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Abstract. A color Lie algebra is a generalization of a Lie (super)algebra by an Abelian
group I'. The underlying vector space and defining relations of the algebra are graded
by T', and a color Lie algebra can admit graded Casimir elements. Furthermore, in that
case its loop algebra admits graded central extensions. We present a general method for
constructing 2nd order graded Casimir elements and graded central extensions for a given
color Lie algebra and its loop algebra, respectively. We also show that there exists a large
class of color Lie algebras admitting such graded Casimir elements or central extensions by
providing three examples, namely, s[(2) for I' = Z%, and q(n) and osp(m|2n) for I = Z3.
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1 Introduction

The term color Lie algebra is loosely used, following Rittenberg and Wyler [44], to describe
a generalization of Lie algebras defined by a pair (I',w), where I' is an additive Abelian group
and w: I'xT" — C* is a mapping called commutative factor (see Section 2 for a precise definition).
This algebraic structure has a long history. It was first introduced by Rimhak Ree in 1960 [42],
and later rediscovered by Rittenberg and Wyler [43, 44]. Shortly after this rediscovery, color Lie
algebras were extensively studied by Scheunert [47, 48, 49].

In fact, Lie superalgebras constitute the simplest example of color Lie algebras, corresponding
to the case where I' = Zy = {0,1} and w(a, B) = (=1)®5 for a, 8 € Zy. A striking feature of
color Lie algebras is their I'-grading structure. In the case of Lie superalgebras, this means the
following: T' decomposes the superalgebra into two subspaces, namely the even (0-graded) and
odd sectors (1-graded). Furthermore, the defining relations are given, in terms of these sectors,
by the following (anti)commutation relations:

[even, even| C even, [even, odd] C odd, {odd,odd} C even.

One may see that these relations are compatible with the multiplication law of Z.

Another simple but widely studied example is obtained by taking I' = Z3 = Zy x Z.
There are two possible choices of w for this I', and the corresponding color Lie algebras con-
sist of four (the order of Z3) sectors, each of which is graded by an element of Z3 [44]. The
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(anti)commutation relations of these sectors are compatible with the multiplication law of Z2. In
this case, one can observe many new features which are distinct from those of Lie superalgebras.
One such feature is the graded center, namely the set of elements that commute (in the graded
sense) with all elements of a color Lie algebra.

For a given finite-dimensional color Lie algebra, one may define its universal enveloping
algebra and its graded center. Elements of the graded center are the graded Casimir elements
of the color Lie algebra [31, 47, 48, 49]. One may also consider a loop extension of a given
finite-dimensional color Lie algebra, which can admit an extension by graded central elements.
Such graded Casimir elements and central extensions are found in Z3-graded color extensions
of s1(2) and 0sp(1]2), and a general method to construct them for Z3 is developed in [4, 7] (see
also Appendix of [9]). The graded central extension is also found for a module extension of the
Virasoro algebra with I' = Z3 grading [5].

The purpose of this paper is to extend the general method for I' = Z% to arbitrary Abelian
groups and to show, by presenting explicit examples, that there exist a large number of color Lie
algebras possessing such graded Casimir elements and graded central extensions. The examples
considered in this paper include the Z3-graded color extension of s[(2) and the Z3-graded color
extensions of the Lie superalgebras q(n) and osp(m|2n). These examples share the property
that they contain copies of the underlying Lie (super)algebra as subalgebras.

This work is motivated by recent advances and applications of color Lie algebras in various
fields. If a color Lie algebra appears in a system under consideration, it is important to determine
whether it admits graded Casimir elements (or graded central elements in the case of affine color
Lie algebras). Focusing only on ordinary (non-graded) Casimir elements fails to capture the full
structure of the system.

Before starting our analysis, we provide a concise state-of-the-art overview of studies on color
Lie algebras in mathematics and physics. Apart from studies of structure and representation
theory (see, for example, [33, 36, 39, 45, 50, 53, 55]), color Lie algebras have also been explored
in the following areas of mathematics and physics:

(i) Noncommutative geometry (see [41] for a review). Color Lie algebras defined for I' = Z :=
Zo X Ly X -+ X Lo (n times) provide a highly nontrivial example of a noncommutative
manifold. The study of geometry on such spaces, initiated in [26, 27, 30], has since been
extensively developed [23, 24, 25, 28, 29, 38]. However, many open problems still remain.
One of the most significant issues is the definition of integration on these noncommutative
spaces [40]. So far, three different proposals for such a definition have been put forward
[6, 40, 41], but no consensus has yet been reached.

(ii) Integrable systems. Recalling that many classical integrable systems, such as soliton equa-
tions—and in particular Toda field theory—can be obtained in an algebraic way (see,
e.g., [17]), it is natural to expect that the use of color Lie algebras can produce novel types
of integrable systems. This has indeed been realized for I' = Z3: a generalization of the
sine-Gordon equation [21], the Liouville and sinh-Gordon equations [4, 7], as well as the
mKdV and KdV equations [3], have been obtained.

(iii) Knot theory. It was shown in [9] that a color Lie algebra admitting a nondegenerate
invariant bilinear form gives rise to a universal weight system (UWS) that encodes the
first nontrivial layers of finite-type topological invariants of knots. In general, a UWS is
constructed in terms of the Casimir elements of the algebra under consideration.

(iv) Generalization of supersymmetry. Supersymmetry is a physical realization of the super-
Poincaré algebra. Since color Lie algebras generalize Lie superalgebras, one may consider
color generalizations of the super-Poincaré algebra. The case I' = Z4 X Z4 was considered
by Wills-Toro [65, 66], while the cases I' = Z3 and T’ = Z% were introduced by Tolstoy [57]
and Bruce [19], respectively. Bruce’s algebras are now widely accepted, and generalizations
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of supersymmetric quantum mechanics [1, 2, 22] as well as two-dimensional field theories
have been constructed [8, 20]. A remarkable observation is that the S-matrix of quantum
field theory admits Bruce’s algebra as symmetries, providing an extension of the well-
known Haag-Lopuszaiiski-Sohnius theorem [34].

(v) Parastatistics. Particles beyond bosons and fermions (paraparticles) have recently at-
tracted renewed attention from both theoretical [64] and experimental perspectives [13, 14].
Color Lie algebras provide a natural framework for describing paraparticles through their
representation theory [18, 52, 54, 60, 61]. An important observation is that such para-
particles are, in principle, theoretically detectable; that is, there exist quantum operators
that distinguish paraparticles from ordinary bosons and fermions [58, 59, 62]. It was also
shown that a mixed system of well-known parabosons and parafermions, introduced by
Green, forms a color Lie algebra with T' = Z2 [56].

(vi) Hidden color Lie algebra structure. There exist systems that are formulated without any
relation to color Lie algebras. However, their symmetries can be enhanced to form a color
Lie algebra, or they can be solved using a color Lie algebra. As examples, we mention de
Sitter supergravity with a positive cosmological constant [63], the Lévy—Leblond equation
[10, 11, 46], and the Dirac oscillator [32].

This paper is organized as follows: Section 2 collects definitions and basic facts on color Lie
algebras that will be used in the subsequent sections. In Section 3, after introducing the definition
of the graded center of a color Lie algebra, we formulate a general method for constructing
a graded bilinear form and 2nd order graded Casimir elements. We then consider graded central
extensions of the loop algebra of a color Lie algebra, and show that these extensions are also
determined by the graded bilinear form. The rest of this paper is devoted to applications of
the method developed in Section 3. We present three examples of color Lie algebras that admit
graded Casimir elements. Their loop algebras admit graded central extensions. In Section 4,
the T' = Z32 color extension of the Lie superalgebra q(n) and the I' = Z3 extension of the Lie
algebra sl(2) are investigated. In Section 5, a more involved case, namely the Lie superalgebra
osp(m|2n) for I' = Z3, is investigated in detail. Finally, we summarize the present work and
provide some concluding remarks in Section 6.

2 Preliminaries

This section presents the basic notions of color Lie algebras that will be used in this paper. We
give only the minimum necessary for the present study. The reader may refer to [47, 49, 67] for
further details.

Let I" be an additive Abelian group. We fix I' and suppose that all vector spaces and algebras
are defined over the field C. A vector space V is said to be I'-graded if it can be written as
a direct sum of subspaces indexed by elements of I':

V=V,
~yel

We say that an element of V, has degree . A linear mapping f: V' — W between two I'-graded
vectors spaces V and W is said to be of degree v € T if

F(Va) € Wagq, Vo eT.

The vector space Hom(V, W) of all linear mappings of V' into W is naturally I'-graded.
An algebra S is called I'-graded if its underlying vector space is I'-graded and if it satisfies

SQSB - SOH—,B: a,pel.
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To define color Lie algebras (I'-graded w-Lie algebras), we introduce a mapping called a com-
mutative factor on I' (called commutation factor in [47]) w: I" x I' — C*, which satisfies

These relations imply

w(0,0) = w(0,a) = w(e,0) =1, w(a,a) = +1,
w(a,—B) =w(—a, B) = w(B, ), w(—a,—pB) =w(a, B), Va, S8. (2.2)

Definition 2.1. Let g = @wer g+ be a I'-graded vector space and let w be a commutative factor
on I'. Then g is called a color Lie algebra, if g admits a bilinear map [, ]: g X g — g, which is
of degree 0, satisfying the following conditions:

[[XvY]] = —w(a,ﬁ)[[Y,Xﬂ,
[X. IV, Z]] = [[X, Y], 2] + w(a, B)[Y. [X, Z]], VXY, Z €, (2.3)

where o = deg(X), f = deg(Y') are degrees of the elements X, Y, respectively.

We call the bilinear map [, ]| a color Lie bracket. In some literature, a distinction is made
between color Lie algebras and color Lie superalgebras. The difference lies in the sign of w(«, ).
If w(a,a) = 1 for all @ € I, then g is called a color Lie algebra. If there exists at least one
a € T such that w(a, ) = —1, then g is called a color Lie superalgebra. We do not make this
distinction in this paper.

Any T'-graded associative algebra S may be turned into a color Lie algebra by defining the
color Lie bracket as

[X,Y] = XY —w(e, B)YX, X, Y €S, a=degX), J=deg(Y) (2.4)

for any commutative factor w. In the case of w(a, 8) = +1 or —1 for all o, 5 € T', the color Lie
bracket is a commutator or an anticommutator.

Like for Lie algebras and Lie superalgebras, End(V) := Hom(V,V) on a I'-graded vector
space V provides an example of color Lie algebras. Observe that End(V) is an associative
I'-graded algebra with the composition of endomorphisms as the multiplication. Then, the
general linear color Lie algebra gl(V,w) is defined as End (V') equipped with the color Lie bracket
given by (2.4). To be more explicit, we present a basis of gl(V,w) in terms of matrices. Suppose
that « < 8 < v < --- is a fixed total order for I'. Choose an ordered basis for each graded
subspace of V' and order the basis of V,,V3,V,,... according to the total order for I'. This
yields an ordered basis of V. Then an element E(«, 5) € Hom(Vj3,V,) is represented by a block
matrix of the following form:

a B v
(0% *
B

E(wf)= 1. . . .| (2.5)

where the dot - denotes a zero matrix and the asterisk * denotes the block containing nonzero
entries. We denote the matrix unit relative to the ordered basis of V' by E(a, 3);; where 1 <i <
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dim V,, 1 < j < dim V3. It is the matrix (2.5) whose only nonzero entry is 1 at the (4, j)-position
of the asterisk block. It is easy to see the following:

deg(E(a, B)ij) = a — B, E(a,B)ij E(7,0) ke = 001 E(x, )4

It follows that the matrix units form a basis of gl(V,w) and we can express the defining relations
of gl(V,w) as

[E(c, B)ijs E(7, 0)re] = 0050 E (v, 8)ie — w(aw — B,y — 0)0asei B (Y, B)k;-

The degree v subspace of gl(V, w) is gl(V, w)a = > g Hom(Vj, Vi ). An element X (a, 8) €
gl(V,w)a—p is a linear combination of E(c, §);;:

dim V, dim Vg
X(a,f)= Y Y wiyB(ap)y,  w5eC,
i=1  j=1

and an element X € gl(V,w) can be written as
X=> X(B8)
Q’,BGF
We now define a generalization of the trace.

Definition 2.2. The color trace ctr: End(V) — C is defined by
ctr X = Zw(a,a) tr X (o, ),
ael

where tr denotes the usual trace of a matrix. Clearly, the color trace is a mapping of degree
Zero.

Proposition 2.3 ([49, 67]). We have
ctr(X ()X (B)) = w(a, B) ctr(X(8) X (), (2.6)
where X () and X (B) are homogeneous elements of gl(V,w) of degree o and B, respectively.

Obviously, sl(V,w) := {X € gl(V,w) | ctr X = 0} is a I'-graded subalgebra of gl(V,w). To
introduce I'-graded subalgebras of gl(V,w), we introduce a bilinear form on V. Let J: VxV — C
be a degree-zero and nondegenerate bilinear form on V. The condition deg(.JJ) = 0 implies that
for any z,y € V

J(x,y) =0 if deg(x) + deg(y) # 0.

The nondegeneracy of J requires that dimV, = dimV_, for all @ € I'. This can be seen by
representing J in matrix form relative to the ordered basis of V. Suppose that o # —a and
o = —d for a,a’ € T', and they are ordered as -+ < a < - <a/ <--- < —a < ---. Then J
has the following block matrix structure:
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where the symbols « and * have the same meaning as in (2.5). Note that the rows and columns
intersecting a x block contain only zero entries. If dimV, # dimV_,, then the (o, —«) and
(—a, a) blocks are rectangular matrices (not square). This implies that det J = 0, since one
necessarily selects a zero entry when choosing one entry from each row and each column. This
shows that J is degenerate.

We are now in a position to define subalgebras of gl(V,w) using the bilinear form J.

Proposition 2.4 ([49]). Let u, v be homogeneous elements of V. and J be a degree-zero nonde-
generate bilinear form on V. Suppose that J is either symmetric or skew-symmetric. Then the
set of all homogeneous elements of gl(V,w) satisfying

J(Xu,v) +w(y,a)d(u, Xv) =0, X egl(Vw)y, YueV,, wveVj (2.7)
forms a T'-graded subalgebra of gl(V,w).

Proof. It is easy to verify that if X € gl(V,w), and Y € gl(V,w)s satisfy (2.7), then [X,Y] €
gl(V,w), 45 also satisfies (2.7).
Next, consider the relation obtained by exchanging u and v in (2.7):

J(Xv,u) +w(y,B)J(v,Xu) =0. (2.8)
A sufficient condition for the compatibility of this relation with (2.7) is
J(u,v) = fw(a, 8)J (v, u). (2.9)

Using this relation and the properties of the commutative factor given in (2.1) and (2.2), one
can see that the left hand side of (2.8) reduces to that of (2.7). Recall that J is nonvanishing if
and only if a + 8 = 0. In this case, (2.9) yields

J(u,v) = fw(a, —a)J (v, u) 22 +J(v,u).

Hence, when the bilinear form J is symmetric or skew-symmetric, it is compatible with (2.7). W

One may define color extensions of orthogonal, symplectic, and orthosymplectic Lie superal-
gebras, and so on. A study in this direction, as well as the quantization of color Lie algebras
and their affine analogue, is carried out in [68].

Finally, we define a graded representation.

Definition 2.5. A graded representation (p, V) of a color Lie algebra g in a I'-graded vector
space V' is a color Lie algebra homomorphism p: g — gl(V,w) of degree zero:

p([X,Y]) = [p(X),p(Y)], XY eg

3 Graded Casimir elements and graded central extensions

3.1 Invariant bilinear form on color Lie algebras
and 2nd order Casimir elements

Let g be a color Lie algebra defined for a commutative factor w on an Abelian group I'. We
begin with some definitions.

Definition 3.1. The graded center Z(g) of g is the set of elements which graded-commute with
all elements of g:

Z(g)={Xeg|[X,Y]=0, VY € g}.
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Let T'(g) := > o2, g®" be the tensor algebra over g. T'(g) has Z x I'-grading. The Z; grading
is obvious and the I'-grading is given by

T(Q) - ZT(g)au T(g)a = Z( Z fa; O Pap @& gar)'

ael r=0 “a1++ar=a
Let I(g) be the two-sided ideal of T'(g) generated by
XY —w@pfY ®X —[X,Y], Xecg. YEgs

The universal enveloping algebra of g is defined by U(g) = T'(g)/I(g). Obviously, U(g) is a unital
associative I'-graded algebra.

Definition 3.2. Graded Casimir elements of g are elements of the graded center of U(g).
Namely, if C € U(g) is a Casimir element of degree v, CX = w(~,a)XC for all homogeneous
elements X € U(g) of degree a.

We denote an ordered basis of go by X,,, 1 < ¢ < dimg,, and write the defining relations
of g as

[Xai» X5,0 =D forp) X farg) €C, (3.1)
Tk

Fug =0 a4,

where > is a shorthand notation for 3 . Zziﬂg“’. The relation

[[XOém Xﬁj]] = —UJ(Oé, /8) [[Xﬁj , Xai]]
is equivalent to the relation
Yo _ _ Vi
forp = —w(,B)f5, 0, (3.2)

Let (p, V) be an irreducible graded representation of g in a I'-graded vector space V. If a degree
element M* € End(V) graded-commutes with p(X) for all X € g, i.e.,

[M¥,p(X)] =0, VXeg,

then we call M* a commutant of degree u. Clearly, the degree zero commutant is (a multiple
of) the identity.

Proposition 3.3. Assume M ™" is a commutant of degree —u. We define a bilinear form
n*:gxg—C by

n*(Xays Xﬂj) = Ctr(p(Xai)M_Mp(Xﬂj))7
which is also denoted by ngi 8, This bilinear form satisfies the following properties:
(1) nt =0 if at B £,

(2) 0, 0, = wp, ww (e, B, 5.
(3) nu([[Xanﬁj]]vX’Yk) = W(M7B)WM(XOH’ [[Xﬂj’X’Yk]])'

Relation (3) implies the g-invariance of nt.
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Proof. To simplify the notations, we set A := p(X,,), B := p(Xg;), C = p(Xy,).

(1) By the definition of the color trace, ctr X = 0 if deg X # 0. The statement immediately
follows from deg(AM#B) = a+ (3 — p.

(2) The quantity ngjm = ctr(BM~*"A) is computed, using (2.6) and [M~#* A] = 0, as
follows:

s 0 (B~ + a) ctr(MPAB) = w(B, —pi+ a)o(—p,a) ctr(AM“B)

= w(B, —p+ a)w(—p, @) g, 5 -
Recalling that ngi’ 3 = 0 only if a + 8 = p, it is straightforward to verify the identity
(B~ + ), ) = (s, pw(a, B).
(3) By definition, we can write
([ Xai Xg,], X5,) = ctr([A, BJM™*C) = ctr (AB — w(a, 3)BA)YM~HC).
Using (2.6) and (2.2), we obtain

n“([[Xanﬁj]]’ Xy,) = ctr (W(Bv —WAM"BC — w(a, Blw(B, o — p+ V)AM_MCB)
— . B) ctr (AMH(BC — w(B,7)CB)))
= w(p, B) ctr(AM™H[B, C]) = w(p, B)n* (Xa,, [[Xﬁj7X'Yk]])'

This completes the proof. |

In terms of the structure constants f, BZ’“, the g-invariance of n* takes the following form:
Z faiﬁjwnﬁe% = w('u’ 6) Z fgmwngwa (3.3)
Ve vy

where we continue to use the shorthand notation introduced in (3.1). If n* is nondegenerate, we
introduce its inverse and denote it by 7,:

iBj i — P S04
M = (X X)) =0, a+BAEp, Y il = ket =85
Tk Tk
An equivalent expression to (3.3) in terms of 7, is given by
Dot f e = B) Y ik (3.4)
vy vy

Theorem 3.4. A second order Casimir element of degree p is given by

iBj
Cp= Z ni " X X,

a;,B;
Proof. It is sufficient to prove [X,,,C,] = 0. It is proved by straightforward computation:

[Xa,, Cul = [Xa,, Z ﬁngﬁijk]]
Bj vk

ﬂ.
- Z n“ﬂk (faiBjVZXVZX’Yk + w((X?B)faﬂkyeXﬁjXW)
ijyk::ljf
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B V3
= Z (nufmfaiﬁjyeﬁ‘w(a,l/) Z]falﬁj )XVZX’yk

BjVksVe
(3.2) Jé] v veB;
= Z (nuﬂkfaiﬂj ¢ —w(a,v)w(a, B)n, Jfgja?k)XwX'yk
BjYkVe
(3.4) veB; v+p=p
= D s (wlasn) —wla,r + 5) X, X, TET 0. u
B YkVe

The essence of this construction of graded Casimir elements lies in a commutant of nontrivial
degree. Thus, the construction depends on the representation p, but it does not depend on the
choice of basis of g. Such commutants have been found for low-dimensional color Lie algebras
with ' = Z3 [4, 7, 12].

3.2 Loop extension of color Lie algebras and graded central extensions

In this subsection, we discuss graded central extensions of the loop color algebra (see Defini-
tion 3.1 for the graded center). The loop algebra associated with a color Lie algebra g is defined
as L(g) = g ® C[\, \7!], where X is a spectral parameter of degree zero. Elements of L(g) have
the form X ® A", where X € g and n € Z. The color Lie bracket is defined by

[X @A"Y @\ =[X,Y]® X",

The algebra L(g) inherits a natural I'-grading from that of g.

For the ordered basis X, of g, we set X&T) = Xo, ® A™. Then the set {Xé’f)} forms a basis
of L(g), and the defining relations of L(g) take the form of

[xim, X(")]] — Zfal g EXIT mon € 2,

Theorem 3.5. Following the notation of the previous subsection, a graded central extension of
L(g) is given by

[[XéT)vXé?)]] Z fmﬁg szn + Z M ow(a, u)n(’;ﬁigj > (3:5)
nel

where ¢, is a graded center of degree p.:
[[C#’X( ]] = [[C,LL’CV] = 0? Vthzm) € L(g)v V/.L, vel.
Proof. We prove that the relation (3.5) satisfies the color Jacobi identity (2.3).
LX), LX) XM = 2y <Z Fon XG0+ 3 M 00 0 1,1
pel’

The first term has the same structure as that of L(g), hence it satisfies the color Jacobi identity.
Therefore, it suffices to keep only the graded central terms; we shall denote the central term of
an expression by (...)ct. By the g-invariance of n* (3.3) and the fact that the structure constants
are nonvanishing only when « + 8 = v, this takes the form

£)
(X8, [[X "XOTD e = mOmsnseo D @, 1) fos) By Mo Cas
Vp,H
Similarly, we obtain the following expressions (keeping only the graded central terms):

(DX, X XD = 0 o 01005

l/pﬂu‘
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and
( [[Xg)’ [[X((x:n) ) X%)]] ]] )ct = n5m+n+é,0 Z w(B, #)fan:pngjupcu
Vp,H
(3_3) Vp 1
= ném-‘rn-‘rf,o Z W(ﬁ, ,LL)CU(OZ, M)f/jjai an’Yk Cu
Vp
(3_2) Vp 1
= _n6m+n+€,0 Z O.J(Oé + 57 M)W(ﬁ, O[)fai,@j nup'\/k Cu-
Vp
These relations show that the color Jacobi identity is satisfied. |

The graded central extension has been discussed for particular I' = Z3-graded color loop alge-
bras L(sl(2)) and L(osp(1]2)) and the existence of a graded central element of degree (1,1) € Z3
has been observed in [7, 12]. A Z3-graded extension of the Virasoro algebra was also discussed
in these works in relation to integrable Z3-graded extensions of the Liouville equation and the
Sugawara construction. Furthermore, a Z2-graded extension of the super-Virasoro algebra was
studied in connection with an integrable Z3-super-Liouville equation [4].

4 Color algebras having nontrivial commutant

As mentioned in the previous section, the commutant of degree 0 is trivial, i.e., it is given by
an identity matrix. In this and the next sections, we present color Lie algebras which have
commutants of nontrivial degree and explicit formulas of their 2nd order Casimir elements.

4.1 Z2-graded extension of q(n)

In this subsection, we introduce a I' = Z3-graded extension of the strange Lie superalgebra q(n)
and its affine extension.

Let us recall that the Lie superalgebra q(n) can be determined through its defining represen-
tation, i.e.

s ={ (5 4) 148 cam],

where the matrices with B = 0 are even, or elements of q(n)g, and those with A = 0 odd, or
elements of q(n);. With e;; the notation for the n x n matrix unit, a basis for q(n) is given by

10 0 1
Ei‘Z(O 1>®€ij, Ei':<1 0>®€7;j, Z,]E{l,...,n},
E € q(n)a, a € Zo. (4.1)

Note that the 2 x 2 matrices in (4.1) form a Zy-graded algebra.

We extend the representation (4.1) to Z2-graded setting. Let I' = Z3 = {00,01,10,11} and
w(a, B) = (—1)abr1ta2B for o = ayay, = B1Be € T. We introduce a Z3-graded color algebra
defined by the matrices

1 000 0010
0100 0 001

00 _ 10
0% = 001 0]’ o= 1 000
0 001 0100
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0100 00 01
“~looo1| ©=lo100f (42)
0 010 1 000
which satisfy the product relations
0°ef = ets, (4.3)

Consider now the 4n? homogeneous elements
ES = 0" ® ey, i,je{l,...,n}, «acZ3

which act on the Z2-graded vector space cmnlnn .= € @ C" @ C™ @ C". These elements form
a basis of the Z2-graded extension of q(n), denoted by Z3-q(n), whose bracket relation is

(B2, By = 0B ™ — w(a, B)0uEL.

The color Lie algebra Z3-q(n) can be considered as a subalgebra of the color Lie algebra
gl(n,n|n,n) = gl(V,w) with T =73, V = Crrlnm and w(a, B) = (—1)@Prtasfe
In order to study commutants, let us define the following matrices:

10 00 0 0 10
0100 0 0 01
00 _ 10
™= 0010} ™= -1 0 0 0}’
0 0 01 0 -1 0 0
0 1 0 O 0 0 0 1
or_ -1 0 0 O 11 0 0 -1 0
™= 0o 0 0 1]’ = 0 -1 0 O
0 0 -1 0 1 0 0 0
Then one can verify that
0°T? = w(a, B)TP0°. (4.4)

Now define the following elements of gl(n,n|n,n):
M*=T*®I,.

It is easy to prove that the matrices M® are commutants in the defining representation of
Z3-q(n). Indeed,

[Me, B = (T* @ 1,)(0° ® Ey) — w(e, B)(0° @ Eiy) (T ® I,,)
= (T°0° — w(a, B)O°T") ® E;j = 0,

using (4.4). So we have 4 commutants, one of each degree in T'.
Next, we compute the corresponding bilinear forms on Z3-q(n), using

n (B, BY) = ctr (B MY EY).

For p = 00, one finds

EAMOE), = E2E) = (0°0°) @ (EjjEy) = 0°7° @ 6By = 6,357,
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Note that the color trace is equivalent to the supertrace for I' = Z3. Hence,

00 (E%, Eﬂ) = Ctr((SjkEiofrﬂ) = 5jk: Ctr(@oH_B & Eij) = (Sjk Ctr(@a-i_ﬁ) tI"(Eij) = 0,

since for the 4 x 4 matrices A of type (4.2) one has ctr(A) = a11 — ags — ass + aq4. This implies
that n% = 0, so it is degenerate, and one cannot construct a Casimir of order 00. This situation
is analogous to that of the Lie superalgebra q(n), which is known not to admit a second-order
Casimir [51].

For 1 = 11, one finds

EEMMEY, = (0°T"6°) @ (EijEy).
Then

ctr(Ef‘lelE,fl) = ctr(@aTH@ﬁ) tr(Ei; Ex) = 0510 ctr(@o‘Tll@ﬁ).
Using (4.4) and (4.3), one finds

ctr(@o‘TH@ﬂ) = w(a, 11) ctr(TH@C“GB) = w(a, 11) ctr(TH@aJrB).

From the explicit form of T'! and the matrices ©7, it follows that ctr (T“@V) is nongero only
for v = 11, and in that case ctr(TH@H) = 4. Thus we have

ctr(@aTHGB) = 4dw(o, 11)044 811,
and

' (B, By = ctr(ESMME)) = 46,05w(e, 11)8a15.11-

The factor 4 does not play a role, so for convenience we redefine

1I(EZ(;,E'&> = jkéilw(a,11)5a+5711.

This bilinear form is nondegenerate, and its inverse reads
7711(EWE 1) = djkduw(a, 11)6a1511.
Thus we can construct a 2nd order Casimir element of degree 11:
Cn=> D> dpduw(a, 11)dars 11 ESEy = > w(a, 11)ESE .
CM,B 7/] kl aﬂ:]
Explicitly,
Cu = S (RPEL B BYY — YRS + B ).
]
Finally, for 4 = 10 and g = 01, one finds that ctr(E%M“E,fl) = 0, hence n* = 0, and one
cannot construct a Casimir of order 10 or 01.
Let us now turn to the loop algebra of Z3-q(n) and denote its basis by Eiaj(m), where m € Z.

According to Theorem 3.5, the loop algebra admits a 11-graded central extension given by the
bilinear form n'!

(B, B = 0By — w(a, B0y " 4 06 0004 5,118jk00C1
More explicitly, the relations containing c;; are as follows:

[ B = B B0 e, =
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4.2 Z2-graded extension of sl(2)
We consider a color Lie algebra extension of s[(2) with the grading group

I' =72 := 73 x Z3 = {00,01, 02, 10, 11, 12, 20, 21, 22} (4.5)
and the commutative factor

w(a, B) = gaPrmazbr € = emi/3, a,BeT. (4.6)

For this setting, the color Lie bracket for some homogeneous elements is neither commutator
nor anticommutator, see (2.4).
According to [47], we introduce a mapping o: I' x I' — C, such that

wa,B) = o(a, B)o(B,0)™",  ola,f+7) = o(a, B)o(a,),
) = o(@,7)a(B,7):

For the present I' and w given in (4.6), the mapping o is given by
a(a, f) = £,

With the mapping o, we introduce a color algebra of dimension 9 whose relations are defined by
e“e? = o(a, B)e P, a,Bel. (4.7)

The Z2-graded extension of sl(2), denoted by Z3-5[(2), is spanned by the following nine homo-
geneous elements:

H® =¢*® H, o = 00,11, 22,
EY =e*®E;, a=01,12,20,
E*=¢"®E_, a=0221,10, (4.8)

where H, Ey is the basis of the Lie algebra s[(2) subject to the relations
[H,Ey] = +2E,, |E,E_|=H. (4.9)
The nonvanishing color Lie brackets for the basis (4.8) can be determined by (4.7) and (4.9) as
[H®, E]] = £20(a, B)EST,  [ES, EP] = o(a, B)H P, (4.10)

Remark 4.1. These relations can also be expressed using the commutative factor w(«, 5). We
change the basis of Z3-51(2) as

ﬁ?? _ £H22 El? _ €E12 EQI _ £E21
- ) + = + - —
while keeping the other basis elements unchanged. Then the defining relations (4.10) become
[A°,ES] = 2B, [A*E’] = —2w(a, B)E*TP,  [EY,E°] = HO*O.

Next, to search for the commutants of Z3-s[(2), we consider the representation (p,V) of
Z3-51(2) on a Z3-graded vector space V = ®an§ Va. The basis |a) € V, is taken to be

100) = ego ® [1), 11) = e11 ® 1), 122) = €20 @ [1),
02) =€z @[-1),  [2)=en®|-1),  [10) =ew®]|-1),
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where |£1) is the basis of the fundamental representation of s((2):
H|+1) =£|+1),  Eo|+1)=0,  Ei|Fl) = |%1). (4.11)

The graded subspaces Via, Vg1 and Vop are empty, while the remaining subspaces are one-
dimensional. The action of (4.8) on V' is computed as follows:

4.7),(4.11
P(HOO) [11) = (ego ® H)(e11 ® |1)) = egoe1n ® H |1) (4.1, (4.11)

e ® 1) = |11).
Ordering the basis as
00), [11), [22), [02), [21), [10),
the representation (p, V') is given explicitly as follows. First, p(H 00) is the only diagonal matrix
p(H) = diag(1,1,1,-1,-1, 1),

i.e., the basis vectors |00),|11) and |22) are degenerate highest weight vectors of H? with
highest weight +1, while |02),|21) and |10) are degenerate lowest weight vectors of H° with
lowest weight —1. The representation matrices for the remaining basis elements are given by

0 0 & 0 & 0
1 0 0 0 0 ¢
0 & 0 1 0 0
p(H") = 0 ¢ 0] p(H?) = 0 0 1|
0 0 -1 —£ 0 0
-2 0 0 0 —€ 0

and

S O =
= O O
o = O

s
—~
&
+2
|
N—
)
—~
&
| ©
[ V)
~—
|
[

_= o O
O = O

0 ¢ 0
0 01
P(E-lg) = ) P(Egl) “ 10 & 0 ’
1 0 0
0 0 ¢
0 0 1
0 0
P(E?ro) = S ) P(Elo) o o0 & ’
0 ¢ O
1 0 0

where an empty block denotes the zero matrix.
With these matrices, the following statements are easily verified by direct computation:

1. The commutant M does not exist for a # 00, 11,22, namely, M is the zero matrix for
these degrees.
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2. For a = 00, 11,22, there exists a unique (up to overall constant) commutant M*. M is
the identity matrix, while M, M?? are given by

0 0 1 01 0
£ 0 0 00 &
0 & 0 €0 0
11 22 _
M= 0 & ol M = 0 0 ¢
0 0 ¢ €2 0 0
1 0 0 0 10

It follows that invariant bilinear forms of degrees 00, 11 and 22 exist. As in the previous
subsection, we compute the normalized invariant bilinear forms:

WA B) = S t(p(A)p(B)),  n'"(A,B) = ¢ tr(p(A)MZp(B)),

PHAB) = S tr(p(A)Mp(B)), A B € Zsl(2)

We list the nonvanishing components of n* below:

nOO(HOO,HOO) — 1’ nOO(Hll,H22) — nOO(H22,H11) — 52’

1 1
UOO(ES_:L,EE?) — nOO(EE27E-O|-1) — 57 WOO(EiO,Eio) — nOO(Eio,EiO) — 57
nOO(E_lE’E%l) — nOO(Egl,E_]"_Q) — g

The nonvanishing components of n'! are

nll(HOO,HH) = (HH,HOO) =1, nll(H22,H22) =,
1 3
nll(EE’EgQ) _ nll(Eianzl) =5 nll(Egrl’EEO) =3
¢ 1
' (B2 ER) =" (B2, EY) = 5, 0" (BN EY) =2,

and those of n?? are
% (HOO,H22) — 22 (HzQ,HOO) _ 1, e (Hll,Hll) —¢,
2 (Egl,Ezl) _ UZQ(E}E:EEO) _
22 (E%l,ES]rl) _ 7722(E£0,E}r2) _

The bilinear forms n® are nondegenerate. Their inverses are easily obtained; only the nonva-
nishing components are listed below:
noo (H, H?) =1, noo (H™, H?) = noo(H*, H") = ¢,
oo (BY BZ) = moo (B2, EY) =2, noo(BY, E2Y) = 2¢%,
noo (B3, E%) = noo (B, EP°) =2, moo(E?', E}?) = 2¢2,

and

mi(HY HY) =nu(H'Y HY) =1, nqu(H? H?) = ¢,
7711(EJ1r2aE92) = nll(Eioszl) =2, 1 (EgrlvElO) =2,
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(B2, B2) = nu (B2, EY) =2,
and

o2 (H, H??) = noo (H*?, HY) = 1,

a2 (EYY, E?Y) = my2(EY?, EY) = 2,

oo (B2, EY) = moo (B, EV?) = 2¢,

mi (B, EYY) = 2¢%,

mo(H', H') = €2,
122 (E-2|-Oa E92> - 2527
122 (E92a E-2§-O) =2.

We are now ready to write down the graded 2nd order Casimir elements of Z3-5[(2), which
are given by
COO — (H00)2 +£{H11,H22} 4+ 2{E01,E92} + 2{E20,E10} + 262{E12,E%1},
C]_l — {HOO,Hll} + 52 (H22)2 + 2(§E_1i_2Eg2 + EQ2E—1F2 4 gE—Q‘rOEzl + E%lEiO
+EYEY + 2EVEY),
022 — {HOO, H22} + 52 (H11)2 + Q(EglEzl + szlEg_l + E—li—QElﬂ + gElﬂE—li_Q
2 1220 1702 02 7720
+ EEPEY” + E¥EY),

where { , } denotes the anticommutator.
We now turn to the loop algebra of Z§—5I(2), whose basis is denoted by

a(m B(m m
H( )7 E+( )7 E’Y( )

— )

m € 7,

where o € {00,11,22}, g € {01,12,20}, v € {02,21,10}. Following Theorem 3.5, the loop
algebra admits three central extensions of degrees 00, 11 and 22. The nonvanishing color Lie
brackets are given as follows:

[0, EY™M] = +20(a, g)ESTPT),

[ HO0(m), HOO(”)]] = M +n,0€00,
[[HOO(m), Hll(”)]] = MOm+n,0C11,

[[HOO(m)’ H22(n)]] = m5m+n70622)

[U{ll(m)7 H22(”)]] = m5m+n,052000’
[H?2™) H2M] = mé,, 1 0bern,
[{Hll(m)’ Hll(n)]] = m(Sm_A,_n,ofCQZa

and
[, BP0 = 200, EO0] = 00 4 5

[[Ef(m), Ezl(n)]] = ¢HOOm+n) 4 m?ggmﬂpcoo’

[[EOI(WL) ElO(TL)]] = Hll(m+n) + %6m+n,00117

+ b

[[EJlFQ(m) EOQ(n)]] _ [[Eio(m) EQl(n)]] _ §2H11(m+n) + 777,7625 1n.0C11
L E” ,E” g Omin, )

[, B0 = [B2, IO = psensn) L g o,

2

[E200m) EO2] = gp220mn) %f S 0C22-

5 Z2-graded extension of osp(m|2n)

In this section, we consider a particular Z2-graded extension of the Lie superalgebra osp(m|2n)
and show that the color Lie algebra has a commutatnt of degree 11. The grading group I' and
the commutative factor w(a, ) = (—1)*#1+2252 are the same as in Section 4.1.
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5.1 Definition, commutants and basis

We define the Z3-graded color algebra, denoted by Z3-osp(m|2n), as a subalgebra of algebra
gl(m,m|2n,2n). An element of gl(m,m|2n,2n) is given by a (2m + 4n) x (2m +4n) matrix with
a 4 x 4 block structure, where each block has a definite Z3-degree. We consider a particular
class of elements of gl(m,m|2n,2n) of the form

m m  2n  2n
m AOO All AOl AlO
m All AOO AIO AOI
m COl ClO COO Cll )
m ClO COl Cll COO

X = (5.1)

where the superscripts indicate the Z2-degree of each block, and each block matrix appears
twice.

The bilinear form defining Z3-osp(m|2n) is given by a 4 x 4 block matrix of the same size
as X:

iB, 0 0 0

J— 0 iB, O 0

- 0 0 Gop O

0 0 0  Gon

Here,
0 I, 0
0 I,
B, = L o) =20, B,=1|1, 0 0], m=20+1,

¢ 0 0 1

0 -I,

where [, denotes the ¢ x ¢ identity matrix.
To define Z3-o0sp(m|2n), we impose the following conditions on the matrix X given in (5.1):

X074 (X =0, xX"M7+g(xT =0,
X7 +i7(x T =0, X"05-i(x1)" =0 (5.2)

Here X©, with o € Zy, denotes the matrix in (5.1) whose entries are nonzero only in the blocks
of Z2-degree o; e.g.,

0 At 0 0
A0 0 0

11 _
X = 0 0 0o cu

0 0o cCctt o

and X7 denotes the transpose of X. It is straightforward to check by direct computation that
if X and Y7 satisfy the conditions in (5.2), then so does [X%,Y7].
The conditions in (5.2) yield the following constraints on the matrix blocks:
AB,, 4+ By (A%) =0,  A"B, + B, (A")" =0,
COGop + Gon(C®)T =0,  C™Gap + Gon(C)" =0,
CO' = —Gon (A By, C10 = G, (A1) By, (5.3)
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It follows that
A% AY € s0(m), Cc% c1 ¢ sp(2n)

and A%, A0 are arbitrary m x 2n matrices. Therefore, we see that
dim ZZ-0sp(m|2n) = (m + 2n)* — m + 2n,

which is twice the dimension of the Lie superalgebra osp(m|2n).
We comment on preceding works on Z3-graded extensions of 0sp(m|2n) in turn:

(1) Rittenberg and Wyler introduced a Z3-graded extension of the Lie supergroup Osp(m|2n)
and define a Z2-graded osp(m|2n) as its infinitesimal transformation [44]. Algebraic defi-
nitions of a Z3-graded extension of 0sp(m|2n) can be found in [31, 35, 52, 54]. However,
none of these works discuss the particular subclass defined by (5.1).

(2) A Z2-graded extension of the type defined in (5.1), which corresponds to Z2-osp(1|2)
in the present notation, first appeared as a Z%—graded extension of conformal quantum
mechanics [1]. The same algebra was also obtained via a module construction of color Lie
algebras [37]. It was pointed out in [12] that Z3-0sp(1|2) has a 11-graded commutant.

(3) The lowest weight representations of Z3-0sp(1|2) are classified in [16] (see [15] for other
representations of Z3-0sp(1]2)).

Now we return to the search for commutants of Z3-osp(m|2n).

Proposition 5.1. There exists a unique (up to constant multiple) 11-graded commutant of Z%—
osp(m|2n), which is given by

1 5

I 0

11 _ m

MU = TR (5.4)
Ly, 0

On the other hand, there exist no 01- or 10-graded commutants.

Proof. M must be of the form
(v o] )
Ny O
11 _ 2
M = Tk
Ny O

The condition [ X% M| = 0 yields the following constraints on Ny:

[AY N ] = [A" Ny] =0,  [C%, N3] = [C" N4| =0.
Recalling that A% € so(m) and C% € sp(2n), we obtain, by Schur’s lemma,
N1 = a1l Ny = asll,y, N3 = aslly,, Ny = aylay,, o € C.
The condition [X!', M| = 0 further implies that a; = ay and a3 = ay. Finally, the condition

{XOl, M“} = 0 yields ag = —a3, and this relation is consistent with {Xlo, M“} = 0. Thus,
MUY is given by (5.4).
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We can search for M°! in a similar way. We write
Ny 0
0 N

and the condition [X%, M%) = 0 yields the constraints

01 _
M™ = N3 0
0 Ny

AYNy = NC%, AN, = N, C%N3 = N3A”,  CPNy = N, AP

If A% =0 and C% #£ 0, then N, = 0, and hence M"" = 0. In the same way, one finds that
MY =0. [

From Proposition 5.1, we see that Z3-0sp(m|2n) has 00- and 11-graded 2nd order Casimir
elements. To derive explicit formulas for them, we first need to specify a basis of Z3-osp(m|2n).
This is also helpful to understand structures of the color Lie algebra. Recall that X € Z3-
osp(m|2n) has a 4 x 4 block structure, see (5.1), and that each block further has the following
substructure. In the case of m = 2¢ + 1,

A= w LT y|eso(20+1), %= (W —£T> € s5p(2n),
_yT —CCT 0

where L € gl(£) and Y, W are skew-symmetric £ X ¢ matrices, and z,y € C¢, while L € gl(n)
and Y, W are symmetric n x n matrices. The block structures of A°" and A0 are induced from
this structure:

P Q P Q
A'=[R S|, A= R S|,
a b a b

where P, Q, P and Q are ¢ x n matrices, and a, b, @ and b are n-dimensional row vectors. For
m = 2/, the corresponding changes are obvious. Then, (5.3) determines C°' and C'? as follows:

001: ST QT bt 010: _~‘§T _NQT _BT
—RT —PT —a)’ RT PTG )

Therefore, we introduce a concise notation for matrix units, by which the position of a nonvan-
ishing entry can be easily read off.

Let eqp be the matrix unit of size (2m-+4n) x (2m+4n). From now on, Latin indices take values
in {1,2,...,¢ = rank so(m)}, while Greek indices take values in {1,2,...,n = rank sp(2n)}.
We introduce the following notation for the matrix units whose nonvanishing entries lie in the
first ¢ rows of the matrix X in (5.1): For m = 2¢,

Eij = ey, Eijr = eiotj, EJ = eim+j, B = eimies gy

By == eiom+v, Ei = € omtntv, Ei" = ejom+2n+v, E" = ejom+3ntv
and we need two more for m = 2¢ + 1:
PO m o, __
Eip = €io041, E;"™ = e; 4042.

The meaning of this notation is clear; Ej;; has its nonvanishing entry in the ¢ x ¢ block at the
top left corner of X. As the second index changes, the position of the nonvanishing entry shifts
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to the right. The same rule can be applied to the first index (with shifts downward), allowing
us to introduce a notation for the matrix units whose nonvanishing entries lie in the blocks:

l l 1 14 14 1 n n n n
¢(Ej Ey : Ew|E’ E’:E™|E, Ey|BE" E”
tf Evj Eyy ! Eym | B By D Ey™ | By, By | Ei¥ B
U Evj Emy : Ewm | Ewd En?  Ex™ | Bmi By | En® En” |
¢| BY; Ey :E, |EJ EJ . pm™|E, E,|EY EV
/ Ei’] Ei’j/ : g, | E'F B gim | B, EY, | BV B
N O D L Rl W o R o
n| Eu  Euy Eum Euj E/tj/ CES | B B | EYY E/LV/
n| Eyj Buy ' Bum | Ep’ Euw’ P Ey™ | Eyy Epw | Ey” Eu”
n| Br;  Ery o ER, | BW Eui' - pemo | pu o geo, | pEe RV
n E",j E“'J/ E“/m EXI gri’ EXm Eu’y Eu’y, EXY pev

Note that the

For example,

prime on m is omitted for simplicity. One advantage of this notation is the
simplicity of the product: if the adjacent indices are not of the same type, the product vanishes.

EijEpy = E/E" = BJE," = 0,

Using this notation of the block structures described above, we choose the following basis of

Z3-05p(m|2n) in the case of m = 2¢ + 1:
(i) basis of degree 00

T, = Eij — By + B9 — /7,
Ty = iy — Eju + BV — B,
Ty; = Ey; — By + B9 — EI"

Ty = Eyy — By + EM — EV'F

T,

T,

-

Eijqu = 5jpEiq.

1<i,j5<4¢ orj=m,

1<i<j </,

1<i<j<{ orj=m,

E#l,/ =+ El,y/ + E'u'l/ + EV‘M/,
Ev+ Ew’7

E#,y —+ EV//J' -+ E;Uf/y + El//“7
E,, + EFE,

(ii) basis of degree 11

Uz] — Elj _ Ejli’ _I_E'Lj _ Ej/i/’
Uij = Eij — Eji + Eij/ — Eji/,
U =By —Ep' + E"j — B,

U, = E," — E " + E*, — EV’H'7

-
|

Uy

I <pv<mn,

1<u<v<n,

p=v,

1<u<v<n,

w=uv.

1<4,5<4, orj=m,
1<i<j<e,

1<i<j<{ orj=m,

Euw —|—E1,'w —|—EN1/ +EV/J«/’
Ef + By,

E,' +E,* + BY, + B,
E "+ BY,,

1< u<v <n,

p=v,

1< u<v <n,

W=uv.
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(iii) basis of degree 01, (1 <i</¢,1<pu<n)
Nip = Eiyy — Eppi + B gt
Aiﬂ/ = Eiu/ + E,ui’ =+ Eiul + Eui/,
Ai’u — Ei’u _ Ep,’i =+ Ei//L _ E/ﬂi’
AZ'/M/ = E,L'/M/ + E/“ + EZ H + E“l.
In the first and the second lines, we allow i = m.
(iv) basis of degree 10, (1 <i </, 1< pu<n)
Fi“ — Eill + Ewi’ + Eiu + E/—Lli,’
Fiul = EZ‘NI — E’ui/ + Eiul — By,
Fi’” — Ei/M +E‘u/i +Ei/# +E}Lli,
Iy =B — B, + EY y — EV,.
In the first and the second lines, we allow i = m. The basis for the case m = 2/ is obtained
by eliminating the elements with ¢ = m and j = m.
5.2 Structure of Z2-0sp(m|2n) and 2nd order Casimir elements

The Cartan subalgebra of Z3-0sp(m|2n) is defined as the maximal commuting subalgebra of
degree 00. Obviously, it is spanned by

H; =T, = Ej; — Eyyr + E" — E'7 1<i<{,
Hy =Ty =Euy — Eyy+E" —EFY 1< pu<n, (5.5)

and has dimension ¢ + n.
Using the Cartan subalgebra, we obtain the root space decomposition of g :=Z3-0sp(m|2n)
as usual. Let h be the Cartan subalgebra of g and

oW ={X eg|[H X]=\NH)X, VH € h}.

Note that, since deg(h) = 00, the color Lie bracket is identical to the commutator. First, observe
that there exist zero roots of degree 11:

[H,U"] = [H,U* =0, VH € h.

Hence, the zero root space has dimension £ + n.
Denote by €;, §,, the basis of the dual space h* such that

€i(Hj) = dij, Op(Hy) = Oy

Then, it is not difficult to see that the basis of g introduced in the previous subsection yields
a basis of the root spaces, e.g.,
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Repeating similar computations, we see that, apart from the zero root, the root system of g
coincides with that of the ordinary Lie superalgebra osp(m|2n). However, each nonzero root
space is two-dimensional and consists of basis elements of different degrees. The root system
of g, including the zero root, is summarized in the table below. For m = 2/,

0 U’ Ul || e—e | Ty, U’
€ + €5 T,‘j/ Ui] —€; — €5 Tj/k, Uj/k

Ou— 0y | Tyw, UL
0u+0y | Ty, UM || =0u—0, | Ty, U

2, | Ty, UM\ =26, | Twu, UN
6 —0u | Ny, T || —ei 40, | Apy, T,0
€40, | N, TV || —ei—0, | Ay, T,0

For m = 2¢ + 1, we have additional roots

A g A g
€ | Tim, Ui " —€ | Tirm, Ui/m
O | Ay Tl || =0, | Ay T

Let us now turn to the normalized invariant forms on g defined by
1 1
n(X,Y) = 1 Ctr(XY), M(X,Y) = thr(XMHY), X,Y eg.

The symmetry properties of these bilinear forms and the degrees deg(X), deg(Y") for which they
take nonvanishing values are summarized as follows:

deg(X) deg(Y) symmetry

00 00 symmetric
11 11

" (X,Y)
01 01 K tri
10 10 skew-symmetric
00 11
11 00

11 :

' (X,Y) 01 10 symmetric

10 01

Using the fact that the 11-graded commutant (5.4) can be written as
MY = (B +E/" + B+ E'y) =Y (B + Ey” + E'y+ BV ),
( H
it is easy to verify that M!'! maps the 11- and 10-graded basis of g to those of degree 00 and 01,
respectively:

MllUij _ va’ MllUijl _ ﬂj/, MllUi’j — E’ja
11 11 / 11
Mt = -1, MUUY =-T,,, MU, =T,
and
MUTH = Ay, MU = Ay, MY " = Ay, MYUT M = Ay

Therefore, the computation of n'! reduces to that of n%.



Graded Casimir Elements and Central Extensions of Color Lie Algebras 23

Now the computation of n°° and n'! is straightforward. Here we list the nonvanishing com-
ponents for m = 2¢ + 1. For m = 2¢, the components corresponding to the basis elements with
index m do not exist. We note that additional nonvanishing components can be obtained from
the symmetry properties of the bilinear forms; for simplicity, we do not list them. Components
corresponding to degree 00 and 11 basis:

1" (Tij, Tpg) = 0™ (U, Up?) = ' (Tij, Up?) = 5z‘q5jp»
UOO(TZJ ) pq) = nOO(Uz] ) ) 7]11 Tz] ,U q) = 77 (TZ’Jv U ) = _5@5]'(17
0° (i, Tjrm) = 1™ (U™ U ) = (T, Upr™) = 0 (T, Uj™) = =635
UOO(TMWTPU) = ”OO(UM Up 7)= _Wll(TuVaU 7) = —Op 51/07
7700( s T, ) = nOO(Uu :Up’ ) 11(T,LLI/ Uy 7) = (T,u Vs U )
—0ppOue, P<V,p<0o
_§5Mp7 n=v,p=a,
and 01, 10 basis:
7700( wa ) = OO(AW 7A ) _7700 (Fiua Fj/yl) = UOO(Fi'u/’Fj’V) = 5ij5#V’
1% Ay Aar) = —nOO(F T ) = Sy,
7711 (Azua ) *77 (Aw’aF ) 7] (Ai’mrjl/) = *nll(Az M/,F ) - 6ij5/wa
7711 (Amua " ) = nll(Amu’a | ) = 6uu- (57)

These bilinear forms are nondegenerate. Their inverses 1gg and 711 are given by

100(Ti5, Tpq) = noo (Ui’ ,U ) = m1(Ti;, Up?) = biqijp,

100(Tijrs Tyyg) = noo (Ui, Up®) = m11(Tijr, Uy ®) = 1 (T, Up? ) = —8ip05q,
100(Lims Tjrm) = 100(Ui™, Ur™) = i1 (Tim, U ™) = ma (Tirm, U;™) = =035,
100(Lyuvs Tpor) = Moo (Uy"” ,U D) = —11(Tuw, U,°%) = —6,60up,

100(Lywrs Tpror) = Moo (U U 7)) = —m1(Tp, Uy?) = =1 (T, U7 )

*6,up61/ow H <v, p < g,

—20p, H=V, p=0,
and

000 (Aip, Ajrur) = —no0 (N, Ajr) = —n0o (Fi“7rj/yl) = 00T, Tjs") = =66,

(

UOO(Am;nAmV’) = —T100 (F ,u,,Iwmu) = _5;”/,

m1 (Mi D) = =1 Ay, T ) =011 (A, T3") = =1 (Ajrr, T5) = 6156,
(

Here again, additional nonvanishing components obtained from the symmetry properties are not
listed.

We are now able to write down explicit formulas for the Casimir elements of Z3-o0sp(m|2n)
form=20+1

Coo = > (TyyTji + UU") = > ({Tiyr, Torg} +{U7, U'})

0] i<j
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- Z {Tim’ E’m} + {Uzma Uz’m}) - Z (T;U/Tuu + U;,LVUV“)

w,v
- 22 { pp s u’#} + {Uuul7 Uu’“}) - Z ({ uv 7Tu’v} + {Uul/v Uu’u})
pu<v
+ Z i/ 7 [Aw 7A ] [Fiu’ Fi’p/] + [Fi’“a Fi'u/])

+ Z mu’ ) Amu + [quv qul])7

Cn = Z{ Ty, Uiy =" (T, U} + {Ty, U ) = > ({Tims U™} + { T, Ui™})

1<J %

+Z{ T, Uy }+22 { quu’M}‘*‘{Tu’wUu“/})
+Z {Tyur, ”}+{ T, Ua”'})

pu<v

+Z {Aw’FZ’ } {vari’ﬂ}"'{Ai’w M} {A““ l#})

+ Z Ao T} = { Ay, T ).

The corresponding Casimir elements for m = 2¢ are obtained by eliminating the basis elements
with index m. Proposition 5.1 also shows that the loop algebra of Z2-osp(m|2n) admits two
central extensions: one of degree 00 and the other of degree 11. Using the bilinear forms (5.6)
and (5.7), it is straightforward to write down all the commutation relations of the affine extension
of Z3-0sp(m|2n). We therefore omit them here and simply note that all the relations for Z3-
05p(1|2) can be found in [12].

It is also worth mentioning the Z3-graded color version of the super-Virasoro algebra. In [12],
by applying the Sugawara construction to the affine extension of Z3-0sp(1/2), a Z2-graded color
super-Virasoro algebra with central terms of degrees 00 and 11 is constructed. This color super-
Virasoro algebra contains currents of degrees 00 and 11, while those of degrees 01 and 10 are
absent. It remains a challenging problem to realize a Z3-graded color super-Virasoro algebra
with 00- and 11-graded central elements via the Sugawara construction for Z3-osp(m|2n). A re-
alization of the color super-Virasoro algebra based on Z3-0sp(1|2) has also been discussed using
Polyakov’s soldering procedure [4]. In this approach, Virasoro currents of all Z3 degrees are
realized, but the central extension of degree 11 is not. Constructing a 11-graded central term
via Polyakov’s method also remains an open problem.

6 Conclusion

In the present work, we have shown that color Lie algebras can admit 2nd order Casimir elements
of nontrivial degrees, and that the corresponding loop algebras can admit central extensions
with nontrivial gradings. These structures arise from invariant bilinear forms on the color Lie
algebras, which are determined by commutants of nontrivial degrees.

We have presented three examples of such color Lie algebras, going significantly beyond the
previously known cases, in particular an infinite family of Z2-q(n) and Z3-0sp(m|2n). These
examples suggest the existence of a large class of color Lie algebras with similar properties.
A common feature of these examples is that they consist of multiple copies of the underly-
ing Lie (super)algebra: Z23-q(n) and Z3-o0sp(m|2n) contain two copies of q(n) and osp(m|2n),
respectively, while Z3-5[(2) consists of three copies of s[(2).
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The present results give rise to an interesting and important problem, namely the physical
realization of graded Casimir elements and central extensions. It is well known that Casimir
elements of Lie (super)algebras and central elements of affine Kac-Moody algebras play funda-
mental roles in physics. As mentioned in the introduction, color Lie algebras are strongly related
to physical systems. Therefore, understanding the role of graded Casimir elements and central
terms will be essential for applications of color Lie algebras to physical problems.

On the mathematical side, the present work reveals the rich structure of color Lie algebras
compared with Lie (super)algebras. The structure of color Lie algebras is a topic that has not
yet been studied extensively. Understanding this structure is, of course, essential for the study of
representations of color Lie algebras. In particular, the existence of zero roots in Z3-o0sp(m|2n)
suggests a rich class of highest- (or lowest-) weight representations in graded vector spaces, as
investigated in [16] for Z2-osp(1]2).
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