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Abstract. Intermediate Macdonald polynomials for an affine root system S with fixed
origin and finite Weyl group W, are orthogonal polynomials invariant under a parabolic
subgroup W; < W;. The extreme cases of W; = 1 and W; = Wy correspond to the
non-symmetric and symmetric Macdonald polynomials, respectively. In this paper, we use
double-affine Hecke algebras to study their basic properties, including that they form an
orthogonal basis and that they diagonalise a commutative algebra of difference-reflection
operators, and calculate their norms. Finally, we provide two interpretations of intermediate
Macdonald polynomials as vector-valued polynomials and connect them to the literature.
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1 Introduction

Let R be a (finite) root system and L a lattice associated with R, such as the weight lattice, the
coweight lattice, or the coroot lattice. Let A := K[L] be the group algebra of L over a suitable
field K. Orthogonal polynomials associated with R, such as the ones detailed in [6, 17, 18], are
typically elements of A that are either symmetric under the Weyl group Wy of R (or transform
according to a given 1-dimensional representation) or possess no symmetry at all.

In this paper, we study the intermediate cases: polynomials that transform under a character €
of a parabolic subgroup W; < Wy, in the context of Macdonald polynomials.

In the context of Heckman—Opdam polynomials, the Wj-invariant polynomials have been
considered in [23]. Our approach is different and leads to the notion of intermediate Macdonald
polynomials.

In the case where R is of type A, and € = 1, these polynomials have been studied extensively,
e.g., in [1, 2, 8, 14] under the name “Macdonald polynomials with prescribed symmetry”, and
connected to the equivariant K-theory of parabolic flag Hilbert schemes in [9] as well as to the
theory of parahoric Whittaker functions in [4]. In a preprint [7] that appeared shortly after this
one, it is furthermore shown that certain specialisations of intermediate Macdonald polynomials
can be obtained as characters of representations of parahoric subalgebras of affine Kac—-Moody
algebras.

For general Macdonald data and characters e of W, we prove basic facts about the interme-
diate Macdonald polynomials, such as leading terms, orthogonality, and that they diagonalise
a commutative algebra of difference-reflection operators, and compute their norms.

Finally, we provide two vector-valued interpretations for ¢ = 1, and connect them to the
literature. For the first interpretation as vector-valued polynomials, we can artificially in-


mailto:philip.schloesser@ru.nl
https://philip98.github.io
https://doi.org/10.3842/SIGMA.2026.057

2 P. Schlosser

crease the symmetry of elements of A; := AW7 by tensoring with the finite-dimensional vector
space K[Wy/Wj]. In fact,

Ay = (A K[Wy/ W)V

as modules over Ag := A"0 by mapping A; > f +— f ® e(W;) and then symmetrising (e(Wy)
is the basis vector of K[Wy/W ;] corresponding to the coset of the neutral element). However,
in the context of Macdonald polynomials, the group Wy and its subgroups are rather artificial,
and it makes much more sense to phrase our constructions in terms of the double-affine Hecke
algebra $ from [17]. Luckily, the authors of [19] show that it is possible to establish a $-module
structure (even more than one) on A ® K[Wy/W;], which they call M j(¢). We show that the
“spherical” vectors of M j(¢) are indeed in Ap-linear equivalence with A ;. This result has been
proven independently in [24].

This vector-valued interpretation is especially valuable if we seek to connect our theory to
representation theory. In the classical theory (i.e., Lie groups), (4 @ K[Wy/W;])"° is ex-
actly the form that suitable matrix-spherical functions take. In fact, besides the well-known
correspondence between symmetric Heckman—Opdam polynomials (W; = W) and zonal spher-
ical functions of symmetric pairs from, e.g., [10], a concrete connection between intermediate
Heckman—Opdam polynomials and matrix spherical functions of symmetric pairs has been shown
in [22, 23] for some examples. For quantum groups, a similar connection between symmetric
Macdonald polynomials and zonal spherical functions of quantum symmetric pairs was proven
in [15], so it stands to reason to look for matrix spherical functions in the Macdonald version
of (A® K[Wo/W )"0, i.e., the spherical elements of M ().

For a second interpretation of A; as a ring of vector-valued polynomials, recall that by
a well-known result by Chevalley, Ay is a free (commutative) K-algebra, i.e., a polynomial ring.
The same, however, cannot be said about A; (except when W; = W) or even A. Thus, we
are confronted with the pedantic philosophical question of how exactly intermediate and even
non-symmetric Macdonald polynomials can even be thought of as polynomials in the first place.
A possible solution to this conundrum comes from noting that Ay is a free Ag-module (as is
detailed in [21]), so that we can view elements of A; as column vectors of elements of Ay, i.e., as
vector-valued polynomials. The inner product on A; can then be rewritten in terms of a matrix
weight with symmetric entries, which allows for an interpretation in the theory of vector-valued
orthogonal polynomials.

In Section 2, we begin by introducing some notions about double-affine Hecke algebras for
arbitrary affine root systems .5, as well as setting up the necessary notions of duality, labels,
and the monomial order on the ring where our orthogonal polynomials live. The notation (with
exception of the 7’s, as explained in Remark 2.29 (ii)) and ordering of topics have been taken
from [17], which we will refer to for most of the proofs.

In Section 3, we introduce various tools that are specifically related to parabolic subgroups,
and that are not taken wholesale from [17]. They include an adaption of the symmetrisers
from [17, Section 5.5] as well as a study of W -orbits of monomials.

Section 4 is the central section of this paper and contains its protagonist: the (e-symmetric)
intermediate Macdonald polynomials. We introduce them in analogy with the e-symmetric Mac-
donald polynomials from [17, Section 5.7] by applying a suitable symmetriser to non-symmetric
Macdonald polynomials and then normalising. We show that the symmetric versions form a ba-
sis of the W -symmetric polynomials, and that they are orthogonal. Then we proceed to relate
their norms to those of the non-symmetric Macdonald polynomials.

In Section 5, we consider the first vector-valued interpretation of A;. We introduce the Y-
parabolically induced modules M j(¢) from [19, Section 3.2] and then prove that their spaces of
spherical vectors is in Ag-linear equivalence with A ;.



Intermediate Macdonald Polynomials and Their Vector Versions 3

Finally, in Section 6, we consider the second vector-valued interpretation and show the ex-
istence of a symmetric matrix weight. To illustrate this general theory, we then consider two
examples: the case of non-symmetric Askey—Wilson polynomials (type (C’lv , Cl) with Wy =1, so
that AW’ = A) from [12], and the case of type As with a nontrivial parabolic subgroup W; < W}
that was also considered in the classical case in [23].

2 Double-affine Hecke algebras

For the convenience of the reader, we now recap the theory from [17] that we will rely on in the
following sections. Readers wishing to skip the recap are advised to consult Remark 2.29 for
notational differences to Macdonald, and then proceed to Section 3.

Let E be a finite-dimensional Euclidean space with translation space V', and let F' be the real
vector space of affine functions £ — R. Let S C F be an affine root system (see [16]) and Wg
its affine Weyl group.

2.1 Duality and labels

To each possible choice of S (potentially up to embedding in a larger root system, cf. the remark
immediately proceeding [17, Section 1.4]), we are going to associate another affine root system S,
two (linear) root systems R, R, and two lattices L, L'.

Lemma 2.1. Let S be irreducible, then after choosing an appropriate origin to identify E =V
and after appropriate re-scaling, one of the following is true:
(i) There is a reduced linear root system R CV such that S = S(R).
(it) There is a reduced linear root system R C V such that S = S(R)".
(tit) There is an affine root system S of type (C;L/, C’n) of which S forms a Wg-invariant sub-
system.

Here, S(R) is as in [17, Section 1.2.1].

Proof. This is the content of [17, Section 1.3]. For reference, we mention for (iii), which orbits
of S make up S. We adopt the notation of [17, Section 1.3] and define O,...,05 to be the
orbits satisfying a,, € O1, 2a, € O, ag € O3, 2a9 € Oy, ay,...,an,—1 € Os (ag,...,a, as in [17,
Section 1.3.18]). Then S consists of the following S-orbits:

BCy: O1, Oy, Os, (BCy,Cp): O1, Oz, Oy, Os, (CY,BCy): O1, Oa, O3, Os,
(Bn;ByY): O1, O3, Os, (CY,Cn): O1, Oy, O3, Oy, Os. n

For the remainder of this paper, we replace S by S if Lemma 2.1 (c) is satisfied.
Definition 2.2. If S is irreducible, and
(i) S = S(R) for a reduced (linear) root system R, let S’ := S(RY), R’ := RY, L := P(R),
L' := P(RY). Furthermore, for a € R write o :=a¥ € R'.
(ii) S = S(R)Y for a reduced (linear) root system R, let S’ := S, R':= R, L := L' := P(RY).
Furthermore, for a € R write o/ := a € R'.

(iii) S is of type (CY,Cy), let R be the linear root system of type Cy, such that S = S(R) U
S(R)Y. Then let S’ :== S, R := R, L := L' := ZR". Furthermore, for a € R write
o:=ackR.
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If S=5U---US, is reducible, assume without loss of generality that every S; is either S(R;)
(R; reduced), S(R;)Y (R; reduced), or that S(R;) U S(R;)" (R; of type Cy,). This has the side-
effect that all constant affine functions contained in S; and S;, are half-integer-valued. Write ¢
for the constant function that is 1 everywhere. Then define S!, R;, R}, L;, L} as above and take

S'=8U---uUs, R:=RjU---UR,, R :=Ri{U---UR],
L=L1® - ®L,, L'=Lo® oL,

We interpret R, R/, L, L' as subsets of V and S, S’ as sets of affine-linear functions on V', and
we call (S,S",R,R',L,L") a set of duality data.

Remark 2.3.

(i) If (S,S",R,R', L, L") is a set of duality data, then so is (S, S, R', R, L', L).

(ii) Let (-,-) be the inner product of the translation space V', and use it to identify V = V*.
If D: F — V is the gradient map, i.e., f(p+v) = f(p)+ (Df,v) for fe F,pe E,veV,
we then have DS C L, DS’ C L. Furthermore, we have have RY C S’ and R’V C S.

(iii) Furthermore, (R, L), (R, L) C Z. In particular, unless S contains components of type
(Cq\{ ) C’n), the pairings of Rx L', R’ x L are perfect pairings. If S does contain a component
of type (C)/,Cy) and if a € S lies in the orbit of the highest root of R, we have (a,L’) =
(d,L) = 2Z.

(iv) It is possible to choose systems of simple roots (a;)icr, (a})icr, and (c)icr, of S, S” and R,
respectively, such that o = a (i € Iy). Here, Iy C I indexes the simple linear roots and
leaves out only one (non-linear) affine root per irreducible component. For each irreducible
component R;, depending on whether R, = R; or R, = R}, write o/ := «a or o/ := o
for a € R;.

Definition 2.4. Let (5,5, R, R', L, L") be a set of duality data, write Wy for the (finite) Weyl
group of R and R’ (they have the same). Then define the extended affine Weyl groups

W=W(R,L):=Wgwxt(L), W :=W(®R,L).

Here, t(\): V. — V is the translation  — a + X (for X). Since W acts on V by affine
transformations, it also acts on F', the space of affine functions. In particular, W acts on L’ and
S; similarly, W’ acts on L and S’. Furthermore, we have Wg < W and Wy < W/, where Wy
(resp. Wgr) is the reflection group generated by s; = s,, (resp. s.) for i € I (s, is the affine
reflection in a, see [17, Section 1.1.6]). '

Write Wy := Wr = Wpg for the reflection group generated by s; = s,, for i € Iy. It acts on
S, S, R, R, L, L' and is the parabolic subgroup of Wg and W/ generated by the index set Ij.

Definition 2.5. A function k: .S — R is called a W-labelling if k is constant on W-orbits.
Remark 2.6. Let S be irreducible.

(i) If S = S(R) for R simply-laced, there is only one W-orbit, and hence any labelling k is
given by one number.

(ii) If S = S(R) or S(R)Y for R not simply-laced, there are two W-orbits, so any labelling &
is given by two numbers kg, k; for short and long roots, respectively.

(iii) If S is of type (Cp,C,/), we have W = Wy and therefore we have the four (n = 1) or five
orbits Oy, ..., Os5 from the proof of Lemma 2.1. In that case, a labelling k is given by five
numbers ki, ..., ks.



Intermediate Macdonald Polynomials and Their Vector Versions 5

Definition 2.7. The dual labelling of a W-labelling k is a W'-labelling k': S’ — R given by
(i) S=S8(R): k(" +c):=k(a+rc) for a € R,r € 3Z;
(i) S=S(R)V: K =k;

(iii) Type (CY,Cy): ki := k5 and

K, 1 1 1 1\ [k
Byl _1[1 1 =1 1|k
K, 1 -1 1 —1]| ks
K, 1 -1 =1 1) \k

on irreducible components.
Evidently, if k" is dual to k, then k is dual to k’.
Lemma 2.8. Let S C S be an irreducible component and let i € Iy such that a; € Si.. Then
k(a;) + k(2a;) = K (a}) + K (2a}).
Proof. We differentiate between the three cases:

(i) If Sy = S(Ry), then a; = o; and a; = @}, so that k'(a}) = K () = k(os) = k(a;)
and k'(2a;) = 0 = k(2a;).

(ii) If Sy, = S(Ry)Y, then a; = a; and k = K/, so that ¥'(a}) = k(a;) and k'(2a}) = 0 = k(2a;).

(iii) If Sy is of type (CX , Cn), then a; is indivisible and linear. Hence a; belongs either to O;
or to Os. In the first case we have 2a; € Oy and hence

]{},(CL;) + k‘/(QCL;) = kll + ]{?é = k?l + k?g = k:(al) + k(Q(IZ)
In the latter case, 2a; ¢ S and hence

K (a) + K (2a}) = ki = ks = k(a;) + k(2a;). [ |

Lemma 2.9. Let S C S be an irreducible component and let i € I\ Iy be such that a; € Sk
(in particular, a; is not linear). Let j € Iy be such that Wooy; contains the highest root ¢ of Ry,.
Then k(a;) + k(2a;) = K'(a}) — k' (24}).

Proof. We distinguish between the three cases.

(i) If Sk = S(Rg), then Da; = —¢, so that k(a;) = k(—¢) = k(¢) = k' (¢"). Since a; € Wo,

we have o = a; € Wy¢" and hence k(a;) = k'(a}). Since S is reduced, the elements 2a;,

2a; are not in S.

(ii) If Sx = S(Rg)Y, then Da; = —¢", so that
k(i) = k(=¢") = k(¢”) = ¥'(¢").
Since a; € Wo¢, we again have a € WogV, so that k(a;) = k' (af).
(iif) If Sy is of type (C)/,Cy), we have a; € O, so that
k() + k(2a5) = kg + ka = K, — k.

Since «; is long, its corresponding simple a;- (of Si) is short (see [17, Section 1.4.3],
where j = n) and lies in O;. Therefore,

k(ai) + k(2a;) = ky — ky = K/ (a;) — k' (24]). [ |
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2.2 Extended affine Weyl group

Write S; := {a €S |2a ¢S} for the subsystem of inmultipliable roots. We shall now have
a closer look at the extended affine Weyl groups W, W', in particular at their length functions.

Definition 2.10. For w € W, define
Si(w) =St Nnw s = {ae St |wae S},

which we can also interpret as the set of hyperplanes lying between the fundamental alcove C
and w~1C. Define the length of W to be £(w) := #S1(w). Write Q := {w € W | £(w) = 0}.

Lemma 2.11 ([17, below equation (2.2.3)]). The group 2 is a finite abelian group, and we have
W =Wg x Q.

Lemma 2.12 ([17, Section 2.2.4]). If w,v € W, then {(vw) < £(v) + l(w) with equality
iff S1(w) C S1(vw).

Lemma 2.13 ([17, Section 2.2.8]). Define 0: S — R by o(a) := 1 fora € S*. For allw € W
and v € I, we have

(siw) = b(w) + a(w_lai), l(ws;) = b(w) + o(wa;).

Lemma 2.14 ([17, Section 2.2.9]). Every element w € W can be expanded as a reduced ex-
pression of the form w = us;, ---s;,, where p = {(w) and v € Q. For such a w, we have
S1(w) = {b1,...,bp}, where by := si, - -4, (a;,).

Definition 2.15. Wg as a Coxeter group comes equipped with a Bruhat order. We extend it
to W as follows: uw < vw' for u,v € Q and w,w’ € Wy iff u = v and w < w'.

Lemma 2.16. Let W; < Wg be a parabolic subgroup. Define
W= {veW|vYwe W;: {(vw) > £(v)},

the set of shortest coset representatives. Then every element w € W has a unique decomposi-
tion vw' with v € W7, w' € Wy and {(w) = £(v) + L(w').

Proof. If W is a Coxeter group, the claim is a well-known result that can be found, e.g., in [11,
Section 5.12, Proposition 1.12]. Since we are here also allowing for the semidirect product with
the finite automorphism group 2, there is something left to prove.

Write w = ww for u € Q0 € Wg. By [11, Section 5.12, Proposition 1.12], w = o’
for W' € W; and ¥ a shortest coset representative. Then picking w’' := @' and v := uv does
the trick: evidently, w’ = w’ € Wy, and the map Wg — W,z + ux is an order-isomorphism
onto uWg, both with respect to the quasi-order induced by the length function and the Bruhat
order. |

2.3 p,u,v,and r

We shall now decompose translations in terms of shortest coset representatives with respect
to Wy and define a few auxiliary objects that make use of the W-labelling k.

Definition 2.17. Define

Y % Z K(aY)a O = % Z k(o) e V.
aER o’eR!
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Lemma 2.18. We have (py, o)) = k' (o)) fori € Iy. In particular, if K'(a’) # 0 for alla’ € 5,
then py is reqular under the action of Wy (viewed as an element of E = V). If k'(a’) > 0 for
all a' € S', it is even strictly dominant.
Proof. For i € Iy, we have
Sipr = Z K (aY)sia = Z K (o
OCER+ OlESiR+

By [3, Chapitre VI, Section 1.6, Corollaire 1], the simple reflection s; permutes the positive roots
that are not ;. Therefore, we have s; Rt = R* \ {a;} U{—a;}, hence

SiPE = Pr’ — k;’(azv)ozi = Pk’ — <pk/,()é7\;/>0£i.

Consequently, &’ (oziv) {prr, ). Soif k" is never zero, py lies in the interior of a Weyl chamber.

If k' is in particular positive, pj lies in the interior of the fundamental Weyl chamber. |
Definition 2.19. For X € L', let t(\) =: u(\N)v(\) € WOW, be the decomposition from
Lemma 2.16. Similarly, decompose t(\) =: ( Yw(\) € (WHOW, for A € L.

Define
L’+ = {X el } Vie lp: ()\’,ai) > 0}

and analogously, L, and call the elements of L., L dominant. The dominant elements form
a fundamental domain for the action of Wy on L', L, respectively. Elements of —L/,, —L are
called antidominant. For X' € L', write X , A for the unique dominant (resp. antidominant)
element in Wy

Lemma 2.20. Let X € L'’ (resp. A € L), then v(N )N € =L/, (resp. v(A)X € —L,).

Proof. In [17, Section 2.4], this follows from the definition of v()\’"). That the definition used
there is equivalent to ours can be seen from [17, Section 2.4.9]. |

Corollary 2.21. We have u(\) = v(N)71t(N.) for N € L', where N_ is the antidominant
element in its Wy-orbit.

Proof. By Lemma 2.20, we have v(A)N = \_| so that
o)) = v (X)W tN)v(A) T = u(N) o (N )u(X) T = u(X). |
Definition 2.22. For X € L', X\ € L, define

ri(X) = u(X) (=pf) = v (X)L = ph),
e ) = W () (—a) = o) O — ).
Lemma 2.23 ([17, Section 2.8.4]).

(1) Ifue Qand N € L', then rj (uX) = ur (X).
(it) If i € In with s;N # N, then 1 (siN') = sir(N).
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2.4 Partial order on the lattices

We shall now define partial orders on L, L' that have finite down-sets and thus allow for the
application of the Gram—Schmidt algorithm. These partial orders will turn out to be intimately
related to the Bruhat ordering and the elements (u(\))yers (vesp. (v (X))aer)-

Definition 2.24. For X € L' and A € L define o(\') and T(\) to be the shortest elements
w € Wp mapping X, to A and A, to A, respectively.

Definition 2.25. Let X, u' € L/, then define X <y’ if

(i) ' — XN € NoRV"T\ {0} or
(ii) @/ =X and v(\) <o(W).

Analogously on L.

Remark 2.26. We later refer to results from [19] although the authors of that paper use
a different definition for the order on L': they define X' < p/ iff u(\N') < wu(y'), i.e., they identify L’
with W/W} and take the Bruhat order on the shortest coset representatives. This definition is
actually equivalent to our definition by [19, Proposition 5.21] and [17, Section 2.7.13].

Lemma 2.27. Let N € L', and let pf/ € WoX'. Let v(p) = 54, -+ 53, be a reduced expression.
Define piy. := si, .y - 83, N, then p' = pgy > -+ > py, = N

Proof. Follows from [17, Section 2.7.10 (ii)] after some minor adjustments of notation. |

2.5 Double-affine Hecke algebra

For this subsection, we immediately give definitions for the (double-)affine Hecke algebra in
terms of generators and relations and thereby forego any mentions of the (double-)affine braid
groups from [17, Section 3]. In order to still be able to use Macdonald’s results, we prove that
our definitions are equivalent.

We fix a field extension K|Q and a group homomorphism ¢: R — K> such that ¢(x) is
transcendental over Q for all z # 0 (e.g., K = Q(R), the quotient field of the group algebra of R
over Q). Write A := K[L] and A’ := K[L'] for the group algebras of L, L', whose monomials
shall be written e(\), e()\). Furthermore, define e(rc) := ¢(r), which provides a definition
for e(a) for any a € S.

Definition 2.28. For a W-labelling k: S — R and a root a € 5, define

Ta = Tak += Q< 9 9

where we take k(2a) = 0if 2a ¢ S. In case a = a; for i € I, we shall write 7; 1= 7,,, 7; 1= T4, as
a shorthand.

Remark 2.29.
(i) In the notation of Lemma 2.8, we can conclude 7; = 7,/ 1.

(ii) In the notation of Lemma 2.9, we can conclude 7; = 7,/ .
o

(iii) In [17], the notation 7] is used instead of 7;, which can be easily confused as referring to
the root system S’ and the labelling k’. To prevent such confusion, and in order to allow
us to more easily talk about the 7’s derived from k', we adopted the notation used here.
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Definition 2.30. Define the rational functions

t—t+ (u—u tr—t e u—u?
( i ) 7 c(t, s z) = T T +1u U
1—2 T —x”

b(t,u;z) =

Note that c(til, u™ L :cfl) = ¢(t,u; x). Define furthermore the following functions:
b :=ba ks := b(Ta ks Ta i, €(a)) € Frac(A), bl :=by 1 s € Frac(A4')
forae S,d €9’

Definition 2.31. The affine Hecke algebra $) is the associative K-algebra generated by T'(w)
for w € W subject to T'(v)T (w) = T'(vw) if £(vw) = £(v) + ¢(w) and

(T(si) —7)(T(si) + 7)) =0

for i € I. For i € I, write T; := T(s;). Then $ is in particular generated by (7;)ier
and (T'(u))yeq- Since all elements of Q have length 0, the latter family is a subgroup, and
the T; satisfy the braid relations of the corresponding Coxeter system.

Lemma 2.32. There exists a group homomorphism Y : L' —$* with Y = T(t(X)) for N € L/,
Furthermore, $ s generated by YL and (T3)ic1, subject to the following Bernstein—Lusztig—
Zelevinsky relation:'

YT - LYY =, (Y1) (Y — v (2.1)
for X '€ L', i € Iy, where b/, (Y1) means that we estend the group homomorphism Y ~': X
YN extend it to Frac(A'), and then apply it to b, .

Proof. The existence of Y follows from [17, equation (3.2.2)], the relation, from [17, Sec-
tion 4.2.4], and that $) is generated as claimed, from [17, Section 4.2.7]. |

Lemma 2.33 ([17, Section 3.1.8]). Ifi,j € I and w € W such that ws;w™! = sj, then
T(w)L,T(w)™t =T5.

Definition 2.34. The double-affine Hecke algebra $) is the associative K-algebra generated by £
and elements X* (A € L) such that

(i) $ is a subalgebra and X: L — H*isa group homomorphism. We extend X to affine maps
on E whose gradient lies in L by defining X¢ := ¢(1).

(ii) The following Bernstein-Lusztig—Zelevinsky relation holds: Let ¢ € I and f € F with
Df € L. Then

TiX7 — X5, = b, (X)(XT — X, (2.2)

(iti) T(uw)XIT(u™') = X% for u € Q.

Remark 2.35. In [17, Section 4.7], as well as other sources like [5, Definition 2.1], £ is defined
with other relations, most of which are immediately a special case of the Bernstein presentation.
Macdonald’s use of potentially non-reduced affine root systems necessitates the imposition of
another set of quadratic Hecke relations (that turn out to be only necessary for components

! Also referred to as Bernstein relation, Bernstein—Zelevinsky cross relation, or Lusztig’s relation.



10 P. Schlosser

of type (C,\L/ , C’n), i.e., for exactly these non-reduced root systems): we define T, =X _‘”Ti_1
for ¢ € I. Then

Tt —#  = T X% — 7= X UT; 4 by, (X)(X% — X %) — 77
no T (R X
1— X2ai
=X 4T, - X"%(r -1 ) = F

:X_ai(n—Ti—‘y-Ti_l) — T :X_aij—'i_l — T :j—% — 7.

= X"4T; + (X% — X)) — 771

This shows that the quadratic Hecke relations also hold for T;, and therefore, that our defi-
nition for the double-affine Hecke algebra is indeed compatible with [5, 17].

Lemma 2.36 ([17, Section 4.7.5]). The families

(YNT(w)X") (XMT(w)Y™)

NeL' weWo,ueL’ nELweWo,NeL’

are K-bases of $ and hence give rise to Poincaré—Birkhoff-Witt-like decompositions
HEAX)@H 0 A(Y)=AY)®5H @ AX),

where $o < ) is the (finite-dimensional) subalgebra generated by (T;)icr,. These decompositions
are as vector spaces and as left (resp. right) A-modules and as right (resp. left) A’-modules. In
particular, we have $ = A(X) @ H = H @ A(X) as left (resp. right) A-modules and as right
(resp. left) $H-modules.

Definition 2.37. Fix an involutive Q-automorphism *: K — K mapping ¢(z) to g(—x). This
exists because we required all ¢(z) (z # 0) to be transcendent.

Lemma 2.38. * extends to an involutive anti-automorphism of $ satisfying

(xX#yr=x" (Y) =y, (T(w) =Tw) "
forpe L, N e L', weW,.
Proof. Write * also for the involutive automorphisms of A, A’ that are derived from the inverse
map of L, L. If t* =t~ 1, w* = v~ !, 2* = 27!, we have

-1 -1 -1 2 -1 -1

b(t,u;z)* = (i t-il-EU:U_; u)z 7 (-t l)j_;(u —v7) =b(t,u;z) —t+t L.

Consequently, it remains to show that the two Bernstein—Lusztig—Zelevinsky relations as well as

the relations between Q and X* are preserved by .
Fori €I and Df € L, we have

(X! = x*I)" = Xt =1 ixed
=X NTx5 — XIT, — (r — 77 ) (X5 — XT)) x5/
= X ((bg,(X) = + 77 ) (X5 — XT)) x5S
= (by, — i + 7 ) (X) (X — X7
= b, (X)*(XT — X0
A similar calculation shows the correct relations between Y and (T3)ic1,, and for Q note that
T(u)* = T(u)~! for u € Q, so that
(T(w) X! T(u)™)" = T(u) X T(u)~t = x4 = (xu)”

since §2 acts linearly on F'. |



Intermediate Macdonald Polynomials and Their Vector Versions 11

2.6 Basic representation and inner product

We shall now describe the basic representation of 9. Contrary to the approach of [17] but in
anticipation of Section 5, we shall describe the basic representation as an induced module.

Lemma 2.39. There is a unique ring homomorphism ¢: $ — K satisfying ¢(T;) = Tal k' = Ti
fori € Iy and ¢(Y™') = q((N, pr))-

Proof. By Lemma 2.32, §) is generated by (T})ics, and Y satisfying (2.1). Thus, any ring
homomorphism is uniquely defined by what it maps YL and the T} to. This shows uniqueness.

For existence, we need to show that the given data for ¢ satisfies the relations of $. The
relations among the 7; are the Hecke relations (which are trivially satisfied) and the braid rela-
tions of the corresponding Coxeter system. Let (m;;); jer be the Coxeter matrix and let ¢, j € Iy
with ¢ # j. If m;; is even, then the braid relation is satisfied because 7; and 7; commute with
each other. If m;; is odd, the roots a] and a;- lie in the same Wg/-orbit and therefore, 7; = 7;.
This shows that the braid relations are also satisfied for this case.

It thus remains to show the Bernstein—Lusztig—Zelevinsky relation, so let A’ € L’ and 7 € I,.
From Lemma 2.18, we know that (), prr) = k'(a}). Furthermore, %a;’k/q(—k’(a;)) = T;}k,, SO
that '

Tal k' — Ta_;,lk’ + (%a;,k’ - %(E}k,)q(—k/(a;)) Tal k' — Ta_/i,lk’ -+ Ta_;,lk’ — Ta;,k’Q(—zk’/(a;))

1— q(—2k'(d)) - 1 — q(—2k(a}))

= Ta;-,k’ =T;

by Remark 2.29. As a consequence, we have
Tal k' — 7'6:;71]{/ + (%alwkl - ?(;g}k,)q(—k:’(a;))
1 —q(—2K(a}))
= q((N, o)) — mig((siN, prr)),

which shows that our data satisfies (2.1), and hence gives rise to a ring homomorphism
H— K. [ ]

(a((X, ) = a((siX', pir)))

Via the ring homomorphism ¢ from Lemma 2.39, we can view K as a $)-module and then
consider the $-module M = §) Q4 QK.

Lemma 2.40. For i € I, we have ¢(1;) = 7; (in particular, also for i & Iy), and for u € Q, we
have ¢p(T(u)) = 1.

Proof. For i € I, we have ¢(T;) = 7; by Remark 2.29 (i). Otherwise, by [17, equation (3.3.5)],
if w € Wy and wa;; € R is the highest root in the same irreducible component as a;, we have

T; = T(w)Y* T; ' T(w) .
Applying ¢, we obtain
o(Ty) =75 'q({a), pr)) = T%?k,q(k'(az'))

by Lemma 2.18. Observe that by the proof of Lemma 2.39, this equals 7,/ ;/, which equals 7; by
Remark 2.29 (i). ’

For u, note that ¢ restricted to T'(€2) is a character of Q. Since we can write T'(u) as a product
of Ty’s and elements of Y| and since ¢ is defined in terms of ¢, we have ¢(T'(u)) = q(z) for
some x € R. Since {2 is a finite group, u has finite order, say n. Then ¢(T(u)™) = ¢(T(u")) =
1 = q(nz). As q is injective, we have nz = 0 and hence x = 0. |
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Remark 2.41. Evidently, it would have been easier to define ¢ using the relations from Lem-
ma 2.40. The approach chosen here makes a clearer connection to the content of Sections 5.1
and 5.2.

Lemma 2.42. The map e(p) — X* ®1 defines an isomorphism A = M of K -vector spaces and
of left A-modules.

Proof. By Lemma 2.36, the elements (X*),cr are a $)-basis (with respect to the action from
the right), and thus (X* ® 1),er € M are K-linearly independent and a K-generating system.
Since our described map maps a K-basis of A to a K-basis of M, it is a K-linear isomor-
phism A = M. Since it also respects the A-module structures on A and M, it is even an
A-linear isomorphism. |

Definition 2.43. A, viewed as an $-module using the isomorphism from Lemma 2.42 is called
the basic representation.

Lemma 2.44. Let f € A, then we have T;f = 7;8;f + ba,(f — sif), T(w)f =uf, XFf=e(u)f
foriel,ueQ, pelL.

Proof. By (2.2) and linear extension, we have
Tif(X)©1 = (s:f)(X) @ ¢(T3) + ba, (X)(f — s /)(X) @ 1.

By Lemma 2.40, we have ¢(T;) = 7;, whence we have the first claim. For the second claim, let
u € €, then

Tu)f(X)® 1= (uf)(X) @ d(u) = (uf)(X)®1

by Lemma 2.40. Lastly, the third claim follows from the fact that our identification is A-
linear. |

We can equip the basic representation with an inner product and make it unitary.

Definition 2.45. Let A = Aj g be an appropriately defined infinite product

H Ta_lc(Ta, Fa,e(a)) ™

aGST

as in [17, Section 5.1.7 ff]. Define furthermore

Ag = Ags = H T e(Ta, Tu, e(—a)) 7, V= Vg :=AAy.

aESf
Da=0

Lemma 2.46.

(1) There are distributions A1,V € K[[L]] that are proportional to A, V and have 1 as their
constant term;
(i7) V is Wy-symmetric;
(4ii) we have Y, cw. wAy =Wy (72) (already using notation from Ezample 3.4 (i), (ii)).

Proof. (i) Follows by [17, Section 5.1.10] and the fact that Ay € K(L). (ii) Follows by [17,
Section 5.1.27]. (iii) Follows by [17, Section 5.1.36]. |
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Recall that we can use any distribution h € K[[L]] to define a Hermitean bilinear form on A
as follows (f,g) — ct(fg*h) and a symmetric bilinear form on A as follows (f, g) — ct(fgh).
Here ct: K[[L]] — K maps a distribution to its constant term, and * is the involution of A
extending * on K (i.e., mapping ¢(a) — g(—a) for a € Q) and mapping e(u) — e(—u) for p € L.
Furthermore, - is the K-linear involution mapping e(u) — e(—u) for u € L (but preserving ¢(a)
for a € Q).

We thus define our inner products as follows:

Definition 2.47. For f,g € A, define (f,g) := (f,9)r,s = ct(fg* Ay g). Furthermore, define
(fi9) = E{fg =ct(fg"Ars1) € K.

By [17, Section 5.1.20], the equation (f, f) = 0 implies f = 0. Consequently, we can apply
the Gram—Schmidt procedure to (e(4))yer, with the monomial order from Section 2.4.

Theorem 2.48 ([17, Section 5.2.1f]). There is a unique family (Ex)xer C A satisfying

(i) Ex =e(\) +Lo.t. (here, “lower” refers to the order < on L);
(1) f(Y)Ex = f(=rw(N)Ex;
(1ii) (Ex,Eu) =0 for X # p,

called the non-symmetric Macdonald polynomials. In particular, the span of (E.)uewyx is an
Ho-module.

That last remark of the (E,),cw,x being an $p-module can be made more precise:
Lemma 2.49 ([17, Section 5.4.3f]). Let A € I and i € Iy.

(i) If (\,a}) =0, so that s;\ = X, we have T;E) = 7, E).
(i1) If (\,al) > 0, so that s;\ > X\, we have T,E) = 7; ' E,,\ + b;; (rr () B

3 Adapting Macdonald’s formalism to parabolic subgroups

Fix a subset J C Iy and write W; < Wy and $; < $ for the subgroup/-algebra generated
by s; and T; (j € J), respectively. Let A; := AW/, Al = (ANYWs and let Wy be the set of
shortest representatives of elements of Wy /W ;. Let wy, wy be the longest elements of W, Wy,
respectively. We shall now see how the formalism from [17] can be used in a W j-invariant
context.

3.1 Poincaré polynomials

We begin by recalling some facts about (much generalised) Poincaré polynomials and series, as
it turns out, much of our theory requires them. Throughout this subsection, let (W,S) be a
finite Coxeter group and A a ring.

Definition 3.1. A function 7: W — A* is called an (A-valued) multiplicative labelling of W if
l(vw) = £(v) + ¢(w) implies that 7y = TyTew.

For any multiplicative labelling 7 and a subset X C W, define X(7) := > cx Tw. This is
the Poincaré polynomial of the subset X with respect to 7.

Remark 3.2. The usual meaning of “Poincaré polynomial” can be recovered by consider-
ing A = Z[t] and 7, := t/(®),

Lemma 3.3. Let (75)ses € A* satisfy the braid relations of (W, S). Then the map 7: S — A*,
s — T can be extended uniquely to a multiplicative labelling of W.
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Proof. In analogy with [17, Section 3.1], the Artin braid group B of W is generated by
(T'(w))wew subject to £(vw) = £(v) + l(w) = T'(v)T(w) = T(vw). It follows therefore that the
multiplicative labellings (with values in A) of W are exactly the representations of B (in A*).
By [17, Section 3.1.6], the braid group can also be presented in terms of the generators (Ts)ses
and the braid relations. Thus a representation can be specified by providing elements (7)secs
satisfying the braid relations. |

Example 3.4.

i T is a multiplicative labelling that maps to a commutative algebra,then any integer
i) If 71 Itiplicative labelling that t tati lgebra,th int
power of 7 is a multiplicative labelling as well.

(ii) Let k& be a W-labelling of S. For j € J, take 7; := 7,4, as in Definition 2.28. These
elements satisfy the braid relations, so that 7 = 73 is a multiplicative labelling of W
(after appropriate restriction).

(iii) Let in addition e: Wy — C* be a multiplicative character. Then define

(D= ()= {0 e(sj) =1,
’ Tk €(sj) =—1,

(

the g-deformation of e. This also gives rise to a multiplicative labelling Tke) of Wy, and
even to a ring homomorphism $); — K. The name g-deformation comes from the fact
that $; is a deformation of K[Wj], and that € can be extended to a ring homomorphism
K[W;] — K that can be obtained from 7',56) as a limit case.

(iv) Take A = §;, then the (T}),cs satisfy the braid relations, giving rise to a multiplicative
labelling T'.

(v) Similarly, the (7;47}) ;e also satisfy the braid relations, as do (7'(e T;

i yielding multi-
plicative labellings 7,7 and ka T.

)jEJ’

Lemma 3.5. Let J C S a subset. Let T be a multiplicative labelling on W, then we have the
following identity of Poincaré polynomials: W(1) = WI ()W (1), where W is the subgroup
generated by J, and WY is the set of shortest coset representatives of W/Wy.

Proof. For the case 7, = t/® or more generally, A commutative, this result is well known,
e.g., [11, Section 5.12], but it even holds for .4 non-commutative.

For every w € W, there is a unique decomposition vw’ with v € WY and w’ € W4 such
that £(w) = ¢(v) + £(w"). Therefore,

W(r) = Z Tow = Z ToTw = Z T Z Tw = WJ(T)WJ(T). |

veEWT . weW 7 veWJ . weWs veWwd  weWy

1 1

Lemma 3.6. For any multiplicative labelling 7: W — A*, the map 77" : w +— 7, is an “anti-
multiplicative” labelling: we have 1,0 = 7, 7,1 whenever £(vw) = £(v) + £(w). We then have
W) = 7, IW(T) (where W(r™1) is defined as if 71 were a multiplicative labelling, and
where wq is the longest element of W).

Proof. Let w € W. By [11, Corollary 1.8], we have £(wow) = £(wp) —£€(w), i.e., L(wow)+L(w) =
(wp). Consequently, we have TugwTw = Tuy, OF equivalently 7,1 = 7, 10. Thus,

W(r ™t = Z ol = 71;01 Z Twow = 7'1;01 Z Tw = TJOIW(T). |
wew wew wew

Remark 3.7. All results of this subsection except for Lemma 3.6 also work in case (W, S) is an
infinite Coxeter group, provided sufficient convergence of the series, e.g., A being filtered and 7
mapping to AT. In this case, we speak not of Poincaré polynomials, but of Poincaré series.
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3.2 Symmetrisers

From this general finite Coxeter group interlude, we now return to our main programme of
affine root systems S, S’, their extended affine Weyl groups W, W’ and the parabolic subgroup
W < Wy. Using the language of (generalised) Poincaré polynomials, we now define symmetris-
ers in a way generally inspired by [17, Section 5.5].

Definition 3.8. Let e: W; — C* be a multiplicative character of W;. Define
(€) ._grle) . () \—1 €)
vy =0 = (7 )T Wy (R0T),

wJ,k
the e-symmetriser for W;. Here, we use Example 3.4 (v).

We furthermore adopt the convention that for all notation that has an exponent (), we
interpret the absence of that exponent to mean the trivial character.

Lemma 3.9. Let j € J, then
(1, — 0 =091, — 79) o,
Proof. Follows from [17, Section 5.5.9] applied to $;. |
This shows that for any representation of £, the application of U}E) produces elements that

transform according to the character 7(9). In fact, U Je is (a scalar multiple of) the projection
onto the corresponding isotypic component:

Corollary 3.10. Let V be a representation of )y, then

Proof. “O”: Follows from Lemma 3.9.

“C”: Let v € V have the desired transformation behaviour, then we have T@(Ue)T(w)v = TI(UE)Q

v
for all w, hence
w (e)2
U}e)v = TJ}WJ (T(E)T)U = Jf— )v.
wg
Multiplying by an appropriate scalar shows that v lies in U§E)V |

An immediate consequence of Lemma 3.5 is the following statement about symmetrisers.

Corollary 3.11. Let J' C J be a subset, then
€ € —1 € € € -1 / € €
U = (19,) " 32 HOT@US = (79,,) "W (ROT)UD.

wgw g wyw g
vewy!
We conclude with some further properties of symmetrisers.

Proposition 3.12.
. €)\2 Wy ({92 €
(i) (Uy)? = oy,

(i) () =09,
(iii) For f,g € A, we have

(e)2
€ € Wy, €
Wi sufa) =" W ).
wy

Proof. [17, Section 5.5.17 (ii)] applied to $. [17, Section 5.5.17 (iii)] applied to $;. Using the
first two statements, we get

(e)2
€ € €)\2 Wi, €
U 50s) = () 1.0) = D W) .

wy
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3.3 Wj-orbits

In this subsection, we set out for a suitable way of labelling W -orbits within L, and examine
what < looks like when restricted to a W -orbit.

Definition 3.13. Let
Lyj:= {/\EL‘VjGJ: ()\,a;) 20} CL
be the set of J-dominant elements.

A useful property of L is that all of its stabilisers are parabolic. It turns out that L, ;
possesses the same property.

Lemma 3.14. Let A € Ly j, then the group
WJ’)\ :Z{wEWJ|’U))\:)\}:W)\mWJ
s a parabolic subgroup of Wy.

Proof. Let W’ be the subgroup of W, generated by its simple reflections. We now show
that W, C W’. Let w € Wy ; we proceed by induction in p = ¢(w):

“p=10": Then w =1, sow € W'.

“p—1— p”: Let f(w) = p. Since 1 # w, there is j € J such that wa;- < 0. Then we have
l(wsj) < £(w). Furthermore, we have

0 < (X @) = (WA waj) = (A, wa}) <0

since A € L ; and since wa; < 0 is a negative linear combination of a; (i € J). Thus, s;\ = A.
As a consequence, ws; A = w\ = A. Since {(wsj) = p— 1, we can apply the induction hypothesis
to find that ws; € W', as is s;, and hence also w € W'. |

An immediate corollary to Lemma 3.14 concerns the decomposition of W ;-symmetrisers from
Corollary 3.11.

Corollary 3.15. Let A € L j such that (W) = {1}, then

Uﬁe) = (Tff‘zwu)_l Z TQSE)T(’U)UJI
UEW}‘

where J' = {j € J | (\,a}) = 0}; in other words, where Wy =Wy .

In order to prove that L, ; is a fundamental domain for W, it is useful to know how to
produce (the) elements of L ;.

Lemma 3.16. Letv € W and A € L, thenv™ A€ L, ;.

Proof. Let j € J. Since v is the shortest element of its right coset, we have £(vs;) > ¢(v) and
hence Ua;» > 0 by Lemma 2.13. Since A is dominant, we therefore have

<v_1)\,a;-> = (\,va}) > 0. [

Proposition 3.17. The set L j is a fundamental domain for the action of W; on L.
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Proof. Let A € L, we show that there is a unique element in Ly ; N W A.

Uniqueness. Let A € L, j, we show that {w € Wy | wA € Ly ;} C Wy, which we do by
induction on length p.

“p=107": Evidently true.

“D—1—=p": Let {(w) = p and wA € Ly ;. Then there is j € J such that {(sjw) = p — 1.
By Lemma 2.13, this implies that w*1a3- < 0 is a negative linear combination of @ (i € J), and
hence that <)\,w*1ag> < 0. Thus we have 0 > <)\,w*1ag> = (wA,a}) > 0, which implies that
sjwX = wA € Ly j. Since {(s;w) = p — 1, we can apply the induction hypothesis to find that
sjw € Wy and in particular s;wA = X\, which then also shows that wA = A. As a consequence,
every W j-orbit contains at most one element in L, ;.

Existence. We know that L; is a fundamental domain for Wy, so let w € Wy such that
p = wX € L. Decompose w = vw' for v € Wy, w' € W;. Then w'A\ = v™'y € Ly ; by
Lemma 3.16. |

Remark 3.18. The reader might be tempted to prove Proposition 3.17 using the fact that W
is the Weyl group of a finite root system whose dominant weights are always a fundamental
domain for Wj’s action. However, this does not work here since we’re considering W;’s action
on a much larger lattice L.

We now want to understand the order restricted to a Wj-orbit. This requires a more spe-
cialised version of .

Definition 3.19. Let A € Ly ; and let p € WA, Write 7(p) for the shortest element w € Wy
satisfying wA = pu.

It turns out that this notion is related to ¥ from Section 2.4 via the shortest coset represen-
tatives decomposition.

Lemma 3.20. Let A € Ly j and p € Wi, then v(p) = v,5(p)o(X) where the lengths add up. In
particular, 5(\)~t € Wy

Proof. Let Ay € Ly be the unique element in whose Wy-orbit A, u lie.

“<”: We have 1;(u)o(M)Ay = vy(u)A = p, so we can write v7(p)v(A) as v(pu)w where w
fixes Ay. Since the stabiliser of \; is a parabolic subgroup of W, and since 7(x) has minimal
length, in the above decomposition the lengths add up. Therefore, () < Ty (u)v(N).

“>7: Let v € Wy, w € Wy such that 7(u)~! = vw, i.e., w™lv™! = o(u). Note that v™I )\, €
Ly j by Lemma 3.16. Since w™lv™!A\; = pu, the element v~ A, lies in Wypu. Since it is J-
dominant, it equals A by Proposition 3.17.

Thus, w~! € W; maps A to u, hence vy () < w1 (same argument as for “<”). Furthermore,
v~! maps A\, to A, whence ©(\) < v~!. Since the lengths of v~! and w~! add up, we can conclude

v (o) < w Tt =3(w),

and hence the desired equality.

To show that v=! = ¥ (), note that modulo W; we have vW; = 5(\)~"'W,. Since v is the
shortest representative of this coset, we have v < ¥(\)~!. Together with v=! > %()), we obtain
v=o(\)"1eWy. [

In order to later determine the leading coefficients of a W j-invariant polynomial, we now
need to find out which elements of a given Wj-orbit are the highest and lowest.

Corollary 3.21. Let A € Ly j, then X is the smallest element of its W -orbit and wj is the
largest.
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Proof. As in Corollary 3.15, write Wj\ for the set of shortest representatives of Wy y-cosets
of Wy and let wjy be the longest element of W . As in the proof of Lemma 3.6, the lengths
of wywy and wy add up so that wjwy ) is the shortest representative of w ;W 5. Consequently,
Ty(wgA) = wywyy. Let v € W}‘, then v < wy, so we can choose reduced expressions for wjw  x
and wy and obtain a reduced expression for v by deleting reflections. Since v is the shortest
element in its right W \-coset, we need to delete all reflections belonging to w, so that we
have v < wjwy .

Let now p € Wy, then 7;(pu) € W}‘ because it is the shortest element in its right W x-
coset. Then we have 1 < v;(p) < wywyy, ie, v7A) < 05(p) < T7(wsA). We can mul-
tiply everything by ©(\) € (Wy)~! on the right since the lengths will always add up and
obtain T(\) < v(u) < v(wsA) by Lemma 3.20. By definition of the partial ordering, this implies
that A < p <wjA. |

4 Intermediate Macdonald polynomials

We now begin by defining a class of polynomials possessing the desired transformation behaviour
under .

4.1 General

Definition 4.1. For A € L, define F}e))\ = UﬁE)EA, where Fy is the non-symmetric Macdonald
polynomial from Theorem 2.48. Later, these will be suitably normalised to yield the intermediate
Macdonald polynomials.

)

Corollary 4.2. Let A € L, i € J, then TZFY))\ :T.(G)Fy;. In particular, if € is the trivial
character, the polynomial F}e))\ = Fj is Wy-invariant.

Proof. Follows from applying Corollary 3.10 to the basic representation. If € is trivial, we have

0= (T — ) FSQ = (ba, — 7)(1 — 5) F')

)

for all ¢ € J, and thus that F}e))\ is W -symmetric. |

Corollary 4.3. Let \€ L, f € A}, then

FONFQ = f(=rw (W)Y,
i.e., the commutative algebra A';(Y') of difference-reflection operators diagonalises Ff)

Proof. f(Y) commutes with $;, hence also with U}E). Then the claim follows from Theo-
rem 2.48 (ii). |

)

In some cases, the I 5 § turns out to be zero (“when symmetrising something anti-symmetric”).
We shall later see that the following lemma indeed covers all instances where this happens.

Lemma 4.4. If there is j € J with €(s;) = —1 and s;A = X, then Fﬁ)\ =0.
Proof. Analogously to [17, Section 5.7.1], using Lemma 3.9. |
Next, we will see that up to scalar multiples, Fﬁ)\ only depends on A’s Wji-orbit. For that

we define the labelling ek: S; — K,a — €(s,)k(a) of the root system S spanned by (a;);c,
analogously ek’.
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Lemma 4.5. Let j € J with (A, ;) > 0, then

Fifan = elsi)michy (e(si)r ()Y = e(8)75¢0 a0 (rie (W) FSS.
Proof. Analogously to [17, Section 5.7.2]. [
This statement can be iterated.
Lemma 4.6. Let A € L, j and p € Wy, then

FA) = e(@7 (1) 7o, (g et (0 (1)) (i (V) S,

where as in [17, equation (4.4.6)] we have ¢k s(w) := [],eg, () Cak for w € W (analogously, for
K,S" weW.

Proof. Write v;(u) = 4y - 'sz-p and define i, := si,,, -~ 8i, A\, as well as by, := s;, -+ 5, a; .
By Lemma 2.14, we have S (vr(n)) = {b ...,b;}. From Lemma 2.27, we furthermore know
that u = po > -+ > pp = A, so in partlcular the p, are all different and we have rp/(u,) =
Sipy1 SipTh (A) by iterating Lemma 2.23. This then shows that

ca;r,ek"(rk’ ()\T)) = ca;r,ﬁk‘l(sir-&-l S TR (A)) = ek’(rk”()‘)) = Cy, ek’ (Tk’()‘))

Cs. .., ’
SipSip g Fips

We can now apply Lemma 4.5 recursively to find

p
FY) =TT (e(si,) 7, evp.0 (e () FSS = €(@(10)) 7o,y et (T (1)) (i (V) - ]
r=1

4.2 Leading terms

Using results from the last section, we can now prove that the FLS) have non-vanishing leading
coefficients unless the conditions of Lemma 4.4 are met.

Lemma 4.7. Let A € L j be such that e(W;,) =1. Then

€ WJ,)\ T2
Fi) = Waalri)

)

e(wyA) + Lo.t.

Tw,
In particular, (Fj\)xer,., s a basis of Aj.
Proof. By Lemma 2.49 (i), we have T'(w)E) = 7, E) for w € W ), which shows that

Wi ()

TwJ,/\

UpEy = E,

where J' C J is the set of ¢ € J such that s;A = A. Using the decomposition from Corollary 3.15,
we find

¢ Wia(rh
P = v9g, = 2200 5 g,

Tw g Twyw g\ fueWA

From Lemma 2.49 and Theorem 2.48, we conclude recursively that for all v € W}‘ we have

T(w)E) = Z Cowe(WA)Eyy = Z Z Co,wlwx pe(tt)

w<v w<lv p<wA
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with ¢, = 7,71 and dy, = 1. Since for w € W; we have v;(wA) < w, we have wA < v, and
hence p < wA < v for every term p, w occurring in this sum. Consequently, the highest term
in T'(v)E) is 7, te(v)), so that the leading coefficient of Fﬁef\ comes only from v = wywy , and
equals

2 2
Wir(m) (o 1 W (72)
(e) WJWI N WIWI N~ T ’
Tw g2 Tw yw g\ wy

which is nonzero.
To see that the F}E/)\ form a basis, note that for A € Ly ; we can define

mjx = Z 6(#),

HEW A

which is evidently a basis of A;. In this basis, we have

Fj\= Z CA M p
weLy 5
n<A
(note that for i < A a nonzero term occurring in F ), the J-dominant element of p’s W -orbit is
lower than p, hence also < A) with ¢y ) = %WJ,A ('r,f) This gives rise to a triangular matrix
with invertible diagonals, so we can invert it J(Iocally) and therefore find relations for the m
in terms of (F,)u<x- [

With this in hand we are ready to define the protagonist of this work.
Definition 4.8. Let

-
plY .= Twr _ple)
AT W ()
These are the intermediate Macdonald polynomials associated to the parabolic subgroup
Wi < Wy and its character e.

By Lemma 4.7 and Definition 4.8, we obtain the following leading term.

Corollary 4.9. Ife(W; ) =1, we have Py/)\ =e(wsA) + Lo.t. In particular, Py = mjx+lo.t.
Otherwise, we have PJ;\ =0.

4.3 Orthogonality
€)

As a consequence of the definition of the polynomials F} 4 in terms of symmetrisers, we have
easy access to their A’;(Y')-eigenvalues. This allows us to prove their orthogonality.

Theorem 4.10. For any €, the polynomials (Pzge;\)AeLJr , from Definition 4.8 form a family of
orthogonal polynomials with respect to the inner product from Definition 2.47, with the caveat
that JE/\ =0 in case —1 € ¢(Wy ). In particular, the nonzero elements are an orthogonal basis

of their span. For e = 1, we thus obtain an orthogonal basis of Ay.

Proof. Let it # X\ € L1 ;. We will show that the corresponding inner product of F’s is zero for
all choices of k where all k&’ (az\/ ) >0 foralliel.

The weights A, p lie on different W -orbits. We first show that their riss also lie on different
W -orbits. Assume that there is w € W such that wry/(\) = /(). By definition, this means
that

wo W) — o) = ()~ (i — ).
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Since pys is strictly dominant by Lemma 2.18, the vectors A\_ — pis, i— — pir are both strictly
antidominant. Since they lie in the same Wy-orbit, they must be equal, hence A\_ = u_ and
hence p, A lie in the same Wy-orbit. Furthermore, their being strictly antidominant implies that
they are regular, whence wv(\)~! = v(p)~!. Consequently, we have

wh = wo(\) AL = v(w) s =

so that u, A are W-related. By Proposition 3.17, we thus have u = A, which is a contradiction.
Therefore, ri/(X), ri7 (1) lie on different W s-orbits. Hence the same is true for —rg (), —rp (1).

Since A’; separates W - orbizcs) of VZ )there exists f € A’; such that f(—ri(N)) # f(—rw (1))
Then by (2.1), we have f(Y)U;’ =U;"’, so that

Frw ) (ESLFS) = (F(—rw (W) FSL FY) = (FS, () F)
= (FQ, £ (~ri (W) FS)) = f(—riw () (FS, FYD),

)

I
—~
-
—
>-<
SN—
58
L
k|
£2

o™ SN—

whence (F}?\,F}i) = 0. Consequently, we also have (F © (E))

JA?
By definition, the element (P§ ))\, P( )) is a rational functlon in ﬁnltely man Values of ¢, and
since the space of these values for posmve k is Zariski-dense, the equahty J wP = 0 holds
identically. |

Example 4.11. For e = 1 and J = I, the leading coefficient from Corollary 4.9 together with
the orthogonality from Theorem 4.10 implies that

e VueLy: Py, =m,+lo.t.
e VA ueLi: A<pu= (Pru,my) =0.

Together with [17, Sections 5.1.35 and 5.3.1f], this implies that our intermediate Macdonald
polynomials are just the symmetric Macdonald polynomials from [17, Section 5.3].

For ¢ = 1 and J = &, our definitions show that P;, = FE), i.e., that the intermediate
Macdonald polynomials are the nonsymmetric Macdonald polynomials.

These two examples illustrate the choice of the name “intermediate Macdonald polynomials”.

4.4 Norms
Using an approach similar to [17, Section 5.7.12], we can now also express the norm of Pﬁ)\ in
terms of the norm of E,, .

Theorem 4.12. If e(W;)) =1, we have

(€)2
cst e (wyw ) (i (N)W,
(o) J( ) (EwJAvaJ)\)'

2
T’u)J’LUJ )\TwaJ,/\

(P2, PS3) = e(wy)
Proof. We have

2
© pley . Twia (&) (e
(PJ/\’ PJ,)\) - WJ)\ (7_]?)2 (FJ,)\7 FJ,/\) .

By Lemma 4.6, this equals

2
Taw g\ Twyw g\ (F{Si)\ () )

2 JwgA)"®
Wi (T2) “c—ew s (wgwy ) (riy (X)) ’

e(wywyy)
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Note that e(wy ) = 1, so that e(wjw;\) = e(wy). Applying Proposition 3.12 (iii), we get

€)2
WJ (Tk(z ) )Tl%)Jy)\TwaJ,)\
= 6(wJ) N2 _(e)
WJV)\ (Tk) TwjC—ek!,S! (waJ7)\)(T]€/()\))

(FS3 Eupa)-

Wia(rd)
T

Since the e(w\)-coefficient (the leading coefficient) in F}?\ is , we have

() _
Fjy = Z cubp
pneW A

Wya(TE)

with ¢y 0 = = . Since all other E}, are orthogonal to E,,,, we have
J

Wi ()

Tw

(F‘}e)’EwJA) - (EU)J)\’E’LUJ)\)7

J

so that

(€)2
W (Tk )TwJ,ATwaJ,A

(Pi?’ P}?) = ¢e(wy) (Ewyxs Ewjyn)-

W (72) T e aae 0 (w1050 (rie ()
Next, note that 7,,, = 7'152,/\, and that W\ (T,f) =Wy (T,ge)z), so that

Wj\ (7-1556)2) TwaJ,)\

(PR PS) = e(ws) =

(ij)\7EWJ)\)' L
Tw jw g C—ek’, S’ (waJ,)\) (Tk' ()‘))

5 Invariant vector-valued polynomials

A method of obtaining a representation of § on vector-valued polynomials is presented in [5].

Given a $H-module V', we can consider the fj—module 5:3 ®g V. But which module V' should we
start with? Taking inspiration from [19, Section 3], we consider principal series modules.

5.1 Y-parabolically induced modules of $)
Lemma 5.1. The set ;A (Y) is a subalgebra of $.

Proof. Obviously $; and A'(Y) are subalgebras of their own, and the Bernstein—Lusztig—
Zelevinsky presentation (2.1) guarantees that their product forms an algebra. |

Definition 5.2. Let ¢: ;A (Y) — K be a ring homomorphism. We can define the following
induced modules with it:

(i) The principal series representation is the $-module M (¢):=H®Rgq , 41y )K (where §;A'(Y)
acts on K via ¢);

(ii) the standard Y -parabolically induced $-module is the $H-module
M (¢) =9 Ry Ms(8) = H ®g, 41(v) K.
Moreover, an element v € M ;(¢) is called spherical if (T; —7;)v = 0 for all i € Iy. Write M ;(¢)
for the vector space of spherical vectors.

Lemma 5.3. A K-basis of M j(¢) is given by (X“T(U»MGL;UEWOJ' In particular, M j(¢) is a free
A-module with basis (T(’U))veWOJ.
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Proof. By Lemma 2.36, we can decompose $ = A(X) ® $y ® A'(Y) as right A'(Y)-modules.
Note that using the shortest coset representatives, we can also decompose

90= P Tw)H,

UGWd]

as right $j-modules. Consequently,

HEAX)® P KT(w) @H,4(Y)
UEWOJ

as right $;A’(Y)-modules. Consequently, the family (X'U'T(U>)#EL’,U€W6] is a basis of the right
H7A (Y)-module &, and hence a K-basis of M ;(¢). [ |

Purely on a vector space level, we can therefore establish a bijection A® K[Wy/W ;| = M;(¢)
by mapping f ® d,w, — f(X)T(v) where v € Wy.

Example 5.4. For J = Iy, the Y-parabolic subalgebra §;A’(Y') is just . For the map ¢ from
Lemma 2.39, the standard Y-parabolically induced $)-module M ;(¢) is how we defined the basic
representation on A.

5.2 Spherical vectors

We shall assume now that our character ¢ restricts to the trivial character of $;. Then the
induced module M ;(¢) corresponds to (C[P] ® C[W/W;])"V from [23] in the classical limit. We
will see that the result [23, Lemma 5.1] carries over to the g-setting and the spherical vectors
of M;(¢) correspond to elements of Aj.

Definition 5.5. We define I': A; — M;(¢) by mapping f +— Upf(X), where Uy refers to the
symmetriser for the whole group Wj.

Lemma 5.6. The map T is a well-defined Ag-linear map Ay — (My(¢))?°. In particular, we
have

W (i)

Twy

L(f) = Z fo(X)T'(v), Jwow, =

vEW(;]

wo f

Proof. By Lemma 3.9, we have (T; — 7;)Uy = 0 for all i € Iy. Consequently, by associativity
also 0 = (T; — 7)Uo f(X) = (T; — ;)T (f). For Agp-linearity, note that Ag(X) commutes with £,
so that it also commutes with Uj.

For the second claim, note that by Corollary 3.11 we have

L(f) = Tugw, > 7T (0)Usf(X).

vEWOJ
Since f € Ay, the elements f(X) and U; commute, and we have

b W)

Tw,
in Mj(¢). This shows that

rep =100 S o = V) S S g L oor),

Tw, Tw,
0 veE W(‘)f vE W(‘)f w<v
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where f,, = vf (follows inductively from (2.2)). Since wow is the smallest element of its right
W s-coset, the only summand contributing to the T'(wowy) term is where v = w = wowy. As
a consequence, when we expand I'(f) in terms of our basis from Lemma 5.3, say

T(f)= Y fo(X)T(v)
vGWéj
with
W (i)

Wy 7']3
fwowJ = 7Twoij0wa = ( )
wo Tw.]

wof. |

Remark 5.7. It is tempting to view I as the concatenation of the $)-linear map ¢: A — M ()
mapping 1 — 1 and multiplication with Up, rendering I' in fact not only A(X)-linear but indeed
Zg(Up)-linear (the centraliser of Uy in S;J) This, however, falls flat when we try to investigate
if the map ¢ even exists in the first place. Since we defined both $)-module structures in terms
of induced representations, we can map 1 +— 1 if Anns(1) C Anny, ). Since 1 lies in the
centre of §), the annihilators are the kernels of ¢, ¢, respectively (here, we write ¢ for the trivial
character ¢ from Lemma 2.39). However, unless J = Iy, the kernel of (;3 is bigger than that of ¢.

Corollary 5.8. I' is injective.

2
Proof. Since M is nonzero and wy is an automorphism of A, Lemma 5.6 implies that we

can read off f from I'(f)’s expansion in the basis from Lemma 5.3. |

If we want to show that T is also surjective (onto the spherical vectors of M j(¢)), we need
to find out more about the spherical vectors, especially how the coefficients are related.

Proposition 5.9. Let h € M;(¢) be spherical, say
h= Y fo(X)T(v),
UEWOJ
then

(i) Then h is uniquely determined by any f,.

(1) fuwow, 15 woW ywo-symmetric.
(11) wo fuww, € AJ.
Proof. We begin by describing the action of £y on M;(¢). If v € W(‘)] and ¢ € Iy, we can
decompose s;v € Wy according to W@JWJ, say as s;v =: (s; @ v)m;(v). Then we have s;oW; =

(s; )Wy, so that e describes the Wy-action on Wy/W on shortest coset representatives, and
the m’s provide the cocycles. If ¢(s;v) > £(v), we have

T;T(v) =T(siv) = T((si e v)m;(v)) = T(s; @ v)T(mM;i(v)) = Ty, ()T (s: @ V)
in Mj(¢). Otherwise, we have

T;T(v) = T(s;v) + (TZ‘ — Tz-_l)T('l)) = T, ()T (s: @ v) + (Ti — T~_1)T(U).

)

In the special case of v = wowy, and s; € woW ywg, we have wgs;wg € Wy, and since the longest
element of a Coxeter group always permutes the simple reflections (by conjugation), we have
that wywos;wow,y = s; is a simple reflection in W;. This implies s;wow; = wow,sj, which by
Lemma 2.33 implies that

TiT (wowy) = T(wowy)T; = 7T (wowy) = 7T (wowy).
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(i) We now consider T;’s action on h. By the Bernstein-Lusztig—Zelevinsky presentation (2.2)
and the action of T; on M/(¢), we obtain

Th= Y (s:f) COTT(w) +b:(X) Y (fo — s:f)(X)T(0)

veWy veWy
= > ($ifo) )T T(si 0 0) +bi(X) Y (fo — 5:fo)(X)T(v)
veWS veW
=) X AXOTE)
UGW(;]
L(s;v)<l(v)
= Z (Tmi(siov)sifsiov + bz(fv - Slfv))(X)T(U)
veW(;]
t(n-mt) Y (sif)(X0)T(w).
veEWS

£(siv)<l(v)

Since the (T(U))UEWOJ are A(X)-linearly independent, we have

0, E(SZ‘U) > g(v)7

o = e+ Billa = )+ {(Tz — 77 ) (sifo), L(siv) < L(v),

We can solve for fs,e, and thus obtain that fg, e, is uniquely determined by f,. Inductively, we
thus obtain that fe, is uniquely determined by f, for all w € Wj. Since Wy acts transitively
on Wy/W; and hence also on W/, this shows that all coefficient polynomials ( fv)vewd] are
determined by any one f,.

(ii) If we consider the case of s; € woWwy and v = wow s, we find that s;ev = v, m;(v) = s;,
and £(s;v) > ((v), so that 7 f, = Ti(sifv) + bi(fu — sifv), in other words, 0 = (b; — 1) (fo — sifv),
which implies that f, = s;f,. In other words, fugw, is woW jwo-symmetric.

(iii) Let w € Wy, then wwg fuyw, = Wowowwo fugw, = Wo fuwew, a8 wWowwy € woW jwo. [ ]

Theorem 5.10. I': A; — M ;(¢)% is an Ag-linear isomorphism.

Proof. From Lemma 5.6, we know that I' is well-defined and Ag-linear. With Corollary 5.8,
we conclude that I' is injective. For surjectivity, let

h= Y fo(X)T(v) € My(¢)™.

vE WOJ

From Proposition 5.9 (iii), we know that wg fy,w, € As. Consider now

h/ :F< T, wOfwguu) = Z f'L/;(X)T(U)

2
WJ (Tk) UEWOJ
By Lemma 5.6, we know that

o W)
ot Tw; Wy (TI?

) wOwOfwowJ - f'UJO'UJJ .

By Proposition 5.9 (i) therefore, all other coefficient polynomials of h, h’ also have to be equal,
whence h = h'. [ |
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Using this isomorphism, we can now push (-,-); to M;(¢)?° and obtain the basis of vector-
valued orthogonal polynomials (I'(Psx))xer, ;-

In [19, Section 6.6], the authors introduce a basis of Wy-symmetric orthogonal elements
of M;(¢) that diagonalise the action of Aj(Y’). Since our map I' is not expected to preserve
any of the Y-actions, we do not expect this basis to coincide with the intermediate Macdonald
polynomials. However, in [24, Theorem 7.6] it is shown that they coincide in the ¢ — oo limit.

6 Vector-valued invariant polynomials
Classically, there exists an isomorphism

A K[Wo/W,)Wo = AWo @ KWy /W] = AF
0

The reason for this is that as is shown in [21], A is a free Ap-module. This is proved by
constructing an appropriate basis (ev)veWoJa where e; = 1. Note that this particular choice of
basis is by no means unique or canonical, and we shouldn’t restrict ourselves to it.

Lemma 6.1. Let (e,), ewy be an Ag-basis of Ay. Via this basis, we identify elements f € Ay
with column vectors f (mde:red by W ) Define

1 eyl W
My 1= Z w e K(L)™
#Wo ot Ag

and write M = (mvyv’)v,v’ewg for the matriz thus defined. Then, (f,g) = ct (iTMg*V) for all
f,9 € Ay. Here, V is the Wy-invariant weight function defined in Definition 2.45.

Proof. If we expand

[ = Z foeu, g= Z Gv€uy,

veWy veWy

then the claim states that

(f.9)= > ct(fomuwgyV).

uv’EWOJ
To prove this, we substitute the expansions of f, g

G- X a(navi).

v,v’EWOJ

Recall that we can write A = VAg! where V is Wy-invariant by Lemma 2.46 (ii). Next, note
that the notion of the constant term is Wy-invariant, as is f,g;,V, so the summands are not
changed by also symmetrising over Wy

Z wevAes;' _ Z ct (fvmv,v/gz/V). |

weWy v,v’EW(;’

(fag): Z ct fvgv’v

W
v,v’EW@I # 0

Corollary 6.2. For any fized basis (ev)UGWJ the family (Py, A)AGLJr ; 18 a family of vector-valued
polynomials that is orthogonal with respect %o the matriz weight VM .

We close this discussion of general theory with some observations about matrix weights.
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Definition 6.3. A matrix weight M € (K (L)"0)"*" is called reducible if there is R € GL,,(K)
such that RM R*T is a block matrix. (Here, * refers to entry-wise application of K’s * involu-
tion.)

Corollary 6.4. If M is a matrixz weight whose entries are polynomials, say M = ZueL+ M,m,,
then M is reducible if all M,, can be brought into the same block shape by a similarity transfor-
mation with the same matriz R. In particular, M can be made diagonal iff all the M, can be
made diagonal with the same matriz R.

Proof. If D = RMR*T is a block matrix, we can expand D as a polynomial matrix as

D= > RM,R*"m,.
MELy

Since the m, are K-linearly independent, all RMMR*T have to have the same block structure
as D. n

We now consider two examples, where we are able to transform the basis constructed in [21]
by a unipotent triangular matrix (over Ap) to obtain a maximally reduced matrix weight.

6.1 Example: (CY,C;) with J =&

This example was taken (with slightly different conventions) from [12] and [13, Section 6].
The g — 1 limit can be compared to [22]. For an affine root system of type (C}/ ,C’l), the
double-affine Hecke algebra ) is generated by Ty, X, Y (in the notation of [17, Section 6.4]) and
depends on the four parameters k1, ko, k3, k4. As is customary, we use these four parameters
to define the more convenient Askey—Wilson parameters

(CL, b, c, d) = (qk17 7qk27 q1/2+k3’ *q1/2+k4),

We pick J = @ and thus represent A as a free Ag-module. Steinberg’s proof provides the basis
€1 = 1, é, = x~! (writing = := e(a;)). We shall first consider this basis and compare our
findings to [22].

Lemma 6.5. In the basis (€1, €s,), we obtain (as in Lemma 6.1) the following weight matriz:

M—l 1—ab r+z ' —a-b
9 fab(x+x_1)+a+b 1—ab '

We can now do a similarity transform with the constant matrix
—a 1
(1)
to find

~wt a—b(—(z+az7!)+ta+a? 0
UMU™ = 2 < 0 r+zt—b-b"1)

Proof. Note that
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where § = x — 27! is the Weyl-denominator, and F = x(l — ax_l) (1 — bx_l). Then

L (1= s)(Fa,eh)

mv,v’ = 25
for all v, v’ € Wy since s16 1 = —61s;. This means that
- - 1
ML= sy = 55 (1= s1)F
1 1—ab
25(az—a—b+abx —x+a+b—abx) = 2a ,
1
Mis = 25(1 —s1)(Fx) = %(1‘2 —ar—br+ab—x *+az” ' +bx! — ab)
B r4+axl—a—b
= 5 ’
- 1 - 1 1 1 -2 2
Mey 1 = 26(1—51)(Fx b= 25(17a:n — bz~ 4 aba™? — 1+ ax + bx — abz”)
_ —ab(z+a) +a+b
= 5 )

Lastly, to see the similarity transform, note that
~ (l—ab —a-—»> 0 1 “1\ o ~
2M<a+b 1—ab)+(—ab 0>(a:+:c )*2M0m0+2Ma1ma1
(using notation from Corollary 6.4). We have
~ T [(—a 1\(l—ab —a-—0 —a bt —p7!
v2MoU _(—b 1><a+b 1—ab 1 1

- <(a—b)(a+a‘1) 0 ))

(a—b)(b+b—1

(5 0
= (5 ) (o) ()
=("5"L0) =en ()

so that UMU*T has the shape that was claimed. |

=(a—0)

Remark 6.6. Note that in the ¢ — 1 limit we have

Vi — ((1 _ x)(l _ xfl))k‘ﬁ-]% ((1 +x)(1 +x71))k2+k4
= (2 —xr— x—l)kﬁ-ka (2 +r4 x—l)k2+k4

and

as well as

U]\~4U*T—><1_I+2$1 0 )
+z~1 |-
0 1+ &5
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This yields the overall matrix weight

(1 _ Z)k1+k3+1(1 + z)k2+k4 0 >

"~ *T k1+ko+ks+k
UMYVU*' — 22T 4( 0 (1- Z)k1+k3(1 +Z)k2+k4+1

(writing 2z = x4+ 2~ '), which corresponds to [22, equation (13)]. Note that by Lemma 2.1, we
need to set ko = k3 = 0 to emulate an affine root system of type BCY, which leaves the two
constants a = k1, 8 = k4.

Besides the Steinberg basis there happens to be another Agp-basis of A that appears naturally.

Lemma 6.7. The family e; := 1,e,, := 27 (1 — ax)(1 — bx) is an Ag-basis of Ay (= A), which
diagonalises T .

Proof. We have
Tver = mieq,
~ Iy -1, ~ .1 I 11
Tes, =Tz +(n—7 )z +71—71 =7 T T et

1 a+b\ . 1.
:7’1(<m+x L ab >61—|—abesl>.

In other words, as a matrix we have
1 x4t —ath
Th=mn 1 ab |

This is upper triangular with distinct eigenvalues 1, a~'b~!. Therefore, it can be diagonalised
with another upper triangular matrix, which transforms é;, és, to 1, x71(1 —ax)(1 — bx). B

Corollary 6.8. Let f,g € Ay, then (fei, ges,) = 0.

Proof. Since T acts on Ay by means of an Ag-endomorphism, its eigenspaces are Ag-modules,
and hence by Lemma 6.7, fe; is an eigenvector with eigenvalue 1 and ge,, is an eigenvector
with eigenvalue a=1b~!. Since these are distinct and since 7} is unitary with respect to (-,-),
the corresponding eigenspaces are orthogonal. |

Corollary 6.9. In the expression from Lemma 6.1 of (-,-) in terms of a matriz weight for the
basis e1, es,, the matriz weight M is diagonal.

Lemma 6.10. Write M = (do1 6?2) for the matrix weight from Corollary 6.9. Then

_1—ab 11— a ' Vi

dy = do =
1 2, 2 9 Vk’

where | = (1,1,0,0), so that the labelling k + [ corresponds to the coefficients aq, bq, c, d.

Proof. Just like in the proof of Lemma 6.5, we have

1 1—ab

d]_ = %(1 — S]_)F =

1 *
s da=o=(1—s1)(FhR").

For the second diagonal entry, we get

do = 2—16(1 — 81):1:(1 — a,x_l) (1 — bx_l)(l —ax)(1l— bx)(l — a_lm_l) (1 — b_lx_l)
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= 2—15(;3(1 —az ) (1= bz ) (1 —ax)(1 —bx)(1 —a ™) (1 b 1a™?)
_ x—l(l — al‘)(l — ba:)(l — ax_l) (1 _ b$—1) (1 _ (1_1.1:)(1 B b_lx))

_ (1-az)(1—az™)(1—bx)(1— bz ") (:c(l Cale Y (1= b

20
— ! (1 — ailm) (1 — bilx))
1—a1p!
= f(l —az)(l —az ') (1 —bz)(1—ba ')

11— a bt A\ -
- 2 Vi

Corollary 6.11. The polynomials (Ey)nez (i.e., the non-symmetric Askey—Wilson polynomials
expressed in ey, es,) form an orthogonal basis with respect to the matriz weight

} (1 —ab)Vy 0
2 0 (1 — a_lb‘l)Vk+l '

Remark 6.12. In fact, what happened in this subsection is by no means surprising, when we
consider the contents of [17, Section 5.8]. Let € be the sign character of Wy, then according
to [17, Section 5.8.8], every e-symmetric polynomial lies in 0, Ao for a particular d. € A. It
just so happens that o is a scalar multiple of what we call es, here, so that we can infer
from [17, Section 5.8.6] that (fes,,ges, )k ~ (f,9)ky1 for f,g € Ap.

In addition, from [17, Sections 5.8.10f] (and by comparing leading coefficients), we can con-
clude that P, €5, = Pfrf 414> SO that writing a polynomial as a two-component vector amounts
to determining its symmetric and anti-symmetric part (with respect to 77). If we expand the
components of E, in terms of appropriate symmetric Macdonald polynomials, say as

§ an,mpn,k

mENy

Z bn,mPn,k+l

meNy

the Y + Y ~l-eigenvalues dictate that ay,, = anOjn|,m and bpm = bpdjp|me1. Consequently,
(for n # 0), the two polynomials E,, and E_, lie in the space spanned by

%) ()
0o ) Py k1)

6.2 Example: A, with J = {2}

This example is the g-version of [23, Section 7] (which is linked to matrix spherical functions
of symmetric pairs with restricted root system Asg, see [20]). Here, our affine root system has
type Ao, so that § is generated by T4, Tb, and the lattice L by wi, we, the fundamental weights
corresponding to ay, ag. There is only one parameter, T = ¢(k/2).

We consider J = {2}, leading to the parabolic subgroup W generated by s, and the sub-
algebra $); generated by T5. We now present Ay, the so-invariant polynomials, as a free Agp-
module. The construction from [21] gives the following basis €; = 1, €5, = e(wa — w1) + e(—w2),
€sys, = €(—w1).

Like in the previous subsection, we attempt to get a decomposition by looking at the action
of elements of £ on A;. Those that let A; invariant, act as Ag-endomorphisms, and therefore
can be expressed as matrices in our existing Steinberg basis.
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Lemma 6.13. Let z :=T1Ty + 1T — (T — T_l)(Tl +T15). Then x € Zg,(Hs) and z* = x.
Proof. Write o := 7 — 7!, then we have

Tox = TVI5T) +T1 + oT5T) — a(TQTl +1+ OéTQ) =TT +17 — a2T2 -,
Ty =T + oThT5 + THITY — OZ(TlTQ +1+ OéTg) =T+ 11T, — Oé2T2 —a="Thx,

which shows that x centralises ) 7, the algebra generated by T5. For self-adjointness, note that

ot =Ty T T 4 (T + T
=(Th—a)(Th—a)+(Th —a)(Th — )+ a(Th —a+Tr — «)
=TT, + Th'Ts — 2aTy — 20T + 202 + Ty + aTh — 202 = 2. ]

Lemma 6.14. In the basis €1, €s,, €s,5,, the element x from Lemma 6.13 has the following
matriz representation:

2 (72 + 1)mw1 72my,
0 1—72—772 0
0 0 1—72—772

Lemma 6.15. The family ey =1, e5, = h, es,5, = h* with
h = (72 +1)e(wr) — 77 (e(ws — w1) + e(—ws))
is an Ag-basis of Ay that diagonalises x.
Proof. Note that
h= (12 4+ )myér — (TP +1+772)es, B = —Tmu,ér + (12 + 1+ 725,

so the claimed new basis arises from €1, €5, , €s,5, by a triangular matrix whose diagonal entries 1
and :l:(7‘2 + 1+ 7_2) are units of Ap. Consequently, e;, es,, €s,s, is itself an Ag-basis of A .
Next, by Lemma 6.14 ker(x — 2) is the null space of

0 (7'2 + l)mw1 T2mUJ2
0 —1—72—772 0
0 0 —1—72—772

and since it is at most 2-dimensional, is spanned by €; = e;. Moreover, the kernel of x — 1 +
72 4+ 772 is the null space of

2414772 (72 + 1)mw1 szm

0 0 0 )
0 0 0
which we can readily see to be spanned by h, h*. |

Corollary 6.16. Let f,g € Ao, then (fe1,ges,) = (fe1, ges,s;) = 0.

Corollary 6.17. By Lemmas 6.15 and 6.13, we have xfe; = fre; = 2fe; and
Tges, = gres, = (1 — 2 7'72)9651

and analogously for es,s,. We therefore see that fei, ges, and fei, ges,s, are pairs of eigenvectors
of the self-adjoint operator x with distinct eigenvalues. Therefore, they are orthogonal.
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We therefore see that our matrix weight from Lemma 6.1 has the following block shape:

* 0 0
0 * =x
0 * =*

It turns out, there are some relations between these entries that can easily be determined.

Lemma 6.18. We have
Wo(r?) 6 =

mi1 = 6 ’ Msy,51 = Msysy,s251 Msy,s9s1 = T Mgygy 1+

Proof. (i) The first claim follows from Lemma 2.46 (iii). (ii) This follows from the definition
of M, since e}, = es,s,. (iii) By definition, we have Ayt = e n,€o0yC—a1—a,. Since c is
invariant under *, we have Ay* = 7706A; ! and hence

. 1 h? 61 h? 6
Masror =5 2 VAT =T g 2 URg =T v =
weWy 0

This leaves two entries to be determined: my, 5, and mg, 4,5,. Our first observation is that
they are both polynomials.

Lemma 6.19. All m, (v,v’ € W(;]) are polynomials.

Proof. We proceed similarly to the proof of Lemma 6.10: we decompose A Lin a useful way

1 _ 3 H Conp =7 H e(a/2) — Te(—a/2) ::E

a€ERT a€Rt a/z N 6( Oé/Q) 0
where
5= [ (ele/2) = e(—a/2)) = 3 (—1)*@e(wp),
a€RT weWo
F=r3 H Le(a/2) — Te(— a/2)) = Z (—Tz)z(w)e(wP)-
QCR+ weWp

J is the Weyl denominator and every anti-symmetric polynomial (i.e., polynomial that transforms
under the sign representation of W) is divisible by it. Consequently, we have

1 €y€ /F 1
m’L)y’Ul - 6 Z 65 ,F)
weW)y wEWO

Since eye), ' € A, its anti-symmetrisation is an anti-symmetric polynomial and hence divisible
by d. As a consequence, m,, s € Ap. |

Lemma 6.20. The matriz weight M we are considering in this subsection cannot be further
reduced.

Proof. Assume that it can. By Corollary 6.4, all M,, can be made diagonal by the same matrix.
In particular Ms,,,. We will show that this is not possible.

For that we first find out, which entries of My, are definitely zero by determining the supports
of the coefficients m,, ,» (v,v" € M@’), i.e., the Wy-orbits of L whose coefficient within m,, ,» may
be nonzero. We have the following supports:

es €5, = hh™: Wowr + Wows = Wop U0,
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es €5, F'= Fhh*: Wop+ (Wop U 0) = Wo2p U Wodwr LI Wo3ws U Wop IO,
esle* = h2: Wowi + Wowr = Wo2w1 LI Wows,

5251
esle;‘QSlF = Fh?: Wowr + (W02w1 (] W()(.UQ)
= Wo(3w1 + WQ) (] Wo(wl + 2&)2) L Wo2wq U Wows

(where we use the polynomial F' from the proof of Lemma 6.19). Since my, 5, and mg, g5,
are the anti-symmetrisations of the polynomials listed above, divided by J, we can remove all
singular orbits since they vanish under anti-symmetrisation, leaving Wy2p LI Wyp in the first
case, and Wy(3w; + we) U Wy(w1 + 2ws) in the second case. Dividing such polynomials by §
yields the following supports mg, s, : Wop U0, my, o, 1 Wo2wi U Wowsa. This shows that

Wo (7'2)
T 0 0
M = 0 a+bm, 73 (emy, + dmay,)
0 3(c*my, + d*may,) a+bm,

for constants a,b,c,d € K. Therefore,

000
Mo, =dr3|0 0 1],
000

which can only be brought into diagonal form if d = 0. To see that d # 0, note that of the
orbits on which Fh? is supported, only Wy (3w + ws) contributes to d, i.e., dr3 is the coefficient
of e(3wy + ws) in the anti-symmetrisation of Fh?. If we expand h? = > aue(p), we can use the
sum expansion of F'

é Z (1) W (FR?) = é Z (—1)Z(w)(—TZ)E(w,)a“e(w(,u~|—w’p)).

weWy w,?.UIGW()“u

The only way of obtaining w(u + w’p) = 3wy + we is if w' = w™! and p = w'2wy, thus,

1 1 T2 +1
b S gy LS g, S TEL S
weWy weWy wGWOI

Now, the only way of obtaining 2wy within Wyw; + Wow; is as wy + w1, so that

a2, = (7—2 + 1)27 A2y —2w1 — A—2wy = 7—74'
Hence,
2 -2
dr’ =" ; L2 a2t ) = +6T (7% +27% + 272 4 1)
2
= (1 + TZ)WOf(ST ) #0. [

Corollary 6.21. If we use the notation from Lemma 6.1, the polynomials (Pj\)xeL, , are an
orthogonal basis of A3 with respect to the inner product with matriz weight VM. Here, M is
mazimally reduced, so we have also found an irreducible 2 x 2 matriz weight on Ayg.
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