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Abstract. We study a class of symmetric coined quantum walks on Hamming graphs,
where the distance between vertices specifies the transition probability. A special model
is the simple quantum walk on the hypercube, which has been discussed in the literature.
Eigenvalues of the unitary operator of the quantum walks are zeros of certain self-reciprocal
polynomials. We obtain a spectral representation of the wave vector, where our systematic
treatment relies on the coin space isomorphic to the state space and the commutative asso-
ciation scheme. The Grover coin is extended to the reflection about a vector in an invariant
subspace of the Terwilliger algebra. The limit distributions of several quantum walks are
obtained.
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1 Introduction

Random walks on graphs are a typical research topic for finite-state Markov chains. In particular,
random walks on cycles and on the hypercube are classical topics, which can be viewed as random
walks with the elements of a finite group as their state space. See [7] and references therein.

A simple random walk on the hypercube is a finite Markov chain defined on a state space
where each vertex on the hypercube is binary-valued, with transitions occurring only between
adjacent vertices. If the dimension of the hypercube is d, the state space can be viewed as
a d-digit binary number, with transitions occurring only between numbers that differ by only
one digit. In this study, we first discuss more general random walks on finite sets. There are
two directions of extension related to this study: one extends the transition probability, allowing
transitions to occur between vertices that are not necessarily adjacent. Such random walks are
sometimes called long-range random walks. There are several studies on such random walks;
see [6] and references there in. The other extends the state space, defined on a state space where
each vertex on the hypercube is n-valued. Here, two states that differ at only one vertex are
called adjacent. A graph in which adjacency is represented by edges is called a Hamming graph.
The Hamming graph is a model of a word of length d consisting of n characters. The number
of different characters in two words is the distance in this paper, and is called the Hamming
distance. One motivation for considering Hamming graphs is that they are a fundamental object
in string processing, including coding theory [2, Chapter 1].

Another motivation for considering Hamming graphs is an interest in group representations
and orthogonal polynomials. The transition probability of a simple random walk on the hy-
percube is invariant under the action of the hyperoctahedral group, and therefore its spectral
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representation is given by Krawtchouk polynomials, associated with zonal spherical functions [7,
Chapter 3]. Hora [11] established that the spectral representation of the transition probability
of a class of random walks on the Hamming graph has Krawtchouk polynomial eigenfunctions.

Quantum walks are motivated by search algorithms in quantum computing. While not
Markov chains, they are models that incorporate randomness in the quantum mechanical sense.
A class of such models is a coined, or discrete-time quantum walk on finite graphs introduced
by Aharonov et al. [1]. They discussed quantum walks on cycles, and quantum walks on various
finite graphs have been explored in the literature. However, coined quantum walks are harder
to analyse than random walks, and explicit results are limited to a few models.

Within this context, quantum walks on the hypercube have been the subject of study by
numerous authors since [15], and even the early paper [16], which proposed using quantum walks
for search, considered quantum walks on the hypercube. However, to the authors’ knowledge,
results concerning coined quantum walks on the hypercube are limited to those associated with
the simple random walk, and there are no results for general Hamming graphs. While results for
continuous-time quantum walks on Hamming graphs exist [4], continuous-time quantum walks
are a significantly different model from coined quantum walks, and their analysis is usually not
as hard as that of coined quantum walks.

Regarding the methods, for coined quantum walks on the hypercube associated with the
simple random walk, [15] and [14] perform direct matrix calculations, while [16] and subsequent
papers obtain results through quantum walks on the interval defined by the distance. The
latter has the advantage of being able to use the results of the birth-death process, as in [10].
However, it seems difficult to extend these methods to more general quantum walks discussed
in this paper.

In this paper, we discuss a class of symmetric coined quantum walks on Hamming graphs,
where the distance between vertices specifies the transition probability by using the commutative
association scheme. Section 2 introduces random walks on the hypercube and Hamming graphs,
on which the class of quantum walks considered in this paper is based. While these results are
known, describing them using the commutative association scheme prepares the stage for the
next section. Section 3 describes the class of quantum walks considered in this paper. We prepare
a coin space isomorphic to the state space and introduce the evolution operator. The coin oper-
ator is the reflection about a vector in an invariant subspace of the Terwilliger algebra. We then
give the Fourier transform. Section 4 discusses the zeros of self-reciprocal polynomials. We show
that these zeros are aligned on the unit circle in the complex plane, and provide an explicit form
for special cases. These zeros are eigenvalues of the evolution operator. Section 5 presents the
main result of this paper: the spectral representation of the wave vector using the Krawtchouk
polynomials. When each vertex is binary, i.e., the hypercube, a particularly explicit form is ob-
tained. In Section 6, as an application of the spectral representation of the wave vector obtained
in Section 5, we give limiting distributions for various quantum walks. We also reproduce known
results for quantum walks associated with simple random walks on the hypercube as special cases.

2 The class of random walks

We begin with a quick review of the Hamming graph and some related notions. See [3, Chap-
ter IT1] and [2, Chapter 2] for details. Let a state space X = {0,1,...,n — 1}¢ where d,n > 2. Set
O(z,y) = |{i | i # yi}| for = (z;),y = (y;) € X. The distance 9 induces a relation X x X by
(x,y) € Ry < d(x,y) =14,1 € {0,1,...,d}. A pair of a finite set and a relation satisfying certain
conditions is called an association scheme, and the association scheme (X , {Ri}ie{o,...,d}) intro-
duced here is specifically called the Hamming scheme. The advantage of formulating a problem
using an association scheme is that it can reduce the need to perform direct matrix calculations,
as will be demonstrated throughout this paper.
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An undirected graph (X, R;) with vertices X and edges R; is called a Hamming graph H(d,n)
(or the hypercube if n = 2). The adjacency matrix A; is defined by

(A') _ 1 if (:p,y) € R;,
VY00 if (2, y) ¢ Ry

Let A be the vector subspace of the matrices Mx(C) spanned by Ay, Ai,...,Ag. Here, A is
commutative with the matrix product, and called a Bose—Mesner algebra. Set k; = [{y € X |
d(x,y) = i}| (the right-hand side being independent of x € X), where k; is the degree of
each vertex. Commutative Ag, Ay,..., Aq are simultaneously diagonalised by primitive idem-
potents Ey, E1, ..., E4in A satisfying E;E; = E;6; j. Here Ey denotes the matrix whose entries
are all 1/n?. The base change determines the coefficients p;(j) and ¢;()

A = Zm(j)Ej’ n'E; = qu)Aj- (2.1)

In terms of the Krawtchouk polynomials

min{i,j}

K= > cve-v(]) (1) 22)

l=max{0,i+j—d}

we have [3, Section II1.2]

. . . (d
pl) = ) = Kild), where = i(0) = (0= 1 (). (2.3
The generating function for the Krawtchouk polynomials is

d

ST K()s = (L+ (n — 1)s) (1 — ).

=0

Orthogonality is with respect to the Binomial distribution,

oo () (1) (3)" s (2)

Another version of Krawtchouk polynomials with different normalization found in literature
is [12, Section 1.10]

Ki(j)

Kq

= ol (—i,—j; —d;n/(n — 1)),

which are the zonal spherical functions of the permutation group S, 1 Sg on X.
Hora [11] discussed random walks on the Hamming graph H(d,n) with transition probability
matrix P. He assumed a spatial symmetry of P that it is constant on each orbit R;:

d(z,y) = 8(:):’,y’) = (Play= Py (2.4)

or equivalently that P belongs to Bose-Mesner algebra A.
Under this assumption, the transition probability takes the form of

r3

d 4 d
=0

LA;, where w; > 0, Zwi =1. (2.5)

g i=0

S

=
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Let Pi(h), t € N:= {0,1,...} denote the t-step transition probability (Pt)xy for (x,y) € Ry,.
Hora [11] established a spectral representation ’

d
1
Pi(h) = mngm(h), he{0,1,...,d} (2.6)
i=0
with eigenvalues
d_ o 4w
mzZH—ij) =Z;§Ki<j), i€{0,1,...,d}. (2.7)
7=0 7=0

d d d
P=>" = "pi(i)E;=>_ piE
Kj “
=0 7=0 7=0
holds by (2.1), we have
d 1 d d 1 d d
P' = " piE; = i D rhaih)A; = i > A5 A;,
=0 i=0 j=0 i=0 j=0

where the first and last equalities follow from E;E; = E;0;; and (2.3), respectively. We note
that pg =1 and

o <pms<l ie{l...d). (2.8)
For the lower bound in (2.8), see [8, Theorem 1]. If a random walk is irreducible and aperiodic —1
is not an eigenvalue. Since the transition probability (2.5) is symmetric, the stationary distri-
bution is uniform. Hora [11] gave a detailed treatment of the cut-off phenomenon of a simple
random walk (w; = J;1). Collevechio and Griffiths [6] obtained (2.6) for a broad class of random
walks on the hypercube, i.e., H(d,2), which contains the class satisfying assumption (2.4).

We consider a random walk starting from a state of X. Without loss of generality, let the
state be 0. In the standard basis of the vector space C¥, the element corresponding to 0 is
denoted by eg. Then,

d d
wj wj
Pos Z; (Ao Z(; - (Aico): e |z| == 0(0, 2), (2.9)
where {(Ajep)r : * € X} is the standard basis of a T-invariant subspace, called the principal
T-module, of the Terwilliger algebra T' = (A, A*) with respect to eg, where A* = A*(ep) is the
dual Bose-Mesner algebra of A. Furthermore, since P € A by assumption (2.4), we can see that
the state of the random walk is contained in the principal T-module at any given time. For the

Terwilliger algebra, see [2, Section 2.6].

Remark 2.1. The representation of the eigenvalues (2.7) is known in classic Markov chain
theory [8]. Suppose we have a Markov chain {Z; | ¢ > 0} whose stationary distribution is
a binomial distribution of length d and parameter 1 — 1/n, and the transition probability is

P, = (j) <1 - 711)'2 (i)dzgpiffi(z)'

Then, p; has the representation (2.7). This Markov chain {Z; | t > 0} coincides with that of the
distance |z| with the transition probability (2.5) and starting from 0.
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Some examples of random walks on H (d,n) satisfying assumption (2.4) are the following.

Example 2.2 (the simple random walk). A walker at 2 moves to a neighbour y € X satisfying
Jd(z,y) = 1 with equal probability,

ni
i:(sl', izl_i, ) 0,1,...,d.

This random walk is irreducible and periodic if n = 2 and aperiodic otherwise.

Example 2.3 (the independent random walk). A walker at x € X moves to any y € X with
equal probability,

Kj d (n—l)’ .
P = g = . ) i:5i7 717"’7d‘
wi=2% = (1) pi=0i0.  i{01...d)

i nd

This random walk is irreducible and aperiodic. This random walk mixes in exactly one step.

Example 2.4 (the non-local random walk with cardinality m € {2,...,d}). A walker at z € X
moves to y € X satisfying 9(z,y) = m with equal probability,
Ko
wi:(SLm, pi:M, iE{O,l,...,d}.
Rm
If n = 2, this random walk is periodic, and irreducible if m is odd and reducible otherwise.
If n > 3, this random walk is irreducible and aperiodic.

Example 2.5 (the mixture of i.i.d. updates for each coordinate). The cardinality i€ {0, 1,...,d}
is drawn from the binomial distribution of random parameter a € (0,1) following some mixing
measure. A walker at * € X moves to y € X satisfying 0(x,y) = ¢ with equal probability.
Collevechio and Griffiths [6] discussed the model of n = 2.

w; = (‘Z) a(l—a)i,  p= (1— "_al> ie{0,1,...,d}.

n

This random walk is irreducible and aperiodic.

3 The class of quantum walks

Let X = {0,1,...,n — 1}? be position and coin space, respectively, equipped with Hilbert
spaces Hp and Hc with bases {|z)},ex and {|y) }yex. The dual bases are denoted by {(z|}zex
and {(y|}yex. A quantum state at step t € N is represented as

W) =Y Y bya®lym),  lyz) = |y) @),

yeX xeX

where {1, ,(t)} € CX*X is called the wave vector. The probability that we observe the quantum
walker at position z € X after t-steps is

Px) = [ty (t).

yeX

The evolution operator for one step of the quantum walk is

U=So(C®I), (3.1)
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where C'= 3" /e Cyy|y)(y'| is called a coin operator in Hc, I is the identity in Hp, and S
is the shift operator defined by

S=> "> lyroyiyal

yeX xeX

Here, x @y is the component-wise sum of d-dimensional vectors x and y of modulo n. This shift
operator reduces to the standard shift operator in quantum walks on a hypercube associated
with the simple random walk used in [14, 15, 16], when n = 2 and y is an element of the
standard basis of the vector space C%. Furthermore, S™ = I. Thus, S is a natural extension of
the standard shift operator. Applying U, we obtain the one-step transition of components of
the wave vector:

wyzt‘f' ZZU,,ym’wyx()

yeXax'eX

= Z Cy,y’wy’,xea(nfl)y(t)a r,ye X, t >0, (3.2)
yeX

where

(n—1)-times

Bn—1y=oydyoyd--- DYy

and

U= Z Z Z Z U, ,x;y/,m/|yax><y/7x/|‘

yeXyeXzxzeXr'eX

We consider a class of coined quantum walks on Hamming graph H(d,n) stimulated by
random walks discussed in the previous section. As for the coin operator, we take a common
choice, so called Szegedy’s walk [17], associated with the random walk determined by the tran-
sition probability (2.5). Namely, (2.9) determines

[w),,| W
Cy7y’ = 2\/ PO,yPO,y’ - 53/ y =2 /-£|y|| H:y || - 5y,y’a Y, y' € X. (3-3)
yl My’

We can confirm that C is orthogonal. This coin operator reduces to the standard d-dimensional
Grover coin in quantum walks on a hypercube associated with the simple random walk used
n [15, 16], when n = 2 and w; = ;1. Since

ZZ Wiy| Wiy'| ) (|
vex yex | Ml “Iyl

is a projection operator to the principal T-module, C' is a reflection about a unit vector in the
principal T-module with respect to 0. We set the initial state

Wiy

Vya(0) =620,/ —  zy€X, (3.4)
Rlyl

which means that the quantum walk starts from position 0 with law (2.9) in the coin space

Wy (O)2 = 6ro—, 2z yeX,
“Iy\
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where 37 ¢ > ex |¢y7x(0)]2 = 1, since ),y wyy| /|y = 1. Moreover, the initial coin

wly /
E A i€0)y|Y)
yeX |y| yEX 1= 0

is the unit vector in the principal T-module. An observation here is that {1, .(t)} € R**X for
all t € N.

To solve (3.2), we employ the Fourier transform in the position space, which is standard in
analyses of quantum walks on graphs [1],

%g Zggxwya:

xEX

and the inverse transform

¢y:}c \/—ZC U%g )

£eX

where ¢ = e2™V-1/n ¢4 = Zle &x;. We have

iy,ﬁ(t rzzqg yywy PH(n— 1)y \/72 ZCEQE@y)C ’¢yz()

yeXzxeX yeXaz'eX

= C{y Z Cy,y’wy’,f(t)7 y:f € Xa t> Oa (35>

y'eX

where in the second equality we set 2’ = z & (n — 1)y and used (% = ¢¢@m) = (&@'SY)
since ("¢¥ = 1. The advantage of working in the ¢-coordinate is that (3.5) becomes a system of
equations that is separated with respect to each £. Although (3.5) is not separated in the coin
space, it can be solved, as we will see in Section 5.

4 Zeros of a self-reciprocal polynomial

A polynomial p,(z) of degree n is self-reciprocal if p,(z) = p}(2), pi(z) := z2"pn(1/Z). The
distribution of the zeros of such a polynomial are interesting in their own right. At the end
of this section, we will see that the zeros are the eigenvalues of the evolution operator of the
quantum walks. The following result is anticipated because U is unitary.

Lemma 4.1. For constant p € [-1/(n —1),1], n > 2, all of the zeros of polynomial

n—1

z"+2pZzi+1, zeC (4.1)
i=1

are on the unit circle, namely, {z € C | |z| = 1}.
Proof. Suppose 1 > p > 0. The polynomial (4.1) is self-reciprocal and represented as

n—1

pn(z) = 2" + QpZ 21l = 2qn1(2) + gy (2),
i=1
where g,—1(2) = 2"+ p Y1 02 2. According to Chen [5, Theorem 1], all the zeros of p,(z) lie
on the unit circle if all the zeros of ¢,,—1(z) are in or on the unit circle. By the Enestrom-Kakeya
theorem, all the zeros of ¢,—1(z) lie in or on the unit circle since 1 > p > 0. Therefore, the
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assertion holds. If p = 0, the zeros are the n-th roots of —1. Finally, suppose —1/(n—1) < p < 0.
Theorem 1 of Lakatos and Losonczi [13] says that all the zeros of a self-reciprocal polynomial

Yoo a;z%, a; = an_;, i € {0,...,n} are on the unit circle if
=
ol 2 53l
and p,(z) satisfies this if —1/(n—1) < p<1/(n—1). [
In the following, we assume n is prime, namely, (¥ = e2mV=lk/n | o {1,2,...,n— 1} are the

primitive roots of unity. This assumption makes following expressions explicit. We collect some
properties of the zeros of the polynomial (4.1).

Proposition 4.2. Assume n is a prime. If unity is a zero of the polynomial (4.1), then
p=—1/(n—1), and if a primitive root of unity is a zero, then p = 1.

Proof. The first assertion follows immediately. The second assertion follows by

n—1 n—1 1 Ckn
ki __ ki _ - —
Zg _Zg —1= [ ¢F —1=-1, ke{l,...,n—1},
=1 1=0
where ¢ = e2mV=1/n |

Proposition 4.3. For prime n (> 3), the zeros of the polynomial (4.1) are —1 and the following:
(i) if p =1, the primitive roots of unity (¥ = 2™V =Ik/n | ¢ {1,2,...,n—1};
(ii) if p=0, —C¥, k€ {1,2,...,n—1};

(vit) if p=—1/(n—1), unity, and those on the unit circle except for £1 and the primitive roots
of unity if n > 5.

Proof. (i) The polynomial factors as (z+1)(z" "' +2""2+-.-+2+1). Since the second factor
is the n-th cyclotomic polynomial, the zeros are the n-th primitive roots of unity. (i7) Similar
to (). (i7i) The polynomial factors as

(z — 1)2(z + 1){?217” (n - 2BJ - 1) z:ff }

The last factor is a polynomial of order n — 3. The zeros of the polynomial are on the unit circle
by Lemma 4.1, and not the primitive roots of unity by Proposition 4.2 |

In the following part of this paper, the zeros of the polynomial (4.1) with replacing z by —z:

n—1
(—2)"+2p) (-2)'+1, z€C (4.2)
=1

appear.

Remark 4.4. If n = 2, (4.2) gives 2p = 2+ 1/z and the real part of the zeros is p, since a zero
is on the unit circle. The mapping z — z + 1/z is a conformal map known as the Joukowsky
transform. The Joukowsky transform maps the unit circle to the real interval [—2,2]. For
a prime n > 3, we have
1 1
2p = n—1

-+ -,
A nol i
Zz_l Zl—l
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The mapping z — 1/ ZZ_I Zi41/ ZZ | 2 'is also a conformal map which maps the unit circle
to the real interval. The argument 6 of a zero satisfies

Proposition 4.5. Consider a random walk on a Hamming graph H(d,n), d > 2 and prime n
satisfying assumption (2.4). Any eigenvalue of the evolution operator (3.1) of the quantum walk
with coin operator (3.3) is a zero of the polynomial (4.2) with p = p¢| for some § € X.

We prepare a lemma to prove Proposition 4.5. It provides the Fourier transform of functions
of |z| = 9(0, z) by the characters of the direct product of the cyclic groups of order n.

Lemma 4.6. For any function f: {0,1,...,d} — C and prime n, we have
d
SRR =D K(EDFG), e X, ke{l,...,n—1} (4.3)
zeX 7=0
and
d
SR = ) K1) fG),  zeX, ke{l,...,n—1}, (4.4)
feX 7=0

where ( = e2mV=1/n,
Proof. Since (/" =1 for j € Z,

n—1 ' 1— ijn

kjl __ I ; _
;g =10 1=-1, jke{l,...,n—1}, (4.5)
where ¢*7 =e2mV—1kj/n # 1 since n is prime. Without loss of generality, we assume &1, ..., §¢ >0
and {gp = -0 = & = 0. Fix |2] € {0,...,d}, [ € {0,...,min{[{|,[z]}}, and suppose

Zigs o2 > 0, {in, ik € {1, and 2y zi > 0, i g ) € €L d
The contribution of such z1, ..., z4 to the left-hand side of (4.3) is f(|z|) times

(RS )= (5) (5 v, o

zi. =1

where we used (4.5). Summing up (4.6) in [ yields

min {|§],]2[}
3 (!§\> (‘ !f\) (=) (n — 1)l = K (Je]). (4.7)

z| =1
I=max{0,|z|+[¢|—d}

Summation of (4.7) in |z| is the right-hand side of (4.3). We can confirm (4.4) in the same
manner. |

Remark 4.7. Consider the map 7;: z; ~— (%%, where n(z) = H?Zl n;(w;) = (&% comprises
the character group of the direct product of the cyclic group of order n. If we set f(z) = d,;
and k = 1, then (4.3) reduces to the relation

X =Y, u@)= Y =K, (4.8)
zeX: |z|=j zeX: |z|=j

where X; = . lo|=j T is an element of a Schur-ring over X. This relation is Proposition 2.2
in Sectlon I11, [3] and used to establish (2.3). However, note that (4.8) holds for any n > 2,
while n should be prime for (4.3) if k € {2,...,n —1}.
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An immediate consequence for (2.7) is the following.

Corollary 4.8. We have
w
pe =3 R cex kefl,...n—1). (4.9)
zeX FL'Z‘

Proof of Proposition 4.5. Let [v) =3 v > cx Vy|y, ) and p be an eigenvector and the
eigenvalue of the evolution operator (3.1), respectively. That is, we have

Z Z Uy 2/ Vy 2! = Z Cy,y’”y’,x@(nfl)y = WVyz- (4.10)
yerz'eX y'eX
Let
w|y‘ x
Uy ¢ a, g C5 Vyz
lyl zeX

for some £ € X. We consider the following two cases.
Case 1. Suppose we can take £ such that ZyGX uy¢ 7 0. By the same argument as obtain-
ing (3.5) from (3.2), we recast the right equality of (4.10) into

w
Mcig'yuy,ﬁ = Uyet+ 2% Z Uy’ g (4.11)
[yl y'eX

Summing up both sides of (4.11) in y € X gives

,u,zcyéuyg— Zuyg—i—QZ ly' Zuyyg—Zuyg, (4.12)

yeX yeX yeX y reX yeX
because >, v wy| /K|y = 1. Multiplying by ¢Me ke {l,...,n—1} and summing up both sides
of (4.11) gives
k—1)y- ky-
py (RIS = =3 Uy + 201 D uye, (4.13)
yeX yeX yeX

where we used (4.9). Since ("*¢ = 1, recursive use of (4.13) gives

Py e ==Y Yy 20" g Yy

yeX yeX yeX
) 2y- -2 -1
= WYV e = 20" i D e 21" o D e
yeX yeX yeX
S0 WUCHELYS SR o
yeX yeX
L 1
— (—1) Zuy§+2p\§|z VI Yy,
yeX yeX

where (4.12) is used in the last equality. Since Zye x Uy,¢ 18 non-zero, we have

n—1
—11)" 4 2pi Y (—p) +1=0,
j=1

which shows that p is a zero of the polynomial (4.2).
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Case 2. Suppose ), . x uy¢ = 0 for all { € X. Since

Sy = 3 ST e S Y e =0,

yeX Ryl yeX £eX cex yeX

the vector oy vy, x]y) is in the orthogonal complement of the principal T-module, and (4.10)
reduces t0 vy g (n—1)y = —HVy,.. Therefore, we have

()" vyz = (_“)nilvy,xﬂﬂnfl)y = = Yyaen(n-1)y = Yy

forall z,y € X. If n =2, u =1 or —1, which are the zeros of the polynomial (4.2) with p = —1
and p = 1, respectively. If n > 3, —u is an n-th root of unity, and by Proposition 4.2, it is a zero
of the polynomial (4.2) with p = —-1/(n—1) or p = 1. [

5 Spectral representation of wave vectors

The following spectral representations of the wave vector of the quantum walks on Hamming
graphs are the main results of this paper. In this section, we establish them.

Theorem 5.1 (spectral representation of wave vector). Consider a random walk on a Ham-
ming graph H(d,n), d > 2 and prime n satisfying assumption (2.4) with the eigenvalues
—1/(n—1)<p; <1, j e {1,...,d}. Let u§-1)7 e ,,ugn) be the zeros of the polynomial (4.2)
with p = pj, j € {1,...,d} and assume they are distinct for each j. The wave vector of the
quantum walk with coin operator (3.3) and the initial state (3.4) is represented as

w (lk
Bual®) = g [L S S
vl k=0 1=0
2c ¢ (/L )
xq14+Y Ki(|lzaly|) (—(_k)t<1— ]Z>+ j]Z]}v
{ ]Zl ] 2 onl) T2 e D
where
(i)\n (i)\n—1 n
A N4 (1 - py) (b —pi(—1
o = (1;7)" + (= p) (15")" ™ = pi(=1) -

()" + [n = 205(n — D] ()" = 205~ Sp22(— )"
and ¢ = e2™V=1/n,

We need the assumptions on the eigenvalues and zeros of the polynomial (4.2) to display
the expression in the concise form. For Hamming graphs H(d,2), d > 2 (or the hypercube of
dimension d), we can obtain more explicit results without such assumptions. This is because
the algebraic forms of the zeros of the quadratic polynomial (4.2) are available. In this sense, we
cannot expect to have general and explicit expressions if n > 7. This is because we need zeros
of the polynomial of degree (n — 1) (the unity is always a root of (4.2)), and if n > 7, we need
explicit expressions of the roots of the polynomial of degree larger than 5.

Corollary 5.2 (spectral representation of wave vector, n = 2). Consider a random walk on the
Hamming graph H(d,2), d > 2 satisfying assumption (2.4). The wave vector of the quantum
walks with coin operator (3.3) and the initial state (3.4) is represented as

w J‘rt ft
Yualt) = 5 'y'{1+1 > [ b)) g

vl jrloa LT Patty L= Pt
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t+1 _\t+1
1 (1)) (1)
2 Y | K e
jt lpjl<1 PjH; Pit;

+ Y (A= 0E(|2]) + tKj(|lz @ y)))
j>0: p;=1

+ Y (—1)t[(1—t)Kj(lw|)—tKj(lw@yl)]} (5.2)

J>0: pj=-1

where
pr=piEV=1/1-p%  je{0,....d},
and (p;) are the eigenvalues of the random walk (2.7).

We prepare a proposition to prove Theorem 5.1.

Proposition 5.3. Fir { € X \ {0} and assume —1/(n — 1) < pg < 1 for prime n. Let
MI(SI)’ . ,,u|(£‘) be the zeros of the polynomial (4.2). If they are distinct, the solution of system (3.5)
s represented as

. " 2y " 24 (mg)'] -
Pye(t) = [ (¢ (1= —F )+ 3 By (0), t=20.  (53)
a e ;HC“ i ;HC“ gl

In addition, 1y (t) = 1, 0(0), t > 0.
Proof. Let

Wi ~

Ryl
Then, we recast (3.5) into

w
CEYG et +1) = —¢ye(t) + 2K|'y N bpet),  t=0 (5.4)
Yy yEX

with the initial condition

qsy,&(o) =

wy L
Kly| Vnd
Summing up both sides of (5.4) in y € X gives
DV et ) = =D bty 42y M LS ety = S dyelt), t20. (55)

yeX yeX yeX y y'eX yeX

On the other hand, multiplying ¢*¥¢, k € {1,...,n — 1} and summing up both sides of (5.4)
gives

D CEIEG et 1) = = DT G, () + 20 D duelt), 120, (56)

yeX yeX yeX

where we used (4.9). Since ("¢ = 1, recursive use of (5.6) gives

D yelt) == Uyt — 1)+ 20 > dyelt — 1)

yeX yeX yeX
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=D et —2) = 2p1 Y byt —2) +2p D dyelt —1)

yeX yeX yeX

n—1
= (=) TG (b= 1) + 200 D (1T Byelt — )
j=1

yeX yeX
n—1 .
= (1" Y dyelt —n) + 20 ) (1Y byt —g),  t=m,
yeX j=1 yeX
where (5.5) is used in the last equality. The recurrence relation for
ajg (1) = D_ dye(t)
yeX

is then
n—1
ag|(t) = 2pi) Y (=1 et — 4) + (1) ag(t—n),  t=n (5.7)
Jj=1

with the initial condition

aje () = \/Zfd(QpK ) e, nm i1 ag(0) = \/%d (5.8)

The characteristic polynomial of the recurrence relation (5.7) is (4.2). The zeros of the char-
acteristic polynomials are denoted by Nl(g’ i € {1,...,n}, where ‘,ufg‘)‘ =1,17¢€ {1,...,n}
by Lemma 4.1. Moreover, by Proposition 4.2, they are not the negative of the roots of unity —¢*,
k € Z. The solution of (5.7) is expressed as

LS 00,0y
ae|(t) = —= Y ¢ () s t>0 (5.9)
€l Vi ; e (ep)
for some constants cffl‘), ey cl(gn‘), > c(? = 1. Finding these constants is equivalent to finding

the interpolating polynomial satisfying (5.8) at t = 0,1,...,n — 1. Namely, we have the matrix
equation for ¢ ... ,c(m);

1 1 . 1 ) 1
p) ) M(Q) ) e M(”) ; 2 P
(1) (1) o (™) @] -1 |,
(M(l).) n—1 (M(Z).) n—1 ' (M(n).)nfl C(.n) (2/) _ i)n—2p

where the subfix || is omitted for simplicity. The inverse of the Vandermonde matrix in the
left-hand side has components

i p(p) o
(1 1] ) () i,7€4{1,2,...,n},

where [,uj_l] f(u) represents the coefficient of /! of the polynomial f(u), p(u) is the polyno-
mial (4.2), and p’(p) is its derivative. The solution is (5.1). Substituting (5.9) into (5.4) yields
n t

by e(t) = L% (_C—yf)t _9 ZC(Z') (Iu(i))t (_<y~£M(i))—j

Y€ ' Ry g &l \71€ - €]

7=1
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w — (—¢ve
S G

L+ G
n (1) WO N ON
] [(_g—y-&)t<1 5 26 ‘ ) Y 2¢g (“IEI)' ]
Vi Ky im1 1+ ¢V 5“\3 i=1 1+ Cy'gﬂl(g

In the second equality, we used the fact that ufg‘) # —C*, k € Z. The assertion 1/;%0 (t) = 1/;%0 (0)
immediately follows by (5.4) and (5.5). [

Proof of Theorem 5.1. Since
n—1
> ) = ngogho,  abeZ,

we recast (5.3) into

n—1n-1 I(k—y-£) n 26() n 2(1)( ())
Yyl ¢l k)t ] “lel |§|
o) = [rae =D > 2 | (¢ 1= 7))t ~
"Rl =0 1o T chuly) S+
The inside of the square brackets depends on £ through |£| = (0, &), (4.4) yields

boalt) = wyy ”Zjlnzlglk{H 3 Ges
. Fly

| k=0 1=0

gex\{0}
(i) (@), @
n 2 n 2c (uh)'
% (—C_k)t<1— €] '>+ “lel el ]}
; L+ G ; L+ g
w‘y n—1n— ICM d
- ZZ {1+2Kj(|:z:@ly)
1=0 k=0 j=1
n (i) n o (1) ()\t
2c; 2c; (u- )
—k\?t 7 J J
o A e Piwrcl R Dewwrwond | B
im1 14+ C%p; i1 1+,

Proof of Corollary 5.2. The contribution from pg = 1 gives unity in the curly brackets, as
the last assertion of Proposition 5.3. We begin with the cases with |p¢/| < 1. The recurrence
relation (5.7) is

aig)(t) — 2pigapg(t — 1) +ag(t —2) =0, =2
Ple| _ 1
Vot 0=

The two zeros of the characteristic polynomial z? — 2pjez + 1, denoted by ’ungl and ,u|_£‘, are
distinct. We have

(ig)" + (ig)
2v/24
Substituting (5.10) into (5.3) gives
t A\t
(vje) n (1ig) } ;

'(zyé(t) = {1 T (_1)y'§/~‘|z\ 1+ (_1)y.§ul—£| y,6(0).

With a|§| (1) =

t

a(t) = , t > 0. (5.10)
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It is convenient to work out for each cases of z - £ is even or odd:

Q;y»:(lt)—{lﬂ_l)y£ ()’ n (1) . 1—(—1)*¢ [ ()" N (”Iﬂ)t”~
’ 2

¥ — — T -
Lty 14mg 2 L—pyg 1= pg
This contributes to the inverse Fourier transform as

2d1+1 Wiy| Z{[ (i)’ . ('ul_ﬁ)t_](_l)—:v{

=1\ R R

_ [ (ki)™ N (1) ](_1)(:1069?4)'5}

Jr J—
1= P\swa 1= Preiyg

_ 2d1+1 Wy Z{[ )’ (Mj)t]Kj(,x|)

1— pjpf i Pk

B [(:uj)t—H . (Nj)t+1] (|xeay\)}

L—pjuf  1—pjh;

where the last equality follows by Lemma 4.6. For the cases with pj¢ = £1, we have

) 1 Prel =1
Py e(t) = 1/1y£( ) {(1 —2t)(-1)t, Ple| = —1
for even y - £ and

1-— Qt, p|€‘ = 1,

¢y7é(t) = wyé(t) {(_1)1&’ ple| = —

for odd y - . These expressions provide the two last lines of (5.2). Summing up all the contri-
butions, we establish the assertion. |

6 Limit distributions

Since the probability function P;(z), x € X does not converge as ¢ — oo, Aharonov et al. [1]
defined the limit distribution of a quantum walk as the average over infinitely long time

T-1
Pa)= lim =3 Pix)= lim =3 > [y
R t=0 yeX

Intuitively, this quantity captures the proportion of time which the quantum walker spends in
state . In the following calculations, we use

Tl
lim — Y eV =4, C.
Jim 73 S

6.1 Hamming graphs H(d,2) (hypercube)

For Hamming graphs H(d,2), we have seen that (5.2) gives an explicit expression of a spectral
representation of the wave vector of the quantum walks. Suppose the eigenvalues of the random
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walk satisfy |p;| < 1, j € {1,...,d} are distinct, and the eigenvalues of the evolution opera-
tor uj and p;, j € {1,...,d} are distinct. The mixture of i.i.d. updates for each coordinate
(Example 2.5) for generic distribution of « is an example satisfying this assumption. Then, the
limit distribution is

w d ()12 (e 2
Ploy= L4 1 Zw{zl{fijglg} +{KJ<1|_6229\>}

d d

1 1 1 Wy x~ 1K (|2]) — Kj(Ja @ y[)}

_ K. 2 Y )7 J

e U+ g Y —
7j=1 yeX 7j=1 J

=1

20,
— 1 K2 K (e & y))
Pj

2(d ~ [z]) (2lal
d— |z x (M d K (|x)) — Ko 2
:< 2 >(| >+2,14d{1+2%22{” (2 ~ Kyllz &) }
j:

2
2.4d<d> — P
]

where we used [9, Theorem 3.1.3]

SO (e = <2(dd:’¥")) <2'|f"> 62)

! <|§ci|>

The expression (6.1) has an interpretation: the limit distribution is the half-and-half mixture of
the discrete arcsine law and another probability distribution, because

SCL G new

is the probability mass function of the discrete arcsine law. The limit distribution (6.1) is has
a symimetry,

yeX

(6.1)

P(z) = P(1 —x), (6.3)
because if n = 2 the identity K;(|1 — z|) = K;(d — |z|) = (=1)7(|z|) follows by (2.2).

Example 6.1 (the simple quantum walk). The simple random walk was introduced in Exam-
ple 2.2. All the eigenvalues of the random walk are distinct and p; = —1. For the wave vector
of the quantum walk, the last line of (5.2) yields

27111 2(—1)1‘/[(1 — ) Kq(|z|) — tKq(|z @ y|)]
= 217 %(_1)’5 [(1 — t)(_l)h‘ — t(—1)|$@y‘] — %(_1)754_‘34’

since |y| = 1. The limit distribution is

(2(d— wl)) (2!96\) .

sy N A=l ) \ sl 1 1 2y = (i K () — K(lz @ y)))?

)= 5 4d<d> 4d+2d-4dz_; 1—p? ‘
= el g
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This coincides with equation 13 in Ho et al. [10] by the following identity. This limit distribution
has the symmetry (6.3).

Proposition 6.2. For j € {1,...,d—1} and p; =1 —2j/d,

> fi(el) = Ko DY = (1= 5) el (el - 1) - Kool 4 D), (00

z: |z|=1
where x € X.
Proof. If || = 0 or d, the equality holds because p;K;(0) = K;(1) and p; K;(d) = K;(d — 1),
respectively. Otherwise, expanding the left-hand side of (6.4) yields
d{p; Kj(|z)}* — 2p; 5 (J2)){(d — |2 ) K (|z] + 1) + |2 K;(|z] — 1)}
+(d = |2 { K (2] + DY + Jel{ K5 (] — 1)}
We recast this into the right-hand side of (6.4) by expressing K;(|z|) with K;(Jz| — 1) and

Kj;(Jz| + 1) by using the three-term recurrence relation of the Krawtchouk polynomials [12,
equation (1.10.3)]:

éKj(i_UJr (1-2) Kij(i+1) = (1—2;) K@), iefl,...,d—1}. ]

Example 6.3 (the independent quantum walk). The independent random walk was introduced
in Example 2.3. The eigenvalues of this random walk degenerate. For the quantum walk, the
wave vector is

Pyo(t) = 23}1/2{1 - %[(\/fl)t (VD) (%00 — 1)

~ 5D+ (VD) @0 - 1 |-

N —

The limit distribution is

_ 1 1 1 1
Ple) = (z‘zd)%“z.zdﬂw-

As d — oo, this is the half-and-half mixture of the atom at the origin and the uniform distribu-
tion. The limit distribution does not have the symmetry (6.3).

Example 6.4 (the non-local quantum walk). The non-local random walk was introduced in
Example 2.4. To make the expressions explicit, let the cardinality m = 2 and assume d > 3 is
odd. Then,

Ks(i) 44 442 1 .
; = =1— — , 0,...,d},
= i—1taa-n > o= et '
where p; = pg—i, i € {0,...,d}. For the wave vector of the quantum walk, the second last line
of (6.1) yields
st s (1= O Ka(la]) — 1Kol & )
2d\| d(d — 1) d ALY
1 2 1 2
= — [— 2 T =—p (=Dl gyl = = 2 (1)l
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since |y| = 2. The limit distribution is

o Cinid) G2

P(x) = +
2.4 ( d) !
||
L1 (diﬁ >y =2 i Kj(2]) — Kj(jz @ y])}?
44 d(d —1) = 1—p? ’

which has the symmetry (6.3).

Example 6.5 (the mixture of i.i.d. updates for each coordinate). The limit distribution is the
mixture of (6.1) with the distribution of parameter a € (0,1). If it has the single atom at

€ (0,1)\ {1/2}, we have

o Cioe) (),

R (1) o

— YK (| ( 2
+2y;( rlvl(1 — pyd- \y|z{ (1-2 K(|(1|)— 21")Jj(| Syl)} ’ (6.5)

which has the symmetry (6.3). If » = 1/2, this model reduces to Example 6.3, where the
eigenvalues of the random walk degenerate, while (6.5) reduces to the half-and-half mixture of
the discrete arcsine law and the uniform distribution, where we used

S S () 2(2“_;)) <2) _a

yeX j=0

Here, the first equality follows by (6.2), and the second equality can be obtained by noting that

i 20\ 4_ 1
=\ V1—ds

Figure 1 displays the limit distributions of quantum walks for d = 10. Independent quantum
walk (Example 6.3) and i.i.d. updates with a single atom at » = 0.1, » = 0.49, and » = 0.9
are shown. When r is close to 0 or 1, large probability masses are concentrated around 0
and (1,...,1). These are similar to the simple quantum walks (Example 6.1) in that they are
concave in the center (see [14, Figure 2]). If r = 0.49, the limit distribution is close to the
half-and-half mixture of the discrete arcsine law and the uniform distributions, but if r = 1/2
(the independent quantum walk), the symmetry (6.3) breaks down and the component other
than the uniform distribution is piled up at the origin. This drastic change of the behaviour
at r = 1/2 is reminiscent of the fact that the random walk mixes in exactly one step at r = 1/2.

6.2 Hamming graphs H(d,n) for prime n > 3

We prepare the following identities.
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0.5 ;
independent X
r=0.1 +
r=0.49  x
r=0.9 o
0.4
>
2 0.3}
5
.
[
Q
[¢]
S0.2
oy
0.1 ° 0 } . ¥ % a :
O Il Il Il Il
0 2 4 6 8 10
Hamming distance from 0
Figure 1. The limit distributions of some quantum walks.
Proposition 6.6. For odd n > 3, we have
n—1
1 n
= — 6.6)
FT g (
Pt 14+¢ 2
n—1 1k
¢ nooNi-1
> = —(-1) le{l,...,n—1} (6.7)
k ( 9 9 9 9
P 1+¢ 2
n—1
1 n?
(6.8)

(L Ch)(1+ k) 47
where ( = e2nv=1/n

Proof. Note that

9 _1_(_<k)n_n—1 "
L+ 1 (—¢h) _;(C )"
For (6.6), we have
1 n—1n—1 - n 1 n—1 n-l . n 1 n—1 1 — C'm n
22 2 D=3 (U =gk d (g =y
k=0 i=0 i=1 k=0 i=1

For (6.7), we have

n—1n-1 n—1

%Z Z(—l)ick(i—i-l) — g(_l)n—l + % Z (—l)i ch(i_l,-l)

k=0 i=0 i€{0,....n—1}\{n—1} k=0

i€{0,...,n—1}\{n—1}
For (6.8), we have

n—1 n—ln—1n—1 n—1ln—1

I+ <'f)1(1 3R S (Y = ()

k=0 i=0 j=0 1=0 j=0

k=0 (

1 ,
= 5(—1)%[ T3 Z (_1)z71 ot T3
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n—1ln—1

SIHICISERE

i=0 j=0
1 i 1= ¢limn p2
Z Z >, D 1o T 1 .
1=0 5€{0,...,n—1}\{3}
With using these identities, we obtain the following example.

Example 6.7 (the independent quantum walk). The wave vector is

n—1n—1 Clk n—1 git
Vyall nSd/Q ) Z (n*Oogiyo = 1) D 1+ Cik |
=0 k=0 =0

The limit distribution is
_ N1  2n-1) 1 2(n-—1)
P(a:) = <1_n>nd+nQd+1+ (n_nd“ (59570.

As d — oo, this is the (1 — 1/n)-and-1/n mixture of the uniform distribution and the atom at
the origin.

The spectral representations for n > 3 becomes much more involved than those for n = 2.
For the simple random walk of n = 3, the eigenvalues are

3
p0:17 Pd:_1/27 and szl_ﬁ7 36{17277d_1}7

where p; € (—=1/2,1), j € {1,2,...,d — 1}. The corresponding eigenvalues of the evolution
operator of the quantum walk are
—¢, =¢* forpp =1,
1, -1 for pg = _1/2’
1, eXV=1; for pj, j€{1,2,...,d—1},

where
1 d-3j

0: — p.: — = —
CBVITPIT ST Tag

For j € {1,2,...,d — 1},

m__4d @) _ o __ 3
/ 7T T 2(d+3))

Since pg = —1/2 violates the assumption of Theorem 5.1, we consider the contribution
separately. The same argument to obtain Proposition 5.3 yields

(=6

GC | 3(=1)  2(242¢F — (%)
L+Ck_1& 12

2 2

k=1 1=0

for || = d, where we used the fact that y- & # 0 if [{| = d and |y| = 1. Then, the wave vector is

1 2 2 Clk
Yy (t) = 3d\/24 >0 3
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! 2040 2c\2) eV =10;t 2c\?)e=v=10;t
X 1+;Kj(|$®ly‘)<1 _l_]dg + l—ifcke\/jwj + l—iicke_\/?wj>]
2 2 ¢ k 2k
+ 3d\1/@ ;lz; %Kd(|$ ®lyl)| 1 +1C’“ - ?(:?k + 22 +12_<€2k< ) (—43’“)1.
We have
1 d—1 )
Pyalt) = 36&/%{1 + Jz::lcj [Kj(|]) + K;(lz @ y]) — K;(|lz & 2y])]

+ glEallel) + Kl @ 91) — 2Kl © 2] - 3 [Kallal) — Kallz © yl}(-1)

2 (=¢°)
+ [Kalel) + CKalle @ yl) + CKalle © 29])] =
—¢)'
—<

d—

+ Kj(|2]) + K;(|z ® y[)e?V "% + Kj(|z @ 2y[)eV 1]

/\

— [¢Ka(|2]) + Ka(lz ® y|) + CKa(lz ® 2y))] 5

,_n

20( ) \/—7103-16
1+ e3V-10;

2C§2)e*ﬁejt }

‘ ‘ —2v/-16; ‘ —V-16;
+ K (jal) + K;(lz @ yle T Kl & 2y)e ] ey

The limit distribution is

_ 1 4912l 174 + 45|z NG/ 1\l o Ll g
P(r) = 55+~ ) (-, +72M
9 9 8d 9 2 01 £ 1+3j/d

d— 2
1 i(z) + K(lz @ y|) — K;(lz @ 2y|)
Toiol 2 [Z 1+3;j/d

ylyll

K;(lz]) + Kj(Jz @ y|) — K(|z @ 2y])
1%%223 5 3)/d
J=1y:ly|=1

|EDTE DT =2 ()]

K;(|2]) + K (e © y))e¥ ™" + K;(|z @ 2y))e "%
1+3j5/d

where we used Ky(j) = 2%(—1/2)7, j € {0,1,...,d} and Table 1.

Table 1. |z @ y| and |z @ 2y| for |y| =1, y; # 0.
[z@yl |z ® 2y

1‘2‘21 yizl ‘:L’| |x]—1
=1 y,=2 |z|]-1 ||

ri=2 yi=2 |z[  |z[-=1
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