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Abstract. We conjecture affine or Hall–Littlewood analogues of the dual Jacobi–Trudi
identities for orthogonal and symplectic Schur functions indexed by rectangular partitions
of maximal height. These conjectures are then used to derive t-analogues of many known
Rogers–Ramanujan identities for the characters of standard modules of affine Lie alge-
bras. This includes t-analogues of the classical Rogers–Ramanujan identities, (some of)
the Andrews–Gordon identities and the C

(1)
n , A

(2)
2n and D

(2)
n+2 GOW identities. We also

prove an affine analogue of the dual Jacobi–Trudi identity for Schur functions indexed by
rectangular partitions of arbitrary height.
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1 Introduction

1.1 The Jacobi–Trudi and dual Jacobi–Trudi identities

A partition λ of length l(λ) equal to ℓ is a weakly decreasing sequence (λ1, λ2, . . . ) of nonnegative
integers such that λi > 0 for i ⩽ ℓ and λi = 0 for i > ℓ. For x = (x1, . . . , xn) and λ a partition,
the Schur function sλ(x) is defined as

sλ(x) =
det1⩽i,j⩽n

(
x
λj+n−j
i

)∏
1⩽i<j⩽n(xi − xj)

if l(λ) ⩽ n, while sλ(x) = 0 if l(λ) > n. It is a standard result in the theory of symmetric
functions that sλ(x) for l(λ) ⩽ n corresponds to the character of the polynomial representation
of GL(n,C) indexed by λ and admits the combinatorial description

sλ(x) =
∑

T∈SSYTn(λ)

xT . (1.1)

Here SSYTn(λ) is the set of semistandard Young tableaux of shape λ on {1, . . . , n}, and
xT := xα1

1 · · ·xαn
n , where αi is the number of boxes or squares of T with filling i.
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The complete and elementary symmetric functions hr and er are the Schur functions for
partitions whose Young diagram consists of a single row or column of r boxes, respectively.
That is,

hr = s(r) and er = s(1,...,1︸︷︷︸
r times

) = s(1r),

or, more explicitly, h0 = e0 = 1 and

hr(x) =
∑

1⩽i1⩽i2⩽···⩽ir⩽n

xi1 · · ·xir , er(x) =
∑

1<i1<i2<···<ir⩽n

xi1 · · ·xir

for r a positive integer. Hence er(x) = 0 for r > n. Also defining er = hr = 0 for r < 0, two
classical results in the theory of symmetric functions, known as the Jacobi–Trudi identity and
dual Jacobi–Trudi (or Nägelsbach–Kostka) identity, express the Schur functions in terms of de-
terminants with entries given by the complete and elementary symmetric functions, respectively,

sλ(x) = det
1⩽i,j⩽n

(hλi−i+j(x)) = det
1⩽i,j⩽k

(
eλ′

i−i+j(x)
)
. (1.2)

In (1.2), the partition λ′ is the conjugate of λ and k is an arbitrary integer such that λ′
1 ⩽ k.

Surprisingly little appears to be known about Jacobi–Trudi identities for important general-
isations of the Schur functions such as the Hall–Littlewood, Jack and Macdonald polynomials.
Matsumoto [53, Theorem 5.1] discovered Jacobi–Trudi-like formulas for the Jack polynomials
for partitions of rectangular shape, provided the Jack parameter α is a positive integer or the
reciprocal of a positive integer. In Matsumoto’s formulas, determinants are replaced by hyper-
determinants of (even) order depending on the value of α. This was subsequently generalised to
partitions of near rectangular shape by Belbachir, Boussicault and Luque [8]. In this paper, we
add to these results by proving a dual Jacobi–Trudi formula for ordinary (or GL(n,C)) Hall–
Littlewood polynomials indexed by rectangular shapes and by conjecturing dual Jacobi–Trudi
formulas for Bn, Cn and BCn Hall–Littlewood polynomials indexed by rectangular partitions of
length n.

1.2 Main results and conjectures

For x = (x1, . . . , xn) and λ a partition, let Pλ(x; t) be the Hall–Littlewood polynomial in-
dexed by λ, see Section 2.2 for details. In particular, Pλ(x; 0) = sλ(x) and Pλ(x; 1) = mλ(x),
where mλ(x) is the monomial symmetric function.

Our first result is an affine (dual) Jacobi–Trudi formula for Hall–Littlewood polynomials
indexed by partitions of rectangular shape

(kr) = (k, k, . . . , k︸ ︷︷ ︸
r times

).

Theorem 1.1. Let k be a positive integer, r a nonnegative integer and x = (x1, . . . , xn). Then

P(kr)(x; t) =
∑

y1,...,yk∈Z
y1+···+yk=0

det
1⩽i,j⩽k

(
tk(

yi
2 )+iyier−i+j−kyi(x)

)
. (1.3)

For y = (y1, . . . , yk) ∈ Zk, let |y| := y1 + · · ·+ yk. Then the right-hand side of (1.3) may also
be stated as

P(kr)(x; t) =
∑
y∈Q

∑
σ∈Sk

sgn(σ)
k∏

i=1

tk(
yi
2 )+iyier−i+σi−kyi(x),
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where Q =
{
y ∈ Zk | |y| = 0

}
and Sk ⋉Q ∼= W

(
A

(1)
k−1

)
, the Weyl group of the affine root

system A
(1)
k−1 [29, 50]. For integers i, k, u such that 1 ⩽ i ⩽ k, let si,k(u) := k

(
u
2

)
+ iu.

Then (1) si,k(u) ⩾ 0, (2) for i < k, si,k(u) = 0 if and only if u = 0, and (3) sk,k(u) = 0 if and
only if u = 0 or u = −1. These facts imply that for y ∈ Q,

∑k
i=1

(
k
(
yi
2

)
+ iyi

)
=
∑k

i=1 si,k(yi) is
strictly positive unless y = (0, . . . , 0). Consequently, for t = 0 the only nonzero contribution to
the sum over y in (1.3) comes from the zero vector. Theorem 1.1 thus generalises the λ = (kr)
case of the dual Jacobi–Trudi identity (1.2).

For x = (x1, . . . , xn) and λ = (λ1, . . . , λn) a partition, the odd orthogonal, even orthogonal
and symplectic Schur functions so2n+1,λ(x), o2n,λ(x) and sp2n,λ(x) are defined as [49]1

so2n+1,λ(x) =
det1⩽i,j⩽n

(
x
−λj+j−1
i − x

λj+2n−j
i

)∏n
i=1(1− xi)

∏
1⩽i<j⩽n(xi − xj)(xixj − 1)

,

o2n,λ(x) = fλ
det1⩽i,j⩽n

(
x
−λj+j−1
i + x

λj+2n−j−1
i

)∏n
i=1

∏
1⩽i<j⩽n(xi − xj)(xixj − 1)

,

sp2n,λ(x) =
det1⩽i,j⩽n

(
x
−λj+j−1
i − x

λj+2n−j+1
i

)∏n
i=1(1− x2i )

∏
1⩽i<j⩽n(xi − xj)(xixj − 1)

,

(1.4)

where fλ = 1 if l(λ) = n and fλ = 1/2 if l(λ) < n. In (1.4), we have followed the convention
of writing so2n+1,λ(x) instead of o2n+1,λ(x), which stems from the fact that the characters of
the irreducible polynomial representations of O(2n + 1,C) and SO(2n + 1,C) coincide. In the
even case, a similar coincidence between the characters of O(2n,C) and SO(2n,C) only occurs
for l(λ) < n. From the definition, it follows that so2n+1,λ(x), o2n,λ(x) and sp2n,λ(x) are BCn-
symmetric Laurent polynomials in the sense of [63] in the variables x1, . . . , xn with integer
coefficients, whose top-degree homogeneous components are given by the Schur function sλ(x).
Assuming λ ⊆ (kn) , the symplectic and odd-orthogonal Schur functions admit analogues of
the dual Jacobi–Trudi identity (1.2) as follows (see, e.g., [75, p. 123] or [24, equations (3.10)
and (3.27)]):

so2n+1,λ(x) = det
1⩽i,j⩽k

(
ėλ′

i−i+j(x) + ėλ′
i−i−j+1(x)

)
,

o2n,λ(x) =
1

2
det

1⩽i,j⩽k

(
ėλ′

i−i+j(x) + ėλ′
i−i−j+2(x)

)
,

sp2n,λ(x) = det
1⩽i,j⩽k

(
ėλ′

i−i+j(x)− ėλ′
i−i−j(x)

)
,

where ėr(x) is shorthand for er
(
x±
)
= er

(
x1, x

−1
1 , . . . , xn, x

−1
n

)
. For the rectangular partition of

maximal height, i.e., for λ = (kn), this yields

so2n+1,(kn)(x) = det
1⩽i,j⩽k

(ėn−i+j(x) + ėn+i+j−1(x)), (1.5a)

o2n,(kn)(x) =
1

2
det

1⩽i,j⩽k
(ėn−i+j(x) + ėn+i+j−2(x)), (1.5b)

sp2n,(kn)(x) = det
1⩽i,j⩽k

(ėn−i+j(x)− ėn+i+j(x)), (1.5c)

where we have also used the symmetry ėr(x) = ė2n−r(x).
For λ ⊆ (kn) and x as above, let PBn

λ (x; t, s) denote the Bn Hall–Littlewood polynomial
indexed by λ, see Section 2.3. Then PBn

λ (x; 0, 0) = so2n+1,λ(x) and PBn
λ (x; 0, 1) = o2n,λ(x). For

the Bn Hall–Littlewood polynomial, we conjecture two affine analogues of (1.5a), the right-hand

1The full set of odd-orthogonal Schur functions includes (1.4) for half-partitions λ, i.e., weakly decreasing
n-tuples (λ1, . . . , λn) such that λi ∈ Z+ 1/2 and λn ⩾ 1

2
.
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sides of which may be identified with the affine root systems A
(2)
2k and D

(2)
k+1, respectively. We also

have one analogue of (1.5b), for which we do not have an identification in terms of affine root
systems.

Conjecture 1.2. Let k be a nonnegative integer, x = (x1, . . . , xn) and ėr(x) = er
(
x±
)
. Then

PBn

(kn)(x; t, 0) =
∑
y∈Zk

det
1⩽i,j⩽k

(
(−1)yit

1
2
Ky2i −(j− 1

2
)yi(ėn−i+j−Kyi(x) + ėn+i+j−Kyi−1(x))

)
,(1.6a)

where K := 2k + 1, and

PBn

(kn)

(
x; t,−t1/2

)
=
∑
y∈Zk

det
1⩽i,j⩽k

(
t
1
2
Ky2i −(j− 1

2
)yi(ėn−i+j−Kyi(x) + ėn+i+j−Kyi−1(x))

)
, (1.6b)

PBn

(kn)(x; t, 1) =
1

2

∑
y∈Zk

det
1⩽i,j⩽k

(
(−1)yit

1
2
Ky2i −(j−1)yi(ėn−i+j−Kyi(x)+ėn+i+j−Kyi−2(x))

)
, (1.6c)

where K := 2k.

For λ ⊆ (kn) and x as above, let PCn
λ (x; t, s) denote the Cn Hall–Littlewood polynomial

indexed by λ. Then PCn
λ (x; 0, 0) = sp2n,λ(x). This time we have two conjectural analogues

of (1.5c), corresponding to the affine root systems C
(1)
k and A

(2)
2k−1, respectively.

Conjecture 1.3. Let k be a nonnegative integer, x = (x1, . . . , xn) and ėr(x) = er
(
x±
)
. Then

PCn

(kn)(x; t, 0) =
∑
y∈Zk

det
1⩽i,j⩽k

(
t
1
2
Ky2i −jyi(ėn−i+j−Kyi(x)− ėn+i+j−Kyi(x))

)
, (1.7a)

where K = 2k + 2, and

PCn

(kn)(x; t, t) =
∑
y∈Zk

|y| even

det
1⩽i,j⩽k

(
t
1
2
Ky2i −jyi(ėn−i+j−Kyi(x)− ėn+i+j−Kyi(x))

)
, (1.7b)

where K = 2k.

Finally, let PBCn
λ (x; t, s1, s2) denote the BCn Hall–Littlewood polynomial indexed by λ.

Then PBCn
λ (x; 0, 0, 0) = sp2n,λ(x) and PBCn

λ (x; 0, 1,−1) = o2n,λ(x). Conjecturally, we have
one more generalisation of (1.5c) corresponding to the affine root system A

(2)
2k .

Conjecture 1.4. Let k be a nonnegative integer, x = (x1, . . . , xn) and ėr(x) = er
(
x±
)
. Then

PBCn

(kn)

(
x; t,−t1/2, 0

)
=
∑
y∈Zk

det
1⩽i,j⩽k

(
(−1)yit

1
2
Ky2i −jyi(ėn−i+j−Kyi(x)−ėn+i+j−Kyi(x))

)
, (1.8)

where K = 2k + 1.

Once again this gives (1.5c) for t = 0.
In Section 4, Conjectures 1.2–1.4 will be proved for k = 1 using bounded Littlewood identities.

In the same section we also present proofs of (1.6a) and (1.8) for t = 1 based on cylindric Schur
functions.

Conjectures 1.2–1.4 have some remarkable consequences in that (with the exception of (1.6c))
they imply new Rogers–Ramanujan type identities which contain not just the standard param-
eter q but also a Hall–Littlewood parameter t, while still admitting a product form. These
q, t-Rogers–Ramanujan identities generalise many of the classical Rogers–Ramanujan identi-
ties, such as the two original identities of Rogers and Ramanujan [64, 65, 66], (a subset of)
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the Andrews–Gordon identities [1], their even modulus analogue of Bressoud [12, 13], and the
C
(1)
n , A

(2)
2n and D

(2)
n+1 GOW identities of Griffin, Ono and the author [26].

Let (a; q)∞ =
∏

i⩾0

(
1− aqi

)
be a q-shifted factorial, θ(a; p) = (a; p)∞(p/a; p)∞ a modified

Jacobi theta function and θ(a1, . . . , ak; p) =
∏k

i=1 θ(ai; p). For λ a partition, λ is said to be even
if all of its parts are even.

Theorem 1.5 (q, t-Rogers–Ramanujan-type identity for C
(1)
k ). For k a positive integer, let

p = tq2k+2. Then

∑
λ even
λ1⩽2k

q(σ+1)|λ|/2Pλ

(
1, q, q2, . . . ; t

)
=

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q(2−σ)i; p

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
, (1.9)

where σ ∈ {0, 1}.

The labelling of the theorem by the affine root system C
(1)
k reflects the fact that k + 1 is

the dual Coxeter number of C
(1)
k and the product on the right of (1.9) is a specialisation of

the Weyl–Kac denominator for C
(1)
k . For t = 0, the theorem simplifies to

∑
λ even
λ1⩽2k

q(σ+1)|λ|/2sλ
(
1, q, q2, . . .

)
=
∏
i⩾1

1− q(σ+1)(k+i)

1− q(σ+1)i

∏
1⩽i<j

1− q2k+i+j

1− qi+j

= lim
n→∞

ϕσ

(
e−kωn chL(kωn)

)
, (1.10)

where L(kωn) is the irreducible Sp(2n,C)-module of highest weight kωn (with ω1, . . . , ωn the
fundamental weights of Sp(2n,C)), and ϕσ is the specialisation

ϕσ : Z[e−α1 , . . . , e−αn ] → Z[q], e−αi 7→

{
q for 1 ⩽ i ⩽ n− 1,

qσ+1 for i = n.

For the affine root system A
(2)
2k , with (dual) Coxeter number 2k + 1, we have two identities.

Given a partition λ, let λo be the partition consisting of the odd parts of λ, so that l(λo) is the
number of parts of λ that are odd.

Theorem 1.6 (q, t-Rogers–Ramanujan-type identities for A
(2)
2k ). For k a positive integer, let

p = tq2k+1. Then∑
λ

λ1⩽2k

q(σ+1)|λ|/2Pλ

(
1, q, q2, . . . ; t

)
(1.11a)

=
(p; p)k∞

(σ + 1)(q; q)k∞

k∏
i=1

θ
(
−qi−(σ+1)/2; p

)
θ
(
pq2i−σ−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−σ−1; p

)
and ∑

λ
λ1⩽2k

q(σ+1)|λ|/2tl(λ
o)/2Pλ

(
1, q, q2, . . . ; t

)
(1.11b)

=
(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
−p1/2qi−σ/2; p

)
θ
(
q2i−σ; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−σ; p

)
,

where σ ∈ {0, 1}.
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We remark that by

k∏
i=1

θ
(
−qi−1; p

)
θ
(
pq2i−2; p2

) ∏
1⩽i<j⩽k

θ
(
qi+j−2; p

)
= 2

∏
1⩽i<j⩽k

θ
(
qi+j−1; p

)
the identity (1.11a) for σ = 1 can be written as∑

λ
λ1⩽2k

q|λ|Pλ

(
1, q, q2, . . . ; t

)
=

(p; p)k∞
(q; q)k∞

∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
.

For t = 0, (1.11a) yields

∑
λ

λ1⩽2k

q(σ+1)|λ|/2sλ
(
1, q, q2, . . .

)
=
∏
i⩾1

1− q(σ+1)(k+i−1/2)

1− q(σ+1)(i−1/2)

∏
1⩽i<j

1− q2k+i+j

1− qi+j

= lim
n→∞

ϕ̂σ

(
e−kωn chL(kωn)

)
, (1.12)

where L(kωn) is the irreducible SO(2n + 1,C)-module of highest weight kωn and ϕ̂σ is the
specialisation

ϕ̂σ : Z
[
e−α1 , . . . , e−αn

]
→ Z

[
q(σ+1)/2

]
, e−αi 7→

{
q for 1 ⩽ i ⩽ n− 1,

q(σ+1)/2 for i = n.

The t = 0 case of (1.11b) once again yields (1.10).
We conclude with two theorems for D

(2)
k+1 and A

(2)
2k−1, respectively. For both these root

systems, the dual Coxeter number is 2k. For λ a partition, we denoted by mi(λ) the multiplicity
of parts of size i.

Theorem 1.7 (q, t-Rogers–Ramanujan identity for D
(2)
k+1). For k a positive integer, let p = tq2k.

Then

∑
λ

λ1⩽2k

q(σ+1)|λ|/2

(
2k−1∏
i=1

(
−t1/2; t1/2

)
mi(λ)

)
Pλ

(
1, q, q2, . . . ; t

)

=

(
p1/2; p1/2

)
∞(p; p)k−1

∞
(σ + 1)(q; q)k∞

k∏
i=1

θ
(
−qi−(σ+1)/2; p1/2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−σ−1; p

)
,

where σ ∈ {0, 1}.

Theorem 1.8 (q, t-Rogers–Ramanujan identity for A
(2)
2k−1). For k a positive integer, let p = tq2k.

Then

∑′

λ
λ1⩽2k

q(σ+1)|λ|/2tl(λ
o)/2

(
2k−1∏
i=1

(
t; t2

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; t

)

=
(p; p)2∞(p; p)k−1

∞
(q; q)k∞

k∏
i=1

θ
(
q2i−σ; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−σ; p

)
,

where σ ∈ {0, 1} and the prime in the sum over λ denotes the restriction that the odd parts of λ
have even multiplicity.
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In the t = 0 limit, these theorems simplify to (1.12) and (1.10), respectively.
It will be shown in Section 5 how Conjectures 1.3 and 1.4 imply the above results. Of

course, since the latter are conjectures, they do not imply proofs of Theorems 1.5–1.8, but
once discovered it is not hard to provide a proof that does not rely on the conjectures, see
Section 5.3. In Section 5, it will also be shown how the Andrews–Gordon and GOW identities
follow from (1.9) by a novel manifestation of level-rank duality. For now, we remark that by

P(2r)

(
1, q, q2, . . . ; q

)
=

qr
2−r

(q; q)r

the identity (1.9) for t = q and k = 1
(
and thus p = q5

)
simplifies to the Rogers–Ramanujan

identities [64, 65, 66]

∞∑
r=0

qr
2

(q; q)r
=

(
q2, q3, q5; q5

)
∞

(q; q)∞
and

∞∑
r=0

qr
2+r

(q; q)r
=

(
q, q4, q5; q5

)
∞

(q; q)∞
,

where (a; q)r =
∏r−1

i=0

(
1− aqi

)
and (a1, . . . , ak; q)∞ =

∏k
i=1(ai; q)∞.

1.3 Outline

The remainder of this paper is organised as follows. In Section 2, we prepare the necessary
symmetric function material needed for the rest of the paper. Most of what is covered in this
section is well known, and apart from some easy to prove, marginally new results for Hall–
Littlewood polynomials, the only new results of some depth are the two determinant identities
for elementary symmetric functions stated in Lemma 2.9. These identities will be important
in our applications of Conjectures 1.2–1.4. In Section 3, we prove Theorem 1.1 using results
from crystal base theory due to Schilling and Shimozono. We also discuss a number of known
special cases of the theorem as well as higher-level generalisations of Theorem 1.1 related to
level-restricted Kostka polynomials. In Section 4, we use bounded Littlewood identities and
Bailey pairs to prove the Conjectures 1.2–1.4 for k = 1. We further apply known results for
cylindric Schur functions to prove two of the six identities from the conjectures for t = 1. In
Section 5, we show that the q, t-Rogers–Ramanujan identities stated in Theorems 1.5–1.8 arise
by specialising Conjectures 1.2–1.4. It is then shown that by specialising t to arbitrary positive
powers of q the q, t-Rogers–Ramanujan identities lead to many new and old Rogers–Ramanujan
identities for specialised characters of standard modules of affine Lie algebras. We use these
Rogers–Ramanujan identities for standard modules together with Ismail’s analytic argument to
provide a proof of the q, t-Rogers–Ramanujan identities that is not reliant on the validity of
Conjectures 1.2–1.4. In Section 6, we conclude the main part of the paper with a list of open
problems related to our work. Finally, in the appendix a proof is given to a new family of
Rogers–Ramanujan-type identities related to one of our applications of Theorem 1.8 discussed
in Section 5.2. This family of identities was discovered by Matthew Russell after reading an
earlier version of this paper.

2 Symmetric functions

2.1 (Cylindric) Schur functions

Let λ = (λ1, λ2, . . . ) be a partition, i.e., a weakly decreasing sequence of nonnegative integers
such that |λ| := λ1 + λ2 + · · · is finite. If |λ| = m, we say that λ is a partition of m, denoted
as λ ⊢ m. The parts of λ are the positive λi in the sequence, and the number of parts of λ is
its length, denoted by l(λ). For all i ⩾ 1, mi = mi(λ) is the multiplicity of parts of size i in λ.
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We alternatively write λ in multiplicity notation as λ = (rmr , . . . , 1m1), where r is the largest
part of λ. Here we typically omit imi if mi = 0. For example, the partition (4, 3, 3, 3, 1, 1) is
also written as

(
41, 33, 12

)
. A partition of the form (kr) is referred to as a rectangular partition

or a partition of rectangular shape. Given partitions λ = (λ1, λ2, . . . ) and µ = (µ1, µ2, . . . ),
we write µ ⊆ λ if λi − µi ⩾ 0 for all i ⩾ 1, and say that µ is contained in λ. Given µ ⊆ λ,
we write µ ≺ λ if the interlacing conditions λ1 ⩾ µ1 ⩾ λ2 ⩾ µ2 ⩾ · · · hold. The set of
partitions of length at most n will be denoted by Parn and the set of partitions contained in the
rectangle (kn) by Parn,k. Given a partition λ, its Young diagram corresponds to the diagram
obtained by drawing l(λ) rows of left-aligned boxes or squares, such that the i-th row contains λi

squares. The Young diagram of the partition ν = (4, 3, 3, 3, 1, 1) is given by the left-most of the
following two diagrams:

ν =
ν ′ =

We typically do not distinguish between a partition and its Young diagram. The conjugate of
the partition λ, denoted λ′, is obtained by reflecting the diagram of λ in the main diagonal, so
that the conjugate of the partition ν in our example corresponds to the above Young diagram
on the right. In our subsequent discussion of cylindric tableaux, it will be convenient to assume
that Young diagrams are made up of unit squares, so that the length of the i-th row of λ is λi

and the length of the j-th column is λ′
j . If µ ⊆ λ, we denote by λ/µ the skew diagram obtained

by removing those boxes of λ that are also contained in µ. If µ ≺ λ, then the skew diagram λ/µ
has at most one box in each column and is known as a horizontal strip.

For partitions µ ⊆ λ and (weak) composition α = (α1, . . . , αn) such that |α| = |λ/µ|, let
SSYTn(λ/µ, α) denote the set of semistandard Young tableaux of shape λ/µ and filling α. That
is, a tableaux T in SSYTn(λ/µ, α) correspond to a filling of the Young diagram of λ/µ such
that αi squares are filled with the number i and such that rows are weakly increasing from
left to right and columns are strictly increasing from top to bottom. Also set SSYTn(λ/µ) =⋃

α SSYTn(λ/µ, α). An example of tableau in SSYT7((6, 6, 6, 4, 1)/(3, 2), (1, 2, 3, 3, 4, 3, 2)) is
given by

1 2 3
2 3 3 4

4 4 5 5 6 7
5 5 6 7
6

Recall from (1.1) that, for λ ∈ Parn, the Schur function sλ(x1, . . . , xn) may be expressed as
a sum over tableaux in SSYTn(λ). We now wish to extend this to the case of cylindric Schur
functions [27, 39, 55, 60]. For positive integers k, n and nonnegative integer ℓ, let Parℓn,k be the set
of partitions λ contained in (kn) such that λ′

1 − λ′
k ⩽ ℓ. For λ ∈ Parℓn,k and T ∈ SSYTn(λ, α),

let T be the copy of T obtained by translating T by k units to the right and ℓ units up.
Since λ′

1 − λ′
k ⩽ ℓ, the union of T and T is a column strict skew tableaux of shape ν/

(
kℓ
)
, where

νi =

{
λi + k for 1 ⩽ i ⩽ ℓ,

λi + λi−ℓ for ℓ < i ⩽ n+ ℓ

and λi = 0 for i > n. If, beyond column-strictness, T ∪ T is semistandard, T is said to be
cylindric. The set of all cylindric semistandard Young tableaux of shape λ and filling α will
be denoted by CSSYTn;k,ℓ(λ, α), and once again we set CSSYTn;k,ℓ(λ) =

⋃
αCSSYTn;k,ℓ(λ, α).
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Alternatively, T ∈ CSSYTn;k,ℓ(λ, α) may be viewed as a tableau of shape λ ∈ Parℓn,k wrapped
around a cylinder of width k with vertical offset ℓ as in the following diagram for λ = (6, 6, 6, 4, 1),
k = 6, ℓ = 3, n = 7 and α = (4, 4, 3, 3, 4, 3, 2):

1 1 1 1 2 3
2 2 2 3 3 4
4 4 5 5 6 7
5 5 6 7
6

ℓ

k

1 1 1 1 2 3
2 2 2 3 3 4
4 4 5 5 6 7
5 5 6 7
6

1 1 1 1 2 3
2 2 2 3 3 4
4 4 5 5 6 7
5 5 6 7
6

. .
.

. .
.

Combining (1.1) and (1.2), we have∑
T∈SSYTn(λ)

xT = det
1⩽i,j⩽k

(
eλ′

i−i+j(x)
)

(2.1)

for λ ∈ Parn,k and x = (x1, . . . , xn). Huh et al. [27, Proposition 2.6] generalised this as follows.

Proposition 2.1. Let λ ∈ Parℓn,k and x = (x1, . . . , xn). Then∑
T∈CSSYTn;k,ℓ(λ)

xT =
∑
y∈Zk

|y|=0

det
1⩽i,j⩽k

(
eλ′

i−i+j−(k+ℓ)yi(x)
)
. (2.2)

The symmetric function in this proposition is known as a cylindric Schur function and is
denoted as sµ[k,ℓ]′(x) for µ = λ′ in [27]. For ℓ ⩾ l(λ), CSSYTn;k,ℓ(λ) = SSYTn(λ) and
det
(
eλ′

i−i+j−(k+ℓ)yi(x)
)
= 0 unless y1 = · · · = yn = 0. Hence (2.2) includes (2.1) as a special

case.
For later reference, we consider (2.2) for ℓ = 0 and ℓ = 1. Since Par0n,k = {(kr) | 0 ⩽ r ⩽ n}

and since the cyclic condition for ℓ = 0 implies that all boxes in row j of T ∈ CSSYTn;k,0((k
r))

have the same filling, say ij , column-strictness implies∑
T∈CSSYTn;k,0((kr))

xT =
∑

1⩽i1<i2<···<ir⩽n

xki1 · · ·x
k
ir = er

(
xk1, . . . , x

k
n

)
= er

(
xk
)
. (2.3)

For ℓ = 1, the set of admissible partitions is the set of near-rectangles

Par1n,k = {(kr, a) | r ⩾ 0, 0 ⩽ a < k}.

Since ℓ = 1, the set CSSYTn;k,1((k
r, a), α) for |α| = kr + a contains at most one tableau.

Column-strictness imposes the obvious condition αi ⩽ k for all 1 ⩽ i ⩽ n. Moreover, if a given
row of T ∈ SSYTn((k

r, a), α) ends with a box with filling i and the next row begins with a box
with filling j < i, then T ̸∈ CSSYTn;k,1((k

r, a), α). Hence, assuming |α| = kr+a and αi ⩽ k, the
only T ∈ SSYTn((k

r, a), α) contained in CSSYTn;k,1((k
r, a), α) is given by the tableau whose

word obtained by reading rows from left to right starting with the top row and ending with the
bottom row is given by 1α1 , 2α2 , . . . , nαn as in

1 1 1 1 2 2
2 2 3 3 3 4
4 4 5 5 5 5
6 6 6 6 6 7
7 7 8

r

k

a
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Hence for λ ∈ Par1n,k,∑
T∈CSSYTn;k,1(λ)

xT =
∑

µ∈Parn,k

|µ|=|λ|

∑
α∈Sn·µ

xα =
∑

µ∈Parn,k

|µ|=|λ|

mµ(x), (2.4)

where Sn · µ denotes the Sn-orbit of µ = (µ1, . . . , µn) and mµ(x) is the monomial symmetric
function indexed by µ.

2.2 Hall–Littlewood polynomials for GL(n,C)

Let x = (x1, . . . , xn) and Sn the symmetric group of degree n with natural action on polynomials
in x. Then the ordinary or GL(n,C) Hall–Littlewood polynomial Pλ(x; t) is defined as [51]

Pλ(x; t) =
1

vλ(t)

∑
w∈Sn

w

(
xλ1
1 · · ·xλn

n

∏
1⩽i<j⩽n

xi − txj
xi − xj

)
,

where

vλ(t) =
(t; t)n−l(λ)

(1− t)n−l(λ)

∏
i⩾1

(t; t)mi(λ)

(1− t)mi(λ)
.

The Hall–Littlewood polynomials {Pλ(x; t)}l(λ)⩽n form a basis of the ring of symmetric functions
with coefficients in Z[t]. In analogy with the Schur functions sλ(x) = Pλ(x; 0), we set Pλ(x; t) = 0
if λ is a partition such that l(λ) > n. By the stability property,

Pλ(x1, . . . , xn, 0; t) =

{
Pλ(x1, . . . , xn; t) if l(λ) ⩽ n,

0 otherwise,

the Hall–Littlewood polynomials may be extended to symmetric functions in countably many
variables, Pλ(x1, x2, . . . ; t). Then the number of variables in a result such as Theorem 1.1
becomes irrelevant, and alternatively it may be stated as a result in the algebra of symmetric
functions:

P(kr)(t) =
∑
y∈Zk

|y|=0

det
1⩽i,j⩽k

(
tk(

yi
2 )+iyier−i+j−kyi

)
, (2.5)

with no reference to a particular choice of alphabet.
Special cases of Pλ(x; t) other than the Schur function are

Pλ(x; 1) = mλ(x) (2.6)

and P(1r)(x) = er(x).
For α a composition, let eα(x) =

∏
i⩾1 eαi(x). Then the transition coefficientsRλ,α(t) between

elementary symmetric functions and Hall–Littlewood polynomials are defined by

eα(x) =
∑
λ

Rλ,α(t)Pλ(x; t). (2.7)

For integers k, n, let

[
n

k

]
q

=


(q; q)n

(q; q)k(q; q)n−k
if 0 ⩽ k ⩽ n,

0 otherwise,

be a Gaussian polynomial or q-binomial coefficient.
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Theorem 2.2 (Kirillov [35, Theorem 3.4]). For α = (α1, . . . , αk),

Rλ,α(t) =
∑

0=ν(0)⊆ν(1)⊆···⊆ν(k)=λ′

|ν(i)/ν(i−1)|=αi

k∏
i=2

i−1∏
j=1

[
ν
(i)
j − ν

(i)
j+1

ν
(i)
j − ν

(i−1)
j

]
t

. (2.8)

The summand on the right vanishes unless the interlacing condition ν(a−1) ≺ ν(a) holds for
all 1 ⩽ a ⩽ k, so that one may also think of the sum over the ν(a) as a sum over semistandard
Young tableaux of shape λ′ and filling α. This implies that Rλ,α(t) = 0 if λ1 > k, where
α = (α1, . . . , αk), but also that if λ = (kr, µ) where µ is a partition such that µ1 < k, then

R(kr,µ),(α1,...,αk)(t) = Rµ,(α1−r,...,αk−r)(t). (2.9)

The expression (2.8) for k = 2 simplifies to

R(2r,1s),(α1,α2)(t) = δ2r+s,α1+α2

[
s

α1 − r

]
t

, (2.10)

where δi,j is a Kronecker delta. This yields the following simple result, which will be used in the
proof of Conjectures 1.2–1.4 for k = 1. Recall that ėr(x) = er

(
x±
)
.

Lemma 2.3. Let x = (x1, . . . , xn) and k an integer such that −n ⩽ k ⩽ n. Then

(x1 · · ·xn)ėn−k(x) =
∑
r,s⩾0

s−k even

[
s

1
2(s− k)

]
t

P(2r,1s)(x; t).

Since the summand on the right vanishes unless |k| ⩽ s ⩽ n − r, only finitely many terms
contribute to the sum, as it should.

Proof. By

er(x1, . . . , xn, y1, . . . , ym) =
r∑

i=0

ei(x1, . . . , xn)er−i(y1, . . . , ym) (2.11)

and

er
(
x−1

)
= (x1 · · ·xn)−1 en−r(x),

we have

(x1 · · ·xn)ėn−k(x) =
∑
i⩾0

ei(x)ei+k(x),

where the summand is nonzero for max{0,−k} ⩽ i ⩽ min{n, n− k} only. Hence

(x1 · · ·xn)ėn−k(x) =
∑
i⩾0

e(i,i+k)(x)

=
∑

i,r,s⩾0

δ2r+s,k+2i

[
s

i− r

]
t

P(2r,1s)(x; t)

=
∑
r,s⩾0

s−k even

[
s

1
2(s− k)

]
t

P(2r,1s)(x; t),

where the second equality follows from (2.10). ■
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For m a nonnegative integer, let Hm(x; t) be the Rogers–Szegő polynomial [2, p. 49]

Hm(x; t) =
m∑
i=0

xi
[
m

i

]
t

(2.12)

and, for k a positive integer, let h
(k)
λ (a, b; t) be the Rogers–Szegő polynomial indexed by the

partition λ [7, 63]:

h
(k)
λ (a, b; t) =

k−1∏
i=1
i odd

(−a)mi(λ)Hmi(λ)(b/a; t)
k−1∏
i=1

i even

Hmi(λ)(ab; t).

This polynomial is symmetric in a and b, and

h
(k)
(1r)(a, b; t) = (−a)rHr(b/a; t) = (−1)r

r∑
i=0

ar−ibi
[
r

i

]
t

provided that k ⩾ 2. For notational convenience, we also define

h̃
(k)
λ (a, b; t) := aλ

′
2k+1h

(2k+1)
λ (−a,−b; t) = al(λ

o)
2k∏
i=1

Hm2i−1(λ)(b/a; t)Hm2i(λ)(ab; t),

which is not symmetric in a and b.

Proposition 2.4. For x = (x1, . . . , xn) and k a nonnegative integer,(
n∏

i=1

(1 + axi)

) ∑
µ

µ1⩽2k

bl(µ
o)Pµ(x; t) =

∑
λ

λ1⩽2k+1

h̃
(k)
λ (a, b; t)Pλ(x; t). (2.13)

Proof. The proof is essentially a repeat of the proof of [82, equation (3.3)], which is an identity
equivalent to the k → ∞ limit of (2.13).

We begin by recalling the e-Pieri rule for Hall–Littlewood polynomials [51, p. 215]

Pµ(x; t)er(x) =
∑

λ⊢|µ|+r

Pλ(x; t)
∏
i⩾1

[
λ′
i − λ′

i+1

λ′
i − µ′

i

]
t

.

The summand on the right vanishes unless µ′ ≺ λ′. Multiplying both sides by ar and then
summing over r, we obtain(

n∏
i=1

(1 + axi)

)
Pµ(x; t) =

∑
λ

a|λ/µ|Pλ(x; t)
∏
i⩾1

[
λ′
i − λ′

i+1

λ′
i − µ′

i

]
t

.

Further multiplying this by bl(µ
o) and summing over µ such that µ1 ⩽ 2k, we thus find(

n∏
i=1

(1 + axi)

) ∑
µ

µ1⩽2k

bl(µ
o)Pµ(x; t) =

∑
λ

λ1⩽2k+1

Pλ(x; t)
∑
µ

µ1⩽2k

a|λ/µ|bl(µ
o)

2k∏
i=1

[
λ′
i − λ′

i+1

λ′
i − µ′

i

]
t

.

Here we have used the fact that the summand vanishes unless µ′ ≺ λ′, which, given that µ1 ⩽ 2k,
implies that λ1 ⩽ 2k + 1. In the sum over µ we now make the substitutions µ′

2i−1 7→ ji + λ′
2i
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and µ′
2i 7→ λ′

2i− li for 1 ⩽ i ⩽ k. Then |λ/µ| 7→ l(λo) +
∑k

i=1(li − ji) and l(µo) 7→
∑k

i=1(ji + li),
so that(

n∏
i=1

(1 + axi)

) ∑
µ

µ1⩽2k

bl(µ
o)Pµ(x; t)

=
∑
λ

λ1⩽2k+1

al(λ
o)Pλ(x; t)

∑
j1,...,jk⩾0
l1,...,lk⩾0

k∏
i=1

(b/a)ji
[
λ′
2i−1 − λ′

2i

ji

]
t

(ab)li
[
λ′
2i − λ′

2i+1

li

]
t

=
∑
λ

λ1⩽2k+1

al(λ
o)Pλ(x; t)

k∏
i=1

Hm2i−1(λ)(b/a; t)Hm2i(λ)(ab; t)

=
∑
λ

λ1⩽2k+1

h̃
(k)
λ (a, b; t)Pλ(x; t),

as claimed. ■

According to [63, equation (2.3.7)],

h̃
(k)
λ (a, 0; t) = al(λ

o) and h̃
(k)
λ

(
1, t1/2; t

)
=

2k∏
i=1

(
−t1/2; t1/2

)
mi(λ)

.

This implies the following corollary of Proposition 2.4.

Corollary 2.5. For x = (x1, . . . , xn) and k a nonnegative integer,(
n∏

i=1

(1 + axi)

) ∑
µ even
µ1⩽2k

Pµ(x; t) =
∑
λ

λ1⩽2k+1

al(λ
o)Pλ(x; t), (2.14a)

(
n∏

i=1

(1 + xi)

) ∑
µ

µ1⩽2k

tl(µ
o)/2Pµ(x; t) =

∑
λ

λ1⩽2k+1

(
2k∏
i=1

(
−t1/2; t1/2

)
mi(λ)

)
Pλ(x; t). (2.14b)

To conclude our discussion of the Hall–Littlewood polynomials for GL(n,C), we define its
modified analogue. Consider the expansion of the Hall–Littlewood symmetric functions in terms
of the Newton power sums

Pλ(x1, x2, . . . ; t) =
∑
µ

cλµ(t)pµ(x1, x2, . . . ),

where pµ =
∏

i⩾1 pµi and p0 = 1, pr(x1, x2, . . . ) = xr1 + xr2 + · · · for r ⩾ 1. Then the modified
Hall–Littlewood polynomial P ′

λ(x1, x2, . . . , xn; t) is defined as

P ′
λ(x1, . . . , xn; t) =

∑
µ

cλµ(t)pµ(X1(t), . . . , Xn(t)),

where Xi(t) =
(
xi, xit, xit

2, . . .
)
. Alternatively, using plethystic notation, P ′

λ(x; t) = P ′
λ(x/(1−

t); t). From the definition, it follows immediately that

P ′
λ

(
1, q, . . . , qn−1; qn

)
= Pλ

(
1, q, q2, . . . ; qn

)
. (2.15)



14 S.O. Warnaar

2.3 The Bn, Cn and BCn Hall–Littlewood polynomials

Let W = Sn ⋉ (Z/2Z)n be the hyperoctahedral group (or group of signed permutations) with
standard action on Laurent polynomials in x = (x1, . . . , xn). Then, for λ a partition of length
at most n, the BCn Hall–Littlewood polynomial PBCn

λ (x; t, s1, s2) is defined as [52, 76]

P
(BCn)
λ (x; t, s1, s2) =

1

(s1s2; t)n−l(λ)vλ(t)

×
∑
w∈W

w

(
n∏

i=1

x−λi
i

(1− s1xi)(1− s2xi)

1− x2i

∏
1⩽i<j⩽n

(txi − xj)(1− txixj)

(xi − xj)(1− xixj)

)
. (2.16)

The BCn Hall–Littlewood polynomials are polynomials in Z[t, s1, s2]
[
x±1 , . . . , x

±
n

]W
, normalised

such that PBCn
0 (x; t, s1, s2) = 1. The top-degree homogeneous component of the polynomials

P
(BCn)
λ (x; t, s1, s2) is given by the ordinary Hall–Littlewood polynomial Pλ(x; t).
The Bn and Cn Hall–Littlewood polynomials arise as special cases of the BCn Hall–Littlewood

polynomials:

P
(Bn)
λ (x; t, s) = P

(BCn)
λ (x; t, s,−1), (2.17a)

P
(Cn)
λ (x; t, s) = P

(BCn)
λ

(
x; t, s1/2,−s1/2

)
. (2.17b)

(For Bn, there is once again an analogue for half-partitions λ which is not needed in this paper.)
The odd-orthogonal, even-orthogonal and symplectic Schur functions correspond to the special
cases

so2n+1,λ(x) = P
(Bn)
λ (x; 0, 0), o2n,λ(x) = P

(Bn)
λ (x; 0, 1), sp2n,λ(x) = P

(Cn)
λ (x; 0, 0).

For λ = (kn), the summand in (2.16) has Sn symmetry so that the sum over W simplifies to
a sum over (Z/2Z)n, leading to [63, Lemma 2.5]

P
(BCn)
(kn) (x; t, s1, s2) =

∑
ε1,...,εn∈{±1}

Φ
(
xε11 , . . . , xεnn ; t, s1, s2

) n∏
i=1

x−εik
i ,

where

Φ(x1, . . . , xn; t, s1, s2) :=

n∏
i=1

(1− s1xi)(1− s2xi)

1− x2i

∏
1⩽i<j⩽n

1− txixj
1− xixj

.

In particular,

P
(BCn)
(kn) (x; 1, s1, s2) =

n∏
i=1

(1− s1xi)(1− s2xi)x
−k
i − (s1 − xi)(s2 − xi)x

k
i

1− x2i
. (2.18)

In the proofs of special cases of our conjectures as well as in the derivation of q, t-Ro-
gers–Ramanujan identities, we require a number of bounded Littlewood identities, expressing
the Bn, Cn and BCn Hall–Littlewood polynomials indexed by rectangular partitions of length n
in terms of ordinary Hall–Littlewood polynomials.

Theorem 2.6 (bounded Littlewood identities for Bn). For k a nonnegative integer,∑
λ

λ1⩽2k

Pλ(x; t) = (x1 · · ·xn)k PBn

(kn)(x; t, 0), (2.19a)
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∑
λ

λ1⩽2k

(
2k−1∏
i=1

(
−t1/2; t1/2

)
mi(λ)

)
Pλ(x; t) = (x1 · · ·xn)k PBn

(kn)

(
x; t,−t1/2

)
, (2.19b)

∑′′

λ
λ1⩽2k

(
2k−1∏
i=1

(
t; t2

)
mi(λ)/2

)
Pλ(x; t) = (x1 · · ·xn)k PBn

(kn)(x; t, 1), (2.19c)

where the double prime denotes the restriction that all parts of λ that are strictly less than 2k
have even multiplicity.

These three results (which also hold for k + 1
2 a nonnegative integer) are the special cases

t2 = 0, t2 = −t1/2 and t2 = 1 of the integral-k case of [63, Theorem 4.8]. The identity (2.19a)
is equivalent to a result of Macdonald [51, pp. 232–233], although his right-hand side is not
identified as a Bn Hall–Littlewood polynomial, a fact that is crucial in our use of the result.
Since PBn

λ (x; t, 1) = PCn
λ (x; t, 1), the identity (2.19c) may also be regarded as a result for Cn.

This, however, does not apply to its extension to half-integer values of k.

Theorem 2.7 (bounded Littlewood identities for Cn). For k a nonnegative integer,∑
λ even
λ1⩽2k

Pλ(x; t) = (x1 · · ·xn)k PCn

(kn)(x; t, 0), (2.20a)

∑′

λ
λ1⩽2k

tl(λ
o)/2

(
2k−1∏
i=1

(
t; t2

)
⌈mi(λ)/2⌉

)
Pλ(x; t) = (x1 · · ·xn)k PCn

(kn)(x; t, t), (2.20b)

where the prime denotes the restriction that the odd parts of λ have even multiplicity.

In the above form, the identity (2.20a) was first stated in [63, equation (4.1.7)] and is the
special t2 = t3 = 0 instance of [63, Theorem 4.7]. An equivalent identity, which makes no refer-
ence to the symplectic Hall–Littlewood polynomials, was previously found by Stembridge [74,
Theorem 1.2].

Finally, we need one BCn bounded Littlewood identity, given by the (t2, t3) =
(
−t1/2, 0

)
special case of [63, equation (4.1.15)].

Theorem 2.8. For k a nonnegative integer,∑
λ

λ1⩽2k

tl(λ
o)/2Pλ(x; t) = (x1 · · ·xn)k PBCn

(kn)

(
x; t,−t1/2, 0

)
. (2.21)

2.4 Determinant identities for elementary symmetric functions

The aim of this section is to show that, with the exception of (1.6c), each determinant in
Conjectures 1.2–1.4 admits an alternative expression in terms of the elementary symmetric
functions on the alphabet

(
x±, 1

)
=
(
x1, x

−1
1 , . . . , xn, x

−1
n , 1

)
.

Let ër(x) := er
(
x±, 1

)
. By (2.11),

ër(x) = ėr(x) + ėr−1(x). (2.22)

Lemma 2.9. For K an arbitrary integer,∑
y∈Zk

det
1⩽i,j⩽k

(
uyit

1
2
Ky2i −(j− 1

2
)yi(ėn−i+j−Kyi(x) + ėn+i+j−Kyi−1(x))

)
=

1

2

∑
y∈Zk

det
1⩽i,j⩽k

(
uyit

1
2
Ky2i −(j− 1

2
)yi(ën−i+j−Kyi+1(x) + ën+i+j−Kyi−1(x))

)
(2.23a)



16 S.O. Warnaar

and ∑
y∈Zk

det
1⩽i,j⩽k

(
uyit

1
2
Ky2i −jyi(ėn−i+j−Kyi(x)− ėn+i+j−Kyi(x))

)
=
∑
y∈Zk

det
1⩽i,j⩽k

(
uyit

1
2
Ky2i −jyi(ën−i+j−Kyi+1(x)− ën+i+j−Kyi(x))

)
. (2.23b)

Proof. First we consider (2.23a). Fix y ∈ Zk such that y1 ⩾ y2 ⩾ · · · ⩾ yk. Then (2.23a) is
a consequence of∑

Sk·y
det

1⩽i,j⩽k

(
t−jyi(ėn−i+j−Kyi(x) + ėn+i+j−Kyi−1(x))

)
=

1

2

∑
Sk·y

det
1⩽i,j⩽k

(
t−jyi(ën−i+j−Kyi+1(x) + ën+i+j−Kyi−1(x))

)
, (2.24)

where Sk · y denotes the Sk orbit of y. Summing over all k! permutations of y instead of Sk · y
amounts to multiplying (2.24) by the size of the stabilizer of y, and in the following it will
be more convenient to consider (2.24) with y replaced by w(y) = (yw1 , . . . , ywk

) and the sum
over Sk · y replaced by a sum over w ∈ Sk. Then, after applying (2.22) to the right-hand
side, the identity to be proved becomes the special case – replace (xi, zi) 7→ (t−yi ,Kyi) followed
by Er 7→ ėn−r(x) – of the formal identity∑

w∈Sk

det
1⩽i,j⩽k

(
xjwi

(
Ezwi+i−j + Ezwi−i−j+1

))
=

1

2

∑
w∈Sk

det
1⩽i,j⩽k

(
xjwi

(
Ezwi+i−j−1 + Ezwi+i−j + Ezwi−i−j+1 + Ezwi−i−j+2

))
.

Dispensing with the determinants, this is the same as

∑
σ,w∈Sk

sgn(σ)
k∏

i=1

xσi
wi
Fi,i(σ,w) =

1

2

∑
σ,w∈Sk

sgn(σ)
k∏

i=1

xσi
wi
(Fi,i−1(σ,w) + Fi,i(σ,w)),

where

Fi,j(σ,w) := Ezwi+j−σi + Ezwi−j−σi+1.

Since Fi,−j(σ,w) = Fi,j+1(σ,w) and thus F1,0(σ,w) = F1,1(σ,w), this may be simplified to

∑
∅⊂I⊆{2,...,k}

∑
σ,w∈Sk

sgn(σ)
k∏

i=1

xσi
wi

∏
i∈I

Fi,i−1(σ,w)
∏

i∈{1,...,k}\I

∏
i∈I

Fi,i(σ,w) = 0. (2.25)

Since
∏k

i=1 x
σi
wi

=
∏k

i=1 x
(σw−1)i
i , we replace w 7→ wσ to obtain

∑
∅⊂I⊆{2,...,k}

∑
σ,w∈Sk

sgn(σ)

k∏
i=1

x
(w−1)i
i

∏
i∈I

Fi,i−1(σ,wσ)
∏

i∈{1,...,k}\I

∏
i∈I

Fi,i(σ,wσ) = 0.

In the following, we will show the stronger vanishing result

fI;w :=
∑
σ∈Sk

sgn(σ)
∏
i∈I

Fi,i−1(σ,wσ)
∏

i∈{1,...,k}\I

∏
i∈I

Fi,i(σ,wσ) = 0 (2.26)
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for fixed ∅ ⊂ I ⊆ {2, . . . , k} and w ∈ Sk. For j ∈ {1, . . . , k − 1}, let sj ∈ Sk denote the j-th
adjacent transposition, i.e., the 2-cycle (j, j + 1). Then, for any τ ∈ Sk,

(τsj)i =


τj+1 if i = j,

τj if i = j + 1,

τi otherwise.

Hence

Fi,i−1(σsj , wσsj) =

{
Fi−1,i−1(σ,wσ) if i = j + 1,

Fi,i−1(σ,wσ) if i ̸= j, j + 1

and

Fi,i(σsj , wσsj) =

{
Fi+1,i(σ,wσ) if i = j,

Fi,i(σ,wσ) if i ̸= j, j + 1.

We now fix the index j of sj as j = min{I} − 1. Then j + 1 ∈ I and j /∈ I, and thus by
replacing σ by σsj in (2.26) and using that sgn(σsj) = − sgn(σ),

fI;w = −
∑
σ∈Sk

(
sgn(σ)Fj+1,j(σsj , wσsj)Fj,j(σsj , wσsj)

×
∏
i∈I

i̸=j+1

Fi,i−1(σsj , wσsj)
∏

i∈{1,...,k}\I
i̸=j

∏
i∈I

Fi,i(σsj , wσsj)

)

= −
∑
σ∈Sk

(
sgn(σ)Fj,j(σ,wσ)Fj+1,j(σ,wσ)

∏
i∈I

i̸=j+1

Fi,i−1(σ,wσ)
∏

i∈{1,...,k}\I
i̸=j

∏
i∈I

Fi,i(σ,wσ)

)

= −
∑
σ∈Sk

(
sgn(σ)

∏
i∈I

Fi,i−1(σ,wσ)
∏

i∈{1,...,k}\I

∏
i∈I

Fi,i(σ,wσ)

)
= −fI;w.

Hence fI;w = 0.
Next we consider (2.23b). Proceeding as in the first proof, this time it suffices to prove the

formal identity∑
w∈Sk

det
1⩽i,j⩽k

(
xjwi

(
Ezwi+i−j − Ezwi−i−j

))
=
∑
w∈Sk

det
1⩽i,j⩽k

(
xjwi

(
Ezwi+i−j−1 + Ezwi+i−j − Ezwi−i−j − Ezwi−i−j+1

))
.

This is the same as∑
w,σ∈Sk

sgn(σ)

k∏
i=1

xσi
wi
F̃i,i(σ,w) =

∑
w,σ∈Sk

sgn(σ)

k∏
i=1

xσi
wi

(
F̃i,i−1(σ,w) + F̃i,i(σ,w)

)
, (2.27)

where

F̃i,j(σ,w) := Ezwi+j−σi − Ezwi−j−σi .

Since F̃i,0 = 0 and thus F1,0 = 0, (2.27) can be rewritten exactly as (2.25) but with F replaced
by F̃ . The remainder of the proof if identical to the first proof. ■
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3 Proof, special cases and generalisations of Theorem 1.1

Before discussing a number of special cases and generalisations of Theorem 1.1, we provide
a short proof of the theorem based on a result due to Schilling and Shimozono [68]. For the sake
of brevity, throughout this section we use Q :=

{
y ∈ Zk | |y| = 0

}
for the Ak−1 root lattice.

We also mostly work in the algebra of symmetric functions writing er, Pλ(t) and sλ instead
of er(x), Pλ(x; t) and sλ(x).

Proof of Theorem 1.1. We will prove the result in the form (2.5), or, equivalently, in the
form

P(kr)(t) =
∑
y∈Q

∑
σ∈Sk

sgn(σ)t
1
2

∑k
i=1(kyi+2i)yie(rk)+σ−ρ−ky,

where ρ := (1, 2, . . . , k) and where the elementary symmetric function in the summand vanishes
unless (rk) + σ − ρ− ky is a (weak) composition. By (2.7),

P(kr)(t) =
∑
λ

∑
y∈Q

∑
σ∈Sk

sgn(σ)t
1
2

∑k
i=1(kyi+2i)yiRλ,(rk)+σ−ρ−ky(t)Pλ(t),

where Rλ,α(t) := 0 if min{α} < 0. Equating coefficients of Pλ(t) on both sides, we are left to
show that∑

y∈Q

∑
σ∈Sk

sgn(σ)t
1
2

∑k
i=1(kyi+2i)yiRλ,(rk)+σ−ρ−ky(t) = δλ,(kr) (3.1)

for all partitions λ ⊢ rk such that λ1 ⩽ k. (As noted on p. 11, if λ1 > k or λ ̸= |kr|,
then Rλ,(rk)+σ−ρ−ky(t) = 0, in which case there is nothing to prove.) For s a nonnegative
integer such that s ⩽ r, let r− s be the multiplicity of parts of size k in λ, and by mild abuse of
notation, write λ = (kr−s, µ) where µ ⊢ ks such that µ1 < k. Then, by (2.9), the identity (3.1)
may be simplified to∑

y∈Q

∑
σ∈Sk

sgn(σ)t
1
2

∑k
i=1(kyi+2i)yiRµ,(sk)+σ−ρ−ky(t) = δs,0. (3.2)

Recalling (2.10), for k = 2 and µ =
(
12s
)
this is the well-known (see, e.g., [78, equation (2.3)])∑

y∈Z
(−1)yt(

y
2)
[

2s

s− y

]
t

= δs,0. (3.3)

For k = 3, it is the ℓ = 0 instance of [5, Proposition 5.1], where µ and s are parametrised
as µ =

(
22L2−L1 , 12L1−L2

)
for 4L2 ⩾ 2L1 ⩾ L2 and s = L2. The identity (3.2) for general k was

first proposed in [78, equation (6.5)] and subsequently proved by Schilling and Shimozono [68,
equation (6.6)] as an identity for Uq

(
A

(1)
k−1

)
level-restricted path at trivial level 0. ■

In the remainder of this section, we discuss a number of special cases and generalisations of
Theorem 1.1.

On [51, p. 214], Macdonald gives the following Schur expansion for the Hall–Littlewood
polynomial indexed by a partition of length at most one.

Lemma 3.1. For k a nonnegative integer,

P(k)(t) =

k−1∑
a=0

(−t)as(k−a,1a),

where s(k−0,10) := sk and s(1,1k−1) := s(1k).
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It is not hard to show that this follows from Theorem 1.1.

Proof of Lemma 3.1. Equation (1.3) for r = 1 simplifies to

P(k)(t) =
∑
y∈Q

det
1⩽i,j⩽k

(
tk(

yi
2 )+iyie1−i+j−kyi

)
.

Since er = 0 for r < 0, all entries in the first row of the determinant are zero unless y1 ⩽ 1.
Moreover, for 2 ⩽ i ⩽ k all entries in row i are zero unless yi ⩽ 0. Since y ∈ Q, this implies
that there are exactly k choices for y such that the determinant is non-vanishing: y =

(
0k
)
and

y =
(
1, 0k−a−1,−1, 0a−1

)
for 1 ⩽ a ⩽ k − 1. For y =

(
0k
)
, this yields the Schur function s(k)

by (1.2). The contribution to the sum from y =
(
1, 0k−a−1,−1, 0a−1

)
is

Da(t) := ta det
1⩽i,j⩽k

(
ej−i+1+kδi,k−a+1−kδi,1

)
.

All entries in the first row of the determinant are zero except for the last, which is 1. By
a Laplace expansion along the first row,

Da(t) = ta(−1)k−1 det
1⩽i,j⩽k−1

(
ej−i+kδi,k−a

)
.

In the determinant, we cycle rows 1, 2, . . . , k−a 7→ k−a, 1, 2, . . . , k−a− 1. In other words, row
k − a is put as the first row, pushing down rows 1, . . . , k − a− 1, leading to

Da(t) = (−t)a det
1⩽i,j⩽k−1

(
ej−i+1+aδi,1−χ(i>k−a)

)
,

where χ(true) = 1 and χ(false) = 0. By (1.2) with k 7→ k−1, this yields Da(t) = (−t)asλ, where

λ′ =
(
a+ 1, 1k−a−1, 0a−1

)
=
(
a+ 1, 1k−a−1

)
,

and thus λ = (k − a, 1a). Hence

P(k)(t) = s(k) +
k−1∑
a=1

(−t)as(k−a,1a),

as required. ■

In [38, Theorem 7.2], Lassalle and Schlosser derived an expression for Pλ(t) for arbitrary λ
in terms of elementary symmetric functions. Their formula does not have a determinantal form,
and it seems difficult to deduce Theorem 1.1 from the λ = (kr) case of the Lassalle–Schlosser
theorem. For k = 2, however, the two theorems are trivially the same.

Lemma 3.2 (Lassalle–Schlosser). For r a nonnegative integer,

P(2r)(t) =

r∑
i=−r

(−1)it(
i
2)er+ier−i.

Proof. According to (1.3) for k = 2,

P(2r)(t) =
∑

y1,y2∈Z
y1+y2=0

t2(
y1
2 )+2(y22 )+y1+2y2(er−2y1er−2y2 − er−2y1+1er−2y2−1)

=
∑
i∈Z

t2i
2−i(er−2ier+2i − er−2i+1er+2i−1)

=

r∑
i=−r

(−1)it(
i
2)er+ier−i,

which is the Lassalle–Schlosser expression. ■
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By (2.6), the t = 1 specialisation of Theorem 1.1 is

m(kr)(x; t) =
∑
y∈Q

det
1⩽i,j⩽k

(er−i+j−kyi(x)). (3.4)

This identity is an immediate consequence of Proposition 2.1.

Proof of (3.4). For x = (x1, . . . , xn), let f
(
xk
)
= f

(
xk1, x

k
2, . . . , x

k
n

)
. Then

m(kr)(x) = er
(
xk
)
.

We thus need to show that∑
y∈Q

det
1⩽i,j⩽k

(er−i+j−kyi(x)) = er
(
xk
)
.

This follows from the ℓ = 0 cases of Proposition 2.1 and (2.3). ■

Let λ ∈ Parℓn,k. Then the above connection with cylindric Schur functions suggest that the
symmetric function

Sk,ℓ
λ (t) =

∑
y∈Q

det
1⩽i,j⩽k

(
t(k+ℓ)(yi2 )+iyieλ′

i−i+j−(k+ℓ)yi

)
– which is a t-deformation of the right-hand side of (2.2) – warrants further study. As in
the Schur case, for ℓ ⩾ l(λ) the summand on the right vanishes unless y =

(
0k
)
, and for

such ℓ, Sk,ℓ
λ (t) = sλ. Also, from (1.3), Sk,0

(kr)(t) = P(kr)(t). Using further results by Schilling and
Shimozono, the Hall–Littlewood expansion of Sk,ℓ

λ (t) for all admissible partitions λmay be given.
Below we will describe the simplest case λ = (kr) and ℓ ⩾ 1. By abuse of notation, we denote
the type A Cartan matrix and its inverse by C and C−1 respectively, without reference to the
rank of the underlying root system which will always be assumed to be clear from the context
in which these matrices are used. In the case of Ak−1, C and C−1 are (k− 1)× (k− 1) matrices
with entries Ca,b = 2δa,b − δa,b−1 − δa,b+1 and C−1

a,b = min{a, b} − ab/k for 1 ⩽ a, b ⩽ k − 1. For
µ =

(
kmk(µ), . . . , 1m1(µ)

)
⊢ kr, let

φℓ(µ) =
1

2ℓ

k−1∑
a,b=1

C−1
a,bma(µ)mb(µ)

and define Kℓ
(rk),µ

(t) as the coefficients in the expansion of Sℓ
(kr)(t) in terms of Hall–Littlewood

polynomials:

Sk,ℓ
(kr)(t) = t−k(r2)

∑
µ⊢kr
µ1⩽k

tφℓ(µ)Kℓ
(rk),µ(t)Pµ(t).

Proposition 3.3. Let µ ⊢ kr such that µ1 ⩽ k. Then the polynomial Kℓ
(rk),µ

(t) is the level-ℓ

restricted generalised Kostka polynomial Kℓ
λR(t) (see, e.g., [68, 69]) for λ =

(
rk
)
and R the

sequence of single-column partitions

R =
(
(1), . . . , (1)︸ ︷︷ ︸
m1(µ) times

,
(
12
)
, . . . ,

(
12
)︸ ︷︷ ︸

m2(µ) times

, . . . ,
(
1k
)
, . . . ,

(
1k
)︸ ︷︷ ︸

mk(µ) times

)
.
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By [69, equation (6.7)],

Kℓ
(kr),µ(t) = tk(

r
2)
∑

t
1
2

∑k−1
a,b=1

∑ℓ−1
i,j=1 Ca,bC

−1
i,j τ

(a)
i τ

(b)
j

k−1∏
a=1

ℓ−1∏
i=1

[
ν
(a)
i + τ

(a)
i

τ
(a)
i

]
t

,

where the sum is over τ
(a)
i ∈ N0 for 1 ⩽ a ⩽ k − 1 and 1 ⩽ i ⩽ ℓ− 1 such that

ν
(a)
i := ma(µ)C

−1
i,1 −

k−1∑
b=1

ℓ−1∑
j=1

Ca,bC
−1
i,j τ

(b)
j ∈ N0.

In particular,

Sk,1
(kr)(t) =

∑
y∈Q

det
1⩽i,j⩽k

(
t(k+1)(yi2 )+iyier−i+j−(k+1)yi

)
=
∑
µ⊢kr
µ1⩽k

tφℓ(µ)Pµ(t).

Proof of Proposition 3.3. The proof of the positive-level case is the exact same as the proof
for the level-0 case, but now uses∑

y∈Q

∑
σ∈Sk

sgn(σ)t
1
2

∑k
i=1((k+1)yi+2i)yiRµ,(rk)+σ−ρ−(k+1)y(t) = t−k(r2)+φℓ(µ)Kℓ

(rk),µ(t)

for µ ⊢ kr such that µ1 ⩽ k. This identity was first conjectured in [70, equation (9.2)] and
proved by Schilling and Shimozono for ℓ = 1 in [68] and for arbitrary positive level in [69,
Section 6.2]. ■

We remark that the t = ℓ = 1 case of Proposition 3.3 is∑
y∈Q

det
1⩽i,j⩽k

(
er−i+j−(k+1)yi

)
=
∑
µ⊢kr
µ1⩽k

mµ(t),

which follows from the ℓ = 1 case of Proposition 2.1 and (2.4).
We conclude this section with a straightforward corollary of Theorem 1.1 in the form of

an A
(1)
k−1 basic hypergeometric summation.

Corollary 3.4. For k ⩾ 1 and 0 ⩽ r ⩽ n integers,

∑
y∈Q

∏
1⩽i<j⩽k

(
1− tk(yi−yj)−i+j

) k∏
i=1

tk(k+1)(yi2 )−iyi

[
n+ k − 1

n− r − kyi + i− 1

]
t

=

[
n

r

]
t

k∏
i=1

(tn+i; t)k−i.

For k = 3, this result, which plays a key role in the A2 Bailey lemma [5, 77], was first proved
in [5, p. 692]. For general k, different proofs may be found in [37, 78, 77], see equations (3), (6.6)
and (A.3) in these papers, respectively.

Proof. By [51, p. 27]

er
(
1, t, . . . , tn−1

)
= t(

r
2)
[
n

r

]
t

and [51, p. 213]

P(kr)

(
1, t . . . , tn−1; t

)
= tk(

r
2)
[
n

r

]
t

, (3.5)
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the principal specialisation xi = ti−1 of (1.3) is given by∑
y∈Q

det
1⩽i,j⩽k

(
tk(k+1)(yi2 )+iyi+(j−i)(r−i−kyi)

[
n

r − i+ j − kyi

]
t

)
=

[
n

r

]
t

.

The determinant on the left evaluates by [36, p. 169]

det
1⩽i<j⩽k

(
t(j−i)ai

[
n

ai + j

]
t

)
=

∏
1⩽i<j⩽k

(1− tai−aj )
k∏

i=1

1

(tn+i; t)k−i

[
n+ k − 1

n− ai − 1

]
t

for ai = r − i− kyi. Finally, replacing yi by −yi for all 1 ⩽ i ⩽ k, we are done. ■

4 Proofs of special cases of Conjectures 1.2–1.4

In this section, we prove some special cases of the Bn, Cn and BCn Jacobi–Trudi identities.

Lemma 4.1. Conjecture 1.2 holds for k = 1.

Before proving the lemma, we recall that a Bailey pair relative to qℓ (for ℓ a nonnegative
integer) is a pair of sequences (αn)n⩾0, (βn)n⩾0 such that

βn =
1

(qℓ+1; q)2n

n∑
k=0

αk

[
2n+ ℓ

n− k

]
q

, (4.1)

see, e.g., [3, 6, 54, 79]. Slater [73] compiled an extensive list of Bailey pairs, which when inserted
into (4.1) result in identities for sums of q-binomial coefficients. The proof of Lemma 4.1 and
its Cn and BCn analogues given in Lemmas 4.2 and 4.3 below is based on the identities arising
from the Bailey pairs A(1)–A(4), E(1), E(2), F(1), F(2).

Proof. For k = 1, the conjecture simplifies to the three identities

PBn

(1n)(x; t, 0) =
∑
y∈Z

(−1)yt
1
2
(3y−1)y(ėn−3y(x) + ėn−3y+1(x)), (4.2a)

PBn

(1n)

(
x; t,−t1/2

)
=
∑
y∈Z

t
1
2
(2y−1)y(ėn−2y(x) + ėn−2y+1(x)), (4.2b)

PBn

(1n)(x; t, 1) =
∑
y∈Z

(−1)yty
2
ėn−2y(x). (4.2c)

First we consider (4.2a). By the k = 1 case of the bounded Littlewood identity (2.19a) as well
as Lemma 2.3, identity (4.2a) is equivalent to∑

s,r⩾0

P(2r,1s)(x; t) =
∑
y∈Z

(−1)yt
1
2
(3y−1)y

∑
r,s⩾0

s+y even

[
s

1
2(s− 3y)

]
t

P(2r,1s)(x; t)

+
∑
y∈Z

(−1)yt
1
2
(3y−1)y

∑
r,s⩾0

s+y odd

[
s

1
2(s− 3y + 1)

]
t

P(2r,1s)(x; t).

We next equate coefficients of P(2r,1s)(x; t) and make the substitution t 7→ q. This leads to the
q-binomial identity∑

y∈Z
(−1)yq

1
2
(3y−1)y

[
s

⌈12(s− 3y)⌉

]
q

= 1.
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For s = 2n, this follows from the Bailey pair A(1) in Slater’s list and for s = 2n + 1 it follows
from the pair A(2).

We apply analogous steps to (4.2b) and (4.2c), this time using the bounded Littlewood
identities (2.19b) and (2.19c) for k = 1. This yields∑

y∈Z
q

1
2
(2y−1)y

[
s

⌈12(s− 2y)⌉

]
q

=
(
−q1/2; q1/2

)
s

and
∑
y∈Z

(−1)yqy
2

[
2n

n− y

]
=
(
q; q2

)
n
.

(In the last identity, s has been replaced by 2n; the coefficient of P(2r,1s)(x; t) for odd s is
zero on both sides of (4.2c).) For s = 2n, the first of these identities follows from the Bailey
pair F(1) while for s = 2n+ it follows from F(2). The second identity follows from the Bailey
pair E(1). ■

Lemma 4.2. Conjecture 1.3 holds for k = 1.

Proof. The identities to be proved are

PCn

(1n)(x; t, 0) =
∑
y∈Z

(−1)yt(
y
2)ėn−2y(x) and PCn

(1n)(x; t, t) =
∑
y∈Z

(−1)yt2(
y
2)ėn−2y(x).

Following the approach of the previous proof, using Lemma 2.3 and the k = 1 instances of (2.20a)
and (2.20b), the underlying polynomial identities turn out to be (3.3) and∑

y∈Z
(−1)yq2(

y
2)
[

2n

n− y

]
q

= qn
(
q; q2

)
n
,

where we have replaced t and s by q and n, respectively. It follows from the Bailey pair E(4). ■

Lemma 4.3. Conjecture 1.4 holds for k = 1.

Proof. The claim is that

PBCn

(1n)

(
x; t,−t1/2, 0

)
=
∑
y∈Z

(−1)yt
1
2
(3y−2)y(ėn−3y(x)− ėn−3y+2(x)).

By Lemma 2.3 and (2.21), this leads to∑
y∈Z

y−s even

q
1
2
(3y−1)y

([
s

1
2(s− 3y)

]
q

−
[

s
1
2(s− 3y + 2)

]
q

)
= qs/2,

where once again we have replaced t by q. For s = 2n, this follows from the Bailey pair A(3)
and for s = 2n+ 1 from the pair A(4). ■

Lemma 4.4. The Bn and BCn identities (1.6a) and (1.8) hold for t = 1.

Proof. Throughout the proof, K = 2k + 1.
By (2.17a) and (2.18), the t = 1 specialisation of (1.6a) is

∑
y∈Zk

det
1⩽i,j⩽k

((−1)yi(ėn−i+j−Kyi(x) + ėn+i+j−Kyi−1(x))) =
n∏

i=1

x−k
i − xk+1

i

1− xi
,

Similarly, by (2.18), the t = 1 case of (1.8) is

∑
y∈Zk

det
1⩽i,j⩽k

((−1)yi(ėn−i+j−Kyi(x)− ėn+i+j−Kyi(x))) =
n∏

i=1

x−k
i − xk+1

i

1− xi
.
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By multilinearity and

ėn−r(x) = (x1 · · ·xn)−1
n∑

m=0

em(x)em+r(x),

we must thus show that

det
1⩽i,j⩽k

(
F i−j,K(x) + F 1−i−j,K(x)

)
= det

1⩽i,j⩽k

(
F i−j,K(x)− F−i−j,K(x)

)
=

n∏
i=1

1− xKi
1− xi

,

where (see [27, Theorem 3.1])

F i,N (x) :=
∑

y,m∈Z
(−1)yem(x)em+Ny+i(x).

Easily established relations for this function are

F i,N (x) = F−i,N (x) = −F i−N,N (x).

The substitution (i, j) 7→ (k+1− i, k+1− j) in either one of the determinants thus leads to the
other, so that it suffices to prove the equality of the first determinant and the product expression
on the right. By the first of the above relations for F i,N (x), it follows that the first determinant
is exactly the right-hand side of [27, equation (3.2)] for w = 1 and h = k. Hence we may replace
the determinant by the w = 1 and h = k instance of the left-hand side of [27, equation (3.2)],
which in our notation is∑

λ∈Par1n,2k

∑
T∈CSSYTn;2k,1(λ)

xT .

By (2.4), this is equal to

∑
µ∈Parn,2k

mµ(x) =
n∏

i=1

1− x2k+1
i

1− xi
=

n∏
i=1

1− xKi
1− xi

,

as required. ■

Out of the remaining identities (1.6b), (1.6c), (1.7a) and (1.7b), we only know how to recast
the t = 1 case of (1.7a) in terms of cylindric tableaux. As a first step, by (2.17b) and (2.18)
the t = 1 case of (1.7a) can be rewritten as

∑
y∈Zk

det
1⩽i,j⩽k

(ėn−Kyi−i+j(x)− ėn−Kyi−i−j(x)) =
n∏

i=1

xk+1
i − x−k−1

i

xi − x−1
i

,

where K := 2k + 2. Following [27] and defining

Fi,N (x) :=
∑

y,m∈Z
em(x)em+Ny+i(x), (4.3)

this can also be stated as

det
1⩽i,j⩽k

(Fi−j,K(x)− Fi+j,K(x)) =
n∏

i=1

1− x2k+2
i

1− x2i
. (4.4)
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Since Fi,N (x) = F−i,N (x), the left-hand side of (4.4) is exactly the right-hand side of [27,
equation (3.6)] for w = 2 and h = k. Furthermore,

n∏
i=1

1− x2k+2
i

1− x2i
=
∑

µ even
µi⩽2k

mµ(x1, . . . , xn).

Equating this with the left-hand side of [27, equation (3.6)] yields( ∑′

λ∈Par2n,2k

−
∑′′

λ∈Par2n,2k

) ∑
T∈CSSYTn;2k,2(λ)

xT =
∑

µ even
µi⩽2k

mµ(x1, . . . , xn).

Here the prime (resp. double prime) denotes the restriction that λ ∈ Par2n,2k must be of the form
((2k)r, 2a, 2b) (resp. ((2k)r, 2a+1, 2b+1)) for r ⩾ 0 and 0 ⩽ b ⩽ a < k. A proof of this identity
would imply a proof of (1.7a) for t = 1, but so far we only managed to find a proof when k = 1.

5 q, t-Rogers–Ramanujan identities

In this section, we will first show how Conjectures 1.2–1.4 imply the q, t-Rogers–Ramanujan iden-
tities stated in Theorems 1.5–1.8. We will then show that after specialising the Hall–Littlewood
parameter t, many well-known Rogers–Ramanujan identities follow by a new manifestation of
level-rank duality. Finally, we will provide proofs of Theorems 1.5–1.8 based on Ismail’s argu-
ment.

5.1 From Jacobi–Trudi to q, t-Rogers–Ramanujan identities

Because it is the most important example and includes the classical Rogers–Ramanujan identities
as a special case, we will first show that (1.7a) implies (1.9). We refer to this as a ‘conditional
proof’ since it assumes the validity of the conjectural (1.7a).

Conditional proof of Theorem 1.5. By the bounded Littlewood identity (2.20a) and the
determinant identity (2.23b) for u = 1, (1.7a) can be rewritten as

(x1 · · ·xn)−k
∑

λ even
λ1⩽2k

Pλ(x; t) =
∑
y∈Zk

det
1⩽i,j⩽k

(
t
1
2
Ky2i −jyi(ėn−i+j−Kyi − ėn+i+j−Kyi)

)
=
∑
y∈Zk

det
1⩽i,j⩽k

(
t
1
2
Ky2i −jyi(ën−i+j−Kyi+1 − ën+i+j−Kyi)

)
,

where K = 2k + 2. We view this as two identities, one between the first two expressions and
one between the first and third expression. In the first identity (second) identity we specialise
xi = qi−1/2, xi = qi, for 1 ⩽ i ⩽ n. By [51, p. 27]

en−r

(
qn−1/2, qn−3/2, . . . , q1/2−n

)
= q

1
2
r2− 1

2
n2

[
2n

n− r

]
q

and

en−r

(
qn, qn−1, . . . , q−n

)
= q(

r+1
2 )−(n+1

2 )
[
2n+ 1

n− r

]
q

,
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this yields∑
λ even
λ1⩽2k

q
1
2
(σ+1)|λ|Pλ

(
1, q, . . . , qn−1; t

)

=
∑
y∈Zk

det
1⩽i,j⩽k

(
t
1
2
Ky2i −jyiq

1
2
(Kyi+i−j)(Kyi+i−j−σ)

[
2n+ σ

n+Kyi + i− j

]
q

− t
1
2
Ky2i +jyiq

1
2
(Kyi+i+j)(Kyi+i+j−σ)

[
2n+ σ

n+Kyi + i+ j

]
q

)
(5.1)

for σ ∈ {0, 1}. In the above we have also used multilinearity to replace yi by −yi for all 1 ⩽ i ⩽ n
in the second term in the determinant. The next step is to let n tend to infinity using

lim
n→∞

[
2n+ a

n+ b

]
q

=
1

(q; q)∞
.

Thus ∑
λ even
λ1⩽2k

q
1
2
(σ+1)|λ|Pλ

(
1, q, q2, . . . ; t

)
=

1

(q; q)k∞

∑
y∈Zk

det
1⩽i,j⩽k

(
xKyi+i−j
i p

1
2
Ky2i −jyi − xKyi+i+j

i p
1
2
Ky2i +jyi

)
,

where p = tqK and xi = qi−
1
2
σ. The right-hand side can be written in product form by the C

(1)
k

Macdonald identity [50]∑
y∈Zk

det
1⩽i,j⩽k

(
x
2(k+1)yi+i−j
i p(k+1)y2i −jyi − x

2(k+1)yi+i+j
i p(k+1)y2i +jyi

)
= (p; p)k∞

k∏
i=1

θ
(
x2i ; p

) ∏
1⩽i<j⩽k

θ(xj/xi, xixj ; p),

leading to

∑
λ even
λ1⩽2k

q
1
2
(σ+1)|λ|Pλ

(
1, q, q2, . . . ; t

)
=

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q2i−σ; p

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−σ; p

)
.

Since

k∏
i=1

θ
(
q2i−1; p

) ∏
1⩽i<j⩽k

θ
(
qi+j−1; p

)
=

k∏
i=1

θ
(
qi; p

) ∏
1⩽i<j⩽k

θ
(
qi+j ; p

)
,

this may also be stated as in Theorem 1.5. ■

We remark that (5.1) for k = 1 can be written in the compact form

n∑
r=0

q(σ+1)rP(2r)

(
1, q, . . . , qn−1; t

)
=

∞∑
i=−∞

(−1)it(
i
2)qi(2i−σ)

[
2n+ σ

n+ 2i

]
q

. (5.2)

Since

P(2r)

(
1, q, . . . , qn−1; 1

)
=

[
n

r

]
q2
,
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this is a t-deformation of

N∑
r=0

qr(r+σ)

[
n

r

]
q2

=

∞∑
i=−∞

(−1)iqi(2i−σ)

[
2n+ u

n+ 2i

]
q

(5.3)

due to Foda and Quano [22, Theorem 1.2, k = 2], see also [71, equations (3.2-b) and (3.3-b)] by
Sills.2 Similarly, by (3.5), with k = 2 and t 7→ q, (5.2) is also a t-deformation of

n∑
r=0

qr(r+σ)

[
n

r

]
q

=
∞∑

i=−∞
(−1)iqi(5i−1)/2−iσ

[
2n+ σ

n+ 2i

]
q

.

For σ = 0, this is Bressoud’s finite analogue of the first Rogers–Ramanujan identity [14, equa-
tion (1.1)] and for σ = 1 it is a companion of Bressoud’s identity for the second Rogers–
Ramanujan identity, given in [80, p. 249].

The conditional proofs of the remaining q, t-Rogers–Ramanujan identities all proceed in the
exact same manner as the proof of Theorem 1.5, and below we only summarise the key steps in
each proof.

Conditional proofs of the remaining q, t-Rogers–Ramanujan identities. From identi-
ties (1.6a) and (1.8) to Theorem 1.6. We rewrite the left-hand side of (1.6a) ((1.8)) using
the bounded Littlewood identity (2.19a) ((2.21)), while for the right-hand side we obtain a sec-
ond determinantal expression using (2.23a) ((2.23b)) for u = −1. Next we specialise xi = qi−1/2

using the first determinantal expression on the right or xi = qi using the second determinantal
expression, and take the n → ∞ limit. This leads to∑

λ
λ1⩽2k

q
1
2
(σ+1)|λ|Pλ

(
1, q, q2, . . . ; t

)
=

1

(σ + 1)(q; q)k∞

∑
y∈Zk

det
1⩽i,j⩽k

(
xKyi+i−j
i p

1
2
Ky2i −(j− 1

2
)yi − xKyi+i+j−1

i p
1
2
Ky2i +(j− 1

2
)yi
)

and ∑
λ

λ1⩽2k

q
1
2
(σ+1)|λ|t

1
2
l(λo)Pλ

(
1, q, q2, . . . ; t

)
=

1

(q; q)k∞

∑
y∈Zk

det
1⩽i,j⩽k

(
xKyi+i−j
i p

1
2
Ky2i −jyi − xKyi+i+j

i p
1
2
Ky2i +jyi

)
,

where σ ∈ {0, 1}, p = tqK , K = 2k+1 and xi = −qi−(σ+1)/2, xi = −qi−σ/2, in the first (second)
identity. By the A

(2)
2k Macdonald identity [50] in the ‘Bk form’∑

y∈Zk

det
1⩽i,j⩽k

(
x
(2k+1)yi+i−j
i p

1
2
(2k+1)y2i −(j− 1

2
)yi − x

(2k+1)yi+i+j−1
i p

1
2
(2k+1)y2i +(j− 1

2
)yi
)

= (p; p)k∞

k∏
i=1

θ(xi; p)θ
(
px2i ; p

2
) ∏
1⩽i<j⩽k

θ(xj/xi, xixj ; p) (5.4)

2By the q-binomial theorem, the left-hand side of (5.3) can be simplified to
(
−qσ+1; q2

)
n
.
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or in the ‘Ck form’∑
y∈Zk

det
1⩽i,j⩽k

(
x
(2k+1)yi+i−j
i p

1
2
(2k+1)y2i −jyi − x

(2k+1)yi+i+j
i p

1
2
(2k+1)y2i +jyi

)
= (p; p)k∞

k∏
i=1

θ
(
p1/2xi; p

)
θ
(
x2i ; p

2
) ∏
1⩽i<j⩽k

θ(xj/xi, xixj ; p),

Theorem 1.6 results.

From (1.6b) to Theorem 1.7. We rewrite the left-hand side of (1.6b) using the bounded Lit-
tlewood identity (2.19b) and obtain a second determinantal expression on the right using (2.23a)
for u = 1. Then specialising as in the previous two cases and taking the n → ∞ limit yields

∑
λ

λ1⩽2k

q
1
2
(σ+1)|λ|

(
2k−1∏
i=1

(
−t1/2; t1/2

)
mi(λ)

)
Pλ

(
1, q, q2, . . . ; t

)
=

1

(σ + 1)(q; q)k∞

∑
y∈Zk

det
1⩽i,j⩽k

(
xKyi+i−j
i p

1
2
Ky2i −(j− 1

2
)yi − xKyi+i+j−1

i p
1
2
Ky2i +(j− 1

2
)yi
)
,

where σ ∈ {0, 1}, xi = qi−(σ+1)/2, p = tqK and K = 2k. By the D
(2)
k+1 Macdonald identity [50]∑

y∈Zk

det
1⩽i,j⩽k

(
x2kyi+i−j
i pky

2
i −(j− 1

2
)yi − x2kyi+i+j−1

i pky
2
i +(j− 1

2
)yi
)

=
(
p1/2; p1/2

)
∞(p; p)k−1

∞

k∏
i=1

θ
(
xi; p

1/2
) ∏
1⩽i<j⩽k

θ(xj/xi, xixj ; p),

this gives Theorem 1.7.

From (1.7b) to Theorem 1.8. We rewrite the left-hand side of (1.7b) using the bounded
Littlewood identity (2.20b) and obtain a second determinantal form on the right using (2.23b)
for u = 1. Then specialising the xi as before and taking the n → ∞ limit results in

∑′

λ
λ1⩽2k

q
1
2
(σ+1)t

1
2
l(λo)

(
2k−1∏
i=1

(
t; t2

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; t

)
=

1

(q; q)k∞

∑
y∈Zk

|y| even

det
1⩽i,j⩽k

(
xKyi+i−j
i p

1
2
Ky2i −jyi − xKyi+i+j

i p
1
2
Ky2i +jyi

)
,

where σ ∈ {0, 1}, xi = qi−σ/2, p = tqK and K = 2k. By the A
(2)
2k−1 Macdonald identity [50]∑

y∈Zk

|y| even

det
1⩽i,j⩽k

(
x2kyi+i−j
i pky

2
i −jyi − x2kyi+i+j

i pky
2
i +jyi

)

=
(
p2; p2

)
∞(p; p)k−1

∞

k∏
i=1

θ
(
x2i ; p

2
) ∏
1⩽i<j⩽k

θ(xj/xi, xixj ; p),

we obtain Theorem 1.8. ■
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5.2 From q, t-Rogers–Ramanujan to Rogers–Ramanujan identities
for standard modules

Thanks to the groundbreaking work of Lepowsky together with his students and collaborators
[10, 16, 17, 18, 19, 30, 31, 41, 42, 43, 44, 45, 46, 47, 48, 56, 57, 58, 59], it is well known that
many Rogers–Ramanujan identities admit an interpretation as identities for principal characters
of standard modules of affine Lie algebras, see also [72, Section 5]. In a beautiful manifestation
of level-rank duality [23], the q, t-Rogers–Ramanujan identities of Theorems 1.5–1.8 imply many
Rogers–Ramanujan identities for the characters of standard modules of affine Lie algebras, albeit
typically not principal ones. Most of these were previously found, such as the GOW identities
for A

(2)
2n , C

(1)
n and D

(2)
n+1 [26] or the identities from [63], with a total of eight new identities.

Below we will show how all these Rogers–Ramanujan arise via transformations for theta functions
of level-rank duality type, such as

(p; p)k∞
(q; q)k∞

∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
=

(p; p)n∞
(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
, (5.5)

for p = q2k+2n−1.

Let g be one of the affine Lie algebras shown in Figure 5.2, and let L(Λ) denote the integrable
highest weight or standard module of g of highest weight Λ. The character of L(Λ) is defined as

chL(Λ) =
∑
µ∈h∗

dim(Vµ) e
µ,

where Vµ is the weight space of weight µ in the weight-space decomposition of L(Λ) and exp(·)
is a formal exponential. Each Rogers–Ramanujan identity below is a q-series identity for

χΛ(a, b; q) := ϕa,b;q

(
e−Λ chL(Λ)

)
,

where ϕa,b;q is the specialisation

ϕa,b;q : Z
[[
e−α0 , . . . , e−αn

]]
→ Z[[a, b, q]], e−αi 7→


a for i = 0,

q for 1 ⩽ i ⩽ n− 1,

b for i = n.

When a = b = q, this is the well-known principal specialisation [40] for which Lepowsky’s
numerator formula [41] holds

ϕq,q;q

(
e−Λ chL(Λ)

)
=
∏

α∈R+

(
1− q⟨Λ+ρ,α∨⟩

1− q⟨ρ,α∨⟩

)mult(α)

, (5.6)

where ρ is the Weyl vector of g and, for α a root, α∨ is the corresponding coroot.

After these Lie algebraic preliminaries, we are ready to give our list of Rogers–Ramanujan
identities, together with an interpretation in terms of specialised characters of standard modules.
In many cases, this identification needs a minor modification when n is small. For example,
C
(1)
1

∼= A
(1)
1 , A

(2)
1

∼= A
(1)
1 , A

(2)
3

∼= D
(2)
3 , and so on. In some but not all cases, this also means that

for small n the highest weight indexing the character and/or the specialisation ϕa,b;q are not
correct as stated. For example, in Corollary 5.17 for n = 1 the correct affine Lie algebra, standard
module and specialisation are A

(1)
1 , L(kΛ0 + kΛ1) and ϕq3,q, instead of the stated A

(2)
1 , L(kΛ1)

and ϕq2,q. Similar such modifications apply to other corollaries.

We start with three applications of Theorem 1.5.
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B
(1)
n 1

0

2 3 n−1 n
A

(2)
2n−1 1

0

2 3 n−1 n

C
(1)
n 0 1 2 n−1 n

D
(2)
n+1 0 1 2 n−1 n

D
(1)
n 1

0

2 3

n−1

n

A
(2)
2 0 1

A
(2)
2n 0 1 2 n−1 n

Figure 1. The Dynkin diagrams of the affine Lie algebras A
(2)
2n (n ⩾ 1), B

(1)
n (n ⩾ 3), A

(2)
2n−1 (n ⩾ 3),

C
(1)
n (n ⩾ 2), D

(2)
n+1 (n ⩾ 2) and D

(1)
n (n ⩾ 4).

Corollary 5.1 (A
(2)
2n Rogers–Ramanujan identities, [26, Theorem 1.1]). For k, n positive inte-

gers, let p = q2k+2n+1. Then

χkΛn(−1, q; q) =
∑

λ even
λ1⩽2k

q|λ|/2Pλ

(
1, q, q2, . . . ; q2n−1

)

=
(p; p)n∞
(q; q)n∞

n∏
i=1

θ
(
qi+k; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
(5.7)

and

χ2kΛ0(−1, q; q) =
∑

λ even
λ1⩽2k

q|λ|Pλ

(
1, q, q2, . . . ; q2n−1

)

=
(p; p)n∞
(q; q)n∞

n∏
i=1

θ
(
qi; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
, (5.8)

By the principal specialisation formula [51, p. 213]

Pλ

(
1, q, q2, . . . ; q

)
=
∏
i⩾1

q(
λ′i
2 )

(q; q)λ′
i−λ′

i+1

, (5.9)

it follows that Corollary 5.1 for n = 1 yields the i = k + 1 and i = 1 instances of the modulus
2k + 3 Andrews–Gordon identities [1]∑

n1⩾···⩾nk⩾0

qn
2
1+···+n2

k+ni+···+nk

(q; q)n1−n2 · · · (q; q)nk−1−nk
(q; q)nk

=
(qi, q2k−i+3, q2k+3; q2k+3)∞

(q; q)∞

for 1 ⩽ i ⩽ k + 1.

Proof. Corollary 5.1 follows after specialising t = q2n−1 in Theorem 1.5 and using the theta
function identity

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q(2−σ)i; p

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
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=
(p; p)n∞
(q; q)n∞

n∏
i=1

θ
(
qi+(1−σ)k; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j+σ−1; p

)
,

for p = q2k+2n+1 and σ ∈ {0, 1}. ■

Corollary 5.2 (C
(1)
n Rogers–Ramanujan identities, [26, Theorem 1.2]). For k, n positive inte-

gers, let p = q2k+2n+2. Then

χkΛ0(q, q; q) =
∑

λ even
λ1⩽2k

q|λ|/2Pλ

(
1, q, q2, . . . ; q2n

)

=

(
p1/2; p1/2

)
∞(p; p)n−1

∞(
q; q2

)
∞(q; q)n∞

n∏
i=1

θ
(
qi; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
. (5.10)

Proof. The result follows by specialising t = q2n in the σ = 0 instance of (1.9) and using

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q2i; p

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
=

(
p1/2; p

)
∞(p; p)n∞(

q; q2
)
∞(q; q)n∞

n∏
i=1

θ
(
qi; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
,

where p = q2k+2n+2. ■

Corollary 5.3 (D
(2)
n+1 Rogers–Ramanujan identities, [26, Theorem 1.2]). For k, n positive inte-

gers, let p = q2k+2n. Then

χ2kΛ0(−1,−1; q) =
∑

λ even
λ1⩽2k

q|λ|Pλ

(
1, q, q2, . . . ; q2n−2

)

=
(p; p)n∞(

q2; q2
)
∞(q; q)n−1

∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
. (5.11)

Proof. This follows by specialising t = q2n in (1.9) for σ = 1 and using

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
qi; p

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
=

(p; p)n∞(
q2; q2

)
∞(q; q)n−1

∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
, (5.12)

where p = q2k+2n. ■

The next four corollaries for even k are all consequences of (1.11a), whereas for odd k they
follow from Corollaries 5.1–5.3 combined with (2.14a) for a = 1 and n → ∞.

Corollary 5.4 (D
(2)
n+1 Rogers–Ramanujan identities, [63, Theorem 5.14]). For k, n positive

integers, let p = qk+2n. Then

χkΛ0

(
q1/2,−1; q

)
=
∑
λ

λ1⩽k

q|λ|/2Pλ

(
1, q, q2, . . . ; q2n−1

)

=

(
−q1/2; q

)
∞(p; p)n∞

(q; q)n∞

n∏
i=1

θ
(
p1/2qi−1/2; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
.
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By (5.9), for n = 1 the corollary is the i = k + 1 case of [4, Theorem 3]

∑
n1⩾···⩾nk⩾0

q
1
2
(n2

1+···+n2
k)+ni+ni+2+···+nk−1

(q; q)n1−n2 · · · (q; q)nk−1−nk
(q; q)nk

=

(
−q1/2; q

)
∞
(
qi/2, qk−i/2+2, qk+2; qk+2

)
∞

(q; q)∞
, (5.13)

where 1 ⩽ i ⩽ k + 1 such that i+ k is odd, see also [11, p. 449] and [81, Theorem 4.4].

Proof. For k even, the claim follows by specialising t = q2n−1 in (1.11a) for σ = 0 and applying
the a = p1/2 case of

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
−p1/2qi−1/2/a; p

)
θ
(
a2q2i−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
=

(
−q1/2; q

)
∞(p; p)n∞

(q; q)n∞

n∏
i=1

θ
(
aqi−1/2; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
, (5.14)

where p = q2k+2n and a ∈
{
1, p1/2

}
. For k odd, we combine (5.7) with the a = 1, n → ∞

and xi = qi−1/2 specialisation of (2.14a), and use

n∏
i=1

θ
(
qi+k; q2k+2n+1

)
=

n∏
i=1

θ
(
qi+k+n; q2k+2n+1

) n∏
i=1

θ
(
q(k+n+1)/2 · qi−1/2; q2k+2n+1

)
to write the product of theta function in the desired form. ■

The next result is our first new Rogers–Ramanujan identity.

Corollary 5.5 (A
(2)
2n−1 Rogers–Ramanujan identities). For k, n positive integers, let p = qk+2n.

Then

χkΛ0(q, q; q) =
∑
λ

λ1⩽k

q|λ|Pλ

(
1, q, q2, . . . ; q2n−1

)

=
(p; p)n∞(

q; q2
)
∞(q; q)n∞

n∏
i=1

θ
(
qi; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
. (5.15)

By (5.9), the n = 1 case yields the i = 0 instance of the following generating function identity
for certain Kleshchev multipartitions [4, Theorem 3], [20, Theorem 3.5], [34, Theorem 1.4] or
tight cylindric partitions of two rows [32, Theorem 13]:

∑
n1⩾···⩾nk⩾0

q(
n1+1

2 )+···+(nk+1
2 )−n2−n4−···−n2i

(q; q)n1−n2 · · · (q; q)nk−1−nk
(q; q)nk

=

(
qi+1, qk−i+1, qk+2; qk+2

)
∞(

q; q2
)
∞(q; q)∞

, (5.16)

where 0 ⩽ i ⩽ ⌊k/2⌋.

Proof. For even k, the result follows by choosing t = q2n−1 in (1.11a) for σ = 1 and apply-
ing (5.12) with k and n interchanged, recalling that (q; q)∞/

(
q2; q2

)
∞ =

(
q; q2

)
∞. For odd k, the

result follows from (5.8) and the a = 1, n → ∞ and xi = qi case of (2.14a). The identification of
the result as χkΛ0(q, q; q) for the affine Lie algebra A

(2)
2n−1 is a direct consequence of (5.6). This

formula implies that for the level-ℓ dominant integral weights of A
(2)
2n−1 parametrised as

Λ = (ℓ− λ1 − λ2)Λ0 + (λ1 − λ2)Λ1 + · · ·+ (λn−1 − λn)Λn−1 + λnΛn,
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where (λ1, . . . , λn) a partition such that λ1 + λ2 ⩽ ℓ,

χΛ(q, q; q) =
(p; p)n∞(

q; q2
)
∞(q; q)n∞

n∏
i=1

θ
(
qλi+n−i+1; p

) ∏
1⩽i<j⩽n

θ
(
qλi−λj−i+j , qλi+λj+2n−i−j+2; p

)
.

Here p = qlev(Λ)+h∨
= qℓ+2n. For ℓ = k and λ1 = · · · = λn = 0 this yields the right-hand side

of (5.15). ■

Corollary 5.6 (A
(2)
2n Rogers–Ramanujan identities, [63, Theorem 5.13]). For k, n positive in-

tegers, let p = qk+2n+1. Then

χkΛ0

(
q1/2, q; q

)
=
∑
λ

λ1⩽k

q|λ|/2Pλ

(
1, q, q2, . . . ; q2n

)

=

(
p1/2; p1/2

)
∞(p; p)n−1

∞(
q1/2; q1/2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
qi; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
.

Proof. For even k, we take t = q2n in the σ = 0 case of (1.11a) and apply

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
−qi−1/2; p

)
θ
(
pq2i−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
=

(
p1/2; p1/2

)
∞(p; p)n−1

∞(
q1/2; q1/2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
qi; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
,

where p = q2k+2n+1. The odd case arises from (5.10) and (2.14a), specialised in the same way
as in the proof of Corollary 5.4. ■

A fourth and final application of (1.11a) gives our second new Rogers–Ramanujan identity.

Corollary 5.7 (B
(1)
n Rogers–Ramanujan identities). For k, n positive integers, let p = qk+2n−1.

Then

χkΛ0(q,−1; q) =
∑
λ

λ1⩽k

q|λ|Pλ

(
1, q, q2, . . . ; q2n−2

)
=

(p; p)n∞
(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
, (5.17)

Proof. For the even-k case, we specialise t = q2n−2 in (1.11a) for σ = 1 and apply (5.5). The
odd-k case follows from (5.11) and (2.14a) along the lines of the proof of Corollary 5.5. The iden-
tification of the identity in terms of B

(1)
n arises as follows. We parametrise the level-ℓ dominant

integral weights of B
(1)
n as

Λ = (ℓ− λ1 − λ2)Λ0 + (λ1 − λ2)Λ1 + · · ·+ (λn−1 − λn)Λn−1 + 2λnΛn,

where (λ1, . . . , λn) is a partition or half-partition such that λ1 + λ2 ⩽ ℓ. Specialising the Weyl–
Kac character formula [29, equation (10.4.1)] for the B

(1)
n -module L(Λ) according to ϕq,−1;q, and

using the D
(1)
n Macdonald identity – the fact that this is the right Macdonald identity is reflected

in the fact that 2n− 2 is the dual Coxeter number of D
(1)
n – yields

χΛ(q,−1; q)

=


(p; p)n∞
(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qλi−λj−i+j , qλi+λj+2n−i−j+1; p

)
if λ is a partition,

0 if λ is a half-partition,

(5.18)

where p = qℓ+h∨
= qℓ+2n−1. For ℓ = k and λ1 = · · · = λn = 0, this is the product on the right

of (5.17). ■
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The next four corollaries are consequences of (1.11b).

Corollary 5.8 (A
(2)
2n−1 Rogers–Ramanujan identities, [63, Theorem 5.17]). For k, n positive

integers, let p = q2k+2n. Then

χkΛn(q, q; q) =
∑
λ

λ1⩽2k

q|λ|/2+(n−1/2)l(λo)Pλ

(
1, q, q2, . . . ; q2n−1

)

=
(p; p)n∞(

q; q2
)
∞(q; q)n∞

n∏
i=1

θ
(
p1/2qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
.

This result, which for n = 1 yields (5.16) for (i, k) 7→ (k, 2k), is a companion of Corollary 5.5.

Proof. The claim follows by taking σ = 0 and t = q2n−1 in (1.11b) and applying the theta
function identity

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
−p1/2qi; p

)
θ
(
q2i; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
=

(p; p)n∞(
q; q2

)
∞(q; q)n∞

n∏
i=1

θ
(
p1/2qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
for p = q2k+2n. ■

The next corollary, which is a companion to Corollary 5.4 and gives (5.13) for (k, i) 7→ (2k, 1),
is our third new Rogers–Ramanujan identity.

Corollary 5.9 (D
(2)
n+2 Rogers–Ramanujan identities). For k, n positive integers, let p = q2k+2n.

Then

χkΛn

(
q1/2,−1; q

)
=
∑
λ

λ1⩽2k

q|λ|+(n−1/2)l(λo)Pλ

(
1, q, q2, . . . ; q2n−1

)

=

(
−q1/2; q

)
∞(p; p)n∞

(q; q)n∞

n∏
i=1

θ
(
qi−1/2; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
.

Proof. This follows by specialising t = q2n−1 in (1.11b) for σ = 1 and using (5.14) for a = 1.

The identification of the q-series as χkΛn

(
q1/2,−1; q

)
for the affine Lie algebra D

(2)
n+1 follows from

the product formula for χΛ

(
q1/2,−1; q

)
given on [63, p. 75]. ■

Corollary 5.10 (A
(2)
2n Rogers–Ramanujan identities [63, Theorem 5.13]). For k, n positive

integers, let p = q2k+2n+1. Then

χkΛn

(
q1/2, q; q

)
=
∑
λ

λ1⩽2k

q|λ|/2+n l(λo)Pλ

(
1, q, q2, . . . ; q2n

)

=

(
p1/2; p1/2

)
∞(p; p)n−1

∞

(q1/2; q1/2)∞(q; q)n−1
∞

n∏
i=1

θ
(
qi−1/2; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
.
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Proof. The claim follows by specialising σ = 0 and t = q2n in (1.11b) and using

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
−p1/2qi; p

)
θ
(
q2i; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
=

(
p1/2; p1/2

)
∞(p; p)n−1

∞

(q1/2; q1/2)∞(q; q)n−1
∞

n∏
i=1

θ
(
qi−1/2; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
for p = q2k+2n+1. ■

The next identity, which is a companion of (5.17), is our fourth new Rogers–Ramanujan
identity.

Corollary 5.11 (B
(1)
n Rogers–Ramanujan identities). For k, n positive integers, let p=q2k+2n−1.

Then

χ2kΛn

(
q,−1; q

)
=
∑
λ

λ1⩽2k

q|λ|+(n−1) l(λo)Pλ

(
1, q, q2, . . . ; q2n−2

)

=
(p; p)n∞
(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
.

Proof. We take σ = 1, t = q2n−2 in (1.11b) and use

(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
−p1/2qi−1/2; p

)
θ
(
q2i−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
=

(p; p)n∞
(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
for p = q2k+2n−1. The identification as χ2kΛn

(
q,−1; q

)
follows from (5.18) with k 7→ 2k and

λi = k for all 1 ⩽ i ⩽ k. ■

Next we consider applications of Theorem 1.7.

Corollary 5.12 (B
(1)
n Rogers–Ramanujan identities [63, Theorem 5.15 and Remark 5.16]).

For k, n positive integers, let p = qk+2n−1. Then

χkΛ(1−σ)Λ0+σΛn

(
q1/2, q; q

)
=
∑
λ

λ1⩽k

q(σ+1)|λ|/2

(
k−1∏
i=0

(
−qn−1/2; qn−1/2

)
mi(λ)

)
Pλ

(
1, q, q2, . . . ; q2n−1

)

=

(
−qn−1/2; qn−1/2

)
∞(p; p)n∞(

q1/2; q1/2
)
∞(q; q)n−1

∞

n∏
i=1

θ
(
qi+(1−σ)k/2−1/2; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j+σ−2; p

)
,

where m0(λ) := ∞ and σ ∈ {0, 1}.

For n = 1 and q 7→ q2, the above result implies the i = k + 1 and i = 1 cases of Bressoud’s
even modulus analogues of the Andrew–Gordon identities [12, 13]:∑

n1⩾···⩾nk⩾0

qn
2
1+···+n2

k+ni+···+nk

(q; q)n1−n2 · · · (q; q)nk−1−nk

(
q2; q2

)
nk

=

(
qi, q2k−i+2, q2k+2; q2k+2

)
∞

(q; q)∞
,

where 1 ⩽ i ⩽ k + 1.
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Proof. For even k, this follows by specialising t = q2n−1 in Theorem 1.7 and using(
p1/2; p

)
∞(p; p)k∞

(σ + 1)(q; q)k∞

k∏
i=1

θ
(
−qi−(σ+1)/2; p1/2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−σ−1; p

)
=

(p; p)n∞(
q1/2; q

)
∞(q; q)n∞

n∏
i=1

θ
(
qi+(1−σ)k−1/2; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j+σ−2; p

)
for p = q2k+2n−1. For odd k, the result follows from Corollaries 5.8 and 5.9 combined with (2.14b)
for n → ∞ and xi = qi+(σ−1)/2. ■

Corollary 5.13 (D
(2)
n+1 Rogers–Ramanujan identities [63, Theorem 5.14]). For k, n positive

integers, let p = qk+2n. Then

χkΛ0

(
q1/2, q1/2; q

)
=
∑
λ

λ1⩽k

q|λ|/2
(k−1∏

i=0

(
−qn; qn

)
mi(λ)

)
Pλ

(
1, q, q2, . . . ; q2n

)

=

(
−q1/2; q

)
∞
(
p1/2; p1/2

)
∞(p; p)n−1

∞(
qn; q2n

)
∞
(
q1/2; q1/2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
qi−1/2; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
,

where m0(λ) := ∞.

By the D
(2)
n+1 diagram automorphism αi 7→ αn−i for 0 ⩽ i ⩽ n, the above q-series may also

be identified as χkΛn

(
q1/2, q1/2; q

)
.

Proof. For even k, this follows by specialising σ = 0 and t = q2n in Theorem 1.7 and the
application of(

p1/2; p
)
∞(p; p)k∞

(q; q)k∞

k∏
i=1

θ
(
−qi−1/2; p1/2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
=

(
−q1/2; q

)
∞
(
p1/2; p1/2

)
∞(p; p)n−1

∞(
q1/2; q1/2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
qi−1/2; p1/2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
for p = q2k+2n. For odd k, the result follows from Corollary 5.10 and (2.14b) for n → ∞
and xi = qi−1/2. ■

Our fifth new result is our first and only identity for D
(1)
n .

Corollary 5.14 (D
(1)
n Rogers–Ramanujan identity). For k, n positive integers, let p = qk+2n−2.

Then

χkΛ0(q, q; q) =
∑
λ

λ1⩽k

q|λ|

(
k−1∏
i=0

(
−qn−1; qn−1

)
mi(λ)

)
Pλ

(
1, q, q2, . . . ; q2n−2

)

=
(−q; q)∞

(
−qn−1; qn−1

)
∞(p; p)n∞

(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
, (5.19)

where m0(λ) = ∞.
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Once again, by the automorphisms of the D
(1)
n Dynkin diagram, we may replace Λ0 in the

above by Λ1, Λn−1 or Λn.

Proof. For even k, the second equality in (5.19) follows by taking σ = 1 and t = q2n−2 in
Theorem 1.7 and the use of(

p1/2; p
)
∞(p; p)k∞

2(q; q)k∞

k∏
i=1

θ
(
−qi−1; p1/2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−2; p

)
=

(−q; q)∞(p; p)n∞
(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
for p = q2k+2n−2. For odd k, the result follows from Corollary 5.11 and (2.14b) for n → ∞
and xi = qi. The identification of the q-series in terms of the D

(1)
n standard module L(kΛ0)

follows from (5.6). For D
(1)
n with parametrisation

Λ = (ℓ− λ1 − λ2)Λ0 + (λ1 − λ2)Λ1 + · · ·+ (λn−1 − λn)Λn−1 + (λn−1 + λn)Λn,

where (λ1, . . . , λn) is a generalised3 partition or half-partition such that λ1+λ2 ⩽ ℓ, (5.6) implies
that

χΛ(q, q; q) =
(−q; q)∞

(
−qn−1; qn−1

)
∞(p, p)n∞

(q; q)n∞

∏
1⩽i<j⩽n

θ
(
qλi−λj−i+j , qλi+λj+2n−i−j ; p

)
.

Here p = qℓ+h∨
= qℓ+2n−2. For ℓ = k and λ1 = · · · = λn = 0, this gives yields the product on

the right of (5.19). ■

Finally, we consider four applications of Theorem 1.8, all but one of which are new.

Corollary 5.15 (A
(2)
2n Rogers–Ramanujan identities). For k a positive integer and n a nonneg-

ative integer, let p = q2k+2n+1. Then

χkΛn(q, q; q)

=
∑′

λ
λ1⩽2k

q|λ|/2+(n+1/2)l(λo)

(
2k−1∏
i=0

(
q2n+1; q4n+2

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; q2n+1

)

=

(
q2n+1; q4n+2

)
∞(p; p)n∞(

q; q2
)
∞(q; q)n∞

n∏
i=1

θ
(
qk+i; p

)
θ
(
q2i−1; p2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
, (5.20)

where m0(λ) := ∞ and the prime denotes the restriction that the odd parts of λ have even
multiplicity.

For n = 0, this is the i = 0 case of the somewhat unusual Rogers–Ramanujan-type identity4∑′

n1⩾···⩾n2k⩾0

q
1
2
(n2

1+···+n2
2k)+

1
2
(n1−n2+···+n2k−1−n2k)+

1
2
(n1+n2+···+n2i)(

q2; q2
)
⌊(n1−n2)/2⌋ · · ·

(
q2; q2

)
⌊(n2k−1−n2k)/2⌋

(q; q)n2k

=

(
−q2i+1,−q2i+1, q2i+1; q2i+1

)
∞(

q2; q2
)
∞

, (5.21)

where 0 ⩽ i ⩽ k and the prime denotes the restriction that n2j−1−n2j is even for all 1 ⩽ j ⩽ k.

3Generalised in the sense that λn need not be nonnegative, as long as |λn| ⩽ λn−1.
4In an earlier version of this paper, only the i = 0 and i = k cases of (5.21) were stated. Matthew Russell

subsequently discovered the remaining cases, which are proved in the appendix.
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Proof. We take σ = 0 and t = q2n+1 in Theorem 1.8 and apply

(−p; p)∞(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q2i; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
=

(−q; q)∞(p; p)n∞
(q; q)n∞

n∏
i=1

θ
(
qk+i; p

)
θ
(
q2i−1; p2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
for p = q2k+2n+1. Parametrising the level-ℓ dominant integral weight of A

(2)
2n as

Λ = (ℓ− 2λ1)Λ0 + (λ1 − λ2)Λ1 + · · ·+ (λn−1 − λn)Λn−1 + λnΛn,

where (λ1, . . . , λn) is a partition such that λ1 ⩽ ⌊ℓ/2⌋, the A
(2)
2n case of (5.6) takes the form

χΛ(q, q; q) =

(
q2n+1; q4n+2

)
∞(p; p)n∞(

q; q2
)
∞(q; q)n∞

n∏
i=1

θ
(
qλi+n−i+1; p

)
θ
(
qℓ−2λi+2i−1; p2

)
×

∏
1⩽i<j⩽n

θ
(
qλi−λj−i+j , qλi+λj+2n−i−j+2; p

)
,

where p = qℓ+h∨
= qℓ+2n+1. For ℓ = 2k and λ1 = · · · = λn = k, this is gives the product on the

right of (5.20). ■

Corollary 5.16 (B
(1)
n Rogers–Ramanujan identities). For k, n positive integers, let p=q2k+2n−1.

Then

χ2kΛn

(
q2,−1; q

)
=
∑′

λ
λ1⩽2k

q|λ|+(n−1/2)l(λo)

(
2k−1∏
i=0

(
q2n−1; q4n−2

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; q2n−1

)

=

(
q2n−1; q4n−2

)
∞(p; p)n∞

2
(
q2; q2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
−qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
, (5.22)

where m0(λ) := ∞ and the prime denotes the restriction that the odd parts of λ have even
multiplicity.

For n = 1, this is (5.21) for i = k.

Proof. We take σ = 1 and t = q2n+1 in Theorem 1.8 and apply

(−p; p)∞(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q2i−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
=

(p; p)n∞
2
(
q2; q2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
−qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j ; p

)
for p = q2k+2n−1. The stated specialisation is somewhat unusual in that it does not lead to
a product form for weights other than ℓΛn, for which it follows from the Weyl–Kac formula and
the B

(1)
n Macdonald identity that

χℓΛn

(
q2,−1; q

)
=


(
q2n−1; q4n−2

)
∞(p; p)n∞

2
(
q2; q2

)
∞(q; q)n−1

∞

n∏
i=1

θ
(
−qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
if ℓ is even,

0 if ℓ is odd,

where p = qℓ+h∨
= qℓ+2n−1. The product on the right of (5.22) corresponds to ℓ = 2k. ■
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Corollary 5.17 (A
(2)
2n−1 Rogers–Ramanujan identities [63, Theorem 5.17]). For k, n positive

integers, let p = q2k+2n. Then

χkΛn

(
q2, q; q

)
=
∑′

λ
λ1⩽2k

q|λ|/2+n l(λo)

(
2k−1∏
i=0

(
q2n; q4n

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; q2n

)

=

(
q2n; q4n

)
∞
(
−p1/2; p

)
∞(p; p)n∞

2(q; q)n∞

n∏
i=1

θ
(
−qi−1, p1/2qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
,

where m0(λ) := ∞ and prime denotes the restriction that the odd parts of λ have even multi-
plicity.

Proof. We set σ = 0 and t = q2n in Theorem 1.8. The claim then follows from

(−p; p)∞(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q2i; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j ; p

)
=

(
−p1/2; p

)
∞(p; p)n∞

2(q; q)n∞

n∏
i=1

θ
(
−qi−1, p1/2qi−1; p

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−2; p

)
for p = q2k+2n. ■

Corollary 5.18 (D
(2)
n+1 Rogers–Ramanujan identities). For k, n positive integers, let p = q2k+2n.

Then

χkΛ0(−1, q; q) =
∑′

λ
λ1⩽2k

q|λ|+n l(λo)

(
2k−1∏
i=0

(
q2n; q4n

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; q2n

)
(5.23)

=

(
q2n; q4n

)
∞
(
p2; p2

)
∞(p; p)n−1

∞
(q; q)n∞

n∏
i=1

θ
(
q2i−1; p2

) ∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
,

where m0(λ) := ∞ and the prime denotes the restriction that the odd parts of λ have even
multiplicity.

Proof. Let

Θk,n(q) =
(p; p)k∞
(q; q)k∞

k∏
i=1

θ
(
q2i−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
,

where p = q2k+2n. Taking σ = 1 and t = q2n in Theorem 1.8 and applying

Θk,n(q) = Θn,k(q)

yields the second equality in (5.23). To obtain the first equality we parametrise the level-ℓ
dominant integral weights of D

(2)
n+1 as

Λ = (ℓ− 2λ1)Λ0 + (λ1 − λ2)Λ1 + · · ·+ (λn−1 − λn)Λn−1 + 2λnΛn,
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where (λ1, . . . , λn) is a partition or half-partition such that λ1 ⩽ ⌊ℓ/2⌋. By specialising the Weyl–
Kac character formula for the D

(1)
n -module L(Λ) according to ϕ−1,q;q, it follows from the A

(2)
2n−1

Macdonald identity that

χΛ(−1, q; q)

=



(
q2n; q4n

)
∞
(
p2; p2

)
∞(p; p)n−1

∞
(q; q)n∞

n∏
i=1

θ
(
q2λi+2n−2i+1; p2

)
×

∏
1⩽i<j⩽n

θ
(
qλi−λj−i+j , qλi+λj+2n−i−j+1; p

)
if λ is a partition,

0 if λ is a half-partition,

where p = qℓ+h∨
= qℓ+2n. For k = ℓ and λ1 = · · · = λn this is the product on the right

of (5.23). ■

5.3 Proofs of Theorems 1.5–1.8

So far, we have only given conditional proofs of the q, t-Rogers–Ramanujan identities, based on
the conjectural Jacobi–Trudi identities. For proofs that are unconditional, we apply Ismail’s
analytic argument [28]. Because this works in the exact same manner for all four theorems, we
only present the details for Theorem 1.5.

Proof. Fix q ∈ C such that |q| < 1 and denote the difference between the left- and right-hand
sides of (1.9) by f(t). Let D denote the open unit disk in C. Then f : D → C is analytic in
an open neighbourhood U ⊂ D of 0. By (5.7), (5.8), (5.10) and (5.11), which were previously
proved in [26, Theorems 1.1–1.3], f

(
qN
)
= 0 for all positive integers N . Since the (geometric)

sequence
(
qN
)
N⩾1

has limit point 0 ∈ U , f(t) = 0 for all t ∈ D by the identity theorem for
analytic functions. ■

There is one problem with the above proof method in that it assumes the truth of all of the
Rogers–Ramanujan identities stated in Section 5.2. Eight of these are new and therefore require
independent proofs. It is not difficult however to adapt the method of proof from [26, 63] to
obtain the missing proofs. In each case, the required calculations are quite lengthy and hence
we will give the full details of the most complicated to prove case (Corollary 5.7) and for the
remaining cases we will only briefly indicate the key steps.

Proof of Corollary 5.7. We require the special case of [63, Proposition 5.10] obtained by
setting (t2, t3) = (0,−1) and letting N tend to infinity. In this case, we may replace the
nonnegative integer m in the proposition by the nonnegative integer or half-integer k/2, as is
explained just above [63, equation (5.2.32)]. Then

∑
λ

λ1⩽k

t|λ|/2P ′
λ(x; t) =

n∏
i=1

(
−t1/2xi; t

)
∞

(tx2i ; t)∞

∏
1⩽i<j⩽n

1

(txixj ; t)∞

×
∑

r1,...,rn⩾0

∆C(xt
r)

∆C(x)

n∏
i=1

x
(k+1)ri
i t

1
2
(k+1)r2i

n∏
i,j=1

(
−xi
xj

)ri

t(
ri
2 )

(xixj ; t)ri
(txi/xj ; t)ri

, (5.24)

where, for x = (x1, . . . , xn),

∆C(x) =

n∏
i=1

(
1− x2i

) ∏
1⩽i<j⩽n

(xi − xj)(xixj − 1) = det
1⩽i,j⩽n

(
xj−1
i − x2n−j+1

i

)
.
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We note that the simultaneous substitutions
(
t1/2, x1, . . . , xn

)
7→
(
−t1/2,−x1, . . . ,−xn

)
leave

(5.24) invariant. As our next step we observe that the series on the right of (5.24) is the function
L
(0)
–,(∞n)(x1, . . . , xn) defined in [7, equation (A.1b)] with (m, q) 7→ (k, t) and b1, . . . , bk+1 → ∞,

c1 = · · · = ck+1 = −t1/2. This puts us in a position to iteratively apply [7, Lemma A.1]. In par-
ticular, in (5.24) we first replace n 7→ 2n− 2 (for n ⩾ 2) and then make the substitution

(x1, . . . , x2n−2) 7→ (x1, x2, y2, x3, y3, . . . , xn−1, yn−1, xn).

Taking the limits yi → x−1
i for all 2 ⩽ i ⩽ n − 1 using [7, Lemma A.1], and then taking the

further limits x1 → t1/2 and xn → 1, yields

∑
λ

λ1⩽k

t|λ|/2P ′
λ

(
x1, x

±
2 , . . . , x

±
n−1, xn; t

)
=

1

(t; t)n∞

n∏
i=1

1

θ(−xi; t)

∏
1⩽i<j⩽n

1

(−xj)θ
(
xix

±
j ; t
)

×
∑

r1,rn⩾0
r2,...,rn−1∈Z

(1 + χ(rn > 0))∆B(−xtr)
n∏

i=1

x
(k+2n−1)ri
i t

1
2
(k+2n−1)r2i−(n− 1

2
)ri ,

where x1 := t1/2, xn := 1, and

∆B(x) =
n∏

i=1

(1− xi)
∏

1⩽i<j⩽n

(xi − xj)(xixj − 1) = det
1⩽i,j⩽n

(
xj−1
i − x2n−j

i

)
.

Denoting the summand on the right by Sr, we have

S(r1,r2,...,rn−1,rn) = S(−1−r1,r2,...,rn−1,rn) = S(r1,r2,...,rn−1,−rn).

These symmetries imply that the above sum over r1, . . . , rn can be simplified to

∑
r∈Zn

|r| even

∆B(−xtr)
n∏

i=1

x
(k+2n−1)ri
i t

1
2
(k+2n−1)r2i−(n− 1

2
)ri ,

although in the following we find it slightly more convenient to drop the condition that |r| is even
and divide the series by two. We now specialise t 7→ q2n−2 and xi 7→ qn−i

(
which is consistent

with x1 = t1/2 and xn = 1
)
and use the homogeneity of the Hall–Littlewood polynomials,

(2.15) and multilinearity, to obtain∑
λ

λ1⩽k

q|λ|Pλ

(
1, q, q2, . . . ; q2n−2

)
=

N
4(q; q)n∞

, (5.25)

where

N = det
1⩽i,j⩽n

(∑
r∈Z

(
y
i−j−2(n−1)r
j + y

2n−i−j+2(n−1)r
j

)
p(n−1)r2+(n−i)r

)

for yi = qn−i+1/2 and p = qk+2n−1. Next we swap i and j in the determinant, replace r by −r
in the term of the summand on the right and then again appeal to multilinearity. As a result,

N =
∑
r∈Zn

n∏
i=1

y
2(n−1)ri−i+1
i p2(n−1)(ri2 ) det

1⩽i,j⩽n

(
(yip

ri)j−1 + (yip
ri)2n−j−1

)
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= 4(p; p)n∞
∏

1⩽i<j⩽n

θ
(
yiy

±
j ; p

)
= 4(p; p)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, q2n−i−j+1; p

)
= 4(p; p)n∞

∏
1⩽i<j⩽n

θ
(
qj−i, qi+j−1; p

)
.

Here the second equality (which holds for arbitrary yi) follows from the variant of the D
(1)
n

Macdonald identity stated in [33, Appendix A.2] and the third equality uses that yi = qn−i+1/2.
Substituting the above in (5.25) completes the proof. ■

Sketch of proof of Corollary 5.5. As in the proof of Corollary 5.7, the staring point is (5.24),
but this time we carry out the substitutions n 7→ 2n− 1 followed by

(x1, . . . , x2n−1) 7→ (x1, x2, y2, x3, y3, . . . , xn, yn),

and then take the limits yi → x−1
i for all 2 ⩽ i ⩽ n and x1 → t1/2. Then carrying out

manipulations similar (but simpler, since only the sum over r1 instead of r1 and rn requires
special attention) to the proof of Corollary 5.7, specialising t 7→ q2n−1 and xi 7→ qn−i+1/2 and
using the B

(1)
n Macdonald identity yields the identity (5.15). ■

Sketch of proof of Corollary 5.9. This time the starting point is the special case of [63,
Proposition 5.10] obtained by setting (t2, t3) =

(
0,−t1/2

)
and letting N tend to infinity:∑

λ
λ1⩽2k

t(|λ|+l(λo))/2P ′
λ(x; t) =

n∏
i=1

(−txi; t)∞(
tx2i ; t

)
∞

∏
1⩽i<j⩽n

1

(txixj ; t)∞

×
∑

r1,...,rn⩾0

∆B(xt
r)

∆B(x)

n∏
i=1

x
(2k+1)ri
i t(

ri+1
2 )+kr2i

n∏
i,j=1

(
−xi
xj

)ri

t(
ri
2 )

(xixj ; t)ri
(txi/xj ; t)ri

. (5.26)

The rest of the proof is the exact same as the proof of Corollary 5.5, including the use of the B
(1)
n

Macdonald identity in the final step. ■

Sketch of proof of Corollary 5.11. The identity follows by taking (5.26) and then following
the exact same steps as in the proof of Corollary 5.7. ■

Sketch of proof of Corollary 5.14. We begin with the special case of [63, Proposition 5.10]
obtained by setting (t2, t3) =

(
−1,−t1/2

)
, letting N tend to infinity and replacing m by k/2.

Then ∑
λ

λ1⩽k

t|λ|/2

(
k−1∏
i=1

(
−t1/2; t1/2

)
mi(λ)

)
P ′
λ(x; t) =

n∏
i=1

1(
t1/2xi; t1/2

)
∞

∏
1⩽i<j⩽n

1

(txixj ; t)∞

×
∑

r1,...,rn⩾0

∆B(xt
r)

∆B(x)

n∏
i=1

xkrii t
1
2
kr2i+

1
2
ri

n∏
i,j=1

(
−xi
xj

)ri

t(
ri
2 )

(xixj ; t)ri
(txi/xj ; t)ri

.

The remainder follows the exact same steps as in the proof of Corollary 5.7. ■

Sketch of proof of Corollary 5.15. In [63, Proposition 5.10], we set t2 = −t3 = −t1/2 and
let N tend to infinity. Then∑′

λ
λ1⩽2k

t(|λ|+l(λo))/2

(
2k−1∏
i=1

(t; t2)⌈mi(λ)/2⌉

)
P ′
λ

(
x; t
)
=

n∏
i=1

1(
tx2i ; t

2
)
∞

∏
1⩽i<j⩽n

1

(txixj ; t)∞
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×
∑

r1,...,rn⩾0

∆D(xt
r)

∆D(x)

n∏
i=1

(−1)rix2krii tkr
2
i+ri

n∏
i,j=1

(
−xi
xj

)ri

t(
ri
2 )

(xixj ; t)ri
(txi/xj ; t)ri

, (5.27)

where the prime in the final sum over λ denotes the restriction that the odd parts of λ must
have even multiplicity, and

∆D(x) =
∏

1⩽i<j⩽n

(xi − xj)(xixj − 1) =
1

2
det

1⩽i,j⩽n

(
xj−1
i + x2n−j−1

i

)
.

We now replace n 7→ 2n+ 1 followed by

(x1, . . . , x2n+1) 7→ (x1, y1, x2, y2, . . . , xn, yn, xn+1),

and then take the limits yi → x−1
i for all 1 ⩽ i ⩽ n and xn+1 → 1. Carrying out the specialisation

t 7→ q2n+1 and xi 7→ qn−i and using (2.15) on the left and the A
(2)
2n Macdonald identity on the

right yields the result. ■

Sketch of proof of Corollary 5.16. As in the previous proof, we take (5.27) but now carry
out the same steps as in the proof of Corollary 5.5, including the use of the B

(1)
n Macdonald

identity to obtain the product of theta functions. ■

Sketch of proof of Corollary 5.18. Yet again we take (5.27) but then follow the proof of
Corollary 5.7, except that in the final step we use the A

(2)
2n−1 Macdonald identity. ■

6 Open problems

To conclude the paper, we list a number of open problems pertaining to affine Jacobi–Trudi and
q, t-Rogers–Ramanujan identities, beyond the obvious problem of proving Conjectures 1.2–1.4.

One such problem is to better understand algebraically for what values of the parameters t, s
in PBn

(kn)(x; t, s) and PCn

(kn)(x; t, s), or t, s1, s2 in PCn

(kn)(x; t, s1, s2) one should expect further Jacobi–
Trudi formulas. Our list of results is definitely not complete, and for example we conjecture
that the additional A

(2)
2k−1 identity

PBn

(kn)(x; t, t) =
1

2

∑
y∈Zk

det
1⩽i,j⩽k

(
(−1)yit

1
2
Ky2i −(j−1)yi(ën−i+j−Kyi(x) + ën+i+j−Kyi−1(x))

)
holds, where K = 2k. What is unusual about this Jacobi–Trudi formula is that there does not
appear to be a companion for ėr. As a consequence, the q, t-Rogers–Ramanujan identity

∑
λ

λ1⩽2k

q|λ|

(
2k−1∏
i=1

(
t; t2

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; t

)

=

(
p2; p2

)
∞(p; p)k−1

∞
(q; q)k∞

k∏
i=1

θ
(
pq2i−1; p2

) ∏
1⩽i<j⩽k

θ
(
qj−i, qi+j−1; p

)
,

where p = tq2k, does not appear to have a counterpart for

∑
λ

λ1⩽2k

q|λ|/2

(
2k−1∏
i=1

(
t; t2

)
⌈mi(λ)/2⌉

)
Pλ

(
1, q, q2, . . . ; t

)
.
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It remains unclear if this is an isolated case or that further such results exist. In particular, we
note that the affine Lie algebras B

(1)
k and D

(1)
k are currently missing from our list of q, t-Rogers–

Ramanujan identities.
It would also be interesting to consider the determinants in Conjectures 1.2–1.4 with K =

2k + a (where a is one of 0, 1, 2 depending on the conjecture) replaced by K = 2k + 2ℓ + a
for ℓ a nonnegative integer. For example, what are the PCn

λ (x; t, 0) and (x1 · · ·xn)−kPλ(x; t)
expansions of∑

y∈Zk

det
1⩽i,j⩽k

(
t(k+ℓ+1)y2i −jyi(ėn−i+j−2(k+ℓ+1)yi(x)− ėn+i+j−2(k+ℓ+1)yi(x))

)
? (6.1)

The answers to these questions should imply further character identities. For instance, in the
simplest possible case, namely k = ℓ = 1, we have

∑
y∈Z

t3y
2−y(ėn−6y(x)− ėn−6y+2(x)) =

⌊n/2⌋∑
s=0

ts
2
PCn

(1n−2s)
(x; t, 0)

= (x1 · · ·xn)−1
∑
r,s⩾0

ts
2
P(2r,12s)(x; t).

Here the equality between the expression on the left and the second expression on the right
follows from∑

y∈Z
q3y

2−y

([
2n

n− 3y

]
q

−
[

2n

n− 3y + 1

])
= tn

2

– an identity equivalent to the Bailey pair A(5) in Slater’s list – whereas the equality between
the two expressions on the right may be established using the k = 1 case of (2.19a) and

PBn

(1n)(x; t, 0) =

n∑
k=0

PCn

(1k)
(x; t, 0).

Specialising xi = qi−1/2 for 1 ⩽ i ⩽ n, or first using (2.23b) and then specialising xi = qi for
1 ⩽ i ⩽ n, yields∑

r,s⩾0

q(σ+1)(r+s)ts
2
P(2r,12s)

(
1, q, . . . , qn−1; t

)
=
∑
y∈Z

t3y
2−y

(
q3y(6y−σ)

[
2n+ σ

n− 6y + σ

]
q

− q(3y−1)(6y+σ−2)

[
2n+ σ

n− 6y + 2

]
q

)
for σ ∈ {0, 1}. Taking the large-n limit and applying Watson’s quintuple product identity [83] –
the A

(2)
2k Macdonald identity (5.4) for k = 1 – gives the further q, t-Rogers–Ramanujan identity∑
r,s⩾0

q(σ+1)(r+s)ts
2
P(2r,12s)

(
1, q, q2, . . . ; t

)
=

(p; p)∞
(q; q)∞

θ
(
q2−σ; p

)
θ
(
pq4−2σ; p2

)
,

where p = t2q12. For t = q, this is∑
r,s⩾0

q(r+s)2+2s2+σ(r+s)

(q; q)r(q; q)2s
=

(
q14; q14

)
∞

(q; q)∞
θ
(
q2−σ; q14

)
θ
(
q10+2σ; q28

)
,

which is a well known formula for the (normalised) character χ
(3,7)
1,2−σ(q) of the Virasoro algebra

of central charge c = −25/7 and conformal dimension −5(1− σ)/28, see, e.g., [9].
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Recalling the notation (4.3), (6.1) for t = 1 is

(x1 · · ·xn)−k det
1⩽i,j⩽k

(Fi−j,2(k+ℓ+1)(x)− Fi+j,2(k+ℓ+1)(x)),

for which Huh et al. [27, Theorem 3.3] obtained a combinatorial expression in terms of cylindric
tableaux as follows:

(x1 · · ·xn)−k

( ∑′

λ∈Par2ℓ+2
n,2k

−
∑′′

λ∈Par2ℓ+2
n,2k

) ∑
T∈CSSYTn;2k,2ℓ+2(λ)

xT .

Here the prime in the first sum denotes the restriction that λ must be even and the double prime
in the second sum denotes the restrictions that λ′

1 − λ′
2k = 2ℓ+ 2, the last 2ℓ+ 2 parts of λ are

odd and the other parts are even. Is it possible to extend this result to (6.1) by introducing an
additional statistic on cylindric tableaux?

A final question is to find partition theoretic interpretations for the Rogers–Ramanujan iden-
tities listed in Section 5.2. From the recent work in [15, 19, 21, 33, 61, 62, 67] on the Capparelli–
Meurman–Primc–Primc (CMPP) conjectures, we know that, at least conjecturally, the GOW
identities of Corollaries 5.1–5.3 admit interpretations as identities for the generating function of
restricted sets of coloured partitions. It is natural to suspect that such an interpretation is not
limited to the first three corollaries, and it would be extremely interesting to find a partition
theoretic interpretation in terms of coloured partitions for the remaining 14 corollaries.

A Proof of (5.21)

In this appendix, we prove the full set of Rogers–Ramanujan identities (5.21), which for 1 ⩽ i ⩽
k − 1 were conjectured by Matthew Russell after reading an earlier version of this paper.

Theorem A.1. For k a positive integer and i an integer such that 0 ⩽ i ⩽ k,

∑′

n1⩾···⩾n2k⩾0

q
1
2
(n2

1+···+n2
2k)+

1
2
(n1−n2+···+n2k−1−n2k)+

1
2
(n1+n2+···+n2i)(

q2; q2
)
⌊(n1−n2)/2⌋ · · ·

(
q2; q2

)
⌊(n2k−1−n2k)/2⌋

(q; q)n2k

=

(
−q2i+1,−q2i+1, q2i+1; q2i+1

)
∞(

q2; q2
)
∞

, (A.1)

where the prime denotes the restriction that n2j−1 − n2j is even for all 1 ⩽ j ⩽ k.

Before proving this theorem, we prepare some preliminary results. For nonnegative integers r
and s, let rϕs denote the basic hypergeometric series

ϕr s

[
a1, . . . , ar
b1, . . . , bs

; q, z

]
=

∞∑
k=0

(a1, . . . , ar; q)k
(q, b1, . . . , bs; q)k

(
(−1)kq(

k
2)
)s−r+1

zk.

Lemma A.2. For n a nonnegative integer,

n∑
r=0

wrq(
r+1
2 )Hn−r(z; q)

[
n

r

]
q

= ϕ2 0

[
−wq/z, q−n

–
; q, zqn

]
, (A.2)

where Hm is a Rogers–Szegő polynomial, see (2.12).
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Proof. Denote the expression on the left of (A.2) by fn(w, z; q). Then

fn(w, z; q) =
n∑

r=0

n−r∑
k=0

wrzkq(
r+1
2 )
[
n− r

k

]
q

[
n

r

]
q

=
n∑

k=0

zk
[
n

k

]
q

n−k∑
r=0

wrq(
r+1
2 )
[
n− k

r

]
q

.

The sum over r evaluates to (−wq; q)n−k by the q-binomial theorem [25, equation (II.4)]

n∑
k=0

(−z)kq(
k
2)
[
n

k

]
q

= (z; q)n.

Thus

fn(w, z; q) =
n∑

k=0

zk(−wq; q)n−k

[
n

k

]
q

= (−wq; q)n ϕ2 1

[
0, q−n

−q−n/w
; q,− z

w

]
.

Taking the b → 0 limit in the transformation formula [25, equation (III.8)] yields

ϕ2 1

[
0, q−n

c
; q, z

]
=

1(
q1−n/c; q

)
n

ϕ2 0

[
q/z, q−n

–
; q,

z

c

]
.

Applying this to the above expression for fn(w, z; q), we obtain the right-hand side of (A.2). ■

Corollary A.3. For n a nonnegative integer,

n∑
r=0

wrq(
r+1
2 )Hn−r(−wq; q)

[
n

r

]
q

= 1.

Proof. We specialise z = −wq in (A.2). Since the 2ϕ0 series has a numerator parameter equal
to 1, the series trivialises to 1, resulting in the claim. ■

Corollary A.4. For n a nonnegative integer,

gn(q) :=
∑

0⩽s⩽r⩽n
r−s even

q(
r+1
2 )+(s2)(q; q)n(

q2; q2
)
⌊(n−r)/2⌋

(
q2; q2

)
(r−s)/2

(q; q)s
= 1.

Before proving this result, we note that in the n → ∞ limit it yields (A.1) for i = 0 and
k = 1.

Proof. We begin by noting that

1(
q2; q2

)
⌊m/2⌋

=

(
q; q2

)
⌈m/2⌉

(q; q)m
=

Hm(−q; q)

(q; q)m
,

where the final equality follows from [82, equation (1.10c)]. Using the above identity and re-
placing the summation index s 7→ r − 2s, it follows that

gn(q) =
n∑

r=0

⌊r/2⌋∑
s=0

qr
2−2rs+s(2s+1)(q; q)nHn−r(−q; q)

(q; q)n−r

(
q2; q2

)
s
(q; q)r−2s

=

n∑
r=0

qr
2
Hn−r(−q; q)

[
n

r

]
q

ϕ2 1

[
q−r, q1−r

0
; q2, q2

]
.
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According to the c → 0 limit of the q-Chu–Vandermonde summation [25, equation (II.6)]

ϕ2 1

[
a, q−n

0
; q, q

]
= an.

Applying this for (q, a, n) 7→
(
q2, q1−2⌈r/2⌉, ⌊r/2⌋

)
, we find

gn(q) =
n∑

r=0

q(
r+1
2 )Hn−r(−q; q)

[
n

r

]
q

.

By Corollary A.3 for w = 1, we are done. ■

We are now ready to give a proof of Theorem A.1 assuming the truth of the result for i = k.
This case is the n = 1 instance of Corollary 5.16.

Proof of Theorem A.1. As remarked above, we may assume the theorem holds for i = k.
Combining this with the remark immediately following Corollary A.4, there is nothing to prove
for k = 1. In the following we thus assume that k ⩾ 2 and 0 ⩽ i < k. Now denote the sum on
the left-hand side of (A.1) by Si,k(q) and its summand by Si,k;n1,...,n2k

(q). Then

Si,k(q) =
∑′

n1⩾···⩾n2k⩾0

Si,k;n1,...,n2k
(q) =

∑′

n1⩾···⩾n2k−2⩾0

Si,k−2;n1,...,n2k−2
(q)gn2k−2(q)

=
∑′

n1⩾···⩾n2k−2⩾0

Si,k−2;n1,...,n2k−2
(q) = Si,k−1(q),

where the second equality uses the definition of gn(q) and the third equality follows from Corol-
lary A.4. If i ⩾ 1, this may be iterated to give

Si,k(q) = Si,i(q) =

(
−q2i+1,−q2i+1, q2i+1; q2i+1

)
∞(

q2; q2
)
∞

.

If, on the other hand, i = 0, iteration leads to

S0,k(q) = S0,1(q) =
(−q,−q, q; q)∞(

q2; q2
)
∞

.

This completes the proof. ■
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