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Abstract. A color Lie algebra is a generalization of a Lie (super)algebra by an Abelian
group Γ. The underlying vector space and defining relations of the algebra are graded
by Γ, and a color Lie algebra can admit graded Casimir elements. Furthermore, in that
case its loop algebra admits graded central extensions. We present a general method for
constructing 2nd order graded Casimir elements and graded central extensions for a given
color Lie algebra and its loop algebra, respectively. We also show that there exists a large
class of color Lie algebras admitting such graded Casimir elements or central extensions by
providing three examples, namely, sl(2) for Γ = Z2

3, and q(n) and osp(m|2n) for Γ = Z2
2.
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1 Introduction

The term color Lie algebra is loosely used, following Rittenberg and Wyler [44], to describe
a generalization of Lie algebras defined by a pair (Γ, ω), where Γ is an additive Abelian group
and ω : Γ×Γ → C∗ is a mapping called commutative factor (see Section 2 for a precise definition).
This algebraic structure has a long history. It was first introduced by Rimhak Ree in 1960 [42],
and later rediscovered by Rittenberg and Wyler [43, 44]. Shortly after this rediscovery, color Lie
algebras were extensively studied by Scheunert [47, 48, 49].

In fact, Lie superalgebras constitute the simplest example of color Lie algebras, corresponding
to the case where Γ = Z2 = {0, 1} and ω(α, β) = (−1)αβ for α, β ∈ Z2. A striking feature of
color Lie algebras is their Γ-grading structure. In the case of Lie superalgebras, this means the
following: Γ decomposes the superalgebra into two subspaces, namely the even (0-graded) and
odd sectors (1-graded). Furthermore, the defining relations are given, in terms of these sectors,
by the following (anti)commutation relations:

[even, even] ⊆ even, [even, odd] ⊆ odd, {odd, odd} ⊆ even.

One may see that these relations are compatible with the multiplication law of Z2.
Another simple but widely studied example is obtained by taking Γ = Z2

2 := Z2 × Z2.
There are two possible choices of ω for this Γ, and the corresponding color Lie algebras con-
sist of four (the order of Z2

2) sectors, each of which is graded by an element of Z2
2 [44]. The
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(anti)commutation relations of these sectors are compatible with the multiplication law of Z2
2. In

this case, one can observe many new features which are distinct from those of Lie superalgebras.
One such feature is the graded center, namely the set of elements that commute (in the graded
sense) with all elements of a color Lie algebra.

For a given finite-dimensional color Lie algebra, one may define its universal enveloping
algebra and its graded center. Elements of the graded center are the graded Casimir elements
of the color Lie algebra [31, 47, 48, 49]. One may also consider a loop extension of a given
finite-dimensional color Lie algebra, which can admit an extension by graded central elements.
Such graded Casimir elements and central extensions are found in Z2

2-graded color extensions
of sl(2) and osp(1|2), and a general method to construct them for Z2

2 is developed in [4, 7] (see
also Appendix of [9]). The graded central extension is also found for a module extension of the
Virasoro algebra with Γ = Z2

2 grading [5].
The purpose of this paper is to extend the general method for Γ = Z2

2 to arbitrary Abelian
groups and to show, by presenting explicit examples, that there exist a large number of color Lie
algebras possessing such graded Casimir elements and graded central extensions. The examples
considered in this paper include the Z2

3-graded color extension of sl(2) and the Z2
2-graded color

extensions of the Lie superalgebras q(n) and osp(m|2n). These examples share the property
that they contain copies of the underlying Lie (super)algebra as subalgebras.

This work is motivated by recent advances and applications of color Lie algebras in various
fields. If a color Lie algebra appears in a system under consideration, it is important to determine
whether it admits graded Casimir elements (or graded central elements in the case of affine color
Lie algebras). Focusing only on ordinary (non-graded) Casimir elements fails to capture the full
structure of the system.

Before starting our analysis, we provide a concise state-of-the-art overview of studies on color
Lie algebras in mathematics and physics. Apart from studies of structure and representation
theory (see, for example, [33, 36, 39, 45, 50, 53, 55]), color Lie algebras have also been explored
in the following areas of mathematics and physics:

(i) Noncommutative geometry (see [41] for a review). Color Lie algebras defined for Γ = Zn
2 :=

Z2 × Z2 × · · · × Z2 (n times) provide a highly nontrivial example of a noncommutative
manifold. The study of geometry on such spaces, initiated in [26, 27, 30], has since been
extensively developed [23, 24, 25, 28, 29, 38]. However, many open problems still remain.
One of the most significant issues is the definition of integration on these noncommutative
spaces [40]. So far, three different proposals for such a definition have been put forward
[6, 40, 41], but no consensus has yet been reached.

(ii) Integrable systems. Recalling that many classical integrable systems, such as soliton equa-
tions—and in particular Toda field theory—can be obtained in an algebraic way (see,
e.g., [17]), it is natural to expect that the use of color Lie algebras can produce novel types
of integrable systems. This has indeed been realized for Γ = Z2

2: a generalization of the
sine-Gordon equation [21], the Liouville and sinh-Gordon equations [4, 7], as well as the
mKdV and KdV equations [3], have been obtained.

(iii) Knot theory. It was shown in [9] that a color Lie algebra admitting a nondegenerate
invariant bilinear form gives rise to a universal weight system (UWS) that encodes the
first nontrivial layers of finite-type topological invariants of knots. In general, a UWS is
constructed in terms of the Casimir elements of the algebra under consideration.

(iv) Generalization of supersymmetry. Supersymmetry is a physical realization of the super-
Poincaré algebra. Since color Lie algebras generalize Lie superalgebras, one may consider
color generalizations of the super-Poincaré algebra. The case Γ = Z4 × Z4 was considered
by Wills-Toro [65, 66], while the cases Γ = Z2

2 and Γ = Zn
2 were introduced by Tolstoy [57]

and Bruce [19], respectively. Bruce’s algebras are now widely accepted, and generalizations
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of supersymmetric quantum mechanics [1, 2, 22] as well as two-dimensional field theories
have been constructed [8, 20]. A remarkable observation is that the S-matrix of quantum
field theory admits Bruce’s algebra as symmetries, providing an extension of the well-
known Haag– Lopuszański–Sohnius theorem [34].

(v) Parastatistics. Particles beyond bosons and fermions (paraparticles) have recently at-
tracted renewed attention from both theoretical [64] and experimental perspectives [13, 14].
Color Lie algebras provide a natural framework for describing paraparticles through their
representation theory [18, 52, 54, 60, 61]. An important observation is that such para-
particles are, in principle, theoretically detectable; that is, there exist quantum operators
that distinguish paraparticles from ordinary bosons and fermions [58, 59, 62]. It was also
shown that a mixed system of well-known parabosons and parafermions, introduced by
Green, forms a color Lie algebra with Γ = Z2

2 [56].

(vi) Hidden color Lie algebra structure. There exist systems that are formulated without any
relation to color Lie algebras. However, their symmetries can be enhanced to form a color
Lie algebra, or they can be solved using a color Lie algebra. As examples, we mention de
Sitter supergravity with a positive cosmological constant [63], the Lévy–Leblond equation
[10, 11, 46], and the Dirac oscillator [32].

This paper is organized as follows: Section 2 collects definitions and basic facts on color Lie
algebras that will be used in the subsequent sections. In Section 3, after introducing the definition
of the graded center of a color Lie algebra, we formulate a general method for constructing
a graded bilinear form and 2nd order graded Casimir elements. We then consider graded central
extensions of the loop algebra of a color Lie algebra, and show that these extensions are also
determined by the graded bilinear form. The rest of this paper is devoted to applications of
the method developed in Section 3. We present three examples of color Lie algebras that admit
graded Casimir elements. Their loop algebras admit graded central extensions. In Section 4,
the Γ = Z2

2 color extension of the Lie superalgebra q(n) and the Γ = Z2
3 extension of the Lie

algebra sl(2) are investigated. In Section 5, a more involved case, namely the Lie superalgebra
osp(m|2n) for Γ = Z2

2, is investigated in detail. Finally, we summarize the present work and
provide some concluding remarks in Section 6.

2 Preliminaries

This section presents the basic notions of color Lie algebras that will be used in this paper. We
give only the minimum necessary for the present study. The reader may refer to [47, 49, 67] for
further details.

Let Γ be an additive Abelian group. We fix Γ and suppose that all vector spaces and algebras
are defined over the field C. A vector space V is said to be Γ-graded if it can be written as
a direct sum of subspaces indexed by elements of Γ:

V =
⨁︂
γ∈Γ

Vγ .

We say that an element of Vγ has degree γ. A linear mapping f : V → W between two Γ-graded
vectors spaces V and W is said to be of degree γ ∈ Γ if

f(Vα) ⊂ Wα+γ , ∀α ∈ Γ.

The vector space Hom(V,W ) of all linear mappings of V into W is naturally Γ-graded.
An algebra S is called Γ-graded if its underlying vector space is Γ-graded and if it satisfies

SαSβ ⊂ Sα+β, α, β ∈ Γ.
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To define color Lie algebras (Γ-graded ω-Lie algebras), we introduce a mapping called a com-
mutative factor on Γ (called commutation factor in [47]) ω : Γ × Γ → C∗, which satisfies

ω(α, β) = ω(β, α)−1,

ω(α, β + γ) = ω(α, β)ω(α, γ),

ω(α + β, γ) = ω(α, γ)ω(β, γ), ∀α, β, γ. (2.1)

These relations imply

ω(0, 0) = ω(0, α) = ω(α, 0) = 1, ω(α, α) = ±1,

ω(α,−β) = ω(−α, β) = ω(β, α), ω(−α,−β) = ω(α, β), ∀α, β. (2.2)

Definition 2.1. Let g =
⨁︁

γ∈Γ gγ be a Γ-graded vector space and let ω be a commutative factor
on Γ. Then g is called a color Lie algebra, if g admits a bilinear map J , K : g× g → g, which is
of degree 0, satisfying the following conditions:

JX,Y K = −ω(α, β)JY,XK,
JX, JY, ZKK = JJX,Y K, ZK + ω(α, β)JY, JX,ZKK, ∀X,Y, Z ∈ g, (2.3)

where α = deg(X), β = deg(Y ) are degrees of the elements X, Y , respectively.

We call the bilinear map J , K a color Lie bracket. In some literature, a distinction is made
between color Lie algebras and color Lie superalgebras. The difference lies in the sign of ω(α, α).
If ω(α, α) = 1 for all α ∈ Γ, then g is called a color Lie algebra. If there exists at least one
α ∈ Γ such that ω(α, α) = −1, then g is called a color Lie superalgebra. We do not make this
distinction in this paper.

Any Γ-graded associative algebra S may be turned into a color Lie algebra by defining the
color Lie bracket as

JX,Y K = XY − ω(α, β)Y X, X, Y ∈ S, α = deg(X), β = deg(Y ) (2.4)

for any commutative factor ω. In the case of ω(α, β) = +1 or −1 for all α, β ∈ Γ, the color Lie
bracket is a commutator or an anticommutator.

Like for Lie algebras and Lie superalgebras, End(V ) := Hom(V, V ) on a Γ-graded vector
space V provides an example of color Lie algebras. Observe that End(V ) is an associative
Γ-graded algebra with the composition of endomorphisms as the multiplication. Then, the
general linear color Lie algebra gl(V, ω) is defined as End(V ) equipped with the color Lie bracket
given by (2.4). To be more explicit, we present a basis of gl(V, ω) in terms of matrices. Suppose
that α < β < γ < · · · is a fixed total order for Γ. Choose an ordered basis for each graded
subspace of V and order the basis of Vα, Vβ, Vγ , . . . according to the total order for Γ. This
yields an ordered basis of V . Then an element E(α, β) ∈ Hom(Vβ, Vα) is represented by a block
matrix of the following form:

E(α, β) =

⎛⎜⎜⎜⎝
α β γ · · ·

α · ∗ · . . .
β · · ·
γ · · · . . .
...

...
...

...

⎞⎟⎟⎟⎠, (2.5)

where the dot · denotes a zero matrix and the asterisk ∗ denotes the block containing nonzero
entries. We denote the matrix unit relative to the ordered basis of V by E(α, β)ij where 1 ≤ i ≤
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dimVα, 1 ≤ j ≤ dimVβ. It is the matrix (2.5) whose only nonzero entry is 1 at the (i, j)-position
of the asterisk block. It is easy to see the following:

deg(E(α, β)ij) = α− β, E(α, β)ijE(γ, δ)kℓ = δβγδjkE(α, δ)iℓ.

It follows that the matrix units form a basis of gl(V, ω) and we can express the defining relations
of gl(V, ω) as

JE(α, β)ij , E(γ, δ)kℓK = δβγδjkE(α, δ)iℓ − ω(α− β, γ − δ)δαδδℓiE(γ, β)kj .

The degree α subspace of gl(V, ω) is gl(V, ω)α :=
∑︁

β∈Γ Hom(Vβ, Vβ+α). An element X(α, β) ∈
gl(V, ω)α−β is a linear combination of E(α, β)ij :

X(α, β) =

dimVα∑︂
i=1

dimVβ∑︂
j=1

xijE(α, β)ij , xij ∈ C,

and an element X ∈ gl(V, ω) can be written as

X =
∑︂

α,β∈Γ
X(α, β).

We now define a generalization of the trace.

Definition 2.2. The color trace ctr : End(V ) → C is defined by

ctrX =
∑︂
α∈Γ

ω(α, α) trX(α, α),

where tr denotes the usual trace of a matrix. Clearly, the color trace is a mapping of degree
zero.

Proposition 2.3 ([49, 67]). We have

ctr(X(α)X(β)) = ω(α, β) ctr(X(β)X(α)), (2.6)

where X(α) and X(β) are homogeneous elements of gl(V, ω) of degree α and β, respectively.

Obviously, sl(V, ω) := {X ∈ gl(V, ω) | ctrX = 0} is a Γ-graded subalgebra of gl(V, ω). To
introduce Γ-graded subalgebras of gl(V, ω), we introduce a bilinear form on V . Let J : V ×V → C
be a degree-zero and nondegenerate bilinear form on V . The condition deg(J) = 0 implies that
for any x, y ∈ V

J(x, y) = 0 if deg(x) + deg(y) ̸= 0.

The nondegeneracy of J requires that dimVα = dimV−α for all α ∈ Γ. This can be seen by
representing J in matrix form relative to the ordered basis of V . Suppose that α ̸= −α and
α′ = −α′ for α, α′ ∈ Γ, and they are ordered as · · · < α < · · · < α′ < · · · < −α < · · · . Then J
has the following block matrix structure:

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

α · · · α′ · · · −α · · ·
α · · · · · · · · ∗ · · ·
...

...
...

... · · ·
α′ · · · · ∗ · · · · · · ·
...

...
...

... · · ·
−α ∗ · · · · · · · · · · ·
...

...
...

...

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,
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where the symbols · and ∗ have the same meaning as in (2.5). Note that the rows and columns
intersecting a ∗ block contain only zero entries. If dimVα ̸= dimV−α, then the (α,−α) and
(−α, α) blocks are rectangular matrices (not square). This implies that detJ = 0, since one
necessarily selects a zero entry when choosing one entry from each row and each column. This
shows that J is degenerate.

We are now in a position to define subalgebras of gl(V, ω) using the bilinear form J.

Proposition 2.4 ([49]). Let u, v be homogeneous elements of V and J be a degree-zero nonde-
generate bilinear form on V. Suppose that J is either symmetric or skew-symmetric. Then the
set of all homogeneous elements of gl(V, ω) satisfying

J(Xu, v) + ω(γ, α)J(u,Xv) = 0, X ∈ gl(V, ω)γ , ∀u ∈ Vα, v ∈ Vβ (2.7)

forms a Γ-graded subalgebra of gl(V, ω).

Proof. It is easy to verify that if X ∈ gl(V, ω)γ and Y ∈ gl(V, ω)δ satisfy (2.7), then JX,Y K ∈
gl(V, ω)γ+δ also satisfies (2.7).

Next, consider the relation obtained by exchanging u and v in (2.7):

J(Xv, u) + ω(γ, β)J(v,Xu) = 0. (2.8)

A sufficient condition for the compatibility of this relation with (2.7) is

J(u, v) = ±ω(α, β)J(v, u). (2.9)

Using this relation and the properties of the commutative factor given in (2.1) and (2.2), one
can see that the left hand side of (2.8) reduces to that of (2.7). Recall that J is nonvanishing if
and only if α + β = 0. In this case, (2.9) yields

J(u, v) = ±ω(α,−α)J(v, u)
(2.2)
= ±J(v, u).

Hence, when the bilinear form J is symmetric or skew-symmetric, it is compatible with (2.7). ■

One may define color extensions of orthogonal, symplectic, and orthosymplectic Lie superal-
gebras, and so on. A study in this direction, as well as the quantization of color Lie algebras
and their affine analogue, is carried out in [68].

Finally, we define a graded representation.

Definition 2.5. A graded representation (ρ, V ) of a color Lie algebra g in a Γ-graded vector
space V is a color Lie algebra homomorphism ρ : g → gl(V, ω) of degree zero:

ρ(JX,Y K) = Jρ(X), ρ(Y )K, X, Y ∈ g.

3 Graded Casimir elements and graded central extensions

3.1 Invariant bilinear form on color Lie algebras
and 2nd order Casimir elements

Let g be a color Lie algebra defined for a commutative factor ω on an Abelian group Γ. We
begin with some definitions.

Definition 3.1. The graded center Z(g) of g is the set of elements which graded-commute with
all elements of g:

Z(g) = {X ∈ g | JX,Y K = 0, ∀Y ∈ g}.
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Let T (g) :=
∑︁∞

r=0 g
⊗r be the tensor algebra over g. T (g) has Z+×Γ-grading. The Z+ grading

is obvious and the Γ-grading is given by

T (g) =
∑︂
α∈Γ

T (g)α, T (g)α =
∞∑︂
r=0

(︃ ∑︂
α1+···+αr=α

gα1 ⊗ gα2 ⊗ · · · ⊗ gαr

)︃
.

Let I(g) be the two-sided ideal of T (g) generated by

X ⊗ Y − ω(α, β)Y ⊗X − JX,Y K, X ∈ gα, Y ∈ gβ.

The universal enveloping algebra of g is defined by U(g) = T (g)/I(g). Obviously, U(g) is a unital
associative Γ-graded algebra.

Definition 3.2. Graded Casimir elements of g are elements of the graded center of U(g).
Namely, if C ∈ U(g) is a Casimir element of degree γ, CX = ω(γ, α)XC for all homogeneous
elements X ∈ U(g) of degree α.

We denote an ordered basis of gα by Xαi , 1 ≤ i ≤ dim gα, and write the defining relations
of g as

JXαi , Xβj
K =

∑︂
γk

f γk
αi,βj

Xγk , f γk
αi,βj

∈ C, (3.1)

f γk
αi,βj

= 0 if α + β ̸= γ,

where
∑︁

γk
is a shorthand notation for

∑︁
γ∈Γ

∑︁dim gγ
k=1 . The relation

JXαi , Xβj
K = −ω(α, β)JXβj

, XαiK

is equivalent to the relation

f γk
αi,βj

= −ω(α, β)f γk
βj ,αi

. (3.2)

Let (ρ, V ) be an irreducible graded representation of g in a Γ-graded vector space V . If a degree µ
element Mµ ∈ End(V ) graded-commutes with ρ(X) for all X ∈ g, i.e.,

JMµ, ρ(X)K = 0, ∀X ∈ g,

then we call Mµ a commutant of degree µ. Clearly, the degree zero commutant is (a multiple
of) the identity.

Proposition 3.3. Assume M−µ is a commutant of degree −µ. We define a bilinear form
ηµ : g× g → C by

ηµ(Xαi , Xβj
) = ctr(ρ(Xαi)M

−µρ(Xβj
)),

which is also denoted by ηµαi,βj
. This bilinear form satisfies the following properties:

(1) ηµαi,βj
= 0 if α + β ̸= µ,

(2) ηµβj ,αi
= ω(µ, µ)ω(α, β)ηµαi,βj

,

(3) ηµ(JXαi , Xβj
K, Xγk) = ω(µ, β)ηµ(Xαi , JXβj

, XγkK).

Relation (3) implies the g-invariance of ηµ.
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Proof. To simplify the notations, we set A := ρ(Xαi), B := ρ(Xβj
), C := ρ(Xγk).

(1) By the definition of the color trace, ctrX = 0 if degX ̸= 0. The statement immediately
follows from deg(AM−µB) = α + β − µ.

(2) The quantity ηµβj ,αi
= ctr(BM−µA) is computed, using (2.6) and JM−µ, AK = 0, as

follows:

ηµβj ,αi

(2.6)
= ω(β,−µ + α) ctr(M−µAB) = ω(β,−µ + α)ω(−µ, α) ctr(AM−µB)

= ω(β,−µ + α)ω(−µ, α) ηµαi,βj
.

Recalling that ηµαi,βj
̸= 0 only if α + β = µ, it is straightforward to verify the identity

ω(β,−µ + α)ω(−µ, α) = ω(µ, µ)ω(α, β).

(3) By definition, we can write

ηµ(JXαi , Xβj
K, Xγk) = ctr(JA,BKM−µC) = ctr

(︁
(AB − ω(α, β)BA)M−µC

)︁
.

Using (2.6) and (2.2), we obtain

ηµ(JXαi , Xβj
K, Xγk) = ctr

(︁
ω(β,−µ)AM−µBC − ω(α, β)ω(β, α− µ + γ)AM−µCB

)︁
= ω(µ, β) ctr

(︁
AM−µ(BC − ω(β, γ)CB))

)︁
= ω(µ, β) ctr(AM−µJB,CK) = ω(µ, β)ηµ(Xαi , JXβj

, XγkK).

This completes the proof. ■

In terms of the structure constants f γk
αi,βj

, the g-invariance of ηµ takes the following form:∑︂
νℓ

f νℓ
αiβj

ηµνℓγk = ω(µ, β)
∑︂
νℓ

f νℓ
βjγk

ηµαiνℓ
, (3.3)

where we continue to use the shorthand notation introduced in (3.1). If ηµ is nondegenerate, we
introduce its inverse and denote it by ηµ:

η
αiβj
µ = ηµ(Xαi , Xβj

) = 0, α + β ̸= µ,
∑︂
γk

ηαiγk
µ ηµγkβj

=
∑︂
γk

ηµβjγk
ηγkαi
µ = δαi

βj
.

An equivalent expression to (3.3) in terms of ηµ is given by∑︂
νℓ

ηαiνℓ
µ f γk

νℓβj
= ω(µ, β)

∑︂
νℓ

ηνℓγkµ f αi
βjνℓ

. (3.4)

Theorem 3.4. A second order Casimir element of degree µ is given by

Cµ =
∑︂
αi,βj

η
αiβj
µ XαiXβj

.

Proof. It is sufficient to prove JXαi , CµK = 0. It is proved by straightforward computation:

JXαi , CµK = JXαi ,
∑︂
βj ,γk

η
βjγk
µ Xβj

XγkK

=
∑︂

βj ,γk,νℓ

η
βjγk
µ

(︁
f νℓ
αiβj

XνℓXγk + ω(α, β)f νℓ
αiγk

Xβj
Xνℓ

)︁
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=
∑︂

βj ,γk,νℓ

(︁
η
βjγk
µ f νℓ

αiβj
+ ω(α, ν)η

νℓβj
µ f γk

αiβj

)︁
XνℓXγk

(3.2)
=

∑︂
βj ,γk,νℓ

(︁
η
βjγk
µ f νℓ

αiβj
− ω(α, ν)ω(α, β) η

νℓβj
µ f γk

βjαi

)︁
XνℓXγk

(3.4)
=

∑︂
βj ,γk,νℓ

η
νℓβj
µ f γk

βjαi

(︁
ω(α, µ) − ω(α, ν + β)

)︁
XνℓXγk

ν+β=µ
= 0. ■

The essence of this construction of graded Casimir elements lies in a commutant of nontrivial
degree. Thus, the construction depends on the representation ρ, but it does not depend on the
choice of basis of g. Such commutants have been found for low-dimensional color Lie algebras
with Γ = Z2

2 [4, 7, 12].

3.2 Loop extension of color Lie algebras and graded central extensions

In this subsection, we discuss graded central extensions of the loop color algebra (see Defini-
tion 3.1 for the graded center). The loop algebra associated with a color Lie algebra g is defined
as L(g) = g⊗ C[λ, λ−1], where λ is a spectral parameter of degree zero. Elements of L(g) have
the form X ⊗ λn, where X ∈ g and n ∈ Z. The color Lie bracket is defined by

JX ⊗ λm, Y ⊗ λnK = JX,Y K ⊗ λm+n.

The algebra L(g) inherits a natural Γ-grading from that of g.

For the ordered basis Xαi of g, we set X
(m)
αi := Xαi ⊗λm. Then the set

{︁
X

(m)
αi

}︁
forms a basis

of L(g), and the defining relations of L(g) take the form of

q
X(m)

αi
, X

(n)
βj

y
=

∑︂
γk

f γk
αiβj

X(m+n)
γk

, m, n ∈ Z.

Theorem 3.5. Following the notation of the previous subsection, a graded central extension of
L(g) is given by

q
X(m)

αi
, X

(n)
βj

y
=

∑︂
γk

f γk
αiβj

X(m+n)
γk

+
∑︂
µ∈Γ

mδn+m,0ω(α, µ)ηµαiβj
cµ, (3.5)

where cµ is a graded center of degree µ:

q
cµ, X

(m)
αi

y
= Jcµ, cνK = 0, ∀X(m)

α ∈ L(g), ∀µ, ν ∈ Γ.

Proof. We prove that the relation (3.5) satisfies the color Jacobi identity (2.3).

JX(m)
αi

, JX(n)
βj

X(ℓ)
γk

KK =
∑︂
νp

f
νp

βj ,γk

(︃∑︂
σq

f
σq

αiνp X(m+n+ℓ)
σq

+
∑︂
µ∈Γ

mδm+n+ℓ,0ω(α, µ)ηµαi,νpcµ

)︃
.

The first term has the same structure as that of L(g), hence it satisfies the color Jacobi identity.
Therefore, it suffices to keep only the graded central terms; we shall denote the central term of
an expression by (. . .)ct. By the g-invariance of ηµ (3.3) and the fact that the structure constants
are nonvanishing only when α + β = ν, this takes the form(︁q

X(m)
αi

,
q
X

(n)
βj

X(ℓ)
γk

yy)︁
ct

= mδm+n+ℓ,0

∑︂
νp,µ

ω(ν, µ)f
νp

αiβj
ηµνpγkcµ.

Similarly, we obtain the following expressions (keeping only the graded central terms):(︁qq
X(m)

αi
, X

(n)
βj

y
, X(ℓ)

γk

y)︁
ct

= (m + n)δm+n+ℓ,0

∑︂
νp,µ

ω(ν, µ)f
νp

αiβj
ηµνpγkcµ,
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and (︁q
X

(n)
βj

,
q
X(m)

αi
, X(ℓ)

γk

yy)︁
ct

= nδm+n+ℓ,0

∑︂
νp,µ

ω(β, µ)f
νp

αiγk ηµβjνp
cµ

(3.3)
= nδm+n+ℓ,0

∑︂
νp,µ

ω(β, µ)ω(α, µ)f
νp

βjαi
ηµνpγkcµ

(3.2)
= −nδm+n+ℓ,0

∑︂
νp,µ

ω(α + β, µ)ω(β, α)f
νp

αiβj
ηµνpγkcµ.

These relations show that the color Jacobi identity is satisfied. ■

The graded central extension has been discussed for particular Γ = Z2
2-graded color loop alge-

bras L(sl(2)) and L(osp(1|2)) and the existence of a graded central element of degree (1, 1) ∈ Z2
2

has been observed in [7, 12]. A Z2
2-graded extension of the Virasoro algebra was also discussed

in these works in relation to integrable Z2
2-graded extensions of the Liouville equation and the

Sugawara construction. Furthermore, a Z2
2-graded extension of the super-Virasoro algebra was

studied in connection with an integrable Z2
2-super-Liouville equation [4].

4 Color algebras having nontrivial commutant

As mentioned in the previous section, the commutant of degree 0 is trivial, i.e., it is given by
an identity matrix. In this and the next sections, we present color Lie algebras which have
commutants of nontrivial degree and explicit formulas of their 2nd order Casimir elements.

4.1 Z2
2-graded extension of q(n)

In this subsection, we introduce a Γ = Z2
2-graded extension of the strange Lie superalgebra q(n)

and its affine extension.

Let us recall that the Lie superalgebra q(n) can be determined through its defining represen-
tation, i.e.

q(n) =

{︃(︃
A B
B A

)︃
| A,B ∈ gl(n)

}︃
,

where the matrices with B = 0 are even, or elements of q(n)0, and those with A = 0 odd, or
elements of q(n)1. With eij the notation for the n× n matrix unit, a basis for q(n) is given by

E0
ij =

(︃
1 0
0 1

)︃
⊗ eij , E1

ij =

(︃
0 1
1 0

)︃
⊗ eij , i, j ∈ {1, . . . , n},

Eα
ij ∈ q(n)α, α ∈ Z2. (4.1)

Note that the 2 × 2 matrices in (4.1) form a Z2-graded algebra.

We extend the representation (4.1) to Z2
2-graded setting. Let Γ = Z2

2 = {00, 01, 10, 11} and
ω(α, β) = (−1)α1β1+α2β2 for α = α1α2, β = β1β2 ∈ Γ. We introduce a Z2

2-graded color algebra
defined by the matrices

Θ00 =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠ , Θ10 =

⎛⎜⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎠
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Θ01 =

⎛⎜⎜⎝
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎠ , Θ11 =

⎛⎜⎜⎝
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞⎟⎟⎠ , (4.2)

which satisfy the product relations

ΘαΘβ = Θα+β. (4.3)

Consider now the 4n2 homogeneous elements

Eα
ij = Θα ⊗ eij , i, j ∈ {1, . . . , n}, α ∈ Z2

2,

which act on the Z2
2-graded vector space Cn,n|n,n := Cn ⊕ Cn ⊕ Cn ⊕ Cn. These elements form

a basis of the Z2
2-graded extension of q(n), denoted by Z2

2-q(n), whose bracket relation is

q
Eα

ij , E
β
kl

y
= δjkE

α+β
il − ω(α, β)δilE

α+β
kj .

The color Lie algebra Z2
2-q(n) can be considered as a subalgebra of the color Lie algebra

gl(n, n|n, n) := gl(V, ω) with Γ = Z2
2, V = Cn,n|n,n and ω(α, β) = (−1)α1β1+α2β2

In order to study commutants, let us define the following matrices:

T 00 =

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎠ , T 10 =

⎛⎜⎜⎝
0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

⎞⎟⎟⎠ ,

T 01 =

⎛⎜⎜⎝
0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎞⎟⎟⎠ , T 11 =

⎛⎜⎜⎝
0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

⎞⎟⎟⎠ .

Then one can verify that

ΘαT β = ω(α, β)T βΘα. (4.4)

Now define the following elements of gl(n, n|n, n):

Mα = Tα ⊗ In.

It is easy to prove that the matrices Mα are commutants in the defining representation of
Z2
2-q(n). Indeed,

q
Mα, Eβ

ij

y
= (Tα ⊗ In)

(︁
Θβ ⊗ Eij

)︁
− ω(α, β)

(︁
Θβ ⊗ Eij

)︁
(Tα ⊗ In)

=
(︁
TαΘβ − ω(α, β)ΘβTα

)︁
⊗ Eij = 0,

using (4.4). So we have 4 commutants, one of each degree in Γ.
Next, we compute the corresponding bilinear forms on Z2

2-q(n), using

η−µ
(︁
Eα

ij , E
β
kl

)︁
= ctr

(︁
Eα

ijM
µEβ

kl

)︁
.

For µ = 00, one finds

Eα
ijM

00Eβ
kl = Eα

ijE
β
kl =

(︁
ΘαΘβ

)︁
⊗ (EijEkl) = Θα+β ⊗ δjkEil = δjkE

α+β
il .
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Note that the color trace is equivalent to the supertrace for Γ = Z2
2. Hence,

η00
(︁
Eα

ij , E
β
kl

)︁
= ctr

(︁
δjkE

α+β
il

)︁
= δjk ctr

(︁
Θα+β ⊗ Eij

)︁
= δjk ctr

(︁
Θα+β

)︁
tr(Eij) = 0,

since for the 4× 4 matrices A of type (4.2) one has ctr(A) = a11 − a22 − a33 + a44. This implies
that η00 = 0, so it is degenerate, and one cannot construct a Casimir of order 00. This situation
is analogous to that of the Lie superalgebra q(n), which is known not to admit a second-order
Casimir [51].

For µ = 11, one finds

Eα
ijM

11Eβ
kl =

(︁
ΘαT 11Θβ

)︁
⊗ (EijEkl).

Then

ctr
(︁
Eα

ijM
11Eβ

kl

)︁
= ctr

(︁
ΘαT 11Θβ

)︁
tr(EijEkl) = δjkδil ctr

(︁
ΘαT 11Θβ

)︁
.

Using (4.4) and (4.3), one finds

ctr
(︁
ΘαT 11Θβ

)︁
= ω(α, 11) ctr

(︁
T 11ΘαΘβ

)︁
= ω(α, 11) ctr

(︁
T 11Θα+β

)︁
.

From the explicit form of T 11 and the matrices Θγ , it follows that ctr
(︁
T 11Θγ

)︁
is nonzero only

for γ = 11, and in that case ctr
(︁
T 11Θ11

)︁
= 4. Thus we have

ctr
(︁
ΘαT 11Θβ

)︁
= 4ω(α, 11)δα+β,11,

and

η11
(︁
Eα

ij , E
β
kl

)︁
= ctr

(︁
Eα

ijM
11Eβ

kl

)︁
= 4δjkδilω(α, 11)δα+β,11.

The factor 4 does not play a role, so for convenience we redefine

η11
(︁
Eα

ij , E
β
kl

)︁
:= δjkδilω(α, 11)δα+β,11.

This bilinear form is nondegenerate, and its inverse reads

η11
(︁
Eα

ij , E
β
kl

)︁
= δjkδilω(α, 11)δα+β,11.

Thus we can construct a 2nd order Casimir element of degree 11:

C11 =
∑︂
α,β

∑︂
ij

∑︂
kl

δjkδilω(α, 11)δα+β,11E
α
ijE

β
kl =

∑︂
α,i,j

ω(α, 11)Eα
ijE

11−α
ji .

Explicitly,

C11 =
∑︂
ij

(︁
E00

ij E
11
ji − E01

ij E
10
ji − E10

ij E
01
ji + E11

ij E
00
ji

)︁
.

Finally, for µ = 10 and µ = 01, one finds that ctr
(︁
Eα

ijM
µEβ

kl

)︁
= 0, hence ηµ = 0, and one

cannot construct a Casimir of order 10 or 01.
Let us now turn to the loop algebra of Z2

2-q(n) and denote its basis by E
α(m)
ij , where m ∈ Z.

According to Theorem 3.5, the loop algebra admits a 11-graded central extension given by the
bilinear form η11:

q
E

α(m)
ij , E

β(n)
kl

y
= δjkE

α+β(m+n)
il − ω(α, β)δilE

α+β(m+n)
kj + nδm+n,0δα+β,11δjkδilc11.

More explicitly, the relations containing c11 are as follows:

q
E

α(m)
ij , E

11−α(−m)
ji

y
= E

11(0)
ii − E

11(0)
jj −mc11, α + β = 11.
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4.2 Z2
3-graded extension of sl(2)

We consider a color Lie algebra extension of sl(2) with the grading group

Γ = Z2
3 := Z3 × Z3 = {00, 01, 02, 10, 11, 12, 20, 21, 22} (4.5)

and the commutative factor

ω(α, β) = ξα1β2−α2β1 , ξ = e2πi/3, α, β ∈ Γ. (4.6)

For this setting, the color Lie bracket for some homogeneous elements is neither commutator
nor anticommutator, see (2.4).

According to [47], we introduce a mapping σ : Γ × Γ → C∗ such that

ω(α, β) = σ(α, β)σ(β, α)−1, σ(α, β + γ) = σ(α, β)σ(α, γ),

σ(α + β, γ) = σ(α, γ)σ(β, γ).

For the present Γ and ω given in (4.6), the mapping σ is given by

σ(α, β) = ξα1β2 .

With the mapping σ, we introduce a color algebra of dimension 9 whose relations are defined by

eαeβ = σ(α, β)eα+β, α, β ∈ Γ. (4.7)

The Z2
3-graded extension of sl(2), denoted by Z2

3-sl(2), is spanned by the following nine homo-
geneous elements:

Hα = eα ⊗H, α = 00, 11, 22,

Eα
+ = eα ⊗ E+, α = 01, 12, 20,

Eα
− = eα ⊗ E−, α = 02, 21, 10, (4.8)

where H, E± is the basis of the Lie algebra sl(2) subject to the relations

[H,E±] = ±2E±, [E+, E−] = H. (4.9)

The nonvanishing color Lie brackets for the basis (4.8) can be determined by (4.7) and (4.9) as

q
Hα, Eβ

±
y

= ±2σ(α, β)Eα+β
± ,

q
Eα

+, E
β
−
y

= σ(α, β)Hα+β. (4.10)

Remark 4.1. These relations can also be expressed using the commutative factor ω(α, β). We
change the basis of Z2

3-sl(2) as

H̃22 = ξH22, Ẽ12
+ = ξE12

+ , Ẽ21
− = ξE21

− ,

while keeping the other basis elements unchanged. Then the defining relations (4.10) become

q
H̃α, Ẽβ

+

y
= 2Ẽα+β

+ ,
q
H̃α, Ẽβ

−
y

= −2ω(α, β)Ẽα+β
− ,

q
Ẽα

+, Ẽ
β
−
y

= H̃α+β.

Next, to search for the commutants of Z2
3-sl(2), we consider the representation (ρ, V ) of

Z2
3-sl(2) on a Z2

3-graded vector space V =
⨁︁

α∈Z2
3
Vα. The basis |α⟩ ∈ Vα is taken to be

|00⟩ = e00 ⊗ |1⟩ , |11⟩ = e11 ⊗ |1⟩ , |22⟩ = e22 ⊗ |1⟩ ,
|02⟩ = e02 ⊗ |−1⟩ , |21⟩ = e21 ⊗ |−1⟩ , |10⟩ = e10 ⊗ |−1⟩ ,
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where |±1⟩ is the basis of the fundamental representation of sl(2):

H |±1⟩ = ± |±1⟩ , E± |±1⟩ = 0, E± |∓1⟩ = |±1⟩ . (4.11)

The graded subspaces V12, V01 and V20 are empty, while the remaining subspaces are one-
dimensional. The action of (4.8) on V is computed as follows:

ρ(H00) |11⟩ = (e00 ⊗H)(e11 ⊗ |1⟩) = e00e11 ⊗H |1⟩ (4.7), (4.11)
= e11 ⊗ |1⟩ = |11⟩ .

Ordering the basis as

|00⟩ , |11⟩ , |22⟩ , |02⟩ , |21⟩ , |10⟩ ,

the representation (ρ, V ) is given explicitly as follows. First, ρ
(︁
H00

)︁
is the only diagonal matrix

ρ
(︁
H00

)︁
= diag(1, 1, 1,−1,−1,−1),

i.e., the basis vectors |00⟩ , |11⟩ and |22⟩ are degenerate highest weight vectors of H00 with
highest weight +1, while |02⟩ , |21⟩ and |10⟩ are degenerate lowest weight vectors of H00 with
lowest weight −1. The representation matrices for the remaining basis elements are given by

ρ
(︁
H11

)︁
=

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 ξ2

1 0 0
0 ξ 0

0 −ξ 0
0 0 −1

−ξ2 0 0

⎞⎟⎟⎟⎟⎟⎟⎠, ρ
(︁
H22

)︁
=

⎛⎜⎜⎜⎜⎜⎜⎝

0 ξ2 0
0 0 ξ
1 0 0

0 0 −1
−ξ 0 0
0 −ξ2 0

⎞⎟⎟⎟⎟⎟⎟⎠,

and

ρ
(︁
E01

+

)︁
=

⎛⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 0 1
0 1 0

⎞⎟⎟⎟⎟⎟⎟⎠, ρ
(︁
E02

−
)︁

=

⎛⎜⎜⎜⎜⎜⎜⎝1 0 0
0 0 1
0 1 0

⎞⎟⎟⎟⎟⎟⎟⎠,

ρ
(︁
E12

+

)︁
=

⎛⎜⎜⎜⎜⎜⎜⎝

0 ξ 0
ξ2 0 0
0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠, ρ
(︁
E21

−
)︁

=

⎛⎜⎜⎜⎜⎜⎜⎝0 ξ2 0
1 0 0
0 0 ξ

⎞⎟⎟⎟⎟⎟⎟⎠,

ρ
(︁
E20

+

)︁
=

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 1
0 ξ2 0
ξ 0 0

⎞⎟⎟⎟⎟⎟⎟⎠, ρ
(︁
E10

−
)︁

=

⎛⎜⎜⎜⎜⎜⎜⎝0 0 ξ2

0 ξ 0
1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠,

where an empty block denotes the zero matrix.
With these matrices, the following statements are easily verified by direct computation:

1. The commutant Mα does not exist for α ̸= 00, 11, 22, namely, Mα is the zero matrix for
these degrees.
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2. For α = 00, 11, 22, there exists a unique (up to overall constant) commutant Mα. M00 is
the identity matrix, while M11, M22 are given by

M11 =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 1
ξ 0 0
0 ξ2 0

0 ξ2 0
0 0 ξ
1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠, M22 =

⎛⎜⎜⎜⎜⎜⎜⎝

0 1 0
0 0 ξ2

ξ 0 0

0 0 ξ
ξ2 0 0
0 1 0

⎞⎟⎟⎟⎟⎟⎟⎠.

It follows that invariant bilinear forms of degrees 00, 11 and 22 exist. As in the previous
subsection, we compute the normalized invariant bilinear forms:

η00(A,B) =
1

6
tr(ρ(A)ρ(B)), η11(A,B) =

1

6
tr
(︁
ρ(A)M22ρ(B)

)︁
,

η22(A,B) =
1

6
tr
(︁
ρ(A)M11ρ(B)

)︁
, A,B ∈ Z2

3-sl(2)

We list the nonvanishing components of ηα below:

η00
(︁
H00, H00

)︁
= 1, η00

(︁
H11, H22

)︁
= η00

(︁
H22, H11

)︁
= ξ2,

η00
(︁
E01

+ , E02
−
)︁

= η00
(︁
E02

− , E01
+

)︁
=

1

2
, η00

(︁
E20

+ , E10
−
)︁

= η00
(︁
E10

− , E20
+

)︁
=

1

2
,

η00
(︁
E12

+ , E21
−
)︁

= η00
(︁
E21

− , E12
+

)︁
=

ξ

2
.

The nonvanishing components of η11 are

η11
(︁
H00, H11

)︁
= η11

(︁
H11, H00

)︁
= 1, η11

(︁
H22, H22

)︁
= ξ,

η11
(︁
E12

+ , E02
−
)︁

= η11
(︁
E20

+ , E21
−
)︁

=
1

2
, η11

(︁
E01

+ , E10
−
)︁

=
ξ

2
,

η11
(︁
E02

− , E12
+

)︁
= η11

(︁
E21

− , E20
+

)︁
=

ξ2

2
, η11

(︁
E10

− , E01
+

)︁
=

1

2
,

and those of η22 are

η22
(︁
H00, H22

)︁
= η22

(︁
H22, H00

)︁
= 1, η22

(︁
H11, H11

)︁
= ξ,

η22
(︁
E01

+ , E21
−
)︁

= η22
(︁
E12

+ , E10
−
)︁

=
ξ2

2
, η22

(︁
E20

+ , E02
−
)︁

=
1

2
,

η22
(︁
E21

− , E01
+

)︁
= η22

(︁
E10

− , E12
+

)︁
=

1

2
, η22

(︁
E02

− , E20
+

)︁
=

ξ

2
.

The bilinear forms ηα are nondegenerate. Their inverses are easily obtained; only the nonva-
nishing components are listed below:

η00
(︁
H00, H00

)︁
= 1, η00

(︁
H11, H22

)︁
= η00

(︁
H22, H11

)︁
= ξ,

η00
(︁
E01

+ , E02
−
)︁

= η00
(︁
E02

− , E01
+

)︁
= 2, η00

(︁
E12

+ , E21
−
)︁

= 2ξ2,

η00
(︁
E20

+ , E10
−
)︁

= η00
(︁
E10

− , E20
+

)︁
= 2, η00

(︁
E21

− , E12
+

)︁
= 2ξ2,

and

η11
(︁
H00, H11

)︁
= η11

(︁
H11, H00

)︁
= 1, η11

(︁
H22, H22

)︁
= ξ2,

η11
(︁
E12

+ , E02
−
)︁

= η11
(︁
E20

+ , E21
−
)︁

= 2ξ, η11
(︁
E01

+ , E10
−
)︁

= 2,
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η11
(︁
E02

− , E12
+

)︁
= η11

(︁
E21

− , E20
+

)︁
= 2, η11

(︁
E10

− , E01
+

)︁
= 2ξ2,

and

η22
(︁
H00, H22

)︁
= η22

(︁
H22, H00

)︁
= 1, η22

(︁
H11, H11

)︁
= ξ2,

η22
(︁
E01

+ , E21
−
)︁

= η22
(︁
E12

+ , E10
−
)︁

= 2, η22
(︁
E20

+ , E02
−
)︁

= 2ξ2,

η22
(︁
E21

− , E01
+

)︁
= η22

(︁
E10

− , E12
+

)︁
= 2ξ, η22

(︁
E02

− , E20
+

)︁
= 2.

We are now ready to write down the graded 2nd order Casimir elements of Z2
3-sl(2), which

are given by

C00 =
(︁
H00

)︁2
+ ξ

{︁
H11, H22

}︁
+ 2

{︁
E01

+ , E02
−
}︁

+ 2
{︁
E20

+ , E10
−
}︁

+ 2ξ2
{︁
E12

+ , E21
−
}︁
,

C11 =
{︁
H00, H11

}︁
+ ξ2

(︁
H22

)︁2
+ 2

(︁
ξE12

+ E02
− + E02

− E12
+ + ξE20

+ E21
− + E21

− E20
+

+ E01
+ E10

− + ξ2E10
− E01

+

)︁
,

C22 =
{︁
H00, H22

}︁
+ ξ2

(︁
H11

)︁2
+ 2

(︁
E01

+ E21
− + ξE21

− E01
+ + E12

+ E10
− + ξE10

− E12
+

+ ξ2E20
+ E02

− + E02
− E20

+

)︁
,

where { , } denotes the anticommutator.
We now turn to the loop algebra of Z2

3-sl(2), whose basis is denoted by

Hα(m), E
β(m)
+ , E

γ(m)
− , m ∈ Z,

where α ∈ {00, 11, 22}, β ∈ {01, 12, 20}, γ ∈ {02, 21, 10}. Following Theorem 3.5, the loop
algebra admits three central extensions of degrees 00, 11 and 22. The nonvanishing color Lie
brackets are given as follows:

q
Hα(m), E

β(n)
±

y
= ±2σ(α, β)E

α+β(m+n)
± ,

q
H00(m), H00(n)

y
= mδm+n,0c00,

q
H11(m), H22(n)

y
= mδm+n,0ξ

2c00,
q
H00(m), H11(n)

y
= mδm+n,0c11,

q
H22(m), H22(n)

y
= mδm+n,0ξc11,

q
H00(m), H22(n)

y
= mδm+n,0c22,

q
H11(m), H11(n)

y
= mδm+n,0ξc22,

and

q
E

01(m)
+ , E

02(n)
−

y
=

q
E

20(m)
+ , E

10(n)
−

y
= H00(m+n) +

m

2
δm+n,0c00,

q
E

12(m)
+ , E

21(n)
−

y
= ξH00(m+n) +

mξ

2
δm+n,0c00,

q
E

01(m)
+ , E

10(n)
−

y
= H11(m+n) +

m

2
δm+n,0c11,

q
E

12(m)
+ , E

02(n)
−

y
=

q
E

20(m)
+ , E

21(n)
−

y
= ξ2H11(m+n) +

mξ2

2
δm+n,0c11,

q
E

01(m)
+ , E

21(n)
−

y
=

q
E

12(m)
+ , E

10(n)
−

y
= H22(m+n) +

m

2
δm+n,0c22,

q
E

20(m)
+ , E

02(n)
−

y
= ξH22(m+n) +

mξ

2
δm+n,0c22.

5 Z2
2-graded extension of osp(m|2n)

In this section, we consider a particular Z2
2-graded extension of the Lie superalgebra osp(m|2n)

and show that the color Lie algebra has a commutatnt of degree 11. The grading group Γ and
the commutative factor ω(α, β) = (−1)α1β1+α2β2 are the same as in Section 4.1.
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5.1 Definition, commutants and basis

We define the Z2
2-graded color algebra, denoted by Z2

2-osp(m|2n), as a subalgebra of algebra
gl(m,m|2n, 2n). An element of gl(m,m|2n, 2n) is given by a (2m+ 4n)× (2m+ 4n) matrix with
a 4 × 4 block structure, where each block has a definite Z2

2-degree. We consider a particular
class of elements of gl(m,m|2n, 2n) of the form

X =

⎛⎜⎜⎝
m m 2n 2n

m A00 A11 A01 A10

m A11 A00 A10 A01

2n C01 C10 C00 C11

2n C10 C01 C11 C00

⎞⎟⎟⎠, (5.1)

where the superscripts indicate the Z2
2-degree of each block, and each block matrix appears

twice.
The bilinear form defining Z2

2-osp(m|2n) is given by a 4 × 4 block matrix of the same size
as X:

J =

⎛⎜⎜⎝
iBm 0 0 0

0 iBm 0 0
0 0 G2n 0
0 0 0 G2n

⎞⎟⎟⎠ .

Here,

Bm =

(︃
0 Iℓ
Iℓ 0

)︃
, m = 2ℓ, Bm =

⎛⎝0 Iℓ 0
Iℓ 0 0
0 0 1

⎞⎠ , m = 2ℓ + 1,

G2n =

(︃
0 −In
In 0

)︃
,

where Iℓ denotes the ℓ× ℓ identity matrix.
To define Z2

2-osp(m|2n), we impose the following conditions on the matrix X given in (5.1):

X00J + J
(︁
X00

)︁T
= 0, X11J + J

(︁
X11

)︁T
= 0,

X01J + iJ
(︁
X01

)︁T
= 0, X10J − iJ

(︁
X10

)︁T
= 0. (5.2)

Here Xα, with α ∈ Z2, denotes the matrix in (5.1) whose entries are nonzero only in the blocks
of Z2

2-degree α; e.g.,

X11 =

⎛⎜⎜⎝
0 A11 0 0

A11 0 0 0
0 0 0 C11

0 0 C11 0

⎞⎟⎟⎠
and XT denotes the transpose of X. It is straightforward to check by direct computation that
if Xα and Y β satisfy the conditions in (5.2), then so does JXα, Y βK.

The conditions in (5.2) yield the following constraints on the matrix blocks:

A00Bm + Bm

(︁
A00

)︁T
= 0, A11Bm + Bm

(︁
A11

)︁T
= 0,

C00G2n + G2n

(︁
C00

)︁T
= 0, C11G2n + G2n

(︁
C11

)︁T
= 0,

C01 = −G2n

(︁
A01

)︁T
Bm, C10 = G2n

(︁
A10

)︁T
Bm. (5.3)
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It follows that

A00, A11 ∈ so(m), C00, C11 ∈ sp(2n)

and A01, A10 are arbitrary m× 2n matrices. Therefore, we see that

dimZ2
2-osp(m|2n) = (m + 2n)2 −m + 2n,

which is twice the dimension of the Lie superalgebra osp(m|2n).

We comment on preceding works on Z2
2-graded extensions of osp(m|2n) in turn:

(1) Rittenberg and Wyler introduced a Z2
2-graded extension of the Lie supergroup Osp(m|2n)

and define a Z2
2-graded osp(m|2n) as its infinitesimal transformation [44]. Algebraic defi-

nitions of a Z2
2-graded extension of osp(m|2n) can be found in [31, 35, 52, 54]. However,

none of these works discuss the particular subclass defined by (5.1).

(2) A Z2
2-graded extension of the type defined in (5.1), which corresponds to Z2

2-osp(1|2)
in the present notation, first appeared as a Z2

2-graded extension of conformal quantum
mechanics [1]. The same algebra was also obtained via a module construction of color Lie
algebras [37]. It was pointed out in [12] that Z2

2-osp(1|2) has a 11-graded commutant.

(3) The lowest weight representations of Z2
2-osp(1|2) are classified in [16] (see [15] for other

representations of Z2
2-osp(1|2)).

Now we return to the search for commutants of Z2
2-osp(m|2n).

Proposition 5.1. There exists a unique (up to constant multiple) 11-graded commutant of Z2
2-

osp(m|2n), which is given by

M11 =

⎛⎜⎜⎝
0 Im
Im 0

0 −I2n
−I2n 0

⎞⎟⎟⎠. (5.4)

On the other hand, there exist no 01- or 10-graded commutants.

Proof. M11 must be of the form

M11 =

⎛⎜⎜⎝
0 N1

N2 0

0 N3

N4 0

⎞⎟⎟⎠.

The condition [X00,M11] = 0 yields the following constraints on Nk:[︁
A00, N1

]︁
=

[︁
A00, N2

]︁
= 0,

[︁
C00, N3

]︁
=

[︁
C00, N4

]︁
= 0.

Recalling that A00 ∈ so(m) and C00 ∈ sp(2n), we obtain, by Schur’s lemma,

N1 = α1Im, N2 = α2Im, N3 = α3I2n, N4 = α4I2n, αk ∈ C.

The condition [X11,M11] = 0 further implies that α1 = α2 and α3 = α4. Finally, the condition{︁
X01,M11

}︁
= 0 yields α3 = −α1, and this relation is consistent with

{︁
X10,M11

}︁
= 0. Thus,

M11 is given by (5.4).
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We can search for M01 in a similar way. We write

M01 =

⎛⎜⎜⎝
N1 0
0 N2

N3 0
0 N4

⎞⎟⎟⎠
and the condition [X00,M01] = 0 yields the constraints

A00N1 = N1C
00, A00N2 = N2C

00, C00N3 = N3A
00, C00N4 = N4A

00.

If A00 = 0 and C00 ̸= 0, then Nk ≡ 0, and hence M01 = 0. In the same way, one finds that
M10 = 0. ■

From Proposition 5.1, we see that Z2
2-osp(m|2n) has 00- and 11-graded 2nd order Casimir

elements. To derive explicit formulas for them, we first need to specify a basis of Z2
2-osp(m|2n).

This is also helpful to understand structures of the color Lie algebra. Recall that X ∈ Z2
2-

osp(m|2n) has a 4 × 4 block structure, see (5.1), and that each block further has the following
substructure. In the case of m = 2ℓ + 1,

A00 =

⎛⎝ L Y x
W −LT y
−yT −xT 0

⎞⎠ ∈ so(2ℓ + 1), C00 =

(︃
L̃ Ỹ

W̃ −L̃T

)︃
∈ sp(2n),

where L ∈ gl(ℓ) and Y , W are skew-symmetric ℓ × ℓ matrices, and x, y ∈ Cℓ, while L̃ ∈ gl(n)
and Ỹ , W̃ are symmetric n×n matrices. The block structures of A01 and A10 are induced from
this structure:

A01 =

⎛⎝P Q
R S
a b

⎞⎠ , A10 =

⎛⎝P̃ Q̃

R̃ S̃

ã b̃

⎞⎠ ,

where P , Q, P̃ and Q̃ are ℓ× n matrices, and a, b, ã and b̃ are n-dimensional row vectors. For
m = 2ℓ, the corresponding changes are obvious. Then, (5.3) determines C01 and C10 as follows:

C01 =

(︃
ST QT bT

−RT −PT −aT

)︃
, C10 =

(︃
−S̃T −Q̃T −b̃T

R̃T P̃T ãT

)︃
.

Therefore, we introduce a concise notation for matrix units, by which the position of a nonvan-
ishing entry can be easily read off.

Let eab be the matrix unit of size (2m+4n)×(2m+4n). From now on, Latin indices take values
in {1, 2, . . . , ℓ = rank so(m)}, while Greek indices take values in {1, 2, . . . , n = rank sp(2n)}.
We introduce the following notation for the matrix units whose nonvanishing entries lie in the
first ℓ rows of the matrix X in (5.1): For m = 2ℓ,

Eij := eij , Eij′ := ei ℓ+j , Ei
j := eim+j , Ei

j′ := eim+ℓ+j ,

Eiν := ei 2m+ν , Eiν′ := ei 2m+n+ν , Ei
ν := ei 2m+2n+ν , Ei

ν′ := ei 2m+3n+ν ,

and we need two more for m = 2ℓ + 1:

Eim := ei 2ℓ+1, Ei
m := ei,4ℓ+2.

The meaning of this notation is clear; Eij has its nonvanishing entry in the ℓ × ℓ block at the
top left corner of X. As the second index changes, the position of the nonvanishing entry shifts
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to the right. The same rule can be applied to the first index (with shifts downward), allowing
us to introduce a notation for the matrix units whose nonvanishing entries lie in the blocks:

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ℓ ℓ 1 ℓ ℓ 1 n n n n

ℓ Eij Eij′ Eim Ei
j Ei

j′ Ei
m Eiν Eiν′ Ei

ν Ei
ν′

ℓ Ei′j Ei′j′ Ei′m Ei′
j Ei′

j′ Ei′
m Ei′ν Ei′ν′ Ei′

ν Ei′
ν′

1 Emj Emj′ Emm Em
j Em

j′ Em
m Emν Emν′ Em

ν Em
ν′

ℓ Ei
j Ei

j′ Ei
m Eij Eij′ Eim Ei

ν Ei
ν′ Eiν Eiν′

ℓ Ei′
j Ei′

j′ Ei′
m Ei′j Ei′j′ Ei′m Ei′

ν Ei′
ν′ Ei′ν Ei′ν′

1 Em
j Em

j′ Em
m Emj Emj′ Emm Em

ν Em
ν′ Emν Emν′

n Eµj Eµj′ Eµm Eµ
j Eµ

j′ Eµ
m Eµν Eµν′ Eµ

ν Eµ
ν′

n Eµ′j Eµ′j′ Eµ′m Eµ′j Eµ′j
′

Eµ′m Eµ′ν Eµ′ν′ Eµ′ν Eµ′ν
′

n Eµ
j Eµ

j′ Eµ
m Eµj Eµj′ Eµm Eµ

ν Eµ
ν′ Eµν Eµν′

n Eµ′
j Eµ′

j′ Eµ′
m Eµ′j Eµ′j′ Eµ′m Eµ′

ν Eµ′
ν′ Eµ′ν Eµ′ν′

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Note that the prime on m is omitted for simplicity. One advantage of this notation is the
simplicity of the product: if the adjacent indices are not of the same type, the product vanishes.
For example,

Eij′Epq = Ei
jEµν = Ei

jEp
q = 0, EijEp

q = δjpEi
q.

Using this notation of the block structures described above, we choose the following basis of
Z2
2-osp(m|2n) in the case of m = 2ℓ + 1:

(i) basis of degree 00

Tij = Eij − Ej′i′ + Eij − Ej′i′ , 1 ≤ i, j ≤ ℓ, or j = m,

Tij′ = Eij′ − Eji′ + Eij′ − Eji′ , 1 ≤ i < j ≤ ℓ,

Ti′j = Ei′j − Ej′i + Ei′j − Ej′i, 1 ≤ i < j ≤ ℓ, or j = m,

Tµν = Eµν − Eν′µ′ + Eµν − Eν′µ′
, 1 ≤ µ, ν ≤ n,

Tµν′ =

{︄
Eµν′ + Eνµ′ + Eµν′ + Eνµ′

, 1 ≤ µ < ν ≤ n,

Eµµ′ + Eµµ′
, µ = ν,

Tµ′ν =

{︄
Eµ′ν + Eν′µ + Eµ′ν + Eν′µ, 1 ≤ µ < ν ≤ n,

Eµ′µ + Eµ′µ, µ = ν.

(ii) basis of degree 11

Ui
j = Ei

j − Ej′
i′ + Ei

j − Ej′
i′ , 1 ≤ i, j ≤ ℓ, or j = m,

Ui
j′ = Ei

j′ − Ej
i′ + Ei

j′ − Ej
i′ , 1 ≤ i < j ≤ ℓ,

Ui′
j = Ei′

j − Ej′
i + Ei′

j − Ej′
i, 1 ≤ i < j ≤ ℓ, or j = m,

Uµ
ν = Eµ

ν − Eν′
µ′

+ Eµ
ν − Eν′

µ′ ,

Uµ
ν′ =

{︄
Eµ

ν′ + Eν
µ′

+ Eµ
ν′ + Eν

µ′ , 1 ≤ µ < ν ≤ n,

Eµ
µ′

+ Eµ
µ′ , µ = ν,

Uµ′ν =

{︄
Eµ′ν + Eν′

µ + Eµ′
ν + Eν′

µ, 1 ≤ µ < ν ≤ n,

Eµ′µ + Eµ′
µ, µ = ν.
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(iii) basis of degree 01, (1 ≤ i ≤ ℓ, 1 ≤ µ ≤ n)

Λiµ = Eiµ − Eµ′i′ + Eiµ − Eµ′i′ ,

Λiµ′ = Eiµ′ + Eµi′ + Eiµ′
+ Eµi′ ,

Λi′µ = Ei′µ − Eµ′i + Ei′µ − Eµ′i,

Λi′µ′ = Ei′µ′ + Eµi + Ei′µ′
+ Eµi.

In the first and the second lines, we allow i = m.

(iv) basis of degree 10, (1 ≤ i ≤ ℓ, 1 ≤ µ ≤ n)

Γi
µ = Ei

µ + Eµ′ i
′
+ Ei

µ + Eµ′
i′ ,

Γi
µ′

= Ei
µ′ − Eµ

i′ + Ei
µ′ − Eµ

i′ ,

Γi′
µ = Ei′

µ + Eµ′ i + Ei′
µ + Eµ′

i,

Γi′
µ′

= Ei′
µ′ − Eµ

i + Ei′
µ′ − Eµ

i.

In the first and the second lines, we allow i = m. The basis for the case m = 2ℓ is obtained
by eliminating the elements with i = m and j = m.

5.2 Structure of Z2
2-osp(m|2n) and 2nd order Casimir elements

The Cartan subalgebra of Z2
2-osp(m|2n) is defined as the maximal commuting subalgebra of

degree 00. Obviously, it is spanned by

Hi := Tii = Eii − Ei′i′ + Eii − Ei′i′ , 1 ≤ i ≤ ℓ,

Hµ := Tµµ = Eµµ − Eµ′µ′ + Eµµ − Eµ′µ′
, 1 ≤ µ ≤ n, (5.5)

and has dimension ℓ + n.
Using the Cartan subalgebra, we obtain the root space decomposition of g :=Z2

2-osp(m|2n)
as usual. Let h be the Cartan subalgebra of g and

g(λ) = {X ∈ g | [H,X] = λ(H)X, ∀H ∈ h}.

Note that, since deg(h) = 00, the color Lie bracket is identical to the commutator. First, observe
that there exist zero roots of degree 11:

[H,Ui
i] = [H,Uµ

µ] = 0, ∀H ∈ h.

Hence, the zero root space has dimension ℓ + n.
Denote by ϵi, δµ the basis of the dual space h∗ such that

ϵi(Hj) = δij , δµ(Hν) = δµν .

Then, it is not difficult to see that the basis of g introduced in the previous subsection yields
a basis of the root spaces, e.g.,

[Hi, Tjk] = (δij − δik)Tjk = (ϵj − ϵk)(Hi)Tjk,

[Hi, Uj
k] = (δij − δik)Uj

k = (ϵj − ϵk)(Hi)Uj
k,

[Hi,Λjν ] = δijΛjν = ϵj(Hi)Λjν ,

[Hi,Γj
ν ] = δijΓj

ν = ϵj(Hi)Γj
ν .
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Repeating similar computations, we see that, apart from the zero root, the root system of g
coincides with that of the ordinary Lie superalgebra osp(m|2n). However, each nonzero root
space is two-dimensional and consists of basis elements of different degrees. The root system
of g, including the zero root, is summarized in the table below. For m = 2ℓ,

λ g(λ) λ g(λ)

0 U i
i , U µ

µ ϵi − ϵj Tij , U j
j

ϵi + ϵj Tij′ U j′

i −ϵi − ϵj Tj′k, U k
j′

δµ − δν Tµν , U ν
µ

δµ + δν Tµν′ , U ν′
µ −δµ − δν Tµ′ν , U ν

µ′

2δµ Tµµ′ , U µ′
µ −2δµ Tµ′µ, U µ

µ′

ϵi − δµ Λiµ, Γ µ
i −ϵi + δµ Λi′µ′ , Γ µ′

i′

ϵi + δµ Λiµ′ , Γµ′

i −ϵi − δµ Λi′µ, Γ µ
i′

For m = 2ℓ + 1, we have additional roots

λ g(λ) λ g(λ)

ϵi Tim, U m
i −ϵi Ti′m, U m

i′

δµ Λmµ′ , Γ µ′
m −δµ Λmµ, Γ µ

m

Let us now turn to the normalized invariant forms on g defined by

η00(X,Y ) =
1

4
ctr(XY ), η11(X,Y ) =

1

4
ctr

(︁
XM11Y

)︁
, X, Y ∈ g.

The symmetry properties of these bilinear forms and the degrees deg(X), deg(Y ) for which they
take nonvanishing values are summarized as follows:

deg(X) deg(Y ) symmetry

00 00
11 11

01 01
10 10

00 11
11 00
01 10
10 01

η00(X,Y )

symmetric

skew-symmetric

η11(X,Y ) symmetric

Using the fact that the 11-graded commutant (5.4) can be written as

M11 =
∑︂
i

(︁
Ei

i + Ei′
i′ + Ei

i + Ei′
i′
)︁
−
∑︂
µ

(︁
Eµ

µ + Eµ′µ
′
+ Eµ

µ + Eµ′
µ′
)︁
,

it is easy to verify that M11 maps the 11- and 10-graded basis of g to those of degree 00 and 01,
respectively:

M11Ui
j = Tij , M11Ui

j′ = Tij′ , M11Ui′
j = Ti′j ,

M11Uµ
ν = −Tµν , M11Uµ

ν′ = −Tµν′ , M11Uµ′ν = −Tµ′ν ,

and

M11Γi
µ = Λiµ, M11Γi

µ′
= Λiµ′ , M11Γi′

µ = Λi′µ, M11Γi′
µ′

= Λi′µ′

Therefore, the computation of η11 reduces to that of η00.
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Now the computation of η00 and η11 is straightforward. Here we list the nonvanishing com-
ponents for m = 2ℓ + 1. For m = 2ℓ, the components corresponding to the basis elements with
index m do not exist. We note that additional nonvanishing components can be obtained from
the symmetry properties of the bilinear forms; for simplicity, we do not list them. Components
corresponding to degree 00 and 11 basis:

η00(Tij , Tpq) = η00(Ui
j , Up

q) = η11(Tij , Up
q) = δiqδjp,

η00(Tij′ , Tp′q) = η00
(︁
Ui

j′ , Up′
q
)︁

= η11(Tij′ , Up′
q) = η11

(︁
Ti′j , Up

q′
)︁

= −δipδjq,

η00(Tim, Tj′m) = η00(Ui
m, Uj′

m) = η11(Tim, Uj′
m) = η11(Ti′m, Uj

m) = −δij ,

η00(Tµν , Tρσ) = η00(Uµ
ν , Uρ

σ) = −η11(Tµν , Uρ
σ) = −δµσδνρ,

η00(Tµν′ , Tρ′σ) = η00
(︁
Uµ

ν′ , Uρ′
σ
)︁

= −η11(Tµν′ , Uρ′
σ) = −η11

(︁
Tµ′ν , Uρ

σ′)︁
=

⎧⎨⎩−δµρδνσ, µ < ν, ρ < σ

−1
2δµρ, µ = ν, ρ = σ,

(5.6)

and 01, 10 basis:

η00(Λiµ,Λj′ν′) = −η00(Λiµ′ ,Λj′ν) = −η00
(︁
Γi

µ,Γj′
ν′
)︁

= η00(Γi
µ′
,Γj′

ν) = δijδµν ,

η00(Λmµ,Λmν′) = −η00
(︁
Γm

µ,Γm
ν′
)︁

= δµν ,

η11
(︁
Λiµ,Γj′

ν′
)︁

= −η11(Λiµ′ ,Γj′
ν) = η11

(︁
Λi′µ,Γj

ν′
)︁

= −η11(Λi′µ′ ,Γj
ν) = δijδµν ,

η11
(︁
Λmµ,Γm

ν′
)︁

= −η11(Λmµ′ ,Γm
ν) = δµν . (5.7)

These bilinear forms are nondegenerate. Their inverses η00 and η11 are given by

η00(Tij , Tpq) = η00(Ui
j , Up

q) = η11(Tij , Up
q) = δiqδjp,

η00(Tij′ , Tp′q) = η00(Ui
j′ , Up′

q) = η11(Tij′ , Up′
q) = η11(Ti′j , Up

q′) = −δipδjq,

η00(Tim, Tj′m) = η00(Ui
m, Uj′

m) = η11(Tim, Uj′
m) = η11(Ti′m, Uj

m) = −δij ,

η00(Tµν , Tρσ) = η00(Uµ
ν , Uρ

σ) = −η11(Tµν , Uρ
σ) = −δµσδνρ,

η00(Tµν′ , Tρ′σ) = η00(Uµ
ν′ , Uρ′

σ) = −η11(Tµν′ , Uρ′
σ) = −η11(Tµ′ν , Uρ

σ′
)

=

⎧⎨⎩−δµρδνσ, µ < ν, ρ < σ,

−2δµρ, µ = ν, ρ = σ,

and

η00(Λiµ,Λj′ν′) = −η00(Λiµ′ ,Λj′ν) = −η00
(︁
Γi

µ,Γj′
ν′
)︁

= η00(Γi
µ′
,Γj′

ν) = −δijδµν ,

η00(Λmµ,Λmν′) = −η00
(︁
Γm

µ,Γm
ν′
)︁

= −δµν ,

η11
(︁
Λiµ,Γj′

ν′
)︁

= −η11(Λiµ′ ,Γj′
ν) = η11

(︁
Λi′µ,Γj

ν′
)︁

= −η11(Λi′µ′ ,Γj
ν) = δijδµν ,

η11
(︁
Λmµ,Γm

ν′
)︁

= −η11(Λmµ′ ,Γm
ν) = δµν .

Here again, additional nonvanishing components obtained from the symmetry properties are not
listed.

We are now able to write down explicit formulas for the Casimir elements of Z2
2-osp(m|2n)

for m = 2ℓ + 1

C00 =
∑︂
i,j

(︁
TijTji + Ui

jUj
i
)︁
−

∑︂
i<j

(︁
{Tij′ , Ti′j} + {Ui

j′ , Ui′
j}
)︁
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−
∑︂
i

(︁
{Tim, Ti′m} + {Ui

m, Ui′
m}

)︁
−
∑︂
µ,ν

(︁
TµνTνµ + Uµ

νUν
µ
)︁

− 2
∑︂
µ

(︁
{Tµµ′ , Tµ′µ} + {Uµ

µ′
, Uµ′µ}

)︁
−

∑︂
µ<ν

(︁
{Tµν′ , Tµ′ν} + {Uµ

ν′ , Uµ′ν}
)︁

+
∑︂
i,µ

(︁
[Λi′µ′ ,Λiµ] + [Λiµ′ ,Λi′µ] + [Γi

µ,Γi′
µ′

] + [Γi′
µ,Γi

µ′
]
)︁

+
∑︂
µ

(︁
[Λmµ′ ,Λmµ] + [Γm

µ,Γm
µ′

]
)︁
,

C11 =
∑︂
i,j

{Tij , Uj
i} −

∑︂
i<j

(︁
{Tij′ , Ui′

j} + {Ti′j , Ui
j′}

)︁
−
∑︂
i

(︁
{Tim, Ui′

m} + {Ti′m, Ui
m}

)︁
+
∑︂
µ,ν

{Tµν , Uν
µ} + 2

∑︂
µ

(︁
{Tµµ′ , Uµ′µ} + {Tµ′µ, Uµ

µ′}
)︁

+
∑︂
µ<ν

(︁
{Tµν′ , Uµ′ν} + {Tµ′ν , Uµ

ν′}
)︁

+
∑︂
i,µ

(︁
{Λiµ,Γi′

µ′} − {Λiµ′ ,Γi′
µ} + {Λi′µ,Γi

µ′} − {Λi′µ′ ,Γi
µ}

)︁
+
∑︂
µ

(︁
{Λmµ,Γm

µ′} − {Λmµ′ ,Γm
µ}

)︁
.

The corresponding Casimir elements for m = 2ℓ are obtained by eliminating the basis elements
with index m. Proposition 5.1 also shows that the loop algebra of Z2

2-osp(m|2n) admits two
central extensions: one of degree 00 and the other of degree 11. Using the bilinear forms (5.6)
and (5.7), it is straightforward to write down all the commutation relations of the affine extension
of Z2

2-osp(m|2n). We therefore omit them here and simply note that all the relations for Z2
2-

osp(1|2) can be found in [12].

It is also worth mentioning the Z2
2-graded color version of the super-Virasoro algebra. In [12],

by applying the Sugawara construction to the affine extension of Z2
2-osp(1|2), a Z2

2-graded color
super-Virasoro algebra with central terms of degrees 00 and 11 is constructed. This color super-
Virasoro algebra contains currents of degrees 00 and 11, while those of degrees 01 and 10 are
absent. It remains a challenging problem to realize a Z2

2-graded color super-Virasoro algebra
with 00- and 11-graded central elements via the Sugawara construction for Z2

2-osp(m|2n). A re-
alization of the color super-Virasoro algebra based on Z2

2-osp(1|2) has also been discussed using
Polyakov’s soldering procedure [4]. In this approach, Virasoro currents of all Z2

2 degrees are
realized, but the central extension of degree 11 is not. Constructing a 11-graded central term
via Polyakov’s method also remains an open problem.

6 Conclusion

In the present work, we have shown that color Lie algebras can admit 2nd order Casimir elements
of nontrivial degrees, and that the corresponding loop algebras can admit central extensions
with nontrivial gradings. These structures arise from invariant bilinear forms on the color Lie
algebras, which are determined by commutants of nontrivial degrees.

We have presented three examples of such color Lie algebras, going significantly beyond the
previously known cases, in particular an infinite family of Z2

2-q(n) and Z2
2-osp(m|2n). These

examples suggest the existence of a large class of color Lie algebras with similar properties.
A common feature of these examples is that they consist of multiple copies of the underly-
ing Lie (super)algebra: Z2

2-q(n) and Z2
2-osp(m|2n) contain two copies of q(n) and osp(m|2n),

respectively, while Z2
3-sl(2) consists of three copies of sl(2).
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The present results give rise to an interesting and important problem, namely the physical
realization of graded Casimir elements and central extensions. It is well known that Casimir
elements of Lie (super)algebras and central elements of affine Kac–Moody algebras play funda-
mental roles in physics. As mentioned in the introduction, color Lie algebras are strongly related
to physical systems. Therefore, understanding the role of graded Casimir elements and central
terms will be essential for applications of color Lie algebras to physical problems.

On the mathematical side, the present work reveals the rich structure of color Lie algebras
compared with Lie (super)algebras. The structure of color Lie algebras is a topic that has not
yet been studied extensively. Understanding this structure is, of course, essential for the study of
representations of color Lie algebras. In particular, the existence of zero roots in Z2

2-osp(m|2n)
suggests a rich class of highest- (or lowest-) weight representations in graded vector spaces, as
investigated in [16] for Z2

2-osp(1|2).

Acknowledgements

The authors are grateful to Ruibin Zhang for helpful discussions and for providing valuable
information. J. Van der Jeugt was supported by the Global Strategy Fund of OMU and is
grateful to Osaka Metropolitan University for its hospitality. N. Aizawa is supported by JSPS
KAKENHI Grant Number JP23K03217.

References

[1] Aizawa N., Amakawa K., Doi S., N -extension of double-graded supersymmetric and superconformal quan-
tum mechanics, J. Phys. A 53 (2020), 065205, 14 pages, arXiv:1905.06548.

[2] Aizawa N., Amakawa K., Doi S., Zn
2 -graded extensions of supersymmetric quantum mechanics via Clifford

algebras, J. Math. Phys. 61 (2020), 052105, 13 pages, arXiv:1912.11195.

[3] Aizawa N., Fujii I., Ito R., An integrable hierarchy associated with loop extension of Z2
2-graded osp(1|2),

J. Phys. A 59 (2026), 215206, 15 pages, arXiv:2512.14108.

[4] Aizawa N., Fujii I., Ito R., Tanaka T., Toppan F., Integrable Z2
2-graded super-Liouville equation and induced

Z2
2-graded super-Virasoro algebra, J. Phys. A 59 (2026), 235202, 20 pages, arXiv:2512.17449.

[5] Aizawa N., Isaac P.S., Segar J., Z2 × Z2-generalizations of infinite-dimensional Lie superalgebra of con-
formal type with complete classification of central extensions, Rep. Math. Phys. 85 (2020), 351–373,
arXiv:1902.05741.

[6] Aizawa N., Ito R., Integration on minimal Z2
2-superspace and emergence of space, J. Phys. A 56 (2023),

485201, 11 pages, arXiv:2305.07836.

[7] Aizawa N., Ito R., Kuznetsova Z., Tanaka T., Toppan F., Integrable Z2
2-graded extensions of the Liouville

and Sinh-Gordon theories, J. Phys. A 58 (2025), 055201, 23 pages, arXiv:2406.13503.

[8] Aizawa N., Ito R., Tanaka T., Z2
2-graded supersymmetry via superfield on minimal Z2

2-superspace, J. Phys. A
57 (2024), 435201, 19 pages, arXiv:2308.16860.

[9] Aizawa N., Kimura D., Universal weight systems from a minimal Z2
2-graded Lie algebra, J. Knot Theory

Ramifications 34 (2025), 2550045, 30 pages, arXiv:2410.05845.

[10] Aizawa N., Kuznetsova Z., Tanaka H., Toppan F., Z2 × Z2-graded Lie symmetries of the Lévy-Leblond
equations, PTEP. Prog. Theor. Exp. Phys. 2016 (2016), 123A01, 26 pages, arXiv:1609.08224.

[11] Aizawa N., Kuznetsova Z., Tanaka H., Toppan F., Generalized supersymmetry and the Lévy-Leblond equa-
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