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Abstract. We conjecture affine or Hall-Littlewood analogues of the dual Jacobi-Trudi
identities for orthogonal and symplectic Schur functions indexed by rectangular partitions
of maximal height. These conjectures are then used to derive t-analogues of many known
Rogers—Ramanujan identities for the characters of standard modules of affine Lie alge-
bras. This includes t-analogues of the classical Rogers—Ramanujan identities, (some of)
the Andrews—-Gordon identities and the Cg), AS} and DELQ_?_Q GOW identities. We also
prove an affine analogue of the dual Jacobi—Trudi identity for Schur functions indexed by
rectangular partitions of arbitrary height.
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1 Introduction

1.1 The Jacobi—Trudi and dual Jacobi—Trudi identities

A partition A of length I(\) equal to £ is a weakly decreasing sequence (A1, Ag, ... ) of nonnegative
integers such that A; > 0 for ¢ < £ and A\; =0 for i > ¢. For = (z1,...,2,) and \ a partition,
the Schur function sy (z) is defined as

Aj+n—j
detigigen(a)

B H1<z‘<j<n($i — ;)

sx(z)

if [(A) < n, while sy(x) = 0 if [(A) > n. It is a standard result in the theory of symmetric
functions that s)(z) for I(\) < n corresponds to the character of the polynomial representation
of GL(n,C) indexed by A and admits the combinatorial description

sx(z) = Z zT. (1.1)

TESSY Ty (A

Here SSYT,(\) is the set of semistandard Young tableaux of shape A on {1,...,n}, and

2zl = x{t - xdn, where «; is the number of boxes or squares of T' with filling .
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The complete and elementary symmetric functions h, and e, are the Schur functions for
partitions whose Young diagram consists of a single row or column of r boxes, respectively.
That is,

hy =580y and e =81 = S,

or, more explicitly, hg = eg = 1 and

hr(z) = > Tiy o Tipy,  er(T) = > Tiy * " Ti,

1<i1 <ia < <ir<n 1<iy <ig<--<ir<n

for r a positive integer. Hence e,(x) = 0 for » > n. Also defining e, = h, = 0 for r < 0, two
classical results in the theory of symmetric functions, known as the Jacobi—Trudi identity and
dual Jacobi-Trudi (or Négelsbach—Kostka) identity, express the Schur functions in terms of de-
terminants with entries given by the complete and elementary symmetric functions, respectively,
sx(@) = det (hx—it;(7)) = lgg‘ﬂgk(exg—wj(ﬂ?)). (1.2)
In (1.2), the partition X' is the conjugate of X and k is an arbitrary integer such that \| < k.
Surprisingly little appears to be known about Jacobi—Trudi identities for important general-
isations of the Schur functions such as the Hall-Littlewood, Jack and Macdonald polynomials.
Matsumoto [53, Theorem 5.1] discovered Jacobi-Trudi-like formulas for the Jack polynomials
for partitions of rectangular shape, provided the Jack parameter « is a positive integer or the
reciprocal of a positive integer. In Matsumoto’s formulas, determinants are replaced by hyper-
determinants of (even) order depending on the value of a. This was subsequently generalised to
partitions of near rectangular shape by Belbachir, Boussicault and Luque [8]. In this paper, we
add to these results by proving a dual Jacobi-Trudi formula for ordinary (or GL(n,C)) Hall-
Littlewood polynomials indexed by rectangular shapes and by conjecturing dual Jacobi—Trudi
formulas for B,,, C,, and BC,, Hall-Littlewood polynomials indexed by rectangular partitions of
length n.

1.2 Main results and conjectures

For x = (x1,...,z,) and X\ a partition, let Py(z;t) be the Hall-Littlewood polynomial in-
dexed by A, see Section 2.2 for details. In particular, Py(z;0) = s)(z) and P\(x;1) = my(x),
where m)(x) is the monomial symmetric function.

Our first result is an affine (dual) Jacobi-Trudi formula for Hall-Littlewood polynomials
indexed by partitions of rectangular shape

(k") = (k,k,..., k).
N——
r times
Theorem 1.1. Let k be a positive integer, r a nonnegative integer and x = (x1,...,2,). Then
k(Y8)+iy;
Py (z31) = Z 1<(%(3t<k(t ()+iv Er—itj—ky; (). (1.3)
Y1, Uk€L
Y1+ +yp=0

For y = (y1,...,yr) € ZF, let |y| := y1 + - - - + yx. Then the right-hand side of (1.3) may also
be stated as

k
P(kT) (:U;t) = Z Z Sgn(a) Htk(%)+zyier—i+o‘i—kyi (l‘),

YEQ ogES) i=1
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where @ = {y e ZF | |yl = 0} and S X Q = W(A,glzl), the Weyl group of the affine root
system A,(Cljl [29, 50]. For integers i, k, u such that 1 < i < k, let s;,(u) ::k(g) + fu.
Then (1) s;x(u) > 0, (2) for ¢ < k, s;1(u) = 0 if and only if uw = 0, and (3) sgx(u) = 0 if and
only if w = 0 or u = —1. These facts imply that for y € @, Zle (k: (7’21) + Zyz) = Zle sik(yi) is
strictly positive unless y = (0,...,0). Consequently, for ¢ = 0 the only nonzero contribution to
the sum over y in (1.3) comes from the zero vector. Theorem 1.1 thus generalises the A = (k")
case of the dual Jacobi-Trudi identity (1.2).

For z = (z1,...,2,) and A = (\1,...,\,) a partition, the odd orthogonal, even orthogonal
and symplectic Schur functions s09,,41,1(2), 02,,1(7) and spy, y(x) are defined as [49]*

deti; jen (a7 V77— T2
S02n 1A (T) = B

izt (1= ) H1<i<j<n<37i —x;)(ziw; — 1)’

“NjHj—-1 . Aj+2n—j—1
detiijon (z; + x;” )

o () = f :
" H?:l H1<i<j<n(33i —zj)(zizy — 1)

Al Aj42n—jtl
dety<ijon (z; -’ )

SP2 ,)\(1:) = 3
" T2 (0 = 2) Tcicjn (@i — 25) (i — 1)

where fy = 1if I(A\) = n and f) = 1/2 if [(A\) < n. In (1.4), we have followed the convention
of writing sog,+1,x(2) instead of 09,41 x(x), which stems from the fact that the characters of
the irreducible polynomial representations of O(2n + 1,C) and SO(2n + 1,C) coincide. In the
even case, a similar coincidence between the characters of O(2n,C) and SO(2n, C) only occurs
for I(A\) < n. From the definition, it follows that s02,11,A(Z), 02n,A(%) and spy, »(7) are BC,-
symmetric Laurent polynomials in the sense of [63] in the variables xy,...,z, with integer
coefficients, whose top-degree homogeneous components are given by the Schur function sy (x).
Assuming A C (k™) , the symplectic and odd-orthogonal Schur functions admit analogues of
the dual Jacobi-Trudi identity (1.2) as follows (see, e.g., [75, p. 123] or [24, equations (3.10)
and (3.27)]):

(1.4)

S02n+1,1(2) = 1<C21.(3,t<k(é>\§—i+j(x) + é,\;—i—j+1($)),

1 ) .
3 133‘2]6(6)47%]'(:3) + éx_imjra(2)),

SPap A (T) = 1<(21.‘§.t<k(é)\;—i+j(x) — éxizj(2)),

oo A () =

-1

where é,(z) is shorthand for e, (:ci) =e, (:cl, xfl, ey T, T,

maximal height, i.e., for A\ = (k™), this yields

). For the rectangular partition of

802n+1,(kn) (T) = 1<(}ejﬁ<k(én—i+j($) + éntitj—1(7)), (1.5a)
1 . .

Oz, (k) () = 5 K%tgk(en,iﬂ(:c) + éntitj—2(2)), (1.5b)

SPan, (kn) (T) = 1<C}<3t<k(én_i+j($) — éntit+j(T)), (1.5¢)

where we have also used the symmetry é,(x) = éap—r ().

For A C (k™) and x as above, let P/{B" (z;t,s) denote the B,, Hall-Littlewood polynomial
indexed by A, see Section 2.3. Then Pf" (2;0,0) = s02,4+1.x(x) and Pf" (2;0,1) = ogp \ (). For
the B,, Hall-Littlewood polynomial, we conjecture two affine analogues of (1.5a), the right-hand

!The full set of odd-orthogonal Schur functions includes (1.4) for half-partitions ), i.e., weakly decreasing
n-tuples (A1,...,An) such that \; € Z+1/2 and A\, > %
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sides of which may be identified with the affine root systems Al k) and D,(C _21, respectively. We also
have one analogue of (1.5b), for which we do not have an identification in terms of affine root

systems.

Conjecture 1.2. Let k be a nonnegative integer, © = (z1,...,z,) and é,(z) = e, (F). Then
B, i 1 2_(5_1 il .
Ply(ast,0) = 7 det (<100 () a1 ) (162
yEZk XS =

where K := 2k + 1, and

1 (=LY /- .
Py (i, —t1) = 3 1<‘%‘3.t<k(t2Ky? Um2 (it icys (0) + ntinj-rcyi-1(2)), (1.6b)
yeZk XJ =X

1 L .
Py (w3, 1) = 3 13?%((_1)%”[@1 UmDY (& iy (2) iy —2(2))) (1.6¢)
yeZk X=X

where K := 2k.

For A C (k™) and x as above, let PC" (x;t,s) denote the C,, Hall-Littlewood polynomial
indexed by A. Then PC " (2;0,0) = spg,, x(z). This time we have two conjectural analogues
of (1.5¢), correspondlng to the affine root systems C,(C and Agk) 1» Tespectively.

Conjecture 1.3. Let k be a nonnegative integer, x = (x1,...,zy) and é-(z) = e, (xi) Then
Cn 1K i :
P( )(.’L' t, 0) 1<(%ejt<k(t vi—dvi (en i+j— Kyz< ) en-‘ri-i—j—Kyi(x)))v (1.7&)
yGZk <XOHJ=

where K = 2k + 2, and

P((]iﬁ)(a:; tt) = Z 1<C}(3't<k(t 2K} jyl(en itj—Ky; (T )—én+i+j—Kyi(33)))’ (1.7b)
yEZk <UhJ=
ly| even
where K = 2k.

Finally, let P "(x;t,81,82) denote the BC,, Hall-Littlewood polynomial indexed by .
Then PBC" (x;0, O 0) = spy, A(z) and PFC" (2;0,1,—1) = ogp a(x). Conjecturally, we have
one more generalisation of (1 5¢) corresponding to the affine root system AJ .

Conjecture 1.4. Let k be a nonnegative integer, © = (z1,...,z,) and é.(z) = e, (z%). Then
BC,, . _ i lK i 5
P(kn) ( x;t, —751/270) = klggtgk((_l)y ¢ Kvi v (én— i+j— Kyz( )— €n+i+j—Kyi(m)))a (1.8)
YEL

where K = 2k + 1.

Once again this gives (1.5¢) for ¢ = 0.

In Section 4, Conjectures 1.2—1.4 will be proved for £ = 1 using bounded Littlewood identities.
In the same section we also present proofs of (1.6a) and (1.8) for ¢ = 1 based on cylindric Schur
functions.

Conjectures 1.2-1.4 have some remarkable consequences in that (with the exception of (1.6c¢))
they imply new Rogers—Ramanujan type identities which contain not just the standard param-
eter ¢ but also a Hall-Littlewood parameter ¢, while still admitting a product form. These
q, t-Rogers—Ramanujan identities generalise many of the classical Rogers—Ramanujan identi-
ties, such as the two original identities of Rogers and Ramanujan [64, 65, 66], (a subset of)
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the Andrews-Gordon identities [1], their even modulus analogue of Bressoud [12, 13], and the
), Agl) and Dg_)ﬂ GOW identities of Griffin, Ono and the author [26].

Let (a;q)00 = Hi>0(1 — aqi) be a g-shifted factorial, 8(a;p) = (a;p)oc(p/a;p)o @ modified
Jacobi theta function and 6(aq,...,ax;p) = Hle O(a;; p). For A a partition, A is said to be even
if all of its parts are even.

Theorem 1.5 (g,t-Rogers—Ramanujan-type identity for C,gl))

p = tg***2. Then

. For k a positive integer, let

> ¢TI (1,4, 5t) = Epfpi? [10(*%p) I 0@ ".a" %), (19)
:\\ezgg ERRPES i=1 1<i<j<k
1%

where o € {0,1}.

The labelling of the theorem by the affine root system C( ) reflects the fact that k + 1 is
the dual Coxeter number of C( ) and the product on the rlght of (1.9) is a specialisation of
the Weyl-Kac denominator for C( ) Fort = 0, the theorem simplifies to

1— q(U—‘rl)(k—l-i) 1— q2k+i+j
(e+1)[A]/2 2 — -4 - 7 i S
an SA(L‘%‘J"")_H 1 — glot)i H 1 —qiti
A even 1>1 1<i<y
M <2k
= lim_ ¢ (e7Fm ch L(kwy,)), (1.10)

where L(kwy,) is the irreducible Sp(2n,C)-module of highest weight kw, (with wi,...,w, the
fundamental weights of Sp(2n,C)), and ¢, is the specialisation

_ _ s q forl <ig<n—1,
2 Zlem L eT Y] — Zq], e %
QSO' [ ] [q] { qU+1 fOI' ’L - n.

For the affine root system Aé?, with (dual) Coxeter number 2k + 1, we have two identities.
Given a partition A, let A° be the partition consisting of the odd parts of A, so that [(\°) is the
number of parts of A that are odd.

Theorem 1.6 (¢,t-Rogers—Ramanujan-type identities for Aéi) ). For k a positive integer, let
p = t¢***t1. Then

Z gtV P (14,62, .5t (1.11a)
Alé%
_( k H —(o+1)/ 7p)a(][)qzzecrq;pQ) H e(quiaqi+jfafl;p)
. 1<i<y<k
and
3 g o TDINZHON2py (1 62, .. 5 t) (1.11b)
)\1221@

- 8]{3? [To(="2¢%p)0(¢* 7% T 0(a " " 7).
100 =1

1<i<j<k

where o € {0,1}.
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We remark that by

RY 2 AN (P P)5 =i itj—1,
> dMP(1,q,¢% .. 5t) = oL IT ¢ ¢ hp).
A EERRES 1<i<j<k

M <2k

For t =0, (1.11a) yields

1 — glo+D)(k+i—1/2) 1 — g2k+its
(e+1)|N|/2 2 _ q q
Z q‘\’ sx(l,Qaq ,) - H 1_ q(o'J,»l)(i—l/Q) H 1— giti
A i>1 1<i<j
M <2k
_ 3 " _kwn
= nh—>Holo b (e ch L(kwy)), (1.12)

where L(kwy,) is the irreducible SO(2n + 1,C)-module of highest weight kw, and by is the
specialisation

g —an (0+1)/2 —oy q for 1 <i<n—1,
b0 Z[e R ]—>Z[q ], e H{q("“)ﬂ for i = .

The t = 0 case of (1.11b) once again yields 21.10).

We conclude with two theorems for D;7, and Agc)—lv respectively. For both these root
systems, the dual Coxeter number is 2k. For A a partition, we denoted by m;(\) the multiplicity
of parts of size 1.

Theorem 1.7 (g, t-Rogers—Ramanujan identity for D,(H)l) For k a positive integer, let p = tq?F

Then
2k—1
Z geHDIN/2 ( H (—tl/Q; tl/z)mi(x))PA(l’ a4, .. t)
>\122k =

. k
_ (p1/2 1/2) (p p ﬁol H9 i—(o41)/ 1/2) H g(quijqzﬂrj*afl;p)’

o+ 1)(
( + 1<i<j<k

where o € {0,1}.

Theorem 1.8 (g, t-Rogers—Ramanujan identity for Agi;)_l). For k a positive integer, let p = tq**

Then

2k—1

S gl 2002 ( IT %) Mm(A)/ﬂ) Py\(1,4,4",- . .:t)

A =1
A1<2k

_ (p p) (];ﬂ o) HQ 2i— 0' 2) H 9(qj—i’qi+j—0';p)’
=1

(a:9 1<i<j<k

where o € {0,1} and the prime in the sum over A denotes the restriction that the odd parts of
have even multiplicity.
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In the ¢ = 0 limit, these theorems simplify to (1.12) and (1.10), respectively.

It will be shown in Section 5 how Conjectures 1.3 and 1.4 imply the above results. Of
course, since the latter are conjectures, they do not imply proofs of Theorems 1.5-1.8, but
once discovered it is not hard to provide a proof that does not rely on the conjectures, see
Section 5.3. In Section 5, it will also be shown how the Andrews—Gordon and GOW identities
follow from (1.9) by a novel manifestation of level-rank duality. For now, we remark that by

P(2T)<]-aQaq2a"';q) = ( R

the identity (1.9) for t = ¢ and k =1 (and thus p = q5) simplifies to the Rogers—Ramanujan
identities [64, 65, 66]

iq’" (¢ ¢ ), dz’“” (04", 0% ")

(45 @)oo (45 @)oo

-
where (a;q)r = [1/2 (1 — aq’) and (a1, ..., a5 q)oo = [ (ai; @)oo

1.3 Outline

The remainder of this paper is organised as follows. In Section 2, we prepare the necessary
symmetric function material needed for the rest of the paper. Most of what is covered in this
section is well known, and apart from some easy to prove, marginally new results for Hall-
Littlewood polynomials, the only new results of some depth are the two determinant identities
for elementary symmetric functions stated in Lemma 2.9. These identities will be important
in our applications of Conjectures 1.2-1.4. In Section 3, we prove Theorem 1.1 using results
from crystal base theory due to Schilling and Shimozono. We also discuss a number of known
special cases of the theorem as well as higher-level generalisations of Theorem 1.1 related to
level-restricted Kostka polynomials. In Section 4, we use bounded Littlewood identities and
Bailey pairs to prove the Conjectures 1.2-1.4 for k = 1. We further apply known results for
cylindric Schur functions to prove two of the six identities from the conjectures for ¢ = 1. In
Section 5, we show that the ¢, -Rogers—Ramanujan identities stated in Theorems 1.5-1.8 arise
by specialising Conjectures 1.2-1.4. It is then shown that by specialising ¢ to arbitrary positive
powers of ¢ the ¢, t-Rogers—Ramanujan identities lead to many new and old Rogers—Ramanujan
identities for specialised characters of standard modules of affine Lie algebras. We use these
Rogers—Ramanujan identities for standard modules together with Ismail’s analytic argument to
provide a proof of the ¢,t-Rogers—Ramanujan identities that is not reliant on the validity of
Conjectures 1.2-1.4. In Section 6, we conclude the main part of the paper with a list of open
problems related to our work. Finally, in the appendix a proof is given to a new family of
Rogers—Ramanujan-type identities related to one of our applications of Theorem 1.8 discussed
in Section 5.2. This family of identities was discovered by Matthew Russell after reading an
earlier version of this paper.

2 Symmetric functions

2.1 (Cylindric) Schur functions

Let A = (A1, \2,...) be a partition, i.e., a weakly decreasing sequence of nonnegative integers
such that |A| := Ay + Aa + - -+ is finite. If |[A\| = m, we say that A is a partition of m, denoted
as A m. The parts of A are the positive A; in the sequence, and the number of parts of A is
its length, denoted by [(\). For all i > 1, m; = m;(\) is the multiplicity of parts of size i in A.



8 S.0. Warnaar

We alternatively write A in multiplicity notation as A = (r™7, ..., 1™), where r is the largest
part of A\. Here we typically omit i" if m; = 0. For example, the partition (4,3,3,3,1,1) is
also written as (41, 33, 12). A partition of the form (k") is referred to as a rectangular partition
or a partition of rectangular shape. Given partitions A = (A1, Ae,...) and p = (u1, 2, ... ),
we write p C X if A\; — u; > 0 for all ¢ > 1, and say that u is contained in A\. Given u C A,
we write p < A if the interlacing conditions A\ > p3 > Ao > po > --- hold. The set of
partitions of length at most n will be denoted by Par,, and the set of partitions contained in the
rectangle (k™) by Par, ;. Given a partition A, its Young diagram corresponds to the diagram
obtained by drawing [(\) rows of left-aligned boxes or squares, such that the i-th row contains \;
squares. The Young diagram of the partition v = (4, 3,3,3,1, 1) is given by the left-most of the
following two diagrams:

We typically do not distinguish between a partition and its Young diagram. The conjugate of
the partition A, denoted ), is obtained by reflecting the diagram of X in the main diagonal, so
that the conjugate of the partition v in our example corresponds to the above Young diagram
on the right. In our subsequent discussion of cylindric tableaux, it will be convenient to assume
that Young diagrams are made up of unit squares, so that the length of the i-th row of A is \;
and the length of the j-th column is /\;-. If u € A, we denote by A\/u the skew diagram obtained
by removing those boxes of A that are also contained in p. If 4 < A, then the skew diagram A/u
has at most one box in each column and is known as a horizontal strip.

For partitions ¢ C X\ and (weak) composition a = (a1, ...,a,) such that |a] = |\/ul, let
SSYT,,(A/u, ) denote the set of semistandard Young tableaux of shape A\/u and filling a. That
is, a tableaux T in SSYT, (A/u, ) correspond to a filling of the Young diagram of A\/u such
that a; squares are filled with the number ¢ and such that rows are weakly increasing from
left to right and columns are strictly increasing from top to bottom. Also set SSYT,,(\/u) =
U, SSYT, (A, ). An example of tableau in SSYT7((6,6,6,4,1)/(3,2),(1,2,3,3,4,3,2)) is
given by

oot
~Ji oo

~J| U

O~
(|

[So]

Recall from (1.1) that, for A € Par,, the Schur function sy(x1,...,z,) may be expressed as
a sum over tableaux in SSYT,()\). We now wish to extend this to the case of cylindric Schur
functions [27, 39, 55, 60]. For positive integers k, n and nonnegative integer ¢, let Parf; 1. be the set
of partitions A contained in (k™) such that \] — X < £. For A € Parfhk and T € SSYT,,(\, o),
let T be the copy of T obtained by translating 7 by k units to the right and ¢ units up.
Since Aj — A}, < ¢, the union of T and T is a column strict skew tableaux of shape v/ (k:g), where

N +k for 1 <</,
Vi =
Ul M A foré<i<n+t
and \; = 0 for i« > n. If, beyond column-strictness, T"U T is semistandard, T is said to be

cylindric. The set of all cylindric semistandard Young tableaux of shape A and filling o will
be denoted by CSSYT,,.; ¢(A, @), and once again we set CSSYT,,.;. ¢(A) = U, CSSYT .1 0(A, ).
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Alternatively, T € CSSYT,,.1¢()\, @) may be viewed as a tableau of shape A € Parﬁ,k wrapped
around a cylinder of width &k with vertical offset £ as in the following diagram for A = (6,6, 6,4, 1),
k=6,{=3,n="7and a=(4,4,3,3,4,3,2):

TI112]3
212121313]4] -
—— k—{4[4[5[5]6]7
TOAIRBIE G617
¢[212]2]3]3]4]6
L1474]5]516]7
1 2RB55617
2121213131416
414]515]6]7
1551617
© 6]

Combining (1.1) and (1.2), we have

Z zl = det (e,\;,iﬂ(a:)) (2.1)

1<i,j<k
TESSY T (N)
for A € Pary, ;, and « = (x1,...,2,). Huh et al. [27, Proposition 2.6] generalised this as follows.

Proposition 2.1. Let A € Parf%,c and x = (x1,...,2,). Then

> ! = (et (ex—itj—(k+ou (). (2.2)
TECSSYTyi.0(N) yezk
ly|=0
The symmetric function in this proposition is known as a cylindric Schur function and is
denoted as s, ¢/ (7) for p = N in [27]. For £ > I(\), CSSYT,ke(A) = SSYT,(\) and
det(e,\g,iﬂ,(kﬁ)yi(m)) =0 unless y; = -+ = y, = 0. Hence (2.2) includes (2.1) as a special
case.
For later reference, we consider (2.2) for £ =0 and ¢ = 1. Since Par%k ={(k")|0<r<n}
and since the cyclic condition for £ = 0 implies that all boxes in row j of T' € CSSY T, 0((k"))
have the same filling, say 7;, column-strictness implies

Z ol = Z :Efl . a:f; =e, (a:lf, . ,l’ﬁ) =e, (:ck) (2.3)

TGCSSYTth((kJT)) 1<i1<io <+ <ir<n
For ¢ =1, the set of admissible partitions is the set of near-rectangles
Pary, . = {(K",a) [ > 0,0 <a < k}.

Since ¢ = 1, the set CSSYT,.11((k",a), ) for |a] = kr + a contains at most one tableau.
Column-strictness imposes the obvious condition a; < k for all 1 < i < n. Moreover, if a given
row of T' € SSYT,,((k",a), ) ends with a box with filling ¢ and the next row begins with a box
with filling j <4, then T" ¢ CSSYT,,..1((k", a), ). Hence, assuming |o| = kr+a and a; < k, the
only T' € SSYT,((k",a),«) contained in CSSYT,.;1((k",a), ) is given by the tableau whose
word obtained by reading rows from left to right starting with the top row and ending with the
bottom row is given by 19,2% . n% as in

—k—

(@) [S1{[J6] ]
NN
—=—

U |—

T NS~
oo~ roj—
1 |
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Hence for A € Par}%m

Z T Z Z ¢ = Z mu(x), (2.4)

TeCSSYTyk,1(A) pnePar,  a€Sn-p puePary, i
lul=IAl kl=[Al
where S, - u denotes the S,-orbit of pn = (p1,..., 1) and my(z) is the monomial symmetric

function indexed by pu.

2.2 Hall-Littlewood polynomials for GL(n,C)

Let ¢ = (z1,...,2,) and S,, the symmetric group of degree n with natural action on polynomials
in z. Then the ordinary or GL(n, C) Hall-Littlewood polynomial Py(z;t) is defined as [51]

x; —tx;
E w I*i‘l N xi‘][" H 7j ,

- Ty — Ty
wES, 1<i<j<n

P)\(:E’ t) = ’U)\(t)

(B (&) ma ()
oA(t) = (1— t)n—l()\) ];[1 (1— t)mi(A)'

The Hall-Littlewood polynomials { Py(;) };(x)<n form a basis of the ring of symmetric functions
with coefficients in Z[t]. In analogy with the Schur functions sy (x) = Py(x;0), we set Py(z;t) =0
if A is a partition such that I(\) > n. By the stability property,

Py(x1,...,zp;t) if I(N) < n,

Py(z1,...,2,,0;t) =
M@ " ) {0 otherwise,

the Hall-Littlewood polynomials may be extended to symmetric functions in countably many
variables, Py(x1,x2,...;t). Then the number of variables in a result such as Theorem 1.1
becomes irrelevant, and alternatively it may be stated as a result in the algebra of symmetric
functions:

P (t) = R(O)Fiyig _
k) () (Jet (10 ek (2.5)
yezk
ly|=0
with no reference to a particular choice of alphabet.
Special cases of Py(z;t) other than the Schur function are
Py(z;1) = mx() (2.6)

and Pry(z) = er(7).
For o a composition, let e, () = [[;51 €a, (7). Then the transition coefficients R o(t) between
elementary symmetric functions and Hall-Littlewood polynomials are defined by

ea(®) =Y Raa(t)Pr(;t). (2.7)

A

For integers k, n, let

o

if0<k<n,

otherwise,

be a Gaussian polynomial or g-binomial coefficient.
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Theorem 2.2 (Kirillov [35, Theorem 3.4]). For a = (o, ..., ax),
(2

kE i—1 (Z V(ll
Raalt) = > HH[ Jz (Jz 1)] : (2.8)
0=1(0 Cp(D) Cr.Cpt) = )7 =2 j=1 vy — vi ¢

|u >/1/(Z 1)| a;

The summand on the right vanishes unless the interlacing condition v(*=1) < (@) holds for
all 1 < a < k, so that one may also think of the sum over the v(@) as a sum over semistandard
Young tableaux of shape X and filling a. This implies that Ry (t) = 0 if A\ > k, where
a = (ai,...,qk), but also that if A = (K", u) where p is a partition such that u; < k, then

R(kr,y),(al,...,ak) (t) = Rp,(al—r,...,ak—r) (t) . (2'9)

The expression (2.8) for k = 2 simplifies to
s
R (2r 19) (a1,02) (t) = O2r45,01 40 o1 -1, (2.10)

where §; ; is a Kronecker delta. This yields the following simple result, which will be used in the
proof of Conjectures 1.2-1.4 for k = 1. Recall that é,(z) = e, (z%).

Lemma 2.3. Let x = (x1,...,zy,) and k an integer such that —m < k < n. Then
) s
(@1 Tn)np(z) = > {1 . ] Por 19)(31).
r,5=0 5(8 - ) t
s—k even

Since the summand on the right vanishes unless |k| < s < n — r, only finitely many terms
contribute to the sum, as it should.

Proof. By
er(T1, ey Ty Yty e oy Ym) = ei(x1, . xn)er—i(Y1, -y Ym) (2.11)

and

Er (xil) = (1‘1 e 'xn)il en—T(x)v

we have

(21 20 i(@) = 3 eil@)essi(a),

120

where the summand is nonzero for max{0, —k} < ¢ < min{n,n — k} only. Hence

(@1 @n)en—i(z) = Y _ e ipn) ()

=0
S
= ) Corrskta iy Plor 15)(w; 1)
2,7,520 t
S
== P T 18 ($t)
1 (2m,15)\ Ly b))y
DI TN
s—k even

where the second equality follows from (2.10). [
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For m a nonnegative integer, let H,,(z;t) be the Rogers—Szeg6 polynomial [2, p. 49]

Hp(:) = ;:ﬁ [TZHL (2.12)

and, for k a positive integer, let hg\k)(a, b;t) be the Rogers—Szeg6 polynomial indexed by the
partition A [7, 63]:

k—1

W (@, b;t) = T (~a)™VH,p 0 (b/as 1) H Hyp, () (abs t).
i=1
i odd i even

This polynomial is symmetric in a and b, and

B (a,bi) = (—a) He(bfait) = (—1)7 Y o™ H
=0

t

provided that k > 2. For notational convenience, we also define

2k
RS (a, b ) = 0o Y (—a, by 1) = 'O T Hing, ) (003 1) Hig 1) (abs ),

i=1
which is not symmetric in a and b.
Proposition 2.4. For x = (x1,...,x,) and k a nonnegative integer,
n
(H (1+ ax; ) ST B = Y AP (abit)Pa(ast). (2.13)
i=1

A
M1<2k A1<2k+1

Proof. The proof is essentially a repeat of the proof of [82, equation (3.3)], which is an identity
equivalent to the £k — oo limit of (2.13).
We begin by recalling the e-Pieri rule for Hall-Littlewood polynomials [51, p. 215]

VY,
Pt = ¥ A% )
Al is1 LT e

The summand on the right vanishes unless p/ < X. Multiplying both sides by a” and then
summing over 7, we obtain

n PV
(H(l + axi)) P,(z;t) = Za‘)‘/"'P,\(x;t) H [ ;\, B “,rl} :
i=1 A i1 i Ml
Further multiplying this by 4'***) and summing over x such that p; < 2k, we thus find

L 2%
(H (1 + ax; > E b E Py\(z;t) E al ) H [Ai’_—)\;—i’_l} .
i1 ! .

A W i=1 Hi
m<2k A1<2k+1 u1<2k

Here we have used the fact that the summand vanishes unless i/ < X', which, given that u; < 2k,
implies that Ay < 2k + 1. In the sum over p we now make the substitutions ph; ; — ji + A5,
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and ih; — Ny, —1; for 1 < i < k. Then [A/p| — I(X°) + S°F (1; — ji) and 1(u®) — % (Gi + 1),
so that

(f[l +aml> > p

/‘Ll<2k

/ I\
APy () Z H b/a)’ [Am ! )\%] (ab)t [A” l)‘2z+1}
t t

Jise-nsJk 20 =1 ¢
< k+1 l1,..,l =0

k
= Y dNPy(@it) [] Hingo () (0/058) Hyyy ) (ab; 1)

A i=1
A <2k+1
= W) (@, by t) Py (3 t
A (CL, ) ) )\(J}, )7
A
A <2k+1
as claimed. ]

According to [63, equation (2.3.7)],

2k
7 (k) o) e 7 (k) 1/2. 5\ _ 1/2. 41/2
h (a,O,t)—a( ) and h (1,t/ ,t)—l_Il(—t/ 1/ )mi(A)'
This implies the following corollary of Proposition 2.4.
Corollary 2.5. For x = (z1,...,xy,) and k a nonnegative integer,
(H(l +axi)> Z Py(x;t) = Z a' ) Py (1), (2.14a)
i=1 o even A
<2k A <2k+1
n 2k
(H(1+xi)> SRR (@)= > <H(—t1/2;t1/2)mi()\)>P,\(x;t). (2.14b)
i=1 H A i=1
<2k A1 <2k+1

To conclude our discussion of the Hall-Littlewood polynomials for GL(n,C), we define its
modified analogue. Consider the expansion of the Hall-Littlewood symmetric functions in terms
of the Newton power sums

P,\(.CEl,xz, e ;t) = Z C)\“(t)pu(xl,xg, e ),
o

where p, = [[;51 Py, and po = 1, pr(w1,22,...) = 2] + 25 + -+ for r > 1. Then the modified
Hall-Littlewood polynomial P§(z1,x2,...,%n;t) is defined as

Pl(1,- -y mnit) = Y ean®pu(Xa(t), ..., Xn(t),

where X;(t) = (i, z;t, z;t?, ... ). Alternatively, using plethystic notation, P} (z;t) = P§(z/(1 —
t);t). From the definition, it follows immediately that

Pi(l,q,...,4" q") = P(1,4,0%, .. .3 ¢"). (2.15)
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2.3 The B, C,, and BC,, Hall-Littlewood polynomials

Let W = S, x (Z/2Z)"™ be the hyperoctahedral group (or group of signed permutations) with
standard action on Laurent polynomials in x = (x1,...,2,). Then, for A a partition of length
at most n, the BC,, Hall-Littlewood polynomial P}\BC" (x;t,s1,82) is defined as [52, 706]

BC,) 1
. t —
(w3t 51, 52) (51523 t)n—1(n)vA(2)

I I = | BT

weW =1 [ 1<i<j<n ($7, ':U,])(l - $Z$])

Py

The BC,, Hall-Littlewood polynomials are polynomials in Z[t, s1, s2] [wli, . l':t] W, normalised

rrn
such that P(?C” (x;t,s1,s2) = 1. The top-degree homogeneous component of the polynomials
P/SBCn)(.T; t,s1,82) is given by the ordinary Hall-Littlewood polynomial Py (x;t).
The B,, and C,, Hall-Littlewood polynomials arise as special cases of the BC,, Hall-Littlewood

polynomials:

P (st s) = PEO (@t s, 1), (2.17a)
P§C7L)(x7 t, 8) _ P)(\Bcn) (:L,7 t, 51/2, —31/2). (217b)

(For B,,, there is once again an analogue for half-partitions A which is not needed in this paper.)
The odd-orthogonal, even-orthogonal and symplectic Schur functions correspond to the special
cases

somria(z) = PP (2;0,0),  ogun(z) = PP (2;0,1),  spyna(x) = PO (30,0).

For A = (k"), the summand in (2.16) has S,, symmetry so that the sum over W simplifies to
a sum over (Z/27)", leading to [63, Lemma 2.5]

n

BC,, e
P((k") )(x;t781782): Z ¢(mi17"'7x2n;t781732)sz‘gkv
€1, en€{£1} i=1
where
n
. L (1 — slwi)(l — 321'7:) 1— tl‘iiﬁj
@(.Tl,...,.:vn,t,Sl,SQ) —H 1_1'2 H m
=1 ? 1<i<j<n
In particular,
(BCn), . i (1 —s12)(1 — ngi)xi_k — (81— xi)(s2 — xl):cf
P(k;n) ('Ia]-aslaSQ) :q 1_1:12 . (218)
1=

In the proofs of special cases of our conjectures as well as in the derivation of g, ¢-Ro-
gers—Ramanujan identities, we require a number of bounded Littlewood identities, expressing
the B, C,, and BC,, Hall-Littlewood polynomials indexed by rectangular partitions of length n
in terms of ordinary Hall-Littlewood polynomials.

Theorem 2.6 (bounded Littlewood identities for B,,). For k a nonnegative integer,

Y Palait) = (w1---w0)* PR (231,0), (2.19a)
A
A1 <2k
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2k—1
> ( 11 (—t1/2;t1/2)mi(>\)> Pr(x5t) = (21 20)" PRy (a5, —1'/2), (2.19D)

A =1
A1 <2k
,/ 2k—1 ) -
Mok

where the double prime denotes the restriction that all parts of A that are strictly less than 2k
have even multiplicity.

These three results (which also hold for k + % a nonnegative integer) are the special cases
ty = 0, tg = —t1/2 and t9 = 1 of the integral-k case of [63, Theorem 4.8]. The identity (2.19a)
is equivalent to a result of Macdonald [51, pp. 232-233], although his right-hand side is not
identified as a B,, Hall-Littlewood polynomial, a fact that is crucial in our use of the result.
Since Pf” (x;t,1) = P/\C” (x;t,1), the identity (2.19¢) may also be regarded as a result for C,.
This, however, does not apply to its extension to half-integer values of k.

Theorem 2.7 (bounded Littlewood identities for C,,). For k a nonnegative integer,

Z Py(z;t) = (21 )" P((;i%)(x;t,o), (2.20a)
o
/ 2k—1 .
z; o ( Ul (t:1%) fmi(k)/2-‘>P)\<$;t) = (@1 ean)® Py (1), (2.200)
A <2k =

where the prime denotes the restriction that the odd parts of A have even multiplicity.

In the above form, the identity (2.20a) was first stated in [63, equation (4.1.7)] and is the
special t9 = t3 = 0 instance of [63, Theorem 4.7]. An equivalent identity, which makes no refer-
ence to the symplectic Hall-Littlewood polynomials, was previously found by Stembridge [74,
Theorem 1.2].

Finally, we need one BC,, bounded Littlewood identity, given by the (t2,t3) = (—tl/Q,O)
special case of [63, equation (4.1.15)].

Theorem 2.8. For k a nonnegative integer,

S AP (a51) = (o) P 31, 1172, 0). (221)
A

M <2k

2.4 Determinant identities for elementary symmetric functions

The aim of this section is to show that, with the exception of (1.6c), each determinant in
Conjectures 1.2-1.4 admits an alternative expression in terms of the elementary symmetric
functions on the alphabet (xi, 1) = (:1:1,3;1_1, I 1).

Let é,(z) := e, (zF,1). By (2.11),

ér(z) = ér(z) + ér_1(x). (2.22)
Lemma 2.9. For K an arbitrary integer,

K2 (i—Lyy .
1<<%‘§.t<k(uyzt2Kyl U2 (€ i j sy, () + Enpigjky—1(2)))
yeZk <XMHhJ=

1 C lpea2 (1o ..
=3 1<(3.%t<k Wit BV U=DY (6, ey () + Enyirj—rcy—1(x))) (2.23a)
Zk XU
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and

g .
det (u"tz" VI i+j— Ky (T) = Entivj—rcy, (2)))

s 1<i,j<k
ye
=N det (utEFVETI(E, i ey () — Enpiiky (2))) (2.23b)
1<i, i<k n—i+j—Ky;+ nti+j—Ky; : :
yEZk

Proof. First we consider (2.23a). Fix y € ZF such that y; > yo > -+ > y;. Then (2.23a) is
a consequence of

det (t ol (én— i+j— Kyz( )+én+i+ijyi71(5'3)))

1<i,j<k
kY
1 .
= 3 : 1<c}3‘u<k(t JYi (En— idj— Kyri»l( x) + €n+i+j—Kyi—1(l‘))), (2.24)
kY

where Si - y denotes the S, orbit of y. Summing over all k! permutations of y instead of Sj -y
amounts to multiplying (2.24) by the size of the stabilizer of y, and in the following it will
be more convenient to consider (2.24) with y replaced by w(y) = (Yuw,,-- -, Yw,) and the sum
over Sy -y replaced by a sum over w € Si. Then, after applying (2.22) to the right-hand
side, the identity to be proved becomes the special case — replace (z;, z;) — (7Y, Ky;) followed
by E, — é,—,(z) — of the formal identity

det (2, (Bzy,tij + Bz —ivjit1))

1<i,5<k
WESE
1 j
=z det (@, (B, +imj—1+ Eap ivj + Bz —imji1 + Bz —imjy2)).
2 e 1§Z,]§k [ 7 7 i
WESk

Dispensing with the determinants, this is the same as

k

1 .
Z SgIl H :L'Ul Fz K U w 2 Z sgn(a) H :L'Zli (Fiﬂlfl(aa w) + Fi,i(Ua w))7

o,weSk o,wWESy, i=1
where
F; J(U w) = Ezwi‘f‘j_ai + Ezwi_j_o'i"l‘l‘
Since F; _j(o,w) = F; j4+1(o,w) and thus F} o(o, w) = F11(0, w), this may be simplified to
Z Z sgn(o H To) H Fii—1(o,w) H HF‘M'(O', w) = 0. (2.25)
@CIC{2,....k} o,wESy el i€{1,....k}\I 1€l
Since HZ | T = Hle xl(m”_l)i, we replace w — wo to obtain
—1y.
Z Z sgn(o H xl(w )i H Fii—1(o,wo) H H F; i(o,wo) = 0.
FCIC{2,....k} o, wES) i=1 i€l i€{1,....k}\I i€l

In the following, we will show the stronger vanishing result

fraw = Z sgn(o HF” 1(o,wo) H HFi,i(a, wo) =0 (2.26)

oESk el 1€{1,....k}\I 1€l
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for fixed @ C I C {2,...,k} and w € S;. For j € {1,...,k — 1}, let s; € Si denote the j-th
adjacent transposition, i.e., the 2-cycle (j,7 4+ 1). Then, for any 7 € Sy,

Tj+1 if i = Js
(TSj)i: Tj ifiZj—i-l,
T otherwise.
Hence

Fiia( ) Fi1i1(o,wo) ifi=j+1,
ii—1 gS;,W0S8;) = . L
ot ! ! Fi,i—l(aawa) 1f27éj7j+1

and

Fit1i(o,wo) ifi=j,

F;;(0s;,wos;) =
w05 2 {Fm(a,wa) ifi+#7j,7+1.

We now fix the index j of s; as j = min{I} —1. Then j+1 € I and j ¢ I, and thus by
replacing o by os; in (2.26) and using that sgn(os;) = —sgn(o),

fraw=="Y (Sgn(a)P}+1J(Uijwaﬁj)P}J(USwTUUSj)

ocESk
X H Fii—1(osj, wosj) H HFM'(O'SJ‘, wasj))
iel ie{l,....k}\I iel
i#j+1 i#£]
= ¥ (s v ow0) T] Fuaowo) T[T [[Futowo)
c€Sk el 1€{l,...k}\I i€l
i#j+1 i#j
=— Z (Sgn(a) H Fii—1(o,wo) H H F; (o, wa))
o€y il ie{l,... . k}\I i€l
= _fI;w-
Hence fr., = 0.

Next we consider (2.23b). Proceeding as in the first proof, this time it suffices to prove the
formal identity
det (m{liz (Ezwi"‘i_j - Ezwi —i_j))

1<i,j<k
wESk

_ J . . S o
wESk

This is the same as

k _ k _ ~
Z sgn(o) HJBZZFz‘,z‘(U, w) = Z sgn(o) H 2% (Fim1(o,w) + Fii(o,w)), (2.27)
i=1

w,0E€S, w,0 €Sy i=1

where

Fid(o'vw) = Ezwi‘f‘j_ai - Ezwi_j_o'i'

Since Fjo =0 and thus Fy o = 0, (2.27) can be rewritten exactly as (2.25) but with F replaced
by F'. The remainder of the proof if identical to the first proof. |
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3 Proof, special cases and generalisations of Theorem 1.1

Before discussing a number of special cases and generalisations of Theorem 1.1, we provide
a short proof of the theorem based on a result due to Schilling and Shimozono [68]. For the sake
of brevity, throughout this section we use Q := {y e ZF | |yl = O} for the Aj,_q root lattice.
We also mostly work in the algebra of symmetric functions writing e,, Py\(¢) and s, instead
of e,(x), P\(x;t) and sy(z).

Proof of Theorem 1.1. We will prove the result in the form (2.5), or, equivalently, in the
form

15 (hyit2i)y;
Po(t) = 3 D sen(oytz Zoabwitivie

YEQ €Sy

where p := (1,2,...,k) and where the elementary symmetric function in the summand vanishes
unless (7¥) + 0 — p — ky is a (weak) composition. By (2.7),

15~k R, A PO
Pury(t) =>_> ") sgn(o)t2 L 2R\ ok (D PA(E),

A YyeEQ oSk

where Ry o(t) := 0 if min{a} < 0. Equating coefficients of P)(¢) on both sides, we are left to
show that

15k 493V,
DO sen(o)tz ZamBARInR, ok (8) = O ) (3.1)

YEQ o €Sk

for all partitions A F rk such that A\; < k. (As noted on p. 11, if \y > k or X\ # |kr|,
then Ry (4ky4o—p—ky(t) =0, in which case there is nothing to prove.) For s a nonnegative
integer such that s < r, let » — s be the multiplicity of parts of size k in A, and by mild abuse of
notation, write A = (k" ~°, u) where p b ks such that p; < k. Then, by (2.9), the identity (3.1)
may be simplified to

15k +21)y; _
S seu(o)tz i REUR () = s (3.2)
yeQ oc€Sy

Recalling (2.10), for k = 2 and p = (1?%) this is the well-known (see, e.g., [78, equation (2.3)])

Z(—l)yt(g)[ 2 des,o. (3.3)

S p—
YyEZL Y

For k = 3, it is the ¢ = 0 instance of [5, Proposition 5.1], where pu and s are parametrised
as (= (22L2_L1, 12L1_L2) for 4Ly > 2Ly > Lo and s = L. The identity (3.2) for general k was
first proposed in [78, equation (6.5)] and subsequently proved by Schilling and Shimozono [68,
equation (6.6)] as an identity for U, (A,ilzl) level-restricted path at trivial level 0. [

In the remainder of this section, we discuss a number of special cases and generalisations of
Theorem 1.1.

On [51, p. 214], Macdonald gives the following Schur expansion for the Hall-Littlewood
polynomial indexed by a partition of length at most one.

Lemma 3.1. For k a nonnegative integer,

o
—_

Piy(t) = ) (=1)*S(k—a,10),

]
Il
=)

where s, _g,10) := Sk and s(y k-1 = S(1k)-
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It is not hard to show that this follows from Theorem 1.1.
Proof of Lemma 3.1. Equation (1.3) for » = 1 simplifies to

Py (t) = 1<(1ejt<k(t ()61 i hy,)-
ye JxX

Since e, = 0 for r < 0, all entries in the first row of the determinant are zero unless y; < 1.
Moreover, for 2 < ¢ < k all entries in row ¢ are zero unless y; < 0. Since y € @, this implies
that there are exactly k choices for y such that the determinant is non-vanishing: y = (Ok) and
Yy = (1,0’“‘“‘1, —1,0‘1_1) forl1 <a< k-1 Fory= (Ok), this yields the Schur function s,
by (1.2). The contribution to the sum from y = (1, oF—e—1 1, Oafl) is

Da(t) =" 1<d£.t<k(ej*i+1+k5¢,k7a+1fk&,1)'

All entries in the first row of the determinant are zero except for the last, which is 1. By
a Laplace expansion along the first row,

Da(t) = ta(—l)kil det (ejfz‘Jrkéiykia).

1<i,j<k—1
In the determinant, we cycle rows 1,2,..., k—a+— k—a,1,2,...,k—a— 1. In other words, row
k — a is put as the first row, pushing down rows 1,...,k —a — 1, leading to
Da(t) = (_t)a 1<Z.g§tk_1(ejfi+1+a6i7lfx(i>k7a)>7

where x(true) = 1 and x(false) = 0. By (1.2) with k — k—1, this yields D, (t) = (—t)*sy, where
N=(a+1,1"71 0" ) = (a+1,1F271),
and thus A = (k — a, 1*). Hence

k—1
Py (t) = sy + Y _(—1)S(4—a,10);
a=1

as required. [

In [38, Theorem 7.2], Lassalle and Schlosser derived an expression for Py(t) for arbitrary A
in terms of elementary symmetric functions. Their formula does not have a determinantal form,
and it seems difficult to deduce Theorem 1.1 from the A = (k") case of the Lassalle-Schlosser
theorem. For k = 2, however, the two theorems are trivially the same.

Lemma 3.2 (Lassalle-Schlosser). For r a nonnegative integer,

i

P(Qr)(t) = Z (—1)it(2)€r+i6r_i.

i=—r
Proof. According to (1.3) for k = 2,
Pan(t) = Z tQ(y21)+2(y22)+y1+2y2(67"722,/1 €r—2y; — €r—2y;+1€r—2y,—1)
Y1,Y2€7Z
y1+y2=0
o

= Zt% ‘(er—2i€r42i — €r—2i41€r42i—1)

€L
,r. .

== Z (_1)Zt(2)€r+ier—i7

i=—T

which is the Lassalle-Schlosser expression. |
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By (2.6), the ¢t = 1 specialisation of Theorem 1.1 is

mry (3t) = 1<(3}3‘5<k(er—i+j—kyi (). (3.4)

yeQ

This identity is an immediate consequence of Proposition 2.1.

Proof of (3.4). For x = (z1,...,2,), let f(:rk) = f(xlf,a;’;,..., n) Then

mry(T) = e (a:k) .

We thus need to show that

_ k
 Jet (eritjhy,(z) = er (")

yeR

This follows from the ¢ = 0 cases of Proposition 2.1 and (2.3). [

Let A € Parflvk. Then the above connection with cylindric Schur functions suggest that the
symmetric function

kLN k+e Fiy;
Sy (t) = Eng%?gk(t( )(3)+iw: EN — z+j—(k+£)yi)
Y

— which is a t-deformation of the right-hand side of (2.2) — warrants further study. As in
the Schur case, for ¢ > [(\) the summand on the right vanishes unless y = (Ok), and for
such ¢, S’/\f’é(t) = s). Also, from (1.3), Séﬁég)(t) = Pyry(t). Using further results by Schilling and
Shimozono, the Hall-Littlewood expansion of S’;’e(t) for all admissible partitions A may be given.
Below we will describe the simplest case A = (k") and ¢ > 1. By abuse of notation, we denote
the type A Cartan matrix and its inverse by C' and C~! respectively, without reference to the
rank of the underlying root system which will always be assumed to be clear from the context
in which these matrices are used. In the case of Ak 1, C and C~ ! are (k—1) x (k — 1) matrices
with entries Cyp = 2045 — 0g,p—1 — dq,p+1 and Ca = min{a,b} —ab/k for 1 < a,b <k — 1. For
po= (k) 1m) e et !

1 k—
= Y Z abma (:u)
a,b=1

and define K (Krk) u(t) as the coeflicients in the expansion of kaT)(t) in terms of Hall-Littlewood
polynomials: 7

Séfkf t) = t+G) SR (O Pu().
pkkr
<k

Proposition 3.3. Let u F kr such that uy < k. Then the polynomial K(ZTk) u(t) is the level-¢

restricted generalised Kostka polynomial K§p(t) (see, e.g., [68, 69]) for A = (r*) and R the
sequence of single-column partitions

R=((1),...,(1),(1%),....(1%),..., (1%),..., (17)).

my(p) times mao(p) times mg(p) times
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By [69, equation (6.7)],

k—10-1 T, (a) (a)
¢ k k—1 C 1 (a) (b) 1% +7--
Kfjoy (1) = 140 37 ¢ Zoama Bom € T T | NONNE
a=1i=1 i "
where the sum is over Tl-(a) eENgforl<a<k-—1and1<i</{—1such that
k—10—1
v = ma (Ot =Y S CapCitr” € N,
b=1 j=1
In particular,
k,1 _ k+1 +iyi g _
Siny (8) = et k(t( e, i i) = S W PL(0).
ye T pHkr

1<k

Proof of Proposition 3.3. The proof of the positive-level case is the exact same as the proof
for the level-0 case, but now uses

1 vk N, VAPPR _
Z Z sgn(a)t2 Lz (b yit2 )yzRu,(rk)+afpf(k+1)y(t) =1 k( )+<,De(u) ( k)“u(t)
yeQ oc€Sy

for p F kr such that gy < k. This identity was first conjectured in [70, equation (9.2)] and
proved by Schilling and Shimozono for ¢ = 1 in [68] and for arbitrary positive level in [69,
Section 6.2]. [

We remark that the t = ¢ = 1 case of Proposition 3.3 is
K%tgk(er—iﬂ—(kﬂ)yi) = mu(t),
YEQ pukkr

1<k

which follows from the £ = 1 case of Proposition 2.1 and (2.4).
We conclude this section with a straightforward corollary of Theorem 1.1 in the form of
an A,(clzl basic hypergeometric summation.

Corollary 3.4. Fork > 1 and 0 < r < n integers,
k—1 i
SOOI (-t Htk(k+1 : ntk- _ H g,
n*T*kyi+i*1t ars
yeQ 1<i<j<k =1

For k = 3, this result, which plays a key role in the Ay Bailey lemma [5, 77], was first proved
in [5, p. 692]. For general k, different proofs may be found in [37, 78, 77], see equations (3), (6.6)
and (A.3) in these papers, respectively.

Proof. By [51, p. 27]

er(1,t,..., 1) =) mt

r

and [51, p. 213]

Py (Lot ..., 75 t) = ¢5() m : (3.5)
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the principal specialisation x; = t'~! of (1.3) is given by

S det (tk(ml)( )+zyz+<ji><rikyi>[ n } ) _ m ‘
yeq SISk r—itj—kyil Tl

The determinant on the left evaluates by [36, p. 169]
k
i ia; . 1 n+k—-1
det t(] /L)al |: n :| ) — 1 _ t(lz a; - - |: :|
1<i<j<k( a; + 7 . 1<E<k( );l:[l (tn+z; t)k;—i n—a; —1 .

for a; = r — 1 — ky;. Finally, replacing y; by —y; for all 1 < < k, we are done. |

4 Proofs of special cases of Conjectures 1.2—1.4
In this section, we prove some special cases of the B,,, C,, and BC,, Jacobi-Trudi identities.
Lemma 4.1. Conjecture 1.2 holds for k = 1.

Before proving the lemma, we recall that a Bailey pair relative to ¢ (for ¢ a nonnegative
integer) is a pair of sequences (a)n>0, (Bn)n>0 such that

1 - 2n + 4
Bn:“Zak[ ] ) (4.1)
(@5 @)an &= " In—k ],
see, e.g., [3, 6, 54, 79]. Slater [73] compiled an extensive list of Bailey pairs, which when inserted

into (4.1) result in identities for sums of g-binomial coefficients. The proof of Lemma 4.1 and
its C,, and BC,, analogues given in Lemmas 4.2 and 4.3 below is based on the identities arising
from the Bailey pairs A(1)-A(4), E(1), E(2), F(1), F(2).

Proof. For k = 1, the conjecture simplifies to the three identities

P(]?Z)(x 13 0) Z(_l)yt%(gyil)y(én—?)y(‘r) + én—3y+1($))a (4.2&)
yEL
Pl (st —1/%) = S 42 Y(e oy (@) + énayia (2)), (4.2b)
YEZ
P (it 1) = (= 1YY ¢, gy (). (4.2¢)
YEL

First we consider (4.2a). By the k = 1 case of the bounded Littlewood identity (2.19a) as well
as Lemma 2.3, identity (4.2a) is equivalent to

1 _ S
Z P(z’",ls)(»’b“;t) = Z(—l)yt;(g’y Dy Z [1( 3 ] P(zr,ls)(l“;t)
2(s =3y,

s,r=0 yEL r,s>0
s+y even
S
+ yt2(3y 1)y |:1 :| P(2'r 1s)(f[f,t)
1,% TgO 2(s =3y +1) ¢
s+y odd

We next equate coefficients of Por 15)(7;t) and make the substitution ¢ + ¢. This leads to the
g-binomial identity

D (i [ms Tl =1

YEL
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For s = 2n, this follows from the Bailey pair A(1) in Slater’s list and for s = 2n + 1 it follows
from the pair A(2).

We apply analogous steps to (4.2b) and (4.2c), this time using the bounded Littlewood
identities (2.19b) and (2.19¢) for k£ = 1. This yields

1(2y1)y[ S ] (. 1/2. 1/2 d 1y yz[ 2n } 9
> _a =(=9"%4q an > q =(647),
= 3 - 2], = ) 2, ) = s,

(In the last identity, s has been replaced by 2n; the coefficient of P 1sy(7;t) for odd s is
zero on both sides of (4.2c).) For s = 2n, the first of these identities follows from the Bailey
pair F(1) while for s = 2n+ it follows from F(2). The second identity follows from the Bailey
pair E(1). [

Lemma 4.2. Conjecture 1.3 holds for k = 1.
Proof. The identities to be proved are
PGy (it,0) = Y (-1t E)en (@) and  BGr (it t) = (-1 e, g ().
yEL YEL

Following the approach of the previous proof, using Lemma 2.3 and the k = 1 instances of (2.20a)
and (2.20b), the underlying polynomial identities turn out to be (3.3) and

2n
S (-1)vgr) [n B ] =q¢"(:4%),,,
YEL Yy q

where we have replaced t and s by ¢ and n, respectively. It follows from the Bailey pair E(4). B
Lemma 4.3. Conjecture 1.4 holds for k = 1.

Proof. The claim is that
1 . .
PRy (it —t172,0) = 3 (=122 (e gy (@) — én-syrale)).
YyEL
By Lemma 2.3 and (2.21), this leads to

S o [§<s ") o [§<s . 2>L) =t

YEL
Yy—s even

where once again we have replaced ¢ by ¢q. For s = 2n, this follows from the Bailey pair A(3)
and for s = 2n + 1 from the pair A(4). |

Lemma 4.4. The B,, and BC,, identities (1.6a) and (1.8) hold for t =1.

Proof. Throughout the proof, K = 2k + 1.
By (2.17a) and (2.18), the ¢ = 1 specialisation of (1.6a) is

noo—k ket

2 (Jet (D™ Enmitjmry () + enpitj—ryi-1(2))) = E B
Similarly, by (2.18), the ¢ =1 case of (1.8) is
Doph gkt
1 3, (D Cnmiren () = envivimcn (@) = 1211 S

YEZ
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By multilinearity and
enr(@) = (@1 20) 7" em (@) emtr (),

we must thus show that

_ _ - n 1—
det (Fi_j’K(:E)—l—Fl_i_j,K(fL‘)): det (Fi_jJ(() F_Z —iK H .%‘ ,

1<i,j<k 1<i,j<k L
1=

where (see [27, Theorem 3.1])

Fin(z):= ) (~1)%em(@)emsny+i()-

y,meZL

Easily established relations for this function are

Fi’N(x) = F_Z"N(l‘) = _Fi—N,N(x)-

The substitution (z,j) — (k+1—4,k+1—j) in either one of the determinants thus leads to the
other, so that it suffices to prove the equality of the first determinant and the product expression
on the right. By the first of the above relations for F; n(z), it follows that the first determinant
is exactly the right-hand side of [27, equation (3.2)] for w = 1 and h = k. Hence we may replace
the determinant by the w = 1 and h = k instance of the left-hand side of [27, equation (3.2)],
which in our notation is

> > T

AeParl ,, TECSSY Ty 0,1 ())

By (2.4), this is equal to

n n
1 2k+1 H 1 _ w{(
Z 1 1—x;
uEParn,Qk i=1 t =1 v
as required. [

Out of the remaining identities (1.6b), (1.6¢), (1.7a) and (1.7b), we only know how to recast
the ¢ = 1 case of (1.7a) in terms of cylindric tableaux. As a first step, by (2.17b) and (2.18)
the t = 1 case of (1.7a) can be rewritten as

nopktl k-l
det (éanyiffH»j(l‘) — én*Kyififj(f)) = 1—_17
1<i,j<k J P
yEZF i=1

where K := 2k + 2. Following [27] and defining

Fin(z) =) em(@)emtny+i(@), (4.3)

y;mEZL

this can also be stated as

det (Fijx(x) = Fyjr(@) =]] _712 (4.4)

1<i,j<k
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Since Fjn(z) = F_;n(z), the left-hand side of (4.4) is exactly the right-hand side of [27,
equation (3.6)] for w = 2 and h = k. Furthermore,

n 2k+2

1—aj —

ﬁ— mu(xl,...7f1}'n).
i=1 T 1 even

wi <2k

Equating this with the left-hand side of [27, equation (3.6)] yields

< D Z") S =Y maen, ).

)\GParfh% /\EParizk TeCSSYTy;21,2(\) Z;Z;Z
Here the prime (resp. double prime) denotes the restriction that A € Pari’2  must be of the form
((2k)", 2a, 2b) (resp. ((2k)",2a+1,2b+1)) for r > 0 and 0 < b < a < k. A proof of this identity
would imply a proof of (1.7a) for ¢ = 1, but so far we only managed to find a proof when k = 1.

5 g, t-Rogers—Ramanujan identities

In this section, we will first show how Conjectures 1.2-1.4 imply the ¢, t-Rogers—Ramanujan iden-
tities stated in Theorems 1.5-1.8. We will then show that after specialising the Hall-Littlewood
parameter ¢, many well-known Rogers—Ramanujan identities follow by a new manifestation of
level-rank duality. Finally, we will provide proofs of Theorems 1.5-1.8 based on Ismail’s argu-
ment.

5.1 From Jacobi—Trudi to g, t-Rogers—Ramanujan identities

Because it is the most important example and includes the classical Rogers—Ramanujan identities
as a special case, we will first show that (1.7a) implies (1.9). We refer to this as a ‘conditional
proof’ since it assumes the validity of the conjectural (1.7a).

Conditional proof of Theorem 1.5. By the bounded Littlewood identity (2.20a) and the
determinant identity (2.23b) for u = 1, (1.7a) can be rewritten as

—k . LRy2 gy, /- .
(1 an) E Py(x;t) = 1<d.e.t<k E2 YT (i Ky — Enit—Kys))
S
A even yEZF IS
M <2k
1 2 -
L2y e .
= det (#2597 (Enipj Kyt — Envitj—Fy)),
1<i,5<k
yeZF

where K = 2k + 2. We view this as two identities, one between the first two expressions and
one between the first and third expression. In the first identity (second) identity we specialise
;i =q" 12, z; = ¢, for 1 <i<n. By[51,p. 27]

€n—r (qn71/2> qn73/2’ ceey ql/Q’”) = q%ﬂ*%”Q {n2n’r:|
q

and

r nt1y|2n + 1
o™ ) =IO P
q
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this yields

ST @ tONP (1, " ki)

A even
A <2k
lef'.lK. i Y (K i i — 2n+o‘
= det [ t2K¥i—%i gz (Kyiti=))(Kyiti—j—o) o
_téKy?Jrjyiq%(Kyi+i+j)(Kyi+i+j—U)[ n+o } > (5.1)
n+ Ky +i+j],

for o € {0, 1}. In the above we have also used multilinearity to replace y; by —y; forall 1 <7< n
in the second term in the determinant. The next step is to let n tend to infinity using

[271 + a} 1

n+bl, (G

lim
n—oo

Thus

ST NP (1,2, 51)

A even
A1 <2k

) P PR

1 viti—j LKy —jy;  Kyititi LKy2+jy;

(g 9k 2 1<Czl'3‘t<k($i b= i prT),
y4) o0 SO

yezk

where p = t¢® and z; = qifég. The right-hand side can be written in product form by the C,(:)

Macdonald identity [50]
det (xz(k+1)yi+z‘—jp(k+1)y$—jyi _ xl?<k+1)yi+i+a‘p(k+1)y?+f'yi)

1<i, i<k ¢
yeZk

k
=& [[0GHn) [ 0s/m2igp),
=1

1<i<j<k

leading to

Z %(cr+1)|>\\P 1 2 ) = (p; p)léo i 9(q%7- 9(gi—t giti—o.

q A(aQaQa-"v)_(q.q)k H (q ap) H (q »q ap)

A even X =1 1<i<j<k

A <2k
Since

[To(* 5e) T o0 o) =]]0(d5p) [ 6(a™ i),

i=1 1<i<j<k i=1 1<i<j<k
this may also be stated as in Theorem 1.5. |

We remark that (5.1) for £ = 1 can be written in the compact form

o0

- (o+Drp, n—1.\ _ _yig(d) iimo) 2RO
> g Pony(Lg,....q" 5t) = Y (-1)itllg [Wr% ; (5.2)

r=0 i=—00

Since
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this is a t-deformation of

N n 2n +u
E r(r+o) _ _1)igi(2i-0)
q [r] - E (—1)'q [n 22.] , (5.3)

r=0 i=—00

due to Foda and Quano [22, Theorem 1.2, k = 2], see also [71, equations (3.2-b) and (3.3-b)| by
Sills.? Similarly, by (3.5), with & = 2 and ¢ + ¢, (5.2) is also a t-deformation of

. ) i . = _1)igi(5i=1)/2—ic 2n+o
,Z:Oq H 2. (Vg [n—l—% .

q 1=—00

For o = 0, this is Bressoud’s finite analogue of the first Rogers-Ramanujan identity [14, equa-
tion (1.1)] and for ¢ = 1 it is a companion of Bressoud’s identity for the second Rogers—
Ramanujan identity, given in [80, p. 249].

The conditional proofs of the remaining ¢, --Rogers—Ramanujan identities all proceed in the
exact same manner as the proof of Theorem 1.5, and below we only summarise the key steps in
each proof.

Conditional proofs of the remaining q, t-Rogers—Ramanujan identities. From identi-
ties (1.6a) and (1.8) to Theorem 1.6. We rewrite the left-hand side of (1.6a) ((1.8)) using
the bounded Littlewood identity (2.19a) ((2.21)), while for the right-hand side we obtain a sec-
ond determinantal expression using (2.23a) ((2.23b)) for u = —1. Next we specialise z; = ¢*~ /2
using the first determinantal expression on the right or z; = ¢* using the second determinantal
expression, and take the n — oo limit. This leads to

1
> 2 tORP(1,q,¢%, .. 5 t)
A
A <2k

. y ; 1 . . - .1
= k E det :L'ZKylH Jsz?/z (G—3)vi _ xf(ylﬂﬂ 1p2Kyz+(]_§)yi)
(o +1)(g;9)k 1<m<k

and
ST et INEI Py (1,4, 5 t)
A
A <2k
1 Kyi+i—j 1 Ky2—jy; Kyi+it+j L Ky2+jy;
= Gk D det (oI pa I — R pa ),
where o € {0,1}, p = t¢®, K = 2k +1 and 2; = —¢*~(@TV/2 2, = —¢*=9/2  in the first (second)

identity. By the Agk) Macdonald identity [50] in the ‘B form

det x(2k+1)yi+i—jp%(2k:+1)yi2—(j—%)yi (2k+1)yz+l+] 1p§(2k+1) y2+(j— l)yi)
- 1<i, <k ¢
ye

k
= (pip)k [[0@spo(pal;in®) [ 0(xs/2i wizjip) (5.4)
=1

1<i<j<k

By the g-binomial theorem, the left-hand side of (5.3) can be simplified to (—q"“; qQ)n.
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or in the ‘Cy form’

det :L,Z(Qk‘f'l)yi'i‘i—jp%(2k’+1)yi2—jy,i _ x§2k+1)yi+i+jp%(2k+1)yi2+jyi)
= 1<i,5<k
ye

ppooHQ xu wp H ij/mzvxzx]a )7

1<i<j<k

Theorem 1.6 results.

From (1.6b) to Theorem 1.7. We rewrite the left-hand side of (1.6b) using the bounded Lit-
tlewood identity (2.19b) and obtain a second determinantal expression on the right using (2.23a)
for uw = 1. Then specialising as in the previous two cases and taking the n — oo limit yields

2k—1

Z q%(o+1)lx\| ( H (_t1/2;t1/2)mi(/\)>PA(L%QQ’ 3 .;t)
A

=1
M <2k

= G D@aE Z det (af¥iti- IpaKyi=(=2)yi _ pKuititi=1 s KyZ+(j %)yl)
(U+1 1<z,j<k v

)

where o € {0,1}, z; = ¢~ (@tD/2 p = t¢X and K = 2k. By the D,(f_gl Macdonald identity [50]

i 2 (.1 s 2 (s 1
det (x?kyﬁ'l kayz‘*(J*E)yi_x?kyz'*‘H‘J 1pkyi+(J*§)yi)
Zkléﬁjék

ye

k
= (%02 e [ 0(wsp'?) JI 0 /aiwizgip),

1<i<j<k

this gives Theorem 1.7.

From (1.7b) to Theorem 1.8. We rewrite the left-hand side of (1.7b) using the bounded
Littlewood identity (2.20b) and obtain a second determinantal form on the right using (2.23b)
for u = 1. Then specialising the x; as before and taking the n — co limit results in

2k—1
I 1(oa1), L1000
Z 3@ +D3l )(H (t;tg)[mi(/\)/ﬂ)P)\(l,q,q2, t)

A i=1
A <2k
_ 1 } : det (xKyrFi—jp%Kyf—jyi . xKyi'Fi‘f‘jp%Ky?J!‘jyi)’
(¢;9)%, 1<i i<k ! i
yezZk
ly| even

where o € {0,1}, 2; = ¢*~9/%, p = t¢® and K = 2k. By the Agi)q Macdonald identity [50]

Ueyiti—i ky2—jui - 2kyititi ky2+iys
E : 1<(%E;.t<k(xi Yiti ]pkyz JYi — yz+z+kayl+jyl)
yeZk <UhJ=<

ly| even

k
= (0% i [[0G50Y) [ 0(z/@,2imgp),
=1

1<i<j<k

we obtain Theorem 1.8. [ |
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5.2 From q,t-Rogers—Ramanujan to Rogers—Ramanujan identities
for standard modules

Thanks to the groundbreaking work of Lepowsky together with his students and collaborators
[10, 16, 17, 18, 19, 30, 31, 41, 42, 43, 44, 45, 46, 47, 48, 56, 57, 58, 59], it is well known that
many Rogers—Ramanujan identities admit an interpretation as identities for principal characters
of standard modules of affine Lie algebras, see also [72, Section 5]. In a beautiful manifestation
of level-rank duality [23], the ¢, t-Rogers—Ramanujan identities of Theorems 1.5-1.8 imply many
Rogers—Ramanujan identities for the characters of standard modules of affine Lie algebras, albeit
typically not principal ones. Most of these were previously found, such as the GOW identities
for Agl), ¢V and Df}rl [26] or the identities from [63], with a total of eight new identities.
Below we will show how all these Rogers—Ramanujan arise via transformations for theta functions

of level-rank duality type, such as

(p;p)" i e (p; p)2 i e
@Ok, I ¢ ¢ p) = G an I 0. Yp), (5.5)
& 9oo 1<i<j<k EERZES 1<i<j<n

for p = g2h+2n—1

Let g be one of the affine Lie algebras shown in Figure 5.2, and let L(A) denote the integrable
highest weight or standard module of g of highest weight A. The character of L(A) is defined as

chL(A) = dim(V},) e",
neh*

where V), is the weight space of weight 4 in the weight-space decomposition of L(A) and exp(-)
is a formal exponential. Each Rogers—Ramanujan identity below is a g-series identity for

XA (a,b5q) = dapq (e ch L(A)),

where ¢, ., is the specialisation

a fori=0,
Gapg: L[, ....e ]| = Z[[a,b,q]], e ¢ q forl<i<n—1,

b fori=n.

When a = b = ¢, this is the well-known principal specialisation [40] for which Lepowsky’s
numerator formula [41] holds

- 1 — g{htpa¥) mult(@)
A —
Pgaiq(e” " ch L(A)) = H <1_q(pav> ’

aeRt

(5.6)

where p is the Weyl vector of g and, for a a root, a" is the corresponding coroot.

After these Lie algebraic preliminaries, we are ready to give our list of Rogers—Ramanujan
identities, together with an interpretation in terms of specialised characters of standard modules.
In many cases, this identification needs a minor modification when n is small. For example,
Cgl) ~ Agl), Aiz) ~ Agl), Agz) ~ Dgf), and so on. In some but not all cases, this also means that
for small n the highest weight indexing the character and/or the specialisation ¢, are not
correct as stated. For example, in Corollary 5.17 for n = 1 the correct affine Lie algebra, standard
module and specialisation are A(ll), L(kAo + kA1) and ¢ys 4, instead of the stated A§2), L(kAy)
and ¢g2 ,. Similar such modifications apply to other corollaries.

We start with three applications of Theorem 1.5.
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0 1 0 1 2 n—-1 n
0 0
(1),1,__@3 (2).1....:@.
By 1 2 3 n—1 n A2”*11 2 3 n—1 n
(1) e=rs o o o e<» N,
Cn 0 1 2 n—1 n D”“o 1 2 n—1 n
0 n—1
D 1 2 3 n

Figure 1. The Dynkin diagrams of the affine Lie algebras Agi) (n>1), B (n > 3), Agl)fl (n > 3),

¢V (n>2), D% (n>2) and DY (n > 4).

Corollary 5.1 (Aan) Rogers-Ramanujan identities, [26, Theorem 1.1]). For k, n positive inte-
gers, let p = ¢>**2" 1 Then

Xen, (L g) = > MNPP(1q,¢% . )

A even
A1<2k
_ ()% ﬁe( ) T 0 p) (5.7)
= (o L1065 ¢ LT '
959) — 1<i<j<n

and

Xokno(—Lgs0) = > dMNP(1, 0,2 567

A even
A <2k

_ (P - i, i Qg
@)oo 324 1<i<j<n

By the principal specialisation formula [51, p. 213]

Pa(L g, .. 50) =[]

i>1 (q; Q)A;—)\;H ’

(5.9)

it follows that Corollary 5.1 for n = 1 yields the ¢ = kK 4+ 1 and ¢ = 1 instances of the modulus
2k + 3 Andrews-Gordon identities [1]

qn%+"'+ni+ni+”'+”k i 2k—i+3 2k+3;

$ _ (¢ g

oyt o0 (@ Dna—na - (@ Dy -y (€5 Dy (¢ @)oo

2k+3)oo

for1<i<k+1.

Proof. Corollary 5.1 follows after specialising ¢t = ¢?"~!

function identity

in Theorem 1.5 and using the theta

k

He(q@—a)i;p) H e(qj—i’qi-i-j;p)

i=1 1<i<j<k

(p; )k,
(¢ 0k
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)oo z+1 o) ) H H(ijiyqi+j+afl;p)’

1<i<j<n

for p = ¢?**2*+1 and o € {0,1}. [ |

Corollary 5.2 (C%l) Rogers—Ramanujan identities, [26, Theorem 1.2]). For k, n positive inte-
gers, let p = ¢**t27 2 Then

Xero@:3:0) = > dV?Py(1,4,¢% .1 ¢%")

T
(P12 p1/2) (pp" 1 n ) o
= = T10(¢"p"?) 0(¢" ", ¢ p). (5.10)
(¢:4%) (@:9) H KE@

Proof. The result follows by specialising t = ¢*" in the o = 0 instance of (1.9) and using

(P:2)5 17 o 20 j=i it
i 105w 1T o)

1<i<j<k
("% p) ppoo ! i it
_ 0(q';p"/?) 0(¢ ", q"";p),
(Qaq ) oo Zl_{ 1<g<n
where p = g2k+2n+2, u

Corollary 5.3 (D;_)HL Rogers—Ramanujan identities, [26, Theorem 1.2]). For k, n positive inte-
gers, let p= ¢***2" . Then

XQkAo(_lv_]-;Q) = Z Q‘MP)\(l,qqu,u-;q%_Q)

A even
A1 <2k
(05 )% i i1
0(¢ " ¢ p). (5.11)
(¢35 (@a)et mg@ ( )

Proof. This follows by specialising ¢t = ¢?® in (1.9) for ¢ = 1 and using

o0 1<i<j<k
(P;P)5% —i it
NN IT ¢ ¢ %), (5.12)
q ;4 q;4)c0 I<i<j<n
where p = ¢2++2", [ |

The next four corollaries for even k are all consequences of (1.11a), whereas for odd & they
follow from Corollaries 5.1-5.3 combined with (2.14a) for a = 1 and n — oo.

Corollary 5.4 (D1(12+)1 Rogers—Ramanujan identities, [63, Theorem 5.14]). For k, n positive
integers, let p = ¢**t2". Then

Xero (@2, =150) = > dM2P(Lq. 4% ™)

A
A<k

:( q"*q) (ppooHQ g1z T 0= a % p).

()% palet L<idien
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By (5.9), for n =1 the corollary is the ¢ = k + 1 case of [4, Theorem 3]

2

s S50 @ Dna—na = (@ Dy =i (45D

_ (—q1/2; q)oo(qz‘/z7 ¢ g2, qk+2)oo 5.13)
(¢:9)c0 ’

where 1 <7 < k+ 1 such that ¢ + k is odd, see also [11, p. 449] and [81, Theorem 4.4].

qg(”1+ And)+ni+nipoteAng_1

Proof. For k even, the claim follows by specialising ¢t = ¢! in (1.11a) for ¢ = 0 and applying

the a = p'/2 case of

k
H 1/2 i— 1/2/a p) ( 2q2i—1;p2) H g(qj—i7qi+j—1;p)

k
oo i— 1<i<j<k
_ (=d"%49) (i OOHH 2y T 6@ a5 ), (5.14)
(9% i=1 1<i<j<n

where p = ¢?**2" and a € {1,p1/2}. For k odd, we combine (5.7) with the a = 1, n —
and z; = ¢~ V/2 specialisation of (2.14a), and use

ﬁ e(qi+k; q2k+2n+1) _ ﬁ e(qi+k+n; q2k+2n+1) ﬁ H(q(k+n+1)/2 g2, q2k+2n+1)
i=1 i=1 i=1

to write the product of theta function in the desired form. |

The next result is our first new Rogers—Ramanujan identity.

Corollary 5.5 (Agn)_1 Rogers—Ramanujan identities). For k, n positive integers, let p = gkt

Then

Xero(@:3:0) = Y ¢V Pa(Lq, 4% .. ;47" )

A
A<k

(P P)5 [To:p) I 0(ca™:p). (5.15)

(4:0%) (@ D)% =3 \<iSien

By (5.9), the n = 1 case yields the i = 0 instance of the following generating function identity
for certain Kleshchev multipartitions [4, Theorem 3], [20, Theorem 3.5], [34, Theorem 1.4] or
tight cylindric partitions of two rows [32, Theorem 13]:

(n12+1)+..~+(”k2+1)_ng—n4—...—n2i (qi+1 qkfi+1 qk+ k+2)

> _ 4 4 T oo (5.16)

= o0 (@G Dninz =+ (G Dy i, (@5 D (4:0%) oo (¢ Dos

ny>e
where 0 < < |k/2].

Proof. For even k, the result follows by choosing t = ¢! in (1.11a) for ¢ = 1 and apply-
ing (5.12) with k£ and n interchanged, recalling that (¢; ¢ )Oo/(q q ) (q q ) For odd k, the
result follows from (5.8) and the a = 1, n — oo and z; = ¢* case of (2 14a). The identification of
the result as xxa, (¢, q; q) for the affine Lie algebra Agi 1 is a direct consequence of (5.6). This
formula implies that for the level-¢ dominant integral weights of A( ) _; parametrised as

A== —22)Ao+ (A1 —A)A1+ -+ (An—1 — M) A1 + AAy,
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where (A1,...,\,) a partition such that A\j + Ay < ¢,

xa(g:49) = He debnmitlp) T (MY, Qi
(q,q ) °°i 1 1<i<j<n

Here p = ¢V = ¢#+27 For ¢ = k and A\; = --- = \, = 0 this yields the right-hand side

of (5.15). -

Corollary 5.6 (Agn) Rogers-Ramanujan identities, [63, Theorem 5.13]). For k, n positive in-
tegers, let p = ¢+, Then

Xeno (0%, ¢:0) = > dMNPPy(1,q, 6%, .1 ")

A
A<k

1/2.,1/2 nln
(/% 0'?) (

) pp i it
- (ql/Q;ql/Q ) 1H9 1/2 H 9(6]] 7Q+J,p).

1<i<j<n

Proof. For even k, we take t = ¢*" in the o = 0 case of (1.11a) and apply

oo He z 1/2 (qui—l;pQ) H e(qj—7,7ql+]—1,p)

1<i<j<k
1/2. 1/2) -1 n
(p ;D (
= (12 72) (gq)%’ H@ ¢ip'?) I 0@ ™a™ ),
(q 1 q 1<i<j<n
where p = ¢?**2"+1 The odd case arises from (5.10) and (2.14a), specialised in the same way
as in the proof of Corollary 5.4. |

A fourth and final application of (1.11a) gives our second new Rogers—Ramanujan identity.

Corollary 5.7 (Bg) Rogers-Ramanujan identities). For k, n positive integers, let p = ¢"t27=1,

Then

_ p;p . L
Xero (6, —130) = Y dNPA(1,4,¢%, .. 547 7%) = E;ZO IT o7 ¢" 5p), (5.17)
A 4 9)oo 1<i<j<n

A<k
Proof. For the even-k case, we specialise t = ¢"~2 in (1.11a) for ¢ = 1 and apply (5.5). The
odd-k case follows from (5.11) and (2.14a) along the lines of the proof of Corollary 5.5. The iden-
tification of the identity in terms of By, ’ arises as follows. We parametrise the level-¢ dominant
integral weights of B,(ql) as

A= (f — A = )\Q)Ao + ()\1 — )\Q)Al +---+ (/\n—l — )\n)An_1 + 22X A,

where (A1,...,\,) is a partition or half-partition such that A\ + Ay < £. Specialising the Weyl—
Kac character formula [29, equation (10.4.1)] for the B -module L(A) according to ¢q,—1.q, and
using the D( ) Macdonald identity — the fact that this is the right Macdonald identity is reflected
in the fact that 2n — 2 is the dual Coxeter number of D( ) — yields

xa(g, —1;q)
. n . . . .
(pf P)zo H H(in_)‘f_’ﬂ, q’\i+)‘j+2”_z_]+1;p) if \ is a partition,
= @)% G, (5.18)
0 if A\ is a half-partition,
where p = ¢/*h" = ¢#*27=1 For { = k and A\; = --- = A\, = 0, this is the product on the right

of (5.17). [
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The next four corollaries are consequences of (1.11b).

Corollary 5.8 (Agn) ; Rogers-Ramanujan identities, [63, Theorem 5.17]). For k, n positive
integers, let p = ¢**+2". Then

Xenn (60:0) = Y NPTV P (1,q,4%, .5 ¢* )

A
A1 <2k
. 9 1/2 i— 1 0 qj—i qﬁ+j—2.p )
(q,q) qu}_[l Kg@( ’ ?)

This result, which for n = 1 yields (5.16) for (i, k) — (k,2k), is a companion of Corollary 5.5.

Proof. The claim follows by taking ¢ = 0 and t = ¢! in (1.11b) and applying the theta
function identity

k
(—p"d5p)0(¢:p%) T] 0(@"dsp)
i—1 1<i<j<k
_ = e ) He (P24, H 0(¢7", g2 p)
’ D% i1 1<i<j<n
for p= q2k+2n. [

The next corollary, which is a companion to Corollary 5.4 and gives (5.13) for (k,i) — (2k, 1),
is our third new Rogers-Ramanujan identity.

Corollary 5.9 (Dg}r2 Rogers—Ramanujan identities). For k, n positive integers, let p = g2ht2n,

Then

Xen, (02, =15q) = > ATV (1,¢,¢%, P

A
A1 <2k

1/2 o
:( q 7Q) <ppOOH0 i 1/2 ) H e(qj—’L’ql-i-j—l;p)'

(q7 q) i=1 1<i<j<n

Proof. This follows by specialising t = ¢?"~! in (1.11b) for ¢ = 1 and using (5.14) for a = 1.

The identification of the g-series as xa,, ( 12 1. q) for the affine Lie algebra DSZJ)FI follows from

the product formula for ya (q1/2, —1; q) given on [63, p. 75]. |

Corollary 5.10 (Agi) Rogers—Ramanujan identities [63, Theorem 5.13]). For k, n positive
integers, let p = T2+ Then

Xern (672 q30) = D (MNP (1,q,4%, . ™)
A

A1 <2k
(p/2p1/2) ( ot .
- (@2 4Y2) oo (q: )15 ! H9 V2 pl?) H 0(¢ ", ¢ p).
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Proof. The claim follows by specialising ¢ = 0 and ¢ = ¢*" in (1.11b) and using

k
k H (—p'"2q'sp)0(¢*:p*) [ 0 .d";p)
)% i 1<i<j<k
( 1/2) ” 17 1 2 1 2 | —1 i+7—1
( 1/2 1/2 n 1 He - / / ) H e(qJ—Z’qH-]— ;p)
1<i<j<n
for p = g2k+2n+1, =

The next identity, which is a companion of (5.17), is our fourth new Rogers—Ramanujan
identity.
Corollary 5.11 (Bg) Rogers-Ramanujan identities). For k, n positive integers, let p=q¢?F 271,
Then

Xoka, (@ —11q) = Y MOV (1,q,¢%, 5?2
)\122/4:

:(pfp)zo I o a+2p).

Proof. We take 0 = 1, t = ¢**~2 in (1.11b) and use
k H 1/2 i—1/2. p)e(qu—l;pQ) H e(qj—z, qz+]—1;p)
)% i=1 1<i<j<k

_ ()% H e(qui,qurij;p)

(q’ Q)oo 1<i<j<n

for p = ¢**27=1. The identification as yaxa, (q, —1;q) follows from (5.18) with k& +— 2k and
Ni=kforall 1 <i<k. |

Next we consider applications of Theorem 1.7.
Corollary 5.12 (BS) Rogers-Ramanujan identities [63, Theorem 5.15 and Remark 5.16)).
For k, n positive integers, let p = ¢*t2"~1. Then

XEA G- oyag o (€756 q)

_ (o+1)|A]|/2 n— 1/2 n 1/2 (1 2 L 2n-1
Z H( )ml()\) /\( 7q7q 9 7q )

=0
)\1<k

(=" 2%¢" V%) _(p: p n i e
_ 9 i+(1—o)k/2— 1/2 ) e(qj z,qz-l—j—i-a 2;17),
(¢%¢'?) (g 9)5 ZHl Kggn

where mo(\) := oo and o € {0,1}.

For n = 1 and ¢q — ¢°, the above result implies the i = k + 1 and i = 1 cases of Bressoud’s
even modulus analogues of the Andrew—Gordon identities [12, 13]:

> o

s 0 (G Dmimng (@ Dy (055 67),,, (4 9)oo

n24eebn2 e (¢, g2FiF2, g2 +2, q2k+2)oo
Y

where 1 <1< k+ 1.
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Proof. For even k, this follows by specialising ¢ = ¢*®~! in Theorem 1.7 and using

1/2
(p/,p) (p;p ooH 7, 0+1)/2 1/2) H H(qj—i7qi+j—a—1;p)

(o + (g 9k i1 1<i<j<k
(P P)5e i+(1—0)k— 1/2 j—i _itjto—2
_ 0(g+0—° p) 0(¢ " ¢ p)
(q1/2; ) (q Q)oo Zl—Il 1§i];£<n

for p = ¢?*T27=1. For odd k, the result follows from Corollaries 5.8 and 5.9 combined with (2.14b)
for n — oo and x; = ¢t D/2, [

Corollary 5.13 (D(J)rl Rogers-Ramanujan identities [63, Theorem 5.14]). For k, n positive
integers, let p = ¢**t2". Then

2 g12q)

= Z qW(H qn;qn)mi(x)>PA(1’qv ¢34

=0

Xkao (4

)\1 <k

_1)2. 1/2.1/2 n
a'%5q) (050 ) (0sp)ne . i
:( n. Qn) (1/2. 1/2) n—1 H9 1/2 1/2) H 9((]] ’quJ 1%10)7
("9 )oo(q 4 ) (¢ @) 1<i<j<n

where my(A) 1= oo.

By the D( )1 diagram automorphism a; — oy,—; for 0 < ¢ < n, the above g-series may also
be identified as xka, (¢/%,¢"/%; q).

Proof. For even k, this follows by specialising ¢ = 0 and ¢ = ¢*" in Theorem 1.7 and the
application of

1/2, S
( ,p) (pv oo He i— 1/2;171/2) H H(QJ_Z,QZ+]_1;p)

( 1<i<j<k
:<fq1/2;q>oo< P ) i z:olﬁa ) T el )

(¢/%;4"2) _(g;9)5 1<iZj<n

for p = ¢**T2". For odd k, the result follows from Corollary 5.10 and (2.14b) for n — oo
and z; = ¢~ /2, |

Our fifth new result is our first and only identity for DS).

Corollary 5.14 (D%l) Rogers-Ramanujan identity). For k, n positive integers, let p = ¢*t27=2,

Then

k-1
Xno(@::0) = Y ™ <H(—q"1;q”1)mi(A)>PA(1,q,q2, g )

A 1=0
A<k

. _mn—1. n—1 .\
_ ( q; Q)OO( q(qq’)(i )oo(p’p)oO H 0(qj7i’qi+j72;p)7 (519)

1<i<ysn

where my(A) = oo.
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Once again, by the automorphisms of the Dg)

above by A1, A,_1 or A,.

Dynkin diagram, we may replace Ay in the

Proof. For even k, the second equality in (5.19) follows by taking 0 = 1 and t = ¢**2 in

Theorem 1.7 and the use of

1/2. S
( ,p) p, ooHe 1/2) H e(q]—z’qz—&-]—Q;p)

2(q;q)

:<_q;(qq);<>;)(§:p)oo H e(qj—z"qi—&-j—Q;p)

1<i<j<n

for p = ¢***?"=2, For odd k, the result follows from Corollary 5.11 and (2.14b) for n — oo
and x; = ¢*. The identification of the g-series in terms of the Dg) standard module L(kAg)
follows from (5.6). For DY with parametrisation

A== —22)Ao+ A1 —A)A1 + -+ (A1 — M) A1 + (et + M) Ap,

where (A1,...,\,) is a generalised® partition or half-partition such that Ay + X2 < £, (5.6) implies
that

(=4 Do (=" 154" 1) (0, 0)%

XA (q7 q; q) = ( . )n H 9(q>\i_>\j —i+j’ q)\i+)\j+2n—i—j;p) .
G Uoo 1<i<j<n
Here p = q”hv = q£+2”_2. For ¢ =k and \; = --- = )\, = 0, this gives yields the product on
the right of (5.19). |

Finally, we consider four applications of Theorem 1.8, all but one of which are new.

Corollary 5.15 (Agi) Rogers—Ramanujan identities). For k a positive integer and n a nonneg-
ative integer, let p = ¢**2"+1. Then

XA (4,45 9)
. 2k—1
_ Al/24(n+1/2)I(A° 2n+1, 4n+2 2 . 2n+1
A =0
M <2k
(q2n+1’q4n+2) ( . oo . 2 1 9 i a1
‘ H9 Tip)o( ) I 0@ a7 ), (5.20)
(q,q ) (q q 1<i<j<n
where my(\) := oo and the prime denotes the restriction that the odd parts of A have even
multiplicity.

For n = 0, this is the i = 0 case of the somewhat unusual Rogers-Ramanujan-type identity*

/q%
X

2nok 20

(n3+-4n3; )+ 5 (n1—na+-+ngk_1—ngk)+ 5 (n1+n2+-+n2;)

2. 42 .
9®) {(n1—ns) 2] (4% 4 ) (a1 —nan)2) (@ D
21 241 201, 241
_ (= T P g )oo’ (5.21)

(¢*:1¢%)

where 0 < ¢ < k and the prime denotes the restriction that no;_1 —ng; is even for all 1 < j < k.

3Generalised in the sense that A\, need not be nonnegative, as long as [An] < An—1.
“In an earlier version of this paper, only the i = 0 and ¢ = k cases of (5.21) were stated. Matthew Russell
subsequently discovered the remaining cases, which are proved in the appendix.
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Proof. We take 0 = 0 and ¢t = ¢>"*! in Theorem 1.8 and apply

(—P;P)oo(psp)léo ﬁg( 2, 2) H 9( G—i _i+j. )
(q;q),&) 1 q;p q ,q °p

1<i<j<k

_ (—Q;Q) (p»p 00 He k+z p)@(q%_l;pQ) H e(qj—i’qi—&—j—l;p)

(:9)% 1<i<j<n

for p = ¢?**t27+1 Parametrising the level-¢ dominant integral weight of Agi) a
A= (=2 )N+ (A1 = X2)A1+ -+ (A1 — M) A1 + Mg,

where (A1,...,\,) is a partition such that A; < |¢/2], the Agi) case of (5.6) takes the form

S

2n+1.  An+2
"y (p; )5, oo
XA(9, 45 q) = ( : ) © H@ )\—‘rn i+1. p)a(qzz 2X;+2i 1;p2)
(@6 (@O i
X H Q(Q)‘i_/\j _Z‘f'j’ in+>\j+2n—i—j+2;p)’

1<i<ji<n
where p = qé+hv = ¢"*?"+L For £ =2k and Ay = --- = \,, = k, this is gives the product on the
right of (5.20). m

Corollary 5.16 (BS) Rogers-Ramanujan identities). For k, n positive integers, let p=g**+2n—1,

Then

X2k, (€%, —1;q)
2k—1

_ Z A+ (n—1/2)1(\°) (H ( 2n_1§q4n_2)"m_()\)/2‘|>P/\(17Qa q2, o ;q2n—1)

=0
A1 <2k

(g2n1; gin- 2) -
= °°H9 ) II 0@ a7 %p), (5.22)
2(q q) 1<i<j<n
where mo(\) := oo and the prime denotes the restriction that the odd parts of A have even
multiplicity.

For n =1, this is (5.21) for ¢ = k.

Proof. We take 0 =1 and ¢t = ¢***! in Theorem 1.8 and apply

(—P;P)oo(P;P)Iéo b 2i—1, 2 j—i  _i4j—1,
T Hﬁ(q ) T 6@ a7 )

1<i<j<k

~ 2(e Q) )as He H AR )

for p = ¢?¢*2"=1 The stated specialisation is somewhat unusual in that it does not lead to

a product form for weights other than ¢A,,, for which it follows from the Weyl-Kac formula and
the Bﬁf) Macdonald identity that

Xea, (¢, —1;q)
(q2n 1. q4n 2) o
’ )5 HG H G(qj_z, qZﬂ_Q;p) if £ is even,
= 2(¢%: ¢%)  ( 1<i<j<n
0 if £ is odd,

where p = ¢/t = ¢*27=1 The product on the right of (5.22) corresponds to ¢ = 2k. [ |
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Corollary 5.17 (Agi)fl Rogers-Ramanujan identities [63, Theorem 5.17]). For k, n positive
integers, let p = ¢**t2". Then

Xean (0%, ¢:9)

, . 2k—1
= ZA: g2l )<1:£ (¢*"; ¢™™) (mi(k)m)PA(l,q,qQ,...;q2”)
A <2k =
2n. An /
qa;q —-p pa oo i—1 i— i idei—
_ | )oo H9 LpP¢hp) [T 0@ d %),
2(%(1) \<ilien

where mo(A\) := oo and prime denotes the restriction that the odd parts of A have even multi-
plicity.

Proof. We set 0 = 0 and ¢t = ¢>" in Theorem 1.8. The claim then follows from

(—P;P)oo(psp)léo ﬁg( 2, 2) H 9( =i _i+j. )
(q;q)’éo | q;p q ,q9 ;D
=1

1<i<j<k

_pl/2. Sp) ™ , , S
_ ( p ’p)oo(p’p)Oo He(_quldjl/?qlfl;p) H g(quz7qz+]*2;p)

2(q; )%, \<iZi<n

for p = ¢2k+2n, |

Corollary 5.18 (D£L2+)1 Rogers-Ramanujan identities). For k, n positive integers, let p = ¢?*+2".

Then

2k—1
Anl(N ! 2 .2
Xkao(—1a3q Z g (11) (4®:q ”)(mi(x)m)PA(l,q,q S (5.23)
)\1<2k =
2n. 4n 2 n 1 n
("5 4") (% 0%) (0 )%S H 2ic1, i i
- 0(* 5% T 0 a7 ),
()%, \<idi<n
where mo(\) := oo and the prime denotes the restriction that the odd parts of A have even
multiplicity.
Proof. Let
k
Orn(g H 7ty I 0@ d ),
i=1 1<i<j<k

where p = ¢?**t2". Taking 0 = 1 and t = ¢*" in Theorem 1.8 and applying

Gk,n (Q) = @n,k’(Q)

yields the second equality in (5.23). To obtain the first equality we parametrise the level-¢
dominant integral weights of Dn2_)H as

A= =2 )N+ A1 —A)A1 + -+ (A1 — M) A1 + 20,A,,
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where (A1,...,\,) is a partition or half-partition such that \; < [¢/2]. By specialising the We 1-
Kac character formula for the D( )_module L(A) according to ¢_1 4.4, it follows from the A2n 1
Macdonald identity that

xa(=1,49)
on. A 2. 1
(2*":¢™) o (0% P°) (iP5 1 0Pt an-2iHL, 2
[T %)
(43 9)% Pl
= X H 9(q>‘i*Aj*i+j, q)‘i+)‘j+2"*i*j+1;p) if X\ is a partition,
1<i<g<n
0 if X is a half-partition,
where p = ¢"th" = ¢ For k = ¢ and \y = --- = \, this is the product on the right
of (5.23). n

5.3 Proofs of Theorems 1.5-1.8

So far, we have only given conditional proofs of the ¢, t-Rogers—Ramanujan identities, based on
the conjectural Jacobi-Trudi identities. For proofs that are unconditional, we apply Ismail’s
analytic argument [28]. Because this works in the exact same manner for all four theorems, we
only present the details for Theorem 1.5.

Proof. Fix ¢ € C such that |¢| < 1 and denote the difference between the left- and right-hand
sides of (1.9) by f(t). Let D denote the open unit disk in C. Then f: D — C is analytic in
an open neighbourhood U C D of 0. By (5.7), (5.8), (5.10) and (5.11), which were previously
proved in [26, Theorems 1.1-1.3], f(qN ) = 0 for all positive integers N. Since the (geometric)
sequence (qN ) N>1 has limit point 0 € U, f(t) = 0 for all ¢t € D by the identity theorem for
analytic functions. |

There is one problem with the above proof method in that it assumes the truth of all of the
Rogers—Ramanujan identities stated in Section 5.2. Eight of these are new and therefore require
independent proofs. It is not difficult however to adapt the method of proof from [26, 63] to
obtain the missing proofs. In each case, the required calculations are quite lengthy and hence
we will give the full details of the most complicated to prove case (Corollary 5.7) and for the
remaining cases we will only briefly indicate the key steps.

Proof of Corollary 5.7. We require the special case of [63, Proposition 5.10] obtained by
setting (t2,t3) = (0,—1) and letting N tend to infinity. In this case, we may replace the
nonnegative integer m in the proposition by the nonnegative integer or half-integer k/2, as is
explained just above [63, equation (5.2.32)]. Then

H 1
(tzizj;t)oo

1<i<j<n

n tl/ xit

5 ep e = [Tt

A
A<k

y Z Ac(m')”)Hx(k+1)nt;(k+1)r§ H (_51%) Zt(g)m (5.24)

7 X . )
1y 20 ( i=1 ij=1 (tml/%’ﬂ”
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We note that the simultaneous substitutions (t1/2 xl,...,xn) — ( 2 gy —xn) leave
(5. 24) invariant. As our next step we observe that the series on the right of (5.24) is the function
L(() )(:cl,..., xy,) defined in [7, equation (A.1b)] with (m,q) — (k,t) and by, ..., bgr1 — 0,
¢1 == c¢pp1 = —t'/2. This puts us in a position to iteratively apply [7, Lemma A.1]. In par-

ticular, in (5.24) we first replace n +— 2n — 2 (for n > 2) and then make the substitution

(xla o 7x2n—2) — (xla T2,Y2,T3,Y3y .-, xn—lvyn—lvxn)'

Taking the limits y; — :c;l for all 2 < ¢ < n— 1 using [7, Lemma A.1], and then taking the
further limits z1 — t%/2 and z, — 1, yields

- 1 1
A2 p! S 1) =
2 R aet) = e Wy 1 =y
A<k

<3 (L x> 0)Ap(—at)

leTn>0
7’2»~~-7T7L71€Z

k+2n l)mt (k+2n—1)r2—(n —%)7’1’

s.

Il 3

Hz
@/\

where xq := t1/2, z,, := 1, and

n

Ap(z) = H(l — ) H (z; — xj)(zix; — 1) = det (xg—l _ x?n—j)'

1<i,7<n
=1 1<i<j<n SO

Denoting the summand on the right by S,., we have

S(r1r9 0 n1,mm) = D (11,7900 Tn1,70) = D(F1,7200Tn1,—7n) -

These symmetries imply that the above sum over rq,...,r, can be simplified to

Z Ap(—zt") H Z(k+2n Driys (k+2n—1)r7 —(n ,%)”’

reZ”
|r| even

although in the following we find it slightly more convenient to drop the condition that |r| is even
and divide the series by two. We now specialise t — ¢**~2 and z; — ¢"* (Which is consistent

with 21 = tY/2 and z, = 1) and use the homogeneity of the Hall-Littlewood polynomials,
(2.15) and multilinearity, to obtain

|>\\P 1 2n—2 N
(1,q.¢4%,...:q _— (5.25)
XA: ( )= g a)%

<k
where

_ i—j—2(n—1)r 2n—i—j+2(n—1)ry (n—1)r?+(n—i)r
N Kcﬁiyeﬁ@(Z(yj + )p
rez

for y; = ¢ Y2 and p = ¢Ft2—1 Next we swap i and j in the determinant, replace r by —r

in the term of the summand on the right and then again appeal to multilinearity. As a result,

N = Z HyQ(n 1)ri—i+1 Q(n 1)( ) d.e.t ((yip”) +(yp )2n j— 1)

1<,5<n
reZm™ i=1
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—4mip)n [[ 0wwip)

1<i<ysn

=4(pp)s [[ 0@ ¢t p)
1<i<j<n

=4(pp)s [[ 0. ).
1<i<j<n

Here the second equality (which holds for arbitrary y;) follows from the variant of the Dg)
Macdonald identity stated in [33, Appendix A.2] and the third equality uses that y; = ¢"~*+1/2.

Substituting the above in (5.25) completes the proof. |

Sketch of proof of Corollary 5.5. Asin the proof of Corollary 5.7, the staring point is (5.24),
but this time we carry out the substitutions n — 2n — 1 followed by

(xlv s 7x2n71) = (xlv T2,Y2,T3,Y3,y .-+, xngyn),

and then take the limits y; — a:i_l for all 2 < i < n and z; — /2. Then carrying out
manipulations similar (but simpler, since only the sum over r; instead of r and r, requires

special attention) to the proof of Corollary 5.7, specialising ¢ + ¢>*~! and z; ¢"t1/2 and
using the B,(ll) Macdonald identity yields the identity (5.15). |

Sketch of proof of Corollary 5.9. This time the starting point is the special case of [63
Proposition 5.10] obtained by setting (to,t3) = (O, —t!/ 2) and letting N tend to infinity:

n

LIAFI(X)) /2 —t2i5t) oo R
Z P)\ H tm t) H (txixj;t)oo

A i=1 oo 1<i<j<n
A <2k

o Z Ap(xth) H (2k+D)riy(Ti ) hr? H <_$l> t(g)w (5.26)
i=1

71,.00,7n =0 AB( ij=1 Lj txi/x]'; t)h’

The rest of the proof is the exact same as the proof of Corollary 5.5, including the use of the Bg)

Macdonald identity in the final step. |

Sketch of proof of Corollary 5.11. The identity follows by taking (5.26) and then following
the exact same steps as in the proof of Corollary 5.7. |

Sketch of proof of Corollary 5.14. We begin with the special case of [63, Proposition 5.10]
obtained by setting (t2,t3) = (—1, —t1/2), letting N tend to infinity and replacing m by k/2.
Then

k—1 n
IA/2 172, ,1)2 PN 1 1
Z ¢ (H( 5t )mi()\)>P)\(l‘7t) - Z1_[1 (1172255 £172) H (tzi;t) oo

A i=1 00 1<i<j<n
A<k
n i .
¥ S L [ (<2t it
Pty 20 P i\ T (twi/2j;t)r,

The remainder follows the exact same steps as in the proof of Corollary 5.7. |

Sketch of proof of Corollary 5.15. In [63, Proposition 5.10], we set to = —t3 = —t1/2 and
let N tend to infinity. Then

2k-1 n
/ 1
(IA+(A))/2 42 P! - -
2 (H“’”W“ﬂﬂ) R (e | s
A =1 1_1 oo 1<i<j<n

A <2k
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y Z AD th )i ?kn‘tknz+m H (_%> t(rﬁ)((m]’t)n, (5.27)

1 ij=1 tmi/x]'; t)n'

T1yeeeyTn =20 7

where the prime in the final sum over A\ denotes the restriction that the odd parts of A must
have even multiplicity, and

Ap(z) = H (i —xj)(zix; — 1) = %1 det (xg—l I mf"*j’l)'

<i,7<n
1<z<]<n LIS

We now replace n — 2n + 1 followed by

(xlv s ,$2n+1) = (xla Y1,22,Y2, -+ -, Tn, Yn, $n+1)a
and then take the limits y; — x; “forall1 <i<mnandz,. 1 — 1. Carrying out the specialisation
t = ¢ and x; — ¢" " and using (2.15) on the left and the Agn) Macdonald identity on the
right yields the result. |

Sketch of proof of Corollary 5.16. As in the previous proof, we take (5.27) but now carry
out the same steps as in the proof of Corollary 5.5, including the use of the B,g) Macdonald
identity to obtain the product of theta functions. |

Sketch of proof of Corollary 5.18. Yet again we take (5.27) but then follow the proof of
Corollary 5.7, except that in the final step we use the Agn)fl Macdonald identity. |

6 Open problems

To conclude the paper, we list a number of open problems pertaining to affine Jacobi—Trudi and
¢, t-Rogers—Ramanujan identities, beyond the obvious problem of proving Conjectures 1.2—1.4.

One such problem is to better understand algebraically for what values of the parameters t, s
in P%’,ﬁ)(:ﬁ; t,s) and P((,i;i)(x; t,s),ort, s, Soin P((,z;;)(x; t, 1, $2) one should expect further Jacobi—
Trudi formulas. Our list of results is definitely not complete, and for example we conjecture
that the additional Ag?ﬁl identity

1 LKy (i— 1)y 3
Py (@3t,t) = 5 det ((—1)#tVEm0 %6, iy, (2) + Enpins iy ()

2 1<i,5<k
J
yEZk

holds, where K = 2k. What is unusual about this Jacobi—Trudi formula is that there does not
appear to be a companion for é,.. As a consequence, the ¢, t-Rogers—Ramanujan identity

2k—1
> ( 11 (t?t2)[mi(x)/21>PA(1quq2’ L5t)

A =1
AN <2k

2.2 .oVk—1 K
_ (p P )?O(pvp)oo He(pq2¢_1;p2) H G(qj_i,qiﬂ_l;p),
S i=1

k
(¢:9) L<isien

where p = t¢?*, does not appear to have a counterpart for

2k—1
Z qm/z ( H (t; t2)’_mi()\)/21>P)\(l7q,q2, .. ;t).

A =1
M <2k
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It remains unclear if this is an isolated case or that further such results exist. In particular, we
note that the affine Lie algebras B,(Cl) and D,(:) are currently missing from our list of ¢, t-Rogers—
Ramanujan identities.

It would also be interesting to consider the determinants in Conjectures 1.2-1.4 with K =
2k 4 a (where a is one of 0, 1, 2 depending on the conjecture) replaced by K = 2k + 2¢ + a
for ¢ a nonnegative integer. For example, what are the PS” (z;t,0) and (21 ---2,) " FPy(2;1)
expansions of

k04 1)y2 —jyi (2 :
> 1<C}(§t<k(t( FEDVEI (i arer 1)y (%) = ngig ooy (2))? (6.1)
yezk

The answers to these questions should imply further character identities. For instance, in the
simplest possible case, namely k = £ = 1, we have

[n/2]
Ztgy (e” 6y( )_en 6y+2 Z ts (1n 2) .TU t,O)

YEL
= (w1 xp) " Z tszp(2r712s)($;t).

r,s=0

Here the equality between the expression on the left and the second expression on the right
follows from

2o ] -
iz n—3yl, n—3y+1

— an identity equivalent to the Bailey pair A(5) in Slater’s list — whereas the equality between
the two expressions on the right may be established using the k£ = 1 case of (2.19a) and

n

P (x;t,0) = kZOPSZ)(x;t,O).

Specialising z; = ¢"%/2 for 1 < i < n, or first using (2.23b) and then specialising z; = ¢* for
1 <@ < n, yields

Z q(0—+1)(r+s)t52p(27‘712s) (1’ PN s t)

r,5=0

_ 1392y [ o3u(6y—0) n+o _ ,(By—1)(6y+o—2) n+o

_Z 1 n—6y+o 1 n — 6y + 2
YEZ q q

for o € {0,1}. Taking the large-n limit and applying Watson’s quintuple product identity [83] —
the Agk) Macdonald identity (5.4) for k = 1 — gives the further ¢, t-Rogers—Ramanujan identity

Z q(0+1)(r+s)ts2p(2T712S) (1,q7 2. t) _ (pip)oo 0(q2—a;p)0(pq4—2a;p2)’

r,s=0

where p = t2¢'2. For t = ¢, this is

Zq

r,s=0

(r+s)24282+0(r+s) (q14;q14)

— 009 2—0; 14 9 10+2a; 28,
G0 (@) G e Ta )00

which is a well known formula for the (normalised) character X%?_) »(q) of the Virasoro algebra

of central charge ¢ = —25/7 and conformal dimension —5(1 — 0)/28, see, e.g., [9].
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Recalling the notation (4.3), (6.1) for t =1 is

—k

(z1---xp) Kol’ejtgk(Fi—j,z(Hul)(x) — Fijokre41) (7)),
for which Huh et al. [27, Theorem 3.3] obtained a combinatorial expression in terms of cylindric
tableaux as follows:

RN D S D S

)\GPari@f )\EParff;rkZ TeCSSYThj2k,20+2(A)

Here the prime in the first sum denotes the restriction that A must be even and the double prime
in the second sum denotes the restrictions that \j — X, = 20+ 2, the last 2¢ 4 2 parts of A are
odd and the other parts are even. Is it possible to extend this result to (6.1) by introducing an
additional statistic on cylindric tableaux?

A final question is to find partition theoretic interpretations for the Rogers—Ramanujan iden-
tities listed in Section 5.2. From the recent work in [15, 19, 21, 33, 61, 62, 67] on the Capparelli—
Meurman—Primc—Primec (CMPP) conjectures, we know that, at least conjecturally, the GOW
identities of Corollaries 5.1-5.3 admit interpretations as identities for the generating function of
restricted sets of coloured partitions. It is natural to suspect that such an interpretation is not
limited to the first three corollaries, and it would be extremely interesting to find a partition
theoretic interpretation in terms of coloured partitions for the remaining 14 corollaries.

A Proof of (5.21)

In this appendix, we prove the full set of Rogers—Ramanujan identities (5.21), which for 1 < i <
k — 1 were conjectured by Matthew Russell after reading an earlier version of this paper.

Theorem A.1l. For k a positive integer and i an integer such that 0 < ¢ < k,

/
>, ; 3 .

ni=-2nop =0 ( ) l(n1—n2)/2] (q 4 )L(”2k71—n2k)/2J (a5 q)n%
_ ( q22+1 q21+1 q21+1 q2i+1)oo (A 1)

(% d?)

where the prime denotes the restriction that noj_1 — naj is even for all 1 < j < k.

q%(n%+---+n§k)+l(n1fn2+---+n2k71fngk)+%(n1+n2+---+n2¢)

Before proving this theorem, we prepare some preliminary results. For nonnegative integers r
and s, let ¢ denote the basic hypergeometric series

o0 s—r+1
s (al,...,ar;m( k(k)> s
r¥s 14,2 = -1 2 AN
? [bl,...,bs K ] kz_ ( b\

0 Q7b17”'7 s

Lemma A.2. For n a nonnegative integer,

> w ("3 Hy o (2:9) [Z] = 2% [—wq/z, !
r=0 q

—-n

14, zq”] : (A.2)

where Hy, is a Rogers—Szegd polynomial, see (2.12).
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Proof. Denote the expression on the left of (A.2) by f,(w, z;¢). Then
= iy n—rl|n G n—~k
pwsn =358 arsa D] [ =5l S0,
r=0 k=0 el g =0 4 r=0 q

The sum over r evaluates to (—wq; ¢)n—x by the ¢-binomial theorem [25, equation (II.4)]

> 240 = e

Fulw, z39) = 2 (—wg; @) [Z] = (—wg; @)n 2¢1[_0q’_q_n ;q,—z]-
q

— " fw w
Taking the b — 0 limit in the transformation formula [25, equation (II1.8)] yields
O ]_ 1 a/zq" z
2¢1 |: e y 4, Z:| - (qlfn/c; q)n 2¢O |: - y 4, c .
Applying this to the above expression for f,(w, z; q), we obtain the right-hand side of (A.2). W

Corollary A.3. For n a nonnegative integer,

Zw"qwl)Hn_r(—wq; q) m =1
r=0 " q

Proof. We specialise z = —wq in (A.2). Since the 2¢ series has a numerator parameter equal
to 1, the series trivialises to 1, resulting in the claim. |

Corollary A.4. For n a nonnegative integer,

r+1

("2)+G) (¢; ¢)

q q;4)n

gn(q) :== E =1.
0<s<r<n (q2; q2) [(n—7)/2] (q2; q2) (r—s)/Q(q; Q)s

r—S even

Before proving this result, we note that in the n — oo limit it yields (A.1) for ¢ = 0 and
k=1.

Proof. We begin by noting that

1 _ (4:4°) oy _ Hn(=¢:9)
(q2; q2) |m/2] ((ﬁ Q)m (QS Q)m

9

where the final equality follows from [82, equation (1.10c)]. Using the above identity and re-
placing the summation index s +— r — 2s, it follows that

i er/% q ‘27“5*8(25“)(% OnHnr(—q;q)
— = In—r (4% %) (¢ @)r—2s

1-r
—Zq Hy, QQ)H 2¢1[ ’Oq ;q2,q2]-
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According to the ¢ — 0 limit of the ¢g-Chu-Vandermonde summation [25, equation (II.6)]
a,q"
2¢1[ 0 ;q,q] =a".

Applying this for (¢, a,n) — (q2,q1*2[r/21, [r/2]), we find

r

gn(q) = Tz:;q(%l)Hnr(—q; q) m ;

By Corollary A.3 for w = 1, we are done. |

We are now ready to give a proof of Theorem A.1 assuming the truth of the result for i = k.
This case is the n = 1 instance of Corollary 5.16.

Proof of Theorem A.1. As remarked above, we may assume the theorem holds for i = k.
Combining this with the remark immediately following Corollary A.4, there is nothing to prove
for K = 1. In the following we thus assume that £ > 2 and 0 < ¢ < k. Now denote the sum on
the left-hand side of (A.1) by S, x(¢) and its summand by S; k., ... no, (¢). Then

/ /
Si,k(Q) = Z Sz’,k;nl,..‘,ngk (Q) = Z Si,k—2;n1,.“,n2k—2 (Q)gngk,Q(q)

ny=--2ngp =0 ny>--2ngg 220

/
= Z Si,k—2;n1,...7n2k_2 (Q) = Si,k—l(Q)a

Ny 2nok—220

where the second equality uses the definition of g, (¢q) and the third equality follows from Corol-
lary A.4. If ¢ > 1, this may be iterated to give

2i+1 2i+1 241, 2i+1
—q —q q q
Sik(a) = Siila) = s oy <.
(6% ¢%)
If, on the other hand, ¢ = 0, iteration leads to
—4,—4,4;94
Sok(q) = So1(q) = (2—2)00
(6% ¢?) .
This completes the proof. |
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