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Abstract. In this paper, we analyze the asymptotic behaviour of the poles of certain ra-
tional solutions of the fifth Painlevé equation. These solutions are constructed by relating
the corresponding tau function to a Hankel determinant of a certain sequence of moments.
This approach was also used by one of the authors and collaborators in the study of the
rational solutions of the second Painlevé equation. More specifically, we study the roots of
the corresponding polynomial tau function, whose location corresponds to the poles of the
associated rational solution. We show that, upon suitable rescaling, the roots asymptotically
fill a region bounded by analytic arcs when the degree of the polynomial tau function tends
to infinity and the other parameters are kept fixed. Moreover, we provide an approximate

location of these roots within the region in terms of suitable quantization conditions.
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1 Introduction

The six Painlevé equations were classified by Painlevé and his student Gambier [30, 54] more
than a century ago. They were searching for second-order ODEs in the complex plane whose
solutions, roughly speaking, have the property that all movable singularities are isolated poles.
This property has now become known, and referred to, as the Painlevé property.

While this might have remained a purely mathematical investigation, it was much later
recognized that these equations have significant applications in mathematical physics, with the
resurgence in the late 70s with the works connecting with Ising model and conformal field
theory [45, 46]. Another momentous resurgence happened in the 90s when Tracy and Widom [57]
used a special second Painlevé transcendent (the Hastings—McLeod solution [31]) to describe the
fluctuations of the largest eigenvalue of a large random Hermitean matrix.

Amongst special solutions of the Painlevé equation, the rational ones attract a natural inter-
est. The literature is extensive and seems to start with [60] who discussed rational solutions of
the second Painlevé equation and defined a special sequence of polynomials that are now called
Vorob’ev—-Yablonskii after their discoverers (it appears that Yablonskii defined them slightly ear-
lier but the reference is difficult to find [61]). Rational solutions also appear in semiclassical
limits of integrable PDEs. In the one-dimensional sine-Gordon equation near a separatrix, for
example, one finds that a suitable scaling of the solution is expressible in terms of a rational
solution of the second Painlevé equation [16].

Rational solutions exist for all but the first Painlevé equation. In all five remaining cases I1—-
VI, there is a classification of the values of parameters for which there are rational solutions,
and for particular cases there are constructions of special families of rational solutions (for
Painlevé II [35, 60, 61], for Painlevé III, V, VI [42, 43, 48, 51, 52, 58], for Painlevé IV [50]).
See a comprehensive overview in [53] (https://dlmf.nist.gov/32.8). Note that in loc. cit. the
conditions for existence of rational solutions of Painlevé VI appears to be only a sufficient
condition. However, necessary and sufficient conditions exist in [44].

The literature that investigates the asymptotic behaviour of the rational solutions, and the
pole distribution thereof, is more recent, probably due to the interest spurred by numerical
investigations and the appearance of well-defined patterns. For the zeros of Okamoto polynomials
(which are poles of rational solutions of PIV) see [15, 19, 20, 49], for the zeros of Vorob’ev—
Yablonskii polynomials and Painlevé II see [6, 17, 18, 24, 47|, for the second Painlevé hierarchy
see [4, 24]. There are also studies of explicit families of rational solutions of various Painlevé
equations: for Painlevé III [13, 14, 21], for Painlevé V [1, 3, 22, 23], for Painlevé IV [15, 20, 40, 41]
and for higher Painlevé equations [2, 4].

The approach to asymptotic analysis relies on the formulation of an associated Riemann—
Hilbert problem, namely, a boundary value problem for a piecewise analytic matrix-valued
function. Within this framework there are two logical distinct approaches that can be used. We
can categorize them under the following banners:

(1) the isomonodromic approach,

(2) the orthogonal polynomial approach.
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The isomonodromic approach relies on the general fact that any Painlevé equation appears as
the compatibility between a 2 x 2 system of ODEs with rational coefficients in the complex plane
and an additional PDE in an auxiliary parameter [32]. The different solutions are parametrized
by (generalized) monodromy data of the ODE, which is the starting point for the Riemann—
Hilbert analysis. Typically, the degree of the rational solution appears explicitly as one of the
parameters in the monodromy data, and can be used as large parameter in the asymptotics.
This is the philosophy behind the works [17, 18].

The second approach was used, possibly for the first time, in [6] and then also applied to
the generalized Vorob’ev—Yablonskii polynomials in [4]. It is also the approach we follow in this
paper. The main connection between orthogonal polynomials and equations of Painlevé type
was established in [7], where it was shown that Hankel determinants built out of the moments
of “semiclassical” moment functionals are always isomonodromic tau functions in the sense of
Jimbo-Miwa-Ueno [32]. It was a remark [7, Remark 5.3] that special choices of semiclassical
moment functionals lead automatically to tau functions of Painlevé equations (all, except possi-
bly for Painlevé I). In general, however, these solutions correspond to transcendental solutions
like, for example, the solutions of PII constructed out of determinants of derivatives of Airy
functions, see [34].

It is possible to further restrict the setup of orthogonal polynomials in such a way that the
moments of the moment functional become polynomials in a parameter, which then guarantees
that the Hankel determinant (automatically an isomonodromic tau function) is a polynomial
tau function of an equation of Painlevé type. This is what works “behind the scenes” in [6].

The advantage of this reformulation in terms of associated orthogonal polynomials is that
there is a solid and well-developed framework for studying their large degree asymptotics, with
an extensive literature that starts with the seminal work of Deift et al. [26].

Before going into any further detail, let us discuss the known literature and results about the
rational solutions of the fifth Painlevé equation.

Rational solutions of PV. The fifth Painlevé equation is the following nonlinear, second-
order ODE in the complex domain for the unknown function y(¢)

" 1 1 , ! —-1)2 ) 1
y=<2y+y1>(y)2—y+<y)<ay+§>+7ty+yy(y+l), (1.1)

where the prime denotes d/dt and «,3,7v,d € C are parameters: we shall refer to (1.1) as
Ps(a, B,7,9). The equation admits certain symmetries that change the value of the parameters.
If y(t) is a solution of Ps(«, 3,7,0), then

(

(1) y(—t) is a solution of Ps(a, B, —7,9),

(2) L is a solution of Ps(—f, —a, —7,0),
)y

t) is a solution of Ps(a, £, \v, , for any A € .
3 /\ 1 f Ps(a, 3, My, \26), f AeC\{0

Using the above symmetries, the analysis is reduced to only two families: the family where § = 0
(which is called “degenerate” and can be reduced to Painlevé I1T) and the case § # 0 which, by
virtue of the last of the above symmetries, is customarily set to 6 = —%.

The classification of rational solutions is contained in [36], where the authors show that ratio-
nal solutions exist only if the parameters satisfy certain relations. More precisely (paraphrasing

and condensing their results), we have the following.

Theorem 1.1 ([36, Theorems 1.1 and 1.2]). The equation Ps(c, 8,7, —3%) (1.1) admits rational
solutions if and only if there are integers k,m € Z such that

(1) o= 5(y+ k)% B =", k+m odd, and a# 0 when |k| <m,
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(II) o = %mz, 8= —%, k+m odd, and 3 # 0 when |k| < m,
(IIT) B =—%(a1 +m)?, v =k with o} = 2a so that m >0 and k +m even,
(IV) a = %, B = —%2, ~ & Z where k,m > 0 and k, m both odd.

In cases (I) and (I1), the solution is unique if v ¢ Z and there are at most two rational solutions
otherwise.

Observe that the cases (I) and (II) of the above result are really the same family up to
the application of the symmetry y(t) <> y(i ) which transforms solution of Ps (a, 5,7, —%) into
solutions of Pg,(—,@’, -, 7, —%)

In the recent [23], the authors construct the rational solutions corresponding to the case (II)
of [36] above (which is case (i) in [23, Theorem 4.1]). More precisely, they construct the tau
functions

d\ 7tk n—l
Té% = det <tdt) Lgsi,’f)(t) , (1.2)
3,k=0

where L{®) (t) are the associated Laguerre polynomials (see DLMF:18.5.12, [53])
n

I,() (t) = Z%(—x)g = Mﬂﬁ <a_f1;t> )

—~ (n—20)!2 n!
Then their result implies that (1.2) is the tau function of

<m2 (m+2n+ 1+ p)? 1>
P5 5 |

2T 2 Ty
which is the case (II) in Theorem 1.1. Many interesting properties are discussed but no descrip-
tion of the asymptotic behaviour for large degree is undertaken.

Results. In the present paper, we will provide a description for the tau function of the
case (I) of Theorem 1.1, with the main goal of describing the distribution of its zeros as n — oo.
More precisely, we construct the tau function corresponding to the parameters k = —3n— K —1,
m=n+K,y=14+2n+ K —p,neN, K €Z, p € C, namely

2 K 2
2 2
Thus the tau function we construct is for the equation
2 K)? 1
P5<(”zp) ,—(n+2 ) ,1+2n+K—p,—2>.

Remark 1.2. The rational solutions we consider here are for case (I) while those in [23] are for
case (II) of Theorem 1.1. Of course, the two cases are related: at the level of the transcendents the
solutions are related by the simple transformation y(t) +— y%f) and (o, 8,7) — (=8, —a, —7),
but at the level of the tau functions the relation is slightly less straightforward and given in
Remark 2.2 below. The comparison of the parameters p, n, m of [23] (which we now have to
rename [, n, m to avoid confusion) is then as follows m =n+ K, n=n, p = —1—2n— K + p.

To construct this 7-function, we consider the following sequence of moments depending on
the parameters K € Z, p € C:

. 1\”
15 (t) = ?{ K (1-2) efds,  j=0,1,2,.... (1.3)
|z|=R z
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As we detail in Remark 2.2, the moments p;(¢) are Laguerre polynomials up to a sign. Here
R > 1 can be chosen arbitrarily, thanks to Cauchy’s residue theorem. We interpret the p;’s
as the moments of the complex measure du(z) = 2 (1 — %)peédz on |z| = R. Observe that
the pj(t)’s are polynomials in ¢, and can also be obtained from a generating function

00 j 1\”
E Nj(t)i, = j{ 2K (1 - ) ext57dy
=0 J: |z|=R <

or also (by replacing z = % in the definition of moments (1.3) and then by evaluating them as
residues)

o ,
j
F(s;t) == —2ims K71 (1 - 5)Pet = Zﬂj(t)i-

The map that associates to any polynomial p(z) the value M|p] := f‘zlsz(z)d,u(z) is an example
of semiclassical moment functional [37, 38, 39, 55] and thus fits naturally in the general theory
of [7] which guarantees that the Hankel determinant

To(t; K, p) = det [Ma+b—2(t)]z,b:1

is a tau function of an equation of Painlevé type. The matching with PV is explained in
Section 2.2. More explicitly, from the identification it will follow that it satisfies the o-form of
the PV equation [33, Appendix C] in the following way. Let us define the quantities

d P t (0o + 000)? — 02
Hv = &lnTn(tQKap)"i‘ia U(t) = tHv+§<90+000>+ 4 17
0o :=2n+ K, 01 = —p, O :=p— K. (1.4)

Then the o-form of PV is the following ODE for o defined in (1.4)
2
20\ do do\ 2 do
— ) = —t— 42 =) — (O +200)—
(t dt2> (U P ™ <dt> (60 +260) dt)

4 dﬁ di_90—91+9oo dﬁ_g d£_90+01+900
at ) \ dt 2 a °) \dt 2 ’
In the second part of the paper, we exploit the connection between 7, (t) and Hankel deter-

minants to describe the asymptotic location of its zeros as n — oo.
More precisely, we describe the asymptotic behaviour of the zeros of the polynomials

Ta(s) := Tn(ns; K, p), KeZ, p¢LZ, (1.5)

as n tends to infinity in the s-plane (these zeros are the same as the zeros of 7, but homothetically
rescaled by a factor 1/n). We observe that we do not consider a double-scaling limit where the
either one of the parameters K, p or both are proportional to n as n — oo. While the general
setup is conducive to such an analysis, the details of the construction of the g-function would
have to be changed significantly and this is deferred to a future publication. The logic of the
analysis is parallel to the one employed in [4, 6] and the main goal is to explain the emerging
shape which clearly appears, see Figure 1.

In the figure, an almond-shaped region, which we call “Eye of the Tiger” (EoT) is visible.
We will show that for fixed values of K, p and as n tends to infinity, the zeros of 7,(s) will
eventually vacate any closed set IC not intersecting the (closure of) EoT or, which is the same,
the zeros will eventually lie within e-distance of EoT.
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3 ) - 3
3 2 1 0 1 2 3 -3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
_ _ 1 _ _ 3 13i _ _ 101 , 33i
n=15, p= 15 n =16, p= 155 + 100 n =16, p= 155 + 100
3 3 3

-3 : : : : : ' -3 : : - : : ' -3 - - - - - ’
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
101 101 3

Figure 1. The zeros of several instances of polynomial tau functions (all for K = 0).

Namely, for every K € N, p € C\Z, € > 0, there is an Ny = Ny(K, p, €) such that all the zeros
of Tn(s) are inside the e-fattening EoT¢. We recall that an e-fattening of a bounded set X C C
is the (open) set X := J,cx D.(€), D.(€) := {w | [w — 2| < €}. We do not provide an estimate
of the threshold value Nj.

This phenomenon is well illustrated by Figure 3, top right pane. Indeed, we can see that
certain zeros lie outside the region (for the specific value of n = 17). If we were to plot the zeros
for the same values of the parameters K, p, but for larger values of n, the zeros would gradually
drift towards the region EoT. The method of proof does not allow us to conclusively show that
all the zeros will eventually fall in the interior of EoT. See Theorem 5.8.

The boundary of the region EoT (marked in black) is determined by the implicit equation in

the s-plane
s [4
_ =41 = 1.
Re<2\/52+ ) 0, (1.6)

which follows from (4.5), (4.7) below. Note that in the above expression the square roots need
to be understood with branch-cuts extending from 2i vertically upwards, and from —2i vertically
downwards. With this choice the function on the left side of (1.6) is continuous in C\ {0} and
even.

Within the set EoT, the zeros of T, (s) (1.5) arrange themselves in a semi-regular lattice. We
give a description of this lattice in terms of a “quantization condition” described in Section 5.2.4,
in particular (5.41) (for Re(s) > 0) or (5.47) (for Re(s) < 0). The two quantization condi-
tions (5.41), (5.47) determine an asymptotic grid (shown in Figure 3 in green and blue thin lines)

4

2
Inj—+4/5+1
5 5




Rational Solutions of Painlevé V 7

3 3 3
2 2 2
1 1 1
0 0 0
1 1 -1
2 -2 -2
3 -3 : 3
3 2 1 o0 1 2 33 =2 1 0 1 2 33 2 -1 0 1 2 3
n=30,p=1 n=230,p=2 n=30,p=3

Figure 2. Some plot of the zeros of the tau function 7, (s) (1.5) for (n, p) = (30, 1), (30, 2), (30,3) (K =0
in all cases). Observe that for p integer our description of the distribution of zeros does not apply and in
particular the region EoT remains largely empty, with an “eyelash” effect. There is a high multiplicity
zero at the origin. As n increases but p remains fixed, the “eyelashes” become thinner around the edge
of EoT. A similar phenomenon was observed, for rational solutions of PIII, in [14]. We are not going to
discuss the case p € Z in this paper. Clearly the behaviour of the zeros undergoes a substantial change,
as they appear to be accumulating along part of the boundary of EoT.

at whose vertices the zeros are approximately located. We do not estimate rigorously the rate
of convergence, but the numerical evidence is quite striking even for relatively small values of n.

Remark 1.3. Our analysis assumes that p is not integer. This is an essential assumption, not
of technical nature. It is sufficient to show a few plots of the zeros of T,(s) (1.5) to see that the
pattern of zeros inside EoT has completely collapsed. For example, it is easy to see that if p =0
the tau function reduces to a monomial. On the technical level, for the asymptotic analysis
in the interior of EoT we need the density of our measure to have a branch-cut discontinuity
from z = 0 to z = 1. A few plots with integer p are indicated in Figure 2 to illustrate the change
of behaviour.

2 Semiclassical orthogonal polynomials and tau functions
of Painlevé type

Let us recall the notion of semiclassical orthogonal polynomials [37, 38, 39, 55].

Definition 2.1. Given a pair of polynomials (A4, B), with B monic, a semiclassical moment
functional of type (A, B) is a linear map M: C[z] — C on the space of polynomials in the
indeterminate variable z such that for all p € C|z]

M[A(z)p(z)] = M[B(z)p’(z)]. (2.1)
A polynomial p,(z) of degree n is called orthogonal for the moment functional M if
Mpn(2)z’] =0,  j=0,1,...,n—1

Given a moment functional M its moments are the (in general complex) numbers p; :=
M [zj ] It is possible to show that these moment functionals admit an integral representation
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as follows: define the symbol' as the function 6 such that

ooy om - B A

Then we can express a semiclassical moment functional of type (A, B) in terms of an integral of
the form

Mp(2)] = / p(2)e@ .

~

The contour of integration can be selected from several homology classes, each providing a lin-
early independent moment functional of type (A, B). The allowable contours have the defining
property that the integration of the right side of (2.1) can be performed by parts and with
vanishing boundary terms. It is known that there are d = max{deg A, deg B — 1} independent
such homology classes (generically) and a description of them can be found, for example, in [7].
It was also shown in loc. cit. that semiclassical moment functionals are inextricably related with
the theory of isomonodromic deformations, and hence in particular with the theory of Painlevé
equations, as we briefly recall.

Indeed, it was shown in [7] that any deformation of the coefficients of A, B that preserves all
the residues of ¢ is an isomonodromic deformation for a suitably defined differential equation
in the complex plane of rank 2. It was determined by the Japanese school several decades
ago [32, 33] that to any such isomonodromic deformation we can associate a tau function, namely
a function of the isomonodromic deformation parameters (i.e., of the coefficients of A, B in this
case). While this is not an appropriate venue to review all applications of tau functions, suffice
to say here (see [7, Remark 5.3]) that by appropriate choices of the symbol and corresponding
contours of integration v we can construct tau function for all the Painlevé equations II-VI.
We will make below one such choice which has the additional property of producing polynomial
moments, and hence polynomial tau functions.

2.1 Special case of semiclassical functional of PV type

We specialize the previous description to the case of the following symbol depending on the
parameters t, K, p:

p t
0(z) = 2 +pln <1 - i) + Klnz, ) = (1 - i) ez, (2.2)

In (2.2), all the logarithms are principal and 6 is analytic in C\ (—o0, 1]. Since K, p are the
residues of #'dz, the only isomonodromic parameter is ¢ in the above expression. Note that
if K € Z (which is going to be our main focus shortly) the weight function e?(®) is analytic
in C\ [0,1]. Furthermore, we will avail ourselves of the freedom of deforming the segment [0, 1]
to a smooth arc with the same endpoints when needed. The corresponding moment functionals,
in the terminology of Definition 2.1 above, are of type

(A,B) = (K22+(p+K+t)z+t, zz(z—l)). (2.3)
We can choose the contours of integration for defining the specific moment functional as follows:

(1) v a closed contour originating at z = 0 along the direction arg(—t), looping around z = 0
and terminating at z = 0 along the same direction and leaving z = 1 in the inside.

(2) 7 the same as above but leaving z = 1 on the outside.

"'We adopt the terminology common in the literature on Toeplitz operators.
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There are some special instances, depending on the values of the parameters K,p. If p =
0,1,2,..., then we can replace ¥ with a contour terminating at z = 1.

Most important for our consideration is the case K € Z, p ¢ Z. In these cases, we can
replace v with the homotopy class of a circle of radius R > 1 in C\ [0, 1].

The latter case is relevant for the construction of rational solutions of the fifth Painlevé
equation. Indeed, if K € Z the moments are polynomials in the variable t,

i (t) = f #Ae9@dz, degpu;(t) =j+ K + 1. (2.4)
|z|=R
In our paper, we consider the Hankel determinants

Tn(t; K, p) := det [Maerf?(t)] Z,b:l' (25)

They are also polynomials of degree deg7,(t) = n(n + K). In fact, the determinant of leading
terms in t of the matrix of moments gives

1 n
(K+a+b-1),

T(t; K, p) = t"" ) det (1+0(t™)).

It is simple to establish that the leading coefficient does not vanish, so that the degree of 7, is
exactly n(n + K). Indeed, one may notice that the determinant is the Wronskian, evaluated
at = 1 and up to reversal of order of rows, of the monomials f;(z) = %, i=1,...,n.
This Wronskian is itself a monomial, and hence it does not vanish at = = 1.

Remark 2.2 (comparison with [23]). To connect the moments with known functions, we perform
the change of variable 2 = —£- in the defining integral of the moments 4;(t) (2.4). After a simple
computation, the expression for the moments becomes

t

. sil dS
,t__1]+Kj{ e % iK1 — it K+ 1.
,Uz]( ) ( ) ‘Slzr (1 _ S)V+1Sn+1 217'(" v p J ) n .7 + +

We compare with the known integral representation of generalized Laguerre polynomials

= ds
LW (¢ :j{ e 98 0<r<i1
" © |s|=r (1—- 5)y+15n+1 2im’ " ’

from which we conclude p(t) = (—1)7T5 Lg.:;(_ ﬁ_l(t). Using finally the simple relation O} 1;(t)
= pj—i(t), we can rewrite the Hankel determinant (2.5) as

n—1

r a-+b
Tn(t; K, p) = (—1)%" det (iﬁ) M2n_2(t)]

a,b=0

r n—1
Kn A\ k—ant)
= (—=1)"" det & Ly ik (1)
a,b=0

With reference to the notation of [23, Definition 3.1], the relationship is then

—K-92 n(l-n) —K-2
Tt K, p) = (~) " LES 0 = (DT ang kom0 (0,

where in the last identity we have used Lemma 4.5 of loc. cit. to connect with the definition (1.2).
The proportionality constant a, , is defined in the same lemma.
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The results of [7] imply that these Hankel determinants are tau functions of an isomonodromic
system, and we are going to identify this with the Lax pair of the fifth Painlevé equation in the
next section.

Remark 2.3. We are considering the moment functional of type (2.3) that corresponds to
the choice of contour v surrounding the segment [0,1] in the complex plane. The general
theory of moment functionals discussed earlier allows for other choices. While these do not
lead to polynomial moments (in the variable t), their Hankel determinants would, by the same
reasoning in [7], provide isomonodromic tau functions of Painlevé V. Up to the map z — 1/z and
setting p = K = 0 and choosing the contour of integration as the segment [0, 1] (the so-called
“hard-edge case”), one would recover the moment functional appearing in [5]. In that case, the
orthogonal polynomials are the so-called “kissing polynomials”. It would be possible to perform
a similar asymptotic analysis of the corresponding tau functions for large n and determine the
zero distribution, despite the tau functions not being polynomials.

2.2 From orthogonal polynomials to Lax pairs

The bridge is provided by the Riemann-Hilbert formulation of orthogonal polynomials [28]
which, in our case reads as follows.

Problem 2.4. Given n € N, find a 2 x 2 matriz-valued function Y (z) = Y, (z) such that

(1) Y(2) and Y~1(2) are holomorphic and bounded in C \ 7.
(2) The boundary values along z € 7 satisfy

1 (@)
veo=ve) |y G wen

with 0 as in (2.2).

(3) As z — oo, the matriz Y, (z) admits an asymptotic expansion of the form

() 0)
Yn no 1 0
Yalz) = <1+2 - ) T A 26)

where the coefficient matrices Y, ' are independent of z and 1 denotes the identity matriz
of the appropriate size (here, 2 X 2).

In the following theorem, we condense the essential results that are at the core of much of
the theory of orthogonal polynomials. The theorem is mostly the reformulation of results of [2§]
together with notational adaptations to the current context.

Theorem 2.5 ([28]). Consider the Riemann—Hilber Problem 2.4.
(1) If the solution exists, it is unique and det Y, (z) = 1.

(2) The solution exists if and only if the Hankel determinant 1, in (2.5) is different from zero.

j{pn(w)ee(w)dw
5 (w—2)2im

}{pn 1(w)e 0(w) day
pn l
v

—z 217r

(3) The solution has the form

Y.(z) = , (2.7)
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where py(z) is the monic orthogonal polynomial of degree n and pn—1 a polynomial of
degree deg p,—1 < n — 1. They are expressible explicitly in terms of the moments as follows:

(o 1 ope o pn ]
H1 p2 e Hn+1
1 p2 e Hn+2
pn(z) = — det . " , (2.8)
Tn .
Pn-1 fn - 2n—1
! z 22 ... 2"
i Ho Mmoo fn—1 i
M1 m2 o Un
~ —2im M2 s Hn+1
Pn-1(2) = det | . , (2.9)
Tn .
Hn—2 Han—3
L ]_ z . zn_l ]

with 7, the Hankel determinant of moments (2.5).

The matrix Y,,(z;t) (we emphasize its dependence on ¢ as well) satisfies a first-order ODE.
Indeed, let us define

19(2)o: Ko, 1\27 o,
U(z;t) := Yo(z;t)e2" P =Y, (2;t)z27° [ 1 — 2 e2:73, (2.10)

We note that near z = 0,1, 00, the matrix ¥ has the following expansion, which follows from
the properties of Y;, and the definition of 6 (2.2):

(’)X(l)z%a?’ei@’, z— 0,
() = { 0% (1)(z - 1), ) (2.11)
(1 + O(zil))z(’”%)”i’, Z — 00,
where O (1) means a locally analytic and invertible matrix.
Proposition 2.6. The matriz W(z;t) in (2.10) satisfies the pair of first-order PDEs
0,V (z;t) = A(z;)U(z; 1), WV(z;t) = B(z;t)¥(2;t), (2.12)

where the matrices A, B have the form

t ~ K — to . _
A(z;t) = —Z2G003G01+G0( . Loy — Z[G01G1,03]> Gyt
n+ K

K _1
+ ;H@JgHO +
1 —1
B(z;t) == ;GoO’gGO .

Here the matrices Gy, G1 are constant with respect to z.

Proof. It follows from the Riemann—Hilber Problem 2.4 that ¥ satisfies a boundary value
problem

U(zeit) = U(z:8) [é ﬂ .
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Since the jump matrices are constant with respect to z, both ¥ and 9,V satisfy the same jump
relation and hence the matrix A(z;t) := 9,¥(z;t)¥U~!(2;t) extends analytically to an analytic
function with at most isolated singularities at z = 0,1. Thus, we have

_ —t p K _
Azt =YY ' +Y, =+ —" + =)oY L.

This shows that the only singularities of A(z) are a double pole at z = 0 and a simple pole
at z = 1. Near z = oo, using the asymptotic behaviour of Y,, as in (2.6), we conclude that

K=p, Z[Golal,agD ;!

t
A(z;t) = —gGoagGal + Gy <
n+ K

K
+ ZHOO'gH()_l + g3,

Go = Yn(O), G1 = YA(O), HO = Yn(l)
A similar argument produces the expression for B(z;t). |

In the pair of PDEs (2.12), the z-equation is an ODE (considering t as parameter) with an
irregular singularity of Poincaré rank 2 at z = 0 and two Fuchsian singularities at z = 1, oo,
respectively.

Comparison with the Japanese Lax pair. In the work of the Japanese school [33],
the z-component of the Lax pair for Painlevé V has also two Fuchsian and one second rank
singularities, but with the positions reversed. More specifically, the Lax pair proposed in [33] is
as follows? (see formulas (C.38)—(C.45) in loc. cit.):

aC(I)(C§ t) = AJMU (G 1)2(¢3 1), 0@(¢;t) = By (G )2(¢3 1),

9
L2+ —UZ+6)
2
Ao (Gt =303+ 5| 7 0
=z —z_ 2
U 2
1 _Z_00—|—900 UY<Z+¢90—9;+900>
TOTT | gy ety 41 B0+ b ’
5% 2
¢
B (G51) = 503 (2.13)
0 —% Z+90—Y<Z+€O_0;+9°°>>
+
1 O + 01 + Ose )
— ((y-1z+ 2T
(0 -7+ PG ) :

where Z = Z(t), Y =Y (t), U = U(t) satisfy a nonlinear first-order system of ODEs in ¢ ((C.40)
in loc. cit.), which implies the fifth Painlevé equation for ¥

@Y (1 1 (Avytoday VoDV E) gy v+
de2 \2y Y -1 dt t dt 12 t y—-1 "
1 /60— 61 +0s)\2 1/6g—0; —0)\2
o = — —_— y IB:—— Y R
2 2 2 2

*We transcribe the results of [33] but we adapt their notation to our conventions. Note that the paper contains
a couple of minor typographical errors: in (C.39) there should be an x in front of the first term of B and the sign
of the (1,2) entry of the next term should be the opposite.
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1

The solution ®((;t) has the following formal expansions near ¢ = 0, 1, oo:

Opo 010
BGH=0(1)¢ 2, (=0, BGH=O0W)(C-1) 2, (=1
) oo
D((5t) = <1 + ?1 + O(C_2)> C_GT(’:‘e%C”, ¢ — o0. (2.15)
The Hamiltonian function for the Painlevé equation is given by
1
Hy = —§tr(<1>103), (2.16)

and the equation admits the so-called sigma-form. Indeed, introducing the new function

(90 + 900)2 — 9%
4 )

t
o(t) = tHy = 5(00 + 0c) +

it can be verified that it satisfies [33, formula (C.45)]
d20\ do do 2 do ?
l— | = —t—4+2(—) — (¢ 200)—
<dt2) <0 a (dt) (6o + O)dt>

4 (LO' d£_90—91+9<>o dj_e d£_90+01+900
der ) \de 2 A 2 ’
1

In order to identify our Lax pair (2.12) with the Japanese one (2.13), it suffices to map ¢ =
and suitably normalize our matrix ¥(z;t).

Lemma 2.7. The map ( = % and

O((5t) = Yn(O;t)fl\I/ <2;t> e 13,03

transforms the Laz pair (2.12) into (2.13) with parameters g = —2n — K, 01 = p, 0 = K — p.
This corresponds to the parameters o, B, v in (2.14) as follows:

2 K 2
QZM’ IBZ_M’ 7:1+2n+K_p'
2 2
Proof. ThemapgzémapszzOtOQ:oo,z=oot0§=()andz=1to(zl. Thus the
exponents of (formal) monodromy 60y 1 ) are the read off by matching the exponents in (2.11)
and (2.15). [

The above lemma allows us to identify the Hamiltonian with the logarithmic derivative of
the Hankel determinant and, thus, the 7 function with the Hankel determinant itself. This is,
a priori, a result of [7], but we can here derive it directly from the formulas already reported.

Proposition 2.8. The Hankel determinant 7,(t) in (2.5) is a polynomial tau function of the
fifth Painlevé equation. In particular, the Hamiltonian is

Hy = —%tr (¥, 0¥, (0)3) + £ = = (V7 OY;0), + 5 = i) +

P
dt 2°
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Proof. We need to identify ®; in the expansion at ( = oo in (2.15) with the suitable expansion
of ¥ at z = 0. Recalling the definition of ¥ (2.10), we see that

Y, (01w (2;1&) o500
= Y0 (Y<0>+ 50009 ) (¢ g

¢
:< 1y/(o> Lol )> (1_%Ug+o(< ))ange;@a
<1+ Ya(0)” IYQ(O) 303 +O(C‘2)> P,
Thus we conclude that ®; = ¥;,(0)7Y;/(0) — £o3. Then, according to (2.16), we must compute
Hy = =5t (@103) =~ (Va(0) Y (0)) + & = = (Ya(0)¥(0)), + 5.

where we have used that Y;,(0)Y;/(0) is a traceless matrix (due to the fact that detY;,, = 1).
Computation of (Y,(0)~'Y,/(0)),,. Using that detY, = 1 and the formula (2.7), we
deduce

D, w)e? @ dw w)e? @) dw
(0 ¥0), = (o) f ey (o) f Pl (2.17)
Y Y

w2im w2im

The derivatives at z = 0 of p,,, p,—1 are obtained from their determinantal representations (2.8),
(2.9)

po 2 ... fin
H1 L N e
Hn—-1 Hnt1 .- H2n—1
PR(0) = (~1)"F1 = - —,
Tn
po M2 .. fp—1
(=D)"H2qi | p1 M3 oo fin
Poa(0)=——— " . | :
Tn : : . :
Hn—2 Hn ... H2n-3

The contour integrals in (2.17) can be expressed as well in terms of determinants of the mo-
ments 1; provided we extend their definition to all j € Z

Ho M1 L !
K1 H2 m3 . Hn
Hn—2 HPn—-1 HMn .. H2n-3
f Poa(w)e?™dw — pr g g pneo
. 2imw B Tn
H—1 Ho H1r o --o Hn—2
Ho H1 M2 ... Hp-—1
H1 K2 M3 Hn
= (_1)n Hn—2 Hn-1 Hn ... H2n-3 ’ (218)

Tn
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Mo p1 p2 ... Hn
L R N !
Hn—1 Hn Hn+l .- H2n—1
% po(w)e’@dw 1 [po1 po m e e
~ 2imw  2in Tn
H—1  po M1 -.. Hp—1
fo M1 M2 .. fn
Hro o p2 B3 ... Hndl
(_l)n MHn—1 Hn Hp+1 - H2n—1
=5 ~ . (2.19)
n

Inserting (2.2), (2.2), (2.18), (2.19) into (2.17), simplifying and rearranging the rows of the
resulting determinants, we obtain

H—1 Mo M1 ... Hp—2
Ko K2 S Hn Ho H1 H2 .o fn-1
H1 M3 eee Hng1 || H1 M2 B3 .. Hn
_ Hn—1 Hn+1 .- M2p—1| |Mn—2 Hn—-1 HMHn ... H2p-3
(Yn(O) 1Yr€(0))11 = - T T
n n
H—1  fHo ML .- Hnp—1
po M2 .o fm—1 || MO M1 M2 o.. Hp
L Hn M1 M2 H3 ... Hndd
X Hn—2 Hn ... H2n-3| |Un—-1 Hn HMHp+1 ... H2n—1
Tn Tn '

We now use the Desnanot—Jacobi identity, which can be stated as follows. Given a square

matrix M denote by M@t-arllbrbr] the matrix obtained by deleting the rows ay, ..., a, and
columns by, ...,b,. Then
det M@led get M = det Ml det M9 — det prlalldl get prille, (2.20)

We apply the identity to the matrix

-1 Ho M1 ..o Hn—1
Mo p1 o M2 . Hn
M:=| H1  H2 M3 ..o Hnil| eglin+1).
Hn—1 HMn HMHp+l .. H2n—1

Then, using (2.20), we have

— det M[l}[2} det M[n+1][n+1] + det M[l,n+1][2,n+1] det M

(Yn(O)_IYTi(O))H - 7_2
220)  det MM+ det pr+112) det M2
= — 3 = — y

Th Tn
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where the last equality holds on account of the fact that 7, = det MMM+ The final part of
the verification is based on the observation that

. 1\”
s = f 27 (1) et = ez
’y

This allows us to show that d; det 7,, = det M+ and hence (Yn(O)_lY,{(O))ll = —0¢In7,(t).
This concludes the proof. |

3 Asymptotic analysis

The goal of this second part of the paper is to study the behaviour of the poles of the rational
solution or, which is the same, the zeros of the Hankel determinant 7,,(t) as n — oo. More
precisely, and in line with similar investigations done for rational solution of PII [6, 17, 18],
we are going to re-scale the zeros concurrently with n and study the behaviour of the zeros in
the s = %—plane. Namely, we study the sequence of functions (polynomials)

Tn(8) := mn(ns; K, p), (3.1)

where

1\* :dz]™?
Tn(t; K, p) := det [7{ ZOTbHK <1 - ) et Z} .
o Z 2im b=0

a,b=

We emphasize that we are not scaling the parameters p € C\Z nor K € Z as n — oco. A different
asymptotic analysis would be needed if we were to set p x n and/or K « n. We will briefly
point out the main differences when appropriate.

Theorem 2.5 can be re-formulated for convenience in the following form.

Theorem 3.1. The function T,(s) = mo(ns; K, p) (3.1) is zero if and only if the Riemann—
Hilbert Problem 2.4 has no solution (with t = ns).

The asymptotic analysis of Riemann—Hilbert Problem 2.4 with ¢ = ns falls within the purview
of the Deift—-Zhou asymptotic method that was brought to fruition in [26] for orthogonal poly-
nomials, see also [11, 25].

It consists of several, by now more or less standardized, steps that we can summarize as
follows before delving into the details:

(1) Construct a “g-function”. This is a function g(z;s) whose domain of analyticity Zs de-
pends (continuously) on the parameter s. It can be expressed as an Abelian integral on
a hyperelliptic Riemann surface R whose genus depends on s. The g-function is uniquely
characterized by a free-boundary value problem and certain inequalities which will be
described in Section 4.

(2) Use the constructed g-function to normalize Riemann-Hilbert Problem 2.4 and express
a new matrix-valued function W (z) which satisfies a new RHP.

(3) The RHP for W then undergoes a sequence of transformations (or reformulations) into
equivalent RHPs.

(4) The final reformulation is then amenable to a nonlinear steepest descent analysis using
a standard small norm theorem for Riemann—Hilbert problems.
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The key concept is that the solvability of the initial Riemann—Hilbert Problem 2.4 is equivalent
to the solvability of its final reformulation hinted at in the list above. Thus, if we can guarantee
that the final reformulation is solvable for s in a suitable domain, we can conclude that there
are no zeros of T,(s) in that domain (at least for n sufficiently large).

Let us give a visual overview of the result. In Figure 1, we can see several instances of plots
of the zeros of 7,(s) for various values of p. The common feature, which will be proved, is that
all the zeros lie, asymptotically for large n, within the “Eye of the Tiger” region (EoT), marked
by the black arcs. The equation of these black arcs is given implicitly in (4.7).

Also indicated is a grid of lines within the set EoT. Their intersection is the approximate
location of the zeros as it follows from the asymptotic analysis, and they represent the vanishing
of a theta function for an elliptic curve, see Section 5.2.

Consequently we are going to split the analysis in two cases:

e the outside of EoT, Sections 4.1 and 5.1,
e the inside of EoT, Sections 4.2 and 5.2.

4 Construction of the g-function

The method of the steepest descent analysis requires the construction of a scalar function with
certain properties that we list below. This function is universally known in the literature as the
g-function. Here we recall that the symbol of the moment functional is

1
0(z;s) = %—i—pln <1— z> + Klnz.

Since K, p will not be scaling in our setup, we introduce 0p(z;s) = £ (the “scaling” part) so

that
1

0(z;s) =nby(z;s) + pln <1 - z> + Klnz. (4.1)

If K = nKjp and/or p = npg, namely, if we were to scale K, p, we would accordingly re-define 6
to contain all terms proportional to n.

Definition 4.1 (the g-function and its properties). The g-function is a locally bounded analytic
function on C\T" where I is a union of oriented contours (to be determined) extending to infinity
satisfying the properties listed hereafter.

(1) The contour I' can be written as I' = T',,, UT. U T« (with T';, denoting the “main
arc(s)”, and T'. the “complementary arc(s)”) where each of the components have pair-
wise disjoint relative interiors and both I, I'c consist of a finite union of compact arcs:
Timey = L] I‘Ejn)l o Finally, I's is a simple contour extending to infinity from a finite point,
traversing eventually the negative real axis and oriented from infinity.

(2) The contour v = {|z| = R, R > 1} can be homotopically retracted to I, UT'. in C\ [0, 1],
where [0, 1] here denotes a smooth simple arc connecting z = 0,1 (not necessarily the
straight segment).

(3) For each z € Iy, UT, we have
9(z4) +9(2=) = —00(2) — £ + iw;, w; € R, zeTl),
9(z4) — g(2-) = iwj, w; €R, zeT\),

for some constants ¢, w;, @; (different on each of the connected components® of T, T',),
while ¢g(z4) — g(2-) = 2im, z € T'w.

3We will use different notation for these constants in the specific cases we discuss below.
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(4) As z = oo in C\ T, we have g(z) = In(z) + O(z7}).

(5) The real part of the g-function is continuous on C (including I') and harmonic on C\ ',
and satisfies the following inequalities:

(i) For all z € T'., we have
Re (g(24) +9(2-) + 00(2) + ) = Re (29(2) + 0o(2) + £) <0,

with the equality holding only at the endpoints of each component of I'. and possibly
at isolated points within the relative interior of I'..

(ii) For z € Iy, we have
Re (g(z4+) + g(z—) + 6p(2) + £) = Re (29(z) + 0p(z) + £) = 0.

(iii) The inequality Re (2g(z) + 6o(z) + £) > 0 holds in an open neighbourhood U of I',,
(the "indicating the interior set in the relative topology of the collection of arcs I'y,,
i.e., the arcs minus the end-points) with the equality holding only on T, itself.

It is convenient to reformulate Definition 4.1 in terms of the so-called effective potential
s
o(z;8) =2¢g(z;8) + 0p(2;8) + £ = 2¢g(z;8) + . + 4. (4.2)
Corollary 4.2. There exist constants w;j, 5; such that the effective potential ¢ satisfies:
(1) Re(p(2)) is continuous on C\ {0}, harmonic on C\ T';,, U{0}.
(2) Re(p — o) is harmonic near z =0 and Re(p — 2In(z) — 0y(2)) is harmonic at infinity.
(3) The following equalities and inequalities hold:
o(z4) + p(2-) = 2iwj, zeTl), o(z4) — p(2z—) = 2ig;, zeTV),
(

o(z4) — p(z-) = 4dim, z €', Rep(z) =0, z € Ty,
Rep(z) <0, z el Rey(z) >0, zeU,

with U as in Definition 4.1 (5) (i31).

In the next two sections, we are going to construct ¢ directly and verify those properties.

4.1 Outside EoT: Genus 0 g-function and effective potential

For |s| sufficiently large, we are going to postulate first, and then verify, the form of the effective
potential. We will see that the conditions in Corollary 4.2 are fulfilled for s ranging in an
unbounded region and up to the boundary of EoT. This is the region bounded by the black arcs
in Figure 3.

We start by postulating the following expression:

\/w2 V2
= 2/ . =2t~ (4.3)
The function ¢(z;s) can be written explicitly

212 o [422 s (422

(z;5) dw: ¢ (2;8) =
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3 3 3
2 2 2
1 1 j/// 1
0 0 0
/
-1 -1 — -1
2 2 2
3 -3 3
3 2 1 0 1 2 3 -3 2 1 0 1 2 3 3 2 2 3
3 3 3
2 2 2
1 = 1 1
0 0 0
——
-1 -1 1
/
-
-2 2 2
-3 -3 -3
3 2 1 0 1 2 3 3 2 1 0 1 2 3 3 2 1 0 1 2 3

Figure 3. From top to bottom, left to right: (n,p) = (16,125 + %), (16,135 + %),(17,3 + 1i),

(17, % + %), (26, %), (40, %). Observe that the accuracy of the localization of the zeros by the grid
depends on the ratio |p|/n, the smaller the better the approximation. For example, in the case in the
top right (n, p) = (17,3 4 1i) the ratio is significant (approximately |p|/n =~ 0.19) and an analysis where
p is considered as scaling would undoubtedly be more appropriate. In all cases, we have K = 0. See the

explanation in Remark 5.19.

We need to describe the domain of analyticity. We start from the domain of analyticity of ¢'.
A great simplification is achieved by observing that ¢ is really a function only of %, namely

z
o(z;8) = ¢ (*; 1) :
s
and hence it suffices to describe the domain and properties of pg(z) := ¢ (g, 1) which is given by

Va2 +1 Vazz +1
¢o(z) =2In(2iz +iv422 + 1) — ZT—F, ©o(2) = 227;— (4.5)

The determination of the root is chosen such that ¢g(2) ~ % at z = oo, with a branch cut
connecting the branch-points £5 to be determined below.

The language of vertical trajectories of quadratic differentials of [56] is useful in this discus-
sion: by definition these are the arcs of curves where Re g is constant, which, in the plane
of the variable £(z) := ¢o(z) = [7 ¢j(w)dw are (by definition) vertical segments, whence the
terminology. We start by observing that res,—o p((2)dz = —2im and res,—o ¢((2)dz = £2ir
(with the sign depending on whether the branch cut leaves z = 0 to the left or to the right)
and hence, no matter how we choose the branch cut T',, (connecting the branch-points) we

have that the function Re pg(z) is single-valued, harmonic in C \ I' U {0} and continuous in

C\ {0},
for |z| sufficiently large Re ¢o(z) = In |z|+ harmonic and bounded. (4.6)
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The observation (4.6) implies that the level curves of Re g are deformed circles for |z| suffi-
ciently large. One can verify that changing the determination of both radicals in (4.5) has the
effect of flipping the sign of Re g and hence that Re g is a well-defined harmonic function
on the Riemann surface of the radical w? = 1+ 422. Furthermore, Req is an odd func-
tion under the holomorphic involution that maps (w,z) to (—w, z). This means that the level
sets Reyy = 0 are well defined on the z-plane. They consist of “vertical trajectories” (in the
terminology of [56]) issuing from the points &4 and forming the pattern illustrated in Fig-
ure 4.

We choose the branch cut of the radical as the arc of Figure 4 joining :I:% in the right half-
plane. With this choice, we have that ¢{(z) ~ —2% + O(1), 2 — 0, and in general ¢/(z;s) =
Lop (2) satisfies ¢'(z;8) = =5 + O(1).

Verification of the properties of ¢ and range of validity. It suffices to verify the
properties for s = 1 since changing s € C just amounts to a complex homothety z — sz. We
choose I';,, as the arc joining i% in the right plane, I'. as an arc joining the two points i% in
the left plane, and inside the region bounded by the imaginary axis and the contour —TI';, (see
Figure 4). Finally, we choose I's, as the ray (—ioo7 —%] We then proceed with the verification
of the properties in Corollary 4.2:

(1) On the sole connected component I',,, we have g (24+)+¢o(z—) = 0 since the two boundary
values differ by a vanishing period of .

(2) On I';, we similarly have p(z4) = p(2_).

(3) On I'ss, we have @o(z4) = @o(2—) — resy=co @i (w)dw = po(z—) + 4ir.

(4) Since I'y, is defined as the zero level set of Re ¢p, we have Re g = 0 on I',,, by definition.
(5)

In the unbounded doubly connected region outside of the “apricot” in Figure 4, we have
Re o =1In|z| + O(1) near z — oco. Thus inevitably Re ¢y > 0 in the whole region (which,
we remind, is bounded by the zero level sets of Re ¢p).

(5) In the right hemi-apricot, the sign must be also positive because Re ¢y(z) = Re (1 + O(1)).

(6) By the same token, the sign is negative in the left hemi-apricot.

Thus all conditions except possibly the condition (2) in Definition 4.1 are verified, namely, we
still need to verify that the union I',,, U T is homotopic to a circle |z| = R, R > 1 in the cut
plane C\ [0, 1].

Since the level sets in Figure 4 are scaled by s, this latter condition is fulfilled as long as the
point z = 1 lies inside the re-scaled apricot. This holds clearly for |s| sufficiently large, and it
fails precisely when the point z = 1 lies on either I'y, or I'., namely when

Rep(1l;8) =0 = Reyp <i> : (4.7)

Observing (4.7), we conclude that the shape of the locus (4.7) is simply the image of the apricot

in Figure 4 (left pane) under the inversion z — % (see right pane in Figure 4). In Figure 5, we

illustrate the contour for a generic value of s outside the set EoT. Note that, as a consequence

of the branch-cuts in the z-plane, the branch-cuts of ¢q (%) in the s-plane now extend towards

infinity (vertically) from the points s = +2i. However, only the imaginary part is discontinuous.
The discussion of this section can be summarized by the following theorem.

Theorem 4.3. For s outside the region EoT, the effective potential is given by (4.4) (and (4.3)).
The contour 7y can be chosen as the contour I'y, UT. consisting of the arc I'y, from —3 to 3§
is

lying on the left of the straight segment, passing through the origin, from % to —3 (in this
orientation). The arc I'c is an arc in the right “lobe” keeping z = 0 to its left. See Figure 5.
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Figure 4. Left: the level sets of Repo(z) = 0. Right: the boundary of the region of validity of the
genus-zero assumption (ignore the vertical rays issuing from +21i). It is the locus of Re po(1/s) = 0. The
inside of this region we refer to as the “Eye of the Tiger” (EoT).

Figure 5. The contours I'y,, I'; and the regions where Re(z;s) < 0 (shaded). Indicated also the
boundaries, 2y, of the lens regions A4.

The Robin constant £ appearing in (4.2) is given by

(=2 (—i) . (4.8)

The only statement that has not been proven yet is the expression (4.8). The expression
for g(z;s) is derived from that of the effective potential (4.4) and the relation (4.2) expressing
the effective potential in terms of the g-function. Since g(z) = In(z) +O(z™!) (note the absence
of a constant term in the asymptotic expansion), we can deduce ¢ by the expansion at z = oo
of g(z;s) — In(2).

From (4.4), (4.2), we have

2 s2 / _ 4 1 _
g(z;s)—lnz:ln<8>—|—ln (—1— 1—}—422> —§—|—O(z 1):1n<—>—2+(’)(z 1).

Setting to zero the constant term in the expansion yields the statement (4.8).
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4.2 Inside EoT: Genus one g-function and effective potential

The boundary of EoT is precisely the condition that the point z = 1 belongs to the two sub-arcs
of the zero-level set of Re ¢(z;s) forming the “rind” of the apricot. As we move s inside EoT,
we cannot use the same effective potential described in the previous section because the second
condition in Definition 4.1 ceases to be verified, namely the contour of integration = cannot
be homotopically retracted to I'y, U T, within C \ [0,1] since either I'. or I';, intersect the
segment [0, 1].

The idea to resolve the impasse is to treat z = 1 as a “hard-edge”, using the terminology
that has come to pass in the random matrix theory literature [9, 12]. We thus postulate the
following form for ¢'(z; s):

¢ (2;8) = 2\/22 + s - A= 2\/22(Z LA 1).
22 4 z-1 22z —1

The parameter A = A(s) is chosen by the condition that all periods of ¢'(z; s)dz on the Riemann

surface of the radical are purely imaginary (this is called Boutrouz condition), which is the

necessary condition so that Re ¢ is continuous across the cuts. The Riemann surface of ¢'(z; )

is an elliptic curve branched at z = 1 and the other three roots of the radical in the numerator:

p? = (z—1) (zQ(z—1+A)+‘f(z—1)).

We denote these roots as b, ay, a— with b the closest root to z = 1. An expression in terms of
Cardano’s formule is possible but not necessary.
Now the complex parameter A(s) is determined implicitly by the two real equations

1 a4
Re/ ¢'(z;8)dz = 0, Re/ ¢'(z;8)dz = 0. (4.9)
b b

Under these conditions, it then follows that the real part of
z
plais) = [ ¢ wis)du
a—

is a well-defined (single valued) harmonic function on the Riemann surface minus the preimages
of the points z = 0 on the two sheets.

Determination of I';,, and I'c. By the same argument already used in the genus-zero case,
the zero level sets Re ¢(z; s) = 0 are well defined. They consist of the critical vertical trajectories
of the quadratic differential Q = ¢'(z; s)?dz? [56]

21+ A)+5(2—1)

@=4 24(z—1)

The following discussion is best followed by referring to Figure 6, in particular the smaller inset
vignettes. The main arcs I, are sub-arcs of the zero level set of Re ¢ and we need to discuss
their qualitative topology before proceeding.

The critical points are the three (generically) simple zeros and the simple pole z = 1. There
are three vertical trajectories that issue from each simple zero, while from the simple pole there
is only one. The union of the trajectories is a connected planar graph and the unbounded region
is put in conformal equivalence with the punctured unit disk by the map ( = efﬁ, which
maps the exterior region into the disk || < 1, with z = co mapped to ¢ = 0. Some observations

are in order:
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Figure 6. Illustration of the zero level sets of Re p(z; s) for various values of s; the inset vignettes have
their centre at the value of s to which they correspond.

(1) The level sets of Re ¢ depend only on s? and they are conjugated if we conjugate s.

(2) One of the zeros of ¢’ is connected by a vertical trajectory to z = 1. We denote this zero
by z = b. The other two zeros are one in the upper and one in the lower half plane. We
denote them by a4, respectively.

While the level sets of Re ¢ depend on s? alone, we must choose the branch cuts Ty, differently
according to the cases Res > 0 or Res < 0. The reason is that the sign distribution of Re ¢
differs in the two cases. This is seen by the following reasoning;:

e In the outside region Rep = 21In|z| + O(1) and hence Re ¢ > 0.

e Near the origin we must have ¢(z;5) = —% 4 O(1) and hence for Re s > 0 the right “lobe”
is where Re ¢ < 0. Vice versa it is the left one if Res < 0.

The branch cut I',, is then singled out by the fact that across it the function Re ¢ is continuous
but not differentiable, namely, Re ¢ has the same sign (positive) on both sides.
Collecting these observations, we thus have determined that (see Figure 6)

(1) For Res > 0, the branch cut I'y, consists of the three arcs of the vertical trajectories
connecting z = 0,1 and z = b,a4 and z =b,a_.

(2) For Res < 0, the branch cut I'y, consists of the two arcs of the vertical trajectories
connecting z = b,1 and z = a4, a_ (passing to the left of the origin).

The specification of the constants that appear for the boundary values of ¢ in Corollary 4.2
will be given in Sections 5.2.1 and 5.2.2 for Re(s) > 0 and Re(s) < 0, respectively.
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5 Deift—Zhou steepest descent analysis

We split the asymptotic analysis in three subsections, according to the following cases:

(1) s € Kout, where Koyt is a closed subset contained outside of EoT,
(2) s € Kin,+, where Kjy, 4 is a compact subset of {Re(s) > 0} N EoT,
(3) s € Kin,—, where Ky, — is a compact subset of {Re(s) < 0} NEoT.

Note that for s € iR N EoT the elliptic curve is degenerate, namely, two branch-points coincide
and the curve becomes of genus zero. Here a different analysis would be needed, analogous to
the one needed when s belongs to the boundary of EoT. Near the corners s = :l:% a yet different
analysis would be needed, which involves the construction of special local parametrices. We do
not discuss these transitional regions.

The main take-away of the analysis is the following theorem.

Theorem 5.1. For any closed subset IC on the outside of EoT, the Riemann—Hilbert Problem 2.4
(with t = ns) is solvable for n sufficiently large, and hence the poles of the rational solutions
must be inside a neighbourhood of EoT.

The Deift—Zhou steepest descent analysis, formalized in [27] and in many articles thereafter
requires a number of transformations of the problem into equivalent ones. We describe briefly
below these problems. We recall that our starting point is the following.

Problem 5.2. Find a 2 x 2 matriz-valued function Y (z) = Y,(z;s) analytic in C\ ~, with
analytic bounded inverse and such that

Yizp) =Y (=) [é (1 —12)’)6’?]

Y(z)=(1+ (9(2_1)) 2"93, zZ — 00.

) 2677

We remind the reader that K € Z while we assume p € Z. We will use the notation

Qz) = K <1 - 1),37 (5.1)

z

where the domain is C\T'§, where I'} denotes an arc homotopic to [0, 1] at fixed endpoints. For s
outside EoT, we shall choose I'§ = [0, 1] (the segment).

It will be necessary for the analysis inside EoT to partially homotopically retract the in-
tegration contour y along a subarc of F%, (from the left and right of it). In that case, the
Riemann-Hilbert Problem 5.2 will take a slightly different form due to the fact that the func-
tion @ (5.1) has a jump discontinuity such that Q(zy) = Q(z_)e? ™. In this case, the jump
matrix of the Riemann—Hilbert Problem 5.2 along such a subarc of F(l) needs to be replaced by

1 Q(zy) (e73™ —1) es
0 1

5.1 Asymptotic analysis for s outside EoT

We recall that I',,,, I'. have been defined in Section 4.1.
Normalization: Y — W. We define

L

W (z) = "33y (2)e "(9(2)5)7s (5.2)

A direct verification shows that W solves the following.
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Problem 5.3. The matriz W(z) is analytic in C\ v =C\ (I, UT'.) and satisfies

1
W(zg) = W(z2)Jw(z), z €7, W(z) =140 <Z> , z — 00,
where
—n(g(z4+)—g(2-)) Q( ) n(:+g(z4)+g(z-)+¢)
e z)e
Jw(z) = { 0 onl(9(z4)—g(z-) ]
e 2(PlEt)—e(=))  Q(z)ez(P(z+)e(z-)
- { 0 ez (P(z1)—0(2-)) }

Lens Opening: W — T. Refer to Figure 5. The lens regions AL are the two regions
bounded by T';, and the arcs £+ chosen arbitrarily in the regions where Re ¢ > 0. The process
of “opening the lenses” consists in re-defining the matrix W within those regions. We thus define

W(z), ] z & Mg,
1 0
W(z) | e=m(2) R eA_,
ne={ | aew (5.3
1 0
W) | ool |, zeAy
Q(z)

A direct computation shows that the matrix Ty(z) satisfies the following Riemann—Hilbert prob-
lem.

Problem 5.4. The matriz Ty(z) satisfies the conditions

1
To(z4) = To(z-)Jd1, (2), z €7, To(z) =1+0 <z> , z — 00,
where
(Jw(z), z el
1 0
e_"‘p(z) ) z e gﬂ:a
Iy (2) =4 | Q(z)
[0 Q) -
1 , zely
—— 0
L Q(2)

At this point, we have obtained a RHP, where the jump matrices on ', U £ converge
pointwise in the relative interior to the identity matrix, but not uniformly.

To further normalize the problem, we need to construct the outer parametriz, namely the
(explicit) solution of an auxiliary RHP where we simply drop the jump conditions on ', U .Z.

Outer parametrix. We seek the solution of the following “model problem”.

Problem 5.5. The matriz M (z) is analytic and analytically invertible in C\ T, and satisfies

My (zy) = My (2-) [_ 01 Q(()z)} , z € Ty, My(z) =1+ o(=71), |z| — o0,

© e
1 is

— |, 2= xD
(zF75)"

M,(z)=0 5
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We now solve Riemann—Hilbert Problem 5.5. To this end, we need to construct a special
scalar function S(z), often called the Szegd function, satisfying the following scalar boundary
value problem S(z1) +5(2-) = InQ(2), 2 € I'm, sup.ce\r,, 15(2)] < +00. The solution is given
by the following expression:

S(z):R(Z)/ R(i?(guw)—d;m’ R(z):= ZQJFZZ (5:4)

m

where the branch cut of the radical R(z) is chosen to run along I';,. We leave to the reader the
verification that the proposed expression (5.4) fulfills all the required conditions.

We can actually simplify the Szeg6 function by a contour deformation recalling that In Q(w)
= InQ(w_) + 2imp for z on the segment [0,1]. Indeed, by a contour deformation, we can
rewrite S(z) as follows:

_ R(s mhQw)dw  R(2) In Q(w)dw
56 =) | 7 b

. R(wy)(w — 2)2im w)(w — 2)2ir’

where the symbol ®I', stands for a counterclockwise loop leaving IT',, in its interior region and
the segment [0, 1] on the exterior. Using then Cauchy’s residue theorem, we get

an _ R(z 1 pdw _ R(2) 0 Kdw
Azu O RE /meww—a

_K <<> A (RO) +RE) | py (245 + RERW)

21< 52 >+2l< ama+Rm»>'

(5.5)

The simplest way to verify this latest formula is to verify S(z4) + S(2—) = InQ(z) using that
R(z4) = —R(z-). Also one needs to verify that the expression has no singularities except the
discontinuity across the branch cut of R(z), and that it is bounded at infinity. We leave the
instructive but tedious verification to the reader.

Remark 5.6. The function S(z) has a finite value at z = oo given by

st = Fm(§) + g (21 %)

With these preparations, we state the following.

Proposition 5.7 (solution of Riemann—Hilbert Problem 5.5). The solution of Riemann—Hilbert
Problem 5.5 s given by

M, (z) = e™5(00)03 )1 (2)e5(Z)os (5.6)
N 1
R I )
IRVEE 21i(F—%) F++ |’ ERCEE YA

where the branch cut of F' runs along 'y, and the determination is chosen so that F(z) — 1
as |z| — oo.

The proof is left to the reader.
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5.1.1 Conclusion of the steepest descent analysis

The final steps of the analysis requires the construction of local parametrices near the end-
points :I:igs. Namely, one fixes two disks D4 centered at each of the two points. This part is
a quite standard construction and therefore we only sketch the main points. Let D1 be two dis-
joint disks centered at :l:%S (respectively) and of radii, say, r = % (the radius is not important
for the discussion as long as they are small enough so as not to contain the origin),

pa= {[o 2] <),

In a neighbourhood of a4 = %, the effective potential ¢ (4.4) has the following behaviour:

is

ZF 5

5 3
22 2
o(z;8) = — (Z — 1) (1+0(z—ayx)) mod 2im, zZ~ag.
3 a+
In fact, the additive constant is 0 in the case of a— and —2im for ay, but since ¢ appears always
in the exponent, this is irrelevant.
We define the local coordinates {4+ by the formulas

1o =n2 (2 1) _

_gc__n(p(z)—ng (a_ 1) (1+0(z—a-)),

i =ne +2m =n% (2 1) 0+ 06 - an).
G+

From the above formulas, it appears that both (4 define a conformal map from the two disks D4
(respectively) to a neighbourhood %, of the origin which is homothetically expanding with ns.
The determination of the fractional root can be chosen so that (+ map the main arc I,
(where Re = 0 and Im (24 ) is decreasing from 0 at a_ to —2im at a;) to the negative real
axis in the respective (1 planes, with the points ai being mapped to (+ = 0. The arc I'. can
be chosen so that it is mapped to the positive (1 -axis while the arcs of 2y NID4+ are mapped to
two straight segments with slopes +3m/2.

Then, the jump matrices J7;, in the Riemann-Hilbert Problem 5.4 restricted to D4 can be
rewritten as (we focus on the case of D for definiteness)

c [ 3
_4,2
I Q(z)e 567 . zeTl.NDy,
0 1
10
Jry(2) = { | edts 2 e z€ ZnDy, (5.7)
L Q(z)
0 Q2
1 0 , < € FmﬂD+
L Q(»)

Observe that Q(z), %(z) are both locally analytic at z = ay, see (5.1). Then the following
matrix

Pi(z) = A(G4()) Q)" F oit ()

exhibits discontinuities across (I'.U.Z} U.Z_UIL',, )ND, with jump matrices given exactly by (5.7),
as a consequence of the RHP satisfied by the matrix A(¢) shown on Figure 11. Completely
analogous expressions hold for P_(z).
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The final approximation to the matrix Ty(2) (5.3) is then given by (see the definition of M,
in (5.6))

MQ(’Z)7 Z¢D+UD*>

) PR
————Pi(2), ze€Dy.

i ] nm =) -

The matrix G(z) has the same jumps as Ty(z) within Dy and on T',,. It has additional jump

discontinuities across the boundaries D4 of the form G(z;) = G(z—)(1+ O(n™1)), z € OD4.

Consequently, the matrix

E(2) := To(2)G(z) 7! (5.8)

has only jump discontinuities on 0D U 0D_ U .2, U Z_ with all jump matrices that can be
verified to be of the form 1 + (’)(n‘l), see Figure 7.

It is then a standard result referred to in the literature as a “small norm theorem” [25, 26] that
the solution of this last RHP &(z) exists and is uniformly close to the identity matrix. Reversing
the order of the various transformations, this proves that Vs € C\ EoT, the solution Y;,(z;s) of
Riemann-Hilbert Problem 5.2 exists (at least for n large enough).

More precisely, we can state as a result of the above discussion the following.

Theorem 5.8. For any closed set K in the complement of the closure of EoT, there is Ny € N
such that the solution of Riemann—Hilbert Problem 5.2, and hence no zeros of Tn(s) (3.1) lie
in IC for n > Np.

We only give a sketch of the proof, which is a relatively standard argument. We summarize
the main steps here for the reader with some experience in the Deift—Zhou type of analysis.

As discussed previously in this section, the solvability of Riemann—Hilbert Problem 5.2 relies
on the solvability of the RHP for the error matrix &(z) (5.8), whose jump matrices, Jg(z), can
be bound uniformly, along the contours of the discontinuities, by

C
sup 1= Js()] < - (5.9)
z€0DLUOD_UZL UL n

The constant C' depends on the radii of the local disks D4, which is only limited by the
distance of the branch points j:%s from z = 1, and it is bounded away from zero uniformly as
s € K. The other source of potential loss of control over the error term is the distance of the
main and complementary arcs I'y,, I'c from z = 1. Indeed, if either arc contains z = 1, the
asymptotic analysis would require the construction of a special local parametrix and the small
norm theorem cannot be used in the same way. However, as long as s € K also the distance
of I'y, UT, from z = 1 is bounded away from zero, and hence we can open the lenses as normal.
Along the rims of the lenses, %+, and along T';, the jump matrices of & tend exponentially to
the identity, so that the main source of error is coming from the boundaries of D..

Thus, in conclusion, as long as both branch points :l:%s and ['. UT',, remains at finite positive
distance from z = 1 the constant C in (5.9) can be chosen uniformly with respect to s € K so
that for n sufficiently large the small norm theorem comes into effect, and uniformly so with
respect to s.

5.2 Asymptotic analysis inside EoT

With reference to Figure 8, we have already observed that the level sets of Re p(z;s) depend
only on s and hence are invariant under the map s — —s. The same is not true for the branch
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Figure 7. The support of the RHP for the error matrix &(z).

‘(//(]L(l+)

2,)((1,,(1,)

Figure 8. The contours I'y, (red) and T, (green) for two antipodal values s; = —sg of s with Re(s1) > 0
(left) and Re(s2) < 0 (right). Specifically, here s; = 0.48 4 0.481 = —s5. The dashed line indicates the
branch cut of the function Q(z), which runs partially along I'}. The components of I'. (green arcs) can
be chosen freely within the shaded region, which indicates the region where Re ¢ < 0.

cuts I';;, and the regions of positivity of Re . The decision of where to place the branch cuts is
forced by the “sign distribution” (i.e., in which regions we have Re¢ > 0). This is mandated
by the behaviour near infinity Re ¢ = 21n|z| + O(1) for the outer region, and by the behaviour
near the origin Re¢ = Re £ + O(1) for the two bounded regions. Before we fork the analysis
according to the sign of Re(s), we make some common preparation.

As shown in Figure 8, one of the arcs of I'), consists of an arc joining z = 1,b, denoted I‘g
(the orientation of the arc is suggested by the index placements). Thus, we need to preemptively
modify the initial Riemann—Hilbert Problem 2.4 so that the contour ~ is “retracted” in part
along Fé. We leave the details to the reader and we report the resulting RHP, which is now the
starting point of the following analysis.

Remark 5.9. Since the analysis is the complete parallel to that in Section 5.1, we recycle
the symbols M, W, Ty for the solutions of corresponding Riemann—Hilbert problems because,
although they are different functions, they fulfill the same role. Since moreover we have to repeat
the analysis for Re(s) > 0 and Re(s) < 0, we will recycle the symbols within each separate case.

Problem 5.10. Lety = F; U~y consist of the arc I% and a loop, vy, starting and ending at z = b
and containing the origin. Let Q(z) in (5.1) be defined with the branch cut extending from z = 0
to z = b and then along F},, as shown in Figure 8 by the dashed line. Givenn € N, find a 2 x 2
matriz-valued function Y (z) = Y, (2) such that
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(1) Y(2) and Y~1(2) are holomorphic and bounded in C \ 7.
(2) The boundary values along z € 7 satisfy

Ve =y | QO] wew
Y(z4)=Y(22) B %Q(zf“>enzs} , Vz € T}, where
si=e AT 1, (5.10)

(3) As z — oo, the matriz Y, (z) admits an asymptotic expansion of the form (2.6).
The first transformation is the same as in (5.2) and leads to the RHP for W as follows.
Problem 5.11. The matriz W (z) is analytic in C\ v = C\ (I';, UT) and satisfies

1
Wi(zy) = W(z2)Jw(z), z €7, W(z) =140 <z> , z — 00,
where
—5(p(z4)—p(2-)) Q(2) F(p(z4)+p(z-))
. e 2 z)e 1
Jw (z) = { 0 R (p(z) () } ,  z€D\T,

SBED—0E-) (24 Jed e o)
e Q2 )e 1
Jw(2) = [ 0 o2 ()~ (=) ] , z€L,.

The second transformation is also similar to (5.3). However, from this point onwards, the
details of the transformation depend on the case Re(s) > 0 or Re(s) < 0 and thus are given in
Sections 5.2.1 and 5.2.2, respectively.

We will not carry out completely the error analysis, which would require the construction of
appropriate local parametrices near the points z = b, a4, 1. These are more or less known in the
literature. We mention, for the sake of the reader with experience in the Deift—Zhou method, that

- . . .

(1) Near the points z = a4,b the local parametrices are constructed from Airy functions
6, 26].

(2) Near the point z =1 the local parametrix is constructed in terms of functions [59].

We instead focus on the construction of the global (outer) parametrix which solves a model
problem. The pragmatic reason is that this computation will produce a formula for the approx-
imate location of the zeros of 7,(s) which can be actually tested numerically, and whose result
is evident in Figure 3. Some details on the construction of the local parametrices are contained
in Section 5.2.3 and Appendix A.1.

5.2.1 Second transformation, model problem and its solution: The case Re(s) > 0

With reference to Figure 8, left pane, we denote by Agf Y) the region bounded by I'% and ff’y),

for z,y € {ay,a—_,b,1} and we call them lens regions (as opposed to their boundaries, which we
refer to as the lens arcs).
Definition of Ty for Re(s) > 0. We refer to the left pane of Figure 8 and then set

1 0
W) e | 2 e A,
Qz
To(z) = - (1) .
W) | e ze AP,
Q(2)
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On the other hand, for the lens Agf’l) adjacent to F;, we set instead

1 0
W(Z) e—np(z)—2imp , ZEA(,b’l),
| #Q(2)
1 0
W) | e ze AP,
| #Q(2)

The main arcs are as in Figure 8, left pane, thus

I, =Tjul}, Ury",  L.=T4.

Recall from Section 4.2 that we have defined

Z 9 s2 Aw?
L g) = 22 2 d
(2 5) / wz\/w 2 M,

with the constant A determined by the condition of all periods being purely imaginary and the
integration path chosen in C\T',. The effective potential satisfies the following boundary value

relations:

where the constants 21, {29 are given by

a4 1
= [Ptk G [ Gt e iRy
b b

From Cauchy’s residue theorem, one also has

b 1 a4
2/ ' (z-)dz + 2/ o' (z-)dz + 2/ ¢ (z_)dz = dim,
a b b

with all the integrals in iR, .

(5.11)

(5.16)

A direct computation, using also the properties (5.12)—(5.15) shows that the matrix Ty(z)
satisfies the following RHP.

Problem 5.12. The matriz To(z) satisfies the conditions

To(es) = To(e_)Jn (), zev  To(z) =1 +0<

1

s zZ — 0Q,
z
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where
Jy (2), z€eTl.=Tq;,
Y ()—
e | ze L)y gben) y =Ny plo-h),
Q(z) |
F ()_
e ne(2) 1. z € éffrb’l),
| 2Q(z)
[ 1 0
e P(2) ( 1) ik zeLT,
| Q(») %
[ 1 0
o—np(2) [ o=2imp . ze 4,
I, (2) = 002 < e 1> 1 (5.17)
[ 0
e ne(z)—2imp , z € .,?_(b’l),
EEZONE.
0 #Q (21 )e™
e~ U , Z€E Fl,
L Q(2) 0
[0 Q(z)en ¥
e~k 0 , S FZ+,
L Q(2)
[0 Q)
e HE zeTh |
Q(z)
Model problem. The model problem that we have to solve is the following one.
Problem 5.13. Find a matriz-valued function M, analytic in C\ Ty, such that
0 Q)
MQ(Z+) = MQ(Z_) —1 0 ) zZ e Fg,a
Q(z)
0 Q(z)e™
My (z4) = My(2-) —e 7k 0 , zelyt,
L Q(2)
[0 #Q(z4)e™M
M, (z4) = M, (2-) | —e™™ 0 ] , 2z €T}, (5.18)
| #Q(24)

with s as in (5.10) and Q as in (5.1). Furthermore, the following local behaviours hold:

My(z) =1+ o(z71), |z| — oo,

1
MQ(z):(’)<1>, qg=1,b,a4, zZ—q.
(z—q)7
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To further normalize the problem, we need to construct a Szegd function, along the line of
what we already have done in the case of the outside of EoT.
The Szeg6 function. Let R(z) denote the radical function

R(z) = (z=1)(z=b)(z —ay)(z —a-)
52 52 52
:\/z4+(A—2)z3+(4—A+1>22—2z+4, (5.19)

with the branch cuts chosen along the three arcs of I, = Fl U Fa+ UT? | and with the overall

2

determination such that R(z) ~ 2* as z — oo. Consider the followmg expression:

B In Q(w )—i—ln%—l/dw an dw
5(z) = R(2) </b R(wi)( —z) 2ir / R(wy)(w — z) 2im

“ Q) dw
[ R ) (5.20)

The constant v is chosen so that the function S(z) is bounded as |z| — co. We can actually
simplify (5.20) quite a bit. Consider, for example, the integral

I "InQwy) +1Ins — v dw
= e

Since, along I'} we have Q(w4) = Q(w_)e?™ and R(w;) = —R(w_), we can convert I; into
I = 1 /1 In Q(wy )dw N 1/b In Q(w_)dw Virp +In s — vdw
"7 2 ), Rlwo)(w—2z)2ir ' 2); Rw_)(w—2z)2ir ' J, Rlwy)(w—z)2ir

Along the same lines, denoting the other two integrals in (5.20) by I3, I3, we have
I__l/@ In Q(uw)dw _+1/L In Q(uw)dw
> 2 ), Rws)(w-— z)217r 2 R(w_)(w — 2)2171'

“o ] e s ) e S

Adding I; + I + I3, we observe that the integrals involving In Q(w) form a closed loop from b
that goes around the whole I';, in the clockwise direction without intersecting the cut of Q(z).
Using (5.1), we observe that we have

mQ@H=mQ@J+{:

By using Cauchy’s theorem, we conclude that

1 0 —Kdw
5(:) = @) + ) ([ gpeitt
1 0 pdw Y (imp 4 In s — v)dw
2 /b R(w)(w — 2) * /b R(wy)(w — 2)2im > : (5.21)

Observe that the branch cut of In@Q(z) on (—o00,0) is compensated by the branch cut of the
first integral in the above expression, so that S(z) is actually analytic across the ray (—oo,0).
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From (5.21), it is then simple to ascertain that to make S(z) bounded at infinity we need to
choose the value of v as follows (see (5.10) for s):
fo dw
v=imp|1l-— fid(z) + In . (5.22)
fb R(wy)
The expression (5.20) makes it clear, through the use of the Sokhostki-Plemelji formula, that
the following properties of the Szegd function hold.

Proposition 5.14 (Szegé function for Re(s) > 0). The function S(z) defined in (5.20) or
equivalently (5.21) is analytic and locally bounded on CU{co}\I'y,, and with boundary conditions

In(#2Q(zy)) —v, z¢€T},

S(z4) + S(z-) = {an(z), seTs uT,

Furthermore, S(z) is bounded near z = b,ax+ and near z =1 it has the behaviour [29, Chapter 5]
S(z) = —g In(z — 1) + O(1).

Alternative description/derivation of the Szegd function. Proceeding from the de-
sired properties in Proposition (5.14) and differentiating, we obtain

S'(z4) + 5'(22) = Cg((j)), 2 € Ty

Then one can seek a solution of the form
/

S'(2) = ;%8 +1(2), (5.23)
where 7(z) must be a function analytic off T';;, with n(z4) + n(2—) = 0 on I';;, and such as to
cancel out the singularities of % in (5.23) outside of I'y,. Since % =2+ %, we see that

_ p—K R(0)

C
") = 5" RG] " RG)
which cancels the pole at z = 0 in the expression (5.23). Here R is given by (5.19). The
constant C' is determined by the condition that S(z;)+ S(z—) = InQ(z) on the arcs I';*, which
implies that integral of n along the contour 5 on the Riemann surface of W2 = R(z)? (see
Figure 9, left pane) vanishes. Specifically, it is given by

dz
oo (o= f;)R(O) $. i (5.24)
¥ W

Using the explicit expression of R in (5.19), we note that R(0) = —5 and can simplify (5.24) to

dz
(K —p)s$s, 2

1 dz
1 fb R(z4)

C:C+:

where we have used the fact that

7§ Rdé> - /bl R?Z)

(see Figure 9, left pane).
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Figure 9. The alternative computation of the Szegé function and the contour 5. For Re(s) > 0 in
the left pane, for Re(s) < 0 in the right pane. The dashed part of the contour 7 corresponds to the
second sheet of the radical function R(z) (the one where R(z) ~ —z2 at infinity). The two contours are
homologically equivalent.

When Re(s) < 0 instead, we have to ask that the antiderivative of (5.23) is continuous
on C\ Ty, and then the contour 7 is different. In this case then the constant C' is given by

dz a— _ dz
o _W=ERO & (K = p)s ar sHCD 5.25
IR S R (S S (5.25)
¥- W ay R(zy)

We observe that, in fact, the contours 74 are homologically equivalent on the Riemann surface
punctured at the two points z = 0 on both sheets. However, the definition of the domain
of R(z) has been chosen with different branch cuts. Keeping this in mind, we can use for C' the
expression (5.25) in both cases with the understanding that in the case Re(s) > 0 the indication
of the boundary value R(zy) is irrelevant.

In either case, for future reference, we observe that (recalling the definition of R (5.19))

a—  dz

S'(0) = _PR(0)  Cr _p n (K — p) $u. =RG)
B N a— _dz

2 R(0) R(0) 2 2 j;a+ e

With the Szeg6 function at hand, we can normalize the Riemann—Hilbert Problem 5.13. We
define a new model problem

M(2) i= 570 (2)e 5. (5.26)

The effect of this normalization is to turn the jump matrices (5.18) into constant ones as detailed
in the following problem.

Problem 5.15. Find a matriz-valued function M(z) analytic in C\ Ty, such that

M(z4) = M(z2-) —01 (1)] , zel® |
- 0 ean a
M) = M) | Sy g | 2T
- 0 eanJru 1
M(Z+) = M(Z_) _e_nQI_V 0 :| y S Fb (527)

and satisfying
M(2)=1+0(z71), |z| = o0, (5.28)

) , g=1,b,ay, z—q. (5.29)
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The solution of the Riemann—Hilbert Problem 5.15 is relatively standard and it requires the

use of the Jacobi theta function.
Solution of the Riemann—Hilbert Problem 5.15. With the same definition of R

in (5.19), we also define
1
h(z) := , (5.30)
((z = 1)z = b)(z — a1)(z —a_))

1

with the same branch cuts as R along I',, and the determination chosen so that h(z) ~ =
as z — 0o. A careful analysis of the phases shows that

N

h(zy) =ih(z—),  2€Th ,  h(zs) = —ih(z=), 2z€T U™ . (5.31)

We also need the Abel map. Let

Udz “  dz
w1 .:/b m, w2 .:/b R(z_), (532)

Z dw w9
u(z) = /G_ kW) o (5.33)

where the contour of integration runs in the simply connected domain C\T'. A direct inspection
reveals the following.

Lemma 5.16 (properties of the Abel map). The following relations hold:

0, zel? |
u(zy) = —u(z-) +< -1, zel}",
-7, ZE F%.

Let ¥(u;7) be the Riemann (Jacobi) theta function (also denoted 64 in DLMF 20.2.4 but
with a different normalization for u)

ﬁ(u 7.) . Z ein2ﬂ7'+2i7rnu
) L .

neL

The function 1 vanishes at u = TT‘H + k + 47 for all k, £ € Z and satisfies the quasi-periodicity
properties

Hu+k+L0r;7) = e*Qiﬂ“*i”eQTﬁ(u; 7). (5.34)
Consider the following two row-vectors:

Z) — u(oo -+l zZ)
$(2:00) = [dn(:00). balx50)],  da(z500) = - (u(ﬁ)(u(z)( - )u(OO)Z—J:ﬁ; A gk,
2

—iv (—u(z) - u(oo) - TT—H + G) h(Z) e—iTl'Ku(Z)
9 (—u(z) —u(o0) — )

P2(2;00) = (5.35)

and

P(2;00) = [1h1(z;00), Ya(2; 00)];
beoo) = —id (u(z) + u(oo) — T 4+ G) h(z) simKu(2)
Yilz o) = 9 (u(z) + u(oo) — 751 ’
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_ — (—u(z) + u(OO) - TT—H + G) h(z) —inKu(z).

Pa(z;00) = 3 (—u(2) + u(o0) — 70) (5.36)

Furthermore, all entries are bounded by (5.29) by the very definition of h(z) (5.30) and the fact
that 9 is an entire function with zeros only at the half-period.

Let us investigate the behaviour of ¢, 1 near z = co. Observe that ¢2 and 1¢; tend to zero
as z — 00 (due to the factor h(z) = (’)(z‘l)), while ¢1, 12 have to be computed using 'Hopital’s
rule given that the 1 in the denominator also tends to zero.

Then a direct computation shows that

v (G — TTH) el Ku(c0) 0
m _ | e (=)
0

lim
ZH0 —in Ku(oo)

Thus, as long as the common factor ¢ (G — TTH) # 0 we can define (the dependence on the
parameters G, K is understood in the right side)

(5.37)

P Y _ 741\ —irKu(oo)os .
M(2 G, K, 00) = = (=75 [d’(z’oo)]

I(G-5T)  [$lsx)

Remark 5.17. We have emphasized in the notation that co as a point plays a role in the
expression. We will use later the same formula, but replacing oo with the point z = 0. It
is important to point out that, irrespectively of what point we replace instead of oo, the ma-
trix satisfies the same boundary relations (5.38) below, and also the same behaviour near the
branch-points z = 1,b, ax. The only difference is that if we replace oo by a point 2o, the ma-
trix M (z; G, K, zp) will then vanish at infinity and have a simple pole at z = zp with singular
part proportional to the identity matrix
wlh(()) 1

zlggo M(z;G, K, z) =0, M(z;G, K, z) = W) 7= 7 +O(1), zZ— 2.

We are going to use this observation later.

It is a direct verification using the definition of the Abel map (5.33), the properties of the
theta function (5.34), and the jump relation of h (5.31), that each row ¢, v satisfies the three
boundary value relations similar to those in (5.27)

M(zy) = ]\//T(z,) _01 (1)] , zel® |

- _ r 0 _eier a

M(Z+) = M(Z—) o imK 0 ) KAS Fb ’

. - I 0 _e—2m(G—EF )

M = M(z_ ) - , Ty. 5.38
(=) = M) | giniqscr ; zeT} (5.39)

By matching these to the boundary relations (5.27), we deduce the following.

Proposition 5.18. The solution of the Riemann—Hilbert Problem 5.15 is given by M(z) =
M(z;G, K,00) in (5.37) with the values of the constants G, K given by
1 T+1 nQQ

= —(—ny — Q K=—=+1. .
G 2iﬂ(n1 v+ nQet) + 5 i7r+ (5.39)
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Proof. Comparing the boundary relations (5.38) and (5.27), we obtain the system

Kr n1+v 1 nfly
G—-—=——~—+— K=—2+1
2 2im + 2’ im T
from which the relations follow. [ |

The solvability of the Riemann—Hilbert Problem 5.15 and hence of the Riemann—Hilbert
Problem 5.13 depends entirely on the non-vanishing of the expression

01+ v — Q)
ﬁ(” Ltyon 27) (5.40)

21w

with ©;, Q9 defined by (5.16) and v by (5.22) Considering that the zeros of ¢ are for u =

TTH + ¢+ kT, with k, £ € Z, we obtain the quantization conditions for the periods of ¢
(Hy, Hy) € 72,
o= e () - gt () +
Hy = 7;25 - Inilgfz’f) + % (5.41)

Observe that both Hy, Hs are real functions of s since 21,25 € iR. The modular parameter 7
is also, in a very implicit way, a function of s since the branch-points of the radical R (5.19) are
determined by the Boutroux conditions (4.9). Ditto for v, which depends on s implicitly via the
formula (5.22).

Remark 5.19 (explanation of Figure 3.). The two quantization conditions (5.41) can be in-
terpreted as describing a mesh of level sets of the two functions Hi, Hs (both functions of the
complex parameter s). In the various panels in Figure 3 these are precisely forming the mesh
of curves that populate the interior of EoT. The intersection points of this mesh are the points
where the quantization conditions (5.41) hold, and hence where the solution of the model prob-
lem Riemann—Hilbert Problem 5.13 ceases to exist. They also approximate very precisely the
zeros of the rational solutions (in fact better than expected), with only obvious deviations near
the boundaries of the two halves of EoT, since there the elliptic curve of the radical R (5.19)
degenerates (i.e., two branch-points come together).

5.2.2 Second transformation, model problem and its solution: The case Re(s) < 0

With reference to Figure 8, right pane, we denote by Af Y) the region bounded by I'’% and fi(z’y),

for x,y € {ay,a_,b,1} and we call them lens regions (as opposed to their boundaries, which we
refer to as the lens arcs).
Definition of Ty for Re(s) < 0. We refer to the right pane of Figure 8 and then set

10
W) |emeld | 2 € Al
Qz
To(z) := - (1) .
W) | emet | ze AP
Q(2)
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while, for the lens Agf b adjacent to I'} we have the same as in (5.11). The construction is similar
to the previous case, but with the notable difference that now the main arcs I';,, consists of two
disjoint arcs (see Figure 8, right pane)

Iy, =Tyuly, T.=I;"ul} .

We define the effective potential as before

2 2 Aw?
g = R e S d
o(z; 9) /a_wz\/w +4+w—1 w,

where now, however, the branch cuts of the radical in the integrand consist of the two arcs
F;, I‘ZI of Figure 8, right pane, and ¢ has additionally a branch cut [1,00) and another one
running along FZ*. Now the effective potential satisfies the following boundary value rela-
tions:

, z eI

(20) + () = 0
pz4) +p(z) =201,  2eTh
p(z4) —p(z-) =0,  zeT_,
p(z4) — p(z-) = 20y, z € FZ+’
QO(Z-F) - SO(Z—) = dim, KBS [1’00)7
where now
b a4t
0= / ¢ (w)dw, Oy = / ¢ (wy )dw. (5.42)

A direct computation shows that the matrix Tp(z) satisfies the following Riemann-Hilbert
problem.

Problem 5.20. The matriz To(z) satisfies the conditions

1
Tozr) = To(z )In(), 2 To(x)=1+0 <> 2 00,
where (we set for brevity Q+ := Q(z1), p+ := p(z1) below)
e~ 22 Qe%(s@++so—) .
JW(Z> - [ 0 enQQ , ZE Pb+7
1 Qe™
J z) = s z € FZ 5
o[t o) |
1 0]
e . e e | glavas)
L@
1 0 o)
) =4 || FEAT
L »#(Q) J
1 0
efn<p72i7rp ) , zc g_(bvl)’
L 2Q
i 0 %Q+e”91
_e_"Ql 0 ) z € ]-—%’
L Q4
0 a
1 Q] , z €l .
~1
\L @
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Problem 5.21. Find a matriz-valued function M, , analytic in C\ Iy, such that

My (24) = M, (2-), zel® U[l, 00),

Q
0 Qz)
MQ(Z+) = MQ(Z—) —1 0 ) z € Fg:u
[ Q(2)
'e—an 0 ar
MQ(Z+) = MQ(Z*) 0 enf2 | zey7,
[0 #Q(zy)e™ ™M
MQ(Z+) = MQ(Z—) —e 0 ) zZ e Pl%?
| 2Q(2+)
with s as in (5.10) and Q as in (5.1). Furthermore, the following local behaviours hold:
M, (2) =1+0(z), |z| = o0,

MQ(Z)_O<1>7 q:17b7a:|:7 z—q.
(z=q)

N

Like before, to further normalize the problem we need to construct an appropriate Szegd
function.

The Szegd function. Let R(z) denote the radical function (5.19), but now with the branch
cuts of the radical chosen along I';;, = Fé U Fg; (right pane of Figure 8). Consider the following
expression:

5(z) = R(2) ( /b Q) e vdw / R tn Q(w) d“’) | (5.43)

Rws)(w—2) 2w wi)(w — 2) 2

Following analogous considerations as in the case Re(s) > 0 (see Section 5.2.1), we finally obtain
the same expression (5.21), where the condition that S(z) is bounded at infinity imposes the
same constraint on v as in (5.22). Similarly to Proposition 5.14, we have now the following.

Proposition 5.22 (Szegé function for Re(s) < 0). The function S(z) defined in (5.43) or
equivalently (5.21) is analytic and bounded on C U {oo} \ T'y,, and with boundary conditions

In(#Q(z4)) —v, z€ I%,

S(a) +5(-) = {ln Q(2) zeTqr.

Furthermore, S(z) is bounded near z = b,ax and near z = 1 it has the behaviour
S(z) = —g In(z — 1) + O(1).

With this new Szegd function, we normalize Riemann—Hilbert Problem 5.21 and define the
new model problem

M(z) := eS(OO)”3MQ (z)e_s(z)"3.
The new matrix M solves now the following problem.

Problem 5.23. Find a matriz-valued function M (z) analytic in C\ I'y, such that

Me)=Me | g st
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el ar
Me)=ME) |70 an] seT
0 enQ1+V 1
M(Z+) = M(Z_) |:_e_nQI—V 0 :| y z € Fb (544)

and satisfying the same (5.28), (5.29).

Solution of Riemann—Hilbert Problem 5.23. With the same definition of R in (5.19),

we also set the same definition of h as in (5.30) where however now the domain consists of C

minus the branch cuts I'} UT; " UTg;, and the determination chosen so that h(z) ~ % as z — 00.

A careful analysis of the phases of h shows that
h(z4) = —ih(z-),  z€Tly,  h(z)=—ih(z-), zeTlg;,
h(zy) = —h(z-), zely".
The Abel map is defined as in (5.33) but without the boundary value in the definition of ws

in (5.32) since now the contour I';" is not a branch cut of the radical R. This time the Abel
map satisfies somewhat different relations, a consequence of the different choice of branch cuts.

Lemma 5.24 (properties of the Abel map). The following relations hold:

0, =zelg,

 ep u(zy) =u(z_) — 1, zelyt.

u(zy) = —u(z_) + {

Consider now the following two row-vectors:

z) —u(oo) — TH z) .
6(2) = [01(2), a2l n() = ° (“(ﬁ)<u<§>(_l<oof_f§ ME) grcucs)
2

i (—u(z) — u(o0) — TEL + G) hz) —inkuce)
9 (—u(z) —u(oo) — =)

P2(2) =

and

z 00) — Tt 2) .
Y(2) = Wn(2),42(2)],  i(z) = i (u(ﬂ)(:(:)(Jr)u(oo)z— tJrGlg 2 )e‘“K“(Z%
2

i (—u(z) +u(oco) — T + G) h(2) —inKu(z)

valz) = 9 (—u(z) + u(o0) — ) ¢ ’

These are essentially the same formulee as (5.35), (5.36) except for a minor modification of
the normalization. Accordingly, we define M(z;G, K, 00) exactly as in (5.37). The boundary
relations for this matrix M are now

— — [0 1

M) = Nie) | ) O] . sere,

P - :_e—in 0 ar

M) =M() |, k|, €T3,

e . I 0 o—2im(G— 57 .
M(Z+) :M(Z_) _eQiﬂ'(G—% 0 , z GFb

By matching these to the boundary relations (5.44), we deduce the following.
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Proposition 5.25. The solution of the Riemann—Hilbert Problem 5.23 is given by ]\//.7(2:; G,K)
in (5.37) with the values of the constants G, K given by
nQQ

1 T
= — (nQ Q — K= —=+1. A4
G 2i¢r(n 1+v+n 27)+2, - + (5.45)

The proof is entirely similar to Proposition 5.18. The same observation holds that the solv-
ability of the Riemann—Hilbert Problem 5.23 and hence of the Riemann-Hilbert Problem 5.23
depends entirely on the non-vanishing of the expression

9 (an +1/.— nQat N 1>
2im 2

(5.46)

with Q1, Qo defined by (5.42) and v by (5.22). Note the slight difference from (5.40). The
quantization conditions for the periods of ¢ now read

~ nf v Ret v
e e () T ) <
1= g TR ) Ty ™ 5 ) €
~ Q Im (5% 1
Hy =224 (k) +Z€eZ (5.47)

2im Im~ 2

The mesh of level sets H, € Z > Hy are the gridlines shown in Figure 3 in the portion Re(s) < 0
of each pane.

5.2.3 Local parametrices

The construction of the local parametrices is similar to that of Section 5.1.1. The only parametrix
that is less commonly encountered (but see [10]) is the one that needs to be defined at the point b
in the case Re(s) > 0, when three main arcs meet at the same point (see Figure 8, left pane).
Let D, denote a small disk centered at x € {a4,a_,b,1} and not containing any of the other
branch-points a4, a—, b, 1. Inside each of these disks one has to define an appropriate local
solution of the Riemann-Hilbert Problem 5.12 or the Riemann-Hilbert Problem 5.20 (according
to the sign of Re(s) > 0 or Re(s) < 0, respectively). Such a local solution (a.k.a. “local
parametrix”) is constructed in terms of Airy functions or Bessel functions. More specifically,

(1) Inside Dg, , D,_ the local parametrix is constructed in a manner analogous to what we
illustrated in Section 5.1.1.

(2) Inside Dy the local parametrix is constructed also in terms of Airy functions, arranged
however in a different formula along the lines explained in Appendix A.1.

(3) Inside D; the local parametrix is constructed in terms of Bessel functions. This can be
found in (see [59, Section 3, p. 155-156]), or (see [8, Section 4.2]), and we will not enter
into details since it is mainly irrelevant to the formulas that are of interest in this paper.

5.2.4 Summary: The approximating mesh of location of zeros

The jump matrices of the error matrix & are of the form

-1 ~1
Je(z) = M,(z) (1+O(n™ ")) M, " (2).
While in the region outside EoT the model solution M, does not depend on n (see (5.7))
and hence Je = 1 + O(n_l) since the matrix M, is n-independent. On the other hand,
when s € EoT, the solution M is instead given by Proposition 5.18 and consequently M, (5.26))
depends on n.
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Do,
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Figure 10. The RHPs for the error terms in the two cases Re(s) > 0 (left) and Re(s) < 0. Compare
with Figure 8.

The validity of the estimate Jo =1 + (’)(nil) depends on the matrices M, M ~! remaining
bounded, uniformly in n, with respect to z on the contour. Given that det(M) = 1, the source
of the potential unboundedness are the terms in the denominators in (5.37). Of these, the
only term that may potentially vanish is the term 9 (G — ZH), which becomes (5.40) or (5.46)
(depending on the sign of Re(s)). Therefore, the correct error estimate is

1
Je(z)=14+0 (nﬁ(G—T;l)Z) )

with G given by either (5.39) or (5.45) (depending on the sign of Re(s)).
Thus the sufficient condition of asymptotic solvability of the Riemann—Hilbert Problem 5.2
is that

J <an(s) - nQ;i(;)T(s) IO % Kooy (8)> _ 0( 1 ) |

vn

with X{Rres>01(s) denoting the indicator fuglction of the right half-plane. This condition fails
inside the union of small disks of radii (’)(n_ﬁ) in the s-plane centered at the points where 9 = 0,
namely, the intersection of the mesh of lines indicated by (5.41) (for Re(s) > 0) or (5.47)
(for Re(s) < 0).

The actual numerics shows a seemingly much faster convergence of the mesh to the actual
position of the zeros (see Figure 3), which appears to be one of those serendipitous situations
where the approximation works “better than expected”.

6 Approximation of the Hamiltonian

The Hamiltonian is obtained from the Taylor expansion near z = 0 of the solution of Riemann—
Hilbert Problem 5.2 outside of EoT, and Riemann—Hilbert Problem 5.10 inside EoT, according
to Proposition 2.8.

In either case, the chain of transformations (Y — W — Ty ~ M) and the subsequent
approximation imply that in a neighbourhood of z = 0 we have

Yo(z) = eingggw(z)en(g(zHg)U?’ = efng"?’(o@(z)MQ (Z)e"(g(z)+§)037
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where &(z), as discussed in Section 5.2.4, is a matrix that is 1 + O(m) near the origin
(as long as s has finite distance from the boundary of EoT and the imaginary axis within it).
We thus have
Yo Ynlemo = (€797 (Mg "My, + M 6716 M) ™% + ng'(2)03) |-
Given the expression of M in either Proposition 5.7 (for s ¢ EoT), Proposition 5.18 for s €
EoT Nn{Re(s) > 0}, or Proposition 5.25 s € EoT N {Re(s) < 0}, we have

Y Yilazo = (77 (MM 4 MTIETIE M) % 4 (S 4+ ng(2)) 05) |0,

where clearly the expressions for g, S also depend on which region we are considering.

We are interested in the (1,1) entry and hence the conjugation in the first term by the
diagonal matrix e(5~"9)93 is immaterial. Furthermore, the term containing & yields a sub-
leading contribution which we ignore for the purpose of this computation. In principle, we
should fork the computation according to the three regions: (i) outside EoT, (ii) inside EoT
with Re(s) > 0, (iii) inside EoT with Re(s) < 0. However, the computation inside EoT would
be rather formal because we have not specified the correct orders of approximations when s is in
a neighbourhood of one of the zeros. Additionally, the explicit approximation is of no particular
interest to us and thus for simplicity we decided to forego it entirely in this paper.

Hamiltonian outside EoT. Using the explicit expression of M (z) in Proposition 5.7, we
have M—1M' = 1%2 and hence this term dg)es not contribute being off-diagonal. Using (5.5) and
the fact that R(0) = —5, R(1) = —/1 + % with the root’s determination such that R(1;s) ~ —3

/ _ K 2p . .. . .
?s |s| (ZgC))O, we find S’(0) = = + Ry Using then the explicit expression of g(z) derived
rom (4.
2 4 s?
1 s vy S
/ _ (. —
g(Z)—§g0 (Z)S)+222 - ) 22"

Since ¢'(z) is regular at z = 0, we need to take the root’s determination near z = 0 that tends
to —35 and hence

422
Ji+E

1 1
/ '(0- —
Jd(z)=—s o +222 :—g+(’)(z):>g(0,s)——g.

We thus conclude the following.

Proposition 6.1. For s in closed subsets outside EoT, we have the uniform approximation
n—K 2p

Hy(s) = -
v(s) s s2+svs2+4

+ g +0(nh).

7 Conclusion

In this paper, we have considered the particular scaling where we send n — oo and rescale only
the independent variable ¢t = ns (4.1). However, as evidenced also in Figure 3, if p or K or both
are large relative to n, the approximation needs to be modified. If we let p = no, K = ns¢, then
we would need to construct a different g-function where 6 in (4.1) is replaced by

1
O(z;8) =n (SJran <1 > +%lnz).
z z

Consequently, the construction of the g-function, even under the one-cut assumption would
significantly change. In practice, this means that the set EoT would have a different shape
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that depends on g, ». While conceptually there is no major difference, we found that there are
practical and significant obstacles in obtaining an effective description of the g-function under
these assumptions. A separate analysis is needed but it is deferred to a future publication.

A separate, long term question is whether the other families of rational solutions described
in Theorem 1.1 can be similarly framed in terms of semiclassical orthogonal polynomials. Irre-
spectively, the isomonodromic approach discussed in the Introduction should be available and
hence the corresponding asymptotic analysis should be accessible. These are also issue that we
defer to future investigations.

A Airy parametrices

The complete construction of the approximation to the RHP of the main body of the paper
requires the definition of a local solution to the final RHP which is known in the literature as an
“Airy parametrix”. While this is quite standard, it may be useful for the reader to find here its
complete and self contained definition. The origin of these definitions can be traced back to [26]
but here we refer to [6, Appendix A]. We define

daiq) @5 Laie ¥
A0¢) = |ac M) e _gcAl(e_% I, cec
Ai(¢)  e'5Ai(e7F ()

where Ai(() is the Airy function, namely, a particular solution to Airy’s equation f({)” = (f(¢)
satisfying the following asymptotic behaviour as ( — oo in the sector —7 < arg{ < 7

N AT 5 30, 385 g —9/2
MO =Gz (15 Fagest T O )

We finally define the following piecewise-analytic matrix-valued function:

(40(0), argCe (0.%),
AO(C) _11 (1) ) arg( S (2?#771-)7
A(C) = 1 1) A.
© A@ |0 | msce (-30) (A1)
.
AO(C) 1 1 ’ arg( € (—7T, _2%)’

which solves the RHP with jumps for arg{ = —, —%”, 0, %” as depicted in Figure 11.

The definition (A.1) is crafted in such a way that the following asymptotic expansion holds
in any direction:

S 1 [1 6 _ 20372,
r0= 57 |3 ] B oo

A.1 The Airy parametrix for a three main-arc intersection

The basic building block discussed in the previous section can be used to construct a more
complicated local parametrix that needs to be used in a neighbourhood of a 3-arc intersection,
like the case of the point z = b for the asymptotic in EoT for Re(s) > 0, Section 5.2.1.

We thus first state and solve a model RHP and then show how it proves of use to the case at
hand.
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i

Figure 11. The jump behaviour of the Airy parametrix.

Consider the jump matrices of the Riemann—Hilbert Problem 5.12 on the arcs that originate
or terminate at z = b (see (5.17)). They are summarized in the left pane of Figure 12. There, we
have denoted by g, @1, @2 the restrictions of ¢ to the sectors in D. These sectors are defined
as follows: .#y bounded by the arcs Fll,, T Z*, %1 bounded by the arcs I Z*, I' and . bounded
by the arcs FZ_, F;, respectively (see Figure 8, left pane). They are related to each other as
follows:

©vo(2) + p1(z) = 2Qq, z € FZ*,
wo(2) + pa2(z) = 29, z € Fé,
v1(2) + p2(2) =0, z € FZ_.

Observing that ¢o(b) = —€; — 2, we can define the local conformal map ((z) by the expression

ol

C2 =ngo(z) +n( + ), 2 €%,

where the radical of ¢ is intended in the sense of principal determination (with the branch
cut extending along ¢ € R_). If we perform the analytic extension of this definition to the
sectors .71, Y%, we obtain the following relations:

4
np1(z) = —npp(z) + 20y = —gg% —nQy + nlo, z € .9,

4
npa(z) = —npp(z) + 20 = —gcg — ny + nfly, z € 5.

With this definition of (, the arc ng_ N Dy is mapped to the negative ¢ axis.
Moreover, we have denoted by Q(z) the analytic extension of Q(z) in the full disk D, from
the upper part, so that
CNQ(Z) _ Q(z), {z | Im((2) > 0} N Dy,
B Q(2), {z|Im((z) <0} NDy.
With these notation in place and recalling the relationship between s and e?™ (5.10), the jump
matrices are as indicated in Figure 12, left pane. Note that we have also re-oriented some of the

arcs. Note that the jump matrix on the left ray is the result of the multiplication of the jumps
on the two arcs Da(_a—,b)? gjﬁb,m).
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Figure 12. The local Riemann-Hilbert Problem 5.12 in Dy (left pane) and its transformation to the ¢

plane.

With these preparations, the solution of the RHP with the jump matrices indicated in the
right pane of Figure 12 is written as follows in terms of the matrix A(z) defined in (A.1):

A(Oe(%c%@)og (%H%)@(Z) ;ef arg(C) € (%,7),
P(() = A(C)e(%C%erm z(%—i—ll)@(z) ?e_iw?a arg(¢) € (—m,—%),
A(QedeH e fl) _53@ jé;(j) o arg(¢) € (-5.5)
\ Q(2)
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