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Abstract. One of the starting points of this work was the duality of Borcea relating
standard level k representations of A

(1)
1 and level 2k+1 of A

(2)
2 . For k = 1, the combinatorial

bases in both cases yield the two Capparelli identities and we wanted to see if there is
a correspondence between the bases in terms of partitions for all k ∈ N. By using the vertex
operator relations in the principal picture for level 5 standard A

(2)
2 -modules, we reduce

a spanning set of Poincaré–Birkhoff–Witt-type vectors in L(5Λ0) by removing the leading
terms of relations and rendering a list of 34 “difference” conditions for partitions. Using
computer programs, we enumerated the partitions satisfying these conditions and obtained
a truncated generating series agreeing with the principally specialized character for all powers
of q up to 41. Although our list of leading terms is incomplete, our results show that the
corresponding combinatorial identity for L

A
(2)
2
(5Λ0) drastically differs from the one for the

Borcea dual L
A

(1)
1
(2Λ0).

Key words: leading term; integer partition; affine algebra; standard module

2020 Mathematics Subject Classification: 17B69; 11P84

The authors are deeply grateful to Jim Lepowsky
for long-term collaboration, support, and friendship

1 Introduction

In [22], J. Lepowsky and R.L. Wilson discovered that the classical Rogers–Ramanujan identities
are connected to the level 3 standard modules over the affine Lie algebra of type A

(1)
1 . They

introduced a Heisenberg subalgebra s and “Z-operators” commuting with s, hence acting on the
vacuum space of s. The Z-operators were shown to satisfy quadratic relations, and this led to
a combinatorial description of a basis of the vacuum space in terms of the partitions from the sum
sides of the Rogers–Ramanujan identities. The product side in [21] resulted from Lepowsky’s
numerator formula combined with the principal specialization of the Weyl–Kac character for-
mula. In [23] two of the authors, A. Meurman and M. Primc, obtained Poincaré–Birkhoff–Witt
type bases for all of the higher level standard modules over A

(1)
1 . This gave Lie theoretic proofs

of the combinatorial identities of B. Gordon, G.E. Andrews, and D. Bressoud [1, 2, 6, 7, 16].

Other connections between Lie algebra representations and combinatorial identities have been
obtained in, e.g., [11, 13, 14, 19, 24, 26, 27, 28].

This paper is a contribution to the Special Issue on Recent Advances in Vertex Operator Algebras in honor
of James Lepowsky. The full collection is available at https://sigma-journal.com/Lepowsky.html
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In [9], one of the authors, S. Capparelli, studied the level 3 modules over the Lie algebra of
type A

(2)
2 and discovered by the Lepowsky–Wilson method combinatorial identities of Rogers–

Ramanujan type. These were the first new such identities discovered via Lie algebra represen-
tation theory. They were subsequently proved with combinatorial methods in [3], and with Lie-
algebraic methods in [10, 30]. In [25], D. Nandi studied the level 4 modules and conjectured
three new Rogers–Ramanujan type identities. These were later proved in [29]. In this paper, we
study in a similar way the level 5 module L(5Λ0) over A

(2)
2 . Using the methods of Capparelli

and Nandi, we obtain in Section 6 a list of 34 conditions on the “sum” side of the associated
combinatorial identity. For partitions of size at most 48, we have equality between the sum and
product sides, except that at partitions of 42 respectively 48 we lack one partition each in our
conditions. Thus our list is not yet complete, but we would still like to publish our results to
this point for the benefit of other researchers.

Our study was motivated in part by a duality observed by J. Borcea. In [5], he noticed
a correspondence between the characters of the level k modules over the Lie algebra A

(1)
1 and

the level (2k+1)-modules over A
(2)
2 . In Section 7, we consider the k = 2 case of Borcea’s duality,

and present the basis and combinatorial identity associated to the A
(1)
1 -module L(2Λ0). Our

results show that the sum sides associated to the two modules differ drastically.

The paper is organized as follows. In Section 2, we recall the basic set up of the vertex
operator construction of the basic module of the principally graded realization of the affine
algebra A

(2)
2 . In particular, we used the construction given in [18]. This is a special case of the

general theory of vertex operator calculus as in [12, 15, 20]. We also present the affine algebra ĝ
of type A

(2)
2 with generators and relations associated to a generalized Cartan matrix as in [17].

In Section 3, we recall the basic notions of standard modules for the algebra ĝ. There is a unique,
up to equivalence, standard module of level 1 which we denote U which has highest weight Λ0.
Our focus will be on a level 5 module with highest weight 5Λ0 which we view as submodule of
the tensor product of copies of U . We also use Lepowsky’s numerator formula and the principal
specialization of the Weyl–Kac character formula.

In Section 4, we present the cubic relations Theorems 4.1 and 4.2 and the higher order
relations Propositions 4.4–4.6 that we need to obtain the leading terms in Section 6. Section 5
is devoted to a detailed explanation of the proof of one leading term X(−(5, 5, 2, 2))vΛ. This
results from a linear combination of 8 relations acting on the highest weight vector vΛ. We use
Maple to verify the existence of the linear combination, see arXiv:2511.12284.

In Section 6, we formulate our main result about leading terms for the module L(5Λ0). This
is given by a list of 34 conditions that the partition µ in a generating vector α(−λ)X(−µ)vΛ
has to satisfy in order to remain in the spanning set. As in Section 5, the linear relations are
obtained by Maple calculations, and the Maple worksheets used are available for download.
Finally, Section 7 is devoted to the case k = 2 of the duality of Borcea.

2 Preliminaries

2.1 The algebra k

Let Φ be the A2 root system with basis ∆ = {α1, α2}. Let L = Zα1 ⊕ Zα2 be the root lattice
of type A2 equipped with a symmetric Z-bilinear form such that ⟨αi, αi⟩ = 2, i = 1, 2, and
⟨α1, α2⟩ = −1. Let ν be the automorphism of L of order 6 acting as a rotation on the root
system by π

3 . On the basis elements of ∆, ν(α1) = α1 + α2, ν(α2) = −α1. Note that∑
p∈Z6

νpα = 0 for all α ∈ L.

http://arxiv.org/abs/2511.12284
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Let h = C⊗Z L. Linearly extend the form to all of h. Let ω be a primitive 6th root of 1, and

for concreteness, choose ω = eiπ/3 = 1
2 +

√
3
2 i. For n ∈ Z, set

h(n) = {x ∈ h | νx = ωnx}

and we have

h =
∐
p∈Z6

h(p).

Note that h(n) = 0 unless n ≡ ±1 (mod 6).
Viewing h as an abelian Lie algebra, construct the ν-twisted affine Lie algebra

h̃ = h̃[ν] =
∐
n∈Z

(
h(n) ⊗ tn/6

)
⊕ Cc⊕ Cd

with brackets[
x⊗ ti/6, y ⊗ tj/6

]
=

i

6
⟨x, y⟩δi+j,0c,

[
d, x⊗ ti/6

]
= ix⊗ ti/6,[

c, x⊗ ti/6
]
= [c, d] = 0.

for all i, j,∈ Z, x ∈ h(i), y ∈ h(j). Consider the commutator subalgebra

s =
∐

n∈Z,n̸=0

(
h(n) ⊗ tn/6

)
⊕ Cc

(the Heisenberg subalgebra) and the subalgebras

s± =
∐

n∈Z,±n>0

(
h(n) ⊗ tn/6

)
⊕ Cc, b = s+ ⊕ Cc⊕ Cd.

Consider C as a 1-dimensional b-module on which s+ and d act trivially and c acts as the
identity. Form the induced module

S = U
(
h̃[ν]

)
⊗U(b) C ≃ S(s−),

where S(s−) is the symmetric algebra on s−. This is an irreducible module for the Heisenberg
subalgebra.

The action of d defines a Z-grading on S:

S =
∐

n∈−N
Sn.

For α ∈ h and n ∈ Z, define α(n) as the projection of α onto h(n). Then α(n) = 0 unless n ≡ ±1
(mod 6). For n ∈ Z, define the operator α(n) = α(n) ⊗ tn/6 on S.

In the generating series below, we shall use commuting formal variables w,w1, w2, . . . . These
are related to the formal variables z, zj in [8, 25] by w = z1/6, wj = z

1/6
j .

Set

F = {j ∈ Z | j ≡ ±1 (mod 6)},

the set of indices in the Heisenberg generators α(n). For i ∈ Z, α ∈ Φ, we shall need the
generating series

E±(νiα;w) = exp

(
6

∑
n∈F,±n>0

α(n)

(
ω−iw

)−n

n

)
.
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Then the vertex operator construction of the level 1 standard module [18] is given by

X(α;w) = KE−(−α;w)E+(−α;w), (2.1)

where K = (1 + ω)/36.
We have the commutation relation, for α, β ∈ h,

E+(α;w1)E
−(β;w2) = E−(β;w2)E

+(α;w1)
∏
p∈Z6

(
1− ω−pw2

w1

)⟨νpα,β⟩
.

We have

X(να;w) = lim
w→ω−1w

X(α;w), DX(α;w) = −[d,X(α;w)],

where D = w d
dw .

For α ∈ L, define

α(w) =
∑
n∈Z

α(n)w−n−6.

Define the coefficients X(α;n) as follows:

X(α;w) =
∑
n∈Z

X(α;n)w−n.

Then X(α;n) is a well-defined operator on S of degree n.
Notice that with this notation

X
(
νkα;n

)
= ωknX(α;n)

for all n, k ∈ Z. The most important commutator formula for us is when α ∈ Φ, i.e., when
⟨α, α⟩ = 2. For this,

[X(α;w1), X(α;w2)] =
ω2

6
X(να;w2)δ

(
ω−2x

)
− ω2

6
X
(
ν−1α;w2

)
δ
(
ω2x

)
+

ω

36
cDδ(−x)− ω

6
w6
2α(w2)δ(−x),

where x = w2
w1

.
From now on, we fix α = α1. Then the general element in Φ can be denoted νiα for some

i ∈ Z6. Writing sometimes X(n) = X(α;n), we have in particular

[α(m), α(n)] =
m

6
δm+n,0 c if m,n ≡ ±1 (mod 6), (2.2)

[α(m), X(n)] = X(m+ n) if m ≡ ±1 (mod 6), (2.3)

[X(m), X(n)] =
ω2

6

(
ω n−m − ωm−n

)
X(m+ n)

− ω

6
(−1)mα(m+ n) + δm+n,0

ω

36
(−1)mmc. (2.4)

Notice

ωn−m − ωm−n =


0 if n−m ≡ 0, 3 (mod 6),√
3i if n−m ≡ 1, 2 (mod 6),

−
√
3i if n−m ≡ 4, 5 (mod 6).

The commutation relations (2.2)–(2.4) show (together with [k, c] = 0) that

k = span{X(n), α(j), c | n ∈ Z, j ∈ F}

forms a Lie algebra. We shall next present k as a Kac–Moody algebra of type A
(2)
2 .
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2.2 The algebra A
(2)
2

The Lie algebra of type A
(2)
2 is ĝ associated to the generalized Cartan matrix

A = (aij) =

(
2 −4

−1 2

)
and generators h0, h1, e0, e1, f0, f1 with relations

[hi, hj ] = 0, [hi, ej ] = aijej , [hi, fj ] = −aijfj , [ei, fj ] = δijhi,

(ad ei)
−aij+1ej = 0 for i ̸= j, (ad fi)

−aij+1fj = 0 for i ̸= j,

where i, j ∈ {0, 1} and aij is the (i, j) entry of A. It follows from the relations that c = h0+2h1
is central. The principal Z-gradation of ĝ is given by

deg hi = 0, deg ei = 1, deg fi = −1.

Let g̃ = ĝ⊕ Cd.

h̃0 = span
{
x ∈ g̃ | deg x = 0

}
, n± = span

{
x ∈ g̃ | ±(deg x) > 0

}
.

Then g̃ = n− ⊕ h̃0 ⊕ n+.
A straightforward calculation shows that

h0 7→ (−2)
(
−3 +

√
3i
)
X(0) +

2

3
c, h1 7→

(
−3 +

√
3i
)
X(0) +

1

6
c,

e0 7→
4i√
3
α(1) + 2

(
−1−

√
3i
)
X(1), e1 7→

−i√
3
α(1) +

(
−1−

√
3i
)
X(1),

f0 7→
−2i√
3
α(−1) +

(
−1−

√
3i
)
X(−1), f1 7→

i√
3
α(−1) +

(
−1−

√
3i
)
X(−1).

extends to a graded Lie algebra isomorphism between ĝ and k. See also [17].

3 Standard modules

Let Λ ∈
(
h̃0
)∗

be a dominant integral weight and let L(Λ) be the standard k-module with highest
weight Λ. Define Λ0, Λ1 such that Λi(hj) = δij . The level of a module is Λ(c) = Λ(h0)+2Λ(h1).
There is only one, up to equivalence, level 1 standard module: U = L(Λ0). There are three
level 5 standard modules: L(5Λ0), L(3Λ0 + Λ1), L(Λ0 + 2Λ1) and they can be realized inside
the tensor product U⊗5.

Let ρ ∈
(
h̃0
)∗

be such that ρ(h0) = ρ(h1) = 1 and ϕ = Λ+ ρ. Let

JΛ = {n ∈ N | n ̸≡ 0, ϕ(c), ±ϕ(h0), ±ϕ(h1), ±ϕ(h0 + h1) (mod 2ϕ(c))}

and

KΛ =

{
{n ∈ N | n ≡ ±ϕ(h0) (mod 2ϕ(c))} if Λ(h0) = Λ(h1),

∅ otherwise.

Using Lepowsky’s numerator formula and the principal specialization of the Weyl–Kac character
formula, we have

χΛ(q) =
∏
n∈N

n≡±1 (mod 6)

(1− qn)−1
∏
n∈JΛ

(1− qn)−1
∏

n∈KΛ

(1− qn).
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Set H(q) =
∏

n∈N
n≡±1 (mod 6)

(1− qn)−1. For level 5, we get

χ5Λ0(q) = H(q)
∏
n∈N

n≡±2,±3,±4,±5 (mod 16)

(1− qn)−1, (3.1)

χ3Λ0+Λ1(q) = H(q)
∏
n∈N

n≡±1,±3,±5,±7 (mod 16)

(1− qn)−1,

χΛ0+2Λ1(q) = H(q)
∏
n∈N

n≡±1,±4,±6,±7 (mod 16)

(1− qn)−1.

Remark 3.1. These can be compared with formulas (83), (84), and (86), respectively, in [21].

We consider the case Λ = 5Λ0. The product
∏

n∈N
n≡±2,±3,±4,±5 (mod 16)

(1− qn)−1, when ex-
panded, begins as

1 + q2 + q3 + 2q4 + 2q5 + 3q6 + 3q7 + 5q8 + 5q9 + 7q10 + 8q11 + 11q12 + 12q13

+ 16q14 + 18q15 + 23q16 + 26q17 + 33q18 + 37q19 + 46q20 + 52q21 + 63q22

+ 72q23 + 87q24 + 98q25 + 117q26 + 133q27 + 157q28 + 178q29 + 209q30 + 236q31

+ 276q32 + 312q33 + 361q34 + 408q35 + 471q36 + 530q37 + 609q38

+ 686q39 + 784q40 + 881q41 + 1004q42 + 1126q43 + 1279q44 + 1433q45

+ 1621q46 + 1814q47 + 2048q48 + 2286q49 + 2574q50 + · · · .

4 Relations on L(5Λ0)

Define the polynomial

P0(x) = (1− ωx)
(
1− ω2x

)3
(1 + x)4

(
1− ω4x

)3(
1− ω5x

)
.

Let i1, i2 ∈ Z such that |i1 − i2| ≤ 1. By [8, Proposition 3.3], the limit on the right-hand side of
the following expression exists, and we define

X
(
νi1α, νi2α;w

)
= lim

w1,w2→w
P0(w2/w1)X

(
νi1α;w1

)
X
(
νi2α;w2

)
.

Similarly, let i1, i2, i3 ∈ Z such that |ia − ib| ≤ 1 for all a, b. Then by [8, Proposition 3.3], the
limit on the right-hand side of the following expression exists, and we define

X
(
νi1α, νi2α, νi3α;w

)
= lim

w1,w2,w3→w

∏
1≤a<b≤3

P0(wb/wa)X
(
νi1α;w1

)
X
(
νi2α;w2

)
X
(
νi3α;w3

)
.

Recall the constant

K =
1 + ω

36
,

from (2.1). The following is a special case of [8, Theorem 4.6].

Theorem 4.1. On any level 5 standard module one has

X(α, α, α;w)− 3P0(1)
2KE−(−α;w)X(−α,−α;w)E+(−α;w) = 0.
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The following can be proved by the same method as [8, Theorem 4.6].

Theorem 4.2. On any level 5 standard module one has

X(α, α, να;w)− E−(−α;w)X
(
−α,−α, ν2α;w

)
E+(−α;w) = 0.

Let Ū be the completion of the enveloping algebra U(k) with respect to the family F of all
level 5 Verma modules as in [23]. We define the following generating functions and coefficients
over respectively in Ū :

R(w) = X(α, α, α;w)− 3P0(1)
2KE−(−α;w)X(−α,−α;w)E+(−α;w),

S(w) = X(α, α, να;w)− E−(−α;w)X
(
−α,−α, ν2α;w

)
E+(−α;w),

G(w) = X(α, α, να;w) =
∑
n∈Z

G(n)w−n,

H(w) = X
(
−α,−α, ν2α;w

)
=
∑
n∈Z

H(n)w−n,

R(w) =
∑
n∈Z

R(n)w−n, S(w) =
∑
n∈Z

S(n)w−n.

In order to define “leading terms”, we introduce a well-order on the Poincaré-Birkhoff-Witt-
type vectors. We order the basis elements of k by · · · < α(−7) < α(−5) < α(−1) < · · · <
X(−4) < X(−3) < X(−2) < X(−1) < X(0) < · · · . For a partition π = (π1, . . . , πj), define the

weight of π by |π| =
∑j

i=1 πi, and the length of π by ℓ(π) = j. For partitions λ = (λ1, . . . , λh),
λi ≡ ±1 (mod 6), µ = (µ1, . . . , µk), set

α(−λ) = α(−λ1) · · ·α(−λh), X(−µ) = X(−µ1) · · ·X(−µk).

Denote by vΛ a fixed highest weight vector in L(Λ). As the relations R(−n), S(−n) are
homogeneous, we shall only need to compare monomials of equal degree. Let

α(−λ)X(−µ)vΛ, α(−κ)X(−π)vΛ

be two monomials in L(Λ) of degree −n = −|λ| − |µ| = −|κ| − |π|. We then define that

α(−λ)X(−µ)vΛ < α(−κ)X(−π)vΛ,

if one of the following holds:

(1) |µ| > |π|,
(2) |µ| = |π|, and ℓ(µ) > ℓ(π),

(3) |µ| = |π|, ℓ(µ) = ℓ(π), and µ < π in lexicographic order,

(4) µ = π, and ℓ(λ) > ℓ(κ),

(5) µ = π, ℓ(λ) = ℓ(κ), and λ < κ in lexicographic order.

In a linear combination

m∑
i=1

ciα
(
−λ(i)

)
X
(
−µ(i)

)
vΛ,

where
∣∣λ(i)

∣∣+ ∣∣µ(i)
∣∣ = n, ci ∈ C× for all i, we say that c1α

(
−λ(1)

)
X
(
−µ(1)

)
vΛ is the leading

term of the sum if

α
(
−λ(1)

)
X
(
−µ(1)

)
vΛ < α

(
−λ(i)

)
X
(
−µ(i)

)
vΛ

for all i > 1.
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For n, j ∈ Z, we define

L(n,j) = span{α(−λ)X(−µ)vΛ | |µ| < n or ℓ(µ) ≤ j}.

Denote by Ψ(x) the power series expansion into nonnegative integral powers of x of

Ψ(x) =
1− 3x+ 4x2 − 3x3 + x4

1 + 3x+ 4x2 + 3x3 + x4
= 1− 6x+ 18x2 + · · · .

Proposition 4.3 ([25, equation (2.2.47])). We have

X(α;w1)E
−(−α;w2) = Ψ

(
w2

w1

)
E−(−α;w2)X(α;w1),

and

E+(−α;w1)X(α;w2) = Ψ

(
w2

w1

)
X(α;w2)E

+(−α;w1).

Denote the coefficients in Ψ(x) by ai so that

Ψ(x) =
∞∑
i=0

aix
i = 1− 6x+ 18x2 + · · · .

Combining Theorem 4.2 with Proposition 4.3, we obtain the following identity that will be
used to obtain leading terms of length 4.

Proposition 4.4. For p, q ∈ Z,

S(−p)X(−q)vΛ ≡ G(−p)X(−q)vΛ −
∞∑
i=0

aiH(−p− i)X(−q + i)vΛ mod L(p+q,3). (4.1)

Proof. Using Nandi’s identity, Proposition 4.3, we obtain

S(w1)X(α;w2) =
(
G(w1)− E−(−α;w1)H(w1)E

+(−α;w1)
)
X(α;w2)

= G(w1)X(α;w2)− E−(−α;w1)H(w1)X(α;w2)E
+(−α;w1)Ψ

(
w2

w1

)
.

The coefficient of wp
1w

q
2 gives (4.1). ■

One has the following analogue using multiplication by X(−q) from the left instead of from
the right.

Proposition 4.5. For p, q ∈ Z,

X(−q)S(−p)vΛ ≡ X(−q)G(−p)vΛ −
∞∑
i=0

aiX(−q − i)H(−p+ i)vΛ mod L(p+q,3).

The proof is similar to that of Proposition 4.4. More generally, we have the following.

Proposition 4.6. For q1, . . . , qh ∈ Z, r1, . . . , rm ∈ Z, p ∈ Z,

X(−q1) · · ·X(−qh)S(−p)X(−r1) · · ·X(−rm)vΛ

≡ X(−q1) · · ·X(−qh)G(−p)X(−r1) · · ·X(−rm)vΛ

−
∑

i1,...,ih≥0

∑
j1,...,jm≥0

h∏
u=1

aiu

m∏
v=1

ajvX(−q1 − i1) · · ·X(−qh − ih)

×H
(
−p+

∑
iu −

∑
jv

)
X(−r1 + j1) · · ·X(−rm + jm)vΛ mod L(s,h+m+2),

where s = p+
∑

qu +
∑

rv.

The proof is analogous to that of Proposition 4.4.
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5 Calculation of a leading term at degree −14

In this section, we exemplify our methods by showing that X(−(5, 5, 2, 2))vΛ is a leading term
at degree −14. This leads to condition 13 in the list in Section 6.

The coefficient of X(−(a, b, c)) in X
(
νhα, νiα, νjα;w

)
(when expanded in the PBW-type

monomials) is

C1(h, i, j, a) = ω−a(h+i+j)

if a = b = c, is

C2(h, i, j, a, b) = ω−a(i+j)−bh + ω−a(h+j)−bi + ω−a(h+i)−bj

if a = c and a ̸= b, and is

C3(h, i, j, a, b, c) = ω−ch−bi−aj + ω−bh−ci−aj + ω−ch−ai−bj

+ω−ah−ci−bj + ω−bh−ai−cj + ω−ah−bi−cj

if a, b, c are distinct. Here we have renormalized the X
(
νhα, νiα, νjα;w

)
by dividing all coef-

ficients by P0(1)
3. Using these coefficients, we find the following relations at degree −14. As

the coefficient of w14 in X(−α,−α;w) in Theorem 4.1 consists of second degree monomials in
the X(−n), we obtain after multiplication of R(−12) by X(−2) the following “length 4” terms:

R(−12)X(−2)vΛ = (X(−(4, 4, 4, 2)) + 6X(−(5, 4, 3, 2)) + 3X(−(5, 5, 2, 2))

+ 3X(−(6, 3, 3, 2)) + 6X(−(6, 4, 2, 2)) + · · · )vΛ. (5.1)

The case p = 11, q = 3 of Proposition 4.4 gives

S(−11)X(−3)vΛ = (−4X(−(4, 4, 3, 3))− 6ωX(−(4, 4, 4, 2))

− 3X(−(5, 3, 3, 3)) + (−2− 24ω)X(−(5, 4, 3, 2))

+ (6− 6ω)X(−(5, 5, 2, 2))− 8X(−(6, 3, 3, 2)) + · · · )vΛ. (5.2)

The case p = 8, q = 6 of Proposition 4.5 gives

X(−6)S(−8)vΛ = ((1− 2ω)X(−(6, 3, 3, 2)) + (1− 2ω)X(−(6, 4, 2, 2)) + · · · )vΛ. (5.3)

Here in (5.1)–(5.3) we have left out partitions that have a part ≥ 7, which are higher in lexico-
graphic order.

In Table 1, we present an (8× 7)-matrix, where we collect the coefficients of the monomials
X(−(a, b, c, d))vΛ with all parts a, b, c, d ≤ 6, in the following expressions:

1

3
R(−11)X(−3)vΛ, R(−12)X(−2)vΛ, S(−11)X(−3)vΛ, S(−12)X(−2)vΛ,

1

3
X(−6)R(−8)vΛ, X(−5)R(−9)vΛ, X(−6)S(−8)vΛ, X(−5)S(−9)vΛ.

Note that all partitions that contain a part 1 can be, and have been, left out, since f1.vΛ = 0
shows that X(−1)vΛ ∈ Cα(−1)vΛ.

Reducing this matrix to row echelon form yields the matrix in Table 2. Thus, the fifth row
shows that a linear combination of relations has leading term X(−(5, 5, 2, 2))vΛ.
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Table 1. Relations at n = 14.

X(−(4433))vΛ X(−(4442))vΛ X(−(5333))vΛ X(−(5432))vΛ X(−(5522))vΛ X(−(6332))vΛ X(−(6422))vΛ

1 0 1 2 0 2 0

0 1 0 6 3 3 6

−4 −6ω −3 −2− 24ω 6− 6ω −8 0

0 −1 + 2ω 0 −4 + 8ω −1 + 2ω 0 0

0 0 0 0 0 1 1

0 0 1 6 3 0 0

0 0 0 0 0 1− 2ω 1− 2ω

0 0 −2 −8 −1 −18 + 6ω −12 + 6ω

Table 2. Row reduced matrix at n = 14.

X(−(4433))vΛ X(−(4442))vΛ X(−(5333))vΛ X(−(5432))vΛ X(−(5522))vΛ X(−(6332))vΛ X(−(6422))vΛ

1 0 0 0 0 0 4

0 1 0 0 0 0 −6

0 0 1 0 0 0 −9

0 0 0 1 0 0 3
2

0 0 0 0 1 0 0

0 0 0 0 0 1 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0

6 List of leading terms of relations

As in [8, 22, 23, 25] and other papers on the structure of standard modules over affine Lie
algebras, we shall reduce a spanning set of Poincaré–Birkhoff–Witt-type vectors by removing
the leading terms of relations.

Consider the following conditions on a partition µ appearing in a PBW-type spanning ele-
ment α(−λ)X(−µ)vΛ ∈ L(5Λ0).

List of conditions on µ.

(1) no part is equal to 1,

(2) µ does not have three equal parts,

in addition µ does not have a sub-partition of any of the following forms:

(3) (k, k, k − 1),

(4) (k, k − 1, k − 1),

(5) (k, k − 1, k − 2) with k ̸≡ 1 (mod 6),

(6) (k, k, k − 2) with k ̸≡ 4 (mod 6),

(7) (k, k − 2, k − 2) with k ̸≡ 4 (mod 6),

(8) (k, k − 2, k − 3) with k ≡ 5 (mod 6),

(9) (k, k − 1, k − 3) with k ≡ 4 (mod 6),

(10) (k, k, k − 3) with k ≡ 1 (mod 6),

(11) (4 + 6k, 4 + 6k, 2 + 6k, 2 + 6k),

(12) (5 + 6k, 4 + 6k, 2 + 6k, 2 + 6k),

(13) (5 + k, 5 + k, 2 + k, 2 + k),
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(14) (10 + 6k, 10 + 6k, 8 + 6k, 7 + 6k),

(15) (7 + 6k, 6 + 6k, 5 + 6k, 3 + 6k),

(16) (7 + 2k, 6 + 2k, 4 + 2k, 3 + 2k),

(17) (6 + k, 5 + k, 2 + k, 2 + k), k ̸≡ 4 (mod 6),

(18) (8 + k, 8 + k, 5 + k, 4 + k), k ̸≡ 4 (mod 6),

(19) (8 + 6k, 8 + 6k, 5 + 6k, 3 + 6k),

(20) (9 + 6k, 7 + 6k, 6 + 6k, 5 + 6k),

(21) (10 + 6k, 8 + 6k, 8 + 6k, 5 + 6k),

(22) (7 + 6k, 4 + 6k, 4 + 6k, 2 + 6k),

(23) (7 + 6k, 6 + 6k, 4 + 6k, 2 + 6k, 2 + 6k),

(24) (8 + 6k, 7 + 6k, 5 + 6k, 4 + 6k, 2 + 6k),

(25) (9 + 6k, 9 + 6k, 5 + 6k, 5 + 6k, 2 + 6k),

(26) (10 + 6k, 8 + 6k, 7 + 6k, 5 + 6k, 4 + 6k),

(27) (10 + 6k, 10 + 6k, 8 + 6k, 6 + 6k, 5 + 6k),

(28) (11 + k, 10 + k, 8 + k, 6 + k, 5 + k), k ≡ 0, 1, 2 (mod 6),

(29) (10 + 6k, 10 + 6k, 8 + 6k, 5 + 6k, 5 + 6k),

(30) (11 + 6k, 10 + 6k, 8 + 6k, 5 + 6k, 5 + 6k),

(31) (9 + 6k, 8 + 6k, 6 + 6k, 4 + 6k, 2 + 6k, 2 + 6k),

(32) (10 + 6k, 10 + 6k, 8 + 6k, 6 + 6k, 4 + 6k, 3 + 6k),

(33) (11 + 6k, 8 + 6k, 8 + 6k, 5 + 6k, 2 + 6k, 2 + 6k),

(34) (12 + 6k, 11 + 6k, 9 + 6k, 7 + 6k, 4 + 6k, 4 + 6k),

where in all conditions k ∈ Z.
Using Theorems 4.1 and 4.2 and Propositions 4.4–4.6, we have been able to reduce the

spanning set of L(5Λ0) to the set of vectors α(−λ)X(−µ)vΛ such that µ satisfies the conditions
(1), (2), (3)–(10) with k ≥ 3 and (11)–(34) with k = 0, and the sub-partition appearing at the
end of µ.

In addition, we conjecture that the spanning set can be reduced by removing the vectors
α(−λ)X(−µ)vΛ, where the partition µ has a sub-partition, not necessarily at the end of µ, of
the form in conditions (3)–(34) with any k ≥ 0.

Condition (1) follows from f1.vΛ = 0. Conditions (2)–(10) follow by taking linear combina-
tions of R(−n)vΛ = 0, S(−n)vΛ = 0 for appropriate n. Conditions (11)–(22) are analogously
obtained from the leading terms of relations obtained as linear combinations of the “length 4”
relations R(−p)X(−n+ p)vΛ, S(−p)X(−n+ p)vΛ, X(−n+ p)S(−p)vΛ. These are obtained by
the Maple program “congruences4.mw”. Conditions (23)–(30) are similarly obtained in “con-
gruences5.mw”. Finally, conditions (31)–(34) are obtained in “congruences6.mw”. The Maple
programs are available for download at arXiv:2511.12284.

Using computer programs, we enumerated the partitions µ satisfying conditions (1)–(34) and
formed the truncated generating series

g(q) =
∑

|µ|≤48

q|µ|.

https://arxiv.org/abs/2511.12284
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Comparing this with the count according to the principally specialized character of L(5Λ0), and
dividing by the character of the Heisenberg module, which gives

χ(q) =
∏

j≡±2,±3,±4,±5 (mod 16)

(
1− qj

)−1
, (6.1)

cf. (3.1), we have equality between g(q) and χ(q) for all powers of q up to 48 except that the
coefficients in g(q) exceed that of χ(q) by 1 for the coefficients of q42 and q48.

Remark 6.1. This count uses additional arguments, for |µ| ≤ 42, analogous to those in [25,
Sections 4 and 6], that allow the subpartition to appear anywhere in µ, what Nandi terms “for-
bidden patterns”. We omit these since we feel that they do not contribute to the understanding
of the underlying combinatorics.

It appears that our methods of calculation are insufficient to obtain the missing partitions of
weights 42 and 48.

7 A basis for a level 2 module over sl(2,C)∼

In [5, Theorem 2.2.1], Borcea observed in particular that the principally specialized character
of L(5Λ0) is related to the (2, 1)-specialized character of the module L(2Λ0) over the affine Lie
algebra of type A

(1)
1 as follows:

ch(1,1)q

(
L
A

(2)
2

(5Λ0)
)
=

∏
i≡±1 (mod 6)

(
1− qi

)−1
ch(2,1)q

(
L
A

(1)
1

(2Λ0)
)
,

where ch
(s,t)
q denotes the (s, t)-specialized grading. Here

∏
i≡±1 (mod 6)

(
1− qi

)−1
is the character

of the Fock space of the Heisenberg Lie algebra spanned by the α(j) and c, so that the identity
equates ch(L(2Λ0)) with the character of the vacuum space of the Heisenberg Lie algebra.

For comparison, we present the PBW-type basis obtained in [24] and [14] for the mod-
ule L(2Λ0) in the (2, 1)-specialized grading.

Let a = sl(2,C) and form the affine Lie algebra â = a⊗ C
[
t, t−1

]
⊕ Cc such that

[u(m), v(n)] = [u, v](m+ n) +mδm+n,0⟨u, v⟩c,

for u, v ∈ a, and c ∈ center(â), where u(m) := u⊗ tm, and ⟨·, ·⟩ denotes the invariant symmetric
bilinear form on a such that ⟨α, α⟩ = 2 for each root α.

Let x, h, y be the basis x =
[
0 1
0 0

]
, h =

[
1 0
0 −1

]
, y =

[
0 0
1 0

]
of a. Then e0 = y(1), e1 = x(0),

h0 = −h(0) + c, h1 = h(0), f0 = x(−1), f1 = y(0) forms a set of Kac–Moody generators of â.
We denote by Λi for i = 0, 1 the linear forms such that Λi(hj) = δij .

In the (2, 1)-specialized grading, we have the basis of â

T (−3k) = h(−k), T (−3k − 1) = y(−k), T (−3k − 2) = x(−k − 1),

k ∈ Z, together with c. For a partition µ = (µ1, . . . , µℓ), set

T (−µ) = T (−µ1) · · ·T (−µℓ).

Theorem 7.1. The set of vectors {T (−µ)v2Λ0} where the µi > 0 and µ satisfies the following
conditions 1–11 forms a basis of the â-module L(2Λ0):

(1) no part is equal to 1,

(2) µ does not have three equal parts,
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in addition µ does not have a subpartition of any of the following forms:

(3) (k, k, k − 1),

(4) (k, k − 1, k − 1),

(5) (k, k − 1, k − 2) with k ̸≡ 1 (mod 3),

(6) (k, k, k − 2) with k ̸≡ 1 (mod 3),

(7) (k, k − 2, k − 2) with k ̸≡ 1 (mod 3),

(8) (k, k − 2, k − 3) with k ≡ 2 (mod 3),

(9) (k, k − 1, k − 3) with k ≡ 1 (mod 3),

(10) (k, k, k − 3) with k ̸≡ 0 (mod 3),

(11) (k, k − 3, k − 3) with k ̸≡ 0 (mod 3),

where in conditions 3–11 k ∈ Z.

This is the case k0 = 0, k1 = 2, k = 2 of [24, equation (11.2.8)], where we have exchanged
the 2Λ1-module for the 2Λ0-module by applying the diagram automorphism of â. The instance
of Borcea’s duality is that

ch(2,1)q

(
L
A

(1)
1

(2Λ0)
)
= χ(q),

with χ(q) as in (6.1).

8 Conclusion

One of the starting points of this project was the duality of Borcea relating representations
of A

(1)
1 and A

(2)
2 . We wanted to see if there is a correspondence between the bases in terms of

partitions, but our results show that these are drastically different.
The list of leading terms obtained in Section 6 is incomplete, and unfortunately we have no

idea if the complete list is finite or infinite. As the first leading terms of lengths 4, 5, 6 appear at
degrees 12, 21, 31, and the missing leading term at degree 42 might be of length 7, the increase
in degrees follows the sequence 9, 10, 11 (?) and might proceed regularly to infinity.

The calculations of linear combinations using computer gets difficult with increasing length
as the number of partitions to consider grows fast, and in addition the relations have coefficients
in the algebraic number field Q(ω), which gives us difficulties to handle with Mathematica.

For n = 42, we suspect that the missing leading term is X(−(10, 10, 8, 6, 4, 2, 2)) of length 7.
This is based on the coincidence of bivariate generating functions (taking into account the length
of partitions) between our module L(5Λ0) and that of the module over the Virasoro algebra at
(c, h) = (1/2, 0) as in [4]. This indicates that the missing partition is of length 7, and there is
only one such candidate.

A Appendix

We shall now give some explanations on the Maple programs “congruences4.mw”, “congru-
ences5.mw” and “congruences6.mw”, that were used in Section 6, and can be downloaded
at arXiv:2511.12284. In theMaple programs, our main job is to implement Propositions 4.4–4.6.
In theMaple program “congruences4.mw”, the procedure SX(p, q,maximal part) calculates the
terms in S(−p)X(−q)vΛ with partitions [a1, a2, a3, a4] in X(−(a1, a2, a3, a4))vΛ satisfying

maximal part ≥ a1 ≥ a2 ≥ a3 ≥ a4.

http://arxiv.org/abs/2511.12284
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The relation is presented as a list of terms of the form [a + bω, [a1, a2, a3, a4]], where a, b ∈ Z,
and we have for simplicity omitted the global minus sign. The relation can be printed by
the command normal print(SX(p, q,maximal part)). To calculate a set of relations for a given
degree, we first assign n := degree, and select an appropriate cut-off “maximalPart”. With the
script “setPartitionsResults”, a set of parameter values is selected that by our experience covers
all relations that might contribute. Their coefficients are then collected in a matrix, the analogue
of the matrix in Table 1, and this is then reduced to row echelon form. From the pivots, one
can then read off the leading terms produced.
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