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Abstract. A (d + 1)-dimensional field theory with a periodic spatial dimension may be
approximated by a d-dimensional theory with a truncated Kaluza—Klein tower of k fields;
as k — 0o, one recovers the original (d 4+ 1)-dimensional theory. One may similarly expect
that U(1)-valued Maxwell theory may be approximated by Zj-valued gauge theory and that,
as k — oo, one recovers the original Maxwell theory. However, this fails: the k& — oo limit
of Zg-valued gauge theory is flat Maxwell theory with no local degrees of freedom. We
instead construct field theories T such that, with appropriate matter couplings, the k& — oo
limit does recover Maxwell theory in the absence of magnetic monopoles (but with possible
Wilson loops), and show that Ty can be understood as Maxwell theory with the insertion of
a certain nonlocal operator that projects out principal U(1)-bundles that do not arise from
principal Zg-bundles sectors (in particular, projecting out sectors with monopole charges).
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1 Introduction and summary

It is often assumed that the continuous geometric objects characterising a physical system are in
fact limits of some discrete structures. For instance, quantum field theories defined on continuum
spacetime can be successfully approximated by lattice field theories [46] (reviewed in [16, 24, 28,
33, 37, 40]).1 A related construction is dimensional deconstruction [2]: a continuous periodic
dimension S! is equivalent (via a Fourier transform) to an infinite Kaluza—Klein tower of fields,
which may be truncated to obtain a discrete approximation to the continuous S' in Fourier
space.

However, in one well-known case there appears to be a sharp dichotomy between the dis-
crete and the continuous, namely for principal bundles, which are fundamental to gauge theory.
Naively, the Lie group U(1) may be thought of as a continuum limit & — oo of the family of
finite groups

Zy, = {exp(2min/k) | n € Z},

similar to lattice approximations of continuous spacetime, so that one is tempted to regard
a principal Zg-bundle as an approximation to a principal U(1)-bundle. However, in fact a prin-
cipal Zg-bundle differs fundamentally from a principal U(1)-bundle: while generically a princi-
pal U(1)-bundles support a plethora of non-flat connections, any connection on any principal

'Indeed, there have been various arguments, see, e.g., [19], that spacetime should have some fundamental
discreteness, leading to approaches such as causal set theory [8, 34, 41, 44] (reviewed in [20, 43]).


mailto:l.borsten@herts.ac.uk
mailto:h.kim2@herts.ac.uk
https://doi.org/10.3842/SIGMA.2026.068

2 L. Borsten and H. Kim

monopoles | monopoleless sector

Maxwell theory
k — oo

Tk

madmissible

admissible couplings .
couplings

Figure 1. Correspondence between Maxwell theory and the discretised Maxwell theory 7.

Zi-bundle is flat. This has dramatic consequences for gauge theories: the straightforward con-
struction of a Zg-valued gauge theory must be topological [17, 22, 45] and cannot approximate
Maxwell theory, even for very large k. Instead, the kK — oo limit of Zj-valued gauge theories
only captures the flat subsector of Maxwell theory.

This raises the question of whether it is possible to approximate full Maxwell theory in terms
of discrete Zg-valued principal bundles — more abstractly, whether there exists a theory Ty that
complete the missing corner of the diagram:

7y, gauge theory k209 fat Maxwell theory

l I

To? —E22 o 1l Maxwell theory

In this paper, we show that the subsector of Maxwell theory without monopoles®> can be
approximated by a subsector of a theory that we call T (Figure 1); in the & — oo limit, this
subsector of T tends to the monopoleless sector of Maxwell theory. In brief, T is a Zj-valued
gauge theory (that is, the partition function sums over principal Zj-bundles PZk) with a circle-
valued scalar field a transforming as a section of an associated bundle of Pz, and a vector gauge
field A* that is globally defined (i.e., is a connection for the trivial U(1)-bundle U(1) x M on
spacetime M ). In addition to the Zj-valued gauge symmetry, an additional gauge transformation
mixes between a and Af. The two fields a and Af originate respectively from a decomposition
of the Maxwell gauge field A = A° 4+ Af into a flat (but not necessarily globally well-defined)
part A’ and a globally well-defined (but not necessarily flat) part A* (see Section 2.2).

Future directions. The present analysis discretises an Abelian gauge group U(1). A natural
question is whether this may be extended to non-Abelian gauge groups. An immediate obstacle
is the paucity of finite subgroups in the non-Abelian setting. For instance, for G = SU(2),
finite subgroups admit an ADE classification [3, Section 19]; the two infinite families (the cyclic

*More precisely, we must restrict to U(1)-bundles P with vanishing first real Chern class ¢ (P) € H*(M;R) so
that they are flattenable (i.e., admit at least one flat connection). This in turn implies that the monopole fluxes,
defined as fz F4 along any closed surface X, of any connection (flat or otherwise) are vanishing. Note, however,
that in the presence of torsion in H?(M;Z) there will nonetheless be discrete fluxes given by holonomies of the
flat connection, classified by H'(M;U(1)) = hom(H; (M;Z), U(1)).



Discrete Approximations to U(1) Principal Bundles in Abelian Gauge Theory 3

and binary dihedral groups, corresponding to the A,, and D,, series respectively) are not ‘dense’
inside SU(2) in the same way that (J;-; Z, is dense inside U(1); one could instead take countably
infinite subgroups of SU(2), but these are not truly discrete and inherit a nontrivial topology
from SU(2).

Another direction of extension is to (Abelian) p-form electrodynamics, which appears more
feasible. More ambitiously, one can try adjusted higher gauge theory [10], which also admits
a Cech description.

Finally, although we were motivated here by the question of discretising Maxwell theory
using Zj gauge theory, we note that there has been much recent work on discrete gauging,
including both Zj and flat U(1) gauge theories, in the context of generalised symmetries and
the SymTFT paradigm. The literature is too vast to do justice to here, but see for example
[1, 4, 6, 7, 11, 12, 13, 14, 15, 21, 23, 25, 26, 29, 32, 36, 38, 39, 42] and references therein.
It would certainly be interesting to explore generalised symmetries in the discretised model
presented here. For an initial discussion see Section 3.

Organisation of this paper. In Section 2, we formulate the kinematic data of Maxwell
theory in terms of Cech cocycles with respect to an open cover and discretise the data to obtain
the theory Ti. In Section 3, we check that the charges, Wilson lines, and symmetries of 7 agree
with those of the monopoleless sector of Maxwell theory in the limit kK — oo. In Section 4, we
argue that the theory 7 can be constructed ordinary Maxwell theory by inserting a nonlocal
topological projection operator in the path integral.

2 Discretisation of Maxwell theory in the Cech formulation

2.1 The failure of a naive discretisation of Maxwell theory

A principal G-bundle for G a finite group admits exactly one connection, which is always flat and
entirely determined by the bundle data itself [17] (see also [22]). It is therefore immediate that
a naive non-trivial discretisation of Maxwell theory must fail in the sense that the dynamical
degrees of freedom are lost and cannot be recovered. To understand how one might circumvent
this conclusion, it is instructive to begin with standard Maxwell theory and see how the antici-
pated failure follows upon naive discretisation. We do this here; the escape hatch that suggests
itself will then be used in Section 2.3 to construct 7.

Let spacetime M be an oriented manifold. The kinematic data (i.e., the data over which one
sums/integrates in the path integral) of Maxwell theory consists of a principal U(1)-bundle Py )
and a connection A on Pyq). If the bundle Py is pontrivial, then A is only locally defined.
In this case, one may work with the techniques of Cech cohomology. See, for example, [35].
Let M be covered by a sufficiently fine open cover {U; };cr; let each U; be connected for simplicity.
Then the principal bundle Py(;) and the connection A may be described as

gij € C(U;NnU;,U(1)), A; € QI(UZ'),

where C*°(X,Y) is the space of smooth functions f: X — Y and Q! (X) is the space of one-forms
on X, such that

d(ln gij)

o (2.1)

9ii95 = 1, 9ij9ikIkilu,nu,nu, = 1, Ajlvinu; = Ailvinu, +

The data {gij}: jer form a Cech cocycle that describes a principal U(1)-bundle Py(1y on space-
time M, while {4;};cs specifies a connection on Pyy(1).
Now, if one were to replace all occurrences of U(1) by Zj, one would obtain the data

gij € COO(UZ‘,Z]C) = 7y, A; e Ql(Ui), (2.2)
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such that

995 =1, 9iigikgki =1, Ajluinu; = Ailuinu; -

Since g;; are now continuous functions with a discrete codomain Zj, (and since the domain U;

is connected), they are constant functions and may simply be regarded as elements of Zj.

Similarly, since constant functions have zero derivatives, the term dlng;; in (2.1) vanishes, so

that the patchwise defined one-forms A; € Q'(U;) glue together into a one-form A € Q(M).
This naive approach suffers from the following three problems:

1. Decoupling between A and the principal bundle. In (2.2), the principal Zg-bundle Pz,
defined by the cocycle (g;;)ijer bears no relation to the one-form A € Q'(M). Thus, it
is not clear how a k — oo limit would relate A back to a U(1)-bundle obtained as a limit
of sz .

2. All Zy-bundles are flattenable. Another issue is whether a sequence of Zj-bundles Py,
indeed approximates an arbitrary U(1)-bundle. Taking the & — oo limit of (2.2) would
yield a principal U(1)-bundle described by transition maps g;; € U(1) that are constant
functions. However, a generic principal U(1)-bundle is not describable in terms of tran-
sition maps that are constant; a principal U(1)-bundle admits constant transition maps
if and only if it is flattenable, that is, it admits at least one flat connection.? Physically,
this corresponds to requiring the absence of magnetic-monopole charges since a necessary
condition for a principal bundle Py(;) to be flat is that, for any connection A on Py(y),
the magnetic monopole flux fz F4 along any closed surface ¥ vanish;* however, nontrivial
Wilson loops exp(i f7 A) around closed loops 7 can still be present.

3. All principal Z-bundles enjoy a canonical flat connection. Finally, a third point of discon-
tinuity is the fact that, while flattenable principal U(1)-bundles do not have a canonical
flat connection (at least if spacetime M is not simply connected), any principal Zg-bundle
enjoys a canonical flat connection.” Consequently, while associated line bundles of a flat-
tenable principal U(1)-bundle Py ;)s do not have canonical connections, all associated line
bundles of a principal Z;-bundle Pz, always have canonical flat connections. In physics
terms, this means that certain putative terms (that use this flat connection) in the action
that should not be gauge-invariant in the k& — oo limit are nevertheless gauge-invariant at
finite k.

We will resolve these three problems as follows:

1. We decompose the connection A into a flat part A” and a one-form part A? and discretise
them separately. Then A’ retains a link to the principal bundle while A% is connected
to A’ via an additional gauge transformation.

31f spacetime M is trivial, so that there are no noncontractible loops around which we can have Wilson loops,
then this implies that Py(yy is trivial. For M not simply connected, this does not mean that Py(1) is a trivial
bundle, although counterexamples are nontrivial to construct. Abstractly, constant transition maps (gi;)i,jer
correspond to a principal bundle with fibre U(1)6 where (—)5 means a group equipped with the discrete topology
(rather than the ordinary topology of Lie groups), so that such a bundle is given by the homotopy class of a map
M — BU(1)°, where B(—) denotes the classifying space of a topological group. Thus a principal U(1)-bundle
given by the homotopy class of a map M — BU(1) = CP™ is flattenable if and only if this map factors as
M — BU(1)° — BU(1). However, the structure of the map BG® — BG for general G is very complicated [27],
relating to deep statements such as the Friedlander—Milnor conjecture.

41f Py(1) admits a flat connection A° (hence with curvature Fy, = ())7 then around any closed surface ¥ C M,
the magnetic monopole charge fz F 4, wrapped around that surface vanishes. By Chern-Weil theory [35], even if
one choose a different, non-flat connection A, one always has fz Fy = fz F, =0.

5This is trivially true in the sense that the Lie algebra of the discrete group Zj is the zero-dimensional Lie
algebra 0.
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2. We restrict to the monopoleless sector of Maxwell theory described by a flattenable prin-
cipal U(1)-bundle Py qs.

3. In the discretised theory 7, we restrict matter couplings to those that do not depend on
the canonical flat connections on nontrivial associated bundles. (We call such couplings
admissible.)

2.2 Monopoleless subsector of Maxwell theory

The previous discussion suggests that, in order to discretise the gauge group U(1), one should
restrict to the monopoleless subsector of Maxwell theory, where in the path integral one sums
over only flattenable principal U(1)-bundles. In fact, the monopoleless condition is in fact
natural from the perspective of discrete-valued gauge theories. It is well known [5, 23, 31] (cf.
the reviews [6, 14]) that a matter field with charge k& can Higgs a U(1)-gauge theory down to
a Zj-valued gauge theory. Globally, this mechanism can be used to realise a Zi-valued gauge
theory only when the principal U(1)-bundle is flattenable, i.e., without monopole charges since
the Higgs mechanism requires a nowhere-vanishing ‘vacuum expectation value’® of (for instance)
a charged scalar field ® with charge k, that is, a globally nowhere-vanishing section of the bundle
in which & lives, and this is only possible if ® lives in a topologically trivial bundle, which implies
that the principal U(1)-bundle Py ;) be flattenable. (For a detailed discussion of this point, see
Appendix A.)

In the monopoleless sector of Maxwell theory, any connection (i.e., gauge field) A of a flat-
tenable principal U(1)-bundle Pyys can be (non-uniquely) put in the form

A=A+ A% (2.3)
where A’ is a flat connection (not necessarily defined globally) and A* € Q'(M) is a one-form.”
Of course, since this split is not canonical, one should introduce an additional gauge symmetry

dln.a’ AﬁHAﬁ—dlna

A s A
+ 2mi omi

where v € C*°(M,U(1)) is a globally defined circle-valued function on M.
Furthermore, the flat connection A” may be represented (non-uniquely) as
d(l
p = dna) (2.4)

2mi

where a is a section of an associated complex line bundle L = Py;ys X1 C with respect to the
canonical action of U(1) on C, such that |a| = 1 everywhere.® Of course, we still have U(1)-valued
gauge transformations for A, which we can choose to attribute entirely to A,

dlne

AP s AP 4
2mi

. Abes AR
where ¢ € C*°(M,U(1)) is a globally defined U(1)-valued function.

Thus, the kinematic data describing the monopoleless sector of Maxwell theory are a flat-
tenable U(1)-bundle Py together with a one-form A% € Q1 (M) and a section a € T'(L) of the

SStrictly speaking, we should not speak of the vacuum expectation value of a non-gauge-invariant object such
as @, which is gauge-dependent, but only of the gauge-invariant object |®| [30]; this is intended as a shorthand
for the discussion in Appendix A.

"This split into a locally defined part and a one-form part also appears in, e.g., the computation of partition
functions in the discussion of duality anomalies [9, 18].

8Equivalently, a takes value in an associated circle bundle Pyys x1 St
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associated complex line bundle L = Pyq)s x1 C with |a| = 1 everywhere and subject to gauge
transformations

dlna
27

Af s AR — , a — caa.

Let us examine how to couple the kinematic data (PU(l)a,a, Aﬁ) to matter. Since a was
a gauge parameter introduced to compensate for the non-uniqueness of the split A = AP 4 At
we insist that matter should not transform under « but only under c. If a complex scalar field ¢
transforms as

¢ clo

with charge ¢ € Z, then ¢ is a section of the associated complex line bundle Py;ys x4 C. This
does not have a canonical connection, so expressions such as d¢ are meaningless unless g = 0.
Instead, one could take the combination a~%¢, which is a true scalar field (a section of the trivial
complex line bundle M x C), whose derivatives are well defined, so that one would write

ald(a™9¢) = d¢ — gd(Ina).

However, this does not couple to A and thus is not gauge-invariant with respect to the transfor-
mation by «. Compensating for this yields the gauge-covariant derivative

D¢ = aqld(a9¢) — 27migAt¢ = (d — 27igA)¢ (2.5)

as expected.

2.3 Discretised Maxwell theory
We may now directly discretise the data (PU(1), a, Aﬁ) by replacing U(1) with Z;. After this
replacement, the discretised data are

e a Zj-principal bundle Py, ,

e a one-form Af € Q' (M),

e asection a € I'(Pz, x1C) of the associated complex line bundle such that |a| = 1, where x4
for some q € Z/kZ indicates the associated complex line bundle with respect to the unitary
representation”

Ly, — GL(l; (C),
exp(2win/k) — exp(2wing/k)

gauge-transforming as

dlna
27

Al Al

, a — caa,

where the gauge parameters are aw € C>°(M,U(1)) and ¢ € C*°(M,U(1)). These data define the
kinematic data of the discretised Maxwell theory Ti. Note that, while the gauge parameters «
and ¢ are valued in U(1), the ‘true’ gauge symmetry group is the group of automorphisms of Py, ,
which is Aut(Pz, ) = Zj; this corresponds to the subgroup Z; C C>(M,U(1)).

Q . . . . . . . oy . .
9Since this action is unitary, Pz, xgC carries a canonical hermitian metric, such that the expression |a| makes
sense.
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k

While a is a section of a nontrivial complex line bundle, now a” is a globally defined function

that does not transform under ¢, and hence
kA = (dlna")/(27i) + kA*

is a well-defined and gauge-invariant one-form.

As for Maxwell theory, matter fields are associated bundles of Pz, ; the Zj-representation
then determines how matter should transform under ¢. (As in Section 2.2, we require that
matter transform only under ¢, not under «.) For instance, a complex scalar field ¢ with
charge ¢ is a section of the associated complex line bundle Pz, x5C. It is then clear that ¢ is an
integer modulo k — more abstractly, ¢ € Z/kZ is an element of the Pontryagin dual group Z/kZ
of Zy, which is isomorphic to Zj, itself. (We however notationally distinguish between Z/kZ and
Zy, = {exp(2miZ/k)} for clarity.)

Furthermore, in light of Problem 3 above, derivatives of sections of nontrivial associated
bundles of Pz, are forbidden, even though they have canonical flat connections (at finite k). For
brevity, let us say that a coupling is inadmissible if it involves using the canonical flat connection
of a nontrivial associated bundle of Pz, and admissible otherwise. Concretely, this means that
if ¢ € F(sz Xg C) is a complex scalar field with charge ¢ € Z/kZ, an instance of an inadmissible
coupling is

d¢ A xdo, (2.6)

since we are taking the derivative of a section ¢ of a nontrivial bundle. Instead, an example of
an admissible coupling is

DD A «DD g,
where
DD = qld(a"9¢) — 2migAte (2.7)

is the same expression as (2.5) for the monopoleless sector of Maxwell theory. The expres-
sion (2.6) is inadmissible since it involves directly taking a derivative of ¢ € F(sz Xg (C), which
uses the canonical flat connection on the bundle Pz, x5 C. Instead of writing d¢, we must first
multiply it by an appropriate power of a, so that a79¢ is a true scalar field, then take the
derivative, then (optionally) multiply it back by a? to land in the original line bundle, i.e.

a’d(a”?¢),

where ¢ € Z is an integer representative of ¢ € Z/kZ. This is, however, not gauge-invariant under
transformations by «, so that we must instead take the gauge-invariant covariant derivative (2.7).
What happens if we change the representative ¢ € Z of ¢ € Z/kZ? Suppose that ¢ = ¢ + k.
Then

DW¢ =t d(a=7*¢) — 2mi(¢ + k)A*¢ = D¢ — 2rik Ao, (2.8)

so that charges can be shifted by multiples of k£ at the cost of producing noncanonical couplings
to the gauge-invariant field kA. (In taking a k& — oo limit, we should hold the charges ¢ fixed,
so that for sufficiently large k, we can always assume |q| < k.)

An action (with, say, a coupling to a complex scalar field ¢) can be straightforwardly written
at finite k:

1 :
S = /(—292F/\*F> — DDy Ax(DDg)", (2.9)
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where F = dA = dA* € Q*(M) and ¢ is a coupling constant. This looks superficially similar
to ordinary Maxwell theory (indeed, it is perturbatively equivalent to it), but A? is no longer
a connection on a principal U(1)-bundle Py(;) but instead a one-form. The kinematic data
(sz,Aﬁ, a) together with the action (2.9) define the theory 7.

Then the claim is that 7 with only admissible couplings to matter tends to Maxwell theory
without monopoles in the k¥ — oo limit when the charges ¢ of the various fields are held fixed.

3 Consistency checks

We must check that the discretised Maxwell theory T; with only admissible couplings to matter
in fact yields the monopoleless sector of Maxwell theory in the limit & — oo. For this, we can
test whether various features of 7, such as the perturbative theory, its matter charges, and
symmetries, approximate those of the monopoleless sector of Maxwell theory.

3.1 Perturbative equivalence

One immediate check is whether the number of local degrees of freedom match between the
monopoleless sector of Maxwell theory and 7. Maxwell theory enjoys d — 2 local degrees of
freedom in d spacetime dimensions transforming as a vector field as does 7y (and unlike pure
Zi-valued gauge theory, which lacks any local degrees of freedom, being purely topological); in
fact, the two theories are equivalent perturbatively, with the exactly the same set of Feynman
diagrams, as follows directly from the action (2.9).

3.2 Matter charges

In Maxwell theory, electric charges correspond to the irreducible representations of U(1), which
are all one-dimensional and in canonical bijection with Z (the Pontryagin dual group of U(1),
see, e.g., [6]). Full Maxwell theory also has magnetic charges, but these are absent by definition
in the monopoleless sector of Maxwell theory.

In the discretised Maxwell theory T, charges correspond to different associated bundles
of Pz, , which are labelled by elements ¢ € Z/kZ. For each ¢, there are inequivalent ways of
writing down a covariant derivative D@ labelled by a choice of a representative ¢ = q + kZ.
However, such terms differ by a noncanonical coupling proportional to & as seen in (2.8), and
there is no corresponding conservation law for ¢ € Z (rather than ¢ € Z/kZ) since the gauge
symmetry is valued in Zj, (the Pontryagin dual to Z/kZ), not in U(1) (the Pontryagin dual to Z).

However, as k tends to infinity, the set of charges Z/kZ of Tj, approximates the set of charges Z
of Maxwell theory.

3.3 Wilson loops

The classification of charges similarly extends to the classification of Wilson loops. For an ordi-
nary gauge theory with a compact gauge group G, along any closed loop « in spacetime M, one
can construct a Wilson loop for any (without loss of generality irreducible) finite-dimensional
representation p of G, representing the holonomy of a particle transforming as p under the gauge
symmetry; in general, the possible Wilson loops are in bijection with the possible charges.

Specialising to the case G = U(1), in Maxwell theory, along any closed loop + in spacetime M,
and for any integer ¢ € Z labelling a (one-dimensional) complex irreducible representation
of U(1), we can construct the Wilson loop

W, [A] = expf 2migA
g

that is invariant under U(1) gauge transformations.
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In the case of the discretised Maxwell theory 7Ty, similarly, one has Wilson loops

W, [A] = exp 7{ q(2miA) = <exp 7{ 2quﬁ> <exp 7{ gdln a>

for ¢ € Z.'9 Note that each of the two factors exp fv 2migA? and exp qudlna are sep-
arately invariant under transformation by ¢ € Zj, but not under gauge transformation by
a € C*°(M,U(1)). Thus, gauge-invariant Wilson loops of 7 are labelled by an integer g € Z in
agreement with those of Maxwell theory.

3.4 Higher-form symmetries

Maxwell theory has a one-form electric symmetry whose Noether current is xF as well as a (d—3)-
form magnetic symmetry whose Noether current is F' [23]. If one restricts to the sector with no
magnetic monopoles, however, the magnetic (d—3)-form symmetry becomes trivial since nothing
is charged under it (equivalently, it does not survive in the cohomology [12]); therefore, the
monopoleless sector of Maxwell theory only has a U(1)-valued one-form symmetry. In addition,
since g;; can be now made to be constant, the cocycle (gi;); jes defines a U(1)-valued Cech one-
cocycle corresponding to a (d — 2)-form symmetry. Assuming M compact (and oriented), then
Poincaré duality then produces a corresponding (d — 1)-cocycle corresponding to a U(1)-valued
one-form symmetry.

The discretised Maxwell theory T has a one-form symmetry given by *dA; in addition, from
the Zj gauge symmetry it has a Zg-valued one-form symmetry and a Zg-valued (d — 2)-form
symmetry, given by the Cech one-cocycle (g;;)i jer and its Poincaré dual, respectively [23] (as
reviewed in, e.g., [6]). Thus, in the limit & — oo where Zj approximates U(1), the sets of
symmetries of T agree with those of the monopoleless sector of Maxwell theory.

4 Discretised Maxwell theory as ordinary Maxwell theory
with nonlocal operator insertion

In this section, we approach the discretised Maxwell theory 7y in a different way. We show
that 7 may be seen as ordinary Maxwell theory with the insertion of a nonlocal operator in the
path integral that projects down to only Zg-principal bundles and which then breaks the gauge
symmetry down to Zj.

The path integral of Maxwell theory on a smooth oriented spacetime M sums over all con-
nections A for all principal U(1)-bundles over M:

Z(M) = > / DA exp(iS[A4]),
PU(l)E[M,BU(l)]

where [M,BU(1)] is the discrete set of all principal U(1)-bundles on M up to topological iso-
morphism.!!

One can insert various operators into this path integral. Consider the topological nonlocal
operator O, whose value is'?

O[Py(1), A] = ##{isomorphism classes of Z-bundles giving rise to Py1)}.

10The latter factor does not vanish since d1lna is closed but not exact: Ina is not globally defined.

" Or, equivalently, the set of homotopy classes of continuous maps from M to the classifying space BU(1) = CP*
(infinite-dimensional complex projective space) of the Lie group U(1).

12Here, ‘arises from a Zg-principal bundle’ means that the transition maps gij can be taken to be constant and
valued in Zg; equivalently, the continuous map fyay: M — BU(1) whose homotopy class defines the principal
U(1)-bundle Pyyy in fact factorises as fy(1) = Beo fz, where Bi: BZy — BU(1) is induced by the group inclusion
t: Zr — U(1). Non-isomorphic principal Zg-bundles can give rise to isomorphic U(1)-bundles: for example, on
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(In particular, if Pyy(1) does not arise from any principal Zg-bundle, then O [PU(U, A} = 0; this is
the case whenever Py1) is not ﬂattenable.) The operator O is a topological operator since it does
not depend on the connection A; it is a nonlocal operator because it is not the integral of a local
quantity (unlike operators for Chern numbers, which are expressible as integrals of quantities
constructed from the curvature of A). To give a concrete example of such an operator, recall that
a flattenable U(1)-bundle Pyy(;) can arise from a Z-bundle if and only if ke; (PU(l)) = 0. This
condition can be imposed by inserting a Dirac delta 6(/<:cl (PU(l))) into the partition function
via a BF-type term

/DBexp(ék/ B/\FA),
T JM

where B is a (d — 2)-form Lagrange multiplier field, imposing

Fy
k— =0

27 ’
which implies kci(Py(1)) = 0. However, each Py(;) surviving this condition could have arisen
from k(M) inequivalent Zj-bundles, where by (M) is the first Betti number of M, so we should

include the multiplicity factor:

O[PU(l)vA] _kbl(M)/DBeXp<;k /MB/\FA>

™

If one considers the path integral with O inserted as

Z(M) = > / DAO [Py, A] exp(iS[A]),
PU(1>E[M,BU(1)]

the sum then restricts to a sum over those U(1)-bundles that arise from Zg-bundles; by con-
struction these are always flattenable so that one can decompose A into a and A* as in (2.3)
and (2.4), and then the Maxwell action then reduces to that of 7y theory.

To summarise: a continuous Maxwell theory on a U(1)-bundle Py;y will restrict to a Ty
if Py(p) is flattenable and kcy (PU(l)) = 0. Note, however, that the definition of a T theory
is independent of any continuous Maxwell theory origin. When a continuous Maxwell theory
restricts to a T, there exist transition functions that give cocycles in H'(M;Z;,) along with the
corresponding discrete holonomies valued in Zj.

A Monopolelessness from the Higgs mechanism

Let us justify the claim made in Section 2.2 that the monopoleless condition appears naturally
in Higgsing a U(1)-gauge theory down to a Zi-valued gauge theory using matter with charge k.

Consider the Lagrangian of a complex scalar field ® of charge k coupled to Maxwell theory
and subject to a Mexican-hat potential V' (|®|) on a compact, oriented, and connected (but not
necessarily simply connected) spacetime M. If spacetime M is not simply connected, then one

a circle S', there are k inequivalent Zg-bundles (classified by group homomorphisms Z 2 7 (S') — Zg), but these
all give rise to the trivial U(1)-bundle on S' up to isomorphisms of principal U(1)-bundles (in fact, there is only
one U(1)-bundle on S' since H? (Sl) =0is trivial). The number of inequivalent Z;-bundles that give rise to a fixed
U(1)-bundle Py y) is k**, where b1 = dim H'(M;Z). This follows from reducing the integral cohomology modulo &
in the morphism H'(M;Z) — (Zx)" C H'(M;Zy) = hom(H(M;Z),Zx) = (Zi)"* @ hom(Tors(Hy(M;Z)), Zy),
where Tors(—) denotes the torsion component of a finitely generated Abelian group. (Note that the choices in
hom(Tors(H: (M;Z)),Z;) will give rise to inequivalent U(1)-bundles, whereas we are only counting those Zj-
bundles yielding a fixed PU(I)-)
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can put twisted boundary conditions for a complex scalar field on M; such boundary conditions
are then classified by group homomorphisms

x: m(M)— GL(1;C),

where 71 (M) is the fundamental group of M, specifying the compatible holonomies of ® across
each non-contractible cocycle. Then ® is a section of the complex bundle

L= LX (29 (PU(I) Xk C), (Al)

where Py is the principal U(1)-bundle of Maxwell theory, and Ly is the flat complex line
bundle on M whose sections are uncharged scalar fields obeying the twisted boundary conditions
given by x. Note that L admits a Hermitian metric (since the one-dimensional representation
of U(1) with charge k is unitary), so it makes sense to speak of |®|, which is merely a function
|®|: M — R rather than the section of a nontrivial fibre bundle.

We then carry out the usual discussion of the Higgs mechanism. The Lagrangian density is

1
L= —g gl AF = (D®) A x(DD) — V(|D]),

where
D =d+ 27ikA

is the covariant derivative. Supposing that V' (|®|) has a minimum at |®| = v (and at no other
value of |®|), we may uniquely decompose (as long as |®(x)| vanishes nowhere)

B(x) = jﬁw + ¢()) exp(i6(x)),

where ¢(x) is a real scalar field, and 6 is a section of the circle bundle associated to L. Define
B =A+d96, G =dB.

In this parameterisation, the Lagrangian density becomes
1 1 1
L= —Q—gQG NG = Sdp Axdd = V(e +0v) = v+ $)2(d0 + kA) A x(df + kA).

Now, ¢ takes the form of a massive scalar with squared mass given by the second derivative of V.
If we can gauge-fix 6 to some specific value, then this would be equivalent to the Proca action
for a massive vector field coupled to the massive scalar ¢. This requires that 6 be globally well
defined, i.e., that the circle bundle associated to L have a global section. This is only possible
if L is topologically the trivial complex line bundle. This, in turn, is only possible if Py is
flattenable. (In that case, one can take Ly = Py(1) X, C in (A.1) since Py(q) x _x C admits
a flat connection.) Otherwise, # only admits local sections, and the global physics differs from
a Proca field even though the local physics is the same.

Since the local physics agrees with that of a Proca field, the spectrum is gapped, and in the
deep infrared one has at most a topological theory. The argument of [5] requires passing to the
deep infrared and keeping only the term A A xdf; if 6 can be dualised into a (d — 2)-form, this
would yield the action for a BF formulation of Z; gauge theory. For this to work, 6 needs to
take values in the trivial circle bundle, i.e., Py(;) must be flattenable. Equivalently, the equation
of motion for # then requires dA = 0, so that A defines a flat connection for Py(1), which must
be therefore flattenable.
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