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1 Introduction

It is well known (see, for example, [2] for a survey) that twice the square of the maximum
of a reflected Brownian bridge, starting and ending at zero, has the same law as the random
variable

S =

∞∑
n=1

en
n2
, (1)

where e1, e2, . . . is a sequence of independent standard exponential random variables, and that
twice the square of the maximum of a standard Brownian excursion has the same law as S+S′,
where S′ is an independent copy of S. In this paper, we present evidence for a conjectural
generalisation of these identities in law, which relates maximal heights of non-intersecting re-
flected Brownian bridges and non-intersecting Brownian excursions to absorption times for the
discrete Whittaker processes introduced in [19]. The present study of the latter is motivated by
an attempt to understand the large scale behaviour of these processes, in particular the question
of whether they belong to the KPZ universality class [5], which we now conjecture to be the
case based on this apparent connection. There is an extensive literature on maximal heights of
non-intersecting Brownian bridges, their asymptotics, and connections to 2D Yang–Mills theory
on the sphere [6, 9, 14, 15, 20].

Let Π be the set of infinite arrays (πij)
∞
i,j=1 of nonnegative integers satisfying

πij ≥ max{πi,j−1, πi−1,j}

for all i, j ≥ 1 with the convention πi0 = π0j = 0. We consider a continuous time Markov
chain on Π which evolves as follows: for each pair of indices (i, j), subtract one from πij at
rate (πij − πi,j−1)(πij − πi−1,j). A simulation of this process, started at πij = 70 for all i, j ≥ 1
and run until the first time that π1,50 = 0, is shown in its final state in Figure 1.

We would like to understand the evolution of the zero set {(i, j) | πij = 0}. This cor-
responds to the flat region on the left of Figure 1. To this end, let Tr be the first time
that maxi=1,...,r πi,r−i+1 = 0. Note that the projection of the chain onto the values of πij
for 2 ≤ i+ j ≤ r + 1 is autonomously Markov and that Tr is the absorption time for this pro-
jection.

mailto:neil.oconnell@ucd.ie
https://doi.org/10.3842/SIGMA.2026.069


2 N. O’Connell

Figure 1. Simulation of the Markov chain on Π, started with πij = 70 for all i, j ≥ 1 and run until the

first time that π1,50 = 0. The height of this surface over the box with coordinates (i, j) is the value of πij
at this stopping time, shown here for 1 ≤ i, j ≤ 50.

In [19], it was shown that the above Markov chain on Π is related to the quantum Toda chain
and has a unique entrance law starting from the array with πij = +∞ for all i, j ≥ 1. The latter
statement means that there is a unique family of probability measures µt, t > 0 such that (i) for
all t, s > 0, if we start the chain with the random initial condition µt, then its law at time s will
be µt+s and (ii) the corresponding realisation of the chain, which has the law µt at each time
t > 0, will satisfy πij(t) → +∞ in probability as t → 0 for all i, j ≥ 1. In the following, we will
assume the Markov chain is started at +∞ and denote its law by P.

Let us first note that P(Tr < ∞) = 1. This can be seen by induction, as follows. Let τij
be the first time that πij = 0 and note that Tr = maxi=1,...,r τi,r−i+1, so it suffices to show
that P(τij <∞) = 1 for all i, j ≥ 1. From the definition, the corner value π11 evolves as a pure
death process on the nonnegative integers with quadratic rates: it jumps from n to n − 1 at
rate n2. The law of τ11 is therefore the same as that of S defined by (1). Note that, by monotone
convergence, ES = ζ(2) <∞, which implies that S (and hence τ11) is almost surely finite. Now
consider the time τij and note the inequality

τij ≥ σij := max{τi,j−1, τi−1,j}

with the convention τi0 = τ0j = 0. By the induction hypothesis, σij < ∞ almost surely. From
the time σij onwards, the value of πij evolves as a pure death process, jumping from n to n− 1
at rate n2; the additional time τij − σij taken for πij to reach zero is therefore stochastically
bounded above by the random variable S, and hence τij <∞ almost surely, as required.

The Hamiltonian of the (r + 1)-particle quantum Toda chain is given by

Hr = −1

2

r+1∑
i=1

∂2

∂x2i
+

r∑
i=1

exi−xi+1 .

The corresponding eigenvalue equation has series solutions known as fundamental Whittaker
functions [12, 13]. In particular, if we consider the series

ϕr(x) =
∑
n∈Zr

+

ar(n)

r∏
i=1

eni(xi−xi+1),

where Z+ denotes the nonnegative integers, then Hrϕr = 0 provided the coefficients ar(n) satisfy
the recursion(

r∑
i=1

n2i −
r−1∑
i=1

nini+1

)
ar(n) =

r∑
i=1

ar(n− ei), (2)
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where e1, . . . , er are the standard basis vectors in Zr and with the convention ar(n) = 0
for n /∈ Zr

+. If we set ar(0) = 1, then this recursion has a unique solution. In [19], it is
shown that, for the Markov chain on Π started from +∞, the values of (π1,r, π2,r−1, . . . , πr,1)
evolve as a Markov chain on Zr

+, which jumps from n to n − ei at rate ar(n − ei)/ar(n), for
each i = 1, . . . , r. As Tr is also the absorption time for this projection, we can therefore study
its distribution using the theory of the quantum Toda chain and its eigenfunctions.

The eigenfunctions we need to consider are for a particular discrete quantisation of the Toda
chain (corresponding to the recursion (2)). We consider families of left eigenfunctions, defined
in terms of Mellin transforms of class one Whittaker functions, and right eigenfunctions, defined
in terms of coefficients of fundamental Whittaker functions. These are discussed in detail in
Section 2. With these in hand, our approach is to formulate spectral expansions for the tran-
sition probabilities of the chain and hence also the distribution function P(Tr ≤ t). This is
technically quite difficult however, as the series in question are quite singular and difficult to
justify rigorously. On the other hand, the eigenfunctions can be factorised for special values
of their arguments, leading to explicit formulas which can be used to provide further evidence
for the correctness of the expansions. For the left eigenfunctions, these factorisations follow
from a result of Stade [21] on Mellin transforms of class one Whittaker functions and for the
right eigenfunctions they follow from an analogous result for certain coefficients of fundamental
Whittaker functions obtained in the present paper (see Theorem 2.5).

Assuming the expansions are correct, they reveal a remarkable connection with maximal
heights of non-intersecting reflected Brownian bridges and non-intersecting Brownian excursions.
Recall that a Brownian bridge, starting and ending at zero, is a standard one-dimensional
Brownian motion, started at zero, and conditioned to be at zero at time 1. A reflected Brownian
bridge, starting and ending at zero, is simply the absolute value of a Brownian bridge, starting
and ending at zero. A (standard) Brownian excursion is a Brownian bridge, starting and ending
at zero, conditioned to stay positive in between. A collection of non-intersecting Brownian
bridges (resp. reflected Brownian bridges or Brownian excursions) is a collection of independent
Brownian bridges (resp. reflected Brownian bridges or Brownian excursions) conditioned not to
intersect.

As remarked above, T1
d
= S where S is defined by (1) and

d
= denotes equality in distribution.

In the case r = 2, it was shown in [19, Proposition 4.4] that T2
d
= S + S′, where S′ is an indepen-

dent copy of S. From these representations, one can infer, for example, the distribution functions

P(T1 ≤ t) =
∑
k∈Z

(−1)ke−k2t, P(T2 ≤ t) =
∑
k∈Z

(
1− 2k2t

)
e−k2t. (3)

The random variables S and S + S′ have many interesting properties and interpretations [2].
In particular, S has the same law as twice the square of the maximum of a reflected Brownian
bridge, starting and ending at zero, and S + S′ has the same law as twice the square of the
maximum of a standard Brownian excursion.

Using our conjectured formulas, we carry out explicit computations for small values of r.
For r = 1, 2, we recover the formulas (3). For r = 3, we obtain

P(T3 ≤ t) =
∑
k,l∈Z

Pk,l(t)e
−(k2+l2)t,

where

Pk,l(t) = (−1)k+l
[
1− 2

(
k2 + l2

)
t+

(
k2 − l2

)2
t2
]
.

Using a result from [15], we find that this agrees with the distribution function of twice the
square of the maximal height of a pair of non-intersecting reflected Brownian bridges, each
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starting and ending at zero. The result we use from [15] is the formula (1.18) in that paper and
to write it in the form required here we follow a procedure similar to that given in [14] for the
absorbing case and then symmetrise the coefficients in the resulting series – see Section 3 for
more details.

For r = 4, we obtain (partially numerically)

P(T4 ≤ t) =
∑
k,l∈Z

Qk,l(t)e
−(k2+l2)t,

where

Qk,l(t) = 1− 4
(
k2 + l2

)
t+ 3

(
k2 + l2

)2
t2 − 2

3

(
k2 + l2

)3
t3 +

4

3
k2l2

(
k2 − l2

)2
t4.

This agrees with the distribution function of twice the square of the maximal height of a pair
of non-intersecting Brownian excursions, as computed in [6, 14, 20].

This leads us to make the following conjecture. For N ≥ 1, let MN (resp. HN ) be the
maximal height of N non-intersecting reflected Brownian bridges starting and ending at zero
(resp. non-intersecting Brownian excursions).

Conjecture 1.1. For each N ≥ 1, T2N−1
d
= 2(MN )2 and T2N

d
= 2(HN )2.

By the asymptotic results obtained in [15] for the distributions ofMN andHN , this conjecture,
if true, would imply the following:

Conjecture 1.2. As r → ∞,

P
(
Tr − 2r ≤ xr1/3

)
→ F1(x),

where F1(x) denotes the Tracy–Widom GOE distribution.

Note that these conjectures may be interpreted as statements about the law of the interface
between 0’s and 1’s, since the event {Tr ≤ t} may be interpreted as saying that this interface
has completely passed the diagonal (1, r), (2, r − 1), . . . , (r, 1) by time t. Equivalently, if we
define Lt = max{r | πij(t) = 0 for 2≤ i+ j ≤ r+1} then {Tr ≤ t} = {Lt ≥ r}. So, for example,
Conjecture 1.2 is equivalent to the statement that, as t→ ∞,

P
(
t/2− Lt ≤ 2−4/3xt1/3

)
→ F1(x).

As such, this strongly suggests that the interface itself, appropriately rotated, centered and
rescaled, should converge in distribution to the Airy2 process.

Finally, we remark that, if we start the chain with πij = 1 for all i, j ≥ 1 then it is equivalent
to the corner growth process and the absorption time Tr may be interpreted as the point-to-
line directed last passage time from (1, 1) to the line (1, r), (2, r − 1), . . . , (r, 1) in a model with
standard exponential weights. It is known via (a continuous version of) the RSK correspon-
dence [1, 7, 8] that this random variable has the same law as the largest eigenvalue in a certain
Laguerre orthogonal ensemble and in [16] it was shown to have the same law as twice the square
of the maximal height of r non-intersecting Brownian bridges.

The outline of the paper is as follows. In the next section, we recall some of the relevant
background on the quantum Toda chain and its eigenfunctions, which are known as Whittaker
functions. We discuss in particular the discrete quantisation of interest, and its eigenfunctions.
The main new results in this section are a joint eigenfunction property of the right eigenfunctions
(see Theorem 2.3) and a factorisation for special values of their arguments (see Theorem 2.5). As
an aside, in Section 2.6 we explain how this factorisation yields a series of binomial sum identities
which generalise the classical identities of Vandermonde and Chu. In Section 3, we summarise
the relevant facts about maximal heights of non-intersecting Brownian bridges. In Section 4,
we formulate and discuss our proposed expansions for the discrete Whittaker process transi-
tion probabilities and absorption time distribution functions, with some explicit computations
for r ≤ 4 in support of the above conjectures.
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2 Eigenfunctions and their factorisations

2.1 The Toda chain

Let

L =


p1 −1 0 · · · 0

q1 p2 −1 · · · 0

0 q2
. . .

. . .
...

... pr −1

0 . . . 0 qr pr+1

 , (4)

and define polynomials ηr,l(p, q), 0 ≤ l ≤ r + 1 by

det(λ− L) =

r+1∑
l=0

(−1)lλr−l+1ηr,l(p, q).

The determinant δr = det(λ− L) may be computed using the recursion

δl = (λ− pl+1)δl−1 + qlδl−2, l = 0, . . . , r

with δ−1 = 1 and δ−2 = 0. The first three polynomials are given by

ηr,0 = 1, ηr,1 =
r+1∑
i=1

pi, ηr,2 =
∑

1≤i<j≤r+1

pipj +
r∑

i=1

qi.

More generally,

ηr,l =
∑

pi1 · · · pisqj1 · · · qjd , 1 ≤ l ≤ r + 1, (5)

where the sum is over 1 ≤ i1 < · · · < is ≤ r + 1 and 1 ≤ j1 < j2 < · · · < jd ≤ r such that
s+ 2d = l, jk+1 > jk + 1 for all k and ia /∈ {jb, jb + 1} for all a, b.

For example,

η2,3 = p1p2p3 + p1q2 + q1p3,

η3,3 = p1p2p3 + p1p2p4 + p1p3p4 + p2p3p4 + p1q2 + p1q3 + p2q3 + q1p3 + q1p4 + q2p4,

η3,4 = p1p2p3p4 + p1p2q3 + p1q2p4 + q1p3p4 + q1q3.

The Hamiltonians of the quantum Toda chain are the (commuting) differential operators
defined by Hr,l = ηr,l(p, q) with

pi = ∂/∂xi, 1 ≤ i ≤ r + 1, qi = exi−xi+1 , 1 ≤ i ≤ r. (6)

This choice of p and q satisfy the commutation relations

[pi, pj ] = [qi, qj ] = 0, [pi, qj ] = qiδij − qjδi,j+1. (7)

The operators Hr,l are unambiguously defined by the polynomials (5), as each term in the sum
only contains variables which commute with each other.

Denote by Lk the partial backward shift operator defined by Lkf(k) = f(k − 1), so, for
example, if f(n) is a function of n ∈ Zr

+ (or Cr), then

Lnif(n) = f(n− ei) = f(n1, . . . , ni−1, ni − 1, ni+1, . . . , nr).
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If we set qi = Lni and pi = ni − ni−1, with the conventions n0 = nr+1 = 0, then these also
satisfy the commutation relations (7) and thus give rise to a family of commuting difference
operators hr,l = ηr,l(p, q), 0 ≤ l ≤ r + 1. We note that hr,0 = 1, hr,1 = 0 and hr,2 = hr, where

hr =

r∑
i=1

Lni −
r∑

i=1

n2i +

r−1∑
i=1

nini+1.

Note that the recursion (2) may be written as hrar = 0.
Denote by ∗Hr,l and ∗hr,l the formal adjoints of these operators. More precisely, we define

∗Hr,l = ηr,l(−p, q) with p, q given by (6) and ∗hr,l = ηr,l(p, q
∗) with pi = ni − ni−1 (with the

conventions n0 = nr+1 = 0) and q∗i = Rni , where Rk denotes the partial forward shift operator
defined by Rkf(k) = f(k + 1), so, for example, if f(n) is a function of n ∈ Zr

+ (or Cr) then

Rnif(n) = f(n+ ei) = f(n1, . . . , ni−1, ni + 1, ni+1, . . . , nr).

These two different quantisations are related via the duality relation

hr,ls F (s, x) =
∗Hr,l

x F (s, x), (8)

where

F (s, x) = y−s ≡
r∏

i=1

y−si
i =

r∏
i=1

esi(xi+1−xi).

This follows immediately from the relations

LsiF (s, x) = yiF (s, x), (si − si−1)F (s, x) = −∂xiF (s, x),

with the convention s0 = sr+1 = 0.

Remark 2.1. If we set qi = n2iLni and pi = ni−ni−1, again with the conventions n0 = nr+1 = 0,
then these also satisfy (7) and thus give rise to a family of commuting difference operators
Hr,l = ηr,l(p, q), 0 ≤ l ≤ r + 1. In this case Hr,0 = 1, Hr,1 = 0 and Hr,2 = Hr, where

Hr =
r∑

i=1

n2iDni +
r−1∑
i=1

nini+1

and Dk = Lk−I is the partial backward difference operator defined by Dkf(k) = f(k−1)−f(k),
so, for example, if f(n) is a function of n ∈ Zr

+ (or Cr) then

Dnif(n) = f(n− ei)− f(n).

The difference operators hr and Hr are related by

hr = Nr(n)
−1 ◦Hr ◦Nr(n), Nr(n) =

r∏
i=1

ni!
2.

If we define

Ar(n) = Nr(n)ar(n), (9)

then Ar is the unique solution to HrAr = 0 with Ar(0) = 1 and the convention Ar(n) = 0
for n /∈ Zr

+.
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2.2 Class one Whittaker functions

For µ ∈ C, x ∈ Rr+1 and x′ ∈ Rr, define

Q(r)
µ (x, x′) = exp

(
µ

(
r+1∑
i=1

xi −
r∑

i=1

x′i

)
−

r∑
i=1

(
exi−x′

i + ex
′
i−xi+1

))
.

Set ψ
(0)
ν (x) = eνx and, for r ≥ 1, ν ∈ Cr+1 and x ∈ Rr+1,

ψ(r)
ν1,...,νr+1

(x) =

∫
Rr

Q(r)
νr+1

(x, x′)ψ(r−1)
ν1,...,νr(x

′)dx′.

Then ψν = ψ
(r)
ν satisfies the eigenvalue equations

Hr,lψν = el(ν)ψν , 1 ≤ l ≤ r + 1, (10)

where el(ν) denotes the l
th elementary symmetric polynomial

el(ν) =
∑

i1<···<il

νi1 . . . νil .

Equivalently, ∆(r)(λ)ψν = cλ(ν)ψν , where

∆(r)(λ) =

r+1∑
l=0

(−1)lλr−l+1Hr,l, cλ(ν) =

r+1∏
i=1

(λ− νi).

These eigenfunctions are called class one GL(r + 1,R) Whittaker functions, for more back-
ground see [11] and references therein. The joint eigenfunction property (10) may be seen as
a consequence of the intertwining relation [11, Lemma 4.1]

∆(r)(λ) ◦ Q(r)
µ = (λ− µ)Q(r)

µ ◦∆(r−1)(λ).

Although it is not obvious from the above definition, the function ψν(x) is symmetric in the
parameters νi. If r = 1 and ν1 + ν2 = 0, then ψν(x) = 2Kν1−ν2

(
2e(x1−x2)/2

)
, where Ka is the

modified Bessel function of the second kind

Ka(z) =
1

2

∫ ∞

0
ta−1 exp

(
−z
2

(
t+ t−1

))
dt.

Let us write Cr+1
0 =

{
ν ∈ Cr+1 |

∑
i νi = 0

}
. If ν ∈ Cr+1

0 , then ψν(x) only depends on x
through the variables yi = exi−xi+1 , i = 1, . . . , r, and so in this case let us denote Ψν(y) = ψν(x).

2.3 Fundamental Whittaker functions

Let ν ∈ Cr+1
0 and consider the series

ϕν(x) =
∑
n

ar,ν(n)e
(ξn+ν,x),

where the sum is over n ∈ Zr
+ and ξn =

∑r
i=1 ni(ei−ei+1). Then ϕν satisfies the eigenvalue equa-

tion Hr,2ϕν = e2(ν)ϕν , at least formally, provided the coefficients ar,ν(n) satisfy the recursion[
r∑

i=1

n2i −
r−1∑
i=1

nini+1 +

r∑
i=1

(νi − νi+1)ni

]
ar,ν(n) =

r∑
i=1

ar,ν(n− ei), (11)
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with the convention ar,ν(n) = 0 for n /∈ Zr
+. Since

∑
i νi = 0, the function ϕν(x) only depends

on x through yi = exi−xi+1 , i = 1, . . . , r, so let us denote Φν(y) = ϕν(x). These functions, origi-
nally introduced by Hashizume [12], are known as fundamental GL(r+1,R) Whittaker functions.

Ishii and Stade [13] obtained the following recursive formula for the coefficients ar,ν(n).
For ν ∈ Cr+1

0 , n ∈ Zr
+ and k ∈ Zr−1

+ , define

qr,ν(n, k) =

r∏
i=1

1

(ni − ki)!Γ(ni − ki−1 + νi − νr+1 + 1)
,

with the convention k0 = kr = 0. Define ar,ν(n), r ≥ 1, n ∈ Zr
+, ν ∈ Cr+1

0 recursively by

a1,ν(n) =
1

n!Γ(n+ ν1 − ν2 + 1)
(12)

and, for r ≥ 2,

ar,ν(n) =
∑
k

qr,ν(n, k)ar−1,µ(k), (13)

where µi = νi + νr+1/r, 1 ≤ i ≤ r, and the sum is over k ∈ Zr−1
+ . Then, for each r ≥ 1, ar,ν(n)

satisfies the recursion (11) with

ar,ν(0) =
∏
i<j

1

Γ(νi − νj + 1)
.

It also follows from the definition that, for k ∈ Zr
+,

ar,ν(0, k) =
r+1∏
j=2

1

Γ(ν1 − νj + 1)
ar−1,τ (k), (14)

where τi = νi+1 + ν1/r, i = 1, . . . , r.
If r = 1, then Φν(y) = Ia

(
2
√
y
)
, where a = ν1 − ν2 and Ia is the modified Bessel function of

the first kind

Ia(z) =

∞∑
n=0

1

n!Γ(n+ a+ 1)

(z
2

)2n+a
.

For r = 2, we have

a2,ν(n,m) =
Γ(n+m+ a+ b+ 1)

n!Γ(n+ a+ 1)Γ(n+ a+ b+ 1)m!Γ(m+ b+ 1)Γ(m+ a+ b+ 1)
, (15)

where a = ν1 − ν2, b = ν2 − ν3. The formula (15) is due to Bump [3].
When ν = 0, the recursion (13) may be conveniently expressed as follows. Let Πr be the set

of arrays (πij , 2 ≤ i + j ≤ r + 1) of non-negative integers satisfying πij ≥ max{πi,j−1, πi−1,j},
with the convention πi0 = π0j = 0. For π ∈ Πr, let b(π) ∈ Zr

+ denote it ‘boundary values’
b(π) = (π1,r, π2,r−1, . . . , πr,1) and let Πr

n be the set of π ∈ Πr with b(π) = n. For π ∈ Πr, set

w(π) =
∏

1≤i+j≤r+1

1

(πij − πi,j−1)!(πij − πi−1,j)!
.

Then (13) may be written as

ar(n) =
∑
π∈Πr

n

w(π).

Equivalently, the normalised coefficients Ar(n) defined by (9) are given by

Ar(n) =
∑
π∈Πr

n

∏
1≤i+j≤r+1

(
πi,j
πi−1,j

)(
πi,j
πi,j−1

)
. (16)
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2.4 Mellin transforms of class one Whittaker functions

For ν ∈ Cr+1
0 and s ∈ Cr, with Re(si) sufficiently large, define

Mr,ν(s) =

∫
Rr

Ψν(y)

r∏
i=1

ysii
dyi
yi
.

From the corresponding property of Ψν , the Mellin transform Mr,ν(s) is symmetric in the pa-
rameters ν1, . . . , νr+1 and extends to a meromorphic function of s ∈ Cr [10]. By (8) and (10),
this extension satisfies the eigenvalue equations

hr,ls Mr,ν(−s) = el(ν)Mr,ν(−s), 2 ≤ l ≤ r + 1, (17)

or, equivalently,

d(r)s (λ)Mr,ν(−s) = cλ(ν)Mr,ν(−s), (18)

where

d(r)(λ) =
r+1∑
l=0

(−1)lλr−l+1hr,l, cλ(ν) =
r+1∏
i=1

(λ− νi).

We remark that the difference equations (17) are in fact equivalent to those recently obtained
by Stade and Trinh [22]. Indeed, the main result of [22] may be stated, in the present notation, as
the statement that d

(r)
s (νi)Mr,ν(−s) = 0 for i = 1, . . . , r+1. On the other hand, d

(r)
s (λ)Mr,ν(−s)

is a polynomial in λ of degree r + 1, so must agree with cλ(ν) up to a factor which does not
depend on λ. Letting λ→ ∞ and recalling that hr,0 = 1, we recover the identity (18).

For r = 1, 2, we have the explicit formulas [3, 13]

M1,ν(s) = Γ(s+ ν1)Γ(s+ ν2), M2,ν(s) = Γ(s1 + s2)
−1

3∏
i=1

Γ(s1 + νi)Γ(s2 − νi).

The following remarkable factorisation in the general case was originally conjectured by Bump
and Friedberg [4] and later proved by Stade [21].

Theorem 2.2 (Stade). Let s1, s2 ∈ C and, for i ≥ 3,

si =

{
is2/2, i even,

s1 + (i− 1)s2/2, i odd,

so that

s1, s2, s3, . . . = s1, s2, s1 + s2, 2s2, s1 + 2s2, 3s2, s1 + 3s2, . . . .

Then

Γ(sr+1)Mr,ν(s1, . . . , sr) =

r+1∏
i=1

Γ(s1 + νi)
∏

1≤i<j≤r+1

Γ(s2 + νi + νj). (19)
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2.5 Shifted coefficients of fundamental Whittaker functions

For ν ∈ Cr+1
0 , let us denote ν ′ ∈ Cr, ν ′i =

∑i
j=1 νj for i = 1, . . . , r. For ν ∈ Cr+1

0 and n ∈ ν ′+Zr
+,

define

fr,ν(n) = ar,ν(n− ν ′), (20)

with the convention fr,ν(n) = 0 if n ∈ (ν ′ + Zr)\(ν ′ + Zr
+). For example,

f1,ν(n) =
1

Γ(n− ν1 + 1)Γ(n− ν2 + 1)
,

and, by (15),

f2,ν(n,m) =
Γ(n+m+ 1)∏3

i=1 Γ(n− νi + 1)Γ(m+ νi + 1)
.

In this notation, the recursion (11) may be written as hrfr,ν = e2(ν)fr,ν . In this section,
we will show that hr,lfr,ν = el(ν)fr,ν , 2 ≤ l ≤ r + 1. We will also use this to obtain a useful
factorisation of fr,ν(n), analogous to (19), for special values of the argument.

The recursive definition (12) and (13) may be reformulated to give a recursive definition of
the functions fr,ν , as follows. For θ ∈ C, n ∈ Cr and k ∈ Cr−1, define

Λθ
r(n, k) =

r∏
i=1

1

Γ(ni − ki + iθ/r + 1)Γ(ni − ki−1 − (r − i+ 1)θ/r + 1)
,

with the convention k0 = kr = 0.
Define fr,ν(n), r ≥ 1, ν ∈ Cr+1

0 , n ∈ ν ′ + Zr
+, recursively by

f1,ν(n) =
1

Γ(n− ν1 + 1)Γ(n+ ν1 + 1)

and, for r ≥ 2,

fr,ν(n) =
∑
k

Λνr+1
r (n, k)fr−1,µ(k), (21)

where µi = νi + νr+1/r, 1 ≤ i ≤ r, and the sum is over k ∈ µ′ + Zr−1
+ .

Recall that hr,ln = ηr,l(p, q) and
∗hr,ln = ηr,l(p, q

∗) with qi = Lni , q
∗
i = Rni and pi = ni − ni−1,

with the conventions n0 = nr+1 = 0. Let

d(r)(λ) =
r+1∑
l=0

(−1)lλr−l+1hr,l, ∗d(r)(λ) =
r+1∑
l=0

(−1)lλr−l+1∗h(r,l),

cλ(ν) =

r+1∏
i=1

(λ− νi).

Theorem 2.3. The functions fr,ν(n) satisfy

hr,lfr,ν = el(ν)fr,ν , 2 ≤ l ≤ r + 1. (22)

Equivalently,

d(r)n (λ)fr,ν = cλ(ν)fr,ν . (23)



Discrete Whittaker Processes and Non-Intersecting Brownian Bridges 11

Proof. We will show that

d(r)n (λ)Λθ
r(n, k) = (λ− θ)∗d

(r−1)
k (λ+ θ/r)Λθ

r(n, k). (24)

To see that this implies the statement of the proposition, note that, from the definition, fr−1,µ(k)
vanishes whenever ki = µ′i − 1, for some i. The identity (23) therefore follows from (24).

Dividing both sides of (24) by Λθ
r(n, k), it reduces to det(λ− θ−A) = det(λ− θ−B), where

A = (aij)
r+1
i,j=1 and B = (bij)

r+1
i,j=1 are the tridiagonal matrices defined by

aij =



−1, j = i+ 1,

nj − nj−1 − θ, j = i,(
nj − kj +

jθ

r

)(
nj − kj−1 −

(r − j + 1)θ

r

)
, j = i− 1,

0, otherwise,

bij =



−1, j = i+ 1,

kj − kj−1 − (r + 1)θ/r, j = i and i ≤ r,(
nj − kj +

jθ

r

)(
ni − ki−1 −

(r − i+ 1)θ

r

)
, j = i− 1 and i ≤ r,

0, otherwise,

with the usual conventions n0 = nr+1 = 0 and k0 = kr = 0. The result follows, noting that
A = CD and B = DC, where

C =


1 0 0 · · · 0

n1 − k1 +
θ
r 1 0 · · · 0

0 n2 − k2 +
2θ
r

. . .
. . .

...
... 1 0

0 . . . 0 nr + θ 1

 ,

D =


n1 − θ −1 0 · · · 0

0 n2 − k1 − (r−1)θ
r −1 · · · 0

0 0
. . .

. . .
...

... nr − kr−1 − θ
r −1

0 . . . 0 0 0

 . ■

Remark 2.4. In the case ν = 0, Theorem 2.3 states that ar(n) is annihilated by the commut-
ing difference operators hr,l, 2 ≤ l ≤ r + 1 or, equivalently, that Ar(n) is annihilated by the
commuting difference operators Hr,l, 2 ≤ l ≤ r + 1, as defined in Remark 2.1. For example,

A2(n,m) =
∑
k

(
n

k

)(
m

k

)
=

(
n+m

n

)
is annihilated by the two commuting difference operators

H2,2 = n2Dn +m2Dm + nm, H2,3 = −n2mDn + nm2Dm.

We remark that

Dn +Dm + 1 =
1

nm
H2,2 +

n−m

n2m2
H2,3,



12 N. O’Connell

and so we recover Pascal’s identity A2(n,m) = A2(n − 1,m) + A2(n,m − 1). For r = 3,
Theorem 2.3 states that

A3(n,m, l) =
∑
k

(
m

k

)2(n+ k

m

)(
l + k

m

)
is annihilated by the three commuting difference operators

H3,2 = n2Dn +m2Dm + l2Dl + nm+ml,

H3,3 = −mn2Dn + (n− l)m2Dm +ml2Dl,

H3,4 = n2l2Dn,l − l(l −m)n2Dn − nm2lDm + n(m− n)l2Dl.

Here we are using the notation Dn,lf(n, l) = f(n − 1, l − 1) − f(n, l). As remarked in [19,
Remark 2.5], the diagonal values an = A3(n, n, n) are the Apéry numbers

an =
∑
k

(
n

k

)2(n+ k

k

)2

associated with ζ(3). It is well known that this sequence satisfies the three-term recurrence

n3an =
(
34n3 − 51n2 + 27n− 5

)
an−1 − (n− 1)3an−2,

with a0 = 1 and a1 = 5. We remark that this recurrence may also be derived using the difference
equations H3,2A3 = H3,3A3 = H3,4A3 = 0.

Theorem 2.5. Let n,m ∈ C and define, for i ≥ 1,

ni =

{
im/2, i even,

n+ (i− 1)m/2, i odd,

so that

n1, n2, n3, . . . = n,m, n+m, 2m,n+ 2m, 3m,n+ 3m, 4m, . . . . (25)

Suppose ν ∈ Cr+1
0 , (n1, . . . , nr) ∈ ν′ + Zr

+ and Re(nr+1) > −1. Then

fr,ν(n1, . . . , nr) = Γ(nr+1 + 1)
∏
i

1

Γ(n− νi + 1)

∏
i<j

1

Γ(m− νi − νj + 1)
.

Proof. We prove this by induction over r. For r = 1, it follows from the definition.
Let us define, for i ≥ 1,

pi(n,m) =

{
im/2, i even,

n+ (i− 1)m/2, i odd,

and, for each r ≥ 1, pr(n,m) = (p1(n,m), . . . , pr(n,m)). Note that ni = pi(n,m) and (n1, . . . ,
nr) = pr(n,m). We also note the identity

pi+1(n,m)− n+ ix = pi(m− n+ x,m+ 2x). (26)

Let us denote gr,ν(n,m) = fr,ν(p
r(n,m)) = fr,ν(n1, . . . , nr). We first consider the case n = ν1.

From the relation (20),

gr,ν(ν1,m) = fr,ν(p
r(ν1,m)) = ar,ν(p

r(ν1,m)− ν ′) = ar,ν(0, k),
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where ki = pi+1(ν1,m)− ν ′i+1 ∈ Z+, i = 1, . . . , r − 1. Thus, by (14),

gr,ν(ν1,m) =
r+1∏
j=2

1

Γ(ν1 − νj + 1)
ar−1,τ (k),

where τi = νi+1 + ν1/r, i = 1, . . . , r. Using (20) again, we may write ar−1,τ (k) = fr−1,τ (k + τ ′).
The identity (26) gives, for i = 1, . . . , r − 1,

ki + τ ′i = pi+1(ν1,m)− ν ′i+1 + τ ′i = pi+1(ν1,m)− ν1 + iν1/r

= pi

(
m− ν1 +

ν1
r
,m+

2ν1
r

)
and, moreover, taking i = r,

pr

(
m− ν1 +

ν1
r
,m+

2ν1
r

)
= pr+1(ν1,m). (27)

Hence

gr,ν(ν1,m) =
r+1∏
j=2

1

Γ(ν1 − νj + 1)
gr−1,τ

(
m− ν1 +

ν1
r
,m+

2ν1
r

)
.

By the induction hypothesis, and (27),

gr−1,τ

(
m− ν1 +

ν1
r
,m+

2ν1
r

)
= Γ

(
pr

(
m− ν1 +

ν1
r
,m+

2ν1
r

)
+ 1

)
×

r+1∏
j=2

1

Γ(m− ν1 − νj + 1)

∏
2≤i<j≤r+1

1

Γ(m− νi − νj + 1)

= Γ (pr+1(ν1,m) + 1)
∏

1≤i<j≤r+1

1

Γ(m− νi − νj + 1)
.

Thus,

gr,ν(ν1,m) = Γ (pr+1(ν1,m) + 1)

r+1∏
j=2

1

Γ(ν1 − νj + 1)

∏
1≤i<j≤r+1

1

Γ(m− νi − νj + 1)
,

as required.
It therefore remains to show that

gr,ν(n,m) =
Γ(pr+1(n,m) + 1)

Γ(pr+1(ν1,m) + 1)

r+1∏
j=1

Γ(ν1 − νj + 1)

Γ(n− νj + 1)
gr,ν(ν1,m).

We will deduce this from the following recursion:

[hr(n,m)Ln − cn(ν)]gr,ν(n,m) = 0, (28)

where

hr(n,m) =

{
1, r odd,

(n+ rm/2), r even.
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To prove (28), we use the following identity: for

d(r)n1,...,nr
(λ) =

r+1∑
l=0

(−1)lλr−l+1hr,ln1,...,nr

with n1, n2, . . . given by (25) and λ = n,

d
(r)
(n1,...,nr)

(λ) =

{
q1q3 . . . qr, r odd,

(n+ rm/2)q1q3 . . . qr−1, r even.
(29)

Indeed, let us denote by L(r) the Lax matrix (4) with p = p(r) = (n1, n2 − n1, . . . , nr+1 −
nr,−nr+1) and n1, n2, . . . given by (25). Then

δ(r,r+1) =
(
n− p

(r)
r+1

)
δ(r,r) + qrδ

(r,r−1),

where δ(r,j) denotes the jth principal minor of n− L(r). Moreover,

δ(r,r) =

{
δ(r−1,r), r even,

0, r odd,

and

δ(r,r−1) =

{
δ(r−2,r−1), r odd,

0, r even.

Putting these together yields the identity (29).
Now, by Theorem 2.3, we have

[
d
(r)
(n1,...,nr)

(λ)− cλ(ν)
]
fr,ν(n1, . . . , nr) = 0. The recursion (28)

follows, taking n1, n2, . . . as in (25), λ = n, qi = Lni and using (29). ■

2.6 Binomial sum identities

In the case ν = 0, Theorem 2.5 may be reformulated as a series of binomial sum identities.
Recall that the normalised coefficients Ar(n) = Nr(n)ar(n) are given by the binomial sums (16).
For small values of r, these sums may be simplified. For r = 2, by Vandermonde’s identity,

A2(n,m) =
∑
k

(
n

k

)(
m

k

)
=

(
n+m

n

)
.

For r = 3, using(
m

i

)(
i

k

)
=

(
m

k

)(
m− k

m− i

)
,

and Vandermonde’s identity (twice), we obtain

A3(n,m, l) =
∑
i,j,k

(
n

i

)(
m

i

)(
i

k

)(
l

j

)(
m

j

)(
j

k

)
=
∑
i,j,k

(
m

k

)2(n
i

)(
m− k

m− i

)(
l

j

)(
m− k

m− j

)

=
∑
k

(
m

k

)2(n+m− k

m

)(
m+ l − k

m

)
=
∑
k

(
m

k

)2(n+ k

m

)(
l + k

m

)
. (30)

We note that this is equivalent to

A3(n,m, l) =

(
n+m

n

)(
m+ l

l

)
4F3

[
−n,−m,−m,−l
1,−n−m,−m− l

∣∣∣∣∣1
]
,
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where pFq denotes the generalised hypergeometric series

pFq

[
a1, . . . , ap

b1, . . . , bq

∣∣∣∣∣z
]
=

∞∑
k=0

(a1)k · · · (ap)k
(b1)k · · · (bq)k

zk

k!
, (x)n =

Γ(x+ n)

Γ(x)
.

A similar computation yields

A4(n1, n2, n3, n4)

=
∑
i,j

(
n2
i

)2(n1 + n2 − i

n2

)(
n3
j

)2(n3 + n4 − j

n3

)(
n2 + n3 − i− j

n2 − j

)(
i+ j

i

)
.

Let n,m ∈ Z+ and define, for i ≥ 1,

ni =

{
im/2, i even,

n+ (i− 1)m/2, i odd,

so that n1, n2, n3, . . . = n,m, n+m, 2m,n+ 2m, 3m,n+ 3m, 4m, . . .. For r ≥ 2, define

Fr = Fr(n,m) = Ar(n1, . . . , nr).

Define, for k ≥ 1,

G2k−1 =

(
km

m, . . . ,m

)
=

k∏
j=1

(
jm

m

)
, G2k =

(
n+ km

n,m, . . . ,m

)
=

(
n+ km

n

)
G2k−1.

In this notation, Theorem 2.5 yields the following.

Corollary 2.6. F2 = G2 and, for r > 2, Fr = GrG
2
r−1 · · ·G2

2.

For example,

F2 =

(
n+m

n

)
, F3 =

(
n+m

n

)2(2m
m

)
, F4 =

(
n+m

n

)2(n+ 2m

n

)(
2m

m

)3

,

F5 =

(
n+m

n

)2(n+ 2m

n

)2(3m
m

)(
2m

m

)5

.

The above formula for F2 is an immediate consequence of Vandermonde’s identity. The expres-
sion for F3 may be obtained directly using (30) and Chu’s identity∑

k

(
m

k

)2(n+ 2m− k

2m

)
=

(
n+m

n

)2

.

Indeed,

F3 = A3(n,m, n+m) =
∑
k

(
m

k

)2(n+m− k

m

)(
n+ 2m− k

m

)

=
∑
k

(
m

k

)2(n+ 2m− k

2m

)(
2m

m

)
=

(
n+m

n

)2(2m
m

)
.

By (2.6), the above formula for F4 is equivalent to the identity∑
i,j

(
m

i

)2(n+m− i

m

)(
n+m

j

)2(n+ 3m− j

n+m

)(
n+ 2m− i− j

m− j

)(
i+ j

i

)

=

(
n+m

m

)2(n+ 2m

n

)(
2m

m

)3

.
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3 Non-intersecting Brownian bridges

LetM (resp.H) be the maximal height ofN non-intersecting reflected Brownian bridges starting
and ending at zero (resp. non-intersecting Brownian excursions). It is well known [6, 9, 14, 15]
that the distribution functions of H and M are directly related to the partition functions of
certain discrete Gaussian ensembles. To be more precise, let

∆C
N (x) =

∏
1≤i≤N

xi
∏

1≤i<j≤N

(
x2i − x2j

)
, ∆D

N (x) =
∏

1≤i<j≤N

(
x2i − x2j

)
.

Then

P (H ≤ h) = ANh
−2N2−N

∑
x∈ZN

∆C
N (x)2e−π2

∑
i x

2
i /(2h

2),

and

P (M ≤ h) = A′
Nh

−2N2+N
∑

x∈(Z−1/2)N

∆D
N (x)2e−π2

∑
i x

2
i /(2h

2),

where AN and A′
N are normalisation constants. In [14, Theorem 4], it is shown, using Jacobi’s

theta function identity, that the first expression may be written as

P (H ≤ h) = BN

∑
λ∈ZN

det
[
H2(i+j−1)

(
λi
√
2h
)]N

i,j=1
e−2h2

∑
i λ

2
i , (31)

where Hn(x) are the Hermite polynomials and BN is a normalisation constant. The proof given
in [14] is easily modified to give an analogous formula for M

P (M ≤ h) = B′
N

∑
λ∈ZN

det
[
H2(i+j−2)

(
λi
√
2h
)]N

i,j=1
e−2h2

∑
i λ

2
i , (32)

where B′
N is a normalisation constant. Let us define, for λ ∈ ZN and t ≥ 0,

Pλ(t) =
1

N !

∑
σ∈SN

P̃σλ(t), Qλ(t) =
1

N !

∑
σ∈SN

Q̃σλ(t),

where

Q̃λ(t) = BN det
[
H2(i+j−1)

(
λi
√
t
)]N

i,j=1
,

and

P̃λ(t) = B′
N det

[
H2(i+j−2)

(
λi
√
t
)]N

i,j=1
.

Then (31) and (32) may be written as

P
(
2M2 ≤ t

)
=
∑
λ∈ZN

Pλ(t)e
−

∑
i λ

2
i t, P

(
2H2 ≤ t

)
=
∑
λ∈ZN

Qλ(t)e
−

∑
i λ

2
i t.

For N = 1, writing λ = k, these symmetrised coefficients are given by

Pk(t) = (−1)k, Qk(t) = 1− 2k2t,

and for N = 2, writing λ = (k, l), by

Pk,l(t) = (−1)k+l
[
1− 2

(
k2 + l2

)
t+

(
k2 − l2

)2
t2
]
,

Qk,l(t) = 1− 4
(
k2 + l2

)
t+ 3

(
k2 + l2

)2
t2 − 2

3

(
k2 + l2

)3
t3 +

4

3
k2l2

(
k2 − l2

)2
t4.

In general, for λ ∈ ZN , Pλ(t) has degree at most N(N − 1) and Qλ(t) has degree at most N2.



Discrete Whittaker Processes and Non-Intersecting Brownian Bridges 17

4 Transition probabilities and absorption times

Let hr = hr,2 and recall that

hr =

r∑
i=1

Lni − P (n),

where

P (n) =
r∑

i=1

n2i −
r−1∑
i=1

nini+1 (33)

and Lk denotes the partial backward shift operator defined by Lkf(k) = f(k−1), so, for example,
if f(n) is a function of n ∈ Zr

+ (or Cr) then

Lnif(n) = f(n− ei) = f(n1, . . . , ni−1, ni − 1, ni+1, . . . , nr).

We also recall the notation Dk = Lk − I for the partial backward difference operator Dkf(k) =
f(k − 1)− f(k), so, for example, if f(n) is a function of n ∈ Zr

+ (or Cr) then

Dnif(n) = f(n− ei)− f(n).

Since ar is strictly positive on Zr
+ and satisfies hrar = 0, the corresponding Doob transform

L = ar(n)
−1 ◦ hr ◦ ar(n) =

r∑
i=1

ar(n− ei)

ar(n)
Dni

generates a continuous time Markov chain Xt, t ≥ 0 on Zr
+. In [19], it was shown that this

Markov chain has a unique entrance law starting from +∞.
Denote by Pn the law of the chain starting from n ∈ Zr

+ and by P the law of chain started
from +∞. Write En and E for the corresponding expectations. Denote the transition probabil-
ities by pt(n, n

′) = Pn(Xt = n′), and set

Fn(t) = pt(n, 0) = Pn(T ≤ t), F (t) = lim
n→∞

pt(n, 0) = P(T ≤ t),

where T = inf{t ≥ 0 | Xt = 0} is the absorption time for the chain.
For any starting value n ∈ Zr

+, the chain remains in the finite set En = {m ∈ Zr
+ | m ≤ n}.

Thus, for each n′ ∈ Zr
+, pt(n, n

′) is the unique solution to the backward equation

d

dt
pt(n, n

′) = Lnpt(n, n
′), p0(n, n

′) = δnn′ .

In particular, Fn(t) is the unique solution to F ′
n(t) = LnFn(t), Fn(0) = δn0. Similarly, for

each n ∈ Zr
+, pt(n, n

′) is the unique solution to the forward equation

d

dt
pt(n, n

′) = L∗
n′pt(n, n

′), p0(n, n
′) = δnn′ ,

where L∗ denotes the formal adjoint of L.
For s ≥ 0, the generating function

Gn(s) = Ene
−sT =

∫ ∞

0
se−stFn(t)dt

satisfies the recursion LnGn(s) = sGn(s), that is,

Gn(s) =
1

s+ P (n)

r∑
i=1

ar(n− ei)

ar(n)
Gn−ei(s), (34)

with G0(s) = 1 and the convention Gn(s) = 0 for n /∈ Zr
+. Denote G(s) = Ee−sT .
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4.1 The case r = 1

When r = 1, we have L = n2Dn. The absorption time starting from n has the same law as the
random variable

Sn =

n∑
k=1

ek
k2
, (35)

where e1, e2, . . . is a sequence of independent standard exponential random variables. This gives
the formulas Gn(s) =

∏n
k=1

k2

s+k2
, G(s) = π

√
s

sinhπ
√
s
, and

F (t) =
∑
k∈Z

(−1)ke−k2t. (36)

Let

φk(n) =
n!2

(n− k)!(n+ k)!
, φ∗

k(m) = (−1)k
(−k)m(k)m

m!2
,

where (x)n = Γ(x+ n)/Γ(x). One can easily check that Lφk = −k2φk and∑
k∈Z

φk(n)φ
∗
k(m) = δnm. (37)

It also holds that L∗φ∗
k = −k2φ̃k and, moreover,

∞∑
n=0

φk(n)φ
∗
l (n) =

δkl + δk,−l

2
. (38)

The transition probabilities therefore given by

pt(n,m) =
∑
k∈Z

φk(n)φ
∗
k(m)e−k2t. (39)

Note that, since φk(n) = 0 for |k| > n and φ∗
k(m) = 0 for |k| < m, the sums in (37), (38)

and (39) are all terminating. Setting m = 0 in (39) yields

Fn(t) =
n∑

k=−n

(−1)kφk(n)e
−k2t

and, letting n→ ∞, we recover (36).

4.2 The general case

To formulate a spectral expansion for the transition probabilities in the general case, we need to
make some assumptions. For ν ∈ Cr+1

0 , recall the notation ν ′ ∈ Cr defined by ν ′i = ν1 + · · ·+ νi,
i = 1, . . . , r. For ν ∈ Cr+1

0 and n ∈ ν ′ + Zr
+, let fr,ν(n) be defined by (21). Recall that

f1,ν(n) =
1

Γ(n− ν1 + 1)Γ(n− ν2 + 1)
,

f2,ν(n,m) =
Γ(n+m+ 1)∏3

i=1 Γ(n− νi + 1)Γ(m+ νi + 1)
. (40)

By Theorem 2.3, setting λν = e2(ν), these satisfy

hrfr,ν = λνfr,ν . (41)
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The formulas (40) may be used to define meromorphic extensions of f1,ν(n) and f2,ν(n,m) to
complex values of n and m, and it is easily checked that these extensions satisfy the eigenvalue
equation (41). By Theorem 2.5, if

ni =

{
in2/2, i even,

n1 + (i− 1)n2/2, i odd,

for i ≥ 1, that is,

n1, n2, n3, . . . = n1, n2, n1 + n2, 2n2, n1 + 2n2, 3n2, . . . (42)

then for ν ∈ Cr+1
0 , if (n1, . . . , nr) ∈ ν′ + Zr

+ and Re(nr+1) > −1, we have

fr,ν(n1, . . . , nr) = Γ(nr+1 + 1)
∏
i

1

Γ(n1 − νi + 1)

∏
i<j

1

Γ(n2 − νi − νj + 1)
. (43)

In general, we will assume that fr,ν(n) extends to a meromorphic function of n ∈ Cr which
satisfies both the eigenvalue equation (41) and the factorisation property (43). Given this, we
also extend the definition of ar(n) = fr,0(n).

For ν ∈ Cr+1
0 and n ∈ Cr, let βr,ν(n) = ar(n)

−1fr,ν(n), β
∗
r,ν(n) = h(ν)ar(n)Mr,−ν(n), where

h(ν) =
∏

1≤i<j≤r+1

(νi − νj).

These satisfy Lβr,ν = λνβr,ν and, by (17), L∗β∗r,ν = λνβ
∗
r,ν .

Note that for ν ∈ Cr+1
0 ,

λν ≡ e2(ν) = −1

2

r+1∑
i=1

ν2i = −P (ν ′),

where P is defined by (33). For ν ∈ Cr+1
0 , x ∈ Cr and n ∈ Zr

+, define

Cν′(x, n, t) = βr,ν(x+ n)β∗r,ν(x)e
−P (ν′)t.

Our proposed formula for the transition probabilities is, for n, n′ ∈ Zr
+,

pt(n
′ + n, n′) =

∞∑
p=0

cp(n
′, n, t)e−pt, (44)

where

cp(n
′, n, t) = lim

x→n′
lim
u→x

r∏
i=1

(xi − ui)
∑

κ′∈Zr
+ : P (κ′)=p

Cu+κ′(x, n, t)ept.

When r = 1, this reduces to (39). When r = 2, it is also correct, as will be outlined in the
next section. In general, by construction, assuming it is well defined, this expression should
satisfy the backward and forward equations. The boundary condition p0(n

′+n, n′) = δn0 might
be difficult to establish in general, but can in principle be verified on a case by case basis for n
and n′ of the form (42), using the factorisations (43) and (19).

For n′ and n of the form (42), we can also take x to be of the form (42). In this case, using
the factorisations (43) and (19), the formula (44) becomes more explicit and we state it here as
a conjecture.
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Conjecture 4.1.

pt(n
′ + n, n′) =

∞∑
p=0

c̃p(n
′
1, n

′
2, n1, n2, t)e

−pt, (45)

where

c̃p(n
′
1, n

′
2, n1, n2, t) = lim

(x1,x2)→(n′
1,n

′
2)
lim
u→x

r∏
i=1

(xi − ui)
∑

κ′∈Zr
+ : P (κ′)=p

C̃u+κ′(x1, x2, n1, n2, t)e
pt,

C̃ν′(x1, x2, n1, n2, t) = h(ν)(1 + x1)
r+1
n1

(1 + x2)
r(r+1)/2
n2

xr+1

×
∏
i

1

(x1 − νi)n1+1

∏
i<j

1

(x2 − νi − νj)n2+1
e−P (ν′)t.

In the case n′ = 0, taking x1 = x2 = ξ, we can write this as follows.

Conjecture 4.2. For n ∈ Zr
+ of the form (42),

Fn(t) =
∞∑
p=0

c̃p(n1, n2, t)e
−pt, (46)

where, writing x = (x1, x2, . . . , xr) = (ξ, ξ, 2ξ, 2ξ, . . . ),

c̃p(n1, n2, t) = lim
ξ→0

lim
u→x

r∏
i=1

(xi − ui)
∑

κ′∈Zr
+ : P (κ′)=p

C̃u+κ′(ξ, n1, n2, t)e
pt,

C̃ν′(ξ, n1, n2, t) = h(ν)n1!
r+1n2!

r(r+1)/2xr+1

∏
i

1

(ξ − νi)n1+1

∏
i<j

1

(ξ − νi − νj)n2+1
e−P (ν′)t.

Now, since x + n also has the form (42), it follows from (43) that βr,ν(x + n) → 1 when
n1, n2 → ∞. Given that there is a unique entrance law from +∞, we can therefore let n1, n2 → ∞
to obtain the following.

Conjecture 4.3.

F (t) =
∞∑
p=0

cp(t)e
−pt, (47)

where, writing x = (x1, x2, . . . , xr) = (ξ, ξ, 2ξ, 2ξ, . . . ),

cp(t) = lim
ξ→0

lim
u→x

r∏
i=1

(xi − ui)
∑

κ′∈Zr
+ : P (κ′)=p

Cu+κ′(ξ, t)ept,

Cν′(ξ, t) = h(ν)Γ(xr+1)
−1
∏
i

Γ(ξ − νi)
∏
i<j

Γ(ξ − νi − νj)e
−P (ν′)t.

For computations, it will be convenient to ‘split’ the coefficients cp(t) as follows. For κ
′ ∈ Zr

+,
denote κ =

(
κ′1, κ

′
2 − κ′1, . . . , κ

′
r − κ′r−1,−κ′r

)
, κ† = (κr+1, κr, . . . , κ1). Define an equivalence

relation on Zr
+ by ρ′ ∼ κ′ if ρ = σκ or ρ = σκ† for some σ ∈ Sr+1 and denote the corresponding

equivalence classes by Sκ′ =
{
ρ′ ∈ Zr

+ | ρ′ ∼ κ′
}
. Note that if ρ′ ∼ κ′ then P (ρ′) = P

(
κ′
)
. The

formula (47) may be written as

F (t) =
∑

κ′∈Zr
+/∼

cκ′(t)e−P (κ′)t, (48)
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where, writing x = (x1, x2, . . . , xr) = (ξ, ξ, 2ξ, 2ξ, . . . ),

cκ′(t) = lim
ξ→0

lim
u→x

r∏
i=1

(xi − ui)
∑

ρ′∈Sκ′

Cu+ρ′(ξ, t)e
P (ρ′)t.

Note that the coefficients cp(t) are then given as

cp(t) =
∑

κ′∈Zr
+/∼ : P (κ′)=p

cκ′(t).

4.3 The case r = 2

Writing (n1, n2) = (n,m), the generator is given by

L =
n3

n+m
Dn +

m3

n+m
Dm.

In [19, Proposition 4.4], it was shown that the absorption time starting from (n,m) has the same
law as Sn + S′

m, where Sn is defined by (35) and S′
m is an independent copy of Sm. This gives

the formulas

Gn,m(s) =

n∏
k=1

k2

s+ k2

m∏
l=1

l2

s+ l2
, G(s) =

(
π
√
s

sinhπ
√
s

)2

,

and

F (t) =
∑
k∈Z

(
1− 2k2t

)
e−k2t. (49)

Writing (x1, x2) = (x, y), the formula (45) is correct and may be written as follows.

Theorem 4.4.

pt((n
′ + n,m′ +m), (n′,m′)) =

(n′ + n)!3(m′ +m)!3

n′!3m′!3

× lim
(x,y)→(n′,m′)

n∑
k=0

m∑
l=0

Tn,m
k,l (x, y)e−P (x+k,y+l)t, (50)

where P is defined by (33) and

Tn,m
k,l (x, y) =

x+ y

x+ y + k + l

n∏
a=0
a̸=k

1

(a− k)(2x− y + a+ k − l)(x+ y + a+ l)

×
m∏
b=0
b̸=l

1

(b− l)(2y − x+ b+ l − k)(x+ y + b+ k)
,

with the convention that empty products are equal to one.

Proof. The formula (50) is clearly equal to one when t = 0 and (n,m) = (0, 0). One can also
show that it vanishes at t = 0 when (n,m) ̸= (0, 0). In fact, if (n,m) ̸= (0, 0),

n∑
k=0

m∑
l=0

Tn,m
k,l (x, y) = 0.
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This follows from the more general identity

n∑
k=0

m∑
l=0

1

λk + µl

n∏
a=0
a̸=k

1

(λa − λk)(λa + λk − µl)(λa + µl)

×
m∏
b=0
b̸=l

1

(µb − µl)(µb + µl − λk)(µb + λk)
= 0, (51)

with the convention that empty products are equal to one and the assumption that each term
in the sum is finite. A proof of (51) is given in Appendix A. ■

For small values of (n′,m′) and (n,m) this is easily computed using Mathematica. For
example, and writing q = e−t, it yields

pt((2, 2), (1, 1)) =
1

9

(
16q − 48q3 + 32q4

)
,

pt((2, 2), (1, 0)) =
8

27

(
−2q + 2q4 − 3(q + q4) ln q

)
,

pt((2, 2), (0, 0)) =
1

27

(
27− 16q − 11q4 + 12(4q + q4) ln q

)
.

In the case n′ = m′ = 0, the formula (50) is easily computed for all values of (n,m) using
Mathematica. Only the terms corresponding to (k, l) of the form (k, k), (k, 0) and (0, k)
contribute, and the formula yields

Fn,m(t) =
∑
k∈Z

[
H̃k(n,m)− 2k2Hk(n,m)t

]
e−k2t, (52)

where

Hk(n,m) =
n!2m!2

(n− k)!(n+ k)!(m− k)!(m+ k)!
,

and H̃k(n,m) is defined as follows. If |k| ≤ min{n,m}, then

H̃k(n,m) = [1 + k(Hn−k −Hn+k +Hm−k −Hm+k)]Hk(n,m),

where Hn are the harmonic numbers Hn =
∑n

j=1
1
j , with the convention H0 = 0. If n ≥ k > m,

then

H̃k(n,m) = (−1)m+kkΓ(k −m)
n!2m!2

(n− k)!(n+ k)!(m+ k)!
.

If |k| > n ∨m, then H̃k(n,m) = 0. The remaining cases are defined by

H̃−k(n,m) = H̃k(n,m) = H̃k(m,n).

We remark that the formula (52) may also be verified directly by showing that

LHk = −k2Hk, LH̃k = −k2H̃k − 2k2Hk,

and ∑
k∈Z

H̃k(n,m) = δn0δm0.
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Now let us consider the formula (47). In this case it may be written as

F (t) =
∞∑
p=0

cp(t)e
−pt, (53)

where

cp(t) = lim
x→0

∑
(k,l)∈Z2

+ : P (k,l)=p

Tk,l(x)e
pt, Tk,l(x) = lim

u→x
(x− u)2Cu+k,u+l(x, t),

Cν′(x, t) = h(ν)Γ(2x)−1
∏
i

Γ(x− νi)Γ(x+ νi)e
−P (ν′)t.

Let q = e−t. We first note that

T0,0(x) = 2x3Γ(x)2Γ(2x)qx
2
, c0(t) = lim

x→0
T0,0(x) = 1.

Next consider (k, l) of the form (k, k), (k, 0) and (0, k), where k > 0. We compute

Tk,k(x) =
2(k + x)3Γ(x)2Γ(k + 2x)2

(k!)2Γ(2x)
q(k+x)2 ,

Tk,0(x) = T0,k(x) =
(−1)k(2k + x)Γ(2x)Γ(−k + x+ 1)Γ(k + x)Γ(k + 2x+ 1)

k!Γ(2x)
qk

2+kx+x2
.

Combining these gives

Sk(x) := Tk,k(x) + Tk,0(x) + T0,k(x)

=
2Γ(k + 2x)

k!2Γ(2x)
qk

2+kx+x2[
(−1)kk!(2k + x)(k + 2x)Γ(2x)Γ(−k + x+ 1)Γ(k + x)

+ (k + x)3Γ(x)2Γ(k + 2x)qkx
]
.

Letting x→ 0, this gives

ck2(t) = lim
x→0

Sk(x) = 2
(
1 + 2k2 ln q

)
qk

2
= 2
(
1− 2k2t

)
e−k2t.

Now suppose k > l > 0. Then

Tk,l(x) =
(−1)k+l

k!l!Γ(2x)
(2k − l + x)(−k + 2l + x)(k + l + 2x)

× Γ(k + 2x)Γ(l + 2x)Γ(k − l + x)Γ(−k + l + x)q−(k+x)(l+x)+(k+x)2+(l+x)2 ,

and

Tk,l := lim
x→0

Tk,l(x) = −4(k − 2l)(2k − l)(k + l)

kl(k − l)
qk

2−kl+l2 .

Now, if k > l > 0 then k > k− l > 0 and, moreover, Tk,l = −Tk,k−l. It follows that the combined
contribution of such terms is zero. Essentially the same calculation shows that the combined
contribution of terms corresponding to (k, l) with l > k > 0 is also zero. The formula (53)
therefore yields

F (t) = 1 + 2
∞∑
k=1

(
1− 2k2t

)
e−k2t =

∑
k∈Z

(
1− 2k2t

)
e−k2t,

in agreement with (49). We note that the above computation is also easily verified using Math-
ematica.
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4.4 The case r = 3

The generating function Gn(s) may be computed for small values of n using the recursion (34).
For example, using Maple we obtain (note that Gnmp = Gpmn)

G100(s) = G010(s) =
1

s+ 1
, G011(s) =

1

(s+ 1)2
, G101(s) =

2

(s+ 1)(s+ 2)
,

G111(s) =
2(3s+ 5)

5(s+ 1)3(s+ 2)
, G120(s) = G210(s) =

4

(s+ 1)2(s+ 4)
,

G130(s) =
36

(s+ 1)2(s+ 4)(s+ 9)
, G121(s) =

16(3s2 + 13s+ 13)

13(s+ 1)3(s+ 2)2(s+ 4)
,

G112(s) =
2(3s+ 5)

(s+ 1)3(s+ 2)(s+ 5)
, G123(s) =

32(5s3 + 45s2 + 122s+ 100)

(s+ 1)3(s+ 2)2(s+ 4)2(s+ 5)(s+ 10)
,

G213(s) =
32(15s3 + 180s2 + 647s+ 650)

(s+ 1)3(s+ 2)(s+ 4)(s+ 5)2(s+ 8)(s+ 13)
,

G224(s) =
512(35s6 + 1120s5 + 13895s4 + 85550s3 + 274788s2 + 433320s+ 260000)

(s+ 20)(s+ 8)(s+ 10)(s+ 5)2(s+ 2)2(s+ 13)(s+ 4)3(s+ 1)3
.

Since Gn(s)/s is the Laplace transform of Fn(t), these can be inverted (again using Maple)
to obtain, writing q = e−t,

F100(t) = F010(t) = 1− q, F011(t) = 1 + (ln q − 1)q, F101(t) = 1− 2q + q2, (54)

F111(t) =
1

5

(
5 +

(
− 4 + 6 ln q − 2(ln q)2

)
q − q2

)
,

F120(t) = F210(t) =
1

9

(
9 + (−8 + 12 ln q)q − q4

)
,

F130(t) =
1

80

(
80 + (−65 + 120 ln q)q − 16q4 + q9

)
,

F121(t) =
1

39

(
39 +

(
− 24(ln q)2 + 48 ln q − 16

)
q + (−24 + 12 ln q)q2 + q4

)
,

F112(t) =
1

48

(
48 +

(
− 24(ln q)2 + 60 ln q − 33

)
q − 16q2 + q5

)
, (55)

F123(t) =
1

1620

(
1620 +

(
− 1440(ln q)2 + 1680 ln q − 220

)
q + (−1665 + 1080 ln q)q2

+ (300− 240 ln q)q4 − 36q5 + q10
)
, (56)

F213(t) =
1

2160

(
2160 +

(
− 1440(ln q)2 + 2640 ln q − 1160

)
q − 1280q2

+ 160q4 + (135− 120 ln q)q5 − 16q8 + q13
)
, (57)

F224(t) =
1

680400

(
680400 +

(
− 806400(ln q)2 + 403200 ln q − 22400

)
q

+ (−974400 + 806400 ln q)q2 +
(
201600(ln q)2 − 529200 ln q + 333725

)
q4

+ (40320 ln q − 18480)q5 + 1680q8 − 448q10 − 80q13 + 3q20
)
. (58)

For the cases where p = n+m, the formula (46) may be computed using Mathematica and
is found to agree with (54), (55), (56), (57) and (58), and in fact we have similarly verified that
it is correct for all n,m ≤ 4. We have also verified, using Mathematica, that the formula (46)
satisfies the boundary condition Fn,m,n+m(0) = 0 for all n,m ≤ 10 with (n,m) ̸= (0, 0).

We note that the above formulas are consistent with the ansatz (cf. (52))

Fn(t) =
∑
k,l∈Z

Pn
k,l(t)e

−(k2+l2)t, (59)
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where Pn
k,l(t) are polynomials of degree at most 2 (depending on k, l only through |k|, |l|) which

satisfy

d

dt
Pn
k,l(t) =

(
Ln + k2 + l2

)
Pn
k,l(t),

∑
k,l∈Z

Pn
k,l(0) = δn0.

Now let us consider the formula (47). For any given p, the coefficient cp(t) is easily computed
using Mathematica. The first few coefficients are given by

c0(t) = 1, c1(t) = −4(1− t)2, c2(t) = 4(1− 4t),

c3(t) = 0, c4(t) = 4(1− 4t)2, c5(t) = −8(1− t)(1− 9t), c6(t) = 0.

The formula (48) may be written as

F (t) =
∑

κ′∈Z3
+/∼

cκ′(t)e−P (κ′)t,

where, writing x = (x1, x2, x3) = (x, x, 2x),

cκ′(t) = lim
x→0

lim
u→x

3∏
i=1

(xi − ui)
∑

ρ′∈Sκ′

Cu+ρ′(x, t)e
P (ρ′)t,

Cν′(x, t) = h(ν)Γ(2x)−1
4∏

i=1

Γ(x− νi)
∏

1≤i<j≤4

Γ(x− νi − νj)e
−P (ν′)t. (60)

In the following, let κ′ = (k,m, l) ∈ Z3
+ and consider different cases. In each case, the

coefficient cκ′(t) defined by (60) is computed using Mathematica.

Case (i): k > l > 0 and m > k + l. Then Sκ′ consists of the six distinct elements

ρ′ ρ

(k,m, l) (k,m− k, l −m,−l)
(k,m,m− l) (k,m− k,−l, l −m)

(k, k − l,m− l) (k,−l,m− k, l −m)

(l,m, k) (l,m− l, k −m,−k)
(m− l,m, k) (m− l, l, k −m,−k)

(m− l, k − l, k) (m− l, k −m, l,−k)

and additionally, if m ̸= 2k,

ρ′ ρ

(m− k,m, l) (m− k, k, l −m,−l)
(m− k,m,m− l) (m− k, k,−l, l −m)

(m− k,m− k − l,m− l) (m− k,−l, k, l −m)

(l,m,m− k) (l,m− l,−k, k −m)

(m− l,m,m− k) (m− l, l,−k, k −m)

(m− l,m− k − l,m− k) (m− l,−k, l, k −m)

Either way we find that cκ′(t) = 0.



26 N. O’Connell

Case (ii): k > l = 0 and m > k. Then Sκ′ consists of

ρ′ ρ

(k,m, 0) (k,m− k,−m, 0)
(k,m,m) (k,m− k, 0,−m)

(k, k,m) (k, 0,m− k,−m)

(0, k,m) (0, k,m− k,−m)

(0,m, k) (0,m, k −m,−k)
(m,m, k) (m, 0, k −m,−k)
(m, k, k) (m, k −m, 0,−k)
(m, k, 0) (m, k −m,−k, 0)

and additionally, if m ̸= 2k,

ρ′ ρ

(m− k,m, 0) (m− k, k,−m, 0)
(m− k,m,m) (m− k, k, 0,−m)

(m− k,m− k,m) (m− k, 0, k,−m)

(0,m− k,m) (0,m− k, k,−m)

(0,m,m− k) (0,m,−k, k −m)

(m,m,m− k) (m, 0,−k, k −m)

(m,m− k,m− k) (m,−k, 0, k −m)

(m,m− k, 0) (m,−k, k −m, 0)

Either way we find that cκ′(t) = 0.
Case (iii): If k > l ≥ m > 0, then (k,m, l) ∼ (k −m, k + l −m, l −m). The latter satisfies

the conditions of Case (i) if l > m and of Case (ii) if l = m, so cκ′(t) = 0.
Case (iv): If m = k > l > 0, then (k, k, l) ∼ (l, k, 0) which satisfies the conditions of Case (ii)

so cκ′(t) = 0 in this case.
Case (v): If k + l > m > k > l > 0, then Sκ′ consists of

ρ′ ρ

(k,m, l) (k,m− k, l −m,−l)
(m− k,m, l) (m− k, k, l −m,−l)

(k, k + l −m, l) (k, l −m,m− k,−l)
(l,m, k) (l,m− l, k −m,−k)

(l,m,m− k) (l,m− l,−k, k −m)

(l, k + l −m, k) (l, k −m,m− l,−k)

and additionally, if m ̸= 2l,

ρ′ ρ

(k,m,m− l) (k,m− k,−l, l −m)

(m− k,m,m− l) (m− k, k,−l, l −m)

(k, k − l,m− l) (k,−l,m− k, l −m)

(m− l,m, k) (m− l, l, k −m,−k)
(m− l,m,m− k) (m− l, l,−k, k −m)

(m− l, k − l, k) (m− l, k −m, l,−k)

Either way we find that cκ′(t) = 0.
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Case (vi): Suppose k > m > l > 0. In this case, Sκ′ consists of the distinct elements among

ρ′ ρ

(k,m, l) (k,m− k, l −m,−l)
(k, k + l −m, l) (k, l −m,m− k,−l)

(k, k + l −m, k −m) (k, l −m,−l,m− k)

(k,m,m− l) (k,m− k,−l, l −m)

(k, k − l,m− l) (k,−l,m− k, l −m)

(k, k − l, k −m) (k,−l, l −m,m− k)

(l,m, k) (l,m− l, k −m,−k)
(l, k + l −m, k) (l, k −m,m− l,−k)

(k −m, k + l −m, k) (k −m, l,m− l,−k)
(m− l,m, k) (m− l, l, k −m,−k)

(m− l, k − l, k) (m− l, k −m, l,−k)
(k −m, k − l, k) (k −m,m− l, l,−k)

There are multiplicities if m = 2l, m = (k + l)/2 or m = k − l. If any two of these hold then
they all do and there are just two distinct elements, namely (3l, 2l, l) and (l, 2l, 3l). If just one
of these holds, there are six distinct elements. Otherwise, there are twelve. In any case, the
limit cκ′(t) is a multiple of the limit obtained by including all twelve, which we find to be 0.

Case (vii): k ≥ l ≥ 0 and m = k + l. In this case, (k, k + l, l) ∼ (k, 0, l) which is covered by
Case (ix) below.

Case (viii): k = l ≥ 0 and m ≥ 0. If m > k, then (k,m, k) ∼ (m − k, 0, k) and if m ≤ k
then (k,m, k) ∼ (k −m, 0, k), both of which are covered by Case (ix) below.

Case (ix): k ≥ l ≥ 0 and m = 0. Let us write Sκ′ = Sk,l and cκ′(t) = ck,l(t). Note that in
this case P (κ′) = k2 + l2.

If k > l > 0, Sk,l consists of the elements (k, 0, l), (k, k+ l, l), (k, k+ l, k), (l, 0, k), (l, k+ l, k),
(l, k + l, l), (k, k − l, k). In this case, we obtain

ck,l(t) = 8(−1)k+l
[
1− 2

(
k2 + l2

)
t+

(
k2 − l2

)2
t2
]
.

For k > 0, Sk,0 consists of the elements (k, 0, 0), (k, k, 0), (k, k, k), (0, 0, k), (0, k, k), (0, k, 0).
In this case, we obtain ck,0(t) = 4(−1)k

[
1 − 2k2t + k4t2

]
. For k > 0, Sk,k consists of the

elements (k, 0, k), (k, 2k, k). In this case, we obtain ck,k(t) = 4
[
1 − 4k2t

]
. Finally, we note

that S0,0 consists of the single element (0, 0, 0) and in this case we have c0,0(t) = 1.
We have thus shown that

cp(t) =
∑

k,l∈Z : k2+l2=p

Pk,l(t), (61)

where

Pk,l(t) = (−1)k+l
[
1− 2

(
k2 + l2

)
t+

(
k2 − l2

)2
t2
]
,

and so the formula (47) yields

F (t) =
∑
k,l∈Z

Pk,l(t)e
−(k2+l2)t.

This agrees with the distribution function of twice the square of the maximal height of a pair
of non-intersecting reflected Brownian bridges, each starting and ending at zero, as discussed in
Section 3.
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4.5 The case r = 4

Again, the generating function Gn(s) may be computed for small values of n using the recur-
sion (34). For example, using Maple we obtain

G1111(s) =
4
(
3s2 + 9s+ 7

)
7(s+ 1)4(s+ 2)2

, G1122(s) =
2
(
15s3 + 90s2 + 167s+ 100

)
(s+ 5)2(s+ 2)3(s+ 1)4

, (62)

and

G1234(s) =
1024J(s)

(s+ 20)(s+ 8)(s+ 10)2(s+ 5)3(s+ 2)4(s+ 13)(4 + s)3(s+ 1)4
, (63)

where

J(s) = 105s9 + 4725s8 + 89145s7 + 926335s6 + 5845890s5 + 23240520s4

+ 58189896s3 + 88421760s2 + 73951200s+ 26000000.

On the other hand, using Mathematica, the formula (46) yields, writing q = e−t,

F1122(t) = 1 +
1

48

(
− 6 + 39 ln q − 36(ln q)2 + 8(ln q)3

)
q

− 1

27

(
23− 30 ln q + 9(ln q)2

)
q2 +

1

432
(−10 + 9 ln q)q5,

F1234(t) = 1 +
2

729

(
− 47− 96 ln q − 216(ln q)2 + 144(ln q)3

)
q

+
1

5832

(
− 4327 + 12408 ln q − 10080(ln q)2 + 2304(ln q)3

)
q2

− 1

3888

(
993− 1264 ln q + 384(ln q)2

)
q4

+
1

729000

(
91663− 137160 ln q + 50400(ln q)2

)
q5

+
q8

3645
− 1

729000
(−203 + 240 ln q)q10 − q13

204120
+

q20

10206000
.

Taking Laplace transforms, we find perfect agreement with (62) and (63). We have similarly
verified that the formula (46) is correct for all n,m ≤ 2, and satisfies the boundary condi-
tion Fn,m,n+m,2m(0) = 0 for all n,m ≤ 3 with (n,m) ̸= (0, 0).

In all cases, we have computed, the formulas obtained are consistent with the ansatz (cf. (52)
and (59))

Fn(t) =
∑
k,l∈Z

Qn
k,l(t)e

−(k2+l2)t,

where Qn
k,l(t) are polynomials of degree at most 4 (depending on k, l only through |k|, |l|) which

satisfy

d

dt
Qn

k,l(t) =
(
Ln + k2 + l2

)
Qn

k,l(t),
∑
k,l∈Z

Qn
k,l(0) = δn0.

Now consider the formulas (47) and (48). For κ′ = (k, 0, 0, l), where k ≥ l ≥ 0, denote
ck,l(t) = cκ′(t) and Sk,l = Sκ′ . If k > l > 0, Sk,l consists of 35 elements and we find, using
Mathematica,

ck,l(t) = 8Qk,l(t), (64)
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where

Qk,l(t) = 1− 4
(
k2 + l2

)
t+ 3

(
k2 + l2

)2
t2 − 2

3

(
k2 + l2

)3
t3 +

4

3
k2l2

(
k2 − l2

)2
t4.

If k > 0, Sk,0 consists of 10 elements and we find that

ck,0(t) = 4Qk,0(t). (65)

If k > 0, Sk,k consists of 10 elements and we find that

ck,k(t) = 4Qk,k(t). (66)

Finally, we compute c0,0(t) = 1. It appears that cκ′(t) = 0 for all of the other cases. Rather
that go through them exhaustively as we did in the r = 3 case, we note that, given (64), (65)
and (66), this claim is equivalent to the identity

cp(t) =
∑

k,l∈Z : k2+l2=p

Qk,l(t), (67)

which we have verified using Mathematica for all p ≤ 12. Putting all this together yields the
formula

F (t) =
∑
k,l∈Z

Qk,l(t)e
−(k2+l2)t,

which agrees with the distribution function of twice the square of the maximal height of a pair
of non-intersecting Brownian excursions, as discussed in Section 3.

4.6 Higher rank

Suppose r = 2N or r = 2N − 1. In the notation of Section 3, for λ ∈ ZN , let Rλ(t) = Pλ(t) if r
is odd and Rλ(t) = Qλ(t) if r is even. Note that Rλ has degree at most dr, where dr = (r2−1)/4
if r is odd and dr = r2/4 if r is even. In general, we expect the formula (46) to be consistent
with the ansatz

Fn(t) =
∑
λ∈ZN

Rn
λ(t)e

−
∑

i λ
2
i t,

where Rn
λ(t) are polynomials of degree at most dr (depending on λ only through |λi|, i =

1, . . . , N) which satisfy

d

dt
Rn

λ(t) =
(
Ln +

∑
i

λ2i

)
Rn

λ(t),
∑
λ∈ZN

Rn
λ(0) = δn0,

and limn→∞Rn
λ(t) = Rλ(t).

Code availability

An open-source code repository for this work is available on GitHub [17].
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A Proof of the identity (51)

Here we give a proof of the identity (51), namely

n∑
k=0

m∑
l=0

1

λk + µl

n∏
a=0
a̸=k

1

(λa − λk)(λa + λk − µl)(λa + µl)

×
m∏
b=0
b̸=l

1

(µb − µl)(µb + µl − λk)(µb + λk)
= 0,

with the convention that empty products are equal to one and the assumption that each term
in the sum is finite. We first note that we can write the above sum as

S =
m∑
l=0

n∏
a=0

1

λa + µl

m∏
b=0
b̸=l

1

µb − µl
Sl, (68)

where

Sl =
n∑

k=0

n∏
a=0
a̸=k

1

(λa − λk)(λa + λk − µl)

m∏
b=0
b̸=l

1

(µb + µl − λk)(µb + λk)
.

We recall the identity, for x1, . . . , xN distinct,

N∑
i=1

∏
j ̸=i

1

xj − xi
= 0. (69)

See, for example, [18, equation (8.17)] for a proof. For each 0 ≤ l ≤ m, taking N = n+m−1, we
extend the sequence λ1, λ2, . . . by defining λn+1, . . . , λN to be µ1 + µl, . . . , µl−1 + µl, µl+1 + µl,
. . . , µm + µl. Note that in this notation,

Sl =
n∑

k=0

N∏
a=0
a̸=k

1

(λa − λk)(λa + λk − µl)
.

Taking xi = λi(λi − µl), (69) implies that

N∑
i=1

∏
j ̸=i

1

(λj − λi)(λj + λi − µl)
= 0

or, equivalently,

Sl = −
m∑

l′=0
l′ ̸=l

n∏
a=0

1

(λa − µl′ − µl)(λa + µl′)

m∏
b=0

b/∈{l,l′}

1

(µb − µl′)(µb + µl + µl′)
.

Substituting this into (68) gives

S =
∑

l,l′ : l ̸=l′

(µl′ − µl)Rl,l′ ,

where

Rl,l′ =
n∏

a=0

1

(λa + µl)(λa + µl′)(λa − µl − µl′)

m∏
b=0
b̸=l

1

µb − µl

m∏
b=0
b̸=l′

1

µb − µl′

m∏
b=0

b/∈{l,l′}

1

µb + µl + µl′
.

Since Rl,l′ = Rl′,l, it follows that S = 0, as required.
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