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Abstract. We show local well-posedness of the g-PAM and the ϕK+1
2 -equation for K ≥ 1

on the two-dimensional torus when the coefficient field is random and correlated to the
driving noise. In the setting considered here, even when the model in the sense of Hairer
(2014) is stationary, naive use of renormalisation constants in general leads to variance blow-
up. Instead, we prove convergence of renormalised models choosing random renormalisation
functions analogous to the deterministic variable coefficient setting. The main technical con-
tribution are stochastic estimates on the model in this correlated setting which are obtained
by a combination of heat kernel asymptotics, Gaussian integration by parts formulae and
Hairer–Quastel type bounds.
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1 Introduction

For a random, uniformly elliptic coefficient field a = {aij}1≤i,j≤2, we consider the generalised
parabolic Anderson model (g-PAM) equation, formally given by

∂tu−
2∑

i,j=1

aij(x)∂i∂ju =
2∑

i,j=1

fij(u)∂iu ∂ju+ g(u)ξ on (0,∞)× T2, (1.1)

where ξ denotes a spatial white noise on T2; and the ϕK+1
2 -equation (for any K ≥ 1) which

formally reads

∂tu−
2∑

i,j=1

aij(t, x)∂i∂ju = −uK + ξ on (0,∞)× T2, (1.2)

where ξ denotes a space-time white noise on (0,∞) × T2. While the local well-posedness and
renormalisation of these equations are well understood for deterministic, sufficiently regular
coefficient fields, we study here a setting where a is correlated with the driving noise on the
right-hand side, see Assumption 1.1.

This paper is a contribution to the Special Issue on Asymptotics, Randomness and Noncommutativity. The full
collection is available at https://sigma-journal.com/noncommutativity.html
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The g-PAM equation with constant coefficients was first solved in the pioneering1 works
[26, 27] and forms an important example of a singular SPDE. On the one hand, it is a gener-
alisation of the (continuum) linear PAM, cf. [21, 29, 30, 37, 38, 42, 43], a model of a popula-
tion/branching process describing the expected density of diffusing particles in the presence of
a random environment of sources and sinks given by the noise. The variable coefficient field
is then another environment governing the diffusivity of these particles, which would make the
assumption that the two environments are independent rather artificial. On the other hand, this
equation has been a popular test case in the study of singular SPDEs in geometries beyond the
well studied setting of constant coefficient equations in flat spaces, cf. [2, 5, 6, 16, 33, 44, 47].

The ϕ42-equation with constant coefficients was first solved in [15], see also [51], and is
a Langevin-dynamic for the associated (Gibbs)-measure, see [23, 48]. It can also be interpreted
as a toy model for the dynamics of a ferromagnet close to the critical temperature, cf. [45],
in which case the coefficient field can be seen as inhomogeneities/random bonds in the material,
which we allow to be correlated to the external forcing.

While this article is certainly not the first to consider SPDEs with random, correlated coef-
ficients, see for instance [9, 18], we are not aware of any previous works considering the type of
coefficients studied here for singular equations. The main novelty for singular SPDEs with corre-
lated coefficients, compared to the well studied deterministic coefficient setting, is in establishing
the required stochastic estimates as will be discussed below.

1.1 Solution theory based on Rough Analysis

Building on the ideas originating in rough path theory [25, 41], there are by now several ap-
proaches to tackle singular SPDEs such as regularity structures [27], paracontrolled calculus [26]
or renormalisation group approaches [17, 39]. Roughly speaking, in all of these approaches there
are two steps to perform, which we here perform within the framework of regularity structures.

1. Consider the solution to the linear equation and constructs a finite number of (appro-
priately renormalised) functions thereof. This data, roughly speaking, provides the so-
called model.

2. Given a model, one solves an enhanced PDE.

For the second step, we will essentially be able to refer to [27, 49, 51], which allows us to mainly
focus on the novelties appearing due to the presence of correlations and outsource aspects of the
problem that are well understood.

Next, we make precise the assumed structure and regularity of the coefficient field, where
the regularity assumption is used through properties of the parabolic Green’s function, see also
Remark 1.12 below.

Assumption 1.1 (structural assumption on the coefficient field). For λ > 0, let A : R → R2×2

take values in the set of λ-uniformly elliptic2 matrices satisfying

sup
s∈R

∣∣∣∣ dkdsk
A(s)

∣∣∣∣ <∞ for any k ≥ 0.

Depending on the equation, we make the following structural assumption:

� For g-PAM, we consider a spatial white noise ξ ∈ D′(T2
)
and for µ, σ ∈ C2

(
T2
)
set

h := σ ∗ ξ + µ.

1These articles initiated extensive progress in the understanding of subcritical singular SPDEs, too vast to be
accounted for here. Instead we refer to the textbook [20] and the references therein.

2This means that A(s)ζ · ζ ≥ λ|ζ|2 uniformly over s ∈ R and ζ ∈ R2×2.
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� For the ϕK+1
2 -equation, we consider a space-time white noise ξ ∈ D′(R × T2

)
and for3

µ ∈ C3
(
R× T2

)
, σ ∈ C3

c

(
R× T2

)
set h := σ ∗ ξ + µ

(
where ∗ denotes the space-time

convolution on R× T2
)
.

In both cases, we build our coefficient field as a = A(h) which, in the former case, is a coefficient
field a : T2 → R2×2 and in the latter case a : R× T2 → R2×2.

Remark 1.2. In both examples, the coefficient field has a direct interpretation as a random
environment/heterogeneities in materials, see [50]. The study of (1.1) and (1.2) is therefore
directly motivated by the relation of these SPDEs to statistical mechanics. The specific choice
to take coefficients of form A(h) is inspired by examples in [1, 24]. For the parabolic Anderson
model, even the case σ = 1, µ = 0 is novel, and requires the use of random renormalisation
constants (as discussed below).

Recall, that in order to solve the linear parabolic Anderson model, i.e., (1.1) with fi,j = 0
and g(u) = u, constructing the model essentially4 amounts to defining an appropriately renor-
malised product between the solution u : (0,∞)× T2 → R to the equation

∂tu−
2∑

i,j=1

aij(x)∂i∂ju = ξ, u(0) = 0, (1.3)

and the spatial white noise ξ on T2 (interpreted as a function of space-time). In order to
formulate results involving spatial white noise, we shall work with mollifications built from
a function ρ ∈ C∞

c (B1) such that, for any x ∈ T2, ρ(−x) = ρ(x) and
∫
R2 ρ(x) dx = 1 by setting,

for δ ∈ (0, 1]

ξδ = ξ ∗ ρδ for ρδ := δ−2ρ
( ·
δ

)
. (1.4)

Considering the case when µ = 0 in Assumption 1.1, both random fields ξ and u are spatially
stationary, potentially suggesting renormalisation by deterministic constants as is common in
the singular SPDE literature. The next proposition, the proof of which can be found in Section 5,
in particular shows that this is not possible as it leads to either mean or variance blow up.

Proposition 1.3 (variance blow-up). In the setting of Assumption 1.1 for the g-PAM equation,
assume furthermore that σ ̸= 0 and det(A) is not constant. Let uδ be the solution to (1.3)
with the white noise ξ replaced by ξδ defined in (1.4). Then, for any deterministic sequence of
functions {cδ}δ>0 ⊂ C

(
T2
)
at least one of the following two assertions holds.

(i) There exists ϕ ∈ C∞(T2
)
such that lim supδ→0 |E[(uδ(1, ·)ξδ − cδ, ϕ)]| = ∞.

(ii) There exists ϕ ∈ C∞(T2
)
such that lim supδ→0 E

[
(uδ(1, ·)ξδ − cδ, ϕ)

2
]
= ∞.

This type of variance blow up, though due to a distinct mechanism, is well known in rough
path theory, see [52] as well as the more recent works on SPDEs [22, 28].

Remark 1.4. As will become clear in the proof, the phenomenon captured in Proposition 1.3
is generic and does also hold for the other stochastic object appearing for the g-PAM equation
and those for the ϕK+1

2 -equation.

3The compact support assumption on σ is only non-empty in the time direction and could be replaced by
an appropriate integrability.

4Note that in regularity structures one does not quite work with the solution of the equation directly, but the
same mechanism also leads to variance blow up for the model.
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1.2 Main results

Our first main theorem, Theorem 1.7, establishes local well posedness for the g-PAM equa-
tion (1.1). We first define the involved renormalisation functions, which in contrast to the most
studied case of constant coefficients singular SPDEs are genuine functions and not constants.
To motivate our choice of functions, we recall that the Green’s function Γ(t, x, s, y) of the heat
operator ∂t −

∑
aij(x)∂i∂j , by Levy’s construction of fundamental solutions, has an explicit

series representation, cf. [19]. It was noted in [49] that one can renormalise the g-PAM equation
by neglecting all but the leading order term

Zx(t, y) =
1

4πt
√
det(a(x))

exp

(
−y · a

−1(x)y

4t

)
for x, y ∈ R2, t ∈ (0,∞) (1.5)

in that representation. Analogously to [49, Section 3.1.1], we define for x ∈ R2 the kernels
on R2 \ {0}

Gx(y) =

∫ 1

0
Zx(t, y) dt, Gx

i (y) =
2∑

j=1

aij(x)yj

∫ 1

0

1

2t
Zx(t, y) dt, (1.6)

where aij :=
(
a−1
)
ij
. Finally, given a mollifier ρ : R2 → R as for (1.4) the random renormalisa-

tion functions are chosen as

cδ (x) =

∫
R2

Gx(y)ρδ ∗ ρδ(y) dy,

c ij

δ (x) =

∫
R2×R2

Gx
i (y)G

x
j (y

′)ρδ ∗ ρδ(y − y′) dydy′. (1.7)

Remark 1.5. Observe that this choice of counterterms is such that in the case σ = 0 the
solutions agree exactly with the ones constructed in [49]. For the motivation of that choice of
counterterms, see the discussion in Section 1.1 therein. One can directly compute that

cδ , cδ =
{
c ij

δ

}
ij

in the theorems below can be written as

cδ (x) =
| log(δ)|

2π
√
det(a(x))

+ βδ (x), cδ =
a−1(x)| log(δ)|
4π
√

det(a(x))
+ βδ (x),

where βδ (ρ), βδ (ρ) are some ρ-dependent functions and converge as δ → 0, cf. [34, Remark 1.18].

Remark 1.6. Heuristically, the fact that the renormalisation functions for the considered equa-
tions should depend on the coefficient field in a local way can also be argued for similarly to [7,
Section 1.5].

Theorem 1.7. Let a and ξ be as in Assumption 1.1, and let ξδ be its regularisation for a molli-
fier ρ as in (1.4). Let fij, g ∈ C∞(R) and u0 ∈ Cα

(
T2
)
for α > 0. There exist a random T > 0

and, for each δ ∈ (0, 1], a random process uδ ∈ C
(
[0, T ]× T2

)
satisfying uδ(0) = u0 and (in the

mild sense)

∂tuδ −
d∑

i,j=1

aij(x)∂i∂juδ =

2∑
i,j=1

fij(uδ)
(
∂iuδ ∂juδ − c ij

δ (x)g2(uδ)
)

+ g(uδ)
(
ξδ − cδ (x)g

′(uδ)
)

(1.8)

on (0,∞)×T2. Furthermore, there exists u ∈ C
(
[0, T ]×T2

)
independent of the choice of ρ such

that uδ → u uniformly on [0, T ]× T2 as δ → 0 in probability.
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Remark 1.8. We expect that the solutions constructed here agree with the solutions one would
obtain by regularising the noise ‘covariantly’ as in [49, Section 3.1] and subtracting an exact
multiple of det(a(t, x))−1/2, resp. det(a(t, x))−1/2a−1(t, x), see Remark 4.8 therein. The reason
we do not pursue this here is that it would require a modification of the Hairer–Quastel criterion,
the proof of which would be quite lengthy to formulate.

Next, we present the well-posedness theorem for the ϕK+1
2 -equation (1.2). This time the

noise ξ denotes a space-time white noise, and we shall typically write z = (s, x) ∈ R × T2.
We shall work here with space time mollifications: for ρ ∈ C∞

c (B1) satisfying ρ(−z) = ρ(z) and∫
ρ = 1, we set for δ ∈ (0, 1)

ξδ = ξ ∗ ρδ for ρδ(s, x) = δ−4ρ
(

s
δ2
, xδ
)
, (1.9)

where this time the convolution is a space time convolution. Similarly to (1.5), set

Zz(t, y) =
1

4πt
√

det(a(z))
exp

(
−y · a

−1(z)y

4t

)
and motivated as before, define

cδ (t, x) =

∫
([0,1]×R2)2

Z(t,x)(z)Z(t,x)(z′)ρδ ∗ ρδ(z − z′)dzdz′, (1.10)

cf. [49, Section 3.3]. We denote by HN : R × R → R the N -th generalised Hermite polynomial
which is defined by the recursive relations

HN (X,C) = XHN−1(X,C)− (N − 1)CHN−2(X,C), (1.11)

where H0 = 1 and H1(X,C) = X.

Theorem 1.9. Let a and ξ be as in Assumption 1.1, let ξδ be its regularisation for a mollifier ρ
as in (1.9), and let

{
cδ
}
δ>0

be as in (1.10). Let K ≥ 0 and u0 ∈ Cα
(
Td
)
for α > − 1

10 . There
exist a random T > 0 and for each δ ∈ (0, 1] a random process uδ ∈ C

(
(0, T )× T2

)
satisfying

uδ(0) = u0 and (in the mild sense)

∂tuδ −
2∑

i,j=1

aij(t, x)∂ijuδ = −HK

(
uδ, cδ

)
+ ξδ, uδ(0) = u0. (1.12)

Furthermore, there exists u ∈ D′((0, T ) × T2
)
independent of the choice of ρ such that uδ → u

as δ → 0 in probability.

Remark 1.10. Let us emphasise that, since the sequence
{
cδ
}
δ>0

depends on the realisation
of the underlying Gaussian noise ξ, the Wick polynomial HK

(
uδ, cδ

)
does not coincide with

the K-th Wick power of the solution to the linear stochastic heat equation.

Remark 1.11. Note that for K odd, the random time T in Theorem 1.9 could be made de-
terministic and arbitrarily large following arguments from [46, 51]. Since there would be little
novelty in this step, we do not perform it here. Similarly, the distribution space topology in
which uδ converges as δ → 0 could be made sharper.

As already mentioned, much of the work in proving Theorems 1.7 and 1.9 is in obtaining
almost sure bounds and convergence of the model. These bounds for (1.1) and (1.12) in the case
of deterministic coefficients, using equivalence of moments for random variables in a finite Wiener
chaos, cf. [27, Lemma 10.5], reduce to elementary computations. Here, due to the randomness
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in the coefficient field the model does not take values in a finite Wiener chaos, which requires us
to use slightly more sophisticated tools. In order to apply the Kolmogorov criterion to pass from
moment bounds to a.s. estimates we bound arbitrary moments of the model as for example also
done in [11, 32] in a different situation. Here, we first obtain an explicit integral representation
of the q-th moment by the classical Isserlis theorem, see Appendix A, and then bound each term
in this representation using the Hairer–Quastel criterion [31] and a slight variant thereof, see
Appendix B.

Scope for generalisation and outlook. The equations considered here are arguably
the ‘simplest’ singular SPDEs, but already for slightly more singular equations such as the
ϕ43-equation establishing the analogous stochastic estimates by the same tools would be extremely
tedious. Thus, we believe it would be desirable to develop more systematic tools such as [4, 10,
36, 40] in the constant coefficient setting and [8] in the deterministic variable coefficient setting.

It would also be interesting to weaken the rather strong Assumption 1.1, on the one hand
to reduce the regularity assumption on the matrix A and on the other hand to more general
correlation structures.

Finally, we view this article as a step-0 towards the study of stochastic homogenisation of
singular SPDEs as it provides a reference solution theory to make precise homogenisation state-
ments (such as in the periodic setting the relationship of [49] to [34] and to the forthcoming [35],
see also [12, 13] for further results on periodic homogenisation of singular SPDEs).

Remark 1.12. Note that the required regularity of the functions µ, σ in Assumption 1.1 enters
due to the used regularity assumption on the coefficient field a, which in turn enters only through
estimates on the fundamental solution and bounds on the summands of its series expansion. For
the parabolic Anderson model, the slightly stronger then expected assumption that a ∈ C2

is used to work with the kernel spaces KKK2
L,R for L,R > 1 as defined in [49, Defenition 2.12].

Replacing these spaces with their slight variants introduced in the forthcoming article [35] would
allow without any modification in the argument presented here to take a ∈ C1,α for α > 0
in Theorem 1.7.

For the ϕK+1
2 -equation, the strong regularity assumption is used in order to treat the remain-

der term (4.2) in the proof of Lemma 4.1 by classical Young multiplication.5 We believe that this
assumption could be weakened to a ∈ Cα for arbitrary α > 0, but this would require bounds on
the Malliavin derivative of the fundamental solution Γ. As this technical point would lengthen
the article notably, we decided to not pursue this direction in the present contribution. Such
bounds could be obtained by, for example, Malliavin differentiating the PDE to which Γ is the
fundamental solution. We refer to [14], where this idea is used to derive stochastic estimates.

Remark 1.13. Continuing the discussion of Remark 1.12, let us observe that another place
where the stronger regularity assumption at first sight seems to be used in the article is when
applying the Hairer–Quastel criterion, Theorem B.2, resp. the variant Theorem B.4 thereof
in Lemma 3.4, resp. Lemma 4.2. But in both cases this is easily circumvented by using Hölder
seminorms instead of the supremum norm on the derivative to bound increments in the multi-
scale clustering argument for the respective singular integrals in Lemmas 3.4, 3.5, 3.6 and 4.2.

1.3 Notations

We shall always work on an ambient probability space (Ω,F , P ) supporting the white noise.
For q ∈ [1,∞], we shall denote by Lq(Ω) scalar valued random variables with finite q-th moment.
For two random variables X,Y we write Cov(X,Y ) = E[(X − E[X])(Y − E[Y ])].

5Recall that the Young multiplication theorem states that whenever α+β > 0 pointwise multiplication between
two smooth functions extends uniquely to a continuous map Cα × Cβ → C(α∧β).
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We identify the two dimensional torus T2 with the quotient R2/Z2 and when working with
function or distribution spaces we shall freely identify functions/distributions defined on T2(
resp. R × T2

)
with Z2-periodic functions/distributions defined on R2

(
resp. R × T2

)
. For A

an open subset of T2, R× T2 or Rk for some k ≥ 1, we denote by C(A) the space of continuous
real valued functions on A equipped with the supremum norm. As usual for n ∈ N, Cn are the n-
times continuously differentiable functions. For α ∈ R\N, denote by Cα the usual Hölder–Besov
spaces as in [27].

For n ∈ N, we also use the space of test functions

Bn := {ϕ ∈ Cn(B1) | ∥∇mϕ∥L∞ <∞, m ≤ n},

where B1 ⊂ A denotes the unit ball and the choice of A will be clear from context.

For a function ρ : A → R, we shall use the following notation for recentering: For x, y ∈ A,
we write ρy(x) := ρ(x−y) whenever this is defined. For any λ ∈ (0, 1], we shall use the following
scalings: For φ : R2 → R, write φλ(x) = λ−2φ

(
x
λ

)
, and, similarly, for φ : R × R2 → R, write

φλ
x := λ−4φ

( ·
λ2 ,

·
λ

)
.

If there exists a constant C depending only on a parameter set S such that A ≤ CB, we shall
often write this as A ≲S B. Finally, we shall use the notation s and |s| from [27], the latter in
our context will be either 2 or 4.

2 Solution theory

In this section, we recall the solution theory for both considered equations. We shall solve the
g-PAM equation using regularity structures following [27] with the necessary modifications for
variable coefficients taken from [49]. For the ϕK+1

2 -equation, while we could have formulated
the fixed point problem similarly using regularity structures, we present it in more elementary
language using classical function spaces along the lines of [15].

2.1 Regularity structures and models

For the purpose here, we define a regularity structure (T,G) to be a pair, where T =
⊕

α∈A Tα
is a finite dimensional normed A-graded vector space and G a group acting on T by lower
triangular linear maps, i.e., γτ −τ ∈ T<α :=

⊕
β<α Tβ for every τ ∈ Tα and γ ∈ G. Throughout,

we are only working with one fixed regularity structure. A model M = (Π,Γ) consists of a pair
of maps: the realisation map Π: R2 → L

(
T,D′(Rd

))
and a map Γ: R2 × R2 → G satisfying for

every x, y, z ∈ R2

Πx ◦ Γxy = Πy, Γxy ◦ Γyz = Γxz,

such that

∥Π∥ := sup
α∈A

sup
τ∈Tα

sup
φ∈Br

sup
x∈R2

sup
λ∈(0,1]

|Πxτ(φ
λ
x)|

λα|τ |α
<∞, (2.1)

∥Γ∥ := sup
α∈A

sup
τ∈Tα

sup
β<α

sup
x,y∈R2

|Γxyτ |β
|x− y|α−β

s |τ |α
<∞, (2.2)

where | · |β = |Qβ(·)| with Qβ : T → Tβ being the canonical projection. We denote by M the
space of all models for the regularity structure (T,G), which we equip with the metric where
the distance between two models

{(
Πi,Γi

)}
1≤i≤2

is given by replacing Π, Γ in (2.1) and (2.2)
by Π1 −Π2 and Γ1 − Γ2, respectively.
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2.2 Solutions to the g-PAM equation

To define the regularity structure to solve the g-PAM equation, we first fix a set of letters
{Ξ, ∂i, I, 1, Xi, · | i = 1, 2}. Then, define the set of words

T =
{
Ξ, ∂iIΞ, ∂jIΞ · ∂iIΞ, Xi · Ξ, Ξ · IΞ, 1, IΞ, Xi | i, j = 1, 2

}
and finally set T to be the span of T. In order to define the grading on T , we first define
homogeneities |τ | ∈ R for each element of τ ∈ T as follows. First set the homogeneities of the
letters to be

|Ξ| = −1− κ, |∂i| = −1, |I| = 2, |1| = 0, |Xi| = 1, | · | = 0

for some 0 < κ ≪ 1 small enough. The homogeneity of a word is simply the sum of the
homogeneities of its letters (counted with multiplicity). Finally, the grading of T is the unique
one such that τ ∈ T|τ | for each τ ∈ T. We define the group G =

(
R3,+

)
where the action of

γ = (γIΞ, γ1, γ2) on T is determined by

� γτ = τ for all τ ∈
{
Ξ, ∂iIΞ, ∂jIΞ · ∂iIΞ, 1 | i, j = 1, 2

}
,

� γIΞ = IΞ + γIΞ and γXi = Xi + γi for any i ∈ {1, 2},
� γ is multiplicative with respect to the partial product · on T, i.e., γ(Xi ·Ξ) = Xi ·Ξ+ γiΞ
and γ(Ξ · IΞ) = Ξ · IΞ + γIΞΞ.

2.2.1 Canonical and renormalised models

Recall the definition of the kernel spaces KKK2
L,R in [49, Defenition 2.12] (see Appendix C) which

quantify the regularity assumption [27, Assumption 5.1]. For this section, we fix a kernel
K ∈ KKK2

L,R for some L,R > 1, which we furthermore assume to be non-anticipative, i.e., for
any x, y ∈ R2 it holds K(t, x, s, y) = 0 whenever t < s, and time-translation invariant, i.e.,
K(t, x, s, y) = K(t − s, x, y) for all t, s ∈ R. We fix κ : R → [0, 1] to be smooth on (0,∞) such
that κ|(0,1] = 1 and κ|R\(0,2] = 0 and set for any x, y ∈ R2, such that x ̸= y

H(x, y) =

∫
R
κ(s)K(s, x, y) ds. (2.3)

Given a smooth compactly supported function ρ as in (1.4), we define the associated canonical
model M(ρ) to be the pair (Π,Γ) determined as follows. The realisation map Πx : T → D′(R2

)
is given by

ΠxΞ(y) = ξ(ρy), Πx1 = 1, ΠxXi(y) = yi − xi, ΠxXi · Ξ(y) = (yi − xi)ξ(ρy),

ΠxIΞ(y) =

∫
R2

H(y, z)ξ(ρz) dz −
∫
R2

H(x, z)ξ(ρz) dz,

Πx∂iIΞ(y) =

∫
R2

∂iH(y, z)ξ(ρz) dz

and by

Πx(∂jIΞ · ∂iIΞ) = Πx∂jIΞ ·Πx∂iIΞ, Πx(Ξ · IΞ) = ΠxΞ ·ΠxIΞ. (2.4)

The map Γ: R2 → G ∼ R3 is given by

Γxy =

(∫
R2

(H(x, z)−H(y, z))ξ(ρz) dz, x1 − y1, x2 − y2

)
.
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Given such a canonical model M = (Π,Γ) and c =
(
c ,
{
c ij

}
i,j=1,2

)
∈ C

(
T2
)×5

, which
we identify with continuous periodic functions c , c ij : R2 → R, we define the renormalised
model c · M := (Πc,Γc) to be the model that agrees with the model (Π,Γ) except that for
any x ∈ R2

Πc
x∂jIΞ · ∂iIΞ = Πx∂jIΞ · ∂iIΞ + c ij , Πc

xΞ · IΞ = ΠxΞ · IΞ + c .

Finally, we define the space of admissible models to be the closure of the models described
above

Mad =
{
g ·M(ρ) ∈ M | ρ ∈ C∞

c (B1/2), g ∈ C
(
T2
)×5} ⊂ M,

see Section 2.1.

2.2.2 Proof of Theorem 1.7

As a consequence of working with a pathwise solution theory, the only place where the proof of
this theorem differs notably from the proof of [49, Theorem 4.1] is in establishing the necessary
stochastic estimates on the model which is the content of Section 3. In order to make the article
relatively self-contained, we present the proof which is relatively compact as it mostly amounts
to collecting the necessary ingredients from the existing literature.

Proof of Theorem 1.7. In order to lift our SPDE to an abstract equation on the regularity
structure, we fix ϕ : R2 → [0, 1] smooth and compactly supported on B1+1/10(0) ⊂ R2 such that∑

k∈Zd ϕ(x+ k) = 1 for all x ∈ R2 and set for any t > s and x, y ∈ R2

K(t, x, s, y) = κ(t− s)ϕ(x− y)
∑
k∈Zd

Γ(t, x, s, y + k),

where we recall that κ denotes a smooth cut-off from [0, 1] to [0, 2]. Then, it was the content
of [49, Proposition 2.18] that for smooth coefficient fields this kernel belongs to the space KKK2

L,R

for any L,R > 0, the definition of which we recall in Appendix C. But observe that exactly the
same argument shows that for C2-regular coefficients, K belongs to KKK2

L,R, for any L,R < 2.
Thus, given an admissible model M ∈ Mad this allows one to formulate the abstract fixed

point problem as in [27, Section 9]

U = Kγ

(
R+F̂ (U,∇U)

)
+ Uin, (2.5)

where

F̂ (U,∇U) :=
2∑

i,j=1

f̂i,j(U)∂iU∂jU + ĝ(U)Ξ.

Then, for L > γ > −|Ξ| and η ∈ (0, 1) [49, Theorem 2.14], which is a slight variant of [27,
Theorem 7.8], shows that there exists T > 0 and a neighbourhood OM ⊂ Mad of the model M
such that the abstract solution map to (2.5)

ST : OM → Dγ,η
P , M 7→ U

is well defined and continuous.
Next, we consider the sequence of admissible models

M̂ δ =
(
Π̂δ, Γ̂δ

)
:= cδ ·M

(
ρδ
)
, cδ :=

(
cδ ,
{
c ij

δ

}
i,j=1,2

)
(2.6)

with the functions cδ , c
ij

δ defined in (1.7). Thus, this proof is complete if one checks the
following two points.
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1. For δ ∈ (0, 1], the function uδ := Π̂δ
x

[
U δ(x)

]
(x) for U δ = ST

(
M̂ δ
)
satisfies (1.8).

2. There exists a modification of underlying white noise ξ, such that the sequence of models{
M̂ δ
}
δ>0

converge (in probability) to a limiting model M̂0 as δ → 0.

The former point is obtained by adapting ad verbatim [27, Section 9.3], see also [33, Section 16.1]
or [3]. The second point is the content of Proposition 3.1. ■

2.3 Solutions to the ϕK+1
2 -equation

In this section we recall the solution theory for the ϕK+1
2 -equation, based on the Da Prato

Debussche trick [15]. The mild formulation of the equation (1.12) with initial condition u0
reads, for any (t, x) ∈ (0,∞)× R2

uδ(t, x) =

∫
R2

Γ(t, x, 0, y)u0(y) dy

+

∫ t

0

∫
R2

Γ(t, x, s, y)
(
−HK

(
uδ(s, y), cδ (s, y)

)
+ ξδ(y, s)

)
dsdy.

We define δ(t, x) :=
∫
R1+2 κ(t− s)Γ(t, x, s, y)ξδ(s, y) dsdy. If we set vδ := uδ − δ, we find that

we can rewrite the integral equation as

vδ(t, x) + δ(t, x) =

∫ t

0

∫
R2

Γ(t, x, s, y)
(
−HK

(
vδ(s, y) + δ(s, y), cδ (s, y)

)
+ ξδ(y, s)

)
dsdy

+

∫
R2

Γ(t, x, 0, y)u0(y) dy.

Thus using that HK(X + Y,C) =
∑K

k=0

(
K
k

)
XkHK−k(Y,C) and defining

zδ(t, y) := −
∫ 0

−∞
κ(t− s)

∫
R2

Γ
(
0, y, s, y′

)
ξδ
(
s, y′

)
dsdy′,

this can be rewritten as

vδ(t, x) = −
K∑
k=0

(
K

k

)∫ t

0

∫
R2

Γ(t, x, s, y)vkδ (s, y)HK−k

(
δ(s, y), cδ (s, y)

)
dsdy

+

∫
R2

Γ(t, x, 0, y)
(
u0(y) + zδ(t, y)

)
dy. (2.7)

Then, consider for T > 0 and γ, β ∈ (0, 1) the weighted space Cγ

(
(0, T ], Cβ

(
T2
))

of continuous
functions w : (0, T ] → Cβ

(
T2
)
satisfying

∥w∥γ,β := sup
0<s≤T

sγ∥w(s)∥Cβ <∞.

The next proposition is standard, cf. [15, Proposition 4.4], [46, Theorem 6.2], [51, Theorem 3.3]
or [34, Proposition 3.2].

Proposition 2.1. Let −1/10 < α < 0, β, γ ∈ (0, 1). Let

F = (F0, . . . , FK) ∈
(
Cα
(
(−1, 2)× T2

))K
and w ∈ Cγ

(
(0, 2), Cβ

)
.

Then, there exists T = T (∥w∥γ,β, ∥F∥γ,β) ∈ (0, 1] and a neighborhood

O(w,F ) ⊂ Cγ

(
(0, 2], Cβ

(
T2
))

×
(
Cα
(
(−1, 2)× T2

))×K
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of (w,F ) such that the solution map

ST ∗ : O(w,F ) → Cγ((0, T
∗], Cβ

(
T2
)
, (w,F ) 7→ v

to the equation6

v(t, x) = w(x, t) +

K∑
k=0

(
K

k

)∫ t

0

∫
R2

Γ(t, x, s, y)vk(s, y)Fk(s, y) dsdy

is well defined and continuous.

Proof of Theorem 1.9. It remains only to check that we can apply Proposition 2.1 to (2.7),
for example, with β = 1/10, γ = 1/5. Indeed, the map

[0, 1] → Cγ

(
(0, 2], Cβ

(
T2
))
, δ 7→

(
t 7→

∫
R2

Γ(t, ·, 0, y)(u0(y) + zδ(t, y)) dy

)
is a.s. continuous as can be seen by noting that R → Cα

(
T2
)
, t 7→ zδ(t, ·) is continuous for

any α < 0 and then by applying [34, Lemma 3.1]. Finally, by Lemma 4.1 combined with
Kolmogorov’s continuity criterion for each m = 0, . . . ,K and any α < 0 the map

(0, 1] → Cα
(
(−1, 2)× T2

)
, δ 7→ Hm

(
δ, cδ

)
extends (up to modification) continuously to δ ∈ [0, 1]. ■

3 Stochastic estimates for the g-PAM equation

The aim of this section is to prove the following proposition.

Proposition 3.1. The sequence of models
{
M̂ δ
}
δ∈(0,1] defined in (2.6) are uniformly bounded

and converge, up to a modification7 of the underlying noise, to a limiting model M̂0 as δ → 0 a.s.

This proposition is a well understood consequence of Lemmas 3.2 and 3.6 below. We present
the line of argumentation for the readers convenience.

Proof. We shall only check the required uniform bounds, the convergence bounds follows anal-
ogously. First note that for the polynomial sector there is nothing to check. Thus it remains to
check the estimates (2.1) and (2.2) (before taking the supremum over α ∈ A and τ ∈ Tα) on

Ξ, ∂iIΞ, ∂jIΞ · ∂iIΞ, Xi · Ξ, Ξ · IΞ, IΞ.

The almost sure bound on Π̂δ
xΞ = ξ

(
ρδ
)
follows directly from the fact that ξ ∈ Cα a.s. for

any α < −1, by a standard Kolmogorov criterion. Since, Γ̂δ
xyΞ = Ξ for all x, y ∈ R2, for the

two symbols ∂iIΞ and IΞ the estimates (2.1) and (2.2) follow from the extension theorem, [27,
Theorem 5.14]. Next, for ∂jIΞ · ∂iIΞ the bound (2.1) follows again by standard Kolmogorov
from Lemma 3.6 (up to taking a modification of the white noise process) while the bound (2.2)
is empty.

It only remains to check the symbols Xi · Ξ and Ξ · IΞ. The bound (2.2) follows by multi-
plicativity from the same bound for Xi resp. IΞ. Finally, to obtain (2.1) one argues using the
countable characterisation of models [27, Proposition 3.32] (here one takes again a modification
of the white noise process). ■

6Here we use the standard abuse of notation by writing integrals for the pairing between distributions and
functions.

7Since we use Kolmogorov’s continuity criterion several times.
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In what follows, it will be important to explicitly exhibit the randomness appearing in the
kernels in (1.5) and (1.6). We define for η ∈ R

Z̃η(t, y) =
1

4πt
√
det(A(η))

exp

(
−y ·A

−1(η)y

4t

)
, (3.1)

G̃η(y) =

∫
R
κ(t)Z̃η(t, y) dt, G̃η

i (y) =

2∑
j=1

Aij(η)yj

∫
R
κ(t)

1

2t
Z̃η(t, y) dt, (3.2)

since these kernels factor the randomness, i.e., for h as in Assumption 1.1 it holds that

Zx(t, y) = Z̃h(x)(t, y), Gx(y) = G̃h(x)(y), Gx
i (y) = G̃

h(x)
i (y).

3.1 Stochastic estimates on Π̂δ
⋆(Ξ · IΞ)

In this subsection, we prove the following lemma.

Lemma 3.2. For any α < 0 and q ∈ N, and κ > 0 small enough,

E
[∣∣Π̂δ

⋆ΞIΞ
(
ϕλ⋆
)∣∣q] ≲α,q λ

αq and

E
[∣∣Π̂δ

⋆ΞIΞ
(
ϕλ⋆
)
− Π̂δ′

⋆ ΞIΞ
(
ϕλ⋆
)∣∣q] ≲α,q |δ − δ′|κqλ(α−κ)q,

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B1.

Proof. Unravelling the definition, we find that with H defined in (2.3)

Π̂δ
⋆ΞIΞ

(
ϕλ⋆
)
= Πδ

⋆ΞIΞ
(
ϕλ⋆
)
− cδ

(
ϕλ⋆
)

=

∫
R2

∫
R2

(H(x, y)−H(⋆, y))ξδ(x)ξδ(y)ϕ
λ
⋆(x) dydx− cδ

(
ϕλ⋆
)
.

Fix, for q ∈ N, a smooth function ψ : R2 → [0, 1] compactly supported on B1/2q(0) ⊂ R2 such
that ψ|B1/4q(0) = 1. Then set for Gx as in (1.6)

Kx(y, z) = ψ(y − z)Gx(y − z), R(x, y) := H(x, y)−Kx(x, y), (3.3)

as well as ĉδ (x) =
∫
R2 ψ(y)G

x(y)ρδ ∗ ρδ(y) dy. Thus, we split

Π̂δ
⋆ΞIΞ(ϕ

λ
⋆) =

∫
R2

∫
R2

(H(x, y)−H(⋆, y))ξδ(x)ξδ(y)ϕ
λ
⋆(x) dydx− ĉδ

(
ϕλ⋆
)
−
(
cδ − ĉδ

)(
ϕλ⋆
)

=

∫
R2

∫
R2

(Kx(x, y)−K⋆(⋆, y))ξδ(x)ξδ(y)ϕ
λ
⋆(x) dydx

+

∫
R2

∫
R2

(R(x, y)−R(⋆, y))ξδ(x)ξδ(y)ϕ
λ
⋆(x) dydx

−
∫
R2

∫
R2

Kx(x, y)E[ξδ(x)ξδ(y)]ϕλ⋆(x) dydx−
(
cδ − ĉδ

)(
ϕλ⋆
)

=

∫
R2

∫
R2

(Kx(x, y)−K⋆(x, y))[ξδ(x)ξδ(y)− E[ξδ(x)ξδ(y)]]ϕλ⋆(x) dydx

+

∫
R2

∫
R2

(K⋆(x, y)−K⋆(⋆, y))[ξδ(x)ξδ(y)− E[ξδ(x)ξδ(y)]]ϕλ⋆(x) dydx

−
∫
R2

∫
R2

K⋆(⋆, y)E[ξδ(x)ξδ(y)]ϕλ⋆(x) dydx−
(
cδ − ĉδ

)(
ϕλ⋆
)

+

∫
R2

∫
R2

(R(x, y)−R(⋆, y))ξδ(x)ξδ(y)ϕ
λ
⋆(x) dydx.
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Estimating the former two lines is the content of Lemmas 3.3 and 3.4. The terms on the third
line are easily bounded directly. Finally, for the last term, first note that by the classical Levi’s
construction of the fundamental solution, cf. [49, Proposition 2.6] it follows that ∂iR ∈ KKK2

L−1,R

almost surely for any L ∈ (1, 2) and that the random variable ∥∂iR∥β;L−1,R has a finite q-th
moment for any q < ∞. Since, for any ε > 0 the random variable supδ∈[0,1] ∥ξδ∥C−1−ε has also
finite q-th moment, it follows that for any q <∞

sup
δ∈(0,1)

∥∥∥∥∫
R2

R(·, y)ξδ(y) dy
∥∥∥∥
CL

∈ Lq(Ω). (3.4)

Essentially8 by Young multiplication, it follows that for any κ > 0

sup
λ∈(0,1]

λ−κ sup
δ∈[0,1]

∣∣∣∣∫
R2

∫
R2

(R(x, y)−R(⋆, y))ξδ(x)ξδ(y)ϕ
λ
⋆(x) dydx

∣∣∣∣ ∈ Lq(Ω).

The difference bound for δ, δ′ ∈ (0, 1] follows similarly. ■

In the next lemma, we use the notation ξδ(x) ⋄ ξδ(y) := ξδ(x)ξδ(y) − E[ξδ(x)ξδ(y)], cf. Ap-
pendix A.

Lemma 3.3. For any α < 0 and q ∈ 2N, in the setting of the proof of Lemma 3.2, it holds that

E
[∣∣∣∣∫

R2

∫
R2

(K⋆(x, y)−K⋆(⋆, y))[ξδ(x) ⋄ ξδ(y)]ϕλ⋆(x) dydx
∣∣∣∣q] 1

q

≲q,α λ
α, (3.5)

as well as

E
[∣∣∣∣ ∫

R2

∫
R2

(K⋆(x, y)−K⋆(⋆, y))[ξδ(x) ⋄ ξδ(y)− ξδ′(x) ⋄ ξδ′(y)]]ϕλ⋆(x) dydx
∣∣∣∣q] 1

q

≲q,α

∣∣δ − δ′
∣∣κλα−κ, (3.6)

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B1.

Proof. For the proof, we factor the randomness in the kernel by defining

K̃η(y, z) = ψ(y − z)G̃η(y − z),

for G̃ as in (3.2). We shall also use the suggestive notation ∂↑ to denote differentiation in the
‘upper’ η-variable. Furthermore, assume without loss of generality that λ < 1

2q . Then, expanding
the q-th power and using the Gaussian integration by parts Lemma A.3, the term to bound is

E
[∣∣∣∣∫

R2

∫
R2

(
K̃h(⋆)(x, y)− K̃h(⋆)(⋆, y)

)
[ξδ(x)ξδ(y)− E[ξδ(x)ξδ(y)]]ϕλ⋆(x) dydx

∣∣∣∣q]
=

∑
J⊂{1,...,2q}

|J| even

∑
P∈P2(J)

∫ [ q∏
i=1

ϕλ⋆(x2i−1)
∏

{i,j}∈P

E[ξδ(xi)ξδ(xj)]

× E

[
∂
|Jc|
↑

q∏
i=1

(
K̃h(⋆)(x2i−1, x2i)− K̃h(⋆)(⋆, x2i)

)] ∏
i∈Jc

E[ξδ(xi)ξ ∗ σ(⋆)]

]
, (3.7)

8This is for example exactly the reconstruction bound, [27, equation (3.3)] when proving of Young multiplication
using regularity structures [27, Proposition 4.14].
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where the integral is over (x1, . . . , x2q) ∈
(
R2
)2q

. Inserting

E[ξδ(xi)ξδ(xj)] =
(
ρ∗2
)δ
(xi − xj), F ⋆

δ (x) := E[ξδ(x)ξ ∗ σ(⋆)] (3.8)

and using the binomial formula for derivatives of products, we can bound (3.7) by∑
J⊂{1,...,2q}

|J| even

∑
P∈P2(J)

∑
k∈Nq

|k|=|Jc|

∣∣∣∣∣
∫ q∏

i=1

ϕλ⋆(x2i−1)
∏

{i,j}∈P

(
ρ∗2
)δ
(xi − xj)

× E

[
q∏

i=1

∂ki↑
(
K̃h(⋆)(x2i−1, x2i)− K̃h(⋆)(⋆, x2i)

)] ∏
i∈Jc

F ⋆
δ (xi)

∣∣∣∣∣,
each summand of which can in turn be bounded by

E

[∣∣∣∣∣
∫ q∏

i=1

ϕλ⋆(x2i−1)
∏

{i,j}∈P

(
ρ∗2
)δ
(xi − xj)

×
q∏

i=1

∂ki↑
(
K̃h(⋆)(x2i−1, x2i)− K̃h(⋆)(⋆, x2i)

) ∏
i∈Jc

F ⋆
δ (xi)

∣∣∣∣∣
]
.

This integral can be graphically represented using a directed graph G = (V,E) constructed as
follows. The vertex set is given by V = {v0, . . . , v2q}, each element vi for i ≥ 1 of which we
interpret as representing the integration variable xi and v0 representing ⋆. We shall apply the
Hairer–Quastel criterion, Theorem B.2, and therefore use notations from Appendix B.

� The graph contains q distinguished edges representing the generic test function ϕλ⋆ , which
we shall illustratively draw as in the schematics below, one directed from v0 to each
odd vertex v2i−1. For each such edge e, we set (ae, re) = (0, 0).

� It contains q edges, for each i = 1, . . . , q one representing a factors of ∂ki↑
(
K̃h(⋆)(x2i−1, x2i)−

K̃h(⋆)(⋆, x2i)
)
directed from the vertex v2i to v2i−1. We draw each such edge e as

and set (ae, re) = (κ′, 1) for some κ′ ∈ (0, 1) which we specify later. We call these K-type
edges.

� It contains |J |/2 edges representing
(
ρ∗2
)δ
, drawn as (we suppress the arbitrary

orientation since it is irrelevant). For each P ∈ P2(J) and {i, j} ∈ P one connecting vi
to vj . For such an edge e, we set Ie = 1 and (ae, re) = (2 + κ,−1) for some κ ∈ (0, 1)
specified later. We call these ρ-type edges.

� Finally, there are |Jc| edges, for each i ∈ Jc one representing the function F ⋆
δ (xi) which

connects ⋆ to vi. For such an edge e, we set (ae, re) = (0, 0). We shall omit these edges in
the schematic drawings since they represent functions that are uniformly bounded in C1

and thus do not contribute to the argument used to bound the singular integral.

Let us illustrate this by listing (up to symmetries and the functions F ⋆ omitted in the drawing)
all possibilities for the case q = 2

, , , , , . (3.9)

Let us also provide some examples for the case q = 5

, , . (3.10)
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We shall check the Hairer–Quastel criterion for the graphs obtained after adding ‘fictitious’ edges
connecting the remaining vertices {vi}i≥1 which do not already have a ρ-type incident edge
(in some arbitrary way). These new edges represent simply the constant 1, but we artificially
set (ae, re) = (1 + κ′′, 0) for some κ′′ ∈ (0, 1) specified later. Below we illustrate using the (last
four) diagrams of (3.9) and the middle diagram in (3.10) and drawing the new edges as

, , , , resp. .

Before checking the assumptions of the Hairer–Quastel criterion, let us make the following ob-
servations about any diagram appearing in the above sum. Consider the (multi) graph obtained
after removing the distinguished edges (illustrated above in green) and the edges representing
the functions F ⋆

δ (which are already omitted in the drawing). Every vertex of this new graph has
exactly two incident edges, one of K-type and one which is either of ρ-type or fictitious. Thus,
its connected components are either cycle graphs or a multi graphs with exactly to vertices and
two edges one of which fictitious. Next, we check the Assumptions B.1.

1. The first condition that ae + re < 2 is clearly satisfied if κ′ + κ′′ < 1 (where we recall that
for a multi-edge we simply add the corresponding labels).

2. For the second condition, since the left-hand side of (B.2) only involves internal edges,
we can assume that V̄ =

⋃
e∈Ē e for some subset Ē ⊂ E. We first check the inequality for

connected components of the subgraph Ḡ = (V,E) with at least 3 vertices, where we have
two cases:

(a) If Ḡ is a cycle graph, it contains 2M edges, half of which are of ρ-type or fictitious
and half of K-type for M ≥ 2. Thus∑

e∈E0(V̄)

ae =M(2 + κ+ κ′) < 4M − 2 = 2
(
|V̄∥ − 1

)
.

(b) If it is not a cycle, but has an even number of edges 2M for M ≥ 1, we find as above∑
e∈E0(V̄)

ae =M(2 + κ+ κ′) < 4M = 2
(
|V̄| − 1

)
.

If it has an odd number 2M +1 of edges there is one more of either type of edge and
whenever M ≥ 1∑

e∈E0(V̄)

ae ≤M(2 + κ+ κ′) + 2 + κ < 4M + 2 = 2
(
|V̄| − 1

)
.

Thus it remains to check the inequality for sub-graphs of G where some connected compo-
nents might consist of only two vertices. Since |V̄| ≥ 3 by assumption, this can not be the
whole graph. Thus, we conclude by noting that the inequality holds when the graph con-
sists of only isolated (multi) edges or of isolated (multi) edges and connected components
which already satisfy the inequality by themselves.

3. For the third point, note that our setting (B.3) simplifies to checking for any V̄ ⊂ V0 of
cardinality at least 1 that∑

e∈E0(V̄)

ae +
∑

e∈E↑(V̄)

κ′ −
∣∣E↓(V̄)

∣∣ < 2|V̄|.
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We consider the graph Ḡ ⊂ G with vertex set V̄ and maximal number of edges. As in the
previous case, we decompose it into connected components and note that by additivity
it suffices to check the inequality for each of those. For singletons, it clearly holds. For
graphs consisting of only one edge, one again simply checks all possible cases. Finally, for
higher cardinality the claim follows from the former item.

4. To check the fourth point of Assumption B.1, since every element of V̄ has an adjacent
outgoing K-type edge9 and the set E↓(V̄) is empty, (B.4) simplifies to∑

e∈E(V̄)

ae +
∣∣E↑(V̄)

∣∣ > 2|V̄|.

In turn, since each of these top edges has exactly one outgoing edge with re > 0, this
reduces to

∑
e∈E(V̄) ae > |V| which is true since there is either an incident edge of type ρ

and if not a fictitious one.

Thus we complete the proof of (3.5) by noting that for any α < 0 we can choose κ, κ′ such that

αq ≳ 2|V \ V⋆| −
∑
e∈E

ae ≥ 2q − qκ′ − q(2 + κ) = −q(κ+ κ′)

and all the kernels have norms with finite moments. Finally, to obtain the difference bound (3.6)
one argues exactly the same way, but replacing in a telescopic sum each occurrence of

(
ρ∗2
)δ

by(
ρ∗2
)δ − (ρ∗2)δ′ and of the function F ⋆

δ by F ⋆
δ,δ′(x) := E[(ξδ − ξδ′)(x)(ξ ∗ σ)(⋆)]. ■

Lemma 3.4. For α < 0, q ∈ 2N and κ ∈ (0, 1) in the setting of the proof of Lemma 3.2, it holds
that

E

[∣∣∣∣∣
∫
R2

∫
R2

(Kx(x, y)−K⋆(x, y))[ξδ(x) ⋄ ξδ(y)]ϕλ⋆(x) dydx

∣∣∣∣∣
q] 1

q

≲q,α λ
α, (3.11)

as well as

E

[∣∣∣∣∣
∫
R2

∫
R2

(Kx(x, y)−K⋆(x, y))[ξδ(x) ⋄ ξδ(y)− ξδ′(x) ⋄ ξδ′(y)]ϕλ⋆(x) dydx

∣∣∣∣∣
q] 1

q

≲q,α |δ − δ′|κλα−κ, (3.12)

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B1.

Proof. We write for any x, y ∈ R2, K̃h(x)(x, y)− K̃h(⋆)(x, y) =
∑

i=1,2(xi − ⋆i)K̃
(i)(x, y), where

K̃(i)(x, y) :=

∫ 1

0
∂ih(sx+ (1− s)⋆) · (∂↑K)h(λx+(1−λ)⋆)(x, y) ds.

Defining the modified test-function
(
ϕ̃(i)
)λ
(x) := xi

λ ϕ
λ(x), we bound the left-hand side of (3.11) by

2∑
i=1

λE

[∣∣∣∣∣
∫
K̃(i)(x, y)[ξδ(x)ξδ(y)− E[ξδ(x)ξδ(y)]]

(
ϕ̃(i)
)λ
⋆
(x)

∣∣∣∣∣
q]1/q

.

Thus, we are left to prove that

E

[∣∣∣∣∣
∫
K̃(i)(x, y)[ξδ(x)ξδ(y)− E[ξδ(x)ξδ(y)]]

(
ϕ̃(i)
)λ
⋆
(x)

∣∣∣∣∣
q]

≲ λ(α−1)q

for which one argues as in the proof of Lemma 3.3, but employing the slight variant of the Hairer–
Quastel criterion, Theorem B.4 and with the additional observation that ∥∇h∥L∞(T2) ∈ Lq(Ω)
by Assumption 1.1. Finally, (3.12) is obtained by an analogous argument. ■

9That is, it is drawn ‘at the top’ in the illustrations.
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3.2 Stochastic estimates on Π̂δ
⋆(∂iIΞ · ∂jIΞ)

In this subsection, we prove the following lemma.

Lemma 3.5. For any α < 0 and q ∈ N, and κ > 0 small enough,

E
[∣∣Π̂δ

⋆∂iIΞ · ∂jIΞ
(
ϕλ⋆
)∣∣q] ≲q,α λ

qα and

E
[∣∣Π̂δ

⋆∂iIΞ · ∂jIΞ
(
ϕλ⋆
)
− Π̂δ′

⋆ ∂iIΞ · ∂jIΞ
(
ϕλ⋆
)∣∣q] ≲α,q |δ − δ′|κqλ(α−κ)q,

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B0.

Proof. Unraveling (2.4), we find that

Π̂δ
⋆∂iIΞ · ∂jIΞ

(
ϕλ⋆
)
= Πδ

⋆∂iIΞ · ∂jIΞ
(
ϕλ⋆
)
− c ij

δ

(
ϕλ⋆
)

=

∫
(R2)3

∂iH(x, y1)∂iH(x, y2)ξδ(y1)ξδ(y2)ϕ
λ
⋆(x) dy1dy2dx− c ij

δ

(
ϕλ⋆
)
.

As in the proof of Lemma 3.2, for q ∈ N, let ψ : R2 → [0, 1] be smooth, compactly sup-
ported on B1/2q(0) ⊂ R2 such that ψq|B1/4q(0) = 1. This time set Ki(x, y) = ψ(x− y)∂iH(x, y),
Ri(x, y) := ∂iH(x, y)−Ki(x, y) and

ĉ ij

δ (x) =

∫
(R2)2

ψ(y1)∂iH(x, y1)ψ(y1)∂jH(x, y2)ρ
δ ∗ ρδ(y1 − y2) dy1dy2.

Thus,

Π̂δ
⋆∂iIΞ · ∂jIΞ

(
ϕλ⋆
)
=

∫
(R2)3

∂iH(x, y1)∂iH(x, y2)ξδ(y1)ξδ(y2)ϕ
λ
⋆(x) dy1dy2dx

− ĉ ij

δ

(
ϕλ⋆
)
−
(
c ij

δ − ĉ ij

δ

)(
ϕλ⋆
)

=

∫
(R2)3

Ki(x, y1)Kj(x, y1)ξδ(y1)ξδ(y2)ϕ
λ
⋆(x) dy1dy2dx− ĉ ij

δ

(
ϕλ⋆
)

+

∫
(R2)3

Ri(x, y1)Kj(x, y1)ξδ(y1)ξδ(y2)ϕ
λ
⋆(x) dy1dy2dx

+

∫
(R2)3

Ki(x, y1)Rj(x, y1)ξδ(y1)ξδ(y2)ϕ
λ
⋆(x) dy1dy2dx

+

∫
(R2)3

Ri(x, y1)Rj(x, y1)ξδ(y1)ξδ(y2)ϕ
λ
⋆(x) dy1dy2dx

−
(
c ij

δ − ĉ ij

δ

)(
ϕλ⋆
)
.

Estimating the first term is the content of Lemma 3.6. The two last terms are easily bounded
directly. Finally, for the remaining terms one notes as a consequence of [49, Lemma 2.9] that
Ri ∈ KKK2

L−1,R almost surely and that the random variables ∥Ri∥β;L−1,R have finite q-th moment
for any q <∞. Then, as in the proof of Lemma 3.2, it follows that

sup
δ∈[0,1]

∥∥∥∥∫
R2

Ri(·, y)ξδ(y)
∥∥∥∥
CL−1

∈ Lq(Ω)

and the desired bound follows by Young multiplication.

The difference bound for two values δ, δ′ ∈ (0, 1] follows similarly. ■
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Lemma 3.6. For α < 0, q ∈ 2N and κ ∈ (0, 1) in the setting of the proof of Lemma 3.5, it holds
that for n,m ∈ {1, 2}

E
[∣∣∣∣∫

(R2)3
Kn(x, y)Km(x, y′)

[
ξδ(y) ⋄ ξδ(y′)

]
ϕλ⋆(x) dydy

′dx

∣∣∣∣q] 1
q

≲q,α λ
α,

as well as

E
[∣∣∣∣∫

(R2)3
Kn(x, y)Km(x, y′)

[
ξδ(x) ⋄ ξδ(y)− ξδ′(x) ⋄ ξδ′(y)

]
ϕλ⋆(x) dydy

′dx

∣∣∣∣q] 1
q

≲q,α |δ − δ′|κλα−κ

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B0.

Proof. As previously, to exhibit the dependence on the Gaussian explicitly, set for n ∈ {1, 2}

K̃η
n(x, y) = ψ(x− y)G̃η

n(x− y).

Then, by Gaussian integration by parts, see Lemma A.3, one finds that

E
[∣∣∣∣ ∫

(R2)3
Kn(x, y)Km(x, y′)

[
ξδ(y)ξδ(y

′)− E
[
ξδ(y)ξδ(y

′)
]]
ϕλ⋆(x) dydy

′dx

∣∣∣∣q]
= E

[∣∣∣∣∫
(R2)3

K̃h(x)
n (x, y)K̃h(x)

m (x, y′)
[
ξδ(y)ξδ(y

′)− E
[
ξδ(y)ξδ(y

′)
]]
ϕλ⋆(x) dydy

′dx

∣∣∣∣q]
=

∑
J⊂{1,...,2q}

|J| even

∑
P∈P2(J)

∫ [ ∏
{i,j}∈P

E[ξδ(yi)ξδ(yj)]
q∏

i=1

ϕλ⋆(xi)

×
∑

k : Jc→{1,...,q}

E

[
q∏

i=1

∂
|k−1(i)|
↑

(
K̃h(xi)

n (xi, y2i−1)K̃
h(xi)
m (xi, y2i)

)]

×
∏
i∈Jc

E
[
ξδ(yi)ξ ∗ σ

(
xk(i)

)]]
,

where the integral is over (y1, . . . , y2q) ∈
(
R2
)2q

and (x1, . . . , xq) ∈
(
R2
)q
. Inserting (3.8), this

can be bounded by

∑
J,P,k,ℓ

∣∣∣∣∣
∫ ∏

{i,j}∈P

(
ρ∗2
)δ
(yi − yj)

q∏
i=1

ϕλ⋆(xi)

× E

[
q∏

i=1

∂
|k−1(i)|−ℓi
↑ K̃h(xi)

n (xi, y2i−1)∂
ℓi
↑ K̃

h(xi)
m (xi, y2i)

] ∏
i∈Jc

F
xk(i)

δ (yi)

∣∣∣∣∣,
where the sum runs over even subsets J ⊂ {1, . . . , 2q}, partitions P ∈ P2(J), maps k : Jc →
{1, . . . , q} and ℓ ∈ Nq such that |ℓi| <

∣∣k−1(i)
∣∣ for each i ∈ {1, . . . , q}. Thus, we shall show that

for each summand

E

[∣∣∣∣∣
∫ (

ρ∗2
)δ
(yi − yj)

q∏
i=1

ϕλ⋆(xi)

q∏
i=1

∂
|k−1(i)|−ℓi
↑ K̃h(xi)

n (xi, y2i−1)∂
ℓi
↑ K̃

h(xi)
m (xi, y2i)

×
∏
i∈Jc

F
xk(i)

δ (yi)

∣∣∣∣∣
]
≲ λqα,
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using the modified Hairer–Quastel criterion, Theorem B.4. We represent the integral using
a directed graph G = (V,E) constructed as follows. The vertex set is given by V = {v0, . . . , vq,
w1, . . . , w2q}. Each element vi for i ≥ 1 of which is interpreted as representing the integration
variable xi, v0 as representing ⋆ and wj as representing yj .

� It contains q distinguished edges representing the generic test function ϕλ⋆ , which we
shall illustratively draw as , one directed from v0 to each odd vertex vi. We set
(ae, re) = (0, 0).

� It contains q edges representing factors of ∂
|k−1(i)|−ℓi
↑ K̃

h(xi)
n (xi, y2i−1) for each i = 1, . . . , q,

one directed the each odd vertex w2i−1 to vi as well as another q edges representing a factors
of ∂ℓi↑ K̃

h(xi)
m (xi, y2i) for each i = 1, . . . , q, one directed from the even vertex w2i to vi. We

set (ae, re) = (1 + κ′, 0) for some κ′ ∈ (0, 1) specified later. We call these kernel edges and
draw then as .

� It contains |J |/2 edges representing
(
ρ∗2
)δ
, drawn as (we again suppress the arbi-

trary orientation since it is irrelevant). For each P ∈ P2(J) and {i, j} ∈ P it connects vi
to vj . We set Ie = 1 for these edges, as well as (ae, re) = (2 + κ,−1) for some κ ∈ (0, 1)
specified later and call these ρ-type edges.

� Finally, there are |Jc| edges, for each i ∈ Jc one connecting vk(i) to wi representing the
function F

xk(i)

δ (xi) for which we set (ae, re) = (0, 0). (We again omit them from the
schematic drawings below).

We draw some examples (up to the omitted data) for q = 2 and q = 4

, ,

, , .

Now we check the assumptions of the modified Hairer–Quastel criterion, Theorem B.4. The
first item of Assumption B.3, i.e., that for every edge e ∈ E, one has ae − r−e < 2 is clearly
satisfied. The second item, i.e., (B.2), is easily checked by a similar case separation as in the
proof of Lemma 3.3. Thus, it remains to calculate the quantities

α̃ = |s||V \ V⋆| −
∑
e∈E

ae −R(G), R(G) := max
V̄⊂V\V⋆

(
|V̄||s| −

∑
e∈E(V̄)

ae

)
∨ 0.

Let m be the number of vertices in V \ V⋆ which have only one incident edge. Then one sees
choosing V̄ to be this subset maximises the R(G) = 2m − m(1 + κ′) = m(1 − κ′). Since∑

e∈E ae = 2q(1 + κ′) + (q −m/2)(2 + κ), we find that

α̃ = |s||V \ V⋆| −
∑
e∈E

ae −R(G) = 4q − 2q(1 + κ′)− (q −m/2)(2 + κ)−m(1− κ)

= −q(2κ′ + κ) + 3mκ/2. ■



20 N. Clozeau and H. Singh

Remark 3.7. It might be suggestive to think that one can simply integrate out the substructures

,

whenever they appear, but this is not obvious due to the functions F hidden in the graphical
schematic.

4 Stochastic estimates for the ϕK+1
2 -equation

In this section, we prove the following lemma.

Lemma 4.1. For any α < 0, N ∈ N and q ∈ 2N, there exists κ > 0 such that

E
[∣∣HN

(
δ, cδ

)(
ϕλ⋆
)∣∣q] ≲q,N λqα and

E
[∣∣HN

(
δ, cδ

)(
ϕλ⋆
)
−HN

(
δ′ , cδ′

)(
ϕλ⋆
)∣∣q] ≲α,q |δ − δ′|κqλ(α−κ)q,

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B0.

In the proof, we shall use the following identity about Hermite polynomials, which is checked
using the recursive definition (1.11)

HN (X + Y, c+ d) =

N∑
n=0

(
N

n

)
HN−n(X, c)HN (Y, d). (4.1)

Proof of Lemma 4.1. Similarly to the proofs in Section 3, let ψ : R2 → [0, 1] be smooth,
compactly supported on B1/4Nq(0) ⊂ R2× such that ψ

∣∣
B1/8Nq(0)

= 1 and set

K(t, x; s, y) = ψ(x− y)κ(t− s)Z(t,x)(t− s, x− y),

R(t, x; s, y) := κ(t− s)Γ(t, x; s, y)−K(t, x; s, y)

and

ˆ
δ(z) =

∫
K(z, w)ξδ(w) dw, ĉδ (z) =

∫ ∫
K(z;w)K(z;w′)

(
ρδ ∗ ρδ

)
(w − w′) dwdw′.

Thus by (4.1)

HN

(
δ, cδ

)(
ϕλ⋆
)
=

N∑
n=0

(
N

n

)
HN−n

(
ˆ
δ, ĉδ

)
Hn

(
δ − ˆ

δ, cδ − ĉδ
)
.

Noting that δ − ˆ
δ =

∫
R(z, w)ξδ(w) dw, it follows from Levi’s construction of the fundamental

solution, cf. [49, Proposition 2.6] that R ∈ KKK3
L,R for R ∈ (2, 3) and L > 0 almost surely and

that the random variable ∥R∥3;L,R has a finite q-th moment for any q < ∞. Since the variable
supδ∈[0,1] ∥ξδ(x)∥C−2− also has finite q-th moment for any q < ∞, it follows that there exists
κ > 0 such that for any q <∞

sup
δ

∥∥
δ − ˆ

δ

∥∥
Cκ ∈ Lq(Ω). (4.2)

Combining this with classical Young multiplication and Lemma 4.2 completes the proof. The
difference bound follows similarly. ■
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Lemma 4.2. For α < 0, q ∈ 2N and κ ∈ (0, 1), in the setting of the proof of Lemma 4.1, it
holds that

E
[∣∣H(ˆδ, ĉδ )(ϕλ⋆)∣∣q] ≲q,N λqα and

E
[∣∣H(ˆδ, ĉδ )(ϕλ⋆)−H

(
ˆ
δ′ , ĉδ′

)(
ϕλ⋆
)∣∣q] ≲q,N |δ − δ′|qκλq(α−κ)

uniformly over ⋆ ∈ R2, λ, δ, δ′ ∈ (0, 1] and ϕ ∈ B0.

Proof. Recalling the notion of Wick products, cf. Appendix A, we first check the following
identity for N ∈ N:

HN

(
ˆ(x), ĉδ (x)

)
=

∫ N∏
i=1

K(x, yi)

[
N⋄
i=1

ξδ(yi)

]
for x ∈ R2 (4.3)

by induction, where the integral is over (y1, . . . , yN ) ∈
(
R3
)N

. Indeed, forN ∈ {0, 1}, (4.3) holds.
For N ≥ 2, using the definition of HN and the induction hypothesis, one finds that

HN

(
(x), cδ (x)

)
= (x)HN−1

(
(x), cδ (x)

)
− (N − 1)cδ(x)HN−2

(
(x), cδ (x)

)
=

∫ N∏
i=1

K(x, yi)ξδ(yN )
N−1⋄
i=1

ξδ(yi)

− (N − 1)

∫ N∏
i=1

K(x, yi)E[ξδ(yN−1)ξδ(yN )]
N−2⋄
i=1

ξδ(yi).

Using the symmetry (A.3) of the Wick product, we note that

(N − 1)

∫ N∏
i=1

K(x, yi)E[ξδ(yN−1)ξδ(yN )]
N−2⋄
i=1

ξδ(yi)

=

∫ N∏
i=1

K(x, yi)

N−1∑
ℓ=1

E[ξδ(yℓ)ξδ(yN )]
N−1⋄
j=1
j ̸=ℓ

ξδ(yi)

and thus obtain

HN ( (x), cδ(x)) =

∫ N∏
i=1

K(x, yi)

(
ξδ(yN )

N−1⋄
i=1

ξδ(yi)−
N−1∑
ℓ=1

E[ξδ(yℓ)ξδ(yN )]
N−1⋄
j=1
j ̸=ℓ

ξδ(yi)

)

and therefore (4.3). To exhibit the dependence of the kernel on the Gaussian explicitly, set

K̃η(t, ζ; s, χ) = ψ(ζ − χ)κ(t− s)Z̃η(t− s, ζ − χ)

for Z̃ defined in (3.1). Thus, for q ∈ 2N

E
[∣∣H(ˆδ, ĉδ )(ϕλ⋆)∣∣q]

= E

[∣∣∣∣∣
∫
ϕλ⋆(x)

N∏
i=1

K̃h(x)(x, zi)

[
N⋄
i=1

ξδ(zi)

]∣∣∣∣∣
q]

=

∫
E

[
q∏

j=1

[
ϕλ⋆(xj)

N∏
i=1

K̃h(xj)(xj , z(j−1)N+i)

]
q∏

j=1

[
N⋄
i=1

ξδ(z(j−1)N+i)

]]
,
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where the integral in the last term is over (z1, . . . , zqN ) ∈
(
R3
)qN

and (x1, . . . , xN ) ∈
(
R3
)N

.
Next, we use Proposition A.4 to find that this agrees with

∑
J⊂{1,...,Nq}

|J| even

∑
P∈PN (J)

∫ [ q∏
j=1

ϕλ⋆(xj)
∏

{i,j}∈P

E[ξδ(zi)ξδ(zj)]

×
∑

k : Jc→{1,...,q}

E

[
q∏

j=1

∂
|k−1(j)|
↑

N∏
i=1

K̃h(xj)
(
xj , z(j−1)N+i

)]

×
∏
i∈Jc

E
[
ξδ(zi)h

(
xk(i)

)]]
,

where we recall that

PN (J) = {P ∈ P(J) | |{Ni+1, Ni+2, . . . , N(i+1)} ∩ p| ≤ 1 ∀i ∈ {0, . . . , q − 1}, ∀p ∈ P}.

Using the obvious space-time analogues of (3.8), this in turn equals to

∑
J,P,k

∫ q∏
j=1

ϕλ⋆(xj)
∏

{i,j}∈P

(
ρ∗2
)δ
(zi − zj)

× E

[
q∏

j=1

∂
|k−1(j)|
↑

N∏
i=1

K̃h(xj)
(
xj , z(j−1)N+i

)] ∏
i∈Jc

F
xk(i)

δ (zi)

≲
∑
J,P,k

∑
ℓi∈NN :

|ℓi|=|k−1(j)|

∣∣∣∣∣
∫ q∏

j=1

ϕλ⋆(xj)
∏

{i,j}∈P

(
ρ∗2
)δ
(zi − zj)

× E

[
q∏

j=1

N∏
i=1

∂
ℓji
↑ K̃

h(xj)
(
xj , z(j−1)N+i

)] ∏
i∈Jc

F
xk(i)

δ (zi)

∣∣∣∣∣,
where the sums over J , P , k are over even subsets J ⊂ {1, . . . , Nq}, pairings P ∈ PN (J) and
maps Jc → {1, . . . , q}. Thus, we shall bound each such summand

E

[∣∣∣∣∣
∫ q∏

j=1

ϕλ⋆(xj)
∏

{i,j}∈P

(
ρ∗2
)δ
(zi − zj)

×
∑

k : Jc→{1,...,q}

N∏
i=1

∂
ℓji
↑ K̃

h(xj)
(
xj , z(j−1)N+i

) ∏
i∈Jc

F
xk(i)

δ (zi)

∣∣∣∣∣
]

using a directed graph G = (V,E) constructed as follows. The vertex set is given by V =
{v0, . . . , vq, w1, . . . wNq}, each element vi for i ≥ 1 of which we interpret as representing the
integration variable xi and v0 representing ⋆ as well as wj representing zj .

� It contains q distinguished edges representing the generic test function ϕλ⋆ , one directed
from v0 to each vertex vi. We set (ae, re) = (0, 0) and illustratively draw these edges
as .

� It contains Nq K-type edges, one for each (i, j) ∈ {1, . . . , q} × {1, . . . , N} representing
a factors K̃h(xj)

(
xj , z(j−1)N+i

)
which is directed from w(j−1)N+i to vj . We all draw these

as . We set (ae, re) = (2, 0).
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� It contains |J |/2 edges representing
(
ρ∗2
)δ
, drawn as . (We again suppress the

arbitrary orientation since it is irrelevant.) For each P ∈ PN (J) and {i, j} ∈ P , it connects
vi to vj . Set Ie = 1 for these edges, as well as (ae, re) = (4 + κ,−1) for some κ ∈ (0, 1)
and call these ρ-type edges.

� Finally, there are |Jc| edges, for each i ∈ Jc one connecting vk(i) to wi representing the
function F

xk(i)

δ (xi) for which we set (ae, re) = (0, 0). (We again omit them from the
schematic drawing below).

We illustrate this with an example for N = 3, q = 4.

,

Now we are ready to check the assumptions of the modified Hairer–Quastel criterion, Theo-
rem B.4. The first item of Assumption B.3, i.e., that for every edge e ∈ E, one has me − r−e <
|s| = 4 is clearly satisfied. The second item, i.e., (B.2), is easily checked as well. Thus, it remains
to calculate the quantities

α̃ = 4|V \ V⋆| −
∑
e∈E

ae −R(G), R(G) := max
V̄⊂V\V⋆

(
4|V̄| −

∑
e∈E(V̄)

ae

)
∨ 0.

Let m be the number of vertices in V \ V⋆ which have only one incident edge. Then one
sees choosing V̄ to be this subset maximises R(G) = 4m − 2m = 2m. Since

∑
e∈Eae = 2Nq +

Nq−m
2 (4 + κ), we find that

α̃ = 4|V \ V⋆| −
∑
e∈E

ae −R(G) = −(Nq −m)
κ

2
.

Finally, the difference bound is obtained as usual. ■

5 Proof of Proposition 1.3: Variance blow-up

In this section, we prove Proposition 1.3, that shows that renormalisation of the g-PAM equation
with deterministic functions generically leads to mean or variance blow-up.

Proof of Proposition 1.3. We first note that in terms of the Green’s function Γ of the differ-
ential operator ∂t −

∑
ij aij(x)∂i∂j , we have

(
uδ(1, ·)ξδ, ϕ

)
=

∫ 1

0

∫
R2

∫
R2

ϕ(x)Γ(s, x, y)ξδ(y)ξδ(x) dydxds.

As in the proof of Theorem 3.2, let ψ : C∞
c (B1/4(0)) taking values in [0,1] be such that ψ = 1

on B1/8(0). For Z as in (1.5), recall (1.6)

Gx(y) =

∫ 1

0
Zx(t, y) dt.

Set as in (3.3)

Kx(y, z) = ψ(y − z)Gx(y − z), R(x, y) :=

∫ 1

0
Γ(s, x, y) ds−Kx(x− y).
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We then split uδ(1, ·) accordingly, that is for x ∈ R2

uδ(1, x) =

∫
R2

Kx(x, y)ξδ(y) dy︸ ︷︷ ︸
:= ūδ(x)

+

∫
R2

R(x, y)ξδ(y) dy︸ ︷︷ ︸
:= rδ(x)

.

Arguing exactly as for (3.4), it holds that for any q <∞

sup
δ>0

E
[
((rδ ξδ, ϕ))

q
]
<∞. (5.1)

Expanding the square and using Young’s inequality, we further have

E
[
(uδξδ − cδ, ϕ)

2
]
= E

[
(ūδξδ − cδ, ϕ)

2
]
+ 2E[(ūδξδ − cδ, ϕ)(rδξδ, ϕ)] + E

[
(rδξδ, ϕ)

2
]

(5.1)

≥ 1

2
E
[
(ūδ(·)ξδ − cδ, ϕ)

2
]
+O(1).

Therefore, it is sufficient to show that either, there exists a ϕ such that

lim sup
δ→0

E[(ūδξδ − cδ, ϕ)] = ∞ or lim sup
δ→0

E
[
(ūδξδ − cδ, ϕ)

2
]
= ∞. (5.2)

We now split the proof into two steps, showing the two alternatives in (5.2) separately.

Step 1. Mean blow-up. We first compute E[(ūδ(1, ·)ξδ, ϕ)] using Gaussian integration by
parts (A.1):

E[(ūδ(1, ·)ξδ, ϕ)] =
∫
R2

ϕ(x)E[Kx(x− y)ξδ(x)ξδ(y)] dydx

=

∫
R2

∫
R2

ϕ(x)E[Kx(x− y)]
(
ρ∗2
)δ
(x− y) dxdy

+ ρδ ∗ σ(0)
∫
R2

∫
R2

ϕ(x)E
[
∂2↑K

x(x− y)
]
ρδ ∗ σ(x− y) dxdy

=

∫
R2

ϕ(x)E
[
ĉδ (x)

]
dx+ ρδ ∗ σ(0)

∫
R2

∫
R2

ϕ(x)E
[
∂2↑K

x(x− y)
]
ρδ ∗ σ(x− y) dxdy,

where we have set as in (3.3) for any x ∈ R2

ĉδ (x) :=

∫
R2

Kx(y)
(
ρ∗2
)δ
(y)dy. (5.3)

Since the second term remains bounded, the mean blow-up occurs for any deterministic
sequence {cδ}δ>0 which does not cancel the divergence, i.e., if there exists ϕ ∈ C

(
T2
)
such that

as δ ↓ 0∫
R2

ϕ(x)cδ(x)dx ̸=
∫
R2

ϕ(x)E
[
ĉδ (x)

]
dx+O(1), (5.4)

which corresponds to the first alternative in (5.2).

Step 2. Variance blow-up. We now assume that (5.4) is not satisfied, where without loss of
generality we assume that cδ(x) = E

[
ĉδ
]
. Then, note that by the triangle inequality

E
[(
cδ − ĉδ , ϕ

)2]1/2 ≤ E
[
(ūδξδ − cδ, ϕ)

2
]1/2

+ E
[(
ūδξδ − ĉδ , ϕ

)2]1/2
.
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Recall that in the proof of Lemma 3.2, using Lemmas 3.3 and 3.4, we essentially10 already
bounded the second term on the right-hand side. For the left-hand side, we use (5.3) to get

E
[(
E
[
ĉδ
]
− ĉδ , ϕ

)2]
=

∫
R2

∫
R2

ϕ(x)ϕ(x′)Cov
(
ĉδ (x), ĉδ (x

′)
)
dxdx′.

Thus, using the asymptotic for any x ∈ R2

ĉδ (x) =

∫
R2

Kx(y)ρδ(y) ∗ ρδ(y) dy = − 1

2π

1√
det(a(x))

log(δ) +O(1),

we obtain

E
[(
E
[
ĉδ
]
− ĉδ , ϕ

)2] ∼
δ↓0

1

4π2
log2(δ)

∫
R2

ϕ(x) dx

∫
R2

ϕ(x′) dx′Cov
(

1√
det(a(x))

, 1√
det(a(x′))

)
.

To conclude, since

Cov : (x, x′) ∈ R2 × R2 7→ Cov
(

1√
det(a(x))

, 1√
det(a(x′))

)
is continuous and

Cov(0, 0) = Var
(

1√
det(a(0))

)
> 0

by assumption, there exists A ⊂ R2 such that if suppϕ ⊂ A and ϕ > 0 on the interior of A, then∫
R2

∫
R2

ϕ(x)ϕ(x′)Cov(x, x′) dx′dx > 0. ■

A Gaussian integration by parts

In this appendix, we derive Gaussian integration by parts formulae with respect to Wick prod-
ucts. All results of this section are ‘folklore’ and based on Isserlis’ theorem: Given a smooth
function F : Rn → R such that all derivatives have polynomial growth and real-valued centred
jointly Gaussian random variables Y , {Xi}ni=1, it holds that

E[F (X1, . . . , Xn)Y ] =

n∑
i=1

E[∂iF (X1, . . . , Xn)]E[XiY ]. (A.1)

Thus, we shall always work under the following assumption.

Assumption A.1. Whenever working with a function F : Rn → R and random variables
{Xℓ, Zk}k,ℓ∈N, we assume that

1. For every k ∈ Nn, there exist an m ∈ N such that sup|x|>1
DkF (x)
|x|m <∞.

2. The random variables {Xℓ, Zk} are centred and jointly Gaussian.

Given a finite set J with an even number of elements, we denote by P(J) the set of pairings.11

Then, the following lemma is a simple consequence of (A.1).

10To obtain the estimate without the additional positive renormalisation present therein, one uses the variant
of the Hairer–Quastel criterion in Theorem B.4 to obtain the appropriate analogue of Lemma 3.3.

11Recall that a paring P of J is a subset P ⊂ 2J such that |p| = 2 for all p ∈ P and p∩ p′ = ∅ whenever p ̸= p′.
We use the convention that if J = ∅ the set P(J) contains one element (the empty pairing).
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Lemma A.2. In the setting of Assumption A.1, for n,m ∈ N

E

[
F (X1, . . . , Xn)

m∏
i=1

Zi

]

=
∑

J⊂{1,...,m}
|J| even

∑
P∈P(J)

∏
{i,j}∈P

E[ZiZj ]
∑

k : Jc→{1,...,n}

E
[

∂|J
c|∏

i∈Jc ∂ki
F (X1, . . . , Xn)

] ∏
i∈Jc

E[ZiXki ],

where the sum over J ⊂ {1, . . . ,m} is over even subsets and P(J) over pairings in J .

Similarly, one easily checks the following special case of the more general Proposition A.4.

Lemma A.3. In the setting of Assumption A.1, for n,m ∈ N

E

[
F (X1, . . . , Xn)

m∏
i=1

(Z2i−1Z2i − E[Z2i−1Z2i])

]

=
∑

J⊂{1,...,2m}
|J| even

∑
P∈P2(J)

∏
{i,j}∈P

E[ZiZj ]
∑

k : Jc→{1,...,n}

E
[

∂|J
c|∏

i∈Jc ∂k(i)
F

] ∏
i∈Jc

E
[
ZiXk(i)

]
,

where the sum over J is over even subsets of {1, . . . , 2m} and

P2(J) := {P ∈ P(J) | {2i− 1, 2i} /∈ P for any i ∈ {1, . . . ,m}} ⊂ P(J).

Wick products

For anyN ≥ 1 and any jointly Gaussian (centered) random variables {Zi}Ni=1, their Wick product
⋄Ni=1 Zi is defined recursively by

N⋄
i=1

Zi := ZN ·
(

N−1⋄
i=1

Zi

)
−

N−1∑
j=1

E[ZNZj ] ·
N−1⋄
i=1
i̸=j

Zi, (A.2)

where ⋄1i=1 Zi := Z1. Next, we recall the following properties of the Wick product:

� (Symmetry) For any permutation σ : {1, . . . , N} → {1, . . . , N}, it holds that

N⋄
i=1

Zi =
N⋄
i=1

Zσ(i). (A.3)

Therefore, this product directly extends to Gaussians indexed by any finite index set.

� (Differential identity) For any ℓ ∈ {1, . . . , N}, it holds

∂

∂Zℓ

N⋄
i=1

Zi =
N⋄
i=1
i ̸=ℓ

Zi. (A.4)

Proposition A.4 (integration by parts with respect to Wick products). In the setting of As-
sumption A.1, for n,m,N ∈ N

E

[
F (X1, . . . , Xn)

m−1∏
i=0

(
N⋄
j=1

ZNi+j

)]
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=
∑

J⊂{1,...,Nm}
|J| even

∑
P∈PN (J)

∏
{i,j}∈P

E[ZiZj ]
∑

k : Jc→{1,...,n}

E
[

∂|J
c|∏

i∈Jc ∂ki
F (X1, . . . , Xn)

] ∏
i∈Jc

E[ZiXki ],

where

PN (J) := {P ∈ P(J) | |{Ni+ 1, Ni+ 2, . . . , Ni+N} ∩ p| ≤ 1

for any i ∈ {0, . . . ,m− 1} and any p ∈ P}.

Proof. We show the formula by induction over m ≥ 1 for fixed N ≥ 1.

For the initialization m = 1, we note that for any non-empty J ⊂ {1, . . . , N}, one has
PN (J) = ∅. Therefore, only the term in J = ∅ contributes and the formula to prove reads

E
[
F (X1, . . . , Xn)

N⋄
i=1

Zi

]
=

∑
k : {1,...,N}→{1,...,n}

E
[

∂N∏
i∈Jc ∂ki

F (X1, . . . , Xn)

] N∏
i=1

E[XkiZi]. (A.5)

To see this, first note that by the recursive definition of the Wick product (A.2), Isserlis’ for-
mula (A.1) and (A.4),

E
[
F (X1, . . . , Xn)

N⋄
j=1

Zj

]
(A.2)
= E

[
F (X1, . . . , Xn)ZN

N−1⋄
j=1

Zj

]
−

N−1∑
ℓ=1

E[ZℓZN ]E

[
F (X1, . . . , Xn)

N−1⋄
j=1
j ̸=ℓ

Zj

]

(A.1), (A.4)
=

n∑
ℓ=1

E
[
∂ℓF (X1, . . . , Xn)

N−1⋄
i=1

Zi

]
E[XℓZN ].

Thus (A.5) follows by iterating.

For the induction step with m ≥ 2, we write

E

[
F (X1, . . . , Xn)

m∏
i=0

(
N⋄
j=1

ZNi+j

)]

= E

[
F (X1, . . . , Xn)

N⋄
j=1

ZNm+j

m−1∏
i=0

(
N⋄
j=1

ZNi+j

)]
. (A.6)

Setting Xn+j := ZNm+j for j ∈ {1, . . . , N} and writing

F̃ (X1, . . . , Xn+N ) := F (X1, . . . , Xn)
N⋄
j=1

XNm+j ,

by induction hypothesis (A.6) is equal to∑
J⊂{1,...,Nm}

|J| even

∑
P∈PN (J)

∏
{i,j}∈P

E[ZiZj ]

×
∑

k : Jc→{1,...,n+N}

E
[

∂|J
c|∏

i∈Jc ∂ki
F̃ (X1, . . . , Xn+N )

] ∏
i∈Jc

E[ZiXki ]. (A.7)
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We define

Jc,1 := k−1{1, . . . , n}, Jc,2 := k−1{n+ 1, . . . , n+N}

and observe that

∂|J
c|∏

i∈Jc ∂ki
F̃ (X1, . . . , Xn+N ) =

∂|J
c,1|∏

i∈Jc,1 ∂ki

∂|J
c,2|∏

i∈Jc,2 ∂ki
F̃ (X1, . . . , Xn+N )

vanishes, except when k|Jc,2 is injective in which case we write

I(J, k) =
{
k(j)− n+Nm | j ∈ Jc,2

}
, Ic(J, k) = {Nm+ 1, . . . , Nm+N} \ I(J, k)

and find that

∂|J
c,1|∏

i∈Jc,1 ∂ki

∂|J
c,2|∏

i∈Jc,2 ∂ki
F̃ (X1, . . . , Xn+N )

=
∂|J

c,1|∏
i∈Jc,1 ∂ki

F (X1, . . . , Xn) ⋄
i∈{n+1,...,n+N}\k(Jc,2)

Xi

=
∂|J

c,1|∏
i∈Jc,1 ∂ki

F (X1, . . . , Xn) ⋄
i∈Ic(J,k)

Zi.

Also noting that
∏

i∈Jc E[ZiXki ] =
∏

i∈Jc,1 E[ZiXki ]
∏

i∈Jc,2 E[ZiXki ] this means that (A.7)
equals ∑

J⊂{1,...,Nm}
|J| even

∑
P∈PN (J)

∏
{i,j}∈P

E[ZiZj ] (A.8)

×
∑

k : Jc→{1,...,n+N}

E
[

∂|J
c,1|∏

i∈Jc,1 ∂ki
F (X1, . . . , Xn) ⋄

i∈Ic(J,k)
Zi

] ∏
i∈Jc,1

E[ZiXki ]
∏

i∈Jc,2

E[ZiXki ].

Next, we use (A.5) to see that[
∂|J

c,1|∏
i∈Jc,1 ∂ki

F (X1, . . . , Xn) ⋄
i∈Ic(J,k)

Zi

]
=

∑
k′ : Ic(J,k)→{1,...,n}

E
[

∂|I
c(J,k)|∏

i′∈Ic(J,k) ∂k′i′

∂|J
c,1|∏

i∈Jc,1 ∂ki
F (X1, . . . , Xn)

] ∏
i′∈Ic(J,k)

E
[
Zi′Xk′

i′

]
.

And thus inserting this into (A.8) yields∑
J⊂{1,...,Nm}

|J| even

∑
P∈PN (J)

×
∑

k : Jc→{1,...,n+N}

∑
k′ : Ic(J,k)→{1,...,n}

E
[

∂|I
c(J,k)|∏

i′∈Ic(J,k) ∂k′i′

∂|J
c,1|∏

i∈Jc,1 ∂ki
F (X1, . . . , Xn)

]
×

∏
{i,j}∈P

E[ZiZj ]
∏

i′∈Ic(J,k)

E[Zi′Xk′
i′
]
∏

i∈Jc,1

E[ZiXki ]
∏

i∈Jc,2

E[ZiXki ]. (A.9)

Finally, we perform a substitution to complete the proof.

� Noting that the map Jc,2 → I(J, k), i 7→ ki−n+Nm is bijective, we define k̂ : I(J, k) → Jc,2

to be its inverse. In particular
∏

i∈Jc,2 E[ZiXki ] =
∏

i∈I(J,k) ZiZk̂i
.
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� We set P̃ = P ∪
⋃

i∈I(J,k)
{
i, k̂i

}
which belongs to PN ({1, . . . , N(m+ 1)}).

� We set J̃ = J ∪ I(J, k) ∪ k̂(I(J, k)), from which it follows that

J̃c(J, k) := {1, . . . , N(m+ 1)} \ J̃ = Jc,1 ∪ Ic(J, k).

� Set k̃ : J̃c → {1, . . . , n}, i 7→ 1i≤Nmki + 1i>Nmk
′
i

We note that for each J , P , k,

E
[

∂|I
c(J,k)|∏

i′∈Ic(J,k) ∂k′i′

∂|J
c,1|∏

i∈Jc,1 ∂ki
F (X1, . . . , Xn)

] ∏
{i,j}∈P

E[ZiZj ]
∏

i′∈Ic(J,k)

E
[
Zi′Xk′

i′

]
×
∏

i∈Jc,1

E[ZiXki ]
∏

i∈Jc,2

E[ZiXki ]

= E
[

∂J̃
c|∏

i∈J̃c ∂k̃i
F (X1, . . . , Xn)

] ∏
{i,j}∈P̃

E[ZiZj ]
∏
i∈J̃c

E
[
ZiXk̃i

]
. (A.10)

Finally, inserting (A.10) into (A.9) and observing that the domains of summation agree concludes
the proof. ■

B The Hairer–Quastel Criterion and a Variation on it

Let G = (V,E) be a finite directed multi-graph with edges e ∈ E labelled by (ae, re) ∈ R+ ×
{−1, 0, 1}. For e ∈ E, we write (e−, e+) for the pair of vertices such that e is directed from
the vertex e− to e+. We are given a kernel assignment Je : Rd × Rd \ △ → R of compactly
supported kernels. We assume that the kernels satisfy ∥J∥α,γ := sup|k|s<γ sup0<|x−y|s≤1 |x −
y|α+|k|s

s

∣∣DkJ(x, y)
∣∣ < +∞. We then define for edges e with re ≥ 0

Ĵe(xe− , xe+) := Je(xe− , xe+)− 1re=1J(xv0 , xe−)

(where the sum is empty for re = 0). Whenever re = −1, we assume the assignment is translation
invariant and we are additionally given a real number Ie ∈ R. Then, let

Ĵe(ϕ) =

∫
Je(x)

(
ϕ(x)− ϕ(0)

)
dx+ Ieϕ(0),

which is well defined for any smooth compactly supported testfunctions ϕ whenever ae+re < |s|.
We assume G contains q ≥ 1 distinguished edges12 e⋆,1, . . . , e⋆,p connecting ⋆ ∈ V to distinct

distinguished vertices v⋆,1, . . . , v⋆,q. We write V⋆ = {⋆, v⋆,1, . . . , v⋆,q} and V0 = V \ {⋆}. We
assume that whenever there are several edges connecting two vertices, at most one has non-zero
renormalisation re and that for that edge re > 0.

To the distinguished edges we associate the kernel assignment Je = ϕλ with label (0, 0). This
data provides us with a real number

Îλ =

∫
(Rd)V0

∏
e∈E

Ĵe(xe− , xe+) dx. (B.1)

For a subset V̄ ⊂ V, define the following sets:

� E↑(V̄) :=
{
e ∈ E | e ∩ V̄ = e− and re > 0

}
(outgoing edges),

12The green arrows in the schematics.
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� E↓(V̄) =
{
e ∈ E | e ∩ V̄ = e+ and re > 0

}
incoming edges,

� E0(V̄) =
{
e ∈ E | e ∩ V̄ = e

}
internal edges,

� E(V̄) =
{
e ∈ E | e ∩ V̄ ̸= ∅

}
incident edges.

Assumption B.1. The resulting directed graph (V,E) with labels (ae, re) satisfies re = 0 for all
edges connected to ⋆. Furthermore, assume the following:

1. For every edge e ∈ E, one has ae − r−e < |s|, where r−e := re ∧ 0.

2. For every subset V̄ ⊂ V0 of cardinality at least 3,∑
e∈E0(V̄)

ae <
(
|V̄| − 1

)
|s|. (B.2)

3. For every subset V̄ ⊂ V containing 0 of cardinality at least 2,∑
e∈E0(V̄)

ae +
∑

e∈E↑(V̄)

(ae + re − 1)−
∑

e∈E↓(V̄)

re <
(
|V̄| − 1

)
|s|. (B.3)

4. For every non-empty subset V̄ ⊂ V \ V⋆,∑
e∈E(V̄)\E↓(V̄)

ae +
∑

e∈E↑(V̄)

re −
∑

e∈E↓
+(V̄)

(re − 1) > |V̄||s|. (B.4)

Theorem B.2 ([31, Theorem A.3]). Let G = (V,E) be a finite directed multigraph with labels
{ae, re}e∈E and kernels {Je}e∈E and real numbers {Ie} with the resulting graph satisfying As-
sumption B.1 and its preamble. Then, there exist C <∞ depending only on the structure of the
graph (V,E) and the value of the constants Ie such that

Îλ ≤ Cλα̃
∏
e∈E

∥Je∥ae;2,

for 0 < λ ≤ 1, where

α̃ = |s||V \ V⋆| −
∑
e∈E

ae.

A slight variation of the criterion

In this appendix, we derive a variant of the criterion. Given a graph and kernel assignment as
above, we consider the quantity

Iλ =

∫
(Rd)V0

∏
e∈E
re≥0

Je(xe− , xe+)
∏
e∈E
re<0

Ĵe(xe− , xe+) dx.

Note that compared to (B.1) here positive edges are not ‘recentered’.

Assumption B.3. The resulting directed graph (V,E) with labels (ae, re) satisfies re = 0 for all
edges connected to ⋆. Furthermore, assume the following:

1. For every edge e ∈ E, one has ae − r−e < |s|.
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2. For every subset V̄ ⊂ V0 of cardinality at least 3,∑
e∈E0(V̄)

ae <
(
|V̄| − 1

)
|s|.

Then one has the following variant of [31, Theorem A.3].

Theorem B.4. Let G = (V,E) be a finite directed multigraph with labels {ae, re}e∈E and kernels
{Je}e∈E and real numbers {Ie} with the resulting graph satisfying Assumption B.3. Then, for
any ε > 0 there exist C < ∞ depending only on the structure of the graph (V,E), the value of
the constants Ie and ε such that

Iλ ≤ Cλα̃−ε
∏
e∈E

∥Je∥ae;2,

for 0 < λ ≤ 1, where

α̃ = |s||V \ V⋆| −
∑
e∈E

ae −R(G), R(G) := max
V̄⊂V\V⋆

(
|V̄||s| −

∑
e∈E(V̄)

ae

)
∨ 0.

Since much of the proof follows ad verbatim as the one of [31, Theorem A.3], we shall only
point to the necessary adaptations in the argument therein. A first simplification happens
in Definition A.5 therein, where it suffices to take n ∈ N since no positive renormalisation is
present. Then one works with the same multiscale clustering as in [31, Section A.2], that is
consider a rooted binary tree T with fixed distinguished inner node v∗. Denote by T ◦ the set
of inner nodes of T . Let Nλ(T

◦) be all integer labellings ℓ : T ◦ → N which preserve the partial
order on T ◦ which has the root as minimal element, and which are such that 2−ℓv∗ ≤ λ. Finally,
given such a labelling η : T ◦ → R, we set

Iλ(η) =
∑

ℓ∈Nλ(T ◦)

∏
ν∈T ◦

2−ℓνην .

Next, we set |η| :=
∑

ν∈T ◦ ην . Furthermore, for any ν < ν∗ we write s(ν) to denote the unique
minimal element of {u ∈ T ◦ | ν < u ≤ ν∗} and set Hν =

∑
u>ν,u≱s(ν) η(u). Finally, set

R(η) := max
ν≤ν∗

(∑
u<ν

Hu

)
∨ 0. (B.5)

One has the following modification of [31, Lemma A.10], see also Remark A.12 therein.

Lemma B.5. Assume that η has the property that for every ν ∈ T ◦ one has
∑

v≥ν ην > 0.
Then, it holds that for any κ > 0

|Iλ(η)| ≲ λ|η|−R(η)−κ,

uniformly over λ ∈ (0, 1].

With this lemma at hand one proceeds again exactly as in [31, Section A.3], but this time
setting η(v) = |s|+

∑
e∈Ê ηe(v) and η̃(v) = |s|+

∑
e∈Ê η̃e(v), where

ηe(v) = −ae1e↑(v), η̃e(v) = −ae1e↑(v) + |re|1e∈A−(1e↑(v)− 1e⇑(v)) (B.6)

instead of [31, formulas (A.20) and (A.27)]. One checks exactly as therein that identity (A.18)
still holds since the kernels with negative regularity are translation invariant and we decomposed
them as in [31, Lemma A.4].

Thus finally, it only remains to check the following analogue of [31, Lemma A.19].
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Lemma B.6. The function η̃ defined in (B.6) satisfies the assumptions of Lemma B.5 and
R(η) ≤ R(G).

Proof. Since the first claim follows exactly as in the proof of [31, Lemma A.19], we directly
turn to the inequality. We assume that R(η) > 0, since otherwise the inequality is automatic.
Let ν̄ ∈ T ◦ be the node maximising the quantity in (B.5), i.e., such that R(η) =

∑
u<ν̄ Hu. One

then has for Uv := {u ∈ T ◦ | u ≱ v}∑
u<ν̄

Hu =
∑
u∈Uν̄

η̃.

Denoting by V̄ the set of leaves attached to Uv, we note that V̄ ⊂ V \ V∗ and∑
u∈Uv

η̃(u) =
∑
u∈Uv

(
|s|+

∑
e

η̃e(u)

)
≤
∑
u∈Uv

(
|s|+

∑
e

ηe(u)

)
= |V̄||s| −

∑
e∈Ê(V̄)

ae. ■

C Kernel spaces

Here we recall the kernel spaces which quantify [27, Assumption 5.1] at finite regularity. We
first introduce notations for Taylor expansions. For γ > 0 and f : Rd → R compactly supported
such that Dkf exists whenever |k|s < γ, let

Pγ
z0 [f ](z) :=

∑
|k|s<γ

Dkf(z0)

k!
(z − z0)

k.

Similarly, for γ′ > 0 and a compactly supported function of two variable F : Rd × Rd → R such
that Dk1Dk2F exists whenever |k1|s < γ, |k2|s < γ′, let

P
(γ,γ′)
(z0,z̄0)

[F ](z, z̄) :=
∑

|k|<γ,|l|<γ′

Dk
1D

l
2F (z0, z̄0)

k! l!
(z − z0)

k(z̄ − z̄0)
l.

The following is [49, Defenition 1], we refer to said work for further discussion of its content.

Definition C.1. Let K : Rd+1 × Rd+1 \ △ → R be a kernel which can be decomposed as
K(z, z′) =

∑
n≥0Kn(z, z

′) where each Kn is supported on
{
(z, z′) | ∥z − z′∥s ≤ 2−n+1

}
. On the

space of such kernels KKK, we define for L,R ∈ R+, the norm ∥K∥β;L,R as the smallest number C
such that there exists a decomposition K =

∑
Kn for which the following bounds are satisfied:

� For any multi-indices k1, k2 satisfying |k1|s < L, |k2|s < R and n ∈ N, it holds that

sup
z,z′

∣∣Dk1
1 D

k2
2 Kn(z, z

′)
∣∣ ≤ C2(|s|−β+|k1|s+|k2|s)n

as well as

sup
z,z′,z̄′

∣∣Dk1
1 K(z, z′)− PR

z̄′
[
Dk1

1 K(z, ·)
]
(z̄′)
∣∣

|z′ − z̄′|R
≲ C2n(|s|−β+|k1|s+R),

sup
z,z′,z̄

∣∣Dk2
1 K(z, z′)− PR

z̄′
[
Dk2

2 K(·, z′)
]
(z̄)
∣∣

|z − z̄|L
≲ C2n(|s|−β+|k2|s+L)

and

sup
z,z̄,z′,z̄′

∣∣Kn(z, z
′)− PL

z̄ [Kn( · , z′)](z)− PR
z̄′ [Kn(z, · )](z′) + P

(L,R)
(z̄,z̄′) [Kn](z, z

′)
∣∣

|z − z̄|γs |z′ − z̄′|γ
′

s

≤ C2n(|s|−β+L+R)

uniformly over n ≥ 0.
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� Let k<R :=
{
k ∈ Nd | |k|s < R

}
and denote by ∂k<R := {k /∈ k<R | k − emin{j|kj ̸=0}∈k<R

}
its boundary in the sense of [27, Appendix A]. Then, for any k1 ∈ k<R and k2 ∈ k<R∪∂k<R∣∣∣∣∫

Rd

(z − z′)k1Dk2
2 Kn(z, z

′) dz

∣∣∣∣ ≤ C2−βn

uniformly over n ≥ 0 and z′ ∈ Rd+1.

Finally, we define the vector space KKKβ
L,R = {K ∈ KKK | ∥K∥β;L,R < +∞} equipped with the norm

∥ · ∥β;L,R.
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