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Albanovägen 28, SE-114 19 Stockholm, Sweden

E-mail: dimleites@gmail.com

b) Faculty of Mechanics and Mathematics, Taras Shevchenko National University of Kyiv,
Hlushkova Avenue 4e, 03127 Kyiv, Ukraine

E-mail: alozhechnik@gmail.com

Received September 16, 2024, in final form August 21, 2026; Published online August 29, 2026

https://doi.org/10.3842/SIGMA.2026.085

Abstract. In the Belinski–Khalatnikov–Lifshitz cosmological models with an oscillatory
approximation to singularity, the tracks of cosmological billiards (whatever they are) are
realized in the Weyl chambers of the hyperbolic Lie algebras. The latter were classified by
Li Wang Lai; their super analogs — the almost affine Lie superalgebras — were classified
in arXiv:0906.1860. Here, we observe that some of the 142 hyperbolic Lie algebras H
can be “superized” to almost affine Lie superalgebras S(H): for each of these H, it is
possible to divide a row of its Cartan matrix by 2, simultaneously changing the parity
of the corresponding Chevalley generators and relations between them. For the H with
a symmetrizable Cartan matrix, we list all 97 such pairs (H ←→ S(H)). Several (18 of the
total 66) thus “superizable” algebras H have multiple such “superizations”. The tracks of
cosmological billiards corresponding to both terms of these pairs (H ←→ S(H)) coincide
since H and S(H) have one and the same Weyl chamber. We also classify “superizations”
of hyperbolic Lie algebras with non-symmetrizable Cartan matrix, and pairs g ←→ g0̄,
where g is a simple finite-dimensional Lie superalgebra without Cartan matrix and simple
component g0̄.

Key words: hyperbolic Lie algebra; almost affine Lie superalgebra; Cartan matrix; cosmo-
logical billiard
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1 Introduction

1.1 Cosmological billiards and hyperbolic Lie algebras.
Two hidden supersymmetries

Studies of cosmological models revealed a wonderful, breath-taking connection between hyper-
bolic Lie algebras with symmetrizable Cartan matrices and the cosmological models demonstrat-
ing an oscillatory approximation to singularity, called Belinski–Khalatnikov–Lifshitz dynamics,
see [20, 26]. Namely, the authors of [20, 26] had realized the tracks of cosmological billiards,
whatever they are, inside the Weyl chambers of the hyperbolic Lie algebras.

Recently, a hidden supersymmetry of these models was observed, see [10, 11, 12, 13, 21].

Here, we exhibit a completely different hidden “supersymmetry” of 66 cosmological billiards
out of the total of 142 billiards corresponding to symmetrizable Cartan matrices of the hyperbolic
Lie algebras. Namely, there are 97 “superizations,” 18 Cartan matrices (and hence, cosmological
billiards) admit several “superizations” each, see list (2). The tracks of the billiards correspond-
ing to these pairs (Cartan matrix←→its “superization”) coincide since the Lie algebra and any
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of its “superizations” have one and the same Weyl chamber, see Section 4. Since, apparently, the
“supersymmetry” (“superizations”) we noted has nothing in common with the supersymmetry
observed in [10, 11, 12, 13, 21], we do not overburden the present elementary note by recalling
the astounding observation [20, 26], see a review [1], or the essence of [10, 11, 12, 13, 21].

1.2 Hyperbolic Lie algebras and almost affine Lie superalgebras

In what follows, the ground field is C; all Cartan matrices A are supposed to be indecomposable
and normalized so that Aii = 0 or 1 or 2; moreover, Aij = 0 ⇐⇒ Aji = 0. For details and the
construction of the Lie (super)algebra g(A) from its Chevalley generators, see [4, 7, 9, 17].

A Lie algebra g(A) that grows polynomially in its Chevalley generators, is not finite-dimen-
sional, and such that A is indecomposable is called an affine Kac–Moody algebra.

To better visualize Lie superalgebras with Cartan matrix and of polynomial growth (unlike
the non-super case, not all of them are affine Kac–Moody: some of them are “stringy”, see [9]),
we need the following relatively recently distinguished notion which elucidates which ingredients
in the structure of affine Kac–Moody algebras are important and for what. Recall (for examples,
see [5, 7]) that a NIS-Lie (super)algebra a is an algebra endowed with a Non-degenerate invariant
symmetric bilinear form; and its double extension is the Lie (super)algebra ˆ︁a = (c⊂+ a)⊂+ d, the
semi-direct sum, where c is a 1-dimensional center and d is a 1-dimensional space of derivations.
The double extension is “interesting”, i.e., not isomorphic to the direct sum a ⊕ (c ⊕ d), if the
central extension is non-trivial and the derivation is outer, see [7].

The affine Kac–Moody Lie algebra is a double extension of aℓ(1) := a ⊗ C
[︁
t, t−1

]︁
, the loop

algebra with values in a simple finite-dimensional Lie algebra a, or of the “twisted” loop alge-
bra a

ℓ(k)
φ corresponding to the fixed points of the degree-k automorphism φ of the target Lie

algebra a; this φ corresponds to a symmetry of the Dynkin graph of a. Each of these affine
Kac–Moody algebras has a symmetrizable Cartan matrix, and its Dynkin graph is the extended
Dynkin diagram, see [19].

In the super case, there appear new phenomena: there are simple finite-dimensional

superalgebras b without Cartan matrices, such that a double extension of b
ℓ(k)
φ may

have a Cartan matrix; the other way round: even if b has a Cartan matrix, some of

the twisted loop algebras b
ℓ(k)
φ , or their double extensions, have no Cartan matrix;

the NIS on b can be either even or odd, see [7].

Therefore, the definition of affine Kac–Moody Lie algebra cannot be literally applied to Lie
superalgebras g of polynomial growth; we use the term affine Kac–Moody Lie superalgebras only
for algebras g with Cartan matrix, while algebras g without Cartan matrix will be called affine
Lie superalgebras.

For the results of classifications of Lie superalgebras with symmetrizable Cartan matrix,
see [30, 31], where finite-dimensional and infinite-dimensional Lie superalgebras of polyno-
mial growth are considered, and [18] for Lie superalgebras of polynomial growth with non-
symmetrizable Cartan matrices. A general conjecture on the list of simple Z-graded Lie superal-
gebras of polynomial growth (see [7, 23, 24]) analogous to Kac’s conjecture proved by O. Mathieu
(see [28]) is still open.

In the indescribable sea of Lie (super)algebras of exponential growth with Cartan matrix,
there are islands consisting of interesting algebras; moreover, they can be completely classified.
We will consider two such sets.
• A given Cartan matrix A with entries in the ground field is said to be almost affine if the

Lie (super)algebra determined by it is not finite-dimensional or affine Kac–Moody, but the Lie
(super)algebra determined by any main submatrix of A, i.e., the submatrix obtained by striking
out any row and any column intersecting on the main diagonal, is a sum of finite-dimensional
or affine Kac–Moody Lie (super)algebras.
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• A given Lie (super)algebra g(A) is called almost affine if all its Cartan matrices are almost
affine. Note that a given Lie (super)algebra, though not almost affine, may have an almost
affine Cartan matrix which goes into a non-almost-affine matrix under an odd reflection. We
are interested in the properties of a given Lie (super)algebra, not in those of one or several of
its Cartan matrices. Ignoring the difference between the two problems (classification of Cartan
matrices vs. classification of Lie (super)algebras) have twice led to publications with mistakes,
corrected in [9].

Clearly, there are many hyperbolic Lie algebras with 2 × 2 Cartan matrices since their off-
diagonal elements of the Cartan matrix can be arbitrary non-positive integers (according to the
usual very restrictive convention, sometimes naturally broken, e.g., by Borcherds) or — speaking
about almost affine Lie superalgebras — elements of the ground field, so such Lie (super)algebras
are not considered in the literature, and neither do we. The Dynkin graph of an affine Kac–
Moody (super)algebra is called an extension of the Dynkin graph of a finite-dimensional Lie
(super)algebra, and the Dynkin graph of any hyperbolic Lie algebra is, obviously, an extension
of an extended Dynkin graph. These extensions are obtained by very specific processes clearly
defined only for Cartan matrices, not just by adding a node to the graph; the graph, in particular,
the “extended” one, is just a graphic illustration of the Cartan matrix useful (for humans) only
if the matrix entries are integer, not very big in absolute value, etc. This is lucidly explained in
[9], together with bits of history of the subject, compare with [16], where it is not even stated
that the “algebraically closed field” of the scenery is of characteristic 0 (for characteristic p > 0,
see [3, 7]). The almost affine Lie algebra (not superalgebra) is usually called hyperbolic (for
a reason, see [9]), or “over extended” meaning its Dynkin graph is an extension of an extended
Dynkin graph.

Li Wang Lai was the first to classify all hyperbolic Lie algebras, see [25]. He gave his answer
in terms of analogs of Dynkin graphs, but he left it to the reader to guess how his graphs
correspond to Cartan matrices, and the method of getting the answer. Earlier, Kobayashi and
Morita classified hyperbolic Lie algebras with symmetrizable Cartan matrix, see [22]. These
results for symmetrizable matrices were double-checked in [14], where the incomplete but very
interesting paper [29] was corrected; for the classification of all, in particular, non-symmetrizable,
Cartan matrices of Lie algebras reproducing Li Wang Lai’s result, see the arXiv version of [9].
In [9], almost affine Lie superalgebras are classified; the answer is given in terms of Cartan
matrices, defined transparently and correctly together with analogs of Dynkin graphs.

1.3 Non-uniqueness of the “superization” procedure

In this note, we intend to find out which of the hyperbolic Lie algebras allow a “superization”
of the same type as o(2n + 1) does when it turns into osp(1|2n). This “superization” consists
of two steps: (i) divide, if possible without residue, a row by 2 as, for example, one divides the
bottom row of the Cartan matrix of o(2n+ 1) to get the Cartan matrix of osp(1|2n)

0 . . . 0 − 2 2←→ 0 . . . 0 − 1 1 (1)

(ii) simultaneously, one has to change the parities (even←→ odd) of the corresponding Chevalley
generators and accordingly modify the relations between these generators, see [17].

Actually, it is this step (ii) which is crucial and leads to one of the two possible changes
of the Cartan matrix: the first change is described in (1), the other one leads to the change
2←→ 0 of the diagonal element of the Cartan matrix together with the corresponding changes
of the off-diagonal elements on the same row, see [6], where these “superizations” are applied to
classify (finite-dimensional) simple Lie superalgebras over algebraically closed fields of character-
istic p = 2. If p ̸= 2, the “superization” 2←→ 0 may turn a finite-dimensional Lie algebra into
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an infinite-dimensional one or change the rate of its growth, but changes (1) preserve growth in
the cases considered, as we will see.

The “desuperization” we consider is the inverse of the “superization” procedure. (NB: both
these procedures are completely different from their namesakes considered in [2].)

For affine Kac–Moody superalgebras, these “desuperization”←→“superization” procedures,
first described by J. van de Leur [31], are one-to-one in both directions for Lie (super)algebras
whose Cartan matrices have no zeros on the main diagonal, except for the matrix

(︁
2 −2
−2 2

)︁
which obviously allows 2 non-equivalent “superizations” of 3 possible cases. For the following
hyperbolic Lie algebras, and almost affine Lie superalgebras, numbered as in [9] and in the next
section, the “desuperization”←→ “superization” correspondences are not one-to-one: each has
at least 2 (the number in parentheses if > 2) “superizations”:

H327, H387, H393(3), H398(3), H3108(3), H3113(5), H3115(3), H3117(3),

H3120(3), H3123, H45(3), H416(3), H424, H444, H445, H446(3), H522(3), H69.
(2)

Observe that the properties of osp(1|2n) resemble properties of the simple finite-dimensional
Lie algebras, see [15], where the mechanism of this resemblance found in earlier works is clarified;
for the same reasons, we conjecture that the properties of almost affine Lie superalgebras we
consider here are close to similar properties of hyperbolic Lie algebras.

2 The pairs “almost affine Lie superalgebra ←→ hyperbolic
Lie algebra” for symmetrizable Cartan matrices

In this section, we list all pairs “almost affine Lie superalgebra ←→ hyperbolic Lie algebra”. In
this list, the first column contains the name of an almost affine Lie superalgebra g, see [9], the
second one contains its Cartan matrix, the third one contains the name of the hyperbolic Lie
algebra, see [9], equal to g0̄. The penultimate column contains the Cartan matrix of g0̄. The last
column contains the permutation of rows/columns of the given S-type matrix of the first column
after its row with 1 on the main diagonal is multiplied by 2. We mark the Lie algebras that
admit several “superizations” by a !!! . To sift through the list of Cartan matrices of hyperbolic
Lie algebras and almost affine Lie superalgebras is possible by bare hands, but is rather boring
and prone to inadvertent omissions, so we used a simple code in order to select all pairs suitable
for the “superization”←→ “desuperization” thus defined, see [27]. We spotted a typo in [9]: the
matrix S335 is non-symmetrizable, should be designated NS335.

S34

(︃
2 −1 −2

−1 1 −1
−2 −1 2

)︃
H34

(︃
2 −2 −1

−2 2 −1
−2 −2 2

)︃
{1, 3, 2} S35

(︃
2 −1 −1

−1 1 −1
−1 −1 2

)︃
H35

(︃
2 −1 −1

−1 2 −1
−2 −2 2

)︃
{1, 3, 2}

S36

(︃
2 −1 −1

−2 1 −1
−2 −1 2

)︃
H314

(︃
2 −1 −1

−2 2 −1
−4 −2 2

)︃
{1, 3, 2} !!! S319

(︃
2 −2 −2

−1 1 −1
−1 −1 2

)︃
H327

(︃
2 −2 −2

−1 2 −1
−2 −2 2

)︃
{1, 3, 2}

S325

(︃
2 −1 −2

−2 1 −2
−2 −1 2

)︃
H382

(︃
2 −2 −1

−2 2 −1
−4 −4 2

)︃
{1, 3, 2} S326

(︃
2 −1 −1

−2 1 −2
−1 −1 2

)︃
H383

(︃
2 −1 −1

−1 2 −1
−4 −4 2

)︃
{1, 3, 2}

!!! S334

(︃
2 −2 −4

−1 1 −2
−1 −1 2

)︃
H387

(︃
2 −4 −2

−1 2 −1
−2 −4 2

)︃
{1, 3, 2} !!! S338

(︃
2 −2 −2

−1 1 −1
−2 −2 2

)︃
H393

(︃
2 −2 −2

−2 2 −2
−2 −2 2

)︃

S339

(︃
2 −2 −1

−1 1 −1
−1 −2 2

)︃
H394

(︃
2 −1 −2

−1 2 −2
−2 −2 2

)︃
{1, 3, 2} !!! S340

(︃
2 −1 −1

−1 1 −1
−1 −1 1

)︃
H327

(︃
2 −2 −2

−1 2 −1
−2 −2 2

)︃
{2, 1, 3}

!!! S343

(︃
2 −1 −1

−2 1 −1
−2 −1 1

)︃
H387

(︃
2 −4 −2

−1 2 −1
−2 −4 2

)︃
{2, 1, 3} !!! S345

(︃
2 −2 −2

−1 1 −1
−1 −1 1

)︃
H393

(︃
2 −2 −2

−2 2 −2
−2 −2 2

)︃

!!! S346

(︃
1 −1 −1

−1 1 −1
−1 −1 1

)︃
H393

(︃
2 −2 −2

−2 2 −2
−2 −2 2

)︃
S347

(︃
2 −1 0

−2 1 −1
0 −1 2

)︃
H397

(︃
2 −1 0

−4 2 −2
0 −1 2

)︃

!!! S348

(︃
2 −2 0

−1 1 −1
0 −1 2

)︃
H398

(︃
2 −2 0

−2 2 −2
0 −1 2

)︃
S349

(︃
2 −1 0

−2 1 −2
0 −1 2

)︃
H3107

(︃
2 −1 0

−4 2 −4
0 −1 2

)︃

!!! S350

(︃
2 −2 0

−1 1 −2
0 −1 2

)︃
H3108

(︃
2 −2 0

−2 2 −4
0 −1 2

)︃
!!! S351

(︃
2 −2 0

−1 1 −1
0 −2 2

)︃
H3113

(︃
2 −2 0

−2 2 −2
0 −2 2

)︃

S352

(︃
2 −1 0

−3 2 −1
0 −1 1

)︃
H3104

(︃
2 −2 0

−1 2 −3
0 −1 2

)︃
{3, 2, 1} S353

(︃
2 −1 0

−4 2 −1
0 −1 1

)︃
H3110

(︃
2 −2 0

−1 2 −4
0 −1 2

)︃
{3, 2, 1}
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!!! S354

(︃
2 −2 0

−2 2 −1
0 −1 1

)︃
H3115

(︃
2 −2 0

−1 2 −2
0 −2 2

)︃
{3, 2, 1} S355

(︃
2 −3 0

−1 2 −1
0 −1 1

)︃
H3119

(︃
2 −3 0

−1 2 −1
0 −2 2

)︃

!!! S356

(︃
2 −4 0

−1 2 −1
0 −1 1

)︃
H3120

(︃
2 −4 0

−1 2 −1
0 −2 2

)︃
S357

(︃
2 −1 0

−2 2 −1
0 −2 1

)︃
H3100

(︃
2 −4 0

−1 2 −2
0 −1 2

)︃
{3, 2, 1}

S358

(︃
2 −1 0

−3 2 −1
0 −2 1

)︃
H3106

(︃
2 −4 0

−1 2 −3
0 −1 2

)︃
{3, 2, 1} S359

(︃
2 −1 0

−4 2 −1
0 −2 1

)︃
H3112

(︃
2 −4 0

−1 2 −4
0 −1 2

)︃
{3, 2, 1}

!!! S360

(︃
2 −2 0

−2 2 −1
0 −2 1

)︃
H3117

(︃
2 −4 0

−1 2 −2
0 −2 2

)︃
{3, 2, 1} S361

(︃
2 −1 0

−1 2 −1
0 −2 1

)︃
H3118

(︃
2 −4 0

−1 2 −1
0 −1 2

)︃
{3, 2, 1}

!!! S362

(︃
2 −2 0

−1 2 −1
0 −2 1

)︃
H3120

(︃
2 −4 0

−1 2 −1
0 −2 2

)︃
{3, 2, 1} S363

(︃
2 −3 0

−1 2 −1
0 −2 1

)︃
H3122

(︃
2 −4 0

−1 2 −1
0 −3 2

)︃
{3, 2, 1}

!!! S364

(︃
2 −4 0

−1 2 −1
0 −2 1

)︃
H3123

(︃
2 −4 0

−1 2 −1
0 −4 2

)︃
!!! S365

(︃
2 −1 0

−2 2 −2
0 −1 1

)︃
H398

(︃
2 −2 0

−2 2 −2
0 −1 2

)︃
{3, 2, 1}

S366

(︃
2 −1 0

−3 2 −2
0 −1 1

)︃
H3103

(︃
2 −2 0

−2 2 −3
0 −1 2

)︃
{3, 2, 1} !!! S367

(︃
2 −1 0

−4 2 −2
0 −1 1

)︃
H3108

(︃
2 −2 0

−2 2 −4
0 −1 2

)︃
{3, 2, 1}

!!! S368

(︃
2 −2 0

−2 2 −2
0 −1 1

)︃
H3113

(︃
2 −2 0

−2 2 −2
0 −2 2

)︃
S369

(︃
2 −1 0

−1 2 −2
0 −1 1

)︃
H3114

(︃
2 −1 0

−1 2 −2
0 −2 2

)︃

!!! S370

(︃
2 −2 0

−1 2 −2
0 −1 1

)︃
H3115

(︃
2 −2 0

−1 2 −2
0 −2 2

)︃
S371

(︃
2 −3 0

−1 2 −2
0 −1 1

)︃
H3116

(︃
2 −3 0

−1 2 −2
0 −2 2

)︃

!!! S372

(︃
2 −4 0

−1 2 −2
0 −1 1

)︃
H3117

(︃
2 −4 0

−1 2 −2
0 −2 2

)︃
!!! S373

(︃
1 −2 0

−1 2 −1
0 −1 1

)︃
H3120

(︃
2 −4 0

−1 2 −1
0 −2 2

)︃

!!! S374

(︃
1 −1 0

−2 2 −1
0 −1 1

)︃
H3115

(︃
2 −2 0

−1 2 −2
0 −2 2

)︃
{3, 2, 1} !!! S375

(︃
1 −2 0

−1 2 −1
0 −2 1

)︃
H3123

(︃
2 −4 0

−1 2 −1
0 −4 2

)︃

!!! S376

(︃
1 −1 0

−2 2 −1
0 −2 1

)︃
H3117

(︃
2 −4 0

−1 2 −2
0 −2 2

)︃
{3, 2, 1} !!! S377

(︃
1 −1 0

−2 2 −2
0 −1 1

)︃
H3113

(︃
2 −2 0

−2 2 −2
0 −2 2

)︃

!!! S378

(︃
2 −1 0

−1 1 −1
0 −1 1

)︃
H398

(︃
2 −2 0

−2 2 −2
0 −1 2

)︃
{3, 2, 1} !!! S379

(︃
2 −1 0

−2 1 −1
0 −1 1

)︃
H3108

(︃
2 −2 0

−2 2 −4
0 −1 2

)︃
{3, 2, 1}

!!! S380

(︃
2 −2 0

−1 1 −1
0 −1 1

)︃
H3113

(︃
2 −2 0

−2 2 −2
0 −2 2

)︃
!!! S381

(︃
1 −1 0

−1 1 −1
0 −1 1

)︃
H3113

(︃
2 −2 0

−2 2 −2
0 −2 2

)︃

S41

⎛⎝ 2 −1 0 0
−1 1 −1 0
0 −1 2 −1
0 0 −1 2

⎞⎠ H43

⎛⎝ 2 −1 0 0
−1 2 −1 0
0 −2 2 −2
0 0 −1 2

⎞⎠ {4, 3, 2, 1} S42

⎛⎝ 2 −1 0 0
−1 1 −1 0
0 −1 2 −2
0 0 −1 2

⎞⎠ H41

⎛⎝ 2 −1 0 0
−2 2 −1 0
0 −2 2 −2
0 0 −1 2

⎞⎠ {4, 3, 2, 1}

!!! S43

⎛⎝ 2 −1 0 0
−1 1 −1 0
0 −1 2 −1
0 0 −2 2

⎞⎠ H45

⎛⎝ 2 −2 0 0
−1 2 −1 0
0 −2 2 −2
0 0 −1 2

⎞⎠ {4, 3, 2, 1} S44

⎛⎝ 2 −1 0 0
−3 2 −1 0
0 −1 2 −1
0 0 −1 1

⎞⎠ H410

⎛⎝ 2 −2 0 0
−1 2 −1 0
0 −1 2 −3
0 0 −1 2

⎞⎠ {4, 3, 2, 1}

S45

⎛⎝ 2 −3 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 1

⎞⎠ H417

⎛⎝ 2 −3 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −2 2

⎞⎠ S46

⎛⎝ 2 −1 0 0
−2 2 −1 0
0 −2 2 −1
0 0 −1 1

⎞⎠ H46

⎛⎝ 2 −2 0 0
−1 2 −2 0
0 −1 2 −2
0 0 −1 2

⎞⎠ {4, 3, 2, 1}

S47

⎛⎝ 2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 1

⎞⎠ H413

⎛⎝ 2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

⎞⎠ {4, 3, 2, 1} !!! S48

⎛⎝ 2 −2 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 1

⎞⎠ H416

⎛⎝ 2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −2 2

⎞⎠ {4, 3, 2, 1}

!!! S49

⎛⎝ 2 −1 0 0
−2 2 −2 0
0 −1 2 −1
0 0 −1 1

⎞⎠ H45

⎛⎝ 2 −2 0 0
−1 2 −1 0
0 −2 2 −2
0 0 −1 2

⎞⎠ {4, 3, 2, 1} S410

⎛⎝ 2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 1

⎞⎠ H414

⎛⎝ 2 −2 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 2

⎞⎠ {4, 3, 2, 1}

!!! S411

⎛⎝ 2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 1

⎞⎠ H416

⎛⎝ 2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −2 2

⎞⎠ !!! S412

⎛⎝ 1 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 1

⎞⎠ H416

⎛⎝ 2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −2 2

⎞⎠ {4, 3, 2, 1}

!!! S413

⎛⎝ 2 −1 0 0
−1 1 −1 0
0 −1 2 −1
0 0 −1 1

⎞⎠ H45

⎛⎝ 2 −2 0 0
−1 2 −1 0
0 −2 2 −2
0 0 −1 2

⎞⎠ {4, 3, 2, 1} S414

⎛⎝ 2 −1 0 −1
−1 1 −1 0
0 −1 2 −1

−1 0 −1 2

⎞⎠ H419

⎛⎝ 2 −1 0 −1
−1 2 −1 0
0 −2 2 −2

−1 0 −1 2

⎞⎠ {2, 3, 4, 1}

S417

⎛⎝ 2 −1 0 −2
−1 1 −1 0
0 −1 2 −2

−1 0 −1 2

⎞⎠ H422

⎛⎝ 2 −1 0 −1
−2 2 −1 0
0 −2 2 −2

−2 0 −1 2

⎞⎠ {2, 3, 4, 1} !!! S419

⎛⎝ 2 −1 0 −1
−1 1 −1 0
0 −1 2 −1

−2 0 −2 2

⎞⎠ H424

⎛⎝ 2 −2 0 −2
−1 2 −1 0
0 −2 2 −2

−1 0 −1 2

⎞⎠ {2, 1, 4, 3}

!!! S420

⎛⎝ 2 −1 0 −1
−1 1 −1 0
0 −1 2 −1

−1 0 −1 1

⎞⎠ H424

⎛⎝ 2 −2 0 −2
−1 2 −1 0
0 −2 2 −2

−1 0 −1 2

⎞⎠ {2, 1, 4, 3} S421

⎛⎝ 2 −1 0 0
−1 1 −1 −1
0 −1 2 0
0 −1 0 2

⎞⎠ H438

⎛⎝ 2 −1 0 0
−2 2 −2 −2
0 −1 2 0
0 −1 0 2

⎞⎠

S422

⎛⎝ 2 −1 0 0
−2 2 −1 −1
0 −1 1 0
0 −1 0 2

⎞⎠ H443

⎛⎝ 2 −1 0 0
−2 2 −1 −1
0 −1 2 0
0 −2 0 2

⎞⎠ {1, 2, 4, 3} !!! S423

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 2

⎞⎠ H444

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −1 2 0
0 −2 0 2

⎞⎠ {1, 2, 4, 3}

S424

⎛⎝ 2 −1 0 0
−2 2 −1 −2
0 −1 1 0
0 −1 0 2

⎞⎠ H440

⎛⎝ 2 −2 0 0
−1 2 −2 −2
0 −1 2 0
0 −1 0 2

⎞⎠ {3, 2, 1, 4} !!! S425

⎛⎝ 2 −2 0 0
−1 2 −1 −2
0 −1 1 0
0 −1 0 2

⎞⎠ H445

⎛⎝ 2 −2 0 0
−1 2 −2 −1
0 −1 2 0
0 −2 0 2

⎞⎠ {1, 2, 4, 3}

!!! S426

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −1 1 0
0 −2 0 2

⎞⎠ H446

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −2 2 0
0 −2 0 2

⎞⎠ !!! S427

⎛⎝ 2 −1 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 1

⎞⎠ H444

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −1 2 0
0 −2 0 2

⎞⎠ {3, 2, 1, 4}

!!! S428

⎛⎝ 2 −1 0 0
−2 2 −1 −1
0 −1 1 0
0 −1 0 1

⎞⎠ H445

⎛⎝ 2 −2 0 0
−1 2 −2 −1
0 −1 2 0
0 −2 0 2

⎞⎠ {3, 2, 1, 4} !!! S429

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 1

⎞⎠ H446

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −2 2 0
0 −2 0 2

⎞⎠

!!! S430

⎛⎝ 1 −1 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 1

⎞⎠ H446

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −2 2 0
0 −2 0 2

⎞⎠ S431

⎛⎝ 1 −1 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2

⎞⎠ H452

⎛⎝ 2 −2 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2

⎞⎠
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S51

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 0 0
0 −2 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1

⎞⎟⎠ H54

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 0 0
0 −2 2 −1 0
0 0 −1 2 −1
0 0 0 −2 2

⎞⎟⎠

S52

⎛⎜⎝
2 −1 0 0 0

−1 2 −2 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1

⎞⎟⎠ H53

⎛⎜⎝
2 −1 0 0 0

−1 2 −2 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −2 2

⎞⎟⎠

S53

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 −1
0 −1 1 0 0
0 −1 0 2 0
0 −1 0 0 2

⎞⎟⎠ H510

⎛⎜⎝
2 −2 0 0 0

−1 2 −1 −1 −1
0 −1 2 0 0
0 −1 0 2 0
0 −1 0 0 2

⎞⎟⎠ {3, 2, 1, 4, 5}

S54

⎛⎜⎝
2 −1 0 0 0

−2 2 −1 −1 0
0 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 1

⎞⎟⎠ H519

⎛⎜⎝
2 −1 0 0 0

−1 2 −2 −1 0
0 −1 2 0 0
0 −1 0 2 −1
0 0 0 −2 2

⎞⎟⎠ {3, 2, 1, 4, 5}

!!! S55

⎛⎜⎝
2 −2 0 0 0

−1 2 −1 −1 0
0 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 1

⎞⎟⎠ H522

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −2 2 0 0
0 −1 0 2 −1
0 0 0 −2 2

⎞⎟⎠ {3, 2, 1, 4, 5}

S56

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −1 1 0 0
0 −1 0 2 −1
0 0 0 −1 2

⎞⎟⎠ H521

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −2 2 0 0
0 −1 0 2 −1
0 0 0 −1 2

⎞⎟⎠

S57

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −1 1 0 0
0 −1 0 2 −2
0 0 0 −1 2

⎞⎟⎠ H520

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −2 2 0 0
0 −1 0 2 −2
0 0 0 −1 2

⎞⎟⎠

!!! S58

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −1 1 0 0
0 −1 0 2 −1
0 0 0 −2 2

⎞⎟⎠ H522

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −2 2 0 0
0 −1 0 2 −1
0 0 0 −2 2

⎞⎟⎠

!!! S59

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −1 1 0 0
0 −1 0 2 −1
0 0 0 −1 1

⎞⎟⎠ H522

⎛⎜⎝
2 −1 0 0 0

−1 2 −1 −1 0
0 −2 2 0 0
0 −1 0 2 −1
0 0 0 −2 2

⎞⎟⎠

S510

⎛⎜⎝
1 −1 0 0 0

−1 2 −1 0 −1
0 −1 2 −1 0
0 0 −1 2 −1
0 −1 0 −1 2

⎞⎟⎠ H514

⎛⎜⎝
2 −2 0 0 0

−1 2 −1 0 −1
0 −1 2 −1 0
0 0 −1 2 −1
0 −1 0 −1 2

⎞⎟⎠

S61

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −1 −1 −1 0
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H621

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −1 −1 −1 0
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 −1
0 0 0 0 −2 2

⎞⎟⎟⎠

S62

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H67

⎛⎜⎜⎝
2 −2 0 0 0 0

−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 2

⎞⎟⎟⎠ {6, 5, 3, 4, 2, 1}

S63

⎛⎜⎜⎝
2 −1 0 0 0 0

−2 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H610

⎛⎜⎜⎝
2 −1 0 0 0 0

−2 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −2 2

⎞⎟⎟⎠

!!! S64

⎛⎜⎜⎝
2 −2 0 0 0 0

−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H69

⎛⎜⎜⎝
2 −2 0 0 0 0

−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −2 2

⎞⎟⎟⎠

!!! S65

⎛⎜⎜⎝
1 −1 0 0 0 0

−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H69

⎛⎜⎜⎝
2 −2 0 0 0 0

−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −2 2

⎞⎟⎟⎠

S66

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −1 0 0 0
0 −2 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H618

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −1 0 0 0
0 −2 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −2 2

⎞⎟⎟⎠

S67

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −2 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 1

⎞⎟⎟⎠ H617

⎛⎜⎜⎝
2 −1 0 0 0 0

−1 2 −2 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −2 2

⎞⎟⎟⎠

S71

⎛⎜⎜⎜⎜⎝
2 −1 0 0 0 0 0

−1 2 −1 0 0 0 0
0 −1 2 −1 −1 0 0
0 0 −1 2 0 0 0
0 0 −1 0 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 1

⎞⎟⎟⎟⎟⎠ H71

⎛⎜⎜⎜⎜⎝
2 −1 0 0 0 0 0

−1 2 −1 0 0 0 0
0 −1 2 −1 −1 0 0
0 0 −1 2 0 0 0
0 0 −1 0 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −2 2

⎞⎟⎟⎟⎟⎠

S81

⎛⎜⎜⎜⎜⎜⎝
2 −1 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0
0 −1 2 −1 −1 0 0 0
0 0 −1 2 0 0 0 0
0 0 −1 0 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 1

⎞⎟⎟⎟⎟⎟⎠ H82

⎛⎜⎜⎜⎜⎜⎝
2 −1 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0
0 −1 2 −1 −1 0 0 0
0 0 −1 2 0 0 0 0
0 0 −1 0 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −2 2

⎞⎟⎟⎟⎟⎟⎠
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S91

⎛⎜⎜⎜⎜⎜⎜⎝

2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0
0 0 −1 2 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 −1 1

⎞⎟⎟⎟⎟⎟⎟⎠ H92

⎛⎜⎜⎜⎜⎜⎜⎝

2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0
0 0 −1 2 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 −2 2

⎞⎟⎟⎟⎟⎟⎟⎠

S101

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 0 −1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
H102

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 0 −2 2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

3 The pairs “almost affine Lie superalgebra ←→ hyperbolic
Lie algebra” for non-symmetrizable Cartan matrices

This section is added for completeness; we do not know of any of its possible interpretations.
In this section, we desuperize non-symmetrizable Cartan matrices of almost affine Lie super-

algebras. The matrices with multiple (in parentheses) “superizations”:

NH325(3), NH329(3), NH385(3).

Total NS matrices: 36, total NH matrices admitting “superization”: 30 of 96,

NS31

(︃
2 −1 −1

−1 1 −1
−2 −1 2

)︃
NH31

(︃
2 −1 −1

−2 2 −1
−2 −2 2

)︃
{1, 3, 2} NS32

(︃
2 −1 −1

−1 1 −1
−3 −1 2

)︃
NH32

(︃
2 −1 −1

−3 2 −1
−2 −2 2

)︃
{1, 3, 2}

NS33

(︃
2 −1 −1

−1 1 −1
−4 −1 2

)︃
NH33

(︃
2 −1 −1

−4 2 −1
−2 −2 2

)︃
{1, 3, 2} NS37

(︃
2 −1 −1

−2 1 −1
−3 −1 2

)︃
NH315

(︃
2 −1 −1

−3 2 −1
−4 −2 2

)︃
{1, 3, 2}

NS38

(︃
2 −1 −1

−2 1 −1
−4 −1 2

)︃
NH316

(︃
2 −1 −1

−4 2 −1
−4 −2 2

)︃
{1, 3, 2} NS39

(︃
2 −1 −2

−2 1 −1
−2 −1 2

)︃
NH317

(︃
2 −2 −1

−2 2 −1
−4 −2 2

)︃
{1, 3, 2}

NS310

(︃
2 −1 −1

−2 1 −1
−1 −1 2

)︃
NH318

(︃
2 −1 −1

−1 2 −1
−4 −2 2

)︃
{1, 3, 2} NS311

(︃
2 −1 −2

−2 1 −1
−1 −1 2

)︃
NH319

(︃
2 −2 −1

−1 2 −1
−4 −2 2

)︃
{1, 3, 2}

NS312

(︃
2 −1 −3

−2 1 −1
−1 −1 2

)︃
NH320

(︃
2 −3 −1

−1 2 −1
−4 −2 2

)︃
{1, 3, 2} NS313

(︃
2 −1 −4

−2 1 −1
−1 −1 2

)︃
NH321

(︃
2 −4 −1

−1 2 −1
−4 −2 2

)︃
{1, 3, 2}

NS314

(︃
2 −2 −1

−1 1 −1
−2 −1 2

)︃
NH322

(︃
2 −1 −2

−2 2 −1
−2 −2 2

)︃
{1, 3, 2} NS315

(︃
2 −2 −1

−1 1 −1
−3 −1 2

)︃
NH323

(︃
2 −1 −2

−3 2 −1
−2 −2 2

)︃
{1, 3, 2}

NS316

(︃
2 −2 −1

−1 1 −1
−4 −1 2

)︃
NH324

(︃
2 −1 −2

−4 2 −1
−2 −2 2

)︃
{1, 3, 2} !!! NS317

(︃
2 −2 −2

−1 1 −1
−2 −1 2

)︃
NH325

(︃
2 −2 −2

−2 2 −1
−2 −2 2

)︃
{1, 3, 2}

NS318

(︃
2 −2 −1

−1 1 −1
−1 −1 2

)︃
NH326

(︃
2 −1 −2

−1 2 −1
−2 −2 2

)︃
{1, 3, 2} NS320

(︃
2 −2 −3

−1 1 −1
−1 −1 2

)︃
NH328

(︃
2 −3 −2

−1 2 −1
−2 −2 2

)︃
{1, 3, 2}

!!! NS321

(︃
2 −2 −4

−1 1 −1
−1 −1 2

)︃
NH329

(︃
2 −4 −2

−1 2 −1
−2 −2 2

)︃
{1, 3, 2} NS322

(︃
2 −1 −1

−2 1 −2
−2 −1 2

)︃
NH352

(︃
2 −4 −4

−1 2 −1
−1 −2 2

)︃
{2, 1, 3}

NS323

(︃
2 −1 −1

−2 1 −2
−3 −1 2

)︃
NH380

(︃
2 −4 −4

−1 2 −1
−1 −3 2

)︃
{2, 1, 3} NS324

(︃
2 −1 −1

−2 1 −2
−4 −1 2

)︃
NH381

(︃
2 −1 −1

−4 2 −1
−4 −4 2

)︃
{1, 3, 2}

NS327

(︃
2 −2 −1

−1 1 −2
−2 −1 2

)︃
NH349

(︃
2 −2 −4

−2 2 −1
−1 −2 2

)︃
{2, 1, 3} NS328

(︃
2 −2 −1

−1 1 −2
−3 −1 2

)︃
NH378

(︃
2 −2 −4

−2 2 −1
−1 −3 2

)︃
{2, 1, 3}

NS329

(︃
2 −2 −1

−1 1 −2
−4 −1 2

)︃
NH384

(︃
2 −1 −2

−4 2 −1
−2 −4 2

)︃
{1, 3, 2} !!! NS330

(︃
2 −2 −2

−1 1 −2
−2 −1 2

)︃
NH385

(︃
2 −2 −2

−2 2 −1
−2 −4 2

)︃
{1, 3, 2}

NS331

(︃
2 −2 −1

−1 1 −2
−1 −1 2

)︃
NH386

(︃
2 −1 −2

−1 2 −1
−2 −4 2

)︃
{1, 3, 2} !!! NS332

(︃
2 −2 −2

−1 1 −2
−1 −1 2

)︃
NH329

(︃
2 −4 −2

−1 2 −1
−2 −2 2

)︃
{3, 1, 2}

NS333

(︃
2 −2 −3

−1 1 −2
−1 −1 2

)︃
NH368

(︃
2 −4 −2

−1 2 −1
−2 −3 2

)︃
{3, 1, 2} !!! NS335

(︃
2 −2 −1

−1 1 −1
−2 −2 2

)︃
NH325

(︃
2 −2 −2

−2 2 −1
−2 −2 2

)︃
{2, 1, 3}

NS336

(︃
2 −2 −1

�−1 1 −1
−3 −2 2

)︃
NH365

(︃
2 −2 −2

−2 2 −1
−2 −3 2

)︃
{2, 1, 3} !!! NS337

(︃
2 −2 −1

−1 1 −1
−4 −2 2

)︃
NH385

(︃
2 −2 −2

−2 2 −1
−2 −4 2

)︃
{2, 1, 3}

!!! NS341

(︃
2 −1 −1

−2 1 −1
−1 −1 1

)︃
NH329

(︃
2 −4 −2

−1 2 −1
−2 −2 2

)︃
{2, 1, 3} !!! NS342

(︃
2 −2 −1

−1 1 −1
−1 −1 1

)︃
NH325

(︃
2 −2 −2

−2 2 −1
−2 −2 2

)︃
{2, 1, 3}

!!! NS344

(︃
2 −2 −1

−1 1 −1
−2 −1 1

)︃
NH385

(︃
2 −2 −2

−2 2 −1
−2 −4 2

)︃
{2, 1, 3}

NS415

⎛⎝ 2 −1 0 −2
−1 1 −1 0
0 −1 2 −1

−1 0 −1 2

⎞⎠ NH420

⎛⎝ 2 −1 0 −1
−2 2 −1 0
0 −2 2 −2

−1 0 −1 2

⎞⎠ {2, 3, 4, 1} NS416

⎛⎝ 2 −1 0 −1
−1 1 −1 0
0 −1 2 −1

−2 0 −1 2

⎞⎠ NH421

⎛⎝ 2 −2 0 −1
−1 2 −1 0
0 −2 2 −2

−1 0 −1 2

⎞⎠ {2, 3, 4, 1}

NS418

⎛⎝ 2 −1 0 −1
−1 1 −1 0
0 −1 2 −2

−2 0 −1 2

⎞⎠ NH423

⎛⎝ 2 −2 0 −1
−1 2 −1 0
0 −2 2 −2

−2 0 −1 2

⎞⎠ {2, 3, 4, 1}
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3.1 Remark

For completeness, observe that among the simple finite-dimensional Lie superalgebras g without
Cartan matrix, there are 2 series such that g0̄ is a simple Lie algebra. To describe such pairs
(g, g0̄), recall (see, e.g., [9]) that q(n), called the queer Lie superalgebra, is another super analog
of gl(n), in addition to gl(a|b). These super analogs, namely gl(a|b) and q(n), correspond,
respectively, to the two cases of the Schur lemma: when the irreducible module has no invariant
subsuperspaces and when it has no invariant subsuperspaces, but has an invariant subspace.
In the latter case, q(n) can be interpreted as preserving a complex structure given by an odd
operator J in an (n|n)-dimensional superspace V . Having selected a basis of standard format
in V so that the matrix of J is

(︁
0 1n

−1n 0

)︁
, we can realize the supermatrices of q(n) in the

form (A,B) :=
(︁
A B
B A

)︁
, where A,B ∈ gl(n). The queer trace qtr : (A,B) ↦→ trB singles out

a queertraceless subalgebra sq(n); set psq(n) := sq(n)/C12n.
The Lie superalgebra pe(n) preserving a non-degenerate invariant odd symmetric bilinear

form in an (n|n)-dimensional superspace is called periplectic, as A. Weil suggested. Let str
denote the supertrace — a functional on the Lie superalgebra g that vanishes on g′. Set

spe(n) := {X ∈ pe(n) | strX = 0}.

The two series described above are, for n ≥ 3 (here Π is the inversion of parity functor):

psq(n) with psq(n)0̄ ≃ sl(n) and psq(n)1̄ ≃ Π(sl(n));

spe(n) with spe(n)0̄ ≃ sl(n) = sl(V ) and spe(n)1̄ ≃

{︄
Π(Λ2(V )⊕ S2(V ∗)) or

Π(Λ2(V ∗)⊕ S2(V )).

4 Open question

We observed that the Weyl chamber of a given hyperbolic Lie algebra g and the Weyl chamber
of any of the “superizations” of g are one and the same cone.

Indeed, the “superization” (1) multiplies one of the simple roots by 2 and leaves the Cartan
subalgebra h and the other simple roots as they were. The Weyl chamber

C = {h ∈ hR | α(h) > 0 for every simple root α}

depends on the simple roots only up to a positive factor each, since α(h) > 0 ⇐⇒ 2α(h) > 0;
hence the two chambers coincide. For the same reason, α and 2α vanish on one and the same
hyperplane and the reflections in them are equal, so the Lie algebra and its “superization” have
not only the same chamber but the same system of walls and the same Weyl group; the walls
just carry roots of both parities now. What does differ is the root system itself, which for the
“superization” is non-reduced: together with some roots α of g, the Lie superalgebra has the
roots 2α, as osp(1|2n) has both ±εi and ±2εi. The billiard table is therefore literally the same
table, and this is why the tracks coincide.

How does this “superization” of the conventional billiard affect the model describing the
cosmological billiard, cf. [1, 20, 26] and [13, 14, 21]?

Acknowledgements

D.L. was supported by the grant AD 065 NYUAD in 2021. We heartily thank the referees for
the careful refereeing, criticism, and several very helpful constructive remarks. We acknowledge
the letter (2024-09-23) from Lisa Carbone to D.L.: “I have seen your recent paper ‘On a hidden
supersymmetry of cosmological billiards.’ Some of the results were previously worked out in my
paper [8]. I think it would be appropriate for you to add a citation.” So we added it for the
reader (and all the co-authors of [8]) to enjoy.



On a Hidden Supersymmetry of Cosmological Billiards 9

References

[1] Belinski V., Henneaux M., The cosmological singularity, Cambridge Monogr. Math. Phys., Cambridge Uni-
versity Press, Cambridge, 2018.

[2] Bouarroudj S., Grozman P., Lebedev A., Leites D., Shchepochkina I., Simple vectorial Lie algebras in
characteristic 2 and their superizations, SIGMA 16 (2020), 089, 101 pages, arXiv:1510.07255.

[3] Bouarroudj S., Grozman P., Leites D., Classification of finite dimensional modular Lie superalgebras with
indecomposable Cartan matrix, SIGMA 5 (2009), 060, 63 pages, arXiv:0710.5149.

[4] Bouarroudj S., Grozman P., Leites D., Defining relations of almost affine (hyperbolic) Lie superalgebras,
J. Nonlinear Math. Phys. 17 (2010), suppl. 1, 163–168, arXiv:1012.0176.

[5] Bouarroudj S., Krutov A., Leites D., Shchepochkina I., Non-degenerate invariant (super)symmetric bilinear
forms on simple Lie (super)algebras, Algebr. Represent. Theory 21 (2018), 897–941, arXiv:1806.05505.

[6] Bouarroudj S., Lebedev A., Leites D., Shchepochkina I., Classification of simple Lie superalgebras in char-
acteristic 2, Int. Math. Res. Not. 2023 (2023), 54–94, arXiv:1407.1695.

[7] Bouarroudj S., Leites D., Shang J., Computer-aided study of double extensions of restricted lie superal-
gebras preserving the nondegenerate closed 2-forms in characteristic 2, Exp. Math. 31 (2022), 676–688,
arXiv:1904.09579.

[8] Carbone L., Chung S., Cobbs L., McRae R., Nandi D., Naqvi Y., Penta D., Classification of hyperbolic
Dynkin diagrams, root lengths and Weyl group orbits, J. Phys. A 43 (2010), 155209, 30, arXiv:1003.0564.

[9] Chapovalov D., Chapovalov M., Lebedev A., Leites D., The classification of almost affine (hyperbolic) Lie
superalgebras, J. Nonlinear Math. Phys. 17 (2010), 103–161, arXiv:0906.1860.

[10] Damour T., Henneaux M., Chaos in superstring cosmology, Phys. Rev. Lett. 85 (2000), 920–923, arXiv:hep-
th/0003139.

[11] Damour T., Henneaux M., Julia B., Nicolai H., Hyperbolic Kac–Moody algebras and chaos in Kaluza–Klein
models, Phys. Lett. B 509 (2001), 323–330, arXiv:hep-th/0103094.

[12] Damour T., Henneaux M., Nicolai H., Cosmological billiards, Classical Quantum Gravity 20 (2003), R145–
R200, arXiv:hep-th/0212256.

[13] Damour T., Spindel P., Quantum supersymmetric cosmological billiards and their hidden Kac–Moody struc-
ture, Phys. Rev. D 95 (2017), 126011, 23 pages, arXiv:1704.08116.

[14] de Buyl S., Schomblond C., Hyperbolic Kac Moody algebras and Einstein billiards, J. Math. Phys. 45
(2004), 4464–4492, arXiv:hep-th/0403285.

[15] Deligne P., Lehrer G.I., Zhang R.B., The first fundamental theorem of invariant theory for the orthosym-
plectic super group, Adv. Math. 327 (2018), 4–24, arXiv:1508.04202.

[16] Dynkin diagram, Wikipedia, https://en.wikipedia.org/wiki/Dynkin_diagram.

[17] Grozman P., Leites D., Defining relations for Lie superalgebras with Cartan matrix, Czechoslovak J. Phys.
51 (2001), 1–21, arXiv:hep-th/9702073.

[18] Hoyt C., Serganova V., Classification of finite-growth general Kac–Moody superalgebras, Comm. Algebra
35 (2007), 851–874, arXiv:0810.2637.

[19] Kac V.G., Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, Cambridge, 1990.

[20] Khalatnikov I.M., Kamenshchik A.Yu., Lev Landau and the problem of singularities in cosmology, Phys.
Uspekhi 51 (2008), 609–616, arXiv:0803.2684.

[21] Kleinschmidt A., Koehn M., Nicolai H., Supersymmetric quantum cosmological billiards, Phys. Rev. D 80
(2009), 061701, 5 pages, arXiv:0907.3048.

[22] Kobayashi Z., Morita J., Automorphisms of certain root lattices, Tsukuba J. Math. 7 (1983), 323–336.

[23] Leites D., Saveliev M.V., Serganova V.V., Embeddings of osp(N |2) and completely integrable systems, in
Group-Theoretical Methods in Physics (Yurmala, May 1985), Nauka, Moscow, 1987, 377–394 (an enlarged
version in English is published by VNU Sci Press, 1986, 255–297).

[24] Leites D., Shchepochkina I., The classification of simple complex Lie superalgebras of polynomial vector
fields and their deformations, arXiv:2406.16760.

[25] Li W.L., Classification of generalized Cartan matrices of hyperbolic type, Chinese Ann. Math. Ser. B 9
(1988), 68–77.

[26] Lifshitz E.M., Khalatnikov I.M., Investigations in relativistic cosmology, Adv. Phys. 12 (1963), 185–249.

https://doi.org/10.1017/9781107239333
https://doi.org/10.1017/9781107239333
https://doi.org/10.3842/SIGMA.2020.089
https://arxiv.org/abs/1510.07255
https://doi.org/10.3842/SIGMA.2009.060
https://arxiv.org/abs/0710.5149
https://doi.org/10.1142/S1402925110000830
https://arxiv.org/abs/1012.0176
https://doi.org/10.1007/s10468-018-9802-8
https://arxiv.org/abs/1806.05505
https://doi.org/10.1093/imrn/rnab265
https://arxiv.org/abs/1407.1695
https://doi.org/10.1080/10586458.2019.1683102
https://arxiv.org/abs/1904.09579
https://doi.org/10.1088/1751-8113/43/15/155209
https://arxiv.org/abs/1003.0564
https://doi.org/10.1142/S1402925110000829
https://arxiv.org/abs/0906.1860
https://doi.org/10.1103/PhysRevLett.85.920
https://arxiv.org/abs/hep-th/0003139
https://arxiv.org/abs/hep-th/0003139
https://doi.org/10.1016/S0370-2693(01)00498-1
https://arxiv.org/abs/hep-th/0103094
https://doi.org/10.1088/0264-9381/20/9/201
https://arxiv.org/abs/hep-th/0212256
https://doi.org/10.1103/physrevd.95.126011
https://arxiv.org/abs/1704.08116
https://doi.org/10.1063/1.1806537
https://arxiv.org/abs/hep-th/0403285
https://doi.org/10.1016/j.aim.2017.06.009
https://arxiv.org/abs/1508.04202
https://en.wikipedia.org/wiki/Dynkin_diagram
https://doi.org/10.1023/A:1026642004008
https://arxiv.org/abs/hep-th/9702073
https://doi.org/10.1080/00927870601115781
https://arxiv.org/abs/0810.2637
https://doi.org/10.1017/CBO9780511626234
https://doi.org/10.1070/PU2008v051n06ABEH006550
https://doi.org/10.1070/PU2008v051n06ABEH006550
https://arxiv.org/abs/0803.2684
https://doi.org/10.1103/PhysRevD.80.061701
https://arxiv.org/abs/0907.3048
https://doi.org/10.21099/tkbjm/1496159829
https://arxiv.org/abs/2406.16760
https://doi.org/10.1080/00018736300101283


10 D. Leites and O. Lozhechnyk

[27] Lozhechnyk O., Hyperbolic superizations, https://github.com/sash-repo/hyperbolic-superizations.

[28] Mathieu O., Classification of simple graded Lie algebras of finite growth, Invent. Math. 108 (1992), 455–519.
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