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Abstract. We derive two formulas for motives of nullcones of quiver representations, one
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1 Introduction

For a finite-dimensional complex representation of a complex reductive group, its nullcone,
already introduced by Hilbert [6], plays an important role in the study of the invariant ring, the
orbit structure, and the quotient map for the group action [7].

A particularly interesting and accessible class of representations are the representation spaces
of quivers with their base change action of a product of general linear groups. In this case, the
orbits correspond to isomorphism classes of quiver representations, and the quotient realises
a moduli space for isomorphism classes of semisimple representations [10].

It is thus natural, both from the invariant theoretic and from the quiver-theoretic point of
view, to study the nullcones of representation spaces of quivers, which parametrize nilpotent rep-
resentations. A qualitative study of the nullcone was accomplished in [8], adapting the Hesselink
stratification of the nullcone, and describing it in terms of loci of semistable representations for
so-called level quivers.

In the present work, we perform a systematic quantitative study of these nullcones, by de-
scribing their motives, that is, their classes in the Grothendieck ring of complex varieties. A first
such formula (more precisely, a formula for counts of rational points over finite fields) already
appears in [1, Lemma 2.6].

Our first result gives a simple explicit formula for the motives, as a recursion formula (Corol-
lary 3.1), a generating function identity (Corollary 3.2), and as an explicit sum formula (Corol-
lary 3.3). These formulas are derived from a geometric construction essentially using the strat-
ification of nilpotent quiver representations by their socle type, inspired by methods of [12]
(Section 2).

This result can be seen as a generalization of a prototypical motivic description of nullcones,
namely the classical result [4] that there are ¢“4~1 nilpotent d x d matrices over a finite field
with ¢ elements.

Our second result (Sections 4 and 5) interprets the Hesselink stratification of [8] as an identity
of motives, first yielding a positive summation formula (Theorem 5.2) for the motive of the
nullcone, and culminating in a product formula relating the generating function of motives of
nullcones to generating functions of semistable representations of level quivers (Theorem 5.7),
reminiscent of wall-crossing formulas such as [11, Theorem 2.4].

It is reasonable to expect that our formulas also hold in positive characteristic, and thus yield
formulas for numbers of rational points over finite fields. However, the methods of [2, 5] which
we use in an essential way require a base field of characteristic zero.
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2 An explicit recursive formula for the motive of the nullcone

2.1 Quiver representations and their nullcone

Let @ be a finite quiver with set of vertices Qo and arrows written a: ¢ — j. Define the Euler
form (_, ) of @ by

(d,e) = Z d;e; — Z die;j
i€Qo ot i

ford = (d;)i, € = (e;)i € ZQo. We will consider complex representations of @) of some dimension
vector d € N@p. In particular, we denote by S; the one-dimensional representation given
by (S;); = C, and all arrows being represented by zero maps.

Fixing vector spaces V; of dimension d; for i € )y, respectively, let

Rq=Ra(Q) = €P Home(V;,V;)
a:i—]
be the space of representations of @@ on the V;, acted on by the base change group

Ga= [] GL(W})

i€Qo

by @-graded conjugation (g;); - (Va)a = (ngagi_l)a: i
Let Ng be the nullcone for this action. By its definition and the Hilbert criterion, it can be
characterized by the following equivalent conditions.

Theorem 2.1 ([8, Section 1.4]). The following are equivalent for a representation V € Rq:

(1) V belongs to Nq,

(2) 0 belongs to the closure of the orbit Gq -V,

(3) all Gg-invariants on Rq vanish at V', that is (by [10]), tr(Vy, 0---0Vy,) = 0 for all oriented
cycles a1 -+ - ag in Q,

(4) all operators Vo, o--- 0V, for oriented cycles ay - --as in Q are nilpotent,

(5) V' admits a filtration by subrepresentations with subquotients S; for i € Qo (the one-
dimensional simple representations of Q).

2.2 Motives

We denote by Ky(Varc) the Grothendieck ring of complex varieties; the class of a variety X
therein is denoted by [X]. We denote by L = [Al] the Lefschetz motive. We will work with the
localized base ring of motives

M = Ko(Varg) [L7!, (1 - L) 7 :i > 1]

(the role of the localization is a purely formal one, to have the flexibility of dividing by motives
of general linear groups). We define the Pochhammer symbol (¢), = (1 —¢q)--- (1 — ¢"). Us-
ing this notation, we have the following formulas for the motives of general linear groups and
Grassmannians

n (L),

[GLA(C)] = (-1)"L""V2(L),,  [Gi}) = ML T L Wk’

We also note that, for varieties X and Y admitting a bijective morphism f: X — Y, we
have [X] = [Y] in Ky(Varc) [2, Lemma 2.9].
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2.3 The recursive formula

Our aim is to describe various explicit formulas for the motive [Ngq] € M. We introduce some
shorthand notation concerning dimension vectors; namely, we define

dimd = ;dia(Q)d = ]I @a. [SL - 1:[ [ZL’

1€Q0

ford=d' +---+d°* € NQ,.

Theorem 2.2. We have the following recursion determining [Nq] for all d # 0:

M — —(e,d—e) . -1 [Ne]
[Ga] ;IL Lae 16,

Proof. Assume d # 0. For a vertex i € Qo and a representation V' € Nq given by a tuple (V4,)a,
we consider the map

o,(V)= @ Va: Vi P Vi
a: i—j a:i—]
We define a stratification of Nq by locally closed subsets St for f < d by
St = {(Va)a | dimKer(®;(V)) = f; for all i € Qo}.

Since a nilpotent representation is an iterated extension of the one-dimensional simple rep-
resentations S; of @, it admits some S; as a subrepresentation, and thus belongs to some St
for f # 0. In other words, V' belongs to St if and only if the socle of V' is of dimension vector f,
which is nonzero since V' is so. In particular, we have [Sy] = 0.

For f < d, we consider the product of Grassmannians

Gre(d) = H Grfz‘(vi)’
1€Qo

and, more generally, for f < g < d, the corresponding product Flg o(d) of two-step flag varieties.
Inside Grg(d) x Ng, we consider the closed subvariety

X ={((Ui)i, (Va)a) | Ui C Ker(®;(V)) for all i € Qo}-

The first projection p;: X¢ — Grg(d) being equivariant for the obvious Gg-actions, we have
X¢ ~ Gq x* Zg, where, for a fixed choice of subspaces (Uio)i € Grg(d), the group Pr C Gq is
the maximal parabolic fixing the U? , and Z¢ is the closed subset of Ny of representations for
which every V,, for a: i — j annihilates U?. Choosing bases of the V; compatible with the U,
in such representations the arrows of () are represented by block matrices

0 Ca
b )

where (W,,) defines a representation in Ngq_¢. It follows that Z¢ is a trivial vector bundle of

rank ). i (di — fi)f; over Nq_¢. Consequently, we find for the motive of X¢
(G4 (Gl —(d—f.f)
Xel=— 4t = ——————" L o[ Ng—g].
[ f] [Pf] [ f} [Gd—f] ] [Gf] [ d f]
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On the other hand, we consider the second projection pa: X¢ — Nqg. By definition of the
strata S, the image of py is the union of the Sg for f < g < d. We denote the inverse image
of such a stratum Sg under py by X¢ . By definition, the projection pa: Xg g — Sg has all its
fibres isomorphic to Gre(g). We claim that we have [X¢g] = [Sg] - [Gre(g)] in M. For this, we
observe that we have a diagram of Cartesian squares

F].f’g(d) — X ﬁ) Xf,g
3 3 1
Grg(d) + Xgg 2> Sg

Namely, from both squares the variety X is calculated as

X = {((U)i, (Ui, (Va)a) | Ui C Ul = Ker(®4(V)) for all i € Qo}.

As a special case of the previous observation, we see that the map p: Xg o — Sg is a bijection
(but we do not know a priori whether it is an isomorphism), thus p is a bijection, too. The
map Flg o(d) = Grg(d) is Zariski-locally trivial due to Gg-equivariance, thus the same holds for

the map X — Xg . It follows that we can calculate

[Xtg] = [X] = [Xeg] - [Gre(g)] = [Se] - [Cre(g)),
as claimed.
Consequently, we have
[Xe] = > [Sel - [Gre(g)].
f<g<d

We note the following identity of Gaussian binomial coefficients for all m > 0 (see, for
example, [12, equation (3.14)])

g)(_l)aLa(al)/Z [C’:h = Smo.

This implies the following identity for all d # 0:
Z(—l)dimeZi Filfi=1)/2[ x¢] = Z (—1) 3 fp 22 fi(fim1)/2[Gre (g)] - [Sg]

f<d f<g<d
=2 (Z(ndim%zi fi<fi—1>/2[Grf<g>]) 1S4)
g<d “f<g
=0g,0
= [So] = 0.

Substituting the above formula for [X¢], we find

— e L@ED NG ]
= [Ga—t] - [G]

Dividing by [G4] and isolating the term corresponding to f = 0, we find
[Nd] _ Z (—1)21 Fi 22 fi(fi—1)/2 .]L_<d_f’f> ‘ [Nd,f] ‘
=L);

Finally, substituting f = d — e, the claimed formula follows, finishing the proof. |
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3 Applications and examples

3.1 Applications
We will now reformulate the recursive formula of Theorem 2.2 in several ways.
Corollary 3.1. We have the following equivalent form of the recursion, which holds as an
identity in Ko(Varc):
aima—dime 5% ((3)-(5))~(ed—e) |4
[Na] = = Yo (-ytima=dme g T ((5) (1) ~ted-er |9}
el
esd
In particular, there exist polynomials nq(x) € Z[x] such that [Ngq] = nq(L).

Proof. The recursion follows from Theorem 2.2 just by making the motive of Ge explicit.
Defining polynomials ngq by the same recursion with L replaced by x, and starting with ng = 1,
we obviously have ng € Z[:U:tl], and nq(LL) = [Ng]. By the definition of the Euler form, the
[L-exponent in the recursion is always nonnegative, thus we have ng(z) € Z[z]. |

We define the ring M [Qo] as the twisted formal power series ring with topological M-basis
elements t4 for d € NQy and multiplication ¢4 - t¢ = L—{de) . ¢d+e  Qyuch twists are frequently

used for identities of generating series of motives, see, for example, [11, Section 2.1] and [12
Definition 3.2].

Corollary 3.2. In My [Qo], we have the identity
[Nd] ,a t
Sy -
+ [Ga] 4 (L)a
Proof. Expanding the left-hand side of the claimed equation, its t9-coefficient equals
Ne]
L-(ed—e) -1 . Vel
Z ( )dfe [Ge] )
e<d
which equals 0 for d # 0 by Theorem 2.2. |
Using this identity of generating functions, we can resolve the recursion of Theorem 2.2.
Corollary 3.3. We have
- dimd ; d; _ dk,dl d
[Nd] — (_1) im ]LE (2) . %;(_1)3 L k<t ). |:d1, N 7ds:|]L’

where the sum ranges over all ordered decompositions d = d* + --- + d* of d into non-zero
parts d¥.

Proof. By Corollary 3.2, we can calculate

Wal,a (4, (Y
St = m) ~Xe (S )
Ny Seabay
2 2 L D D

520 dr,....ds#0

Comparing coefficients of ¢4 on both sides and rewriting [Gq] using the Pochhammer symbol,
we arrive at the claimed formula. |
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We call a quiver symmetric if its Euler form is symmetric. Equivalently, denoting by r;;
the number of arrows from ¢ to j in @ for i,5 € Qo, symmetry is given by r;; = rﬂ for
all i,j € Qo. In this case, it is immediately verified that x4 ( -LY 2)_ dd)id ffills 24 - ze =

d+e ; consequently, we do not have to work with twisted multiplications of formal series in the
symmetric case. We extend the base ring of motives by adjoinging a square root of L. This
allows us to define motivic Donaldson-Thomas invariants (see [14] for an exposition) by the
identity

1/2y(dd) [Ra] g 1 Q d
d#0

d

in M[LY/2][Qo]. Here Exp is defined by
Exp (Z > Cd,qu/be'd) ITTI( = " 2a%) =,
d#0 k d#0 k

It is known by [3] that the Donaldson-Thomas invariant is a polynomial in —L? with nonneg-
ative coefficients, that is, DT&Q(]L) € Z[L*Y2].

Corollary 3.4. Assume that Q is symmetric. Then
Ny| 1
_L1/2 <d,d)[ dl d - FE DTQ L~} d )
Ed:( ) e TP\ e d%:O d ()
Proof. The left-hand side of the identity defining the DT invariants equals
(—]Ll/2)_<d’d> T ‘
Zd: (L )q

Polynomiality of the Donaldson-Thomas invariants allows us to formally interchange L and L1,
and thus we have

d 1
Z(_Ll/Z) d) T _ gyp < Z DTY (L )xd> _
1/2 1/2
d (L)a L2 -1~ d#0
On the other hand, using the definition of 29 and Corollary 3.2, we have

1/2\(d,d) [Nd]xd: T 1/2 <d7d>£ -
2 (L) (G4l (Z( L) (L)d> '

d d

Combining these identities, the claim follows. |

Corollary 3.5. If Q is symmetric with r;; arrows from i to j fori,j € Qq, the polynomial nq(x)
has leading term

(dlm d)' . Zi(Tii+1)(éi)+Zi<j Tijdidj
7H d | X .
i€Qo 1

Proof. By Corollary 3.3, we have

. d; s _ d
na(z) = (—l)dlmd . ,’L’Zi(Q) . Z(—l) - Yra(dhdl) |:d1 d8:|
T e .
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The degree of the summand corresponding to a decomposition d* is, by symmetry of (), given by
1
)+ S = St = (S~ St
k<l k<l i k<l i,j 1,5 ik

Refining an ordered partition d* by replacing a part d* by two parts d’, d” (in this order)
thus increases the degree of the corresponding summand by ZZ j mjd;d;/ . The degree can thus
be maximal only for maximally refined decompositions, which are of the form 1ii,...,1is, where
each i for i € Qy appears d;-times in the sequence; in particular, s = dimd. We define

Ki={k=1,...,s|if =i}

for i € Qp. The summand corresponding to the sequence iy, ...,1is is then of degree

% <Z ’I"ijdidj — Z Z rijékEKiékEKj> = % (Z ’l"z’jdidj — Z Z T‘ii)
irj ij ok b Lok
= Z Tii <C;Z> + Z ’l“ijdidj.

i 1<j

All of the corresponding summands have the same sign (—1)4™49  thus there are no cancellations
in the summation of these top degree terms. The number of these summands equals the number

of decompositions of {1,...,dimd} into parts K; for i € Qo, which is the quotient of factorials

of the claimed formula. Adding the contribution ), (d;) of the prefactor in the above formula

for nq(z) to the degree, we arrive at the claimed formula for the leading term. [

Remark 3.6. A similar proof appears in [13, Theorem 4.1]. Refining the argument there shows
that, in case @) is symmetric, the variety Ng is equidimensional of dimension

> (ri+1) (é) + D rijdid;,
i i<j

with (dimd)!/]], d;! irreducible components.

3.2 Examples
We finish this section with several examples illustrating the previous formulas.

(1) If @ is acyclic, every representation is nilpotent, thus [Ng] = [Rq] = L2=a: -3 45 trivially,
but this is not obvious from any of the previous formulas. We will use two variants of the
g-binomial theorem to derive this fact from Corollary 3.2. Namely, we have

t kg1 q(g)td k
> n = Ha=a 73 T =TI+ 6"),

d>0 (2)a k>0 d>0 k>0
and thus
-1
d
q(z)td 1 —t)d

S i) ~Hardo =300

d>0 k>0 d>0
Since @ is acyclic, we can enumerate its vertices Qo = {41, ..., i} such that the existence of

an arrow i — 4; implies k < [. By the definition of the twisted multiplication in My, [Qo],
we then have

tflil ol QA+, iy (diy +1)/24d in '“t‘.iil — L~ Xk diy(di—1)/24d
? n 21 N

11 in
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We can thus rewrite
+d n ]Ld(dfl)/Qta‘l

2w, ~ g,

d k=1d>0

and then, by the above identity,

<Z td> -1 _ ﬁ Z (7tik)d _ Z(_l)dimdL—(d,dHZidi(di+1)/2td
7 (L)a o se L 5 (L)a
= [Ra],a

5 [Gd]
Now [N4] = [Rq] follows from Corollary 3.2.
Similarly, if @) is the quiver with a single vertex and one loop, Corollary 3.2, together
with the above two versions of the g-binomial theorem, easily yields [Ny] = L44=1 for Ny

the variety of nilpotent d x d matrices. This provides a motivic analogue of the classical
result [4].

If @ is arbitrary and d; = 1 for all ¢ € Qg, Corollary 3.3 reads
[N1] = (—I)QO . Z(—l)s L2kt |Ik—>fz|’

L,

where the sum ranges over all tuples I, = (I1,..., Is) of subsets of Qo inducing a disjoint
union Qo = Uj_, Ix, and |I; — I;| denotes the number of arrows from vertices in Ij to
vertices in ;. On the other hand, denote by @1 the set of arrows in ), and define the
support of a representation V' € Ry as the subset of @) of all arrows « such that V, # 0.
Then V is nilpotent if and only if its support is an acyclic subset F' C @1, that is, such
that the corresponding subquiver is acyclic. For any such acyclic subset, the locally closed
subset of Ry of representations having support F is isomorphic to a torus of rank |F|, thus
has motive (L. — 1)I¥l (as an aside, we note that every irreducible component of Ny is thus
toric). We then arrive at the formula [N1] = 3" reo, (L — 1)/F1,

acyclic

For the quiver () with a single vertex and m loops, the variety Ng consists of tuples
of d x d matrices (Ay, ..., Ay,) such that every polynomial in these matrices is nilpotent, or,
equivalently, which can be simultaneously conjugated to strictly upper triangular matrices.
We list [N4] for small d using Corollary 3.3

(M) =1, [No] =L™"+L™ —L,
(N3] = L3m+3 4 o 3m+2 | o 3m+1 | [3m _ o 2m+3 _ of 2m+2 _ op 2m+1 4 3
[Ng] = LOF6 4 3LO™+5 4 5LO™H4 4 gL+ 4 5LO™H2 4 3L+ 4 6™

— 3LPMH6 _ gLAM S _ g5t _ g mA3 _ g5 2 _ g 5m L

+ ]L4m+6 + ]L4m+5 + 2L4m+4 + L4m+3 + L4m+2

+ QL3O 4 QL3S g S 4 g SmAS 6,

It is left as an exercise to the reader that, for general d, a monomial L.” appears in [/Vy]
with non-zero coefficient if and only if a = km+{ford—1 < k < (g) and (g) —-k<I< (g)
The proof of [1, Lemma 2.6] can be read as a motivic identity, resulting in the following
formula of a rather different nature:

k 4l kN2
[Nal/[Gal = > L Shar (@ d) =30, Ficq, (@) 1] — k > |
(d*)y, Pl (L) df(]L 1) g

a: g1 g

dk

o j—=i g

where the sum ranges over all ordered decompositions d =", d*.
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4 Hesselink stratification and rational/integral level quiver

4.1 Introduction

We want to calculate the motive of Ny as the corresponding element in the Grothendieck ring of
varieties using the Hesselink stratification of the nullcone. To describe the Hesselink stratification
of Nq, we interpret in detail the results of [8], thereby setting up notation. The first new results
will only be derived after Proposition 4.8.

In fact, we will never use (and consequently, never state) the actual definition of these strata
themselves, which is rather indirect (very briefly, one considers the G4-saturations of equivalence
classes of points in Ngq under the equivalence relation that their sets of so-called optimal one-
parameter subgroups coincide). What is only needed for describing the motive of Ny is the
isomorphism type of the Hesselink strata, which is described in Theorem 4.7, and an explicit
parametrization of the strata.

So we will mainly be concerned with the index set of Hesselink strata Lq, which we will
adapt several times. We will provide an overview over the next steps for more convenience and
lucidity. Originally, Lq is defined in terms of so-called saturated sets of weights in Rq(@), or,
equivalently, in terms of certain so-called dominant minimal coweights s. Our first goal is to
extend the index set Lgq to the set of all dominant and minimal coweights Zd, see Remark 4.2
and the subsequent paragraphs. In a next step we use Theorem 4.12 to extend Lq to the set of
dominant and balanced coweights Lq. Afterwards we show that Lq is in bijection to LY, the set of
balanced dimension vectors for the so-called rational level quiver Qg (see Proposition 4.16) and
ultimately we prove that L} is in bijection to L(d), a set of tuples of dimension vectors for the
so-called integral level quiver, satisfying certain additional requirements (see Proposition 4.17).
We summarize and finish this overview with a diagram of index sets

Lq C Lg C Lq ¢ Ly <> L(d).

Since the Hesselink stratification decomposes the nullcone into finitely many locally closed sub-
sets S, we obtain the following identity of motives in the Grothendieck ring of varieties:

[Na] = > [S4). (4.1)

s€Llgq

Our first goal is to write the set of strata Lq in terms of so-called dominant and balanced strings.
This description covers all strata, albeit including empty ones. Depending on s we construct
a tuple (Qs,0s,ds) consisting of a quiver, a stability and a dimension vector, such that the
stratum S is non-empty if and only if there exists a fs-semistable representations in Rq,(Qs).

We will use and improve the description of the set of strata by Le Bruyn and his construction
of (Qs,0s,ds) [8], beginning with the introduction of essential notation:

Starting with a quiver @ with |Qo| = n vertices, set of arrows @i, and a dimension vector
d = (d;);, we denote d = dimd. We decompose the interval

into vertex intervals

v—1 v
I, = [2@“---;@].

Note that we need to fix an enumeration of the vertices of ), but the following constructions
will be essentially independent of this choice.
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We fix a maximal torus Ty of G4 and denote by II the set of weights of T4 having a nontrivial
weight space in Rq(Q). Explicitly, the group of weights of Ty is isomorphic to Z¢ via the
canonical generators m; for 1 < ¢ < d. Denoting m;; = m; — m;, we obtain

O={mj=m—m|i€l,, j€ Iy for some arrow a: v — v in Q}
and we denote by Rq(Q)r,;; the corresponding weight space.
Definition 4.1.

(a) A subset R C II is said to be unstable if there exists a coweight s = (s1,...,54) € Q¢ such
that s; —s; > 1 for all m; € R. If R is unstable, there is a unique coweight s(R) € Q¢ (see
[9, Lemma 6.2]) with this property and such that the norm(-square) |s(R)| = s?+-- -+ s2
is minimal. We will call such a coweight minimal.

(b) For a coweight s = (s1,...,54) € Q! we define the corresponding subset R(s) C II as
R(s) ={my €Il |s; —s; > 1}.

(c) We call R a saturated subset of IT whenever R = R(s(R)).
(d) We denote by Sq = Sq, X --- x Sg, the Weyl group of Gq.

Using this terminology, we can now describe the indexing set for the Hesselink strata; the
formal definition will follow in Definition 4.3.

Remark 4.2 (see [8, Section 2.2]). If R is a saturated subset of II, we have a corresponding
saturated subspace X of Ng by taking

Xr = @ Rd(Q)m]"

TI'»;]'ER

By [8, Section 2.2], every Hesselink stratum is a Zariski-open subset of some X%. We can thus
label the Hesselink strata by certain saturated sets of weights R, determined up to conjugacy.
Namely, by [5] there is a bijection between the Gg-conjugacy classes of saturated subspaces
of Ng and the conjugacy classes of saturated subsets R C II under the action of the Weyl
group Sq. This correspondence assigns to R the subspace Xg, and to a saturated subspace the
set of nonzero weights of its elements. In particular, the number of Hesselink strata of Ny is at
most the number of conjugacy classes of saturated subsets R C II under the Weyl group.

We construct a bijection between the conjugacy classes of saturated subsets R C II under
the Weyl group and coweights satisfying certain additional properties. Consider a coweight
s=(s1,...,59) € Q¢ for Gq. Then there is a unique partition of [1...d] into a minimal number
of pairwise disjoint subsets .J, such that the sj for j € J form an ordered sequence increasing
by 0 or 1 in each step after sorting. We call such a sequence a segment and denote it by .J.

A clarifying example: Consider the coweight

3 14 111 _3 "
<2707_273717_273727_172> e@ .

The corresponding segments are

1 1133 14
Jl < 27 2727272)7 J2 ( 707 )7 J3 <373>

and the corresponding partition of [1...10] is J; = [3,6,8,1,10], J, = [9,2,5] and J3 = [7,4].
After introducing this notation, we can now state definitions for the required conditions on
coweights.
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Definition 4.3.

(a) A coweight is called balanced if and only if for every segment J of s we have ) ,_5s; = 0.
(b) We call a coweight s € Q¢ dominant if and only if for every vertex v we have, for all
i,J € I, s; < sj whenever ¢ < j.

(c) We denote by Lq the set of dominant minimal coweights for which X7/ is the closure of
a Hesselink stratum.

(d) We denote by Lq the set of all dominant and minimal coweights.

Since every saturated subset R is determined by its unique minimal coweight s(R), and
every minimal coweight belongs to exactly one saturated subset, we have a bijection between
the conjugacy classes of saturated subsets R C II under the Weyl group and minimal dominant
coweights.

Since the property of being minimal can be hard to verify, our goal is to extend the index
set Ed to Lq in such a way, that the new summands in the equation (4.1) are equal to zero,
and such that it is easy to verify if a string belongs to the new index set. The property of
being balanced will play an essential role in extending the index set of the Hesselink strata. The
following lemma portrays the first step [8], see also [5].

Lemma 4.4. A minimal coweight p = (u1, . .., pq) € Q% is balanced.

Proof. Suppose p = (p1,...,1q) is not balanced. Then there exists a segment J such that
> icjti # 0. By definition of the segments, for every u; € J and u ¢ J we have [u; — pg| <1
or |p; — k| > 1. Consequently, we can choose an € > 0 such that these inequalities also
hold for p; + € and p; — €. By shifting all entries of J by € or —e, the distance between two
entries in the segment does not change. In this way, we construct another string p’ such that
R(u) = R(p'). First assuming ) .5 p; = o > 0 and we define p/ by

Fim Y= ifield.

We denote the cardinality of J by n and obtain

d d
=1l =) = () =D (i — €)= > (i)’
i=1 i=1 7 7
= Z —2pi€ + €2 = —2ae + ne.
7

By choosing € < 270‘, we obtain [u'| < [u[. Accordingly, u is not minimal. The case } .7 u; <0
follows analogously with

Hi = e o T L
wi +e ifieJ.

We can thus extend the index set of the Hesselink strata using balanced and dominant
coweights (this will be done before Lemma 4.9). The problem of detecting which strata are
non-empty remains. To this effect, for every coweight s, we define a tuple (Qs, ds, 05), consisting
of a quiver, a dimension vector and a stability, as follows.
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Definition 4.5. For a balanced and dominant coweight s with segments Ji, ..., J,, we denote
by a;x the multiplicity of p; + k in J;, assuming J; starts with entry p;. We decompose

n
__E v
a@k'_ a@ka
v=1

where afyk is the number of entries a € I,, such that s, = p; + k.

For each segment J;, where 1 < i < u, we consider the level quiver @; on n x (k; + 1)
vertices {(v,7) | v € Qo and 0 < j < k;}, where p; + k; is the last entry in J;. In @); the number
of arrows from (v, k) to (v, k+1) equals the number of arrows from v to v’ in ). The dimension
vector d; of Q); is given by (af,k)v,k'

Definition 4.6. The quiver () is defined as the disjoint union of the level quivers ); associ-
ated to the different segments J; of s for 1 < i < u. The dimension vector d; for Qs is the
vector obtained from the dimension vectors d; of Q);. '

A stability on Qs is defined by 65 = (ml()g)mﬂ., where mq(}l,)] = —z(p; +j) and z is the least
common multiple of all denominators of the rational numbers p; with 1 < i < w. In fact, the
factor z is to ensure compatibility with [8].

We recall that a representation V of a quiver () of dimension vector d is called #-semistable
if #(d) = 0 and 6(e) < 0 whenever e is the dimension vector of a subrepresentation of V' (note
that this definition uses the opposite sign convention to [8]). We then denote by RG*%(Q) =
R%%(Q) the #-semistable locus in Rq(Q). More generally, using the slope function o = 6/dim
(and not requiring #(d) = 0) we call the representation V' o-semistable if o(e) < o(d) for all
dimension vectors e of non-zero subrepresentations of V.

The following theorem of [8] summarizes the main properties relating the representation
spaces of level quivers and the Hesselink stratification.

Theorem 4.7. The elements s of Ed give rise to Hesselink strata Ss, where Ss is non-empty
if and only if the set of 0s-semistable representations in Rq,(Qs) is non-empty. The Hesselink
strata are isomorphic to associated fibre bundles S5 = Ggq x Ps VSt Here Py is a certain parabolic
subgroup of Gq and V' is given as follows:

There exists a vector bundle ps: Vs — Ra,(Qs), such that VSt = p 1 (RzSS'SSt(QS)).

Proposition 4.8. P, Vs and Rq,(Qs) can be described directly in terms of s € Ed, namely:
Consider |Q1|-tuples of d x d matrices. Then Vs is given as the affine space of such tuples,
where the matriz corresponding to an arrow a: v — v’ has arbitrary entries at a position (j,1)
ifi€ly, j€ly and sj—s; > 1, and zero entries everywhere else (compare with Definition 4.1).
The group Ps is given by a single invertible d X d matriz with zero entries everywhere except
possibly at a position (j,1) if i,j € I, for some vertex v € Qo and s; — s; > 0. For the affine
subspace Bs C Vs obtained by additionally requiring zero entries at all positions (j,i) except the
ones where s; — s; = 1, we have Bs = Rq,(Qs).

Now we can again consider the identity of motives in the localized base ring M from the
beginning of this section

[Nd] = Z [Ss]-

s€Llq
We divide by the motive of Gg and use the isomorphism Sy = Gg x> V¢ to obtain the following:

[Va] _ [Ss] _ ~— [Ga x" V]
[Gal 2 [Gal SZ [Ga]

s€lg T

€Lg
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Since the group P; is special, we know that [Ga x©= VSt - [Py] = [Gq] - [VE*] and find

M B Z [Vssst]

(Gal [Ps]

SGZd

Recall from Theorem 4.7 that there is a vector bundle ps: Vi — Rq_(Q5) of rank dim V, —
dim Rq, (Qs). Since RFY(Q;) is Zariski-open in Rq,(Qs) we also obtain a vector bundle pf: V'
— Rff:(Qs) of the same rank as long as RSdS;(Qs) is not empty. Moreover, the reductive part
of Py is isomorphic to Gg,, yielding

[RilS:(QS)] X Ldim Vs—dim Ry, (Qs)

[Na]
[Gd] - Z [Gds] . ]Ldim Ps—dim Gg,
s€Lgq

We denote ¢(s) = dim Vs — dim Rq,(Qs) — (dim Ps — dim G4, ) and simplify the equation to

sst Qs)]
¢(s)
Z: L Gds] . (4.2)

Now we extend the index set Lq of dominant and minimal strings to the index set Lq of
dominant and balanced strings. Theorem 4.12 below shows that this change of index sets does
not affect the formula for the motive of the nullcone. We need some preparation in advance.

Lemma 4.9. Let p be a balanced string and J; a segment of pu starting with p;. We consider the
stability 0 defined by O(v,j) = —(pi+3j). Then for the dimension vector d;, we have 6(d ;) = 0.

Proof. We have

(ds)= Y. —aiilpj+4)= Zazkp]+] > =0,

(Umj)eQJi kejl
because w is balanced. |

Definition 4.10. For a segment K, we define Qx = Q; and dg = d; if K = J;.

Let p be a string and J a segment of p with corresponding index set I. For a subset TofI ,
we can construct a subquiver Q 7 of @7 from the substring J of J determined by I in the same
way the level quiver is constructed from a balanced string; we can also construct a dimension
vector d for this subquiver which fulfills (d J) (dy);.

We call a subset I of I left- complete if, for every k € I all [ with pp —py =1 and m, € 11
also belong to I. Note that this implies the existence of an arrow from the vertex corresponding
to u; to the vertex corresponding to uy in @ ;.

Lemma 4.11. If the semistable locus R9 SSt(Q]) is non-empty, then for all left-complete sub-
sets I of the index set I corresponding to the segment J the inequality Y7 p1; <0 holds.

Proof. Assume, to the contrary, that ) ;u; > 0. Let V be an arbitrary representation of
dimension vector d; of (). Since I is left- complete,we have (d J— d J) =0 for all VeI'tICGSAUk
in QJ, which are not a sink in QJ, and (dJ — dJ)k = (dy)y for all Uk, which are not in Q.
Therefore, V' admits a subrepresentation V' of dimension vector d; — d;. By Lemma 4.9, we
have é(d]) = 0 since p is balanced, showing that é(d] - &J) > 0. This proves the claim. |

Theorem 4.12. For a balanced string s which is not minimal, the semistable locus Rz“"s'SSt(QS)
18 empty.
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Proof. First note that we can switch from the stability 6, to the stability 6 given by é(v, j)=
—(pi + j) on the level quiver Qf for a segment K starting with p;, since the open subset of
semistable representations does not change when passing from 6 to x - 8 for a positive x.

Moreover, we note that for a fixed string s = (s1,...,,) € Q", the minimum of {\s —q| =
S (si — q)?} for ¢ € Q is given by [s — | such that Y7 ,(s; — ) = 0. If, additionally,
Yoy si < >oq(si—q) <0, then |s| > |s — g, since we can consider |s — ¢| (for a fixed s) as
a quadratic function in ¢. Analogously, if Y 1" ;s; > > " (s; —¢q) > 0, then |s| > |s —g|.

Let p = (p1,...,1q) be a balanced, but not minimal string. By definition, there exists
a (balanced) p/ with |p/| < |u] and R(u') D R(p). Therefore, we find a segment J = (;)ics in
p such that the corresponding substring J' = (p/);es of i satisfies |J'| = 3", u2 < >, 2 = |J].
We can decompose the indexing set I in three disjoint sets given by

I = {i € I with p; > i}, IV = {i € I with p; < p}, Io = {i € I with p; = p}.

Since |J| < |J|, either > p? < > p2 or 2o w2 < 2o p2. Without loss of generality, we
assume the inequality holds for I7. The other case follows analogously.

Consider p with ¢ € I7". Then there exists an €; > 0 with p; = y; —¢€;. In the level quiver @,
there exists a vertex v; corresponding to u;. Every arrow « in @ with ¢(a)) = v; corresponds
to (possibly several) elements p; € J such that p; — p; = 1 and m; € II. Since R(p') D R(p),
every jy obtained in the above way fulfills y; = p; — ¢ with ¢ > €. This shows that I} is
left-complete.

We now assume that the semistable locus in question is not empty. By Lemma 4. 11 we
know that for all left- complete subset I the inequality > ;i < 0hold. We know that i =
ZITL (i —€)? < ZIn p? and Zln i < 0, because I is left-complete. We choose €; as the
minimum of all ¢; for i € I7 . We get

Zui—€i<2m—6i+€1 SZMSQ
Iy i n

leading to an(ﬁéz —€)? > Zln(,uz —€ + 61) Now we define IT = {i € I | u; — €; + €1 < i}
In other words we exclude all w, with p + € = pi. Now I} is left-complete by the same
argument as for I7'. We choose €3 as the minimum of all ¢; — €; with ¢ € I3. We get

Zﬂi—ﬁﬁ—gl<Zﬂi—€i+€1+€2SZHi§0
I3 I3 I3

concluding
Z(/Li — € + 51)2 > Z(Mz —€+ €+ €2)2.
13 13
We get a descending chain of subsets I7" 2 I3 O -- -, which has to terminate after finitely many

steps. This yields the following estimate:

Z(“i_ei)2>z( —6+é)? Z“l+z i — €+ &+ &) >Z:uZ

m m Im\Ig Iy m

Since we have started with > m (i —€)? <> m ©2, we have thus constructed a contradiction,
proving that a balanced, but not minimal string, has an empty semistable locus. |

Corollary 4.13. For the nullcone Nq, we have the following equality of motives:

Z qu sst Qs)] .

Gds]
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Example 4.14. We illustrate these constructions and the calculation of the motive of Ny for the
m-loop quiver for d = 2 and d = 3. For d = 2, the list of strings consists of (—%, %) and (0,0).
The corresponding quivers Qs are

O—=-®
®

with stability 05 = (1, —1) and 65 = (0), respectively.

We calculate the individual summands in formula (4.2) starting with the string s = (—%, %)
and thus ds = (1,1): the space V; consists of m-tuples of matrices with one arbitrary entry,
consequently dim V; = m. Moreover, the dimension of the representation space Rq,(Qs) equals
the number of arrows. The group Ps consists of an invertible 2 x 2 matrix with arbitrary entries

at 3 positions and dim G4, = dim(G; x G1) = 2. We thus find

11
¢(<—2,2)> =m-m-—3+2=-1,

and similarly ¢((0,0)) = 0 —0—4+ 4 = 0. For the first quiver, every representation is
semistable except the one consisting only of trivial maps. For the second quiver, there is only
one representation, which is in addition semistable. Therefore, the corresponding motives of
semistable loci are " — 1 and 1, respectively. Consequently, the motive of Ny calculates to

. —I(Lm_l) 1 _ m—1 _ 1 —1 2 _ qm+l m
[NQ]_(L P —|—[G2]>[G2]_(]L L YL +L)+1=L""4+L" -L.

The next example is the m-loop quiver with dimension vector d = 3. The relevant strings in
the classification are

211 1 12 1 1
(_1707 1)7 <_37373> <_37_373> <_2707 2> 7(07070)

with corresponding quivers
@ (m) @ (m) @7
O—=-@
O
O——0 @
O

and stability (1,0,-1), (2,-1), (1,-2), (1,—1,0), (0). Similarly to the previous example, we
find

#((-1,0,1)) =3m —2m —-6+3 =m — 3,
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2 11
1 12
1 1
¢<<—2,0,2>>_m—m—6+3_—3, $((0,0,0) =0—0—9+9=0.

It remains to describe the motives of the semistable loci. For the first quiver, all representa-
tions are semistable unless one tuple of parallel arrows contains only trivial maps. Consequently,
the resulting motive is (L™ — 1)2. For the second and third quiver, we can write the m-tuple of
vectors of length 2 in a 2 X m matrix, obtaining that the representation is semistable if and only
if this matrix is of rank 2. Consequently, the motive equals (L — 1)(L™ — LL). The motives for
the final two quivers are L”" — 1 and 1, respectively, with similar arguments as before.

Putting all this information together, the motive of N3 is given by

L™ —1)? L™ —1)(L™ — L Lm—-1 1
i = (e g+ g L e g )
= (L33 — 2273 4+ L™7%) (L 4 2LL° 4 2LL* 4 L?)
+ (21?2 —2L™ ! — 2L % + 2L (L* 4 L3 + L?)
+ (L7 —L7%) (L0 + 2L° 4 2L + 1%) + 1
= L3™F3 4 L3 H2 o3l L3 _ g 2 _ g 2m 2 g 2l g 2
+ L3 + L™ *2 + o™t + L™
+ 2L2M 2 4 LA 4 o2 — 2L — oL — oL
— L™ — oL+ — 2™ 4 213 4 2% 4 2L
+ LM oLt ot L Lm 13 —2L2 —2L — 141
— [3m+3 4 o 3m+2 4 o 3m+1l | [ 3m _ o 2m43 _ o 2m+2 _ of 2m+1 4 ]L3,

in accordance with the example in Section 3.2.

4.2 Rational/integral level quiver

We know that the elements s of the index set Lq give rise to quivers @, such that the cor-
responding Hesselink stratum is non-empty if and only if the semi-stable locus is non-empty.
Our next aim is now to define a so-called rational level quiver which combines the level quivers
associated to the segments, in such a way that the previous properties are still preserved, but
the index set for the Hesselink stratification can be described in terms of specific dimension
vectors e for this fixed quiver.

Definition 4.15. For a quiver ), we define the rational level quiver Qg with set of ver-
tices Qo x Q and arrows (o, a): (i,a) — (j,a+1) for every arrow a: i — j in @ and every a € Q.
This quiver obviously admits a decomposition into components Q,, for 1 € [0,1] N Q, where Q,,
is the full subquiver of all vertices (i,a) such that the fractional part {a} of a equals p.

We define a stability on Qg by 0(i,a) = —a. We call a dimension vector e for Q)g balanced if
t(elg,) = 0 for all u € [0,1]NQ (where e|g, denotes the restriction of e to the component Q).
Every finitely supported dimension vector e for Qg admits a projection |e| to a dimension vector

for Q by |e|l = Zae(@ €i.a-

Proposition 4.16. Using this notation, the index set Lq for the Hesselink stratification of Ngq
is in bijection to the set of all balanced dimension vectors e for Qq such that |e| = d. Moreover,
we have an isomorphism of semistable loci RSZ'SSt(QS) =~ RISYQq).
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Proof. We construct a dominant coweight from a balanced dimension vector e in the following
way:

For every entry e; , in e, we take e; ,-times the entry a in the coweight, in weakly ascending
order for every vertex of (). That this induces a bijection between balanced dimension vectors
and balanced and dominant coweights now follows immediately from the definitions.

Now we have to compare the stabilities given by 65 and 6. Relabelling the vertices (v, j) of
the quiver Qs to (v, p; +7), we see directly that Qs can be viewed as a subquiver of the rational
level quiver. Using the above construction of a balanced dominant coweight from a balanced
dimension vector e, it is then clear that in both cases the multiplicity of the entry p; + j (resp. a)
in the string is encoded in the dimension vector. So the only essential difference between the
stabilities is the factor z of Definition 4.6. Since the set of semistable representations with
respect to a stability 6 does not change when passing from 6 to x - 6 for positive z, it follows
that, in fact, RS™(Qs) = RT**(Qq). ]

We denote the set of balanced dimension vectors e for Qg such that |e| =d by L.

The quiver Qg is the disjoint union of the @Q,, for 1 € [0,1]NQ, and every @Q,, can be identified
with Q,—0 = @z, called the integral level quiver. We can reparametrize the index set L: we
map e to the tuple (e|g,), of dimension vectors, which we view as dimension vectors for Qz.
Now we interpret this reparametrization in terms of our stability conditions:

After identifying a balanced dimension vector e for Qg with a tuple of dimension vectors (e,),
for Qz, we have 0(e|g,) = 0(e,) — p - dime,. This condition can be rephrased using the slope
function o = 6/dim and noting that (e|g,) = 0 since e is balanced

_ Q(eu)
dime,,

o(eu)

=

if e, # 0.
We can now state a final reformulation for the index set of Hesselink strata.

Proposition 4.17. The index set Ly for the Hesselink stratification can be viewed as the set
of tuples (e,), of dimension vectors for Qg such that e, =0 or o(e,) = p for all p, and such
that 3, ley| = d. We will denote the set of such tuples by L(d) in the following.

Proof. The index sets L) and L(d) are obviously in bijection by the previous construction.
Similarly to the proof of Proposition 4.16, the semistable locus does not change when passing
from 6 to # — y - dim for an arbitrary y. |

5 Wall-crossing type formula

Here we understand the notion of a wall-crossing formula in a purely formal sense: an identity
of generating functions of motives involving an ordered product over slopes. A prototypical
example is the identity [11, Theorem 2.4] expressing the generating series of motives of moduli
stacks of quiver representations as an ordered product over such series for semistable quiver
representations of fixed slope.

Our aim in this section is thus to interpret the sum formula (4.2) as an ordered product
formula for the corresponding generating series.

Describing the strata in terms of balanced dimension vectors e for the quiver QQg, we can
rewrite the formula ¢(s) = dim Vy — dim Rq,(Qs) — (dim P; — dim Gg4,) in terms of e.

Using Proposition 4.8, we see that dim Vi — dim Rq,(Qs) is the dimension of the space of
|@Q1]-tuples of d x d matrices with zero entries except possibly at position (I, k) in the matrix
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corresponding to a: i — j it k € I;, | € I; and s; — s, > 1. In terms of the rational level quiver,
this dimension is encoded in the dimensions e; , at vertices which are not directly adjacent

dim Vi — dim Rq,(Qs) = Z Z €i,aC;jb-

a:i—ja+1<b

We analyse the summand dim Py — dim Gq4,. The group Ps was described in terms of matrix
entries (I, k) such that k,l € I; for some vertex i € Qp and s; — s; > 0, while G4, is determined
by s; — s = 0. So we can construct Ps from Ggq, by allowing arbitrary entries at positions (I, k)
where k,l € I; for some vertex ¢ € Qg and s; — s > 0. For symmetry reasons, the number of
such positions is exactly

Zier d? — dim Ggq,
5 )

Remark 5.1. Alternatively, we can note that dim Ps — dim G4, equals the dimension of the
unipotent radical corresponding to the parabolic subgroup F.

With d; = 3 cq €ia and dimGa, = > ;c0, 2 uco €7 4, we can conclude

2 2
. €; — . €
dim P, — dim Gds _ Zzer (Zae@ z,a) Zzer ZaeQ ha _ Z Zei,aez‘,b

2 .
1€Qo a<b

yielding a formula for ¢ in terms of the dimension vector e
E Z €i,a€jb — Z E €i,a€ib-
a: i—ja+l<b 1€Qo a<b

Since we have shifted the dimension vector e to a tuple (e, ), of dimension vectors for Qz, we can
rewrlte this formula in terms of (eu) In the first summand, we replace e; , and e;; by e i
and e by respectively, and similarly in the second term. Note that, consequently, a and b
denote 1ntegers in all the following summations:

o((ep)u) = Z Z Zeza—ueé‘{bw’ N Z Z Zeﬁa—ueﬁ;fu’

a:i—ja+1<b p,p’ 1€Qo a<b p,p’
= E : § : E :eza ]b E : § : § :eza zb'
a:i—=j atl+p<btp’ pp’ 1€Qo atpu<b+u’ p,p/

The condition @ + 1 4+ u < b+ p is equivalent to (u < ¢/ and a+1=b)ora+1 < b
for u,p/ €[0,1] and a,b € Z. Similarly, a + u < b+ p/ is equivalent to (p < g/ and a = b)
or a < b. We thus obtain

S((e)u) = Y (Z PIERATID DY Wb>

a:i—] “a+1<b p,p’ a+1=b u<p’
DI VR IEXTED 3p SEXH)]
7 a<b p,p’ a=b p<p’

With our new parametrization of the index set and Propositions 4.16 and 4.17, we can now
state the following formula for the motive of Nyg.



Motives of Nullcones of Quiver Representations 19

Theorem 5.2. For the nullcone Nq of a quiver () with dimension vector d, we have the following
identities of motives:

Z Le
L eclL)
_ Z ]L¢ H R9 sst (QZ)]

(eu)u€L(d) M “

9 sst(

R9 sst(QQ)]
B(e
=) LA

Definition 5.3. We define the k-shift 7%e of a dimension vector e for Q7 as the dimension

vector (Tke)i 0 = Ciatk-

A brief calculation shows that for the Euler form of 0z, we have

et ket __E:E’
<e T € >_ eza za+k+zzeza ja+1+k

i—j a

We now consider ¢((e,),), which equals

> (T S XX )

a:i—j “a+1<b p,pu’ a+1=b u<p’
_Z<§:§:eza zb+§:zeza zb>
7 a<b p,p’ a=b u<y’

We rewrite this as

> (S i+ 3 )

a:1—j a€Z k>0 p,p’ <y
DD AOHIEEAED JEFA]
i a€Z k>0 p,p’ <y’

by replacing b with a + k + 1 in the first term and with a + k in the second. In terms of k-shifts,
this can be rewritten as

- Z Z (e, mrew) — Z (e ep)-
k>0 p,p u<p!
As before, we consider the ring of localized motives M = Ky(Varc) [L_l, (1 — Li)_l
and conclude from Theorem 5.2 the following.

i > 1]

Proposition 5.4. In M[Qo], we can express the nilpotent motivic generating function
Z [Na] ,a
[Gal
as

9 sst
ZL— Yks0 Xl efon]nolCn e ) =3, < lense,r) H [ e (QZ)] 22 eul’
1€[0,1]NQ [ eu]

where the sum ranges over L(d), that is, over all tuples (e,),c[0,1jnq of dimension vectors for Qz,
such that e, = 0 for all but finitely many p, and o(e,) = p otherwise.
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Example 5.5. As a quick plausibility check, we consider the quiver ) of extended Dynkin
type A, with three vertices i, j, k and arrows ¢« — j — k as well as ¢ — k, with dimension
vector d =i+ j+ k (that is, d; = d; = dj, = 1). The part of )z on which all relevant e, are
supported is

(J,—1) = (k,0) < (i,—1) — (4,0) — (k,1) < (7,0).

We have seven tuples (e,), such that |} e,| = d for which semistable representations exist

L-1)+(,0)+ &),  ((i-1)+(,0) + (k,0))ys,
L,=1)+(,=1) + (k,0))g3,  (((,0))o, (G, =1) + (k,0))12),
(3,0))o, (i, =1) + (k,0))1/2),  (((k,0))o, (i, =1) + (j; 0))1/2),
)+, 0) + (k, 0))o.

The only non-zero L-exponent in the above summation equals 1 for the first tuple. Semistability
in each case is given by non-vanishing of all scalars representing the arrows. This yields

[Na] = (L+2)L—1)*+3(L—-1)+1=1%
as expected.

Definition 5.6. We define a new twisted formal power series ring My, ,[(Qz)o] for Qz with
topological M-basis elements u® for e a dimension vector for Q)7 with finite support, and multi-
plication given by

u® * ue/ — L~ Zkzo(e,frke’)@z—Zk>0<e’,7'ke>QZ . ue+e"

We have a specialization map of M-modules My ,[(Qz)o] — ML[Qo] by mapping u® to tlel
(in general not compatible with the multiplications).

This definition now allows us to interpret Proposition 5.4 as a product formula using an
ascending ordered product over slopes. Namely, given series F), € M ,[(Qz)o] without constant
term for p € [0,1] N Q as below, we define

N
II a+F)=> > H F,.
ne0,1]NQ s>0 0<p1<---<ps<l k=1

Then we find by a direct calculation the following.

Theorem 5.7. The nilpotent motivic generating function of Proposition 5.4 equals the special-
ization of the following ordered product in My, ,[(Qz)o]:

= ooy [Fe ™t (@Qz)] o
10 <1+ T me >[G]u>

Hel0,1nQ (&)=
supp(e) finite
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