(0,2) | z; — z; € Ry}, i,j=1,...,n,i # j,
{(#1,--.,2n) € M"(0,2) | zs — 2z € Ry}, i=1,...,n,

with these sets attached to the upper half z;-planes, z; — z;-planes and z; — z-planes.

To formulate the P(z)-compatibility condition, we need the notion of regular component-
isolated singularity of a multivalued analytic function of several variables in Section 2. Let
b= (b1,...,bp) € (CU{oo})"” and 7 = (r1,...,m,) € R. Let I C {1,...,n}. We use the
following notation for polydisks and polycircular domains
|zi| > 7 or z; = o0 if b; = o0,

zi —bj| <ryif b € C, fori e,
Alb,r)y = (21, .., 20) € (CU{o0})" 2 ,” o
|zj| > r; if bj = oo,
0<|zj—bj|<rj ifbjG(CfOI"j¢I
A(b,r) = A=mi by, AX(b,r) = AZ(b, 7).

We shall use b, . to denote the homotopy class of loops in M'(0,2) with z; going around z
counterclockwise once with z; for j # i fixed.

Let g1 and g2 be automorphisms of V', Wi, Wy, W3, g1-, go-, g1go-twisted V-modules, respec-
tively, in the category C and z € C*. Let I be a twisted P(z)-intertwining map of type (W‘;VSVQ)
and w; € Wj. Then we have an element A, € Witlp(,)Wa.

Proposition 5.1. The element )\17w/3 has the following property: Forl € N, uy,...,u; € V,
w1 € W1, and wy € Wo, there exists a multivalued analytic function

fl(zl,...,zl;ul,...,ul,wl,wg;)\Lwé) (5.1)
on M0, z) with a preferred branch

fle(zl,...,zl;ul,...,ul,wl,wg;)\l,wé) (5.2)
on MY(0, 2), satisfying the following:

(1) (a) Fori,j =1,...,1, 1 # j, 2z — zj = 0 are poles of (5.1). In particular, there ea-
ist M;; € Z4 such that

T Gi=2)™5 | filzrsoszisun, o, i, wes Ay (5-3)
1<i<j<l
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can be analytically extended to a multivalued analytic function on
{(z1,...,2) €C | 2z #0, zi # 2, i=1,...,1}
(b) Any component-isolated singularity of the form (z1,...,2) — B8 = § for B € C=!
and § € {0,00}'1 of (5.3) is regular.
(2) For Ul,...,U] € V, w1 € Wl, and wy € WQ,

(a) The series

)\ng(Ygl (u1, 21 — 2)wy ® wa)

= ALy (V9! (11, 2)w1 ® 2)] i1 -2) g mmty (21 —2)

is absolutely convergent on the region Qg 1,0(z). Moreover, it is convergent to ff(z1;u1,
w1, w5 Apy) on the region QO o(2) = O o(2).
(b) Forl e N, the multiple series
)\ng (w1 @ Y9 (uqy,21) - Y92 (uy, z))we)

— Al,wg (w1 X Y 92 (’u,l, .’L‘l) .. Y92 (’u,l, xl)w2)|m?:e”l0(zl),10gxi:lo(m),i*l 1

e

in powers and logarithms of z1,. ..,z is absolutely convergent on the region Qg (2).
Moreover, it is absolutely convergent to (5.2) on the region Q(()l()) (2) and to

b;]_l,zb;l}z
i (215 23U, -0 U, W, W3 A)

on the region Q((fg (2).

Proof. This result can be easily verified by using the definitions of A7, and P(z)-intertwining
maps and the properties of twisted intertwining operators. We omit the details. But see Re-
marks 5.2, 5.3, and 5.4 for some subtle points. |

Let g1 and g2 be automorphisms of V', Wi, Wy g1-, go-twisted V-modules, respectively, in
the category C and z € C*. Motivated by Proposition 5.1, we formulate the following condition
for A € (W @ Wa)*:

P(z)-compatibility condition. An element A € (W; ® Wy)* is said to be P(z)-compatible if
forl € N, uq,...,uy € V, wy € Wy, and wy € Ws, there exists a multivalued analytic
function

filz1, oz un, . ug, wy, was ) (5.4)
on M'(0,2) with a preferred branch

iz, 0z un, . g, wr, was A) (5.5)
on M{(0, 2), satisfying the following:

(1) (a) For 4,5 = 1,...,1, % # j, z1 — z; = 0 are poles of (5.4). In particular, there
exists M;; € Z4 such that
H (z — zj)M“fl(zl, ey 2R ULy ey Uy W, W25 ) (5.6)
1<i<j<n

can be analytically extended to a multivalued analytic function on

{(Zl,...,Zl)E(Cl’Zi#O, ZZ‘#Z,Z':L...,Z}.
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(b) Any component-isolated singularity of the form (z1,...,2) — 3 =6 for f € C!~!
and § € {0,000}~ ! of (5.6) is regular.
(2) For uy,...,u; € V, w; € Wi, and wy € W,

(a) The series

AY I (ug, 21 — 2)w; @ wa)

= )\(Ygl (’u,17 ff)wl & wz)‘xn:enlo(zl7Z),10g33=lo(2172)

is absolutely convergent on the region € 10(z). Moreover, it is convergent
to fi(z1;u1, wi,we; A) on the region Q&io(z) = QO?LO(Z).
(b) For I € N, the multiple series

Mwy @ Y2 (uq, 21) - - - Y92 (uy, 21)ws) (5.7)
= Mwi ® Y9 (uy,21) - - Y92 (uy, 21)wo)

zP=e™0(*1) log z;=lo(21),i=1,...,l

in powers and logarithms of zi,...,z is absolutely convergent on the region
0,0,(2). Moreover, it is absolutely convergent to (5.5) on the region Qélgl(z)
and to

bgl{zb;}z
fi P21, 2, U W, w23 )

on the region Qé2gl(z)
We denote the subspace of P(z)-compatible functionals in (W; @ Ws)* as
COMP p,) (W1 @ W2)*)
or COMP for short.

Remark 5.2. Note that by 2 (b) of Proposition 5.1 or 2 (b) of the P(z)-compatibility condi-
tion and the associativity of twisted vertex operators, M;; in Proposition 5.1 or in the P(z)-
compatibility condition depend only on u; and u;.

Remark 5.3. In 2(b) of Proposition 5.1 and 2 (b) of the P(z)-compatibility condition, the
reason that we involve two different regions Q((Jl()) ,(2) and QE)Z[)) ,(2) is because either of these
two regions could be empty. Notice that here z is a fixed nonzero complex number. Actually,
when arg z € [0, 71'/2;, the region Q&g)’l(z) is empty. When arg z € [37/2, 2m), the region Qé?())’l(z)
is empty. When Q&O’l(z) and QO?OJ(Z) are both nonempty, the absolute convergences of (5.7) on
these two regions are equivalent.

Remark 5.4. Because of the definition of the domain of (5.5), i.e., M{(0, z), and the fact that
its singularities at z; = z; for ¢ # j are poles, branches of (5.4) can be indexed by elements in
the fundamental group of the space

n

{(z1,-,20) €C™ |2 #£0, zi £ 2, i=1,...,n} = [[{m € C| 2 #0, 2 # 2}
i=1
A set of generators of this fundamental group can be chosen to be b, o, b, ., ¢ =1,...,n. For
each i, the elements b,, o and b, . correspond to b13 and b2 defined in Section 2, and they freely
generate m({z; € C | z; # 0, z; # z}). Notice that

n

T (H{Zz eC ‘ 2 7é 0, Zi 7& Z}) = Hm({zi eC ‘ 2 7é 0, 2 7& Z}) = H<bi,07bi,z>-

i=1 i=1 i=1



42 J. Du and Y.-Z. Huang

For A\ € COMP, we want to define Y(‘(ZI‘SJ"’) (u, )X € (W1 @ Wa)*{x}[log x]. We first define
YIS{;)QZ) (u, )\ € (W1 @ Wa)*{z}[logz] for X in a larger subspace of (W7 ® W5)* than COMP.
Let COMp,)((W1 ® W2)*) or simply COM be the subspace of (W1 ® W2)* consisting of A
satisfying 1 (a), (b) and 2 (b) in the P(z)-compatibility condition. By definition, COMP C COM.
To define Y(‘??z) (u, )X € (W1 @ Wa)*{x}[log z] for u € V and A € COM is equivalent to define

1 — -1 o *
Y;ﬁ‘;”) (emL(l)(—xQ) L(O)u,afl))\ = (ng%jz) ) (u, )X € (W1 @ Wa)*{z}[log z].
As z; = oo is a regular singular point of fi(z1;u1,wy,we; A), we know that there exist

unique am]((ul,wl,wg,/\) € Cand r; € C, for i,57 = 0,...,K and n € N, such that on
1 2 . . -
Qggo( ) Q“))O( ) (i.e., the region given by [z1] > |z|, |arg(z1 — 2) — arg(z1)| < §),

K
Fi G wi, wa A) = Y Y g (u, wi, wa; A2y " (log 21)7.

1,j=0 neN

Fori,j=0,...,K,n€Nand u €V, we define (Y, (‘(Z;‘;D) l)ir-+n71j

((Ylgg(?i;“;h)_l)(iTiJrn*l,k(u))\) (wl (029 UJQ) = Qi n,j (’LL, w1, W2, )\)

for w1 € Wy and we € W5. Then we define Y}gﬁ?)il (exL(l)(—x2)L(0)u,m_1))\ to be

-1 o ri—n j *
Z Sy @A (loga)! € (Wh @ Wa)*{w}{log ],
1,j=0neN

() € (W1 @ Wa)* by

that is,

Y @0 (=) ) @ )

N
= Z Zai’n’j(u,wl,wg;)\)xri_"(log:p)j. (5.8)
1,j=0neN
By definition, on the region le| > |z ((Y, (‘(Z;‘SD) 1)O(u, z1)A) (w1 ® w) is absolutely convergent

and its sum on 98070(2) = Ql,o,o( z) is equal to f7(z1;u, w1, w2; A). For simplicity, let

—1 P
(Ve )lw) =0

formeC, m#—-r,+n—1fori=0,....,Nandn €€ Nand k=0,..., N. Then we have

(Y(LZ1§2 1 Z Z 9192) (u):);‘_m_l(log :U)k:

meC k=0

We have the following result.

Proposition 5.5. The space COM is invariant under the action of the components of the

twisted vertex operators Yé,ﬁ?zr (u,x) forueV.

Proof. We need to show that forn; e C, k=1,..., K, u; € V and A € COM,

(9192)"1yo
(YP(;)2 )m’k1 (u1)X € COM. (5.9)
For wg,...,u; € V, we have
Y92 (ug, w9) - Y2 (upy ) = Y Z Y (u2) - Y2 ()
n2,...,m EC ka,....k;=0
x zym2 7t T Y(log z2)k2 - - - (log ay)*.
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Since A € COM, for ug, ...,y € V,ng,...,ny €C, kg,...,.k;=0,..., K, w; € Wj and wg € Wo,
A(ws ®Y92(u1,zl)Yn9227k2( 9) -+ Yngl o (w)ws)

is absolutely convergent on the region €g1(2) and is absolutely convergent on the region
Q(()l()) 1(2) and Q(() ()) 1(2) to the preferred single-valued branches

b—l
ff(Zl;ul,wl,Y,kaQ( 2) Yflkl(ul)wﬂ, f121’2(21;u1,w1,yf§,k2( 2) - Ynglkl(ul)w2)7

respectively, on M& (0, z) of the multivalued analytic function
f1 (zl;ul,wl,YﬁqQ k2( 9) - Yng, Ky (ul)wg) (5.10)

defined on M (0, z) We discuss only the case that Q(()g 1(2) is nonempty (see Remark 5.3). By
d%ﬁ)mtlon, (Ylg‘??Q )Ori—i-n—l,]( u)A is obtained by expanding (5.10) on the region Qg ()) o(2) =
Q1’070(z) as a series in suitable powers of z; and log z; and then taking the correspondlng coef-
ficients.

We now consider the series

ff(zl; U, Wi, Y92 (UQ, 2’2) S Y92 (Ul, Zl)’wg) (5.11)
(1)

in suitable powers of zg, ...,z and log 21, . .., log z;. The series (5.11) on the region Qo,o,l(z) can
be further expanded as the series

AMwi @ Y92 (uq, 21)Y 9% (ua, 22) - - - Y92 (uy, 21)wa). (5.12)
But (5.12) is absolutely convergent on the region (%) and is absolutely convergent either to
fi (21, 22,0 zun, - g, w5 wos A) (5.13)

on the region Q(()l[)) ,(2) or to

-1 -1

fzbzw bbw(zl,zzw--,Zl;ula---,ul,wl,wz;)\) (5.14)
on the region 98231(2) Thus for z; satisfying |z| > |z1| > 0, the series (5.11) as the sum
of (5.12) viewed as a series in suitable powers of z; and log z; must be absolutely convergent
on the region |21| > [22| > -+ > |z| > 0 and if in addition, —3F < arg(z; —2) < —% or 5 <
arg(z; —z) < 3F for i =1,...,1+ 1, its sum must also be equal to (5.13) or (5.14), respectively.
But (5.13) can also be expanded on the region |z1]| > |z] > |22] > -+ > || > 0 as a series in
suitable powers of z1, ..., 2; and log 21, . .., log z;. This fact can be seen as follows: By 1 (a) in the
P(z)-compatibility condition, we know that H1§i<j§n(zi — zj)Mij fi(z1, 22, o 2z UL, - oy Uy, WH,
we; A) can be analytically extended to an analytic function on the region

{(zl,...,zl)EC”zi#O, zi#z,izl,...,l}.

Moreover, this analytic function has a regular singularity at (00,0, ...,0). In particular, this
function can be analytically expanded on the region |z| < |z1], 0 < |z < |z| for i = 2,...,1
as a series in suitable powers of z1,...,2 and log z1,...,logz. Thus (5.13) can be expanded
on the region |z1| > |z| > |z2| > -+ > |z| > 0 as a series in suitable powers of z1,...,2
and log z1, ...,log z;. By definition, this expansion is equal to

(Y 50927) (ur, 21)A) (w0 © Y92 (g, 22) -+ Y92 (g, 2 )uw). (5.15)
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The coefficients of the powers of z; and log z1 in (5.15) are exactly

-1 o
((VS27)7 s (o)) (w1 @ Y (g, 20) - Y22 (g, 1))

for 7,7 = 0,...,N, n € N. Since these are expansions of single-valued branches of multi-
valued analytic functions on g ;, they are absolutely convergent to these multivalued ana-
lytic functions on the same region and are absolutely convergent to their corresponding single-
valued branches on € ) or 90201- Moreover, since fi(z1,...,2;5U1,...,u;, Wy, ws; A) satis-
fies 1(a) and 1(b) in P( )- compatibility condition, the coefficients of its expansion on the
region |z1| > |z| > |22| > -+ > |z| > 0 also satisfy these conditions. This finishes the proof
of (5.9). [

Proposition 5.6. For uy,...,upmy; €V, w1 € Wi, we € Wy and A € COM, the series

((Y(£11g2)71)"(um7 Zm) (Y(glg2)71)o(u1, zl))\)

P(z) P(z)
X (w1 ® Y9 (um+1, Zm+1) - Y92 (um+l, zm+l)w2) (516)
is absolutely convergent on the region |z1| > -+ > |zp| > |2| > |2me1] > -+ > |214m| > 0 and

its sum is equal to

fren-H(ZlJ sy ZmAl ULy e U5 W1, W23 )\) (517)

on an)o 1(2) orto

b g,z ba
fmfﬁfl T L e 2 ULy - ey U} W1, W ) (5.18)
on an)o (2). Moreover, we have the following commutativity for Yég(;)g2)*1 s Forug,...,um €V,
wy € Wl, wo € Wy and A € COM, the series
(Y(9192)71(u 7)) .y 192)” 1(u » ))\)(w ® W) (5.19)
P(2) 1, <1 P(z) my ~m 1 2 .
is absolutely convergent on the region |27 > |21| > -+ > |z;m| > 0 and for o € S, the sums

of (5.19) and

1
(VSR oays Zo(1) -+ YR (ot 7o) V) (w1 © ) (5.20)

are analytic extensions of each other. We also have the weak commutativity for Yéﬁ?j"’) : For

u,v € V, there exists M € Z depending only on u and v such that

(21 = 22) MY (o) VS0 (0, 22)
1 —1
= (21 — )MYé,ﬁgz) (v, .%'Q)YF(;(Z;‘;D) (u, 7). (5.21)

Proof. To prove the convergence of (5.16), we use induction on m. In the case m = 0, the
convergence of (5.16) is given by condition (2) (b). Assume that the convergence of (5.16) in
the case that m is m — 1 holds. Then
-1 -1
((Y;Q(SD) )o(um—h Zm—l) T (Y}gﬁﬁn) )o(ul, 2’1>)\)
X (wl ® Y92 (uma Zm) Yo (um+l7 Zm+l)w2)

(( 9192 1) (1, T1) - - (Y;%2§2)71)0(u1,x1)A)

X (w1 ® Y92 (U, T) + -+ Y2 (U1, T 1) W32) | (5.22)

zi=e" log 2; Jog x;=log z;,i=1,...,m~+l
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is absolutely convergent on the region |z1| > -+ > |z;m—1] > |2| > |2m| > -+ > |z2m+t] > 0 and
. . 1)
its sum is equal to (5.17) on .7, (., (2) or to
b;1 z"'b;1 z
L T (2 B UL - U W1, W25 A) (5.23)
(2)
on Qm—l,O,l—l—l(Z)'
Write
—1 -1
(Yé‘(@?) )o(um_h Tm_1) - - (Ylgﬁzi?z) )O(Ula 1)
K
_ (9192)" 1o (9192)~"yo
o Z Z (Yp(z) )nm—hkm_l (umfl) o (Yp(i)z )nl,kl (ul)
Nm—1,-,N1EC kp—1,...,k1=0
X x;ﬁ’l"l_l . -xl_”l_l(log Tp_1)Fm=1 ... (log z )™
and
Y92 (um—l-h $m+1) S Y92 (uerla merl)
K
= Z Z Yngjl+1,k‘m+1 (uerl) o YTLgfn+l7km+l (Um-i-l)
Nom+15e-+y nm_HE(C km+17---,km+l:0
Xy " T (log )P (log ).
By Proposition (5.5),
(Yoo (1) (YS9 )? ()A€ COM
P(Z) N —1,km—1 m—1 P(Z) ni,k1 1 :
Then
(g192)"tyo (9192)"1yo
((YP(Z) )nm717km71(um—1) T (YP(E)Q )n1,k1 (U/l))\)
X (w1 ® Y92 (Um,Zm)Yﬁ% k (Um) - - 'Yﬁn k (“er)w?)
m+1,Rm-+41 m~+1Fm41

is absolutely convergent on the region |z| > |z,| > 0 and its sum is equal to

fe (Zm; Um, W1, Yngjzﬂ,kmﬂ (um) o Ygiﬂ,km-s-z (um"‘l)w%
(9192)"1yo (9192)"1yo
(YP(,lz)2 )nm,l,km,l (Um-1) - (YP(E)Z )nl,kl (“1))‘) (5.24)

™

on the region |z| > |zp| > 0, —=2F < arg(z,, — 2) —argz < —7% and to

—1

szm»Z (Zm; Um, W1, Y"?jzﬂykmv% () -~ ngzﬂ,km“ (Umt1)w2;
(9192)7"yo (9192)""yo

(YP(;)2 )nmflykmfl (umil) Y <YP(2)2 )n1,k1 (Ul))\)

on the region |z| > |z,| > 0, 3 < arg(zm, — 2) — argz < 2r. By definition,

-1yo -1yo -1yo
(VR0 ) s zan) (VEE )0 () o= (V)0 (n))
X (w1 X ngl+17km+1 (um) ce Ysi+l7km+l (um+l)w2) (525)

is absolutely convergent on the region |z,| > |z| and its sum is equal to (5.24) on the re-
gion |z,| > |2|, larg(zm — 2) — arg z,,| < 3.
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But we know that

K

Z Z e (Zm; tm, W1, YTLg72rL+1,km+1 (um) -~

n1,...7nm_1,nm+1,...,nm+l€(c kl7"'7km—17km+17"'7km+l:0

g (ylorg2)"tyo (9192)""yo
Y e (ume)wes (Y™ )0 (umer) o (YRS ) (w)X)
% Zl_nl_l e 27;11"1“1_1 ;111—1 . 'Z;LZ-TIHHA

x (log 21)" - - (log 2 1)1 (log Zyp 1)+ - - (10g 2 0) !
K

S,
- Z Z ((YJ%?) )nm717km71(um71) X

n1,...,nm_l,nm+1,...,nm+l€C kly--wkm—l7k5m+17--~7km+l:0

X (VD)0 () (w1 ® Y92 (ty, 2n) Y, () -+ Y (U 41)w32)

ni,k1 nm+1yk5m+1 nm+l7km+l
=2 I T g e
x (log z1)kt - - - (log zrm—1)"™=1(log Zym11)*m 1 - - - (I0g Zpgs )+t (5.26)

as an iterated series of the multi-series (5.22) is absolutely convergent on the region

|z1] > > lzm—1] > 12| > |2m| > > |zm| >0

and its sum is equal to (5.17) on 97(71)—1 0.41(2) or to (5.23) on 91(73)—1 0.41(0,2). We discuss only
the case that QSL)_ 1044+1(2) is nonempty. The case that an_l 0.1+1(0, 2) is nonempty is similar

and is omitted. The sum of (5.26) being equal to (5.17) on €7, ;. () means that the
expansion of (5.17) on QSZLO?ZH(Z) can also be written as the iterated series (5.26). By the
discussion above, the coefficients of the left-hand side of (5.26) is equal to (5.25) on the region
|2m| > |2|, |arg(zm — 2) — arg z;,| < §. So the expansion of (5.17) on the region Qg?o’l(z) can
be written as the iterated series

K

Z Z ((Ylg?i%)_l)o(uﬂ% Zm)

N1,y =141 1EC k1o s km—1,km+1,--skm41=0

—1yo —1yo0
(V)0 () (VDT ()

X (w1 ® Yngjzﬂ,kmﬂ (tm) - - 'Y7"?72n+lvkm+l (um+l)w2)

—ni1—1 —Nm-1—1_—ni—1 —Nypygp—1
Xz T e Fmtl T Pl

x (log z1)* - - - (1og 2 —1)F™=1 (log 2y 1)+ - - - (log 2 ) Fm+. (5.27)

Since the expansion of (5.17) on the region Qq(i,)o,l(z) must be absolutely convergent as a multi-
sum, we see that the multi-series (5.16) corresponding to (5.27) must be absolutely convergent on
the region QSL)O ;(2) to (5.17). Similarly, we can show that (5.16) is absolutely convergent on the
region Qg?()’l(,’z)’ to (5.18).

This convergence result implies in particular the absolute convergence of (5.19) on the re-
gion |27 > |z1| > --+ > || > 0. Using the commutativity for the twisted vertex operators Y92,
we see that for o € Sy, the sums of (5.19) and (5.20) are analytic extensions of each other.

For u,v € V, since A satisfies the condition 1 (a) in the P(z)-compatibility condition, there
exists M € Zy depending on u and v only (see Remark 5.2) such that z; — 22 = 0 is not
a singularity of (21 — 22)™ f5(21, 20; u, v, w1, w2; ) and we have

(21 — 22)M f5 (21, 205 u, v, w1, wo; N) = (21 — 22)M 5 (22, 2150, u, w1, wa; ). (5.28)
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Since the expansion of f5(z1, 22; u, v, w1, w2; A) on the region le()) o(2) is

(V) 22 (V) w20 (1 @ ),
we see that

( ZZ)M ((Y(glg2 l)o(v 22) (Y]g?i%)_l)o(u, Zl))\) (wl 2 wz)

M K1 .
S TS T 3 () O ) )

1=0 neC k=0n1€C k1=0
e(n+M 1) log z1 (10g zl)ke(n1+i) log z2 (lOg ZQ)kl (529)

must be convergent absolutely to the left-hand side of (5.28) on Qg&o(z) (the region given by

|z1] > |z2| > |2], |arg(z1 — 2) —arg 21| < 3, |arg(z2 — 2) —argza| < ). On the other hand,
(21 — ZQ)Mfg(zl,22;u,v,w1,w2;)\) is analytic at z; — 29 = 0. So (5.29) is in fact absolutely
convergent to the left-hand side of (5.28) on the region |21], |22| > |2, |arg(z1 — 2) —arg 21| < 7,

larg(z2 — z) — arg zo| < 5. Thus

(21— 22)M (YS9 ) u, 20) (V92 ) (0, 22)0) (w1 @ wn) (5.30)

is absolutely convergent to the right-hand side of (5.28) also on the region |z1],|2z2| > |z|,
larg(z1 — z) —argzi| < 3, |arg(z2 — 2) — arg z3| < 5. From (5.28), (5.29) and (5.30), we obtain

(21— 22)™ (YS9 ) (0, 22) (VD) (, 21) N) (w0 @ )

-1yo -1yo
= (21— 2)M (V) (u, 2) (V)7 (0, 22) ) (w1 © wy)
on the region |21, |22| > ||, [arg(z1 — 2) —arg 21| < 7, arg(z2 — 2) — arg 23| < § for A € COM,
up,v € V, w; € Wy and wy € Wo, which, by the definition of ( yloo) ™! ) (u, z) for u € V above,

P(z)
is equivalent to (5.21). [

Since COMP c COM, by Proposition 5.5, Ylgg(gZ)_l(u,x))\ for u € V and A € COMP is in
COM{z}[log z]. We now prove the following stronger result.
Proposition 5.7. The space COMP is invariant under the action of the components of the

twisted vertex operators Y(??QY (u,x) forueV.

Proof. Let A € COMP. Then A satisfies 2 (a ) in the P( );co mpatlblhty condition. We need
only show that for v € V, n € C, k =0,..., K, ( P%j’z ) v)\ also satisfies 2 (a) in the
P(z)-compatibility condition.
By the definition of (Y]E%j?) )°(u, 21) for u € V and the P(z)-compatibility condition for A,
(V) (w200 (w1 @ Y5 (0)ws)

and /\(Ygl(u zl—z)w1®Y92( Jw ) foroeV,neC,k=0,...,K, wg € Wi and wy € W
are absolutely convergent to ff (zl,u wl,Ynk( v)we; /\) on the region |z1]| > |z|, |arg(z1 — 2) —
argz1| < % and the region [z| > |21 — 2| > 0, |argz; — argz| < 7, respectively. By Proposi-
tion 5.6,

K
= Z((Yéﬁgz)il)o(u, 21)A) (w1 ® Yrﬁ(v)wg)e”bg 2 (log 29)"
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is absolutely convergent on the region |z1| > |z| > |22] > 0 and its sum is equal to
5 (21, 225w, 03 w1, w23 A) (5.31)

on Qg&l(z) and to

—1

fng’z(Zla 23U, Uy W1, W3 A) (5.32)

on Qﬁ))l(z) Thus

K
Z Z MY (u, 21 — 2)wy ® Yngi(v)wg)enlogz2 (log z2)*
neC k=0

= MY (u, 21 — 2)w; @ Y (v, 22)ws) (5.33)

is absolutely convergent on the region |z1| > |2| > |21 — 2|+ |22| > 0 and its sum is equal to (5.31)
on the region |z1| > |z| > |21 — 2| +|z2| > 0, |arg(z1 — 2) —argzi| < §, largz; —argz| < 7,
o < arg(z—z)— argz < —7% and is equal to (5 32) on the region |z1| > |z| > |z1 —z|+|22| > 0,
|arg(21 —z) —argz| < 7, |arg 2 —argz| < 3, % < arg(zp—2) —arg z < 3Z. On the other hand,
since (21 — z,22) = (0,0) is a regular singular point of (5.31) and (5.32), we can expand them
on the regions |z| > |z2],|21 — z| > 0 to obtain a series of the same form as (5.33). Thus we
see that (5.33) must be absolutely convergent on the region |z| > |z2],|z1 — 2| > 0 and its
sum is equal to (5.31) and (5. 32) on the regions |z| > |21 — 2| + [22] > 0, |argz; —argz| < T,
T < arg(ze —z) —argz < % and on the region |z| > |21 — 2| + |22] > 0, |arg 21 — arg 2| < 7,
< arg(z — 2z) —argz < 3T respectwely
The right-hand side of (5.33) is equal to

> Z MY (wwr © Y92 (v, z9)wz)e™ 817 (log (21 — 2))F. (5.34)
neC k=0

We know that the series )\(Yg L (u)wy ® Y92 (v, 22)ws) is absolutely convergent on the region |z| >
22| > 0 and its sum is equal to fi (223 U,Ynk( w)wy, wo; A) on the region |z > |zo| > 0, =2 <
arg(z2 —z) —argz < —%5 and to f122z(22,1) V7 (u u)wy, wa; A) on the region [z > |22| > 0,

5 <arg(z —z) —argz < 3” . We also know that the series

((Yéﬁ;}z)*l)om 22)A) (V7 (w)wr @ ws)

is absolutely convergent to ff (z2;v, Y7} (u)w1,ws; A) on the region |zo| > |2| > 0, |arg(ze — z) —
arg zz| < 4. From this discussion, (5.34) and the convergence of (5.33), we see that

> Z YD) (0, 2)0) (V4 (w)wy @ wp)e 51 (log 21 — 2))*

neC k=0
= ((Y;@?Q)_l)o(v7 22)N) (Y9 (u, 21 — 2)wi @ wo) (5.35)

is absolutely convergent on the region |z3| > |z| > |21 — 2| > 0 and its sum is equal to (5.31)
and (5.32) on Fhe region |zg| > |z| > |21 — 2| > 0, |arg(ze — 2) —arg 23| < 7, |arg z; — arg 2| <3%
and on the region |zo| > [2| > |21—2] > 0, [arg(z2 — 2) —arg 22| < §, § < arg(z2—z)—argz < =,
respectively.

On the other hand, by Proposition 5.6,

-1

(VEE) (wa) (V) (0. 22)) (w1 © ) (5.36)
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is absolutely convergent on the region |z2| > |21] > |2| and its sum is equal to (5.31) on the region
22| > |21] > |2|, |arg(z1 — 2) —arg 21| < §, |arg(z2 — 2) — arg 22| < 5. Taking the coefficients of
(Y}E@?Z) (v,22))° in both (5.35) and (5.36), we see that

(O s (7 21 = 2)n © w2)
and

(VS5 s ) (VD™ ) L (00A) (0 @ )

are absolutely convergent to the coefficients of €™1°8%2(log 25)* in the expansion of (5.31) near
the singularity zp = oo on the region |z| > |21 — 2| > 0, |arg z; — argz| < 5 and on the region

|z1| > |z|, |arg(z1 — z) — arg 21L :?r, respectively. This is equivalent to 2 (a) in the P(z)-com-
patibility condition for ( }gﬁ?z )mk(v))\. [ |
W3

For a P(z)-intertwining map I of type (W1W2> and an element wy of W3, the element Ar,, €
COM also has the following property.

Proposition 5.8. Consider the subspace Wy, " of COM obtained by applying the coefficients
of the _vertex operators Y(?l)gQ) (u,x) for all w eV to )\Iw Then Wy, o equipped with
Yyl e generalized (g1g2) ' -twisted V -module. Moreover, WA " s a genemlzzed (g192)71-

twisted V -submodule of the generalized (g1g2) ™ -twisted V -module WlNP( yWa.

Proof. We need only verify that the map given by wf +— A [, commutes with the vertex
operators on W3 and COM. This verification is straightforward and is omitted. |

Note that the conformal element w is in the fixed point subalgebra V{9192 of V under
the group (g1,¢92) generated by ¢g; and go. Also note that W; and Wy are V{91:92)_modules.
Then we can apply the construction and results in [28] to V (91:92)-modules Wy and Ws. In partic-
ular, [28, equation (5.85)] give a vertex operator Y7, P (U x) for u € V{91:92) acting on (W @ Wa)*.
It is clear that on COM, Ylg(z)( x) = Y(gng) (u,z) for u € Vi91:92) In particular, we have
the vertex operator YP(Z) (w,x) acting on ( 1 ® Wa)* and is equal to Y(%1§2) (w, ) on COMP.
Taking the coefficient of 272 in YI’D( %(w ,x), we obtain an operator L P(x )( ) on (W7 @ Wa)*,
which is equal to the coefficient of z7° in Y(‘(Z1§2) (w,x) on COMP.

Proposition 5.9. For v € V, the L(0)-commutator formula

1 d - 1
(L (0), Y92 (v,x)]:%y;zgﬂ (v,2) + Y (Ly (0)v, 2) (5.37)

holds on COM.
Proof. We have the L(0)-commutator formula
[Lw,(0),Y9 (v, 2)] = x%YgQ (v,2) + Y92(Ly(0)v, ).
For A € COM, by the definition of L’P(Z) (0) [28, formula (5.110)], we have
(Lp() (0)A) (w1 ® wa) = M(2Lw, (=1) + L, (0))wr @ wa) + A(wy @ L, (0)ws)

for w1 € Wy and we € Wy, Also, the series )\(wl ® Y92 (v,zl)wQ) is absolutely convergent
on the region |z| > |z1] > 0 and can be analytically extended to a multivalued analytic func-
tion fi(21;v, w1, w2; A) on M1(0, 2) with a preferred single-valued branch ff(z1;v, w1, w9; A) on
the region M{ (0, z). Moreover, it is convergent to f{(21; v, w1, ws; A) on the region |z| > |21| > 0,
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3

—5r < arg(z1 — 2) —argz < —% and to flbz_l’z(zl;v,wl,wg;)\) on the region |z| > |z1]| > 0,
T <arg(z —z) —argz < 2.

By the definition of YIEQLW)A, we have ((YIS" 92

5 " )" (v, 21)A) (w1 @ w2) = ff (2150, w1, w25 \)
on the region |z1] > [z|, |arg(z1 — 2) —arg z1| < §. Then we have

1

(Llp(oy (0 (V) (0, 20)) (w0 © w2)

= (VS92 (0, 20)0) (2w (1) + Ly, (0))wy © )

(V997" (0, 20)0) (w1 © Liw, (0)w2)

= f1 (2150, (2Lwy (=1) + L, (0))wr, wa; A) + f1 (2150, wi, L, (0)wa; A)
on the region |21] > |z|, |arg(z1 — 2) — argz1| < §. Also we have

((Ygg;’z) ) (v,zl)L’p(Z)(O))\) (w1 @ wa) = ff (zl;v,wl,wg;L},(Z)(O))\).
But on the region |z| > |21| > 0, —2F < arg(z; — z) —argz < —Z, we have
fi (2130, w1, w23 Lp ) (0)A)
= (Lp() (0)N) (w1 ® Y2 (v, 21 )ws)

= M (2Lw, (=1) + L, (0))w1 @ Y92 (v, 21)ws) + Mw1 @ L, (0)Y 92 (v, 21 )ws)
= M(zLw, (=1) + Lw, (0))wy ®@ Y9 (v, 21)wa) + Aw1 ® Y9 (v, 21) Ly, (0)ws)

d
+ A (w1 ® zlaY”(v, 21)w2> + )\(wl ® Y9 (Ly(0)v, zl)wg)
1

= fle(zl; v, (ZLW1(_1) + LW1 (0))’[1)1, w2, >\) + fle(zl; v, wy, LW2 (O)UJQ, )‘)

d
+ Z1d771f1€(z1; v,wi, w2; A) + f (215 Ly (0)v, wy, wo; A).

Then on the region |z1| > |z], |arg(z1 — 2) — arg 21| < §, we have

(YR8 ) (0, 20) Llpo) (0)) (w1 © wo)

= fi(z150,w1,w2; Lp() (0)A)

= fi(z1;v, (2Lw, (—1) + Lw, (0))w1, wa; X) + f (2150, w1, Ly, (0)wa; )

d
+ Z1dleff(21; v,wy, w2; A) + fi(21; Ly (0)v, wi, wa; N)

= ((Yé%i?”l)”(v, 21)A) ((zLw, (=1) + Ly, (0))wi ® wo)

1., q )
+ ((Y}g?,lz§72) 1) (U, Zl))\) ('U)l & LW2 (O)wQ) + Zl—((Y(gng) 1

(Vi ) (0200 (w1 © w)
O 50

-1 0 d —1yo
— (L’P(Z)(O)(Ylgg(gﬂ )7 (v, 21)A) (w1 @ wa) + <zldz1(Y1§Zg2) ) (v,zl)/\> (w1 ® wa)
-1,
+ (V) (Ly (0), 20)A) (wn @ w).
Thus we obtain
-1y0 d -1io0 -1i0
(VRS0 20 By (O] = 21 g - (VRS ) () + (V) (L (0w, 22),

which is equivalent to (5.37).
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Because (5.37) holds, the coefficient (Y(‘??Q) ), () of r7 " L(log )* in Y(gl‘”) 1(u x) must
have weight wtu —n — 1 when u € V is homogeneous In particular, if A 6 OM is a finite
sum of generalized eigenvectors of L, P(2) 20) the subspace W, of COM obtained by applying
the coefficients of the vertex operators Y 9192)" (u,z) for all w € V to A must be a direct sum
of generalized eigenspaces of L/, P(2) (0), that is, Wy = Ipec(W)) ), where for n € C, (Wy)p, is
the generalized eigenspace of LQD(z) (0) with eigenvalue n.

Proposition 5.8 together with Assumption 4.4 in particular says that in the case that C
is a category of g-twisted V-modules with G-actions, for A = ALwy,, there is a G-action (in
particular, an action of (g1g2)~!) on I/V,\Lwé such that for n € C,

(WAI,M/S)[”} = H (W)\I,wé)%z}k
acC/Z

where for o € C/Z, (W), , )Eﬁ is the generalized eigenspace of the action (g1g2)~! with eigen-
values e2™! for o € C/Z and

(9192) Yy, (02w =Y, ((9192) 0,2)(9192) '
w3 w3

forv €V and w € Wy,

Moreover, such an actlon of (g1g2) ! can be extended to the action of (g1g2) ™! on Wit p(z)Wa.
It is possible that the action of (g1g2)~! on WiEp(,) W2 can be further extended to subspaces of
COM larger than on W1tp(.)Ws such that (5.38) holds. By Zorn’s lemma, there exists a maximal

subspace of COM containing Witp(,)Wa with action of (g1 g2) ! such that the restriction of the
action to Witlp(,yWa is equal to the action of (g192)"" on Witp(,) W2 and

1

(gng)—lYlﬁ,ﬁ)ﬂ) 1(v,;1:)w = YIE,?;;]Z) 1((glgg)_1v,x)(glgg)_1w (5.38)
holds for v € V and w in this maximal 1subspace.

Using the vertex operators Ylg‘(é?) (u,x) for v € V and L', 2) (0) and motivated by Pro-
position 5.8 (especially, the discussion above on the action of églgg)_l on Wy, ), we also
introduce the following condition for A € COM: ol

P(z)-local-grading-restriction condition.

(a) The P(z)-grading condition: X is a (finite) sum of generalized eigenvectors for the opera-
tor L/P(z) (0).

(b) Let Wy be the smallest subspace of (W1 ® W)* containing A and stable under the
action of all the coefficients of the vertex operators Y(%lgg) (u,z) for all w € V. Then

dim(Wy)) < 00, (W) = 0, for R(n) sufficiently negative.

We denote the subspace of P(z)-local grading restricted functionals in COM C (W7 ® Wa)* as
LGRp(.) (W1 ® W2)*), or LGR for short. Clearly, the space LGR is closed under the ac-

tion of Ylﬁi’lﬁ"" (u,x),u € V.

Theorem 5.10. For A satisfying the P(z)-compatibility condition and the P(z)-local- gmdzng—
restriction condition, the gmded space W) equipped with the twisted vertex operator map Y(g 192)

is a grading-restricted (g1g2) ' -twisted generalized V -module. If for every element A€ W1®%/V
satisfying both the P(z)-compatibility condition and the P(z)-local grading restriction condztzon,
Wy is a (g1g2) " -twisted generalized V -submodule of a (g1g2) ™ -twisted generalized V -module in
COMP whose contragredient is in C (this holds in particular if C is the category of all grading-
restricted g-twisted generalized V-modules without g-actions for g € G or the category of all
grading-restricted g-twisted generalized V-modules with G-actions for g € G), then an element
A€ (W1 @ Wa)* is in Wimlp(,\Wa if and only if A satisfies the P(z)-compatibility condition and
the P(z)-local-grading-restriction condition. In other words, Witp,)Wa = COMP NLGR.
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Proof. The iden_tlity property follows immediately from the definition of the twisted vertex oper-
ator map YIE@)QZ) . The L(0)-grading condition follows from the P(z)-local-grading-restriction
property. The L(—1)-derivative property follows from the definition of YISZ;;]Q) and the L(—1)-
derivative property of the twisted vertex operator Y92. We omit the details of the proofs of
these properties.

We prove the equivariance property for ng%gQ)_l now. It is equivalent to
-1 o\ p+1 ~ —1 o ~
(V99 (grga, o) = (V) w203 (5.39

for w € V, A € Wy. By the definition of (YIS@)”)_I)”, we know that for wq € Wy, wo € W,

(V57 (w2 A) (wn @ wo)

is absolutely convergent on the region |z1] > |z], |arg(z1 — z) —arg(z1)| < 5 to ff(z1;u, wi,
wo; )\). Let b3 be the homotopy class containing a loop given by a circle centered at 0 with
radius larger than |z| in the counterclockwise direction on the complex z; plane. Then (5.39) is
equivalent to

£ (215 g1gou, wi, wa; N) = £f (215w, wi, w23 N) (5.40)

foruGV,w1GWl,wQEWQandS\EW,\. .

By the equivariance property for Y92 and the convergence of A(w; ® Y92(v, z1)ws) to the
branch f{ (z1;v, w1, w2; A) for v € V on the region |z| > |z1| > 0, —37” < arg(z—z)—argz < —73,
we obtain

fle’o (215 gov, w, wo; 5\) = f1 (2150, w1, wa; ;\)

Using the equivariance property for Y92 and the convergence of j\(ygu (v,21 — 2)u ® wg), we
obtain similarly

7 (213 910, wr, w03 X) = 5 (2150, w1, w93 M)

Applying any homotopy class b of loops in the z; complex plane with z and 0 deleted to both
sides of this equality, we obtain

le’Zb(zugw,whwz; ) = f1 (2150, w1, w23 A)

for v € V. Then we have

b ,zbz s N bz s g ~
Ji7 0 (215 grgou, wi, was N) = f17° (215 gou, wi, wo A) = ff (215w, wi, was A).
But it is easy to see that b, .b;, o = bs. Thus we have proved (5.40).
For u,v € V, w € Wy, w' € Wy, by Proposition 5.6, we have

—1 —1
(:L‘l—xg)M<w',Y1gg(i§2) (u,wl)YIg“é‘;n) (v, T2)w)

= (21 — )M (W, y (og2)™! (v,29)Y,

-1
P(z) g192) (u>$1)w>7 (541)

(g1
P(2)
where M € Z, depends only on u and v. Since W) is lower bounded, by (5.41), the left-hand
side of (5.41) has only finitely many terms in complex powers of x1, xo and integer powers of
log z1, log x3. Then

-1 1
<w’,Y}£‘(Z;‘3’2) (u,xl)Ylg%gQ) (v,ajg)w>
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is equal to this finite sum multiplied by (z; — 22)™, which is expanded in nonnegative powers
of 9. Thus we have a multivalued function of the form

N
f(z1,29) = Z aijzy 2y’ (log 21)F (logza) (21 — 22) ™,
,7,k,1=0

where m;,n; € C for i =0,..., N, with the preferred branch

N
fe(z1,22) = Z amklemllogzl " 1ng?(logzl) (logzz)l(zl — 29)" -M
i,3,k,1=0
such that
/ Y(g1g2)’1 Y(gng)*l
<wa P(z) (U,Zl) P(z) (’U,ZQ)’LU>

is absolutely convergent on the region |z1| > |z2] > 0 to f¢(z1,22). From (5.41), we also obtain
the commutativity, that is,

-1 -1
<w’,YJgﬁ§2) (v,xg)Ylgﬁ?Q) (u,xl)w>

is absolutely convergent on the region |22 > |z1] > 0 to f¢(21, 22).

We now prove the associativity for Y(%lf 27" Since the associativity for

T
to the associativity for (Y(9192)

Ylg%é)m) " equivalent

) we prove this associativity. For u,v € V, w1 € Wy, wo € Wy

P(2)
and A € Wy, by Proposition 5.6,
—1 o —1 o ~
(YR8 ) (0, 20) (VA9 ) (w, 20)A) (w1 © wo) (5.42)

is absolutely convergent on the region |z1| > |22]| > |2| and its sum is equal to

f;(Zl,ZQ;U,’U,UJth;S\) (543)

™

on the region |z1| > |z2| > |z|, |arg(z —z)—argzl| < 7, |arg(ze — 2) —argze| < 5. By
(g192)""yo (9192)~

the definition of (Y Ps )%, (Y P2) ) (Y )n(u)v, 22))\) (w1 ® wa) is absolutely convergent

on the region |2z2| > |z f and its sum is equal to

5 (22: (Y0 )n(u)v, w1, wos A) (5.44)

on the region |z3| > |z, |arg(z2 —2) —argze| < 5. Also ;\(wl ® Y2 ((Yy)n(w)v, 22)ws) is
absolutely convergent on the region |z| > |z2] > 0 and its sum is equal to (5.44) on the re-
gion [z| > |z2] > 0, —2F < arg(z2 — z) — argz < —Z and is equal to

b, -
F1777 (225 (Y ) (u)v, wy, was A)

on the region |z| > |z2| > 0, § < arg(z2 — z) —argz < 3.
By the P(z)-compatibility condition for A, )\(wl ® Yg2 (u, 21)Y92(v, z2)ws) is absolutely con-
vergent to (5.43) on the region |z| > [z1] > |22| > 0, —3F < arg(z1—2)—arg z, arg(ze—z) —arg z <
™

-3 and to

1,1 B
f;zl’szz’z (21, 225 u, v, w1, wa; \) (5.45)

on the region |z| > |z1| > |22 > 0, § < arg(z1 — 2) —arg z,arg(z2 — z) —argz < 37”, respectively.
By the associativity of the twisted vertex operator map Y92,

Z Z (Z )\ wy ® Yg2 (( )n(u)v)wQ)(zl _ ZQ)—n—l)e(—m—l)logzz (log Zg)k

k=0meC “nezZ
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K
=33 Mwr ® V2 (Vv (u, 21 — 22)0, 29)wg) el V1822 (log 25)F
k=0 meC

= S\(wl @ Y2 (Yy(u, 21 — 22)v, 22)wz) = S\(wl ® Y92 (u,21)Y % (v, 22)ws) (5.46)

on the region |z| > |z1] > |22| > |21 —22| > 0, |arg 21 — arg 22| < . But since ) satisfies the P(z)-
compatibility condition, we know that the right-hand side of (5.46) is equal to (5.43) on the re-
gion |z| > |21] > [z2] > 0, =2 < arg(z1—z)—arg z, arg(zs—z)—arg z < —% and is equal to (5.45)
on the region |z| > |z1] > [22] > |21 — 22| > 0, —=2F < arg(21 — 2) — arg 2, arg( 29 —z) —argz <

—%. Moreover, by 1(b) of the P(z)-compatibility condition, the component-isolated singularity
at z9 = 00, 21 — 22 = 0 of the multivalued analytic function f(zl, 293U, UV, W, W2 )\) is regular.
Thus it can be expanded as a multiseries in powers of z3, z; — 29 and nonnegative integral
powers of logzy and log(z; — 22) on the region |z| > |z2] > |21 — 22| > 0. By (5.46), the
single-valued branches (5.43) and (5.45) of f(zl,zg;u,v,wl,wg;j\) are expanded as iterated
series of the same form on the region |z| > |z1| > |22 > |21 — 22| > 0, |arg z; — arg 22| < 7.
Thus the corresponding multiseries of this iterated series must be the expansion of a single-
valued branch of f (zl, Zo; U, U, W1, W9 5\) and is thus absolutely convergent as a multiseries on
the region |z| > |z2| > |21 — 22| > 0. In particular, the other iterated series

K
Z (Z Z 5\(71)1 (= Yn%%k((YV)n(u)U)"LUQ)e(ml) log 22 (log Z2)k> (21 . 22)77171
n€Z \k=0meC
= Z Mwy @ Y2((Yy ) (w)v, 22)ws) (21 — 29) "1 (5.47)
neL

of this multiseries is also absolutely convergent on the region |z| > |2z2| > |21 — 22| > 0 to the
same single-valued analytic functions. Thus we have proved that (5.47) is absolutely convergent
on the region |z| > |z1] > |22] > 0 and its sum is equal to (5.43) on the region |z| > |z1] >
|z2| > 0, —°F < arg(z; — 2z) — arg z, arg(z — z) —argz < —3, |argz; —arg zz| < § and is equal
to (5.45) on the reglon 2] > [z1] > [22] > 0, § < arg(z1 — z) —arg z,arg(zz — z) —argz < 3,

larg z1 — arg zo| < 5. Then by the definition of (Y(‘?‘;’Q) )’

((Ylg%gﬂ_l)o(Yv(u 21 — 22)v, zz)S\) (w1 ® wa)

=> (v, 9192) )" (V)" (w)v, 22) A) (w1 © wa) (21 — 29) "
neZ

=3 Ff (22 (V0 )n(w)v, wr, wa A) (21 — 22) "7 (5.48)
nez

is in fact the expansion of (5.43) as a Laurent series in z; — 22 near z; — z3 = 0 and then to
expand the coeflicients as a series in powers of zo and log 29 near zo = co. Thus we have shown
that (5.42) and the left-hand side of (5.48) are convergent on the region |z1| > |z2| > |z| and
|z2| > |21 — 22|, | 2|, respectively, and their sums are equal to (5.43) on the region |z1| > |z2| > |z],
larg(z1 — z) — arg 21, |arg(z2 — 2) —argza| < 3, |22| > |21 — 22|, 2|, |arg(22 — 2) — arg 2| < 7,
larg 21 — arg 29| < 7.

Since X satisfies the P(z)-local-grading-restriction condition, Wy = W’ Then we have a lin-
ear map I: Wy ® Wy — W3 = W] given by < (w1 ®ws), )\> = )\(wl ® wa) for wy € W1, wy € Wo
and X\ € Wy. Then (5.42) is %bsolutely converglent on the region |z1| > |22| > |z| means that the
series (I(w1 ® wa), (Ylg‘(éf) )’ (v, 22)(Y(“é1§2) )°(u, z1)\) is absolutely convergent on the same
region. Let Lp(.y(0) be the adjoint operator of LP( )( ). Then by (5.37), we have

<£CLP(Z)(O)I(U)1 ® w2)7 (Y]gféf)JQ)*l)o(v’ IQ)(Ylgggigz)*l)O(u’ $1))\>
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= (I(wn ® we), ™70 O (V) (0,2) (VL) (s 2)A)

P(z) P(z)
—1 1
= (I(wr ®ws), (V) (a2 O o) (V0 )°
x (@7 Oy, g2~z e ), (5.49)

Substituting e€™°8¢, log &, e™1°8%1 log 21, e™1°8%2 log 2y for a2, logx, xt, logxy, x5, logxa,
respectively, in (5.49), we see that the left-hand side (5.49) becomes
-1 -1 ~

(e0o5OLr O [ (wy @ wy), (V) (0, 20) (V) (u, 21)A) (5.50)
and the right-hand side becomes a single-valued branch of a multivalued analytic function of £, z1
and 2o defined on the region ‘215_1‘ > ‘225 _1‘ > |z|. The analytic function obtained from the
right-hand side of (5.49) can be expanded as an absolutely convergent multiseries in powers
of £, z1, z2 and nonnegative integral powers of log¢&, log z1, log ze on the region 0 < || < 1,
|z1] > |z2] > |z|. In particular, the iterated series corresponding to this multiseries is also
convergent absolutely. Thus we see that the coefficients of (5.50) as a series in the variable £
is an absolutely convergent series in the variable z; and zp on the region |z1| > |z2| > |2|. In
particular, for n € C,

—1 —1 ~

(mnd (w1 ® w), (V)" (0, 20) (VAR ) (u, 21)A)
is absolutely convergent on the region |z1| > |22| > |2|. On the other hand, m,I(w; ® ws)
for n € C, w1 € W1 and wy € W3 span Wy. In fact, if these elements do not span W, then
there exists a nonzero~element A € Wy such that <I (w1 ® wa), )\> =0 for wy € Wy and wy € W
But this means that A(w; ® we) = 0 for wy € Wi and wy € Wa. Hence A = 0. Contradiction.
Thus we see that

(', (YH ™) (0, 20) (V™) (w, 20)) (5.51)

is absolutely convergent on the region |z1| > |z2| > |z| for w' € W]. Since Wy and WJ are
lower bounded, the series (5.51) must have only finitely many terms in negative real parts of
powers of zo and finitely many terms in positive real parts of z;. Then the absolute convergence
of (5.51) on the region |z1| > |z2] > |z| means that it must be absolutely convergent on the
region |z1| > |z2| > 0. Similarly, using the left-hand side of (5.48), we see that

(', (Y(9192 I)O(YV(U,Z]_—ZQ)U,ZQ)S\> (5.52)

is absolutely convergent on the region |z3] > |21 — 22| > 0. Since the sums of (5.42) and
the left-hand side of (5.48) are equal to the single-valued branches on the intersection of the
corresponding regions, we see that the sums of (5.51) and (5.52) are also equal on the inter-
section of the corresponding regions. Thus we have proved the associativity for (YIS%SD )0,
which is equivalent to the associativity for y919)7"  Thig finishes the proof that W) equipped
with Yﬁjﬂ is a grading-restricted generalized (g1g2)~'-twisted V-module.

By Propositions 5.1 and 5.8, an element of Witp(,) W, satisfies the P(z)-compatibility condi-
tion and the P(z)-local-grading-restriction condition. We now assume that for an element \ of
(W1 ® Wa)* satisfying the P(z)-compatibility condition and the P(z)-local-grading-restriction,
W) is a (g1g2) ~ !-twisted generalized V-submodule of a (g1g2) ™ !-twisted generalized V-module W
in COMP whose contragredient W' is in C. We want to prove \ € Wlﬂz) Ws.

Since W* is linearly isomorphic to W', we shall identify W* with W’. We define a linear
map I: Wy @ Wy — W* by (u, [(w; ® wa)) = p(w; @ wy) for p € W, w; € Wy and wy € Wa.
We define a linear map Y;: Wi @ Wy — W/{z}log z], w1 ® wy — Yr(w1,x)wy by

Vi (w1, z)ws = xL(o)e—(logz)L(O)I(x—L(O)e(logz)L(O)wl ® x—L(O)e(logz)L(O)w2)

for wy; € W7 and we € Wo.
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From the definitions of )}y and L;D(Z)(O) on COMP C COM, it is easy to see that Yy satisfies
the L(—1)-derivative property.

For uy,...,up_1 € V, wy € Wi, wy € Wy and w € W, we have
—1
(w,Yp 9192) (u1,21)- - YJE@?Q) (wk—1, 2k—1) Vi (w1, 2x)w2)
-1 -1
= <’LU, Y}S.‘Zi‘)g2) (ula Zl) e Y}(;(Zi‘)gQ) (’U;k,l, Zk*l)

« e(log 2z —log z) L(0) I( —(log z,—log z)L(O)w1 ® ef(log z—log z) L(0) w2) >
_ <e(10gzk710gz) (0 ) Y]gzééh) ! (Z

Yf(;?,lg?2)_l (Z];L(O) ZL(O)uk_l, e—(log zr—log z—log zk,l))
« I(e—(logzk—log z)L(O)w1 Q e—(log zk—logz)L(O)w2)>

—L(0 — — —
. ()ZL(O)Ul,e (log z,—log z logzl))

= <(Yéfélﬁﬂ)*l)O(ZIC—L(O)ZL(O)uk_l, e—(logzk—log z—logzk_l)) .

(Ylg521§]2) ! ) o (Zk_L(O)ZL(D)ul, e—(log z—log z—log z1))e(log z—log z)L(O)w

I(e (logzkflogz)L(O)w1 ® ef(logzkflogz)L(O)w2)>

)

_ ((Y(glg2)_1)O(ZI;L(O)ZL(O)uk_l’ ef(log zkflog zflog Zkfl)) ..

P(z)
« (Y]g?25)72)_1 ) o (Z’;L(O)ZL(O)ul , e—(log 2z —log z—log zl))e(log 2z, —log z)L(O)w)
% (e—(log 2z —log z)L(O)w1 ® e—(log z—log Z)L(O)wQ) . (5.53)

By (5.8), the right-hand side of (5.53) is equal to the series obtained by expanding the
function

f/?—l(gh cee 75]6 13 Zk Lo L( ) Uy, . .- ,Z];L(O)ZL(O)’U,]C_M
e—(log zi—log z)L(O)w17 e—(log z—log z)L(O)w2; e(log z—log z)L(O)w)

on the region |§1]| > -+ > |[£_1| > |z| as series in powers of &1, ..., &1 and nonnegative integer
powers of log &1, . .., log & and then substituting e ~"(logzx—logz—logz1) = o—n(logz,—logz—logz,_1)
(n € C) for erlosér  enlogtk—1 and logz, — logz — logzy,...,log 2, — logz — log z,_1 for
log &1, ..., log&,_1, respectively. Then the right-hand side of (5.53) is absolutely convergent on
the region |zz12;'| > -+ > |z2p_12; | > |2| or equivalently the region |21] > -+ > |z_1] >
|z| > 0 and can be analytically extended to a multivalued analytic function on M*~1(0, z) with
a preferred branch. By (5.53),

—1 —1
(w, Y (g, 2) - V) (Wk—1, 2e—1)Vr (w1, 25)w2)

P(2) P(z)
is absolutely convergent on the region |z1| > --- > |zx_1| > |2k| > 0 and can be analytically
extended to a multivalued analytic function g(z1,...,z) on M¥(0,z) with a preferred branch.

Moreover, since a component-isolated singularity of the multivalued analytic function

H & —&Mif(6, ... &-; ZIC_L(O)ZL(O)UL . ,Z;;L(O)ZL(O)uk—b

1<i<j<k—1
e—(log zr—log z)L(O)w1 7 e—(log zr—log z)L(0) wo; e(log z—log z)L(O)w)

of the form (&1,...,&,_1) — B = 0 for € C*! and § € {0,00}*! is regular, we see that
a component-isolated singularity of the multivalued analytic function g(z1,...,z;) of the form
(zzlzk_l, ey zzk_lzlzl)—ﬁ = ¢ for f € C*1and 6 € {0,00}*!is regular. But this is the same as
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saying that for fixed z;, a component-isolated singularity of H1<Z< <k (i — zp)Misg(z,. .., 2)
of the form (21,...,2x_1) — B =& for f/ € CF=! and ¢ € {0, 00}F~
We now prove the duality property for V;. By (5.53), for w € W, v €V, w € W and
w2 € WZ)
-1
<w,Y§é§’2) (v, 21) Vi (w1, 22)ws)
_ ((ng%ljz)_l)O(Z;L(O)ZL(O)U, e—(log z2—log z—log zl))e(log 29—log z)L(O)w)
« (e—(logzg—logz)L(O)w1 ® e—(logzg—logz)L(O)w2), (554>

which is absolutely convergent on the region |z, lzzl‘ > |z| or equivalently |z1| > |z2| > 0 and
its sum is equal to

fe ( (log z2—log z—log z1) . ZQ_L(O) ZL(O)U, ef(log zo—log z)L(O)w1 , ef(log z2—log Z)L(O)w%

e(logZQ—logz)L(O)w) (555)
on the region ‘22 zzl‘ > |z|, ‘arg(z2 1zzl —z) —argz, zzl‘ < % For 21,z € R+ satis-
fying z1 > 29 > 0, we have |z5 zzl‘ = 2129 12| > |2| and ’aurg(z:2 Lom —z) —arg zy zz1’ =
!arg(zle — 1)z — arg(zlz2 ) Hargz —argz| = 0 < §. Hence the sum of the left-hand side

of (5.54) for such z; and 22 is equal to (5.55). But for an absolutely convergent series of the
form of the left-hand side of (5.54), its sum must be equal to one single valued branch on the
region |z1] > |22 > 0, |arg(z; — 22) — arg z1| < 5. Thus the sum of the left-hand side of (5.54)
is equal to (5.55) on the region |z1] > |22 > 0, |arg(z1 — 22) —argz1| < §

By definition,

(w, Yr(w1, 22)Y9 (v, 21 )wa)
_ <e(logzg—logz)L(0)w’ Yy (e—(logzg—logz)L(O)wl’ z)

« V92 (ZQ_L(O) ZL(O)U, ef(log z2—log z—log zl)) ef(log za—log z)L(O)w2>
— (e(log z2—log z)L(O)w) (ef(log zg—log z)L(O)w

® Y9 (zz_L(O)ZL(O)U, e—(log zo—log z—log 21))6—(103; zo—log z)L(O)w2) (5.56)

is absolutely convergent on the region |z| > |z 1221‘ > 0 or equivalently |z2| > |z1] > 0 and its
sum is equal to (5.55) on the region |zo| > |z1] > 0, —3F < arg(z; 'z21 —2) —argz < —Z. Using
the same argument as above, we can show that the sum of the left-hand side of (5.56) must be
equal to (5.55) on the region |zz| > |21| > 0, —<F < arg(z1 — 22) —argzs < — 3.

By 2 (a) in the compatibility condition, we see that

(w, V1 (Y9 (v, 21 — zo)w1, 22) wa)
_ <e(10gzg—logz)L(0)w,

% V; (Ygl (22—L(0)ZL(O)U7 22_12:,?,’1 . z)e—(logzg—log z)L(O)w17 Z)e—(log ZQ-lOgZ)L(O)w2>

_ (e(logzz—logz)L(O)w) (Ygl (Z;L(O)ZL(O)% z;lzzl _ Z)e—(logZ2—10g 2L(0)g,
® e—(logzg—logz)L(O)w2) (5.57)

which is absolutely convergent on the region |z| > ‘22 z21 — z‘ > 0 or equivalently |zo| >
|z1 — 22| > 0 and its sum is equal to (5.55) on the region |z| > ‘22 zz1 — z‘ > 0, |arg 2y t2zy —
arg z‘ < 5. Using the same argument as above, we can show that the sum of the left-hand side
of (5.57) must be equal to (5.55) on the region |z| > |21 — 22 > 0, |arg 21 — arg 2| < §. Thus
the duality property for YV; is proved and ); is a twisted intertwining operator of type (WI/lVWQ).
Then I is a twisted P(z)-intertwining map of the same type.

Now we have A(wi; ® wa) = (A, (w1 @ wa)) = Ar (w1 ® wy) for wy € Wy and wy € Wa. In
particular, A = A7 . Since W’ is in C, by definition, A\; x € WiTp(,)Wa. [ |
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A A convergence lemma

Let A be a finite subset of C/Z, R, € p for p € A, D a subset of U,ca(R, — N), A € C
and a,j; € Cforne D, j=0,...,M and i =1,...,N. Consider the triple series

M N

Z Z Z an,j,ie(_A—HH_l) log 21 (log Zl)je(—n—l)logZQ (log ZQ)i (Al)

neD j=0 i=0

for zq, 29 € C*.
For any z1, 2z satisfying |z1| > |22|, |arg(z1 — 22) — arg z1| < §, we have

ealog(z1—z2) _ Z <Z> (_1)ke(a—k) logZ1Z§, (AQ)

keN

log(z1 — z2) =log z1 + Z zl kb, (A.3)

kEZ

and for 2 # 0, we have e®la2(=22) = eomealog22 | (_2)) = log 29 + 7i, where a € C and g = 0,1
if arg zo < 7, arg zo > m, respectively. Note that in our notations, log z = ly(z) for z € C*.

ForneD,j=0,...,M, k € Z>, s=0,...,7, define b, ;. . € C as the coefficients of the
following formal power series expansion

J
(x + y)fA+n+1 log(x + y)J — Z Z bnjj7k7sfo+n+1fkyk(log 1‘)5, (A4)
keN s=0

where x and y are formal variables. From (A.2), (A.3) and (A.4), when |z1| > |22] and
larg(z1 — z2) — arg z1| < 5, we have the following expansion:

o(—A+n+1) log(ZI*ZQ)(log(zq - 2’2))j

_ ZZ n]k:se A—l—n—l—l—k)logzlzéc(logzl)s‘ (A5)
keN s=0

Now consider

ZZZaWe A los(51-22) (I0g (21 — 29))el "D 18(—22) (log(~ z3) ). (A.6)

neD j=0 =0

Using (A.5), we can further expand each term in the right-hand side of (A.6) so that the right-
hand side of (A.6) becomes the iterated sum

Z Z Z Qnji <Z Z ,y,k se —A+n+1—k)log z; z’;(log Zl)s)

neD j7=0 i=0 keN s=0
Xe(—n—l)log(—ZQ)(log(_Z2))i

M N j
= Z Z Z (Z Z anyj’i(_1)kbn7j7k’se(fA+n+lfk) log 21 zg(log Zl)s

neD j=0i=0 \keN s=0
" e(_n_l)10g(—z2)(10g(_z2))i> ’ (A.7)

where the inner sum is absolutely convergent on the region |z1| > |z2| > 0.
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We are interested in the convergence of the multisum

M N 7
Z Z Z Z Z an’jﬂ‘(—l)kan’k’se(—A-ﬁ-nﬁ—l—k) log 21

neD j=0 i=0 keN s=0
x (log zl)se(_"_l) log(_”)(log(—@))i (A.8)

and the corresponding series

M N M
Z ZZ (Z Z @n,j,z‘bn,j,k,s> o(—A+m+1)log 2

meD—N s=0 i=0 \ j=s n—k=m
neD,keEN

x (log z1)*e("m=1108(=22) (]og (— 25) )’ (A.9)
in powers of z; and zo and nonnegative integral powers of log z; and log zs.

Lemma A.1. Assume that the triple series (A.1) and the series obtained from (A.1) by taking
derivatives of each term in (A.l) with respect to z1 and z2 are absolutely convergent on the
region given by |z1| > |z2| > 0. Then the multisum (A.8) is absolutely convergent on the
region |z1| > 2|z2| > 0. Assume in addition that (A.1) is convergent on the region |z1| > |22| > 0,
larg(z1 — 22) — arg z1| < § to a single-valued analytic branch f€(z1,22) on Mg of a mazimally
extended multivalued analytic function on M? such that f€(z1 — 29, —22) has no singular point
in the region |z1| > |z2| > 0. Then the iterated sum (A.9) is absolutely convergent on the
region |z1| > [z2] > 0, |arg 21 — arg(z1 — 22)| < § to f€(21 — 22, —22).

Proof. Let 7 = R, —n. Then the sum ) ., in (A.1) can be written as the same as
> pcA 2men- So the series (A.1) can be written as

S STD TS el g et 82 g )

neAneN j=0 i=0

By assumption, the series

opta

ZZZZ R“_n’jlazpaz e~ A+Ru—ﬁ+1)10gzl(logzl) (—Ry+n— 1)10gZQ(10gZ2)i_ (A.IO)

pneAnEN j=0 i=0

for p, g € N is absolutely convergent on the region |z1| > |22| > 0. For any r > 1, consider

Z Z Z Z AR, -7 ji Paz e(—AFRu—At ) log 21 (150 4 )

neAneN j=0 i=0

xe(~Hutn=1)log22 (1og o )iph (A.11)

Then the absolute convergence of (A.10) on the region |z1| > |z2] > 0 is equivalent to the
absolute convergence of (A.11) on the region |z1| > r|z2| > 0. But the absolute convergence
of (A.11) on the region |z1| > r|z2| > 0 is in turn equivalent to the absolute convergence of

6p+q Z9 n 7
Z RI»L 7,550 821782 < ) r (A12)

neN

on the same region 21| > r|z2| > 0. But as a power series in 2, (A.12) with p,¢ = 0 has

a removable singularity at i—f = 0. Then we see that (A.12) with p, ¢ = 0 is absolutely convergent
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on the region |2 < ! and is hence also uniformly convergent on the closed region |22] <7y for
any positive ro < f. In particular, by the property of power series, (A.12) for p,q € N is
also absolutely convergent on the region |%‘ < % and is uniformly convergent on the closed
region [2] <ry. Thus for such ry, (A.11) is a (finite) linear combination of the uniformly
convergent series (A.12) on the region |22| < ry with analytic functions of 21 and 27 on Mg as
coefficients.

Substituting z; — zo and —z9 for z; and z9, respectively, in (A.11), we see that

Z Z Z Z i, i 82§62 e(*A‘i’n‘i’l)log(Zl*ZZ)(10g<21 _ 22))1

neAnEN j=0 i=0
we(-n—1) log(—zz)(log(_@))irﬁ (A.13)

is absolutely convergent on the region |21 — 29| > r|ze| >0 and is a (ﬁnite) linear combination
3 for
any positive ry < 2. Now we expand each term in (A 13) using (A.5) and then passing the
derivative 8227;(, to each term since the right-hand side of (A.5) is essentially a power series

in j—f to obtain the iterated sum

DI IR {03) S EITHE

neAneN j=0 i=0 keN s=0
Xe(fA+Rufﬁ+lfk) log z1 Z§ (10g Zl)s) e(*R#+7L71) log(—z2) (IOg(—ZQ))iTﬁ)

opta

M N j
_ Z Z Z Z (Z Z aRFmJ(_1)kbRﬂ_ﬁ’j’k’sWQFA+RW&+14) log 21

HEAREN j=0 i=0 \keN s=0

x 2K (log zl)se<—Ru+ﬁ—1>1°g<—22>(1og(—22))irﬁ) , (A.14)

where the inner sum is absolutely convergent on the region |z1| > |z2] > 0. Then as a sub-
series of (A.14) divided by a suitable function of the form e*!0821er108(=22) (Jog(—2,))" for some
A € C, v eN, the series

J itk
n 8p+q Z9 ~
§ : § E (_l)n—i_kaRu—n,J ZbRu n,7,k, 88 pai (> (log 21)5 r"
AEN \keN s=0 Z2 \*1

orta [\ F s
— Z ZZ aRH—n,],sz# n,jk nsm <21> (10g2’1) T, (A15>

neEN \ keN s=0

where b is deﬁned to be 0 when k < 7, is also absolutely convergent on the re-

Ry —7,j,k—7,s

gion |z — 29| > 7|z for any pos-
itive ro < 1, where the inner sum is absolutely convergent in the reglon |z1] > |22]. In the
region |z1| > (14 r)|z2| > 0, we have |z1 — 23] > |2z1] — |22| > r|z2| > 0. Then (A.15) is abso-
lutely convergent on the region [z1] > (1 +7)[z| or |2 < I—Jlrr with the inner sum absolutely
convergent in the region [21| > [22] or [2] < 1. Note that for fixed 2, 21 can be any com-
plex number and thus log z; can also be any nonzero complex number whose imaginary part is
in [0, 27). Moreover, (A.15) is convergent absolutely on the same region when log z; is replaced
by any choice of branches of the logarithm of z;. This means that ¢; = %’ and (o = log z; can

be viewed as independent variables and, after the change of variables from z1, z2 to {1 and (s,

0 o \?
Z(ZZ aR“ ~1giOR, .- ns( e CQ@TlJr - 8(2)

neN \LeN s=0
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x( i) <1<2><3 (A.16)

is absolutely convergent on the region given by (1] < ﬁlr, C2 € C and |(3] < r. From (A.16),
we see that

opta -

> ZZ VFar, 5jibn, s iinam 570G | (A17)

neEN \ teN s=0 0§f0§2

for p, ¢ € N is absolutely convergent on the region given by |(1]| < 1—1H"’ (2 € Cand |(3] < 7.
On the other hand, on the region |2| <

i +T for positive ro <

|22] |22]
|21 = [22] = A2 |22] — |22

<2

=T2.

Z1 — k9

Then for 2 € C satisfying |Z2| < %, for positive ry < & L and logz; € C, (A.15) is uniformly
convergent with the inner sum also uniformly convergent on the same closed region. Thus (A.17)
is uniformly convergent on the region |(i| < #%-, (2 € C and |(3] < r with the inner sum
also uniformly convergent on the same closed region. We have shown that the series (A.17)
for p,¢ € N obtained by taking derivatives of each term in the series (A 17) with p,¢ = 0 with
respect to (1, (2 and (3 is uniformly convergent on the region |(;] < 1+r , (2 € Cand |(3] <.
In particular, the derivatives of (A.17) with p,§ = 0 with respect to (1, (2 and (3 exist and is
equal to the sum of the series obtained by taking the corresponding derivatives of each term
in (A.17) with p,¢ = 0 on the region |(1| < 132, (2 € C and |(3| < 7. Then the sum of (A.17)
with p, ¢ = 0 is an analytic function of {7, (o and (3 on the same open region.
For r > 1, let (1, (2, (3 be complex numbers satistying |(| < o ¢ € C and |(3] <.
Then we have |C|1<| < (1+ r)]C1| < 1. We choose 7 such that 14’1” < 7“2 < (14 7)|¢1]. From
LC|1¢| P < 7’2, we obtam Gl < 7% We also have 0 < rg < (1 +r) G| < L. Now (1, (3 satisfy
|G| < %% and (3| < r. This means that the sum of (A.17) with p,§ = 0 is analytic and the
derivatives can be calculated term by term at (i, (2, 3. So the sum of (A.17) with p,q =0
is analytic and the derivatives can be calculated term by term on the polydisc |(1| < a +T)T,
(2 € C and |(3] < r for any r > 1. Since analytic functions on polydiscs can be expanded as
power series, the sum of (A.17) with p, ¢ = 0 can be expanded as a power series in (1, (2 and (3
and the coefficients of the power series expansion can be obtained using its derivatives with
respect to (1, (2 and (3 evaluated at (; = (3 = (3 = 0. By taking the derivatives term by term,
we see that the coefficients of the power series expansion of this analytic function are equal to
the coefficients (_1)kaRu_ﬁvjvibRufﬁ,j,fcfﬁ,s of the iterated series (A.17) with p,q = 0. Since the
power series expansion of an analytic function is an absolutely convergent multisum, we see that
the triple series

ZZZ aRu 7300 R, 5 j o n5C1CQC:? (A.18)

neEN LN s=0

is absolutely convergent on the region |(;| < (1+r)r’ (2eC and (3] < r.
In particular, on the region |z1]| > (1+7)r|z2], taking (1 = £, (3 = log 21 and (3 = 1 in (A.18),
we see that the triple series

k
5 3 St i e s (2) oz (A9

neEN LeN s=0
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is absolutely convergent. Since r is an arbitrary real number satisfying r > 1, (A.19) is in fact
absolutely convergent on the region |z;| > 2|z|. Multiplying e(~A+Rut1)log216(—Ru—1)log(—22)
x (log(—22))¢ to (A.19) and summing over A, j =0,...,M and i = 0,..., N, we see that the
multiseries

M N j )
Z Z Z Z Z Z(_1)kaRu_ﬁJ’ibRu7ﬁ7j7’~€7ﬁjse(—A+Ru+l) log 21

peAREN j=0 i=0 Ly s=0

k
xe(~Hu=1)log(=22) (g (— 2,))? (Z) (log 21)*

M N j
= 3 DS (1) b el AT B (0 2y

neD j=0 i=0 keN s=0
» e(—n—l)log(—zz)<1Og(_z2))i (A.20)

is absolutely convergent on the region |z1| > 2|z3| > 0, proving the first part of the lemma.

In the case that the additional assumption holds, from the proof above and the additional
assumption, the multisum (A.20), which is equal to the iterated series in the right-hand side
of (A.7), is absolutely convergent on the region [z1| > 2|z| > 0, |argz; —arg(z; — 22)| < §
to f€(z1 — 22, —22). In particular, (A.9) as an iterated sum of (A.20) is also absolutely convergent
on the region |z1| > 2|z3| > 0, |arg 21 — arg(z1 — 22)| < § to f¢(21 — 22, —22). Since there is no
singular point of f¢(z; — 22, —22) in the region |z1| > |22] > 0, (A.9) must also be absolutely
convergent when |z1| > |z2| > 0 and is thus absolutely convergent on the region |z1]| > |z2| > 0,
larg z1 — arg(z1 — 22)| < § to f€(21 — 22, —22). [ |

Remark A.2. There is a subtlety about the convergence regions for (A.20) and (A.9). Note
that in general the multisum (A.20) might not be absolutely convergent on the larger re-
gion |z1| > |z2| > 0. This is because (A.20) is not a series in powers of z; and z2 and nonnegative
integral powers of log z; and log z5. Even if we restore the variable (3 in the proof of the lemma
above to obtain a series in powers of 21, 22, (3 and nonnegative integral powers of log z; and
log 22, since we do not have the assumption that the sum of this series can be analytically ex-
tended to a region containing |z1| > |2z2| > 0, this series might not be absolutely convergent on
any region containing |z1| > |22 > 0.

Remark A.3. Lemma A.1 can be generalized to the case of more than two variables. Consider
the series

M N

> > D nmiedirae TV (log 2

N1, MEg€D  J1,.,Jk—1=0 i=0
ni+-+ng=A—k

% e(~nk—1—1)log 2 (log Zl)jkfle(*nkfl)bg # (log z1,)’° (A.21)
for z1,...,2r € C*. Replacing z; fori = 1,...,k—1 and 2z by 2z; — 2z and —zj, respectively, we
obtain the following series:

M N

E , E : E am’“.7nk7j1w’jk71ﬂ,e(—nl—l)log(zl—zk) 10g(2:1 - Zk>]1 T

N1, M €D  J1,.,Jk—1=0 i=0
ni+-+nr=A—k

x e D081 =20) (1og (2,1 — 2,) )7k 1e(T T D108(=20) (Jog(— 2)). (A.22)

Expanding e(=1=D108(z1=2k) Jog (2 — 2;,)71, ..., e(=ms—1=Dloe(zk—1=2k) (log (2,_1 — 2;))7" in (A.22)
using (A.5) with —A + n + 1 replaced by —n; — 1,...,—n; — 1, respectively, we obtain an



Twisted Intertwining Operators and Tensor Products 63

iterated series. This iterated series also has the corresponding multisum and other iterated
series. A generalization of Lemma A.1 says that if (A.21) is absolutely convergent on the re-
gion |z1]| > -+ > |z;| > 0 and its sum is equal to a suitable single-valued branch of a multivalued
analytic function on a suitable subregion, then the iterated series obtained by taking the sums
in (A.22) first and then taking the sums given by the expansions of e(~"1=Doe(z1=2k) (Jog (2, —
2p)1, ... el los(zk-1=2k) (log (2,1 — 2))7 is absolutely convergent on the region |z;| >
-+ > |zx| > 0 and its sum is equal to a given single-valued branch on a suitable subregion. Here
we omit the details of this generalization and its proof.
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