Symmetry, Integrability and Geometry: Methods and Applications SIGMA 22 (2026), 069, 31 pages

Absorption Times for Discrete Whittaker Processes
and Non-Intersecting Brownian Bridges

Neil O'CONNELL

School of Mathematics and Statistics, University College Dublin, Dublin 4, Ireland
E-mail: neil.oconnell@ucd.ie

Received February 20, 2026, in final form July 09, 2026; Published online July 20, 2026
https://doi.org/10.3842 /SIGMA .2026.069

Abstract. We present evidence for a conjectural relationship between absorption times for
discrete Whittaker processes and maximal heights of non-intersecting Brownian bridges.

Key words: Toda chain; Whittaker functions

2020 Mathematics Subject Classification: 37K10; 60K35; 60B20; 82C23

1 Introduction

It is well known (see, for example, [2] for a survey) that twice the square of the maximum
of a reflected Brownian bridge, starting and ending at zero, has the same law as the random
variable

s=3, (1)
n=1

where e, es,... is a sequence of independent standard exponential random variables, and that
twice the square of the maximum of a standard Brownian excursion has the same law as S + .5,
where S’ is an independent copy of S. In this paper, we present evidence for a conjectural
generalisation of these identities in law, which relates maximal heights of non-intersecting re-
flected Brownian bridges and non-intersecting Brownian excursions to absorption times for the
discrete Whittaker processes introduced in [19]. The present study of the latter is motivated by
an attempt to understand the large scale behaviour of these processes, in particular the question
of whether they belong to the KPZ universality class [5], which we now conjecture to be the
case based on this apparent connection. There is an extensive literature on maximal heights of
non-intersecting Brownian bridges, their asymptotics, and connections to 2D Yang—Mills theory
on the sphere [6, 9, 14, 15, 20].
Let IT be the set of infinite arrays (Wij)io’?zl of nonnegative integers satisfying

mij > max{m; j_1,Ti—1;}

for all 4,7 > 1 with the convention m;y = mp; = 0. We consider a continuous time Markov
chain on II which evolves as follows: for each pair of indices (7,7), subtract one from 7;; at
rate (mj; — m; j—1)(mi; — mi—1;). A simulation of this process, started at m;; = 70 for all 4,j > 1
and run until the first time that 71 50 = 0, is shown in its final state in Figure 1.

We would like to understand the evolution of the zero set {(4,j) | m;; = 0}. This cor-
responds to the flat region on the left of Figure 1. To this end, let T;. be the first time
that max;—1, . ,mr—i+1 = 0. Note that the projection of the chain onto the values of m;;
for 2 <i+j <r+1 is autonomously Markov and that 7). is the absorption time for this pro-
jection.
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Figure 1. Simulation of the Markov chain on II, started with m;; = 70 for all 4, j > 1 and run until the
first time that 71 50 = 0. The height of this surface over the box with coordinates (4, j) is the value of ;;
at this stopping time, shown here for 1 <i,j5 < 50.

In [19], it was shown that the above Markov chain on IT is related to the quantum Toda chain
and has a unique entrance law starting from the array with m;; = 400 for all 4, 5 > 1. The latter
statement means that there is a unique family of probability measures py, t > 0 such that (i) for
all t,s > 0, if we start the chain with the random initial condition g, then its law at time s will
be p4s and (ii) the corresponding realisation of the chain, which has the law p; at each time
t > 0, will satisfy m;;(t) — 400 in probability as ¢ — 0 for all 4, j > 1. In the following, we will
assume the Markov chain is started at +0o and denote its law by P.

Let us first note that P(7,. < co) = 1. This can be seen by induction, as follows. Let 7;
be the first time that m;; = 0 and note that 7, = max;—1, ., 7;,—it+1, so it suffices to show
that P(7;; < 0o) =1 for all 4, j > 1. From the definition, the corner value 711 evolves as a pure
death process on the nonnegative integers with quadratic rates: it jumps from n to n — 1 at
rate n2. The law of 711 is therefore the same as that of S defined by (1). Note that, by monotone
convergence, 'S = ((2) < oo, which implies that S (and hence 711) is almost surely finite. Now
consider the time 7;; and note the inequality

Tij > 0yj = max{7;j_1,Ti—1,5}

with the convention 70 = 79; = 0. By the induction hypothesis, 0;; < oo almost surely. From
the time o0;; onwards, the value of m;; evolves as a pure death process, jumping from n ton — 1
at rate n2; the additional time 7;; — o;; taken for m;; to reach zero is therefore stochastically
bounded above by the random variable S, and hence 7;; < oo almost surely, as required.

The Hamiltonian of the (r + 1)-particle quantum Toda chain is given by

1 r+1 62 r

Y= = v Ti—Tiy1
2 ; Ox? * ;e

The corresponding eigenvalue equation has series solutions known as fundamental Whittaker
functions [12, 13]. In particular, if we consider the series

br(z) = Y ar(n)ﬁe”i("’”i*xiﬂ),
nez’, =1

where Z, denotes the nonnegative integers, then H" ¢, = 0 provided the coefficients a,(n) satisfy
the recursion

T r—1 T
anz — Z ninit1 | ar(n) = Z ar(n —e;), (2)
i=1 i=1 i=1
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where ej,...,e, are the standard basis vectors in Z" and with the convention a,(n) = 0
for n ¢ Z',. If we set a,(0) = 1, then this recursion has a unique solution. In [19], it is
shown that, for the Markov chain on II started from +oo, the values of (71,72 ,—1,..., 7 1)
evolve as a Markov chain on Z' , which jumps from n to n — e; at rate a,(n — ¢;)/a,(n), for
each i =1,...,r. As T, is also the absorption time for this projection, we can therefore study
its distribution using the theory of the quantum Toda chain and its eigenfunctions.

The eigenfunctions we need to consider are for a particular discrete quantisation of the Toda
chain (corresponding to the recursion (2)). We consider families of left eigenfunctions, defined
in terms of Mellin transforms of class one Whittaker functions, and right eigenfunctions, defined
in terms of coefficients of fundamental Whittaker functions. These are discussed in detail in
Section 2. With these in hand, our approach is to formulate spectral expansions for the tran-
sition probabilities of the chain and hence also the distribution function P(7, < t). This is
technically quite difficult however, as the series in question are quite singular and difficult to
justify rigorously. On the other hand, the eigenfunctions can be factorised for special values
of their arguments, leading to explicit formulas which can be used to provide further evidence
for the correctness of the expansions. For the left eigenfunctions, these factorisations follow
from a result of Stade [21] on Mellin transforms of class one Whittaker functions and for the
right eigenfunctions they follow from an analogous result for certain coefficients of fundamental
Whittaker functions obtained in the present paper (see Theorem 2.5).

Assuming the expansions are correct, they reveal a remarkable connection with maximal
heights of non-intersecting reflected Brownian bridges and non-intersecting Brownian excursions.
Recall that a Brownian bridge, starting and ending at zero, is a standard one-dimensional
Brownian motion, started at zero, and conditioned to be at zero at time 1. A reflected Brownian
bridge, starting and ending at zero, is simply the absolute value of a Brownian bridge, starting
and ending at zero. A (standard) Brownian excursion is a Brownian bridge, starting and ending
at zero, conditioned to stay positive in between. A collection of non-intersecting Brownian
bridges (resp. reflected Brownian bridges or Brownian excursions) is a collection of independent
Brownian bridges (resp. reflected Brownian bridges or Brownian excursions) conditioned not to
intersect.

As remarked above, T} 4 S where S is defined by (1) and 4 denotes equality in distribution.
In the case r = 2, it was shown in [19, Proposition 4.4] that T» = S + S, where S’ is an indepen-
dent copy of S. From these representations, one can infer, for example, the distribution functions

P(Iy<t) =Y (-DFe™™ Py <t)=Y (1-2k%)e . (3)
kEZ kEZ

The random variables S and S + S’ have many interesting properties and interpretations [2].
In particular, S has the same law as twice the square of the maximum of a reflected Brownian
bridge, starting and ending at zero, and S + S’ has the same law as twice the square of the
maximum of a standard Brownian excursion.

Using our conjectured formulas, we carry out explicit computations for small values of r.
For r = 1,2, we recover the formulas (3). For r = 3, we obtain

P(T3<t)= Y Plt)eF+01
kleZ

Pog(t) = (~1)" 1 —2(k2 + )t + (K — 12)%7).

Using a result from [15], we find that this agrees with the distribution function of twice the
square of the maximal height of a pair of non-intersecting reflected Brownian bridges, each
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starting and ending at zero. The result we use from [15] is the formula (1.18) in that paper and
to write it in the form required here we follow a procedure similar to that given in [14] for the
absorbing case and then symmetrise the coefficients in the resulting series — see Section 3 for
more details.

For r = 4, we obtain (partially numerically)

P(Ty<t)= Y Qra(t)e” 1,
k€T

where
Qui(t) =1 — 4(k? + 1)t + 3(k> +12)% — g(# +12)% 4 %kQZQ(kQ —12)%h,

This agrees with the distribution function of twice the square of the maximal height of a pair
of non-intersecting Brownian excursions, as computed in [6, 14, 20].

This leads us to make the following conjecture. For N > 1, let My (resp. Hy) be the
maximal height of N non-intersecting reflected Brownian bridges starting and ending at zero
(resp. non-intersecting Brownian excursions).

Conjecture 1.1. For each N > 1, Ton_1 = 2(My)? and Toy = 2(Hy)2.

By the asymptotic results obtained in [15] for the distributions of My and Hy, this conjecture,
if true, would imply the following;:

Conjecture 1.2. Asr — oo,
P(T, —2r < xrl/?’) — Fi(x),
where Fy(x) denotes the Tracy-Widom GOE distribution.

Note that these conjectures may be interpreted as statements about the law of the interface
between 0’s and 1’s, since the event {7, < ¢t} may be interpreted as saying that this interface
has completely passed the diagonal (1,r),(2,r — 1),...,(r,1) by time ¢t. Equivalently, if we
define Ly = max{r | m;;(t) = 0 for 2< i+ j <r+1} then {7, <t} = {L; > r}. So, for example,
Conjecture 1.2 is equivalent to the statement that, as t — oo,

P(t/2 — Ly < 2732Y3) — Fy(x).

As such, this strongly suggests that the interface itself, appropriately rotated, centered and
rescaled, should converge in distribution to the Airy, process.

Finally, we remark that, if we start the chain with 7;; = 1 for all 4, j > 1 then it is equivalent
to the corner growth process and the absorption time 7. may be interpreted as the point-to-
line directed last passage time from (1, 1) to the line (1,7), (2,7 —1),...,(r,1) in a model with
standard exponential weights. It is known via (a continuous version of) the RSK correspon-
dence [1, 7, 8] that this random variable has the same law as the largest eigenvalue in a certain
Laguerre orthogonal ensemble and in [16] it was shown to have the same law as twice the square
of the maximal height of  non-intersecting Brownian bridges.

The outline of the paper is as follows. In the next section, we recall some of the relevant
background on the quantum Toda chain and its eigenfunctions, which are known as Whittaker
functions. We discuss in particular the discrete quantisation of interest, and its eigenfunctions.
The main new results in this section are a joint eigenfunction property of the right eigenfunctions
(see Theorem 2.3) and a factorisation for special values of their arguments (see Theorem 2.5). As
an aside, in Section 2.6 we explain how this factorisation yields a series of binomial sum identities
which generalise the classical identities of Vandermonde and Chu. In Section 3, we summarise
the relevant facts about maximal heights of non-intersecting Brownian bridges. In Section 4,
we formulate and discuss our proposed expansions for the discrete Whittaker process transi-
tion probabilities and absorption time distribution functions, with some explicit computations
for r < 4 in support of the above conjectures.
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2 Eigenfunctions and their factorisations

2.1 The Toda chain

Let
[pr -1 0 -+ 0 ]
@ p2 -1 - 0
L=10 ¢ - S (4)
pr —1
L0 ... 0 @ Dpraa]

and define polynomials 7,;(p,q), 0 <1 <r+1 by

r+1

det(A — L) = > (=1)'A" "y, (p, q).
=0

The determinant ¢, = det(A — L) may be computed using the recursion
& = (A = pry1)0i—1 + qdi—2, I=0,...,r

with 6_1 = 1 and é_o = 0. The first three polynomials are given by

r+1 T
nro =1, Nr1 = sz‘, Nr2 = Z Pipj + Zqz'-
i=1 1<i<j<r+1 i=1
More generally,
nr,lzzpnplSQﬁdev 1§l§'r+]-a (5)

where the sumisover 1 < i) < - <ig <r+land 1< j; < jo < -+ < jg < r such that
s+2d =1, jxr1 > jr + 1 for all k and i, ¢ {jp, jp + 1} for all a, b.
For example,

12,3 = P1p2p3 + P1q2 + q1P3,
13,3 = P1P2P3 + P1P2P4 + P1P3DP4 + P2p3p4 + P1G2 + P143 + P2g3 + q1p3 + q1P4 + q2p4,
N34 = P1P2P3P4 + P1P2G3 + P1G2P4 + q1P3P4 + q1G3-

The Hamiltonians of the quantum Toda chain are the (commuting) differential operators
defined by H"! = 1, ,(p,q) with

pi=0/0x;, 1<i<r+1,  g=e" ", 1<i<r (6)
This choice of p and ¢ satisfy the commutation relations
[pi, p;] = [@i,q5] = 0, [pis 4j] = @idij — i 41 (7)

The operators H™' are unambiguously defined by the polynomials (5), as each term in the sum
only contains variables which commute with each other.

Denote by Ly the partial backward shift operator defined by Lyf(k) = f(k — 1), so, for
example, if f(n) is a function of n € Z’, (or C"), then

Ly, f(n)=f(n—e)=f(ni,...,ni—1,ni — 1,nip1,...,nyp).
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If we set ¢; = Ly, and p; = n; — n;—1, with the conventions ng = n,41 = 0, then these also
satisfy the commutation relations (7) and thus give rise to a family of commuting difference
operators h™ = (P, q), 0 <1 <7+ 1. We note that ™0 =1, "' = 0 and h"™2 = h", where

r r r—1

r 2

h" = E Lni_ E n; + E TiMi41-
i=1 i=1 i=1

Note that the recursion (2) may be written as h”a, = 0.
Denote by *H™ and *h"™! the formal adjoints of these operators. More precisely, we define
i YA nr1(=p,q) with p, g given by (6) and - nr1(p,q*) with p; = n; —n;—; (with the
conventions ng = n,41 = 0) and ¢ = R,,,, where R}, denotes the partial forward shift operator
defined by Ry f(k) = f(k + 1), so, for example, if f(n) is a function of n € Z’_ (or C") then
R, f(n)=fn+e)=f(ni,...,ni—1,n; + 1,ni41,...,n;).
These two different quantisations are related via the duality relation

W' F(s, ) = "Hy'F (s, @), (8)

where
T r
F(S; l‘) = y_s = HyZ_Sz — Hesi(wi-"l_wi)‘
i=1 i=1

This follows immediately from the relations
Ly, F(s,x) =y F(s,x), (si — si—1)F(s,x) = =0y, F(s,2),
with the convention sg = s,4+1 = 0.

Remark 2.1. If we set ¢; = n%Lni and p; = n;—n;_1, again with the conventions ny = n,+1 = 0,
then these also satisfy (7) and thus give rise to a family of commuting difference operators
H™ = Nr1(p,q), 0 <1 <r+1. In this case H™Y =1, H"' =0 and H™? = H", where

T r—1
2
H" = E niDni + E NN 1
i=1 =1

and Dy = Ly — I is the partial backward difference operator defined by Dy f (k) = f(k—1)— f(k),
so, for example, if f(n) is a function of n € Z', (or C") then

Dy, f(n) = f(n—e) — f(n).

The difference operators h”™ and H" are related by
T
h = Nr(n)—l o H" o Ny(n), Ny(n) = Hnlﬂ
i=1
If we define

Ar(n) = Nr(n)ar(n), (9)

then A, is the unique solution to H"A, = 0 with A,.(0) = 1 and the convention A,(n) = 0
for n ¢ 77 .
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2.2 Class one Whittaker functions
For 1 € C, x € R™! and 2/ € R", define

r—+1 r
Q(T)(:L' z —exp( (le Zx> _Z T — +ex;—xi+1)) )

=1
Set d},(jo) (r) =e"® and, for r > 1, v € C"*! and z € R™H1

%l, ,I/T-+1 / QVr-H xz, x (T 1) (xl)dxl.

Then ¢, = zp,(f) satisfies the eigenvalue equations
Hlpy =)y, 1<I<r+1, (10)

where ¢;(v) denotes the I** elementary symmetric polynomial

Equivalently, AT (X)), = cx(v)h,, where

r+1 r+1
AV =) (=D)L ) = [T - w).
=0 =1

These eigenfunctions are called class one GL(r + 1,R) Whittaker functions, for more back-
ground see [11] and references therein. The joint eigenfunction property (10) may be seen as
a consequence of the intertwining relation [11, Lemma 4.1]

A (X))o Qg“> =(\—p) Qg“> o A=D ().

Although it is not obvious from the above definition, the function ¢, (z) is symmetric in the
parameters v;. If r = 1 and vy + vo = 0, then ¢, (z) = 2K,,_,, (Ze(ml_”)m), where K, is the
modified Bessel function of the second kind

Ku(z) = ;/000 t7 L exp (—%(t + t_l)) dt.

Let us write CjT! = {veCt | Y, =0} Ifve Ci™, then v, (x) only depends on
through the variables y; = e*~%i+1 ¢ =1,..., 7, and so in this case let us denote ¥, (y) = ¥, (x).

2.3 Fundamental Whittaker functions

Let v € (CEH and consider the series
= Yoty

where the sum is over n € Z', and &, = 22:1 ni(e; —ei+1). Then ¢, satisfies the eigenvalue equa-
tion H"2¢, = e2(v)¢y, at least formally, provided the coefficients a,., (n) satisfy the recursion

r
Z n; — Z niNi+1 + Z Vz—i—l ng ar,u(”) = Z ar,u(n - 67;), (11>
=1
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with the convention a,,(n) = 0 for n ¢ Z’ . Since ), v; = 0, the function ¢,(x) only depends
on z through y; = %~ %i+1 4 =1,...,7, so let us denote ®,(y) = ¢, (x). These functions, origi-
nally introduced by Hashizume [12], are known as fundamental GL(r+1, R) Whittaker functions.

Ishii and Stade [13] obtained the following recursive formula for the coefficients a,,(n).
For v € (C6+1, n € Z, and k € Zi_l, define

T

1

r,v 7k = ’
arw(n, ) iI;[l(ni_ki)!r(ni_ki—l+Vi_7/r+1+1)

with the convention kg = k, = 0. Define a,,(n), r>1,n € Z, v € C6+1 recursively by
1

- nll(n+v1 —va+1)

and, for r > 2,

ary(n) = qu,y(n, k)ar—1,(k), (13)
k

aiy(n) (12)

where pu; = v; + vp41/r, 1 <i < r, and the sum is over k € Z':l. Then, for each r > 1, a;,(n)
satisfies the recursion (11) with

1
ar(0) =] T, + 1)

i<j
It also follows from the definition that, for k € Z7,,
r+1 1
0,k) = —a,_1.(k 14
(lr,l/( ) ) ‘71_[2F(V1—I/j—|—1)ar l,T( )a ( )

where 7, = vi1 +vi/ryi=1,...,7.

If r =1, then ®,(y) = I, (2\/37), where a = 1] — vy and I, is the modified Bessel function of
the first kind

0 1 Z\ 2n+a
BT SR S
(2) nzzo nll'(n+a+1) \2

For r = 2, we have

'n+m+a+b+1)
nT(n+a+1n+a+b+1)mT(m+b+1)I'(m+a+b+1)
where a = 11 — v, b = v5 — 3. The formula (15) is due to Bump [3].

When v = 0, the recursion (13) may be conveniently expressed as follows. Let II" be the set
of arrays (m;;, 2 < i+ j < r+ 1) of non-negative integers satisfying m;; > max{m; j_1,mi—1,;},
with the convention w9 = mp; = 0. For m € II", let b(mw) € Z! denote it ‘boundary values’
b(m) = (m1,0, 2 p—1,...,7r1) and let II}, be the set of 7 € II" with b(7) = n. For 7 € II", set

1
w(m) = H ! I

1<itj<r+1 (735 = mij—)!(mij — mim1,5)!

az,(n,m) =

(15)

Then (13) may be written as
ar(n) = Z w(m).
welly,
Equivalently, the normalised coefficients A,.(n) defined by (9) are given by

=% T (™)) (16)

A A P
rellr 1<itj<r+1 N b i1
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2.4 Mellin transforms of class one Whittaker functions

For v € C;™ and s € C", with Re(s;) sufficiently large, define

r

M) = [ v [T

= Y

From the corresponding property of ¥, the Mellin transform M, ,(s) is symmetric in the pa-
rameters vy, ..., v41 and extends to a meromorphic function of s € C” [10]. By (8) and (10),
this extension satisfies the eigenvalue equations

W' M, (—s) = e(V) M, (—s),  2<1<r+1, (17)

)

or, equivalently,

AT (N M, (—s) = ex(v) My, (—s), (18)
where
r+1 r+1
dO) =Y (DN e w) = T - w).
=0 =1

We remark that the difference equations (17) are in fact equivalent to those recently obtained
by Stade and Trinh [22]. Indeed, the main result of [22] may be stated, in the present notation, as
the statement that dgr)(yi)Mr,l,(—s) =0fori=1,...,7+1. On the other hand, dgr)()\)Mr,l,(—s)
is a polynomial in A of degree r + 1, so must agree with c)(v) up to a factor which does not
depend on \. Letting A\ — oo and recalling that 2"** = 1, we recover the identity (18).

For r = 1,2, we have the explicit formulas [3, 13]

3
M ,(s) =T(s+11)'(s + 1), My, (s) =T(s1 +s2)7 " HF(Sl + )T (s2 — vy).

=1

The following remarkable factorisation in the general case was originally conjectured by Bump
and Friedberg [4] and later proved by Stade [21].

Theorem 2.2 (Stade). Let s1,s2 € C and, fori > 3,

i52/2, 1 even,
s; =
’ s1+ (i —1)s2/2, i odd,

so that
S1,52,83,... = 81,82,51 + 52,289,851 + 259,352, 51 + 352,....
Then
r+1
D(srp1)Mry(st,..os) = [[T(si+w) [ Tlsa+witvy). (19)
=1 1<i<j<rt1
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2.5 Shifted coefficients of fundamental Whittaker functions

For v € Cy*, let us denote v/ € C, v} = 2;21
define

frv(n) =ar,(n—1"), (20)

with the convention f,,(n) =0if n € (v/ 4+ Z")\(v' + Z7.). For example,

vifori=1,...,r. Forv € C;™ andn € v/ +27,

1
Jr(n) = Fn—v+1)I(n—1v2+1)’
and, by (15),
fo(nm) = . F(n+m+1)

[[.iT(n—vi+ 1)I(m+ v + 1).

In this notation, the recursion (11) may be written as A" f,., = ea(v)f.,. In this section,
we will show that hr’lfr’y =e(V)frv, 2 <1 <r+1. We will also use this to obtain a useful
factorisation of f;,(n), analogous to (19), for special values of the argument.

The recursive definition (12) and (13) may be reformulated to give a recursive definition of
the functions f,,, as follows. For § € C, n € C" and k € C"!, define

T

1

A(n, k) =
r(nv ) Hr(nz—k1+Z9/T+1)F(nz—kl1_(7«_1_1_1)9/7,_1_1)’

with the convention ky = &k, = 0.
Define f.,(n), r>1,v € Cyt, nev/ + Z'_, recursively by

1
Fn—wv+1)(n+uv1+1)

fiw(n) =
and, for r > 2,

fr,u(n) = ZAZT-H (n7 k)fr—l,u(k)v (21)

k

where p; = v; + vpy1/r, 1 <i < r, and the sum is over k € p/ + Z:L_l.
Recall that h%)! = nr1(p, q) and ol = Nr1(p, ¢*) with ¢; = Ly,, ¢ = Ry, and p; = n; — ni—1,
with the conventions ng = n,41 = 0. Let

r+1 r+1
d(r) ()\) _ Z(_l)l)\r—l—i-lhr,l’ *d(r) (}\) _ Z(—l)lAT_l+1*h(T’l),
1=0 =0
r+1
ex(v) = H()\ — ;).
i=1

Theorem 2.3. The functions f,,(n) satisfy
Wolfe, =eW)fry,  2<1<r+1. (22)
Equivalently,

dv(mr)()‘)fr,u = CA(V)fm/‘ (23)
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Proof. We will show that

d (VA (n, k) = (A= 0)'d) " (X +0/r) A (n, k). (24)
To see that this implies the statement of the proposition, note that, from the definition, f,_1 (k)
vanishes whenever k; = u — 1, for some i. The identity (23) therefore follows from (24).

Dividing both sides of (24) by AY(n, k), it reduces to det(A — 8 — A) = det(\ — § — B), where

A= (aij)fjil and B = (bm):jll are the tridiagonal matrices defined by
—1, Jj=1i+1,
n; —mnj_1 —0, j=1,
i = <nj kj+jf><nj—kj_1—w>, j=1—-1,
0, otherwise,
—1, Jj=1+1,
k—kjl— r—+1)0/r, j=t1andi<r,
bij = < >< —ki_1 — T_Zr+1)6>, j=t—1land i<,
otherwise,

with the usual conventions ng = n,41 = 0 and kg = k. = 0. The result follows, noting that
A=CD and B = DC, where

[ 1 0 0 0]
—ky + 2 1 0 0
C = 0 ny — ko + 2 H
E 1 0
i 0 0 n,+0 1]

(ny — 6 ~1 0 0]

0 ng—hk -0 0

D=1| 0 0 : |
: nr—kzr_l—g -1
e 0 0 0 |

Remark 2.4. In the case v = 0, Theorem 2.3 states that a,(n) is annihilated by the commut-
ing difference operators k™!, 2 < I < r 4 1 or, equivalently, that A,(n) is annihilated by the
commuting difference operators H™, 2 <1 < r + 1, as defined in Remark 2.1. For example,

-2 ()= (1)

k
is annihilated by the two commuting difference operators

n-+m
n

n
k

m
k

H?*? =n?D,, + m*D,,, + nm, H?*3 = —n?*mD,, + nm?D,,.
We remark that
1 —-m
Dp+Dp+1=—H>> 4+ 2 _T[23,
nm nm
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and so we recover Pascal’s identity As(n,m) = Az(n — 1,m) + As(n,m — 1). For r = 3,
Theorem 2.3 states that

As(n,ml) =37 (?)2 <n:zk> (l ;k)

k

is annihilated by the three commuting difference operators

H*? =n?D,, + m*>D,, + I>D; + nm + ml,
H33 = —mn?D,, + (n — )m2D,, + ml*D;,
H** = n%1?D,,; — (1 — m)n*D,, — nm?1D,, + n(m — n)I*D;.

Here we are using the notation D,,;f(n,l) = f(n — 1,1l — 1) — f(n,l). As remarked in [19,
Remark 2.5], the diagonal values a,, = A3(n,n,n) are the Apéry numbers

2 2
n n+k
=2 ()
k
associated with ¢(3). It is well known that this sequence satisfies the three-term recurrence

nla, = (34n3 —51n? 4+ 27n — 5)an_1 —(n— l)gan_g,

with ag = 1 and a1 = 5. We remark that this recurrence may also be derived using the difference
equations H>2A3 = H33 A5 = H>* A3 = 0.

Theorem 2.5. Let n,m € C and define, fori > 1,

im/2, 1 even,
n; =
" ln4 (i —1)m/2, i odd,

so that
ni,n9,N3,... =n,m,n+m,2m,n + 2m,3m,n + 3m,4m, . ... (25)

Suppose v € (CS'H, (n1,...,n,) € V' + 77 and Re(ny41) > —1. Then

1 1
frv(niy.onp) = D(ngga +1) H I(n—uv+1) H I'(m—v;—v;j+1)
i i i<j v

Proof. We prove this by induction over r. For r = 1, it follows from the definition.
Let us define, for ¢ > 1,

im/2, i even,

pi(n,m) = {n + (i — 1)m/2, i odd,

and, for each r > 1, p"(n,m) = (p1(n,m),...,pr(n,m)). Note that n; = p;(n,m) and (n1,...,
n,) = p"(n,m). We also note the identity

pit1(n,m) —n +ix = p;(m —n+z,m + 2x). (26)

Let us denote g, (n,m) = fr,(p"(n,m)) = fru(n1,...,n,). We first consider the case n = vy.
From the relation (20),

g?‘ﬂ/(’/hm) = fn,/(pr(yl,m)) = am/(pr(ylvm) - V/) = aT,V(Oﬂ k)?
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where k; = piy1(v1,m) — v € Zy,i=1,...,r — 1. Thus, by (14),

r+1 1
vV, m) = —a,—1-(k),
g”? (Vl m) ]1;[2 F(Vl o Vj 4 1) Qr 177'( )
where 7; = viqy1 +v1/r, i =1,...,r. Using (20) again, we may write a,_1 (k) = fr—1-(k +7').

The identity (26) gives, for i =1,...,7 — 1,
ki + 7] = piy1(vi,m) — Vi + 7 = pis1(vi,m) — vy +ivy/r
1Z1 2V1
=pi\m—-vi+—,m+—
r r

and, moreover, taking i = r,

v 2v
Pr (m—vl+;,m+r1> = pry1(vi, m). (27)
Hence
r+1

. 1 11 21/1

gr,u(Vlam) _j:EIQF(Vl_Vj‘i‘l)gT_LT <m v+ , ,m + , > .
By the induction hypothesis, and (27),
141 21/1
Gr—1r|Mm—V1+— m+—
r r
141 21/1
=D{p\m—-vi+—m+—|+1
T T
r+1
1 1
<11 11
i F'm—v —v; +1) r<iZiri I'(m—v;—vj+1)
1
=T (pry1(v1,m) + 1) H .
I<iZiert IF'm—-v;—vj+1)
Thus,
r+1 1 1
grp(vi,m) =T (pra(,m)+ 1) || o ;
" " JI;IQ (v —vj+1) 1§z‘<gl_'£r+1 Fim—v;—v;+1)
as required.
It therefore remains to show that
1
T(pryi(n,m)+1) Ty T — v + 1
n,m) = v, m
AT By (vnom) 1) 14 Ty + 1)
We will deduce this from the following recursion:
(28)

[hr(n, m) Ly, — ¢ (V)]|gry(n,m) =0,

where
1, r odd,

fr(m,m) = {(n +1rm/2), r even.
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To prove (28), we use the following identity: for

r+1

dv) ) ==yttt
=0

with ny,ng,... given by (25) and A = n,

, e Qr, dd,
dE ) )(}\) _Jne---q ro (29)
N yeeeyNp (n =+ Tm/2)Q1q3 oo Qr—1, r even.

Indeed, let us denote by L") the Lax matrix (4) with p = p() = (n1,ne — Ny, ..., Npp1 —
Ny, —Npy1) and ni,na, ... given by (25). Then

5(7‘,r+1) _ (n - pfql)l)(s(r,r) + qré(r,rfl)’

where 6("7) denotes the j™ principal minor of n — L("). Moreover,

5 §r=1r) " even,
0, r odd,

and

5(7,’7.71) B 5(T_2’T_1), r Odd,
0, 7 even.

Putting these together yields the identity (29).

Now, by Theorem 2.3, we have [dg;)l nr)()\) — (V)] frp(na, ..., ny) = 0. The recursion (28)
follows, taking ni,ng,... asin (25), A =n, ¢; = Ly, and using (29). |
2.6 Binomial sum identities

In the case v = 0, Theorem 2.5 may be reformulated as a series of binomial sum identities.
Recall that the normalised coefficients A,(n) = N,(n)a,(n) are given by the binomial sums (16).
For small values of r, these sums may be simplified. For » = 2, by Vandermonde’s identity,

s =2 () - (57)
MO -0

and Vandermonde’s identity (twice), we obtain

st = 2 (6) () GGG -2

i,5,k i,

-

We note that this is equivalent to

Az(n,m,l) = <n Zm) <ml+ l>4F3

DGO
YO

1],

7N

<

-]

—n,—m,—m, —|

1,—n—m,—m—1
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where ,F, denotes the generalised hypergeometric series

St M)
Z]_Zwl)k---(bq)kk!’ @ =Ty

k=0

al,...,0p

F
LR

A similar computation yields

Ay(ni1,n2,n3,Mn4)

S )

Let n,m € Z, and define, for ¢ > 1,

im/2, 1 even,
n; =
" n4 (G —1)m/2, iodd,

so that ni,no,ng,... =n,m,n+m,2m,n + 2m,3m,n + 3m,4m,.... For r > 2, define
F.=F.(n,m) = A,(ny,...,n,.).
Define, for k > 1,

k .
km m n—+km n+ km
Gop—1 = < ) = | | <'7 >7 Go, = ( ) = < )G2kl-
m,...,m m n,m,...,m n

j=1
In this notation, Theorem 2.5 yields the following.
Corollary 2.6. Fy = Gy and, forr >2, F, = G,G?_,---G3.

For example,
F2:<n+m>’ F3:<n+m)2<2m>’ F4:<n+m>2<n+2m><2m>3’
n n m n n m
() COC
F5 = .
n n m m
The above formula for F5 is an immediate consequence of Vandermonde’s identity. The expres-
sion for F3 may be obtained directly using (30) and Chu’s identity

Z <m>2<n+2m—k‘> B <n+m>2
k k 2m n
Indeed,

Fy = Az(n,m,n +m) = Z< > <n+: k><n+27;n_k>

S N i TG B G N W

By (2.6), the above formula for Fy is equivalent to the identity

S () e )
()
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3 Non-intersecting Brownian bridges

Let M (resp. H) be the maximal height of N non-intersecting reflected Brownian bridges starting
and ending at zero (resp. non-intersecting Brownian excursions). It is well known [6, 9, 14, 15]
that the distribution functions of H and M are directly related to the partition functions of
certain discrete Gaussian ensembles. To be more precise, let

H T; H (:L'f—:n?), AR (z) = H (:);’?—ac?)
1<G<N  1<i<j<N 1<i<j<N
Then
P(H < h) = Ak NN 37 A ()%™ 2/,
zeZN
and
P(M < h) = Ah 2NN N AR ()2e ™ it/ 7))
z€(Z—1/2)N

where Ay and A’y are normalisation constants. In [14, Theorem 4], it is shown, using Jacobi’s
theta function identity, that the first expression may be written as

P(H <h) =By Y det [Hy;_p)(Nv2h)],,_ e 22, (31)
AezZN

where H,,(z) are the Hermite polynomials and By is a normalisation constant. The proof given
in [14] is easily modified to give an analogous formula for M

P(M <h)= By Y det [Hyyyoo) (Av/2h)]N_ e 20 2, (32)
aezZnN
where B?V is a normalisation constant. Let us define, for A € ZN and t > 0,
1 - 1 -
P)\(t) = ﬁ Z Pa)\(t)v Q)\(t) = ﬁ Z QO’)\(t)
oESN oeSN

where

Qa(t) = By det [y AV,

i,j=1’
and

P\(t) = Biy det [Ho(i ;o) (AvD)]
Then (31) and (32) may be written as

PM*<t) =Y P()e 2Nt PRH?<t)= > Qa(t)e” =N,
AezZN AeZN

4,j=1"

For N =1, writing A\ = k, these symmetrised coefficients are given by
Pi(t) = (D" Qu(t) =1 -2k,
and for N = 2, writing A = (k,1), by
Pog(t) = (~1)F 1 — 2k + )t + (K — 12)#7],
Qua(t) =1 — 4(k> + %)t + 3(k* + 12)%2 — g(k2 +12)%% 4 %kQF(/@Z —12)%h,

In general, for A € ZV, Py(t) has degree at most N(N — 1) and Q,(t) has degree at most N2.
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4 Transition probabilities and absorption times

Let A" = h™? and recall that
W' =YLy, — P(n),
i=1

where

T r—1
P(n) = Z ni — Z NiMi+1 (33)
i=1 i=1

and Ly, denotes the partial backward shift operator defined by Ly f(k) = f(k—1), so, for example,
if f(n) is a function of n € Z’, (or C") then

Lnlf(n) = f(n — ei) = f(nl, ey g1, NG — 1,TZZ’+1, e ,nr).

We also recall the notation Dy = Ly — I for the partial backward difference operator Dy f(k) =
f(k—1) — f(k), so, for example, if f(n) is a function of n € Z’, (or C") then

Dy, f(n) = f(n—ei) — f(n).
Since a, is strictly positive on Z!, and satisfies h"a, = 0, the corresponding Doob transform
"L ar(n—e;)

L=a(n) " oh"oar(n) =7 ar(n)

i=1

D,

generates a continuous time Markov chain X;, ¢ > 0 on Z',. In [19], it was shown that this
Markov chain has a unique entrance law starting from —+oc.

Denote by P, the law of the chain starting from n € Z’, and by P the law of chain started
from 4o00. Write E,, and E for the corresponding expectations. Denote the transition probabil-
ities by p¢(n,n’) =P, (X; =n’), and set

F.(t) = pi(n,0) =P, (T < 1), F(t)= li_>m pe(n,0) =P(T < t),
where T = inf{t > 0 | X; = 0} is the absorption time for the chain.

For any starting value n € Z,, the chain remains in the finite set £, = {m € Z', | m < n}.
Thus, for each n' € Z7,, py(n,n’) is the unique solution to the backward equation

d
&pt(n’ n,) = Enpt(na n/)a pO(”? TL/) = 5nn"

In particular, F,(t) is the unique solution to F) (t) = LpF,(t), F,(0) = 6n0. Similarly, for
each n € Z7_, py(n,n’) is the unique solution to the forward equation

d *
&pt(nv n,) = En/pt(na n,)a po(n, 7’Ll) = 5nn’a

where L£* denotes the formal adjoint of L.
For s > 0, the generating function

Gn(s) = Epe™T = / se S F, (t)dt
0

satisfies the recursion £,,G,(s) = sGn(s), that is,

) = T 35 )G (39

with Go(s) = 1 and the convention Gy (s) = 0 for n ¢ Z',. Denote G(s) = Ee~*T.
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4.1 Thecaser =1

When r = 1, we have £ = n?D,,. The absorption time starting from n has the same law as the
random variable

Sn=2 g (35)
k=1
where e, e2, ... is a sequence 02f independent standard exponential random variables. This gives
the formulas G, (s) = [[;_, &T—T’ G(s) = sin7;1\7/r§\/§’ and
_ 1.2
F(t)=> (~1)Fe ¥, (36)
keZ
Let
n!? ; k(=) m(K)m
i Tears A O A I

where (), = ['(x +n)/T'(x). One can easily check that Ly, = —k%¢; and

> er(n)@i(m) = bum. (37)

keZ

It also holds that £*¢} = —k?*@;, and, moreover,

o0
. Ot + Ok, —1
> er(n)gr(n) = - (38)
n=0
The transition probabilities therefore given by
N 1.2
piln,m) = 3 pp(n)gi(m)e ", (39)
keZ

Note that, since ¢r(n) = 0 for |k| > n and ¢} (m) = 0 for |k| < m, the sums in (37), (38)
and (39) are all terminating. Setting m = 0 in (39) yields

n

Fo(t) = Y (=1 Fgp(n)e™

k=—n

and, letting n — oo, we recover (36).

4.2 The general case

To formulate a spectral expansion for the transition probabilities in the general case, we need to
make some assumptions. For v € (CS"H, recall the notation v/ € C" defined by v) = v +--- +v;,
i=1,...,r. For v € Cytt and n € v/ + Z7, let f,,(n) be defined by (21). Recall that

1
Jip(n) = F'n—v+1)l'n—vy+1)’
fow(n,m) = —3 e . v

[[.iT(n—vi+1)I(m+v;+1)
By Theorem 2.3, setting A, = ea(v), these satisfy

hrfr,l/ = /\Vfr,u- (41)
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The formulas (40) may be used to define meromorphic extensions of fi,(n) and f2,(n,m) to
complex values of n and m, and it is easily checked that these extensions satisfy the eigenvalue
equation (41). By Theorem 2.5, if

ing/2, 1 even,
n; =
"+ (i — Dng/2, i odd,

for ¢ > 1, that is,
n1,N2,N3, ... = N1,N2, N1 + N2, 2N, N1 + 2n9, 3no, . .. (42)

then for v € Cytt, if (ny,...,n,) € V' + Z7, and Re(n,;+1) > —1, we have

frw(n1,...,np) = D(nggq +1) H X 1 ) H - 1 _ (43)

ny—v;+1 i ny —v; —vj+ 1)

In general, we will assume that f,,(n) extends to a meromorphic function of n € C" which
satisfies both the eigenvalue equation (41) and the factorisation property (43). Given this, we
also extend the definition of a,(n) = f.o(n).

For v € Cj™ and n € C7, let B,,(n) = a,(n) "' fru(n), v, (n) = h(v)a,(n)M, _,(n), where

hwvy= [ wi-w)
1<i<j<r+1
These satisfy L3, = A\, 8, and, by (17), L*B;, = \.fB;,
Note that for v € (CSH,

where P is defined by (33). For v € Cj*!, x € C" and n € Z',, define
Cor(x,m,t) = Bry(@ +n)B, (w)e PEL,

Our proposed formula for the transition probabilities is, for n,n’ € Z7_,
¢(n' +n,n') Zcpn n,t)e P, (44)

where

T

cp(n’,n,t) = lim lim | [(z; — w) Z Coygrr (z,m, )Pt

r—n' u—x
i=1 K€LY : P(K')=p

When r = 1, this reduces to (39). When r = 2, it is also correct, as will be outlined in the
next section. In general, by construction, assuming it is well defined, this expression should
satisfy the backward and forward equations. The boundary condition po(n’ +n,n’) = d,0 might
be difficult to establish in general, but can in principle be verified on a case by case basis for n
and n’ of the form (42), using the factorisations (43) and (19).

For n’ and n of the form (42), we can also take z to be of the form (42). In this case, using
the factorisations (43) and (19), the formula (44) becomes more explicit and we state it here as
a conjecture.
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Conjecture 4.1.

oo

pe(n’ +n,n’) Z (n,ny, 1, ng, t)e P, (45)

where

~ ro ! A t
Cp<n17n27n17n27t) ( }E)n igr; _uz § Cuyw (11, 22,01, 02, 1),
@1,w2) = (ny,m5 K EZTF: P(r")=

Cy(x1,x9,n1,n9,t) = h(v)(1+ x1)ﬁ1(1 + $2)2(2T+1)/2.7jr+1
1 —P@')t
X e .
1:[ (z1 H (z2 —vi — ;)

— v v
Z)n1+1 i<j J)na+1
In the case n’ = 0, taking z1 = zo = £, we can write this as follows.

Conjecture 4.2. For n € Z!_ of the form (42),

o
Z (n1,na, t)e ™, (46)
p=0

where, writing © = (x1,x2,...,2,) = (£,§,2£,2¢,...),

T

&p(n1,na,t) = lim lim | [ (2 — u;) > Cruprr (€,n1, 2, )P,
Soume i=1 'ez’ : P(k')=p
= K +; =

Cyr(&,m1,mg, 1) = h(”)”l!T+1n2lr(r+1)/2$r+1 H ( 1 H (& : e~ Pt

€= ViJn+1 ;2 (€= Vi = Vj)ny1

Now, since = + n also has the form (42), it follows from (43) that S, ,(x +n) — 1 when
ni,ne — 0o. Given that there is a unique entrance law from +oo, we can therefore let nq1,ny — oo
to obtain the following.

Conjecture 4.3.

o0

F(t)= Z cp(t)e ™, (47)

p=0
where, writing x = (x1,x2,...,2,) = (£,§,2£,2¢,...),

r

cp(t) = lim lim | | (25 — w;) Z Corupwr (€,1)eP,

E—0u—a -
=1 K€LY : P(k')=p
Cu(&,t) = h(v)T(zp41)~ HF E—v;) HI‘ E—vi—vje PNt
1<J

For computations, it will be convenient to ‘split’ the coefficients ¢, (t) as follows. For ' € Z,
denote kK = (n’l,/@’z — Ky KL — /i’rfl,—n;), k! = (Kpg1,br,...,k1). Define an equivalence
relation on Z7, by p' ~ £’ if p =0k or p = okt for some o € S,41 and denote the corresponding
equivalence classes by S, = {p' € Z7, | p’ ~ r'}. Note that if p’ ~ £’ then P(p’) = P(x’). The
formula (47) may be written as

Fty= Y colte ", (48)

K€LY [~
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where, writing x = (z1,z2,...,2,) = (§,£,2£,2¢,...),
Cw (t) = lim lim | | (2 — u;) Z Cutp (&, 1)l

E—0u—x -
=1 p'ES,

Note that the coefficients c,(t) are then given as
cp(t) = Z o (t).
K€LY [~: P(k")=p
4.3 The case r = 2
Writing (n1,n2) = (n,m), the generator is given by
3 m3

D,, +
n—+m n-+m

r— n

D,,.

In [19, Proposition 4.4], it was shown that the absorption time starting from (n, m) has the same
law as S, + S/, where S,, is defined by (35) and S/, is an independent copy of S,,. This gives
the formulas

N s\’
Gn,m<s>—H8+k2[[13+lzv G(S)_<sinh7r\/§>’

and
F(t) =Y (1-2k*)e . (49)
kEZ
Writing (x1,z2) = (x,y), the formula (45) is correct and may be written as follows.
Theorem 4.4.

(n' +n)3(m/ +m)!3
n/13m/13

lim Z ZTlglm x,y)e e Plathy+ht (50)

acy)—>nm 0 1=0

pe((n +n,m' +m), (n',m')) =

where P is defined by (33) and

Ty (e y) = f[ :
kol A x+y+k‘+la:0(a—k)(2x—y+a+k—l)(x+y+a+l)

1
xH ,
b—DQ2y—az+b+1—k)(z+y+b+k)

b;él

with the convention that empty products are equal to one.

Proof. The formula (50) is clearly equal to one when ¢t = 0 and (n,m) = (
show that it vanishes at ¢ = 0 when (n,m) # (0,0). In fact, if (n,m) # (0,0

n m
ZZT,Z}m(x, y) = 0.

k=0 1=0

0,0). One can also
);
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This follows from the more general identity

n

1
ZZ Ak +Ml H o (Aa = M) (Aa + A — ) (Aa + )

k=0 1=0
75

1

X =0,
H Vo + 1 — Ne) (o + i)
=

(51)

with the convention that empty products are equal to one and the assumption that each term
in the sum is finite. A proof of (51) is given in Appendix A. |

For small values of (n/,m’) and (n,m) this is easily computed using MATHEMATICA. For
example, and writing ¢ = e, it yields

pl(2.2), (1,1)) = 5 (160 — 436" +324°),
pe((2,2),(1,0)) = 2%( 2¢+2¢" —3(¢+ ¢") Ing),
p:((2,2),(0,0)) = %(27— 16 — 11¢* + 12(4g + ¢*) Inq).

In the case n’ = m’ = 0, the formula (50) is easily computed for all values of (n,m) using
MATHEMATICA. Only the terms corresponding to (k,1) of the form (k, k), (k,0) and (0, k)
contribute, and the formula yields

Fom(t) =Y [Hi(n,m) — 2k Hy,(n, m)t]e ™", (52)
kEZ
where

n!?m!?
(n— k) (n+k)l(m —k)(m+ k)’

Hy(n,m) =

and Hy,(n,m) is defined as follows. If |k| < min{n, m}, then
ﬁk(nam) [1+k< n—k _Hn+k+Hmfk _Herk)] Hk(nv m)a

where H,, are the harmonic numbers H,, = Z?Zl %, with the convention Hy = 0. If n > k > m,
then

n!2m!?

(n—k)(n+ k) (m+ k)

H(n,m) = (=1)™" kD (k — m)

If |k| > n vV m, then I:Ik(n, m) = 0. The remaining cases are defined by
H_j(n,m) = Hy(n,m) = Hy(m,n).

We remark that the formula (52) may also be verified directly by showing that
LHy, = —k*Hy, LH, = —k*H,, — 2k*>Hy,,

and

Z ﬁk(n, m) = 5n05m0~
keZ
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Now let us consider the formula (47). In this case it may be written as

o)

F(t) =) cp(t)e™, (53)
p=0
where
. pt 1 2
cp(t) = lim Z Tie(x)e™, Ty () = lim (2 — 1) " Cupputi(@, 1),

(k1)€Z? : P(k,l)=p

Cl/’(x> t) = h(l/)r(2a/})_1 H F(x - Vi)]:‘(.%' + I/z')e_P(V,)t.

Let ¢ = e~t. We first note that

Too(x) = 22°T(2)*T(22)¢"",  co(t) = lim Ty o(z) = 1.

z—0
Next consider (k,[) of the form (k, k), (k,0) and (0, k), where £ > 0. We compute
(k!)2T(22) ’
(—1}(2k + 2P a)T(—k + 2+ DUk + D)0k + 25+ 1) oy
q .
E!T'(2x)

Typ(z) =

Tyo(w) = Tok(w) =

Combining these gives

Sk(@) = Tjo k() + Th,0(2) + ok ()
_ 20K 4 22) p2ikpsa?

k12T (2x)
+ (k4 2)°T(2)*0'(k + 293)qu] .

[(—1)*E!N(2k + 2)(k + 22)T(22)T(—k + = + )T (k + )

Letting « — 0, this gives
2 (t) = lim S(z) =2(1 + 2k% In q)qk'2 =2(1- 2k2t)e_k2t.
z—0

Now suppose k > [ > 0. Then

(_1)k+l
Tpi(2) = W(% — I+ 2)(—k+ 20+ 2)(k + 1 + 22)

x T(k + 22)T(1 + 22)0(k — | + 2)[(—k + | + 2)g~ *FTo) o)+ (k) +(1+2)*

and

El(k —1) ’
Now, if k > > 0 then k > k—1 > 0 and, moreover, T} ; = —T}, ;. It follows that the combined
contribution of such terms is zero. Essentially the same calculation shows that the combined

contribution of terms corresponding to (k,l) with [ > k > 0 is also zero. The formula (53)
therefore yields

Ft)=1+2) (1-2k*)e ¥ =3 (1 - 2k)e
k=1 kEZ

Tk:l = lim Tkl(l‘) = —
’ z—0 7

in agreement with (49). We note that the above computation is also easily verified using MATH-
EMATICA.
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4.4 The caser =3

The generating function G, (s) may be computed for small values of n using the recursion (34).
For example, using MAPLE we obtain (note that Gpmp = Gpmn)

1 1 2

G100(8) = Goro(s) = P Goi1(s) = m, Gio1(s) = ma

_ 2(3s+5) B B 4
Gl = s oy G0l = Gaols) = Ty
_ 36 _ 16(3s® + 1354 13)
Gzo(s) = (s+1)2(s +4)(s+9) Grai(s) = 13(s + 1)3(s + 2)2(s + 4)’
Grna(s) = 2(3s+5) Caas(s) = 32(5s% 4 45s% + 1225 + 100)
T G D35+ 2)(s +5) P (s 1)3(s + 2)2(s + 4)2(s + 5)(s + 10)’
Gors (5) = 32(15s% + 18052 + 6475 + 650)
R T s 1)3(s 4+ 2)(s + 4) (5 + 5)2(s + 8)(s + 13)’
Coma(5) 512(35s5 4 1120s° + 138955* + 8555053 4 2747885 + 4333205 + 260000)
224 =

(s +20)(s+8)(s+10)(s+5)%2(s+ 2)2(s + 13)(s + 4)3(s + 1)3

Since G, (s)/s is the Laplace transform of F),(t), these can be inverted (again using MAPLE)

to obtain, writing ¢ = e7?,

Fioo(t) = Foio(t) =1 —gq, Foi1(t) =1+ (Ing — 1)g, Fion(t) =1—-2q¢+q¢*  (54)

Fi(t) = %(5 +(—4+6lng—2(Ing)*)q—q°),
Figo(t) = Fao(t) = 3(9 + (=8 +12Ing)q — ¢*),
Fizo(t) = % (80 + (—65 + 120In q)q — 16¢* + ¢°),
Fioi(t) = % (394 ( —24(Ing)? + 48Ing — 16)q + (—24 + 12Inq)¢* + ¢*),
Fia(t) = % (48 + (—24(Ing)* + 60Ing — 33)q — 16¢° + ¢°), (55)
Flos(t) = 161—20(1620 + (— 1440(In ¢)* + 1680 In ¢ — 220) ¢ + (—1665 + 1080 In ¢)g>

+ (300 — 2401n g)¢* — 36¢° + ¢'°), (56)
Foi3(t) = 21%(2160 + ( —1440(In ¢)* + 2640 1n g — 1160)q — 1280¢*

+160¢* + (135 — 1201nq)¢° — 16¢° + ¢'%), (57)
Foou(t) = 530100 (680400 + ( — 806400(In ¢)* + 403200 1n ¢ — 22400)q

+ (—974400 + 806400 1n ¢)¢* + (201600(In ¢)* — 529200 1n ¢ + 333725)¢*
+ (40320 In ¢ — 18480)q° + 1680¢° — 448¢"° — 80¢"* + 3¢*°). (58)

For the cases where p = n+m, the formula (46) may be computed using MATHEMATICA and
is found to agree with (54), (55), (56), (57) and (58), and in fact we have similarly verified that
it is correct for all n,m < 4. We have also verified, using MATHEMATICA, that the formula (46)
satisfies the boundary condition Fj, ;, 4+m(0) = 0 for all n,m < 10 with (n,m) # (0,0).

We note that the above formulas are consistent with the ansatz (cf. (52))

n (12172
Fu(t) =Y Ppy(t)e B+ (59)
klez
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where Py'/(1) are polynomials of degree at most 2 (depending on k, [ only through [k|, [I[) which
satisfy

d

dthl() (£n+k2+l2)Pﬁl(t), Zpkl ) = Ono-

k,leZ

Now let us consider the formula (47). For any given p, the coefficient ¢,(t) is easily computed
using MATHEMATICA. The first few coefficients are given by

1,  ca)=—-4(1-1)?%  cot) = 4(1 - 4t),
(t) =0, c(t)=4(1—-4)?%  c5(t) =81 —t)(1—-9t),  c6(t) =0.

The formula (48) may be written as

K€LY [~

where, writing = = (21, z2,23) = (¢, z, 2x),

3

crr(t) = il_r)% lim (@i — uy) Z Couypr (2, 1)L,
i=1 p'ES,
4
Cy(z,t) = h()TQ2x) ' [[T(z—v) [ Tla—wvi—wv)e I (60)
i=1 1<i<j<4
In the following, let ' = (k,m,l) € Zi and consider different cases. In each case, the

coefficient ¢,/ (t) defined by (60) is computed using MATHEMATICA.
Case (i): k >1>0and m > k+ 1. Then Sy consists of the six distinct elements

p p
(k,m,1) (k,m — k1 —

(k,m,m—1) | (k,m—k, ll—

(k,k—l,m—=10) | (k,—l,m—Fk,l—m

—1)

m)

,,,,, —Lm=10) | (k,—~lm—k,l—m)
- —k)

)

k)

(
(m—1,m,k) | (m l,l,k m, —k
(m— 1,k —m,l, —

Either way we find that ¢, (t) = 0.
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Case (ii): k> 1=0 and m > k. Then S,/ consists of

o P
(k,m,0) | (k,m —k,—m,0)
(k,m,m) | (k,m —k,0,—m)
(k, k,m) | (k,0,m — k, —m)

(0,k,m) | (0,k,m — k, —m)
0,m, k) | (0,m,k —m,—k)
(m,m, k) | (m,0,k —m, —k)
(m, k. k) | (m ks = m, 0, —k)
(m7k70) (m, k —m, —]{7,0)

and additionally, if m # 2k,

o p

(m —k,m,0) (m —k,k,—m,0)
(m —k,m,m) (m—k,k,0,—m)
(m—k,m—Fk,m)|(m—k,0,k,—m)
Om—k,m) | (0,m—k,k, —m)
(0,m,m — k) (0,m,—k,k —m)
(m,m,m — k) (m,0,—k,k —m)
(m,m —k,m—k) | (m,—k,0,k—m)
(m,m —k,0) (m, —k,k —m,0)

Either way we find that ¢, (t) = 0.

Case (ii1): If k > 1> m > 0, then (k,m,l) ~ (k—m,k+1—m,l —m). The latter satisfies
the conditions of Case (i) if [ > m and of Case (ii) if [ = m, so ¢ (t) = 0.

Case (iv): If m =k > 1> 0, then (k, k,1) ~ (I, k,0) which satisfies the conditions of Case (ii)
S0 ¢,/ (t) = 0 in this case.

Case (v): If k+1>m >k >1> 0, then S,/ consists of

/

p p
(k,m,1) (

(m—Fk,m,l) | (m—Fkkll—m,—I
(

(1,m, k) (
I,m,m—k) [ (I,m—1,—kk—m
(l,k+1—m,k) | (l,k—m,m—1,—k

and additionally, if m # 2,

4 p
(k,m,m —1) (k,m —k,—l,l —m)
(m—km,m—1)| (m—"Fkk,—I,l —m)
ek —lm—1) | (k—Lm—kl—m)
(m—1,m,k) (m—1,1,k—m,—k)
(m—Im,m—k)| (m-=1011,—kk—m)
(m—1Lk—1,k) | (m—1k—m,i,—Fk)

Either way we find that ¢, (t) = 0.
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Case (vi): Suppose k > m > [ > 0. In this case, S,/ consists of the distinct elements among

/

p p
(k,m,1) (k,m —k,l —m,—I)
(k,k+1—m,l) (k,l —m,m —k,—I)
(k,k+1—m,k—m) | (k,l—m,—=l,m —k)
(k,m,m —1) (k,m —k,—1,l —m)
(kk—lom—1) | (k,—l,m—k,1—m)
(kk—Lk—m) | (k,—1,0—m,m—k)

( )
(l,k+1—m,k) ( )
(k—m,k+1—m,k) | (k—m,l,m—1,—k)

(m—1,m,k) ( )
(m—1k—1,k) ( )
(k—m,k—1,k) (

There are multiplicities if m = 2I, m = (k+1)/2 or m = k — [. If any two of these hold then
they all do and there are just two distinct elements, namely (31,21,1) and (I, 2l,3l). If just one
of these holds, there are six distinct elements. Otherwise, there are twelve. In any case, the
limit ¢, (t) is a multiple of the limit obtained by including all twelve, which we find to be 0.

Case (vii): k> 1> 0 and m = k + . In this case, (k,k+[,1) ~ (k,0,1) which is covered by
Case (ix) below.

Case (viit): k =1>0and m > 0. If m > k, then (k,m,k) ~ (m — k,0,k) and if m < k
then (k,m, k) ~ (k—m,0,k), both of which are covered by Case (ix) below.

Case (ix): k> 1> 0and m = 0. Let us write S,y = S, and ¢,/ (t) = ¢x,(t). Note that in
this case P(k') = k? + I2.

If K > 1 >0, Sk, consists of the elements (k,0,1), (k,k+1,1), (k,k+1,k), (1,0,k), (l,k+1,k),
(l,k+1,1), (k,k —1,k). In this case, we obtain

cra(t) = 8(— 1M1 — 2(k2 4+ 12)t + (K% — 12)%#7].

For k > 0, Sk consists of the elements (k,0,0), (k,k,0), (k,k, k), (0,0,k), (0,k, k), (0,k,0).
In this case, we obtain co(t) = 4(—1)*[1 — 2kt + k**]. For k > 0, Sy consists of the
elements (k,0,k), (k,2k,k). In this case, we obtain ¢ () = 4[1 - 4k2t]. Finally, we note
that Sp,o consists of the single element (0,0,0) and in this case we have cyo(t) = 1.

We have thus shown that

cp(t) = > Pul), (61)
kIEZ: k2+12=p
where
Pog(t) = (=) 1 —2(k + 1)t + (K — 12)%#7],
and so the formula (47) yields
F(t) = Z Pk’l(t>ei(k2+12)t.
klEZ

This agrees with the distribution function of twice the square of the maximal height of a pair
of non-intersecting reflected Brownian bridges, each starting and ending at zero, as discussed in
Section 3.
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4.5 The caser =4

Again, the generating function G, (s) may be computed for small values of n using the recur-
sion (34). For example, using MAPLE we obtain

4(3s* +9s+17) 2(155° + 905 4 167s + 100)

Gunls) =z iy 20 = TR s )T (62)
and
Grosa(s) 1024.J (s) (63)
1234 (s+20)(s + 8)(s + 10)2(s + 5)3(s + 2)4(s + 13)(4 + 5)3(s + 1)1’
where

J(s) = 1055 + 47255 + 891455" + 92633555 + 58458905° 4 232405205
+ 581898965 + 8842176052 + 739512005 + 26000000.

On the other hand, using MATHEMATICA, the formula (46) yields, writing ¢ = e™%,

1
Fii99(t) =1+ 7( —6+39Ing —36(lng) + 8(lnq)3)q

48
1 2\ 2 1 5
- 27(23 —30Ing+9(Ing)*)q” + 432(—10 +91n¢q)q°,
2
Fiosa(t) =1+ @( — 47— 961ngq — 216(Inq)* + 144(Inq)*)q
1
- @( — 4327 4 124081n ¢ — 10080(In q)* + 2304(In ¢)*) ¢°
— ——(993 — 12641 384(In q)%) ¢*
3558 ng+ 384(Ing)*)q
91663 — 1371601 50400(In ¢)?)¢°
+ 720000 ( nq+50400(Ing)°)q

8 13 20

(—203 + 24010 ¢)¢"° — —L q

a = +
204120 10206000°

* 3645 729000

Taking Laplace transforms, we find perfect agreement with (62) and (63). We have similarly
verified that the formula (46) is correct for all n,m < 2, and satisfies the boundary condi-
tion Fy m.ntm,2m(0) = 0 for all n,m < 3 with (n,m) # (0,0).

In all cases, we have computed, the formulas obtained are consistent with the ansatz (cf. (52)
and (59))

Fu(t) = Y Qpy(t)e” W+

kJleZ
where szl(t) are polynomials of degree at most 4 (depending on k, [ only through |k|, |I|) which
satisfy
d n n n
&Qk,l(t) = (Lo + K +1%)Q5, (1), Z Q) 1(0) = 6no-
k€7

Now consider the formulas (47) and (48). For ' = (k,0,0,1), where k > [ > 0, denote
cki(t) = cw(t) and Spy = Swr. If kK > 1 > 0, Sk, consists of 35 elements and we find, using
MATHEMATICA,

Ccr(t) = 8Qr (1), (64)
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where
2 72 2, 22,2 2.2 03,3 40000 2\2,4
Qra(t) =1—4(k*+ 1)t +3(k* +1°)"t —g(k + %)t + 3k (k* —1*)7th
If k>0, Sy consists of 10 elements and we find that

Ck’()(t) = 4Qk’0(t). (65)

If kK > 0, Si 1, consists of 10 elements and we find that

crk(t) = 4Qp k(1) (66)

Finally, we compute cpo(t) = 1. It appears that c./(t) = 0 for all of the other cases. Rather
that go through them exhaustively as we did in the r = 3 case, we note that, given (64), (65)
and (66), this claim is equivalent to the identity

)= D Q) (67)

kJEZ: k2+12=p

which we have verified using MATHEMATICA for all p < 12. Putting all this together yields the
formula

F(t) =Y Quu(t)e” "+,

k,l€Z

which agrees with the distribution function of twice the square of the maximal height of a pair
of non-intersecting Brownian excursions, as discussed in Section 3.

4.6 Higher rank

Suppose r = 2N or r = 2N — 1. In the notation of Section 3, for A € ZV, let Ry(t) = Py(t) if r
is odd and Ry (t) = Qx(t) if r is even. Note that Ry has degree at most d,., where d, = (r>—1)/4
if  is odd and d, = r%/4 if r is even. In general, we expect the formula (46) to be consistent
with the ansatz

n —S. A2
Fu(t)= Y Ry(t)e” 2iMt,
AeZN

where RY(t) are polynomials of degree at most d, (depending on A only through |X\;|, i =
1,...,N) which satisfy

d n 2 n n

SR = (Lo+ N)RID, Y RR0) = b,

xezN

and limy, oo RY(t) = Ra(t).

Code availability

An open-source code repository for this work is available on GitHub [17].
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A Proof of the identity (51)

Here we give a proof of the identity (51), namely

k=0 1=0

1
Zz/\kJrﬂzH Aa — Ak) (Aa + Ak — ) (Aa + 1)
7&

1
X =0,
H (ko + p — ) (i + Ar)
b;él
with the convention that empty products are equal to one and the assumption that each term
in the sum is finite. We first note that we can write the above sum as

m

1
S = Sl7 (68)
lz; }_IO Aa + bl_[O Mo — M
bl
where
n n m
=311 I1 1 .
L (Ao = A)( >\ + Ak = ) o (e + = M) (1 + Ae)
75 b;él
We recall the identity, for z1,...,zy distinct,
(69)
i=1 ];éz

See, for example, [18, equation (8.17)] for a proof. For each 0 <1 < m, taking N =n+m—1, we
extend the sequence A1, A2, ... by defining Apq1,...,An to be p1 + pg, .-, p—1 + pg, thi+1 + f,
.oy bm + - Note that in this notation,

- 1
;1_[0 Aa = M) (Ao + A — )
ath

Taking z; = A\i(A\i — 1), (69) implies that

ZH}\—)\ )\+)\—) =0

i=1 j#i

or, equivalently,

ZH (Aa —m/—m)(A + )

1
o (e — ) (o + par)

=0a= 0 b
/ # bE{Ll'}
Substituting this into (68) gives
S= Y (w—m)BRy.
LU LAY
where
n m m m
1 1 1 1
Ry = _—.
’ al_IO (Aa + ) (Aa + ) (Aa — pu — pur) bl;[() [ — Hi bl;[() b — bI;[O oy + pg +
b#l bAl bE{Ll'}

Since Ry = Ry, it follows that S = 0, as required.
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