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Abstract. We show local well-posedness of the g-PAM and the ¢§ 1 equation for K > 1
on the two-dimensional torus when the coefficient field is random and correlated to the
driving noise. In the setting considered here, even when the model in the sense of Hairer
(2014) is stationary, naive use of renormalisation constants in general leads to variance blow-
up. Instead, we prove convergence of renormalised models choosing random renormalisation
functions analogous to the deterministic variable coefficient setting. The main technical con-
tribution are stochastic estimates on the model in this correlated setting which are obtained
by a combination of heat kernel asymptotics, Gaussian integration by parts formulae and
Hairer—Quastel type bounds.
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1 Introduction

For a random, uniformly elliptic coefficient field a = {a;;}1<i j<2, we consider the generalised
parabolic Anderson model (g-PAM) equation, formally given by

2
Opu — Z aij(x)0;05u = Z fij(w)Oju 0ju + g(u)€ on (0,00) x T?, (1.1)

,j=1 ,j=1

where £ denotes a spatial white noise on T?; and the (bf“—equation (for any K > 1) which
formally reads

2
O — Z aij(t, ©)9;0;u = —ulS 4+ ¢ on (0,00) x T?, (1.2)

ij=1

where ¢ denotes a space-time white noise on (0,00) x T?. While the local well-posedness and
renormalisation of these equations are well understood for deterministic, sufficiently regular
coefficient fields, we study here a setting where a is correlated with the driving noise on the
right-hand side, see Assumption 1.1.

This paper is a contribution to the Special Issue on Asymptotics, Randomness and Noncommutativity. The full
collection is available at https://sigma-journal.com/noncommutativity.html
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The g-PAM equation with constant coefficients was first solved in the pioneering® works
[26, 27] and forms an important example of a singular SPDE. On the one hand, it is a gener-
alisation of the (continuum) linear PAM, cf. [21, 29, 30, 37, 38, 42, 43], a model of a popula-
tion/branching process describing the expected density of diffusing particles in the presence of
a random environment of sources and sinks given by the noise. The variable coefficient field
is then another environment governing the diffusivity of these particles, which would make the
assumption that the two environments are independent rather artificial. On the other hand, this
equation has been a popular test case in the study of singular SPDEs in geometries beyond the
well studied setting of constant coefficient equations in flat spaces, cf. [2, 5, 6, 16, 33, 44, 47].

The ¢3-equation with constant coefficients was first solved in [15], see also [51], and is
a Langevin-dynamic for the associated (Gibbs)-measure, see [23, 48]. It can also be interpreted
as a toy model for the dynamics of a ferromagnet close to the critical temperature, cf. [45],
in which case the coefficient field can be seen as inhomogeneities/random bonds in the material,
which we allow to be correlated to the external forcing.

While this article is certainly not the first to consider SPDEs with random, correlated coef-
ficients, see for instance [9, 18], we are not aware of any previous works considering the type of
coefficients studied here for singular equations. The main novelty for singular SPDEs with corre-
lated coefficients, compared to the well studied deterministic coefficient setting, is in establishing
the required stochastic estimates as will be discussed below.

1.1 Solution theory based on Rough Analysis

Building on the ideas originating in rough path theory [25, 41], there are by now several ap-
proaches to tackle singular SPDEs such as regularity structures [27], paracontrolled calculus [26]
or renormalisation group approaches [17, 39]. Roughly speaking, in all of these approaches there
are two steps to perform, which we here perform within the framework of regularity structures.

1. Consider the solution to the linear equation and constructs a finite number of (appro-
priately renormalised) functions thereof. This data, roughly speaking, provides the so-
called model.

2. Given a model, one solves an enhanced PDE.

For the second step, we will essentially be able to refer to [27, 49, 51], which allows us to mainly
focus on the novelties appearing due to the presence of correlations and outsource aspects of the
problem that are well understood.

Next, we make precise the assumed structure and regularity of the coefficient field, where
the regularity assumption is used through properties of the parabolic Green’s function, see also
Remark 1.12 below.

Assumption 1.1 (structural assumption on the coefficient field). For A > 0, let A: R — R?*2
take values in the set of A-uniformly elliptic> matrices satisfying

dk

@A(s)

sup < 00 for any k > 0.

seR

Depending on the equation, we make the following structural assumption:

o For g-PAM, we consider a spatial white noise & € D’(TQ) and for u,o € C’Q(TQ) set
h:=0x&+ p.

!These articles initiated extensive progress in the understanding of subcritical singular SPDEs, too vast to be
accounted for here. Instead we refer to the textbook [20] and the references therein.
2This means that A(s)¢ - ¢ > X|¢|? uniformly over s € R and ¢ € R?*2,
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e For the qbgﬂ'l—equation, we consider a space-time white noise £ € D’(R X TZ) and for3
e 03(R X Tz), o€ CE(R X ']I‘Q) set h := o+ &+ p (where x denotes the space-time
convolution on R x ’]I‘2).

In both cases, we build our coefficient field as a = A(h) which, in the former case, is a coefficient
field a: T? — R?*? and in the latter case a: R x T? — R?*2,

Remark 1.2. In both examples, the coefficient field has a direct interpretation as a random
environment /heterogeneities in materials, see [50]. The study of (1.1) and (1.2) is therefore
directly motivated by the relation of these SPDEs to statistical mechanics. The specific choice
to take coefficients of form A(h) is inspired by examples in [1, 24]. For the parabolic Anderson
model, even the case 0 = 1, u = 0 is novel, and requires the use of random renormalisation
constants (as discussed below).

Recall, that in order to solve the linear parabolic Anderson model, i.e., (1.1) with f;; = 0
and g(u) = u, constructing the model essentially* amounts to defining an appropriately renor-
malised product between the solution u: (0,00) x T2 — R to the equation

2
Opu — Z a;ij(x)0;05u = &, u(0) =0, (1.3)

2,j=1

and the spatial white noise ¢ on T? (interpreted as a function of space-time). In order to
formulate results involving spatial white noise, we shall work with mollifications built from
a function p € C2°(B1) such that, for any = € T2, p(—z) = p(z) and [. p(x) dz = 1 by setting,
for 0 € (0,1]

G=Exp"  for p”=5"2p(5). (1.4)

Considering the case when p = 0 in Assumption 1.1, both random fields £ and u are spatially
stationary, potentially suggesting renormalisation by deterministic constants as is common in
the singular SPDE literature. The next proposition, the proof of which can be found in Section 5,
in particular shows that this is not possible as it leads to either mean or variance blow up.

Proposition 1.3 (variance blow-up). In the setting of Assumption 1.1 for the g-PAM equation,
assume furthermore that ¢ # 0 and det(A) is not constant. Let us be the solution to (1.3)
with the white noise & replaced by &5 defined in (1.4). Then, for any deterministic sequence of
functions {cs}s~0 C C’(TQ) at least one of the following two assertions holds.

(i) There exists ¢ € C™ (’]1‘2) such that limsups_, |E[(us(1, )& — c5, @)]| = oo.
(ii) There exists ¢ € C°(T?) such that limsups_,o E[(us(1, )& — c5, ¢)?] = oo.

This type of variance blow up, though due to a distinct mechanism, is well known in rough
path theory, see [52] as well as the more recent works on SPDEs [22, 28].

Remark 1.4. As will become clear in the proof, the phenomenon captured in Proposition 1.3
is generic and does also hold for the other stochastic object appearing for the g-PAM equation
and those for the ¢§ +1_equation.

3The compact support assumption on o is only non-empty in the time direction and could be replaced by
an appropriate integrability.

4Note that in regularity structures one does not quite work with the solution of the equation directly, but the
same mechanism also leads to variance blow up for the model.
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1.2 Main results

Our first main theorem, Theorem 1.7, establishes local well posedness for the g-PAM equa-
tion (1.1). We first define the involved renormalisation functions, which in contrast to the most
studied case of constant coefficients singular SPDEs are genuine functions and not constants.
To motivate our choice of functions, we recall that the Green’s function I'(t,z, s,y) of the heat
operator 0y — Y a;j()0;0;, by Levy’s construction of fundamental solutions, has an explicit
series representation, cf. [19]. It was noted in [49] that one can renormalise the g-PAM equation
by neglecting all but the leading order term

S S exp(—y o 2y
A7ty /det(a(x)) 4t

in that representation. Analogously to [49, Section 3.1.1], we define for z € R? the kernels
on R?\ {0}

Z*(t,y) > for 2,y € R%, t € (0, 00) (1.5)

1 1
G*) = [z G = Yo [ g2 (1.6

Jj=1

where a¥ = (a’l)i . Finally, given a mollifier p: R?> — R as for (1.4) the random renormalisa-

tion functions are cflosen as
ch(w) = /RQ G"(y)p® * p°(y) dy,

Vi‘ xr xr
() = / GE )G * 7y — o) dydy. (1.7)
R2 xR2

Remark 1.5. Observe that this choice of counterterms is such that in the case o = 0 the
solutions agree exactly with the ones constructed in [49]. For the motivation of that choice of
counterterms, see the discussion in Section 1.1 therein. One can directly compute that

g v _ Vi
Cs> c5 = {cs J}ij
in the theorems below can be written as

) = Nlo80)

271y /det(a(z))

where BE (p), By(p) are some p-dependent functions and converge as § — 0, cf. [34, Remark 1.18].

a”(x)|log(9)]

V
- /deia()) e )

+8@), =

Remark 1.6. Heuristically, the fact that the renormalisation functions for the considered equa-
tions should depend on the coefficient field in a local way can also be argued for similarly to [7,
Section 1.5].

Theorem 1.7. Let a and £ be as in Assumption 1.1, and let & be its reqularisation for a molli-
fier p asin (1.4). Let fij, g € C*(R) and vy € C* (TQ) for a > 0. There exist a random T > 0
and, for each & € (0,1], a random process us € C([0,T] x T?) satisfying us(0) = uo and (in the
mild sense)

d 2
Orus — Z a;j()0;05us = Z fij(us) (Bsus Ojus — Cyij(x)QZ(ué))

ij=1 ij=1

+ g(ug) (& — e (2)g/ (us)) (1.8)

on (0,00) x T2. Furthermore, there exists u € C([O, T] x TQ) independent of the choice of p such
that us — w uniformly on [0,T] x T? as § — 0 in probability.
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Remark 1.8. We expect that the solutions constructed here agree with the solutions one would
obtain by regularising the noise ‘covariantly’ as in [49, Section 3.1] and subtracting an exact
multiple of det(a(t,z))~ /2, resp. det(a(t,z))""/2a~1(t, z), see Remark 4.8 therein. The reason
we do not pursue this here is that it would require a modification of the Hairer—Quastel criterion,
the proof of which would be quite lengthy to formulate.

Next, we present the well-posedness theorem for the f“—equation (1.2). This time the
noise ¢ denotes a space-time white noise, and we shall typically write z = (s,z) € R x T2
We shall work here with space time mollifications: for p € C°(B;) satisfying p(—z) = p(z) and
[ p=1, we set for § € (0,1)

0 0 —4
§s=E&x*p for p (57$):5 p(%?%)a (19)
where this time the convolution is a space time convolution. Similarly to (1.5), set

()
4rty/det(a(z)) 4t

and motivated as before, define

Z*(t,y)

cy(t, x) = / ZE2) () 268 (20 % p°(z — 2')d2d2, (1.10)
([0,1]xR2)2

cf. [49, Section 3.3]. We denote by Hy: R x R — R the N-th generalised Hermite polynomial
which is defined by the recursive relations

Hy(X,C)=XHyn_1(X,C)— (N —1)CHn_2(X, (), (1.11)
where Hy =1 and H;(X,C) = X.

Theorem 1.9. Let a and & be as in Assumption 1.1, let &5 be its reqularisation for a mollifier p
as in (1.9), and let {c}’c}bo be as in (1.10). Let K > 0 and ug € C*(T¢) for a > —1. There
exist a random T > 0 and for each § € (0,1] a random process us € C((0,T) x T?) satisfying
us(0) = up and (in the mild sense)

2

Oyus — Z a;;(t, ©)d;jus = —Hrc (us, c}”) + &5, us(0) = uo. (1.12)
ij=1

Furthermore, there exists u € D’((O,T) X TQ) independent of the choice of p such that us — u
as 6 — 0 in probability.

Remark 1.10. Let us emphasise that, since the sequence {cy} 550 depends on the realisation
of the underlying Gaussian noise £, the Wick polynomial Hg (U5, CY) does not coincide with
the K-th Wick power of the solution to the linear stochastic heat equation.

Remark 1.11. Note that for K odd, the random time T in Theorem 1.9 could be made de-
terministic and arbitrarily large following arguments from [46, 51]. Since there would be little
novelty in this step, we do not perform it here. Similarly, the distribution space topology in
which ug converges as § — 0 could be made sharper.

As already mentioned, much of the work in proving Theorems 1.7 and 1.9 is in obtaining
almost sure bounds and convergence of the model. These bounds for (1.1) and (1.12) in the case
of deterministic coefficients, using equivalence of moments for random variables in a finite Wiener
chaos, cf. [27, Lemma 10.5], reduce to elementary computations. Here, due to the randomness
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in the coefficient field the model does not take values in a finite Wiener chaos, which requires us
to use slightly more sophisticated tools. In order to apply the Kolmogorov criterion to pass from
moment bounds to a.s. estimates we bound arbitrary moments of the model as for example also
done in [11, 32] in a different situation. Here, we first obtain an explicit integral representation
of the ¢g-th moment by the classical Isserlis theorem, see Appendix A, and then bound each term
in this representation using the Hairer—-Quastel criterion [31] and a slight variant thereof, see
Appendix B.

Scope for generalisation and outlook. The equations considered here are arguably
the ‘simplest’ singular SPDEs, but already for slightly more singular equations such as the
qﬁ%—equation establishing the analogous stochastic estimates by the same tools would be extremely
tedious. Thus, we believe it would be desirable to develop more systematic tools such as [4, 10,
36, 40] in the constant coefficient setting and [8] in the deterministic variable coefficient setting.

It would also be interesting to weaken the rather strong Assumption 1.1, on the one hand
to reduce the regularity assumption on the matrix A and on the other hand to more general
correlation structures.

Finally, we view this article as a step-0 towards the study of stochastic homogenisation of
singular SPDEs as it provides a reference solution theory to make precise homogenisation state-
ments (such as in the periodic setting the relationship of [49] to [34] and to the forthcoming [35],
see also [12, 13] for further results on periodic homogenisation of singular SPDEs).

Remark 1.12. Note that the required regularity of the functions u, o in Assumption 1.1 enters
due to the used regularity assumption on the coefficient field a, which in turn enters only through
estimates on the fundamental solution and bounds on the summands of its series expansion. For
the parabolic Anderson model, the slightly stronger then expected assumption that a € C?
is used to work with the kernel spaces IC% g for L, R > 1 as defined in [49, Defenition 2.12].
Replacing these spaces with their slight variants introduced in the forthcoming article [35] would
allow without any modification in the argument presented here to take a € CY® for o > 0
in Theorem 1.7.

For the 5( +1_equation, the strong regularity assumption is used in order to treat the remain-
der term (4.2) in the proof of Lemma 4.1 by classical Young multiplication.® We believe that this
assumption could be weakened to a € C'* for arbitrary o > 0, but this would require bounds on
the Malliavin derivative of the fundamental solution I'. As this technical point would lengthen
the article notably, we decided to not pursue this direction in the present contribution. Such
bounds could be obtained by, for example, Malliavin differentiating the PDE to which I' is the
fundamental solution. We refer to [14], where this idea is used to derive stochastic estimates.

Remark 1.13. Continuing the discussion of Remark 1.12, let us observe that another place
where the stronger regularity assumption at first sight seems to be used in the article is when
applying the Hairer—Quastel criterion, Theorem B.2, resp. the variant Theorem B.4 thereof
in Lemma 3.4, resp. Lemma 4.2. But in both cases this is easily circumvented by using Hélder
seminorms instead of the supremum norm on the derivative to bound increments in the multi-
scale clustering argument for the respective singular integrals in Lemmas 3.4, 3.5, 3.6 and 4.2.

1.3 Notations

We shall always work on an ambient probability space (2, F, P) supporting the white noise.
For ¢ € [1, oo], we shall denote by L4(£2) scalar valued random variables with finite ¢g-th moment.
For two random variables X,Y we write Cov(X,Y) = E[(X — E[X])(Y — E[Y])].

Recall that the Young multiplication theorem states that whenever o+ > 0 pointwise multiplication between
two smooth functions extends uniquely to a continuous map C'¢ x C% — C(@"8)
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We identify the two dimensional torus T? with the quotient R?/Z? and when working with
function or distribution spaces we shall freely identify functions/distributions defined on T?
(resp. R x ’]I‘2) with Z2-periodic functions/distributions defined on R? (resp. R x T2). For A
an open subset of T2, R x T? or R* for some k > 1, we denote by C(A) the space of continuous
real valued functions on A equipped with the supremum norm. As usual for n € N, C"™ are the n-
times continuously differentiable functions. For a € R\ N, denote by C* the usual Holder—Besov
spaces as in [27].

For n € N, we also use the space of test functions

B, :={¢ € C"(B1) | [Vl < 00, m < n},

where B; C A denotes the unit ball and the choice of A will be clear from context.

For a function p: A — R, we shall use the following notation for recentering: For x,y € A,
we write p, () := p(x —y) whenever this is defined. For any X € (0, 1], we shall use the following
scalings: For ¢: R? — R, write *(z) = A_ng(f), and, similarly, for ¢: R x R? — R, write

A A= =
vz = A"e(53)-

If there exists a constant C' depending only on a parameter set S such that A < C'B, we shall

often write this as A <g B. Finally, we shall use the notation s and |s| from [27], the latter in

our context will be either 2 or 4.

2 Solution theory

In this section, we recall the solution theory for both considered equations. We shall solve the
g-PAM equation using regularity structures following [27] with the necessary modifications for
variable coefficients taken from [49]. For the qbf“—equation, while we could have formulated
the fixed point problem similarly using regularity structures, we present it in more elementary
language using classical function spaces along the lines of [15].

2.1 Regularity structures and models

For the purpose here, we define a regularity structure (7', G) to be a pair, where T' = P, 4 T
is a finite dimensional normed A-graded vector space and G a group acting on T by lower
triangular linear maps, i.e., y77—7 € T, := @B<a Ty for every 7 € T, and v € G. Throughout,
we are only working with one fixed regularity structure. A model M = (II,T") consists of a pair
of maps: the realisation map II: R? — L(T7 D’ (Rd)) and a map I': R? x R? — @ satisfying for
every x,v, z € R?

Il o I'yy = 11, [yyol'y, =T,

such that
II A
II|| := sup sup sup sup su M<oo, 2.1
p Sup sup sup sup —-—
a€ATETy pEBr zeR2 Ae(0,1] A |T|a
T
|T|| :== sup sup sup sup Cay7ls 00, (2.2)

a€ATET, B<a z,ycR? ‘x - y‘?_ﬁh‘a

where | - |g = |Qg(-)| with Qg: T'— T being the canonical projection. We denote by M the
space of all models for the regularity structure (7', G), which we equip with the metric where
the distance between two models { (II*, T"") is given by replacing II, I" in (2.1) and (2.2)

1_ 772 1_ 12 : }1952
by II' — II* and I'* — I'?, respectively.
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2.2 Solutions to the g-PAM equation

To define the regularity structure to solve the g-PAM equation, we first fix a set of letters
E, 0, 1,1, X;, - |i=1,2}. Then, define the set of words

T = {2, §,IZ, &;I=-§I=, X; -5, 212, 1, IZ, X; | i,j = 1,2}

and finally set T" to be the span of T. In order to define the grading on 7', we first define
homogeneities |7] € R for each element of 7 € T as follows. First set the homogeneities of the
letters to be

—_
—
—

—1— &, |8i|:_17 ‘1’227 ’1|:07 |Xi‘:17 ‘.|:O

for some 0 < k < 1 small enough. The homogeneity of a word is simply the sum of the
homogeneities of its letters (counted with multiplicity). Finally, the grading of T' is the unique
one such that 7 € T}, for each 7 € T. We define the group G = (R3, —I—) where the action of
v = (y1=,71,72) on T is determined by

o yr=r1forall T € {5, §IE, 9;I=-§;I=, 1]i,j =1,2},
o vIZ==1=Z+ =z and vX; = X; +; for any i € {1,2},

e v is multiplicative with respect to the partial product - on T, i.e., y(X;-Z) = X; - E+ 3=
and y(E-I2) =2 IZ+ ==

2.2.1 Canonical and renormalised models

Recall the definition of the kernel spaces Ki g in [49, Defenition 2.12] (see Appendix C) which
quantify the regularity assumption [27, Assumption 5.1]. For this section, we fix a kernel
K e K? LR for some L, R > 1, which we furthermore assume to be non-anticipative, i.e., for
any z,y € R? it holds K(t,z,s,y) = 0 whenever ¢t < s, and time-translation invariant, i.e.,
K(t,z,s,y) = K(t — s,z,y) for all t,s € R. We fix k: R — [0, 1] to be smooth on (0, c0) such
that k|1 = 1 and k|g\(9,2) = 0 and set for any x,y € R?, such that = # y

H(a:,y):/Rli(s)K(s,x,y) ds. (2.3)

Given a smooth compactly supported function p as in (1.4), we define the associated canonical
model M (p) to be the pair (I,T") determined as follows. The realisation map Il,: T — D’ (R?)
is given by

(1]

Hw:(y) ;1 =1, ) =VYi — Ty, I, X; -

I, I=Z(y /Hy, pzdz—/sz (py) dz,

(y) = (yi — x:)&(py),

L0il=(y) = | 0iH(y,2)€(pz) dz
R
and by
I, (0;IZ - 0,IE) = 11,0;1= - 11,0, E, I, (2-I2) =12 - I, IE. (2.4)

The map I': R2 — G ~ R? is given by

oy = ([ (H2.2) = B2l 22000 =2 = 10 ).
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Given such a canonical model M = (II,T) and ¢ = ( {cv” }” 12) € C’(’]TQ) , which
we identify with continuous periodic functions ¢ : R? - R, we define the renormalised
model ¢ - M = (II', ) to be the model that agrees Wlth the model (II,T") except that for
any z € R?

0,1 - 0,12 = [,O;I= - I+ Vi, T2 T2 =1,E - IS + ¢b.

=

Finally, we define the space of admissible models to be the closure of the models described
above

Mag={g9-M(p) e M| peC(By),g€ C(TQ)X5} M,

see Section 2.1.

2.2.2 Proof of Theorem 1.7

As a consequence of working with a pathwise solution theory, the only place where the proof of
this theorem differs notably from the proof of [49, Theorem 4.1] is in establishing the necessary
stochastic estimates on the model which is the content of Section 3. In order to make the article
relatively self-contained, we present the proof which is relatively compact as it mostly amounts
to collecting the necessary ingredients from the existing literature.

Proof of Theorem 1.7. In order to lift our SPDE to an abstract equation on the regularity
structure, we fix ¢: R? — [0, 1] smooth and compactly supported on Bi11/10(0) C R? such that
> peza ®(x + k) =1 for all z € R? and set for any ¢ > s and z,y € R?

K(tax757y) = H(t - 8)¢(1I - y) Z P(t7$787y + k)a
keZd

where we recall that x denotes a smooth cut-off from [0, 1] to [0,2]. Then, it was the content
of [49, Proposition 2.18] that for smooth coefficient fields this kernel belongs to the space IC%’ R
for any L, R > 0, the definition of which we recall in Appendix C. But observe that exactly the
same argument shows that for C?-regular coefficients, K belongs to IC%’ Ry for any L, R < 2.

Thus, given an admissible model M € M, this allows one to formulate the abstract fixed
point problem as in [27, Section 9]

U =K,(RLF(U,VU)) + Ui, (2.5)

where

F(U,VU) Z fi;(U)OUU + (U)=.
i,j=1
Then, for L > v > —|E] and n € (0,1) [49, Theorem 2.14|, which is a slight variant of [27,

Theorem 7.8], shows that there exists 7' > 0 and a neighbourhood Oy; C M,y of the model M
such that the abstract solution map to (2.5)

St OM—>D%77, M—U

is well defined and continuous.
Next, we consider the sequence of admissible models

- . V.
M = (H(S’Fd) =0 M(p6)7 €= (Cgv {cs }i,j:1,2) (2.6)
!

with the functions cj, c}f” defined in (1.7). Thus, this proof is complete if one checks the
following two points.
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1. For ¢ € (0,1], the function us := II% [Ué(a:)] (z) for U’ = Sy (Mé) satisfies (1.8).

2. There exists a modification of underlying white noise £, such that the sequence of models
{M 5} s=0 converge (in probability) to a limiting model M as § — 0.

The former point is obtained by adapting ad verbatim [27, Section 9.3], see also [33, Section 16.1]
or [3]. The second point is the content of Proposition 3.1. n

2.3 Solutions to the ¢XT'-equation

In this section we recall the solution theory for the ¢§( +l_equation, based on the Da Prato
Debussche trick [15]. The mild formulation of the equation (1.12) with initial condition ug
reads, for any (¢,z) € (0,00) x R?

us(t,x) = /}R2 L(t,2,0,y)up(y) dy

+ /0 /}R2 F(t,x,s,y)(—HK(u(;(s,y),cy(s,y)) + &5(y, 5)) dsdy.

We define T5(t, ) := [pie (t — 8)T(t, 2, 5,1)&5(s, y) dsdy. If we set vs := us — 75, we find that
we can rewrite the integral equation as

vs(t, @) + T5(t, ) = /0 /R2 T (t,2,5,) (—Hic (vs(s,9) + T5(5,9), c3 (5,9)) + €(y, 5)) dsdy
+/R2F(t,x,0,y)uo(y)dy-

Thus using that Hx (X +Y,C) = ZkKZO (I;)XkHK_k(Y, (') and defining
0
Z(;(t, y) = _/ H(t - S) /2 F(Oa Y, S, Z//)fé (37 y/) deyla
—00 R
this can be rewritten as

K

vs(t,x) = — Z (I]{f) /0 /R2 I‘(t,x,s,y)vf(s,y)HK,k(Tg(s,y),cy(s,y)) dsdy

k=0

" / P(t, 2,0, ) (uo(y) + 25(t, ) dy. (2.7)
R2

Then, consider for 7" > 0 and v, 3 € (0,1) the weighted space CW((O, 1,08 (’]I‘Q)) of continuous
functions w: (0,T] — C# (T2) satisfying

[wlly,g := sup s"|lw(s)|cs < oo
0<s<T

The next proposition is standard, cf. [15, Proposition 4.4], [46, Theorem 6.2], [51, Theorem 3.3]
or [34, Proposition 3.2].

Proposition 2.1. Let —1/10 < a <0, 8,y € (0,1). Let
F=(Fy,....,Fg) € (C*((-1,2) x T2))*  and  we C,((0,2),CP).
Then, there exists T = T (||w||y,3, || F|l+,3) € (0,1] and a neighborhood

Otw.r) C C5((0,2],CP(T?)) x (C((~1,2) x T?))**
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of (w, F') such that the solution map
Sret O,y — C4((0,T7],C%(T?), (w, F) — v

to the equation®

v(t,x) = w(x,t) + kij:o <[]:) /Ot /IR2 D(t,z,5,y)0"(s,y) Fi(s,y) dsdy

1s well defined and continuous.

Proof of Theorem 1.9. It remains only to check that we can apply Proposition 2.1 to (2.7),
for example, with § = 1/10, v = 1/5. Indeed, the map

0] C(©.2,6%(1), 50 (60 [ Tl 0) w0l + 35(t0) )

is a.s. continuous as can be seen by noting that R — C¢ (Tg), t — zs(t,-) is continuous for
any o < 0 and then by applying [34, Lemma 3.1]. Finally, by Lemma 4.1 combined with
Kolmogorov’s continuity criterion for each m =0, ..., K and any a < 0 the map

(0,1] = C*((=1,2) x T2), & Hp(%s,c))

extends (up to modification) continuously to § € [0, 1]. [ |

3 Stochastic estimates for the g-PAM equation

The aim of this section is to prove the following proposition.

Proposition 3.1. The sequence of models {M5}56(0 1 defined in (2.6) are uniformly bounded
and converge, up to a modification” of the underlying noise, to a limiting model M° as & — 0 a.s.

This proposition is a well understood consequence of Lemmas 3.2 and 3.6 below. We present
the line of argumentation for the readers convenience.

Proof. We shall only check the required uniform bounds, the convergence bounds follows anal-
ogously. First note that for the polynomial sector there is nothing to check. Thus it remains to
check the estimates (2.1) and (2.2) (before taking the supremum over « € A and 7 € T, ) on

=, 0; 1=, 0; 1= - 0;1Z2, X;- =, =15, 1=

The almost sure bound on ﬂiE =¢ (p‘5) follows directly from the fact that £ € C“ a.s. for
any a < —1, by a standard Kolmogorov criterion. Since, f‘gyE =E for all z,y € R?, for the
two symbols 0;/Z and IZ the estimates (2.1) and (2.2) follow from the extension theorem, [27,
Theorem 5.14]. Next, for 0;I= - 9;IZ the bound (2.1) follows again by standard Kolmogorov
from Lemma 3.6 (up to taking a modification of the white noise process) while the bound (2.2)
is empty.

It only remains to check the symbols X; - = and Z- I=. The bound (2.2) follows by multi-
plicativity from the same bound for X; resp. I=Z. Finally, to obtain (2.1) one argues using the
countable characterisation of models [27, Proposition 3.32] (here one takes again a modification

of the white noise process). |

5Here we use the standard abuse of notation by writing integrals for the pairing between distributions and
functions.
"Since we use Kolmogorov’s continuity criterion several times.
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In what follows, it will be important to explicitly exhibit the randomness appearing in the
kernels in (1.5) and (1.6). We define for n € R

. B 1 Ly Ay
ZN(t,y) = Tt 3T AT exp< — >, (3.1)
G() = [ w0 270.0) . ZA” i [ (05 270 . (32

since these kernels factor the randomness, i.e., for h as in Assumption 1.1 it holds that

Z5(ty) = Z"D(ty),  G(y)=G"y), Gy =GP (y).

3.1 Stochastic estimates on IT(E - IE)
In this subsection, we prove the following lemma.

Lemma 3.2. For any a <0 and ¢ € N, and k > 0 small enough,

EHﬂiEIH(%)‘ | Saq A and
E[[TEEIZ(4)) — T EIZ(¢2) 7] Sag |0 — &' [Fane—R)a]

uniformly over x € R%, X\,4,0' € (0,1] and ¢ € By.
Proof. Unravelling the definition, we find that with H defined in (2.3)
MEI2(4)) = PEIS(¢) — b ()
= [, [ ) — st} o) dyda — ] (62)

Fix, for ¢ € N, a smooth function 1: R? — [0, 1] compactly supported on B /94(0) C R? such
that ¢|B1/4q(0) = 1. Then set for G* as in (1.6)

K™(y,2) = ply— G (y—2),  Rla.y) = H(z,y) - K(z.y), (33)
as well as 05 fRQ »(y)G* )p % p ( ) dy. Thus, we split

M=12(60) = (H(z,y) — H(x))s(2)(4) 6} (1) dyda — &5 (62) — (c5 — &) (62)
(K" (x,y) = K* (%, y))&(2)és(y) 0% () dyde
L (RGe9) = Rl )és(@)65(0)02 @) dyda
[, K iBlestatsled o) duds — (e = i) ()

z,y) — K*(2,9))[6(2)és(y) — El&s ()& (y))]¢2 (x) dyd

I

=

V]

T

MA
=
8

L [ @) = K ) la)ésto) = Blga(a)és)]o o) dyda
_/RQ /RQ K* (%, y)E[&s(2)&s ()] 62 (x )dydx—( _ )(¢*)
o

(R(z,y) — R(*y))és(2)Es(y)p2 () dyda.
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Estimating the former two lines is the content of Lemmas 3.3 and 3.4. The terms on the third
line are easily bounded directly. Finally, for the last term, first note that by the classical Levi’s
construction of the fundamental solution, cf. [49, Proposition 2.6] it follows that O;R € IC%_L R
almost surely for any L € (1,2) and that the random variable ||0;R||s;r,—1,r has a finite ¢g-th
moment for any g < oo. Since, for any € > 0 the random variable sups¢(g 1) [|€s/lc-1-< has also
finite g-th moment, it follows that for any ¢ < oo

/ R(-y)és(y) dy
RQ

Essentially® by Young multiplication, it follows that for any « > 0

e LI(Q). (3.4)
cL

sup
6€(0,1)

sup A7 sup | [ (R~ Rex,)gs ()60} @) duds] € L9(9).
Ae(0,1]  sefo,1]l/r2 JR2
The difference bound for 6,0’ € (0, 1] follows similarly. [ ]

In the next lemma, we use the notation &s(x) ¢ &s(y) = &5(x)Es(y) — El&s(x)E5(y)], cf. Ap-
pendix A.

Lemma 3.3. For any a < 0 and q € 2N, in the setting of the proof of Lemma 3.2, it holds that

?

as well as
2|

uniformly over x € R%, X\,4,0' € (0,1] and ¢ € By.

[, [ ) K i) oot ) ayas| | Spa 2 (35)

Q=

[ [ ) = KA Es(o) 0 6500 — €(0) o w62 0) |
Sq,a ‘5 - 5/|H>\Q_H, (3.6)

Proof. For the proof, we factor the randomness in the kernel by defining

Ky, z) =1y — 2)G"(y — 2),

for G as in (3.2). We shall also use the suggestive notation Oy to denote differentiation in the
‘upper’ n-variable. Furthermore, assume without loss of generality that A < z—lq. Then, expanding
the g-th power and using the Gaussian integration by parts Lemma A.3, the term to bound is

? ]

/Rz /RQ (K" (2, y) — K" (%)) [€5(2)&5(y) — Elés(2)E5(y)]] 62 (x) dyda
> > /[qu* voic1) ] Elés(zi)és(a))]

JC{1,...,2q} PeP2(J) {i,7}eP

|J| even

q
E O‘TJC‘ H(th(*)($2ifla$2i) — K" (x ,T27))
i=1

1 Elés(zi)& = o (x )]] (3.7)

ieJe

8This is for example exactly the reconstruction bound, [27, equation (3.3)] when proving of Young multiplication
using regularity structures [27, Proposition 4.14].
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where the integral is over (x1,...,22,) € (RQ)Qq. Inserting

Elés(zi)és(x;)] = (02) (@i — ), Ff(x) = E[&s(2)€ % o(%)] (3.8)

and using the binomial formula for derivatives of products, we can bound (3.7) by

2.2 )

JC{1,....2q} PEP2(J) keNq

|J| even

/H¢* T2j— 1 H (p*Q)(S(ZEz—LU])

{i,j}eP

HF(; xi)

q
X E [H 34% (Kh(*) (w251, m2;) — K" (% , 2i))
i=1 ieJe

each summand of which can in turn be bounded by

2(w2i-1) H (p*2)5(xi—a:j)

{i,j}eP

q
X H 84“1 (Kh(*) (iL‘QZ;l, 132@') — Kh(*) (*, :L‘QZ)) H Fg(l‘z)

ieJe

] |

This integral can be graphically represented using a directed graph G = (V,E) constructed as
follows. The vertex set is given by V = {uvg,...,va}, each element v; for ¢ > 1 of which we
interpret as representing the integration variable x; and vg representing . We shall apply the
Hairer—Quastel criterion, Theorem B.2, and therefore use notations from Appendix B.

e The graph contains ¢ distinguished edges representing the generic test function ¢}, which

we shall illustratively draw as = in the schematics below, one directed from vy to each
odd vertex vg;_1. For each such edge e, we set (ae,7.) = (0,0).

It contains g edges, for each i = 1, ..., g one representing a factors of 8?" (IN(h(*) (@251, T2i)—
Kh) (%, 1‘21)) directed from the vertex wvsg; to vo;—1. We draw each such edge e as ——

and set (a,re) = (k',1) for some £’ € (0,1) which we specify later. We call these K-type
edges.

It contains |J|/2 edges representing (p*Q)‘S, drawn as - (we suppress the arbitrary
orientation since it is irrelevant). For each P € Pa(J) and {i,j} € P one connecting v;
to vj. For such an edge e, we set I, = 1 and (ae,7.) = (2 + K, —1) for some x € (0,1)
specified later. We call these p-type edges.

Finally, there are |J¢| edges, for each i € J¢ one representing the function Fj(x;) which
connects x to v;. For such an edge e, we set (ae,r.) = (0,0). We shall omit these edges in
the schematic drawings since they represent functions that are uniformly bounded in C*
and thus do not contribute to the argument used to bound the singular integral.

Let us illustrate this by listing (up to symmetries and the functions F* omitted in the drawing)

all possibilities for the case ¢ = 2

«—
<«
<«
<«
<«

o <—i—
o <t—e
e
(—0—0

0(—0—.

...... Lol b 39)
ARLVARY,

)

SR

Let us also provide some examples for the case ¢ = 5

ST ETT bbb BT a0
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We shall check the Hairer-Quastel criterion for the graphs obtained after adding ‘fictitious’ edges
connecting the remaining vertices {v;};>1 which do not already have a p-type incident edge
(in some arbitrary way). These new edges represent simply the constant 1, but we artificially
set (ae,7me) = (1 + £”,0) for some " € (0,1) specified later. Below we illustrate using the (last
four) diagrams of (3.9) and the middle diagram in (3.10) and drawing the new edges as -

S I

., o ... o, .

\/

Before checking the assumptions of the Hairer—Quastel criterion, let us make the following ob-
servations about any diagram appearing in the above sum. Consider the (multi) graph obtained
after removing the distinguished edges (illustrated above in green) and the edges representing
the functions Fj (which are already omitted in the drawing). Every vertex of this new graph has
exactly two incident edges, one of K-type and one which is either of p-type or fictitious. Thus,
its connected components are either cycle graphs or a multi graphs with exactly to vertices and
two edges one of which fictitious. Next, we check the Assumptions B.1.

Y,

1. The first condition that a. +r. < 2 is clearly satisfied if &’ + £” < 1 (where we recall that
for a multi-edge we simply add the corresponding labels).

2. For the second condition, since the left-hand side of (B.2) only involves internal edges,
we can assume that V = J g e for some subset E C E. We first check the inequality for
connected components of the subgraph G = (V,E) with at least 3 vertices, where we have
two cases:

(a) If G is a cycle graph, it contains 2M edges, half of which are of p-type or fictitious
and half of K-type for M > 2. Thus

> ae=MQ2+r+r)<4M —2=2(]V| - 1).
eEEo(v)

(b) If it is not a cycle, but has an even number of edges 2M for M > 1, we find as above

Y ae=MQ2+r+r)<AM =2(V| - 1).
eEEo(V)

If it has an odd number 2M + 1 of edges there is one more of either type of edge and
whenever M > 1

> ae<MQ2+r+r)+2+K<4M+2=2(V]-1).
eEEo(V)

Thus it remains to check the inequality for sub-graphs of G where some connected compo-
nents might consist of only two vertices. Since |V| > 3 by assumption, this can not be the
whole graph. Thus, we conclude by noting that the inequality holds when the graph con-
sists of only isolated (multi) edges or of isolated (multi) edges and connected components
which already satisfy the inequality by themselves.

3. For the third point, note that our setting (B.3) simplifies to checking for any V C Vj of
cardinality at least 1 that

o oac+ Y K —[ENV)| <2Vl

e€Eo(V) e€ETN (V)
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We consider the graph G C G with vertex set V and maximal number of edges. As in the
previous case, we decompose it into connected components and note that by additivity
it suffices to check the inequality for each of those. For singletons, it clearly holds. For
graphs consisting of only one edge, one again simply checks all possible cases. Finally, for
higher cardinality the claim follows from the former item.

4. To check the fourth point of Assumpti(_)n B.1, since every element of V has an adjacent
outgoing K-type edge? and the set EX(V) is empty, (B.4) simplifies to

> ac+ |ENV)| > 29,

e€cE(V)

In turn, since each of these top edges has exactly one outgoing edge with r. > 0, this
reduces to ZeeE(@) ae > |V| which is true since there is either an incident edge of type p
and if not a fictitious one.

Thus we complete the proof of (3.5) by noting that for any o < 0 we can choose «, ' such that

aq 2 2AV\ V.| =) ac>2q—qr' — q(2+ k) = —q(k + )
eckE

and all the kernels have norms with finite moments. Finally, to obtain the difference bound (3.6)
one argues exactly the same way, but replacing in a telescopic sum each occurrence of (p*Q)(S by
(0*2)° = (p*)" and of the function F§ by Fis (x) = E[(& — &) (2)(€ * o) (%)]- n

Lemma 3.4. For a <0, g € 2N and k € (0,1) in the setting of the proof of Lemma 3.2, it holds
that

gL
q
] Sqa A%, (3.11)

E / / (Kx(fﬁ,y)—K*(way))[fa(x)ofa(y)—55/($)0€5/(y)]¢i($)dydx]
RQ RZ

Saa |0 = &N, (3.12)
uniformly over x € R%, X\,4,0' € (0,1] and ¢ € By.
Proof. We write for any z,y € R?, K"®) (2, y) — K"¥ (2, y) = > izt 2(mi — *1) K@ (z,7), where

. /R /RJK%’ y) — K*(2,9))[& (@) 0 &(y))¢2 (z) dyda

as well a

Q=

1
KO (z,y) = / Oih(sz + (1= 8)%) - (OpK )N (@) ds.
0

Defining the modified test-function (gzg(i)) /\(x) :=2Zi¢*(z), we bound the left-hand side of (3.11) by
2 q71/q
D> AR ! ] .

i=1

Thus, we are left to prove that
q
] < \(a=1)q

/f((i) (2, 9)[&5(2)& (y) — Elés ()& ()] (69) ) ()

E / KO (z,y)[&s(2)€(y) — Eles@)& )] (69) ) ()

for which one argues as in the proof of Lemma 3.3, but employing the slight variant of the Hairer—
Quastel criterion, Theorem B.4 and with the additional observation that ||[Vh| ec(r2) € LY(Q2)
by Assumption 1.1. Finally, (3.12) is obtained by an analogous argument. |

9That is, it is drawn ‘at the top’ in the illustrations.
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3.2 Stochastic estimates on IT2(§;I= - §;IE)

In this subsection, we prove the following lemma.
Lemma 3.5. For any a <0 and ¢ € N, and k > 0 small enough,
E[[IOIZ - 0;1E(42)]"] Sqa A and
E(|80,1= - 9,12(6) — 118 0,1 - 9,1Z(62)]"] Sag |6 — 87N,
uniformly over x € R%, \, 6,8 € (0,1] and ¢ € By.
Proof. Unraveling (2.4), we find that

M0,I2 - 012(8)) = ILHIZ - 9;I2(6Y) — ) * (6))

Vi
= | )OI )60 ) 020) Az — 5 (02)
As in the proof of Lemma 3.2, for ¢ € N, let 1: R? — [0,1] be smooth, compactly sup-

ported on By /p,(0) C R? such that wq]31/4q(0) = 1. This time set K;(z,y) = ¢¥(z — y)0;H (z,y),
Rz(‘T?y) = 8ZH(x7y) - Kl(x7y) and

W,
s (x) = - $(y1)O:H (2, y1)¥ (y1)9;H (z, y2)p° * p° (y1 — y2) dyrdye.

Thus,
f[faiIEﬁjIE( 2) = /(R2)3 O H (2, y1)0i H (0, y2) &5 (y1)€5 (y2) 9 () dyr dyoda

Avij ‘Vl-j Avij
=57 (02) = (o5 = &57) (62)

= Jgoy Ki(z,y1) K (2, y1)& (1) &5 (y2) 92 (2) dyrdyada — éy” (¢2)

* /(R2)3 Ri(z, yl)Kj (;U’ yl)gé(yl)gls(yQ)(bi\(x) dy1dyode

+ s Ki(z,y1)Rj(z, y1)& (1) (y2) 62 () dyrdyada

+ /(Rg)g Ri(a, y1) Ry (2, 31)&(y1)€5 (y2) 92 (x) dyr dyodar
e

Estimating the first term is the content of Lemma 3.6. The two last terms are easily bounded
directly. Finally, for the remaining terms one notes as a consequence of [49, Lemma 2.9] that
R; € K} _, p almost surely and that the random variables ||R;||g,.—1,z have finite g-th moment
for any ¢ < co. Then, as in the proof of Lemma 3.2, it follows that

e LI1(Q)
cL-1

sup
6€[0,1]

/ Ri(0)&s(v)
RQ

and the desired bound follows by Young multiplication.
The difference bound for two values 8,4’ € (0, 1] follows similarly. [ |
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Lemma 3.6. For a <0, g € 2N and k € (0,1) in the setting of the proof of Lemma 3.5, it holds
that for n,m € {1,2}

1

a7y N
Sq,a)\ ’

B H (R2)3 Kn (:E, y)Km (.CE, y/) [55 (y) o &5 (y/)] ¢i\ (ZL‘) dydy/dx

as well as

Q=

]

E H - Ky (z,y)Kp(z,y) [55(x) 0&s(y) — s () © §5f(y)}¢i(x) dydy'dz

Sq,a |6 _ 5/|I€)\C¥—I€

uniformly over x € R?, X\,4,0' € (0,1] and ¢ € By.

Proof. As previously, to exhibit the dependence on the Gaussian explicitly, set for n € {1,2}
K(x,y) =z — y)Gh(x - y).

Then, by Gaussian integration by parts, see Lemma A.3, one finds that

]

—E H oy K (2, ) K (2,9)) [S ()& () — E[&)& )] ] 62 (z) dydy'da

= > E:/MIMMMMHMM

JCA{1,...,2q} PeP2(J) {i,7}eP =1

|J| even

E H w2y Kn(z,y) Km(2,9) [65()& () — E[&(0)& ()] 02 (x) dydy'da

]

<D

k: Je—={1,....q}

x [T Efés(yi)é + U(f’fk(i))]] )

icJe

q
E=Y)| bz ~h(z;
E H3|¢ ()I(Kﬁ( D (2, y2i—1) K1 2)($i7y2i))]

=1

where the integral is over (y1,...,%2) € (R2)2q and (71,...,74) € (R?)?. Inserting (3.8), this
can be bounded by

/H 2% (s — ;) [ (1)
=1

J, Pkt {i,7}eP
k=16~ poh( % i i
E H6|T 8RR (3, 25 1)0 K1 (i) | [T F3 (),
i=1 ieJe
where the sum runs over even subsets J C {1,...,2q}, partitions P € Py(J), maps k: J¢ —

{1,...,¢} and ¢ € N such that |¢;| < [k~'(i)| for each i € {1,...,q}. Thus, we shall show that
for each summand

q
* 0 2 x x
/(P 2) (yi —yj)H¢;\ ;) Ha‘k oIt Kh Z)(-Tz Y2i-1 )8 Kh( Z)(xuyh)

=1 =1
XHﬁwm]ﬁ%
ieJe

E
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using the modified Hairer-Quastel criterion, Theorem B.4. We represent the integral using
a directed graph G = (V,E) constructed as follows. The vertex set is given by V = {vg, ..., v,
wi, ..., wa}. Each element v; for i > 1 of which is interpreted as representing the integration
variable x;, vy as representing x and w; as representing ;.

e It contains ¢ distinguished edges representing the generic test function ¢}, which we
shall illustratively draw as ——, one directed from vy to each odd vertex v;. We set
(CL@,’I"e) = (070)

e It contains ¢ edges representing factors of 8'{671(2)'_& f(’,’f X, y2i—1) foreach i = 1,...,q,
one directed the each odd vertex wo;_1 to v; as well as another g edges representing a factors
of aﬁ" I?,’}m(x")(xi, y2;) for each i = 1,... ¢, one directed from the even vertex wo; to v;. We
set (ae,1e) = (14 +,0) for some ' € (0,1) specified later. We call these kernel edges and
draw then as ——.

(ﬂﬁz‘)(

e It contains |J|/2 edges representing (p*2)5, drawn as - (we again suppress the arbi-
trary orientation since it is irrelevant). For each P € P(J) and {i,j} € P it connects v;
to v;. We set I, = 1 for these edges, as well as (ae,r.) = (2 + k, —1) for some x € (0,1)
specified later and call these p-type edges.

e Finally, there are |J¢| edges, for each i € J° one connecting Ug(i) to w; representing the
function ng(” (x;) for which we set (ae,r.) = (0,0). (We again omit them from the
schematic drawings below).

We draw some examples (up to the omitted data) for ¢ = 2 and ¢ =4

NN/

Y\\.//7 ‘\\. 72— Y\\. g

Now we check the assumptions of the modified Hairer—Quastel criterion, Theorem B.4. The
first item of Assumption B.3, i.e., that for every edge e € E, one has a. — r; < 2 is clearly
satisfied. The second item, i.e., (B.2), is easily checked by a similar case separation as in the

proof of Lemma 3.3. Thus, it remains to calculate the quantities

a=s][V\V,| =) a.—R(G), R(G):=_max (Wus\— > ae)\/O.

g VCV\V,

ecE(V)

Let m be the number of vertices in V \ V, which have only one incident edge. Then one sees
choosing V to be this subset maximises the R(G) = 2m — m(1 + &) = m(1 — /). Since
Y ek Ge = 2¢(1 + ') + (¢ — m/2)(2 + k), we find that

a=|s||V\V,] - Zae — R(G) =4q —2¢(1 + ") — (g —m/2)(2 + k) — m(1 — k)
ecE
= —q(25' + k) + 3mr/2. u
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Remark 3.7. It might be suggestive to think that one can simply integrate out the substructures

Mf
)

@—>oc—o

whenever they appear, but this is not obvious due to the functions F' hidden in the graphical
schematic.

4 Stochastic estimates for the qbéﬂ'l—equation

In this section, we prove the following lemma.

Lemma 4.1. For any a <0, N € N and q € 2N, there exists kK > 0 such that

E[[Hn (%5, ¢d ) (6))]7] Sqv A% and
E[|[Hy (15,5 ) (#)) = Hx (15 05) (62)|] Saq 18— &N,
uniformly over x € R?, X\,4,0' € (0,1] and ¢ € By.

In the proof, we shall use the following identity about Hermite polynomials, which is checked
using the recursive definition (1.11)

N
Hy(X +Y,c+d) =) (N) Hy_n(X,e)Hn(Y,d). (4.1)

n
n=0

Proof of Lemma 4.1. Similarly to the proofs in Section 3, let ¢: R> — [0,1] be smooth,
compactly supported on B /4n,(0) C R?x such that @Z)’Bl/w 0= 1 and set
q

K(t,$, 87y) = ¢($ - y)l{(t - S)Z(t,x)(t — 5T — y)a
R(t,x;s,y) = H(t - S)F(t7$;57y) - K(t7$;57y)

and

/sz55 e //szK(zw)(p*p)(w W) dwdu'.

Thus by (4.1)

N N R X
(15 (@) = X ()i () 15 = Tl = )

n
n=0

Noting that 75 — 5 = [ R(z,w)&(w) dw, it follows from Levi’s construction of the fundamental
solution, cf. [49, Proposition 2.6] that R € /C%’R for R € (2,3) and L > 0 almost surely and
that the random variable ||R||3,r, r has a finite g-th moment for any ¢ < co. Since the variable
supseo,1) 1€s(2) [l —2- also has finite g-th moment for any g < oo, it follows that there exists
k > 0 such that for any g < oo

s%pHT(; - %Hcﬂ € LYQ). (4.2)

Combining this with classical Young multiplication and Lemma 4.2 completes the proof. The
difference bound follows similarly. |
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Lemma 4.2. For a < 0, ¢ € 2N and k € (0,1), in the setting of the proof of Lemma 4.1

holds that
H ﬁ ‘V’)(¢ )‘ | Sgnv A and
H(15,8) (#)) = H (1w, e) (01)]")

uniformly over x € R?, \,4,0' € (0,1] and ¢ € By.
Proof. Recalling the notion of Wick products, cf. Appendix A, we first check the following

EH ( <o 16— 5/|qn)\q(a*/€)

identity for N € N:
~ N N
@) = [T x| 56w  orocw
=1

Hy (f(z),¢
by induction, where the integral is over (y1,...,yn) € (R3)N. Indeed, for N € {0,1}, (4.3) holds.
For N > 2, using the definition of Hy and the induction hypothesis, one finds that

(4.3)

Hy (1(2), ¢} (2)) = 1(2)Hy—1 (1(x), ¢ (2)) — (N = Des(2) Hy—o ((x), cf ()
N—-1

N
= [T K@ weom s &)

N
- = 1) [ TT K uEles o)) s € (0.
i=1

Using the symmetry (A.3) of the Wick product, we note that

N
N-1) H K () Elés(yn—1)&(un)] o &)
X =1

N-1
/HK T, i) ZE[&(?/@)&(Z/N)] <> "es(un)

(=1 ]ﬂ

and thus obtain

Hy(T(z /HK , i) (55 YN) l:_

and therefore (4.3). To exhibit the dependence of the kernel on the Gaussian explicitly, set

N-1
= Elgs(ye)és(yn)] 1;2—11 fé(yz’))
=1

AL

K(t,G 8,X) = (¢ = X)R(t = $)2"(t = 5,¢ — x)

for Z defined in (3.1). Thus, for ¢ € 2N

E[|H (%)) (¢})|']

Lolﬁé 2(j— 1)N+z‘)H>

=1
N q
- [T et TR oz | TT
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where the integral in the last term is over (zi,...,24n) € (]R?’)qN and (z1,...,2N) € (R?’)N
Next, we use Proposition A.4 to find that this agrees with

> X / [Hdﬁ(scj) I Els(zi)s(z)]
j=1

JA{1,...,Nq} PePn(J) {i,j}eP

|J| even

¢ N
E Ha'f (J)lHKh(xJ)(xjaz(j—l)N-i-i)

j=1 i=1

<D

k: Je—{1,....q}

<[] E[&a(zz')h(xk(z’))]]v

ieJe

where we recall that
Pn(J)={P € P(J)| {Ni+1,Ni+2,...,N(G+1)}Np| <1Vi€ {0,...,q— 1}, Vp € P}.

Using the obvious space-time analogues of (3.8), this in turn equals to

> /H¢* %) TI ()= =)

J, P,k {zg}EP
E H@lTk_l(j)l Hkh($j)($jvz(j—1)N+i) H F;k(i)(zi)

Jj=1 i=1 eJe

DD '/H(b* () [T ()i — %)

J.Pk zleNN; {i,jrepP
1€t =[k~1(4)

<« E HH@ Kh xﬂ)(fL’j, (e lN—H H ka(z)
j=1i=1 ieJe

where the sums over J, P, k are over even subsets J C {1,..., Nq}, pairings P € Py(J) and

maps J¢ — {1,...,q}. Thus, we shall bound each such summand
* 4
37] (p 2) (2i — Zj)
{z,j}EP
Iz T Th(;
X Z Haﬁ K" (25, 2 _1)n14) H Fgt )(Zz‘)u
ki Jems{1,....q} i=1 icJe

using a directed graph G = (V,E) constructed as follows. The vertex set is given by V =
{vo,...,vq,w1,...wNgq}, each element v; for i > 1 of which we interpret as representing the
integration variable x; and vy representing x as well as w; representing z;.

e It contains ¢ distinguished edges representing the generic test function ¢, one directed
from vy to each vertex v;. We set (a.,7e) = (0,0) and illustratively draw these edges
as —>.

e It contains Ng K-type edges, one for each (i,j) € {1,...,q} x {1,..., N} representing

a factors K®i) (acj, z(j_l)NH) which is directed from w;_1)ny; to vj. We all draw these
as ——. We set (ae,re) = (2,0).



Renormalisation of Singular SPDEs with Correlated Coefficients 23

e It contains |J|/2 edges representing (p*Q)é, drawn as - . (We again suppress the
arbitrary orientation since it is irrelevant.) For each P € Py (J) and {i,j} € P, it connects
v; to v;. Set I, = 1 for these edges, as well as (ae,7e) = (4 + &, —1) for some x € (0,1)
and call these p-type edges.

e Finally, there are |J¢| edges, for each i € J¢ one connecting Uk(i) to w; representing the
function Fj CEO (25) for which we set (ae,7e) = (0,0). (We again omit them from the
schematic drawmg below).

We illustrate this with an example for N =3, ¢ = 4.

\L/\L/\L/\L/
AL

Now we are ready to check the assumptions of the modified Hairer—Quastel criterion, Theo-
rem B.4. The first item of Assumption B.3, i.e., that for every edge e € E, one has m, — r_ <

e
|s| = 4 is clearly satisfied. The second item, i.e., (B.2), is easily checked as well. Thus, it remains

to calculate the quantities
A =4V \V,|— e — R(G), R(G) := 4|V| — .| Vvo.
VAV =Y a. - R@), RE) \V%*<H Z_a>
eckE ecE(V)

Let m be the number of vertices in V \ V, which have only one incident edge. Then one
sees choosing V to be this subset maximises R(G) = 4m — 2m = 2m. Since )  pa. = 2Ngq +
NqT_m(4 + k), we find that

a=4V\ V.| -3 a.— R(G) = —(Nq — m)g
eckE

Finally, the difference bound is obtained as usual. |

5 Proof of Proposition 1.3: Variance blow-up

In this section, we prove Proposition 1.3, that shows that renormalisation of the g-PAM equation
with deterministic functions generically leads to mean or variance blow-up.

Proof of Proposition 1.3. We first note that in terms of the Green’s function I' of the differ-
ential operator 9 — »_, a;j(2)9;0;, we have

(us(1, )&, 9) / /RQ R2<b (5,2,9)&s(y)&s(x) dydads.

As in the proof of Theorem 3.2, let 1: C2°(By/4(0)) taking values in [0,1] be such that ¢ = 1
on By /5(0). For Z as in (1.5), recall (1.6)

1
G (y) = /O 25 (t,y) dt.
Set as in (3.3)

1
K*(y,2) =y — )Gy —2),  Rle.y) = /O D(s,2,y)ds — K*(z — ).
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We then split us(1,-) accordingly, that is for z € R?

w(la) = [ K @)s)dn+ || Rty

RQ

=5 (x) =15 (x)

Arguing exactly as for (3.4), it holds that for any ¢ < oo

supE[((r5 &, )] < oo. (5.1)
550

Expanding the square and using Young’s inequality, we further have

E[(us€s — cs5,9)*] = E[(ts€s — 5, 6)"] + 2E[(as&s — c5,0) (1o, @)] + E[(rs€s, ¢)°]
“?;m@mm—qwﬂ+0u)

Therefore, it is sufficient to show that either, there exists a ¢ such that

lim sup E[(us&5 — cs5, ¢)] = 00 or lim Sup]E[(’L_L(;f(g — ¢, gb)Q} = 00. (5.2)
0—0 0—0

We now split the proof into two steps, showing the two alternatives in (5.2) separately.

Step 1. Mean blow-up. We first compute E[(us(1,-)Es, ¢)] using Gaussian integration by
parts (A.1):

Bl(as(1, )65 0] = | | 0@)EI (@ — 1)és(w)es(w)] duda
= / $(2)E[K (x — )] (p™2)" (x — y) dady
RrR2 JR2
+ p° % 0(0) / qb(x)E[@%Kx(z - y)}pJ x o(x —y)dedy
R2 R2

/(;5 05 dx—i—p xo(0 / R2¢ x)E [8%[(3”(35—y)]p‘g*a(m‘—y)dxdy,

where we have set as in (3.3) for any z € R?

@)= | K W))Wy (5.3)

Since the second term remains bounded, the mean blow-up occurs for any deterministic
sequence {cs}s~o which does not cancel the divergence, i.e., if there exists ¢ € C(T2) such that
asd ] 0

/qS )es(x da:yé/ $(@)E[e} (2)]dz + O(1), (5.4)

which corresponds to the first alternative in (5.2).
Step 2. Variance blow-up. We now assume that (5.4) is not satisfied, where without loss of
generality we assume that cs(x) = ]E[ég] Then, note that by the triangle inequality

E[(cs — ¢2,9)°]"* <E[(asés — cs,8)%]/* + E[(sts — &5, 9)°]">.
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Recall that in the proof of Lemma 3.2, using Lemmas 3.3 and 3.4, we essentially'? already
bounded the second term on the right-hand side. For the left-hand side, we use (5.3) to get

E[(E[e}] - &, 6)"] = /R L $(2)p(a')Cov (¢4 (), 5 (2)) dada.
Thus, using the asymptotic for any = € R?

) = [ K0P w) « PP dy = — o ——

R? 27\ /det(a(z))

log(6) + O(1),

we obtain

1, N, 1 1
510 472 log (5) /]RQ ¢(I) dz R2 ¢(I ) dz COV(\/det(a(x))7 \/det(a(x’)))'

E[(E[e}] - &,0)’]

To conclude, since

_ / 2 2 1 1
Cov: (z,2') e R* xR* — Cov(\/det(a(m)), \/det(a(x,)))

is continuous and

Cov(0,0) = Var(%) >0

by assumption, there exists A C R? such that if supp ¢ C A and ¢ > 0 on the interior of A, then

/ o(z)p(2")Cov(x, 2") da'dz > 0. ]
Rr2 JR2

A Gaussian integration by parts

In this appendix, we derive Gaussian integration by parts formulae with respect to Wick prod-
ucts. All results of this section are ‘folklore’ and based on Isserlis’ theorem: Given a smooth
function F': R™ — R such that all derivatives have polynomial growth and real-valued centred
jointly Gaussian random variables Y, {X;}? ;, it holds that

E[F(X1,...,Xn)Y] = zn:IE[aiF(Xl, LX) E[XGY). (A1)
=1

Thus, we shall always work under the following assumption.

Assumption A.1. Whenever working with a function F: R®™ — R and random variables
{X¢, Zi } i pen, we assume that

k
1. For every k € N, there exist an m € N such that SUP|z[>1 DF@) - .

||

2. The random variables { Xy, Z} are centred and jointly Gaussian.

Given a finite set J with an even number of elements, we denote by P(J) the set of pairings.!
Then, the following lemma is a simple consequence of (A.1).

1076 obtain the estimate without the additional positive renormalisation present therein, one uses the variant
of the Hairer—Quastel criterion in Theorem B.4 to obtain the appropriate analogue of Lemma 3.3.

1Recall that a paring P of J is a subset P C 27 such that |p| =2 for all p € P and pNp’ = & whenever p # p'.
We use the convention that if J = & the set P(J) contains one element (the empty pairing).
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Lemma A.2. In the setting of Assumption A.1, for n,m € N

m
E|F(Xy,...,X) [] %
=1

olIel
- Y Y Moz ¥ Bl ree.x)| [[Ez]
JC{1,....m} PeP(J) {i,j}€P ki Je—{1,..n} i€Je ki ieJe
|J| even
where the sum over J C {1,...,m} is over even subsets and P(J) over pairings in J.

Similarly, one easily checks the following special case of the more general Proposition A.4.

Lemma A.3. In the setting of Assumption A.1, for n,m € N

E|F(X1,...,X5) H(Z%—lZzi — E[Z2i-1Z%))
=1

= > XY 11 Ezz) Y E[Haw ]Hszk

0,
JCAL,...2m} PEP3(J) {i.j}eP k:Je—{1,...n} ieJe Yk(@) 1 e e
|J| even
where the sum over J is over even subsets of {1,...,2m} and

Pao(J):={P e P(J)|{2i—1,2i} ¢ P for anyi € {1,....,m}} C P(J).

Wick products

For any N > 1 and any jointly Gaussian (centered) random variables {Z; }1¥ ,, their Wick product
oili 1 Z; is defined recursively by

N-1

N N—-1 N—-1

o Zi=1y- <Z-°1 Zi> - 2; E[ZnZ;)- & Z (A.2)
Jj= 1%£]

where 0}:1 Z; = Z1. Next, we recall the following properties of the Wick product:

e (Symmetry) For any permutation o: {1,..., N} — {1,..., N}, it holds that
Zo(i)- (A.3)
Therefore, this product directly extends to Gaussians indexed by any finite index set.

¢ (Differential identity) For any ¢ € {1,..., N}, it holds

0
87Z4101Z Z;} Z;. (A.4)

Proposition A.4 (integration by parts with respect to Wick products). In the setting of As-
sumption A.1, for n,m, N € N

m—1
N
F(Xy,.... X)) ] (J.gl ZNH)]

E
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€]
= > > 11 Elzzy) > IE[HGF(XI,...,X,L)] 11 ElZ:Xu),

e Ok,
JC{1,...Nm} PEPN(J) {ij}eP ki Jes{1,...,n} i€Je Oki icJe

|J| even

where

Pn(J)={PeP(J)|{Ni+1,Ni+2,...,Ni+N}np/ <1
for any i € {0,...,m — 1} and any p € P}.

Proof. We show the formula by induction over m > 1 for fixed N > 1.
For the initialization m = 1, we note that for any non-empty J C {1,...,N}, one has
Pn(J) = @. Therefore, only the term in J = & contributes and the formula to prove reads

%

oN A
i=1

e O,
ki {1, N}—={1,...,n} ieJe Ok

E[F(Xl, LX) gl Zz}

To see this, first note that by the recursive definition of the Wick product (A.2), Isserlis’ for-
mula (A.1) and (A.4),

N-1
(2 E[F(Xl, X)2y"5) 2, } Z E[ZZNE|F (X1, Xa) "o 2,
=1 g
(DA > E [6£F(X17 , Xn) ]Y§1 Zz:| E[X,ZN]
= =1
Thus (A.5) follows by iterating.
For the induction step with m > 2, we write
E|F(Xy,...,Xn) H(Jo ZNm)]
=0
—E|F(X1,...,Xn) <> © ZNm+j H < ZNHJ)] (A.6)
Setting Xp4j := Znm+; for j € {1,..., N} and writing
F(X1, ..., XniN) = F(Xl,...,Xn)]f X Nmtjs
by induction hypothesis (A.6) is equal to
> Y I saz)
JcA{1,....Nm} PePn(J) {i,j}€P
|J| even
ol
X > E[F(Xl,...,Xn+N)] I1 ElZiXs,). (A7)
HiGJC 8ki

k: Je—{1,...,n+N} ieJe
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We define
Jol =k~ 11,...,n}, J? =k Yn4+1,...,n+ N}

and observe that
el o7 o772l
= F(X1,..., Xp4N) =
Hie]c 81% " HieJC’l 81% Hie]cﬂ aki

vanishes, except when k| jc,2 is injective in which case we write

F(X1,..., Xnyn)

I(Jk)={k(j)—n+Nm|jeJ?},  I(Jk)={Nm+1,...,Nm+N}\I(Jk)

and find that

o7l 9172l P(x Xoon)
HieJcJ 8]% HiEJQQ 8]{1 17 ey ’Vl+N
o F(X X
= = s o
[Licser Ok, - n) i€{n+1,..,n+N\k(J>?)
al7

= F(X1,...X,) © Z.
[Licse Ok, X ")z‘efcu,m '

Also noting that [[,c;c E[Z;Xy,] = [l;cjer E[ZiXk,][Licje2 E[ZiXy,] this means that (A.7)
equals

> Y ]I Ezz) (A5)

JA{1,...Nm} PePn(J) {i,j}€P

7] even
X > E[WF(Xl L Xn) o Zi] 11 Elzixx) [ ElZiXe].
k: Je—{1,...n+N} [Tic e O, o iele(Jk) icJel z icJges? l
Next, we use (A.5) to see that
o7l
[HieJm Ok,

PR

k' I¢(Jk)—{1,...,n}

F(Xq1,....X Z;
(X n)z‘elézj,k) Z}

STk PN

F(X1,..., X )] E[Zs Xy ).
i'ele(Jk) ak;, HiEchl 8k71 " ilef]TCi[J,k) [ Z ' ]

And thus inserting this into (A.8) yields

2. 2

JA{1,....Nm} PePN(J)

|J| even
S > g
k: Je—={1,...n+N} k': I¢(J,k)—{1,....n} H

x I Elzz) [I ElzeXe) ] EZXe) [] ElZiX). (A.9)

{i,j}eP iele(Jk) ieJel i€Je:?

HIe (k)] o7

F(X1,..., X0
vere(k) O, [licger Ok, "

Finally, we perform a substitution to complete the proof.

e Noting that the map J¢% — I(J, k), i — k;—n-+Nm is bijective, we define k: I(J, k) — Jo?
to be its inverse. In particular [[;¢ je2 E[Zi Xk, = [L;cr(sx) ZiZ;,,-
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e Weset P=PU UieI(J’k){i, l;:Z} which belongs to Py({1,...,N(m+1)}).
e Weset J=JUI(J,k)UEI(J,k)), from which it follows that

JOJ k) :={1,...,N(m+ 1)} \ J = JL U I(J, k).
o Set k: J¢— {1,...,n}, i = Licnmki + Lisnmk,
We note that for each J, P, k,

IE[ I (k)] ol
Hi’eIC(J,k) ak;, [Licser Ok,

< [ ElZX] [] ElZiXx]

F(Xl,...,Xn)] 1] Elzz) ][] E[Zy X}, ]

{i,7}eP vele(Jk)

ieJel 1€J2
Jel
= E[OF(XL...,X”)] II Ezz)[]ElzX;]. (A.10)
ILic s 9, 1

{i,j}eP icJe

Finally, inserting (A.10) into (A.9) and observing that the domains of summation agree concludes
the proof. [

B The Hairer—Quastel Criterion and a Variation on it

Let G = (V,E) be a finite directed multi-graph with edges e € E labelled by (ae,7e) € R4 x
{-1,0,1}. For e € E, we write (e_,e,) for the pair of vertices such that e is directed from
the vertex e_ to e,. We are given a kernel assignment J.: R? x R?\ A — R of compactly
supported kernels. We assume that the kernels satisfy [ J]|la,y := Supp), <y SUPo<|z—y,<1 |7 —

y|?+‘k‘5 D*J(z,y)| < 400. We then define for edges e with r. >0

~

Je(xe_’$e+) = Je($6_5$6+) - ]-re:lj(xvoa fEe_)

(where the sum is empty for 7. = 0). Whenever r. = —1, we assume the assignment is translation
invariant and we are additionally given a real number I, € R. Then, let

Jué) = / Jo(@) (6(x) — 6(0))dz + L6 (0),

which is well defined for any smooth compactly supported testfunctions ¢ whenever a.+r. < |s|.
We assume G contains ¢ > 1 distinguished edges12 €x,15-- -, Ex,p coOnnecting x € V to distinct
distinguished vertices vy 1,...,044. We write V, = {x,v,1,...,0,4} and Vg = V\ {x}. We
assume that whenever there are several edges connecting two vertices, at most one has non-zero
renormalisation r. and that for that edge r. > 0.
To the distinguished edges we associate the kernel assignment .J, = ¢* with label (0, 0). This
data provides us with a real number

fA —/ je Te_,Xe, )dax. B.1
U0 1 RACEN (5.1
For a subset V C V, define the following sets:

e EN(V):={e€E|enV=ec_andr. >0} (outgoing edges),

12The green arrows in the schematics.
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e EY(V)={e€E|enV=¢e; and r. > 0} incoming edges,
o Eo(V)={e€E|enV =c¢} internal edges,
e E(V)={ecE|enV+#g} incident edges.

Assumption B.1. The resulting directed graph (V,E) with labels (ae,r.) satisfies re =0 for all
edges connected to x. Furthermore, assume the following:

1. For every edge e € E, one has a. —r; < |s|, where r; :=r. AO.

2. For every subset V C Vg of cardinality at least 3,

> ae < (V= 1)lsl. (B.2)

ecEg (V)

3. For every subset V C V containing 0 of cardinality at least 2,

Z ae + Z (ae +7re—1) — Z re < (V] —1)|s]. (B.3)

e€Eo (V) ecET(V) ecEL(V)

4. For every non-empty subset V.C V\ V,,

Z Ge + Z Te — Z (re — 1) > |V]|s]. (B.4)

CCE(VN\ENT)  e€ENT)  ceBL (V)

Theorem B.2 ([31, Theorem A.3]). Let G = (V,E) be a finite directed multigraph with labels
{ae,Te}ecr and kernels {J.}ecr and real numbers {I.} with the resulting graph satisfying As-
sumption B.1 and its preamble. Then, there exist C < oo depending only on the structure of the
graph (V,E) and the value of the constants I, such that

j—)\ < CA& H ||Je||ae;27
eckE

for 0 < X <1, where

= [s[[V\ V.| =) ae.

ecE

A slight variation of the criterion

In this appendix, we derive a variant of the criterion. Given a graph and kernel assignment as
above, we consider the quantity

I, = el\le_,Le Ae e_svte .
A /(Rd)VOHJ(x $+)HJ(.%' Te, ) dx

ecE eck
re>0 re<0

Note that compared to (B.1) here positive edges are not ‘recentered’.

Assumption B.3. The resulting directed graph (V,E) with labels (ae,7e) satisfies re = 0 for all
edges connected to x. Furthermore, assume the following:

1. For every edge e € E, one has a. —r; < |s|.



Renormalisation of Singular SPDEs with Correlated Coefficients 31

2. For every subset V C Vg of cardinality at least 3,

> ae < (V= 1)lsl.

ecEg (\7)

Then one has the following variant of [31, Theorem A.3].

Theorem B.4. Let G = (V,E) be a finite directed multigraph with labels {ae, e }eer and kernels
{Je}teer and real numbers {I.} with the resulting graph satisfying Assumption B.3. Then, for
any € > 0 there exist C < oo depending only on the structure of the graph (V,E), the value of
the constants 1. and € such that

7y < C)\&_S H HJ6||ae;27
ecE

for 0 < X <1, where

a=s[[V\V,| =) a.—R(G), R(G):=_max (yws\— > ae>\/0.

g VCV\V,

ecE(V)

Since much of the proof follows ad verbatim as the one of [31, Theorem A.3], we shall only
point to the necessary adaptations in the argument therein. A first simplification happens
in Definition A.5 therein, where it suffices to take n € N since no positive renormalisation is
present. Then one works with the same multiscale clustering as in [31, Section A.2], that is
consider a rooted binary tree T" with fixed distinguished inner node v,. Denote by T° the set
of inner nodes of T'. Let N,(T°) be all integer labellings ¢: T° — N which preserve the partial
order on T° which has the root as minimal element, and which are such that 2~%+ < . Finally,
given such a labelling n: T° — R, we set

o= >, [[2"™

ZE./\/A (To) vel®°

Next, we set || := > cpo 1. Furthermore, for any v < v, we write s(v) to denote the unique
minimal element of {u € T° | v < u < v, } and set H, = Zuw,u%s(y) n(u). Finally, set

R(n) := max (; Hu) V0. (B.5)

v<vx

One has the following modification of [31, Lemma A.10], see also Remark A.12 therein.

Lemma B.5. Assume that n has the property that for every v € T° one has Euzu ny > 0.
Then, it holds that for any k > 0

IZa(n)| S AR
uniformly over X € (0,1].

With this lemma at hand one proceeds again exactly as in [31, Section A.3], but this time
setting 1(v) = |s| + 3z 7e(v) and 7(v) = [s| + ¥, oz 7 (v), where

Ne(v) = —aeler(v), fle(v) = —aeler(v) + |rellec s~ (Ler(v) — Leg(v)) (B.6)

instead of [31, formulas (A.20) and (A.27)]. One checks exactly as therein that identity (A.18)
still holds since the kernels with negative regularity are translation invariant and we decomposed
them as in [31, Lemma A.4].

Thus finally, it only remains to check the following analogue of [31, Lemma A.19].
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Lemma B.6. The function 7 defined in (B.6) satisfies the assumptions of Lemma B.5 and
R(n) < R(G).

Proof. Since the first claim follows exactly as in the proof of [31, Lemma A.19], we directly
turn to the inequality. We assume that R(n) > 0, since otherwise the inequality is automatic.
Let 7 € T° be the node maximising the quantity in (B.5), i.e., such that R(n) = >, _, Hy. One
then has for U, := {u € T° | u # v}

> Hu= > i
Denoting by V the set of leaves attached to U,, we note that V C V\ V, and

EIOEDY (!s! +§e:ﬁe(u)) <) (\s\ +ze:ne<u)> = [Vlls| - > a.. ]

u€elU, u€U, u€Uy eck(V)

C Kernel spaces

Here we recall the kernel spaces which quantify [27, Assumption 5.1] at finite regularity. We
first introduce notations for Taylor expansions. For v > 0 and f: R? — R compactly supported
such that D* f exists whenever |k|s < 7, let
D* f(z0) k
PLIE) = 3 T e - 2t

|E]s <y

Similarly, for 4/ > 0 and a compactly supported function of two variable F: R? x R? — R such
that D*1 D*2 F exists whenever |ki|s < 7, |ka|s < 7/, let

; ~ D¥DLF (2, Zo) o
PO FI(z2) = Y L2 s)hz - 2).
k<, ltl<y
The following is [49, Defenition 1], we refer to said work for further discussion of its content.
Definition C.1. Let K: R¥! x R\ A — R be a kernel which can be decomposed as
K(z,2") = 3,50 Kn(2, 2) where each K, is supported on {(z,2) | |]z = #|ls <27""'}. On the
space of such kernels K, we define for L, R € R, the norm || K||g,1.r as the smallest number C
such that there exists a decomposition K = > K, for which the following bounds are satisfied:
e For any multi-indices ki, k2 satisfying |k1|s < L, |k2|s < R and n € N, it holds that

sup| DM D2 I, (2, 2')| < C2(sl=BFlkilectIkzlo)n
z,2!

as well as
k R k -
sup. T = ,
2,2 Z
k R k —
‘D12K(z, 2') = PL[Dy?K (-, 2)] (z)] < Conllsl=B+lkaletL)
i 2 —z[F ~
2,2,z
and
L.R
[Kn(2.2') = PEUEL (-, 2)](2) — PE[Ka(z, ))(2) + P 2. )|
sup 7
2,2, % |z —z|d|2" — 2|d

< 02ls|=B+L+R)

uniformly over n > 0.
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o Let ke := {k e N | |kls < R} and denote by Ok<g := {k & ker | k — emin{jk;20}ckor }
its boundary in the sense of [27, Appendix A]. Then, for any k; € kg and k2 € ke pUOk< R

/ (z =2 VDR K, (2,2 dz| < C27P"
Rd

uniformly over n > 0 and 2’ € R4,

Finally, we define the vector space IC%R ={K €K | |K||g;L,r < +00} equipped with the norm
[RIEA

Acknowledgements

Both authors would like to thank the Oberwolfach Research Fellows (OWRF) program for
supporting a research stay during which a part of this work was carried out, as well as Rhys
Steele and Lucas Broux for valuable discussions during that stay. HS gratefully acknowledges
financial support from the Swiss National Science Foundation (SNSF), grant number 225606.
Finally, we are grateful to the anonymous referees for their detailed reading of the article and
the thereby resulting improvements.

References

[1] Armstrong S., Kuusi T., Mourrat J.C., Quantitative stochastic homogenization and large-scale regularity,
Grundlehren Math. Wiss., Vol. 352, Springer, Cham, 2019.

[2] Bailleul I., Bernicot F., Heat semigroup and singular PDEs (with an appendix by F. Bernicot and D. Frey),
J. Funct. Anal. 270 (2016), 3344-3452, arXiv:1501.06822.

[3] Bailleul I., Bruned Y., Locality for singular stochastic PDEs, arXiv:2109.00399.
[4] Bailleul I., Hoshino M., Random models on regularity-integrability structures, arXiv:2310.10202.

[5] Baudoin F., Chen L., Huang C.-H., Ouyang C., Tindel S., Wang J., Weighted Besov spaces on Heisenberg
groups and applications to the parabolic Anderson model, arXiv:2501.04593.

[6] Baudoin F., Ouyang C., Tindel S., Wang J., Parabolic Anderson model on Heisenberg groups: The It
setting, J. Funct. Anal. 285 (2023), 109920, 44 pages, arXiv:2206.14139.

[7] Broux L., Otto F., Tempelmayr M., Lecture notes on Malliavin calculus in regularity structures, Stoch.
Partial Differ. Equ. Anal. Comput., to appear, arXiv:2401.05935.

[8] Broux L., Singh H., Steele R., Renormalised models for variable coefficient singular SPDEs,
arXiv:2507.06851.

[9] Carmona R., Rozovskii B. (Editors), Stochastic partial differential equations: Six perspectives, Math. Sur-
veys Monogr., Vol. 64, American Mathematical Society, Providence, RI, 1999.

[10] Chandra A., Hairer M., An analytic BPHZ theorem for regularity structures, arXiv:1612.08138.

[11] Chandra A., Shen H., Moment bounds for SPDEs with non-Gaussian fields and application to the Wong—
Zakai problem, Electron. J. Probab. 22 (2017), 68, 32 pages, arXiv:1605.05683.

[12] Chen Y., Fehrman B., Xu W., Periodic homogenisation for two dimensional generalised parabolic Anderson
model, arXiv:2401.05718.

[13] Chen Y., Xu W., Periodic homogenisation for P(¢)2, arXiv:2311.16398.

[14] Clozeau N., An inductive approach to stochastic estimates for the a-equation with correlated coefficient
field, arXiv:2509.11309.

[15] Da Prato G., Debussche A., Strong solutions to the stochastic quantization equations, Ann. Probab. 31
(2003), 1900-1916.

[16] Dahlqgvist A., Diehl J., Driver B.K., The parabolic Anderson model on Riemann surfaces, Probab. Theory
Related Fields 174 (2019), 369-444, arXiv:1702.02965.

[17] Duch P., Flow equation approach to singular stochastic PDEs, Probab. Math. Phys. 6 (2025), 327-437,
arXiv:2109.11380.


https://doi.org/10.1007/978-3-030-15545-2
https://doi.org/10.1016/j.jfa.2016.02.012
http://arxiv.org/abs/1501.06822
http://arxiv.org/abs/2109.00399
http://arxiv.org/abs/2310.10202
http://arxiv.org/abs/2501.04593
https://doi.org/10.1016/j.jfa.2023.109920
http://arxiv.org/abs/2206.14139
https://doi.org/10.1007/s40072-025-00384-x
https://doi.org/10.1007/s40072-025-00384-x
http://arxiv.org/abs/2401.05935
http://arxiv.org/abs/2507.06851
https://doi.org/10.1090/surv/064
http://arxiv.org/abs/1612.08138
https://doi.org/10.1214/17-EJP84
http://arxiv.org/abs/1605.05683
http://arxiv.org/abs/2401.05718
http://arxiv.org/abs/2311.16398
http://arxiv.org/abs/2509.11309
https://doi.org/10.1214/aop/1068646370
https://doi.org/10.1007/s00440-018-0857-6
https://doi.org/10.1007/s00440-018-0857-6
http://arxiv.org/abs/1702.02965
https://doi.org/10.2140/pmp.2025.6.327
http://arxiv.org/abs/2109.11380

34 N. Clozeau and H. Singh

[18] Ferrante M., Sanz-Solé M., SPDEs with coloured noise: analytic and stochastic approaches, ESAIM Probab.
Stat. 10 (2006), 380—405, arXiv:math.PR/0408140.

[19] Friedman A., Partial differential equations of parabolic type, Prentice-Hall, Inc., Englewood Cliffs, NJ, 1964.

[20] Friz P.K., Hairer M., A course on rough paths: With an introduction to regularity structures, Universitext,
Springer, Cham, 2014.

[21] Gértner J., Konig W., The parabolic Anderson model, in Interacting Stochastic Systems, Springer, Berlin,
2005, 153-179, arXiv:math.PR/0403091.

[22] Gerencsér M., Toninelli F., Weak coupling limit of KPZ with rougher than white noise, Electron. Commun.
Probab. 30 (2025), 34, 11 pages, arXiv:2406.08364.

[23] Glimm J., Jaffe A., Quantum physics. A functional integral point of view, 2nd ed., Springer, New York,
1987.

[24] Gloria A., Neukamm S., Otto F., Quantitative estimates in stochastic homogenization for correlated coeffi-
cient fields, Anal. PDE 14 (2021), 2497-2537, arXiv:1910.05530.

[25] Gubinelli M., Controlling rough paths, J. Funct. Anal. 216 (2004), 86-140, arXiv:math.PR/0306433.

[26] Gubinelli M., Imkeller P., Perkowski N., Paracontrolled distributions and singular PDEs, Forum Math. Pi
3 (2015), €6, 75 pages, arXiv:1210.2684.

[27] Hairer M., A theory of regularity structures, Invent. Math. 198 (2014), 269-504, arXiv:1303.5113.

[28] Hairer M., Renormalisation in the presence of variance blowup, Ann. Probab. 53 (2025), 1958-1985,
arXiv:2401.10868.

[29] Hairer M., Labbé C., A simple construction of the continuum parabolic Anderson model on R?, Electron.
Commun. Probab. 20 (2015), 43, 11 pages, arXiv:1501.00692.

[30] Hairer M., Labbé C., Multiplicative stochastic heat equations on the whole space, J. Eur. Math. Soc. (JEMS)
20 (2018), 1005-1054, arXiv:1504.07162.

[31] Hairer M., Quastel J., A class of growth models rescaling to KPZ, Forum Math. Pi 6 (2018), e3, 112 pages,
arXiv:1512.07845.

[32] Hairer M., Shen H., A central limit theorem for the KPZ equation, Ann. Probab. 45 (2017), 4167-4221,
arXiv:1507.01237.

[33] Hairer M., Singh H., Regularity structures on manifolds and vector bundles, arXiv:2308.05049.

[34] Hairer M., Singh H., Periodic space-time homogenisation of the ¢4 equation, J. Funct. Anal. 288 (2025),
110762, 50 pages, arXiv:2311.15788.

[35] Hairer M., Singh H., Homogenisation of singular SPDEs, arXiv:2510.19339.

[36] Hairer M., Steele R., The BPHZ theorem for regularity structures via the spectral gap inequality, Arch.
Ration. Mech. Anal. 248 (2024), 9, 81 pages, arXiv:2301.10081.

[37] Hsu Y.-S., Labbé C., Construction and spectrum of the Anderson Hamiltonian with white noise potential
on R? and R3, Probab. Math. Phys. T (2026), 1-35, arXiv:2401.17900.

[38] Konig W., Perkowski N., van Zuijlen W., Longtime asymptotics of the two-dimensional parabolic An-
derson model with white-noise potential, Ann. Inst. Henri Poincaré Probab. Stat. 58 (2022), 1351-1384,
arXiv:2009.11611.

[39] Kupiainen A., Renormalization group and stochastic PDEs, Ann. Henri Poincaré 17 (2016), 497-535,
arXiv:1410.3094.

[40] Linares P., Otto F., Tempelmayr M., Tsatsoulis P., A diagram-free approach to the stochastic estimates in
regularity structures, Invent. Math. 237 (2024), 1469-1565, arXiv:2112.10739.

[41] Lyons T.J., Differential equations driven by rough signals, Rev. Mat. Iberoamericana 14 (1998), 215-310.

[42] Martin J., Perkowski N., Paracontrolled distributions on Bravais lattices and weak universality of the 2d
parabolic Anderson model, Ann. Inst. Henri Poincaré Probab. Stat. 55 (2019), 2058-2110, arXiv:1704.08653.

[43] Matsuda T., Integrated density of states of the Anderson Hamiltonian with two-dimensional white noise,
Stochastic Process. Appl. 153 (2022), 91-127, arXiv:2011.09180.

[44] Mayorcas A., Singh H., Singular SPDEs on homogeneous Lie groups, Proc. Roy. Soc. Edinburgh Sect. A, to
appear, arXiv:2301.05121.

[45] Mourrat J.-C., Weber H., Convergence of the two-dimensional dynamic Ising—Kac model to ®%, Comm.

Pure Appl. Math. 70 (2017), 717-812, arXiv:1410.1179.


https://doi.org/10.1051/ps:2006016
https://doi.org/10.1051/ps:2006016
http://arxiv.org/abs/math.PR/0408140
https://doi.org/10.1007/978-3-319-08332-2
https://doi.org/10.1007/3-540-27110-4_8
http://arxiv.org/abs/math.PR/0403091
https://doi.org/10.1214/25-ecp675
https://doi.org/10.1214/25-ecp675
http://arxiv.org/abs/2406.08364
https://doi.org/10.1007/978-1-4612-4728-9
https://doi.org/10.2140/apde.2021.14.2497
http://arxiv.org/abs/1910.05530
https://doi.org/10.1016/j.jfa.2004.01.002
http://arxiv.org/abs/math.PR/0306433
https://doi.org/10.1017/fmp.2015.2
http://arxiv.org/abs/1210.2684
https://doi.org/10.1007/s00222-014-0505-4
http://arxiv.org/abs/1303.5113
https://doi.org/10.1214/24-aop1756
http://arxiv.org/abs/2401.10868
https://doi.org/10.1214/ECP.v20-4038
https://doi.org/10.1214/ECP.v20-4038
http://arxiv.org/abs/1501.00692
https://doi.org/10.4171/JEMS/781
http://arxiv.org/abs/1504.07162
https://doi.org/10.1017/fmp.2018.2
http://arxiv.org/abs/1512.07845
https://doi.org/10.1214/16-AOP1162
http://arxiv.org/abs/1507.01237
http://arxiv.org/abs/2308.05049
https://doi.org/10.1016/j.jfa.2024.110762
http://arxiv.org/abs/2311.15788
http://arxiv.org/abs/2510.19339
https://doi.org/10.1007/s00205-023-01946-w
https://doi.org/10.1007/s00205-023-01946-w
http://arxiv.org/abs/2301.10081
https://doi.org/10.2140/pmp.2026.7.1
http://arxiv.org/abs/2401.17900
https://doi.org/10.1214/21-aihp1215
http://arxiv.org/abs/2009.11611
https://doi.org/10.1007/s00023-015-0408-y
http://arxiv.org/abs/1410.3094
https://doi.org/10.1007/s00222-024-01275-z
http://arxiv.org/abs/2112.10739
https://doi.org/10.4171/RMI/240
https://doi.org/10.1214/18-AIHP942
http://arxiv.org/abs/1704.08653
https://doi.org/10.1016/j.spa.2022.07.007
http://arxiv.org/abs/2011.09180
https://doi.org/10.1017/prm.2025.1
http://arxiv.org/abs/2301.05121
https://doi.org/10.1002/cpa.21655
https://doi.org/10.1002/cpa.21655
http://arxiv.org/abs/1410.1179

Renormalisation of Singular SPDEs with Correlated Coefficients 35

[46] Mourrat J.-C., Weber H., Global well-posedness of the dynamic ®* model in the plane, Ann. Probab. 45
(2017), 2398-2476, arXiv:1501.06191.

[47] Mouzard A., Weyl law for the Anderson Hamiltonian on a two-dimensional manifold, Ann. Inst. Henri
Poincaré Probab. Stat. 58 (2022), 1385-1425, arXiv:2009.03549.

[48] Simon B., The P(¢)2 Euclidean (quantum) field theory, Princeton Ser. Phys., Princeton University Press,
Princeton, NJ, 1974.

[49] Singh H., Canonical solutions to non-translation invariant singular SPDEs, FElectron. J. Probab. 30 (2025),
54, 24 pages, arXiv:2310.01085.

[50] Torquato S., Random heterogeneous materials. Microstructure and macroscopic properties, Interdiscip. Appl.
Math., Vol. 16, Springer, New York, 2002.

[61] Tsatsoulis P., Weber H., Spectral gap for the stochastic quantization equation on the 2-dimensional torus,
Ann. Inst. Henri Poincaré Probab. Stat. 54 (2018), 1204-1249, arXiv:1609.08447.

[62] Unterberger J., A central limit theorem for the rescaled Lévy area of two-dimensional fractional Brownian
motion with Hurst index H < 1/4, arXiv:0808.3458.


https://doi.org/10.1214/16-AOP1116
http://arxiv.org/abs/1501.06191
https://doi.org/10.1214/21-aihp1216
https://doi.org/10.1214/21-aihp1216
http://arxiv.org/abs/2009.03549
https://doi.org/10.1515/9781400868759
https://doi.org/10.1214/25-ejp1315
http://arxiv.org/abs/2310.01085
https://doi.org/10.1007/978-1-4757-6355-3
https://doi.org/10.1214/17-AIHP837
http://arxiv.org/abs/1609.08447
http://arxiv.org/abs/0808.3458

	1 Introduction
	1.1 Solution theory based on Rough Analysis
	1.2 Main results
	1.3 Notations

	2 Solution theory
	2.1 Regularity structures and models
	2.2 Solutions to the g-PAM equation
	2.2.1 Canonical and renormalised models
	2.2.2 Proof of Theorem 1.7

	2.3 Solutions to the phi^K+1_2-equation

	3 Stochastic estimates for the g-PAM equation
	3.1 Stochastic estimates on hatPi_star^delta (Xi cdot I*Xi)
	3.2 Stochastic estimates on hatPi_star^delta (partial_i I Xi cdot partial_j I Xi)

	4 Stochastic estimates for the phi^K+1_2-equation
	5 Proof of Proposition 1.3: Variance blow-up
	A Gaussian integration by parts
	B The Hairer–Quastel Criterion and a Variation on it
	C Kernel spaces
	References

