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Abstract. One primary objective in submanifold geometry is to discover fascinating and
significant classical examples of Hy. In this paper which relies on the theory we established in
[Adv. Math. 405 (2022), 08514, 50 pages, arXiv:2101.11780] and utilizing the approach we
provided for constructing constant p-mean curvature surfaces, we have identified intriguing
examples of such surfaces. Notably, we present a complete description of rotationally invari-
ant surfaces of constant p-mean curvature and shed light on the geometric interpretation of
the energy E with a lower bound.
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1 Introduction

This article is an extension of the previous paper [5], in which we studied the constant p-mean

curvature surfaces in the Heisenberg group H;. In [5], we focused on the foundation of the
theory and paid more attention to the investigation of p-minimal surfaces. However, in the
present article, instead of theory, we mainly focus on the examples, including an approach to
construct constant p-mean curvature surfaces.

Recall that the Heisenberg group H; is the space R? with the associated group multiplication

(x1,y1,21) © (x2,Y2, 22) = (X1 + T2, y1 + Y2, 21 + 22 + Y122 — T1Y2),

which is a 3-dimensional Lie group. The space of all left-invariant vector fields is spanned by
the following three vector fields:
0 0 0 0 0
¢ = — — b9 = — — T— d T=—.
= o * Yoz 2 Oy Yoz an 0z
The Heisenberg dilation (scaling) by the factor 6 > 0 is the map Ds: Hy — H; defined
by Ds(z,y,z) = (6z,6y,6%z) for any (z,y,2) € Hy (see [6]).
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The standard contact bundle on Hj is the subbundle £ of the tangent bundle T'H; spanned
by é; and és. It is also defined to be the kernel of the contact form © = dz + xdy — ydx. The
CR structure on H; is the endomorphism J: { — £ defined by J(é1) = é2 and J(é2) = —é;.
One can view Hj as a pseudo-hermitian manifold with (J, ©) as the standard pseudo-hermitian
structure. There is a naturally associated connection V if we regard all these left-invariant
vector fields é1, é9, and T as parallel vector fields. A naturally associated metric on H; is the
adapted metric gg, which is defined by go = dO(-,J-) + ©2. It is equivalent to defining the
metric regarding €1, é2, and 7" as an orthonormal frame field. We sometimes use (-, -) to denote
the adapted metric. In this paper, we use the adapted metric to measure the lengths, angles of
vectors, and so on.

Suppose Y. is a surface in the Heisenberg group H;. There is a one-form I on 3 induced from
the adapted metric gg. This induced metric is defined on the whole surface 3 and is called the
first fundamental form of ¥. The intersection T N¢ is integrated to be a singular foliation on X
called the characteristic foliation. Each leaf is called a characteristic curve. A point p € ¥ is
called a singular point if the tangent plane 7,3 coincides with the contact plane &,; otherwise,
p is called a regular (or non-singular) point. Generically, a point p € ¥ is a regular point, and
the set of all regular points is called the regular part of 3. In this paper, we always assume that
the surface ¥ is of class C2, but of class C* on the regular part. On the regular part, we can
choose a unit vector field e; such that e; defines the characteristic foliation. The vector e is
determined up to a sign. Let ez = Jej. Then {ej,e2} forms an orthonormal frame field of the
contact bundle £&. We usually call the vector field es a horizontal normal vector field. Then the
p-mean curvature H of the surface X is defined by V., ea = —He;. The p-mean curvature H is
only defined on the regular part of . If H = ¢, which is a constant on the whole regular part,
we call the surface a constant p-mean curvature surface. In particular, if ¢ = 0, it is a p-minimal
surface. There also exists a function « defined on the regular part such that aes 47T is tangent to
the surface . We call this function the a-function of . It is uniquely determined up to a sign,
which depends on the choice of the characteristic direction e;. Define é1 = e1 and éy = 0‘612;3;,
then {é1,é2} forms an orthonormal frame field of the tangent bundle T'Y. Notice that éy is
uniquely determined and independent of the choice of the characteristic direction e;. In [3, 4],
it was shown that these three invariants, I, e;, and «, form a complete set of invariants for
constant p-mean curvature surfaces with H = ¢ in Hj. Namely, for any two surfaces with the
same constant p-mean curvature having the same I, a, e, they are differed only by a Heisenberg
symmetry. In particular, if ¥ C Hj is a constant p-mean curvature surface with H = ¢, then
in terms of a compatible coordinate system (U;z,y), which means e; = %, the integrability

condition (see [5]) is reduced to

by co by Qo
—Oy+0— = ——7>, —— =2a+ —,
) (1 + a2)* b 1+ a?
Qp + 60, + 40 4 2a =0, (1.1)

where the two functions a and b are a representation of the first fundamental form I in the
following sense that they describe the vector field

. 0
€2 = G’(mvy)aix + b(mvy)

@.
In other words, there exists the a satisfying the Codazzi-like equation
Oz + 6ty + 402 4+ 2a = 0, (1.2)

which is a nonlinear ordinary differential equation. In [5], we normalized a and b such that
they can be uniquely determined by the function «, and hence we obtained the result that the
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existence of a constant p-mean curvature surface (without singular points) is equivalent to the ex-
istence of a solution to a nonlinear second-order ODE (1.2), which is a kind of Liénard equations
(cf. [7]). They are one-to-one correspondences in some sense. For a detailed description, see [5,
Theorems 1.1, 1.3 and 6.3]. This result tells us that the investigation of the geometry of con-
stant p-mean curvature surfaces in H; is equal to the study of the solution of the equation (1.2).
More specifically, we obtained a complete set of solutions (see [5, Theorems 1.2 and 1.4] or
Theorem 2.1) and used the types of the solutions to the equation to characterize the constant
p-mean curvature surfaces as several classes, which are vertical, special type I, special type II and
general type (see [5, Definitions 5.1 and 5.2] for p-minimal cases and see Definitions 2.2 and 2.3
for the cases with ¢ # 0 in the present article). After the process of normalization, we obtained
a complete set of invariants from the normal form of the a-function. It is worth of our mention
that these invariants in some sense measure how different a constant p-mean curvature surface is
from the model case, which is the horizontal plane in the p-minimal case, and the Pansu sphere
in the case ¢ > 0.

We first study rotationally invariant surfaces in H; with constant p-mean curvature H = ¢
using the Codazzi-like equation (1.2). In [8], M. Ritoré and C. Rosales made an investigation
on such kinds of surfaces by a first-order ODE system. In the present paper, we shall study
them again from the point of view of our theory established in the previous paper [5] and the
present one. Let ¥(s, ) be a rotationally invariant surface in Hy with H = ¢, generated by the
curve y(s) = (z(s),0,t(s)), z(s) > 0, on the zt-plane, that is, ¥ is parametrized by

Y(s,0) = (z(s) cos b, x(s)sinb, t(s)),
where /2 4 > = 1. Here ’ means taking a derivative with respect to s. Recall the energy

xt! 9
which was introduced in [8] and was shown to be a constant. Here 2\ = ¢ and notice that our
p-mean curvature differs from the one defined in [8] by a sign. Hence, we have Theorems A
and B as follows.

Theorem A. A curve v = (z,t) is the generating curve of a rotationally invariant surface %
in Hy with H = ¢ # 0 if and only if v = (x,t) is defined by x> = c%—i—r cos (c3), t = —2—5 sin(c3),
up to a constant, for some horizontal arc-length parameter s and some k,r € R such that

2
k>1 and r:C—Q\/k—l.

In addition, we have k = 2cE +2. If r = 0, then X is a cylinder. If r # 0, then, in terms of
normal coordinates (§, 9), the two invariants for ¥ are

- 2E0 _
G0) = ——, up to a constant, which is linear on 0,
cr
- 2cE 42
C2(0) = —%, which is a constant.
c2r

Theorem B. A curve v = (x,t) is the generating curve of a rotationally invariant p-minimal
surface ¥ in Hy if and only if either t is a constant, and hence ¥ is a part of the horizontal
plane, or v = (x,t) is defined by x> = 3% + ca, t = m3, up to a constant, for some horizontal
arc-length parameter § and some co,m € R, m # 0. In addition, we have E =m. In terms of
normal coordinates (3,0), the two invariants for ¥ are

¢1(0)
¢2(0)

E0, up to a constant, which is linear on 0,

ca, which is a constant.
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For more interesting examples, in Section 4, we provide an approach to construct a constant
p-mean curvature surface. This approach is an analog of the one we performed in the previ-
ous paper [5] for p-minimal surfaces. Actually, in [5], we deformed the horizontal plane along
a curve C(0) = (z1(0),z2(0),z3(0)) to obtain a p-minimal surface. More specifically, in [5, Sec-
tion 9], depending on a parametrized curve C(0) = (z1(0), z2(0), z3(0)) for § € R, we deformed
the graph u = 0 to obtain a p-minimal surface parametrized by

Y(r,0) = (x1(0) +rcos,x2(0) + rsinb, x3(0) + rae(0) cosd — ra1(0)sinb),

for 7 € R. It is easy to check that Y is an immersion if and only if either ©(C'(6)) —
(24(8) cos — (6) sin 0)2 #£0 or r+ (z5(0) cos — x(#) sinh) # 0 for all 6. In particular, the
surface Y defines a p-minimal surface of special type I if the curve C satisfies

25(0) + 21(0)25(0) — z2(0)2 (0) — (25(8) cos 6 — 2 (6) sin 6)2 =0,
for all #. In addition, the corresponding (j-invariant [5, formula (9.9)] reads
¢1(0) = 25(0) cos O — 2 (0) sin O — /[:c'l(e) cos § + x5(0) sin 6] d6. (1.4)
Similarly, the surface Y defines a p-minimal surface of general type if the curve C satisfies
25(6) + 21(0)25(0) — z2(0)2 (8) — (25(8) cos 6 — 2 (6) sin 9)2 #0,
for all 6. In addition, the corresponding (i- and (o-invariant read
¢1(0) = 25(0) cos§ — 2 (0) sin 6 — /[x’l(ﬁ) cos 6 + x5 (6) sin ] d9,
G2(0) = 25(0) + 21(0)25(0) — 22(0) 2 (0) — (:L"Q(O) cosf — z/(0) sin 9)2. (1.5)

In Section 4, we construct a constant p-mean curvature surface by perturbing the Pansu
sphere along a given curve C(f). In Section 2.1, we see that the Pansu sphere (2.2) can be
parametrized by

cosf —sinf 0\ [z(s) z(s) cosf —y(s)sinb
X(s,0) = | sinf cosf O y(s) | = | z(s)sinf + y(s)cosh |,
0 0 1 t(s) t(s)

where

2(s) = —sin(2As),  y(s) = —— cos(2\s) + —

2\ 2\ 2\’
1 . 1 71'
t(s) = e sin(2As) — 2’ + TEVA
with X(0,60) = (0,0, 4%) and X(%, 9) = (0,0, —&) as the North pole and South pole, respec-

tively. We deform it along C(0) = (x1(0),z2(6),x3(0)) to obtain a constant p-mean curvature
surface Y (s, 0) as follows

Y (5,0) = (21(0) + (z(s) cos 8 — y(s)sinh), x2(0) + (x(s) sinh + y(s) cos ),
x3(0) + t(s) + x2(0)(x(s) cos 0 — y(s) sinh) — x1(0)(x(s) sin € + y(s) cosb)).

We also give a condition for Y to be an immersion. The coordinate system (s,6) for Y is
a compatible one. We have (see (4.4))

A(0) cos 2As + (55 — B(0)) sin 2Xs

“TBO) = L) cos2xs + A(0) sin 2xs + D(0)

(1.6)
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where

A(0) = 25(0) cos 0 — 2 (0) sin 0, B(0) = 25(0) sin 0 + 2 (0) cos 0,
, 1 1
D(0) = XO(C'(0)) + <2>\ - B(9)> , V(0) = <A(9), o~ B(9)> :

It is obvious that V(#) = 0 implies o = 0, and hence Y is a cylinder. For nonzero V' (6), we then
define

Vo)l = \/ AOF + |5 - B0)]

and write
D(0) V(6) .
G 0 - 9 = 9 ’ 0 )
O=ver ey~ o)
for some function ¢(#). From (1.6), we thus have

sin (2Xs + ¢(0))
G(8) — cos (2As + ¢(0))

o=

Finally, we normalize the a-function to obtain the two invariants for Y, stated in Theorem 4.1.
We list it here as the third main result of the present paper.

Theorem C. IfV =0, then a = 0. If V # 0, we consider the new coordinates 3 = s + I'(0),
0 =W (0), where

T(0) = % _/D(e)de, T(6) :2)\/||V(9)||d9,

then the coordinate system (5,5) is normal. In terms of the normal coordinates, the invariants
of Y are given by

where 0 = \Il_l(é).

In Section 5, we use formula (1.4), (1.5) and (1.7) to construct various examples of surfaces
of constant p-mean curvature including degenerate p-minimal surfaces of special type 1.

2 Solutions to the Codazzi-like equation

The Codazzi-like equation for a surface in H; with constant p-mean curvature H = ¢ > 0 is
Qga + 6y + 40 + 2a = 0. (2.1)

Theorem 2.1 ([5]). Besides the following three special solutions to (2.1),

c c c c
=0, —_— R = —— (7 _ = ) ,
alz) =0 5 tan(cz + cKjy) a(x) 5 tan 5%~ 5 Ky

we have the general solution to (2.1) of the form

sin (c:z + cl)

o) =2
N 202—008(01‘4-61)’

which depends on constants K1, Ko, c1, and cs.
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Note that all the solutions are a periodic function with a(z + 22) = a(x) for all z. We give
some remarks as follows.

(1) In terms of the following identities

s sin 26 sin 20 sin 20
—tan(9—|—7>:cot0:7, —tan20 = — = ,
2 1 — cos26 cos20 0 — cos26

we see that the two nontrivial special solutions in Theorem 2.1 correspond to the general
solution in Theorem 2.1 with ¢o = 0 and ¢ = 1, respectively.

(2) From the following identity

sin(@+m)  sinf
cg —cos(f+m) —cg—cosh’

we can assume without loss of generality that ca > 0 in the general solution.

Due to Theorem 2.1, we are able to use the types of the solutions to (2.1) to classify the
constant p-mean curvature surfaces into several classes, which are vertical, special type I, special
type II and general type. In terms of compatible coordinates (z,y), the function a(z,y) is
a solution to the Codazzi-like equation (2.1) for any given y. By Theorem 2.1, the function o(z, y)
hence has one of the following forms of special types

¢ sin(cz +c1) ¢ sin(cx + 1)
20— cos(cx +c1)’ 21 —cos (cx+c1)’

0,

and general types %%, where, instead of constants, both ¢; and ¢y are now functions
of y. Notice that it is convenient at some point to assume that co(y) > 0 for all y. We now use
the types of the function a(z,y) to define the types of constant p-mean curvature surfaces as

follows.
Definition 2.2. Locally, we say that a constant p-mean curvature surface is

(1) wertical if o vanishes (i.e., a(z,y) = 0 for all z,y);

sin (cz+c1(y)) .

) of special type I if o = § 1= a2 Gy

sin(cz+c1(y)) .
0—cos(cz+c1(y))?

(2
(3) of special type II if o = §
(4

) of general type if & = 562(;;ri£224(r§;§_g;)1)(y)) with c2(y) ¢ {0,1} for all y.

We further divide constant p-mean curvature surfaces of general type into three classes as
follows.

Definition 2.3. A constant p-mean curvature surface of general type is

(1) of type I if ca(y) > 1 for all y;

1

(2) of type IT if 0 < co(y) < 1 for all y, and %OS_IC? <z < F=a-ws o

Cc
1

(3) of typ((a: ]_EQI if 0 < c2(y) < 1 for all y, and either =2 <2 < 761“{‘357162 or 2T=C1=cos & o
r < ZGtam
— c )

where cos™! is the inverse of the function cos: [0, 7] — [~1,1].

We notice that the type is invariant under the action of a Heisenberg rigid motion and the
regular part of a constant p-mean curvature surface > C H; is a union of these types of surfaces.
The corresponding paths of each type of « are shown on the phase plane (see Figure 1). We
express some basic facts as follows.
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Direction Field of a first order system:a‘:v,v‘:—ﬁav—4013—(1 .5)20(
o

! rHT

A A

»

Figure 1. Direction field for ¢ = 1.5.

e [f o vanishes, then it is part of a vertical cylinder.

e The two concave downward parabolas in red represent

¢ sin(cx+cp) ¢ sin(cx + 1)
a= - =
21 —cos(cx+cp)’ 20— cos (cx +c1)’

respectively. The one for a = ¢_sin(eztel) o ahove the one for o = &-Silezte) - gy,

' 2 1—cos (cx—i—c71|_)_C e 2 2 0—cos (cx+c1)”
surfaces of special type I, we have that « (Tl) =0, o (Tl) = —7 and
—c
0, if z — —1  from the right,
a— ¢
2T — ¢

from the left,

—o0, ifx—
c

and, for surfaces of special type II in which « has period 7, we have that

a(*l) :a<”_cl> _o, a/<—01>:a/<”_cl> _ ¢
c c c c 2

and
. m™—2¢c1 .
o0, ifx— from the right,
@ 3w —c 201
—o0, ifx— o from the left.
c

e The closed curves in orange on the phase plane correspond to the family of solutions

sin (cx + ¢1)

(@) c
alr) ==
2c9 —cos(cx+c1)’
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where c1, ¢ are constants and ce > 1, which are of type I. There exist zeros for a-function

at x = =1, =, at which we have that

2 2
, ( —c1 1 ¢ , (T —c1 1 ¢
== >0, = —— <0
a(c) 2¢0—1 a< c > 2¢0+1

There are no singular points for surfaces of type I.

e The curves in between the two red concave downward parabolas are of type II. The a-
function of type IT has a zero at z = =<, and

c
, (T —c1 1
=—z < 0.
O‘( c ) 2cy + 1

For surfaces of type II, it can be checked that

. —c1 + cos e .
00, ifr— ——""" 2 fiom the right,

c

o — 1
—c1 + 27 —cos™ ¢y

—o0, ifx— from the left.

Cc

e The curves beneath the lower concave downward parabola are of type III. There exists
a zero for a-function at x = =1, and

2

, ( —c1 1 ¢
=z < 0.

a<C> 202—1

For surfaces of type III, we have

. —c1+cosLe
—o0, ifx— TP " from the left,

c
. —c1+ 21 —cos~le .
0, ifz — —- 2 from the right.
c

o —

2.1 The Pansu sphere
Lemma 2.4 (Pansu sphere). A Pansu sphere given in [1] by

f(z)= ﬁ()\\z\ 1 — A2|z[2 4 cos ™' (N|z])), 2] < N (2.2)
of constant p-mean curvature c = 2\ has its a-function of special type I. In fact, we have
~Asin(2)s) w— - b= 272
(1 —cos(2Xs))’ V1+a? V1+a2(l —cos2\s)
Proof. We parametrize a Pansu sphere by
cosf —sinf 0\ [z(s) x(s) cos — y(s)sinb
X(s,0) = | sinf cosf O y(s) | = | z(s)sinf + y(s)cosb |, (2.3)
0 0 1 t(s) t(s)
where
(s) = & sin(2Xs),  y(s) = — = cos(2As) + =
z(s) = oy sin(2As), y(s) = —55 s)+ oy
1 . 71'
t(s) = Wsm(%\s) ~ 538 + TEVE (2.4)
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with X(0,0) = (0 0, 4/\2) and X(g,@) = (0,0,—&) as the North pole and South pole, re-
spectively. We then have e; := X, which means that X (s, 6) defines a compatible coordinate
system. Moreover, es = Jej, where

e1 = X, = (2/(s)cosf — ¢/ (s) sin 6,2/ (s) sin + ¢/ (s) cos 0,'(s))
= (2/(s) cosf — ¢/ (s) sin0)é1 + (2'(s) sin @ + y/(s) cos 0) éa,

ez = —(2'(s) sinf + ¢/ (s) cos 0)é; + (2'(s) cos 6 — ¢/ (s) sin ) és.
We note that « is a function satisfying

aey + 1T = AX, + BXo, (2.5)
for some functions A and B. Direct calculation shows that

Xg = (—2(s)sin@ — y(s) cos 0)é; + (x(s) cos O — y(s)sin@)ég + (x2(s) + y*(s))T.
Therefore, (2.5) implies

—a(2'(s)sinf + y/'(s) cos0) = A(z'(s) cos§ — y/(s) sin ) + B(—z(s) sind — y(s) cos ),

a2/ (s )cos@ y '(s)sinf) = A(a'(s)sinf + y'(s) cos ) + B(z(s) cos§ — y(s) sinb),

1= B(z%(s) + y*(s)). (2.6)
The last equation of (2.6) yields B = m, and hence

B 2)?
V1+ a? \/1+a2(1—0052)\s)'

The first two equations of (2.6) indicate —a((2"?) + (y’?)) = B(—za' — yy'), which implies

x4y
o242

In what follows, we claim the above « is one of special solutions. Notice that (2.4) shows

(2.7)

1
2.2 _
zt 4y = N(Q — 2c0s(2)s)),

and hence (2.7) can be rewritten as
Asin(2)s)

1 /
- 5(lnx2 +9%) = (1 —cos(2)s))’

Substituting b and « into (2.6), we have a = \/1112 = \/11)\(12' [ |

Given a a-function, we have shown [5] that the first fundamental form (a, b) is determined
up to two functions h(y) and k(y) as follows.

Proposition 2.5. For any a(z,y) = 582(;;3222Tc‘25ryc)1)(y)), the explicit formula for the induced

metric on a constant p-mean curvature surface with ¢ as its p-mean curvature and this o as its
a-function is given by

< ¢ 242 h(y) > 1
a=(—-+ + 7
2 (cg—cos(cx+c1)) |ea—cos(cx+ c1) (1+a2)1/2

and

ek ) 1
b=
|ca — cos (cx + ¢1)| (1—1—042)1/27

for some functions h(y) and k(y).
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2.2 The normalization

As we normalize the induced metric ¢ and b to be close as much as possible to the metric induced
on the horizontal p-minimal plane, we would like to normalize a and b so that they look like the
induced metric of the Pansu sphere. Indeed, from the transformation law [5, formula (2.20)], it
is easy to see that there exist another compatible coordinates (Z,7), called normal coordinates
such that

(2.8)

S
V]

= ; (2.9)
lea — cos (e + c1)|(1 + a2)1/2

where ¢ = 2\. Such normal coordinates are uniquely determined up to a translation. We thus
have the following theorem.

Theorem 2.(6. In) normal coordinates (x,y), the functions c1(y) and ca(y) in the expression
o sin (cx+c

oz(x) - %cz—cos (c:c—‘icl)

and c1(y) is unique up to a constant. We denote these two unique functions by (1(y) = c1(y),

C2(y) = ca(y). Therefore, the set {C1(y), C2(y)} constitutes a complete set of invariants for those
surfaces (a not vanishing).

are unique in the following sense: up to a translation on y, co(y) is unique,

It is worth our attention that, for the surfaces with co > 1, the denominator of the formula
for « is never zero. That means the surfaces won’t extend to a surface with singular points.
Moreover, if the surface is closed, it must be a closed constant p-mean curvature surface without
singular points, which means the surface is of type of torus. This indicates that it is possible to
find a Wente-type torus in this class of surfaces.

2.3 The structure of the singular sets

In this subsection, we study the structure of the singular set. For the general type, we choose
a normal coordinate system (s, ) such that

sin (2As + (1(0))
C2(0) — cos (2As + ¢1(9))’

a=A

and

A 2\
e b= .
V1+a?’ |C2(0) — cos (2As + (1(0))| V1 + o2

cos— ' (G2(0))—¢1(0)
2X

. The induced metric I

Then the singular set is the graph of the function x(0) =
(or the first fundamental form) on the regular part reads

1 2
I:ds®ds—2ds®d0—§d6®ds+(;a)d9®d0.

Now we use the metric to compute the length of the singular set {(605_1(422(;9\))*41(9) ,0)}, where ¢
belongs to some open interval. »

Case (2(6) # 1. Let v(0) = (== (<22(§))7<1 (9),9), which is a parametrization of the singular
set. Then the square of the velocity at 0 is

/ 2 . / 2
V(O = [¢0)]° - 2aqb(9) + 2 b;r 1_Ll bqb(f)] o0 foran 6, (2.10)
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where

() = [ @) —G@)] 60 G)
! 2) 2MI-GO) 2\

Formula (2.10) shows that the parametrized curve () of the singular set has a positive length.

Case (2(f) = 1. We parametrize the singular set by v(0) = (%;)_Clw), 9) for € > 0. It

is easy to see 7/(0) = (_%@, 1). When ¢ — 0, the metric

1 2
I:ds®ds—st®d0—Zd€®d5+(;a)

df ® do

degenerates to I =ds®ds. -
Then the square of the velocity at 6 is |7/(8)|” = [414(/{92)] . Thus, if (1(0) = ¢; and (2(0) = 1,

the length of the parametrized curve y(6) of the singular set is zero. This result coincides with
the singular set for the Pansu sphere being isolated. We conclude the above discussion with the
following theorem, an analog of [5, Theorem 1.7].

’ 2

Theorem 2.7. The singular set of a constant p-mean surface with H = ¢ # 0 is either

(1) an isolated point; or

(2) a smooth curve.

In addition, an isolated singular point only happens on the surfaces of special type I with (1 =
const, namely, a part of the Pansu sphere containing one of the poles as the isolated singular
point.

Theorem 2.7 together with [5, Theorem 1.7] are just special cases of [2, Theorem 3.3]. How-
ever, we give a computable proof of this result for constant p-mean surfaces. We also have
the description of how a characteristic leaf goes through a singular curve, which is called a “go
through” theorem in [2]. Suppose po is a point in a singular curve. From the above basic facts,
we see that a characteristic curve v always reaches the singular point pg going a finite distance.
From the opposite direction, suppose 7 is another characteristic curve that reaches pg. Then
the union of ~, py and 4 forms a smooth curve (we also refer the reader to the proof of [5,
Theorem 1.8], they are similar). We thus have the following theorem.

Theorem 2.8. Let 2 C Hy be a constant p-mean surface with H = ¢ # 0. Then the character-
istic foliation is smooth around the singular curve in the following sense that each leaf can be
extended smoothly to a point on the singular curve.

Making use of Theorem 2.8, we have the following result.

Theorem 2.9. Let ¥ be a constant p-mean surface of type II (III) with H = ¢ # 0. If it can
be smoothly extended through the singular curve, then the other side of the singular curve is of
type III (II).

Therefore, we see that a surface of general type I1 is always pasted together with a surface
of general type II1] at a singular curve and vice versa.

3 Rotationally invariant surfaces in H;

Let X(s,6) be a rotationally invariant surface in H; generated by a curve y(s) = (z(s),0,%(s))
on the xt-plane, that is, ¥ is parametrized by X(s,0) = (x(s)cosf,x(s)sinb,t(s)), where
2’2 + "2 = 1. Here ' means taking a derivative with respect to s.
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3.1 The computation of H, o, a and b

Now we consider the horizontal (see [3, Definition 1.1]) generating curve
A(s) = (z(s) cosO(s), x(s)sinb(s),t(s)).

Lemma 3.1. 7 is horizontal if and only if t' + 226’ = 0.

Proof. Note that at the point 7(s),

00 0
€1 = . +y1£ = + z(s) sm@(s)az,
. 0 0 0 0

€y = aiyl — $1& = aiyl — ﬂf(S) COSG(S)&,

and direct computations imply

¥ (s) = (2" cos — z¢'sinf)é1 + (2" sin @ + z6’ cos)éa + (¢ + wQG')T,
and hence 7/(s) € ¢ if and only if ¢ + 226’ = 0. [

Let § be the horizontal arc-length of §(s). We can thus re-parametrize the surface (s, 0)

to be

$(5,0) = (x(s) cos0(s) cos § — x(s) sinO(s) sin §, z(s) cos f(s) sin §

+ 2(s) sin 0(s) cos 0, (s)),

with a compatible coordinate system

0 Js
=5 25%7

Moreover, we see ||? = x%f#, so that we may choose s such that ‘dz(;)‘ =1, that is,
ds Va2 172

= = |7(s)] = T———. (3:-1)

ds T

el where X, = (1:’ cos ¢ — xf’ sin <Z>)é1 + (a:’ sin ¢ + x6' cos (b) és.

Manipulating 3 to be

2 (s, QN) = (z(s) cos(6(s) + 5),3:(5) sin(0(s) + ), t(s)), (denote ¢ = 6(s) + é)

and obtain

d d
Y= d—f(w’ cos ¢ — x0' sin ¢)é1 + dff(a:’ sin ¢ + x6' cos (;S)ég,
5 5
Y5 = —xsin¢é; + x cos péz + a:288.
z
Then
e1 =Xz = #(wl cos ¢ — 6’ sin qb)él + %(x' sin ¢ 4+ 26’ cos gzb)ég (3.2)
Vz2z? + 12 ds ’
d
es = Je; = m(:ﬂ cos ¢ — z0' sin (b)ég - d—;(x' sin ¢ + 6’ cos <Z>)é1. (3.3)

The fact that f}% € TY implies aeg +T = av'1 + a?X5 + bV 1 + o?%;. Using (3.2), (3.3) and
comparing the coefficients of é1, é2, and T', respectively, one sees
t/ 1 x’
a= , b= ———, 0= ——, (3.4)
V1 + o2V + t2 x2V1+ o? Va2z? + 2
and hence, from the first equation of the integrability conditions (1.1), we have
3 (!4 141 13
2 (zt" —2"t) + ¢
H=- ( )3/2 . (3.5)
z{z?2? + 12}




On Invariants of Constant p-Mean Curvature Surfaces in the Heisenberg Group H; 13

3.2 Another understanding of energy E

In this subsection, we assume moreover that the rotationally invariant surface ¥ is of constant
p-mean curvature. We consider the relation between the integrability condition and the energy
discussed in Ritoré and Rosales’ paper [8]. The integrability condition as — $bs + \/1637 =0

indicates that

az a cQo -
= b+ —— ) ds 3.6
/ < b b2 b1+ a2> (36)

is a constant. Then we have (3.6) computed as
%z’

a _
el [o2a + t/st -

which clearly says that ¢ + Az? is constant. The constant 7+ Az? interprets the energy E based
on Ritoré’s discussion. Indeed, we have

a a
b + c/xx'ds = 5 + )\xz, up to a constant,

b Va2x2 + 2

that is, t; = E — Az2. One sees

E + Xz =tz + M2, (3.7)

t=F35—\ / z2ds. (3.8)

3.3 The Coddazi-like equation

2,12
% and convert « to be of the general form

For later use, we calculate 1+ a2 = ey

i s (3.9)
0= — = .
A /.T2[E/2 + tl2 T
Note that « satisfies the Coddazi-like equation aisz + 6y + 4a® 4+ o = 0, where ¢ = 2\. Then
this ODE immediately shows

L3335

=4 3:”;“; + CQ% = 0. (3.10)

2

The equation (3.10) is manipulated to be (zzss + (25) + 7:32)5 = 0, which gives
(xz)gg + 2a? =k, for some constant k. (3.11)
Let u = 22, then (3.11) becomes a second-order inhomogeneous constant coefficient ODE
uzz + Au = k. (3.12)
(I) Suppose ¢ # 0, the homogeneous ODE w35 + c?u = 0 has the general solution u;, given by
up, = ki sin(c§) + ka2 cos(c§) = rcos(cs — ¢1), (3.13)

where r = \/k‘% + k:% and rsinc; = k1. One also notes that u, = C% is a particular solution
to (3.12), and hence

k
2 =u= — +rcos(cs — c1). (3.14)
c
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(I) When ¢ = 0, it is clear that (3.11) becomes (z?)_. = k, which implies

55
2% = k5% + 2k15 + ko, (3.15)
for some constants k, k1 and ks.

Example 3.2. If k = 0, k; = 0, then (3.15) yields z = /ks. On the other hand, (3.16)

suggests 0 = % = \/% > 0, which is a contradiction. We conclude that there are no such

kinds of p-minimal surfaces (k = 0, k; = 0) which are rotationally symmetric. In this case,
« vanishes so that it corresponds a vertical cylinder surface which is absolutely not p-minimal.

3.4 The relation between k and F

Assume that ¢ = 2\ # 0. We write (3.5) as
.733 (:E/t” _ x”t’) 4 75/3

-2\ =
x{x2$’2+t/2}3/2
2(t' N\, .12 / 3
ol e 1 xt
) s ( ) L+ D (3.16)
{x2x’2+t’2} T 1/$2x/2_|_t/2
where
I xz(i—l,)/x’Q 1 xt! 3
1 {33‘211,‘/24-75/2}3/2’ 2= x4 22 +t/2 '

From (3.14), taking a derivative with respect to s, we have

,  —crsin(cs — ) Vala? + 12

x 542 (3.17)
On the other hand, (3.7) implies
2002 442

= 52y FE .

By means of (3.14), (3.17),(3.18) and (3.1), after direct computations, we have
208\ 12
I = 2* () @ —
{IQ:E’2+7§’2} /

_ ( 2z(E — Az?) )l (cQ'r2 sin? (€8 — ¢1) (22" + t’2)>

—crsin (¢§ — ¢1) 4t

1 <_2x2x/ (4re?a’ — 22/ (B — \a?)) <x2 5 M2)2>

T 42 xta’?
+ 2(E - )\xQ) (02;102 — k)),

and from (3.7), we have

= —_— —_—— = —_— —_ €T .
2 :174 A /IL’QJ,‘IQ + t/2 1'4

Therefore,

ﬁ ((—4c — 2E¢® — 2c + ck)z* + (8AE® + 4E — 2Ek)a?),

which implies k = 2cE + 2.

22=5L + 1, =
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3.5 Horizontal generating curves for ¢ # 0

In this subsection, we will show that k, and hence the energy E, has a lower bound. A horizontal
generating curve of a rotationally invariant constant p-mean curvature surface is a geodesic curve,
which is parametrized by

1
—sin(cs) + xo

C
. 1 Nl
5(3) = - cos(c3) + & + vo (3.19)
1 -
<02 + ccy20> sin(c8) + %cos(cé) — z + 012 - %0 + to

for some (z9, yo,to), where § is a horizontal arc length parameter.
Suppose that v(s) = (z(s),0,¢(s)) with > 0 is the corresponding generating curve, we have

2

1 ? 1 1
— ( sin(e8) + xo) + (— cos(cs) + — + ya)
c c c

2
o ., . 1+ cyo . 9 1+ eyo 1
_ 920 _9 L
. sin(cs) ( 2 > cos(c8§) + x5 + < . + 2

=rcos(c§ —c1) + =

where

k=14 (cxo)® + (1+cyo)® > 1,

2 1 22 2
=62 (2 (M) - 2V e - 2

zq 2( 1+cyg )
. . - 2
and ¢j is a real number such that sin¢; = S, co8C0 = ——F

3.6 The invariants ¢; and (, for surfaces with ¢ # 0
Ifr=0,then k=1, 20=0, yo = —%. Thus, (3.19) implies

1 1 s T
N S T | N
y(5) <c sin(c3), . cos(c3), ; + 2 + 0> ’

which generates a cylinder. We assume from now on that r # 0. Taking the derivative with
respect to § on both sides of (3.14) to have 2zz; = —rcsin(cs — ¢1). Together with (3.9), we
have « of the general form as follows:

rrz  —rAsin(cd —c1)  Asin(es —eq)

2 c% + rcos(cé — cl) B ca — cos(cs — 01)7

where ¢y = —%.

In this subsection, we want to normalize a and b such that they have the forms looking
as (2.8) and (2.9), respectively. Together with (3.4), (3.14) and (3.7), we have

t/ (E )\> 1
a = = _—— w—->>>
V1 + a2V x222 + 172 z? V1+a?
o1 1 1

22V/1+ o2 C%—Frcos(cé—cl) V1+a?
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Thus we choose the normal coordinates {§, é} with § = § + F(H), 0 = \I’(é), such that
F’(é) =-FE, \If’(é) = —2)\2%r. Then we have

_ -\ : 2)2 1
@ = —F—, = ~ )
V14 a? (—%—cos(cs—cl)) V14 a?
with
- Asin(es — ¢1) _ Asin(cs — ¢ — f—f)_
cg — cos(cs — c1) co — cos(c§ —c] — %)
that is,
. 2E0 = k 2cE + 2
) =—c — — l)=co=—F=—"—+—. 3.20
GO)=—a-— Q) =c=-3 Z (3.20)
If £ =0, then k£ = 2, thus the surface has the generating curve defined by
i 2 +rcos(cs§—c)=r 2 + cos (¢5§ — 1)
c? c2r ’
2
t=—-X\ <02§ + gsin (c5 — cl)> ,
with (3 (9) = —c1, Cg(é) = —% < 0. Therefore, we see that z2 > 0 < cos (¢ — ¢1) > G 9_),
which means that the generating curve (z,t) is defined on the whole R if and only if (» (9) < —1.

In particular, if (o (0_) = —1, it is the Pansu sphere.
If E#0, then k = 2cE + 2 and (3.20) implies that

2F

¢1(0) = —=— > ¢2(0). (3.21)
cr
For any constants 7, and 72 with n; > 12, we obtain the unique solution to the equation system
2F 2ck + 2
- =, —— . =N
cr c’r

3.7 The allowed values of kK and F with ¢ =0

In this subsection, we shall show what possible values can k& and E attain. Assume that ¢ =
2\ = 0. We write (3.5) as

B 3 (x’t” - x”t’) + '3 B 1,2(%’,)/1,/2 1 2t 3 _ ;
74 VaZi?2 £ 2 ) 1+ Lo

- x{mgx’2+t’2}3/2 - {$2x/2+t/2}3/2 +x4

Taking a derivative of (3.15) with respect to s, we get

ks k1) 2012 75—/2
o = B k)Vara? + 17 (3.22)

2

On the other hand, from (3.7), we have

E\/ 212 t/2
P e (3.23)
X
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By means of (3.15), (3.22),(3.23) and (3.1), a direct computation gives

20\ 12 2 _ 2
I = x (I,)x _ 1 (E(x E)—k:E>,

- {x2x’2+t’2}3/2 22 x2

and (3.7) implies

/ 3
2= 1'4 ‘/£C2.’L'/2 +t/2 - x4 ’

Therefore, 0 = I1 + I, = E(igk), which says that
E=0 or k=1. (3.24)

The equation (3.7) says that ¢t and E§ are differed only by a constant. If F = 0, then ¢t is
constant, which gives us that ¥ is a plane that is perpendicular to t-axis.
3.8 The invariants ¢; and (> for surfaces with ¢ =0 and E # 0

If E = 0, the surface is a perpendicular plane to the t-axis. Therefore, in this subsection, we
assume that F # 0, and thus, from (3.24), we have £ = 1. Then one rewrites « to be

TT5 S+ k1
2 (5 + k‘l)2 + (k‘g — k‘%) .

From (3.15), we have 1—12 = ﬁ > 0. We want to normalize a and b such that they have the

form specified in [5, Theorem 1.3]. Together with (3.4) and (3.7), we have

t <E> 1 b
a = = _— —_— y
V1 + a2V/x2a22 + 172 22 ) 1+ a2
b 1 o ||

2V1+a?2 G+k)Vi+a?  (5+k)VI+a?

Thus we choose the normal coordinates {5, 0_} with § = 54T (é), 0= \Il(é) such that F’(é) =—F,
v’ (5) = 1. Then we have

_ o
@=0 b_y§+k1’\m
with
o 5+ ki _ f—r(é)wl
(k)24 (ke —k7)  (5-T(0) + k)2 + (k2 — k)’
that is,

(1 (5) = ki + E6, which is linear in 6,
(o (5) = ko — k‘%, which is a constant, denoted as (s.

From (3.15) and (3.7), we conclude that the generating curve is defined by

2 = (5+k1)? + G t = L5, up to a constant. (3.25)
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Remark 3.3. We remark that for A = 0, two kinds of p-minimal surfaces are presented depend-
ing on the energy E. When FE = 0, t in (3.16) is constant and then one obtains a plane that is
perpendicular to the t-axis. On the other hand, if E # 0, we have p-minimal surfaces generated
by curves defined by (3.25). For A # 0, substituting (3.14) in (3.8), we see

k
t:Eé—A/( + 1/ k3 + k2 cos(c s—cl)>d§
_<E_k>§_wk%+k%

75 5 sin(2A§ — ¢1) + const.

In the case A # 0, we give the following two examples.

Example 3.4. We choose ki, k2 in (3.13) so that \/k? + k3 = —C%, and then (3.14) implies

xzié%sin()@—?).

Moreover, if E =0, then t = —£§ + & sin(2As — ¢1), which is a scaling sphere.

The other two integrability conditions (see [5, equation (2.13)]) are

bs 5 55 + 6aaz + 40 + aH?
R PR H; + b, — 2T 0aas + 207+ a7 (3.26)

S
b 1+a?’ o V1+a2
We rewrite the first equation in (3.26) as

QO bg

— 4+ = =0.
1402 b

2c0 +

Integrating on both sides to see that

oo bs -
9 s 408
/( a+1+a2+ b)ds

is a constant. More precisely, in terms of =, 2/, t, t/, we write

5 bs\ . 5 bg _
/2 (a + aa + > ds = / (2 + aa ) ds = ln(be\/ 1+ a2) + const.

1+a?2 b 1+a2 b

The conclusion is that ln(b:pQ\/l + a2) is a constant, which also follows from (3.4).
Suppose H is constant. The second equation of (3.26) is exactly azs +6aaz +4a3 +aH? = 0.
Using (3.9), this ODE becomes (3.10), which has been discussed previously.

4 The construction of constant p-mean curvature surfaces

In this section, we construct constant p-mean curvature surfaces by perturbing the Pansu sphere
in some way. Recall the parametrization of the Pansu sphere (2.3). For each fixed angle 6, the
curve lp defined by lg(s) = (z(s) cos@ — y(s)sin b, z(s)sin @ + y(s) cosb,t(s)) is a geodesic with
curvature 2). Let C be an arbitrary curve C: R — H; given by C(0) = (z1(0),z2(0), z3(0)). For
each fixed 0, we translate ly by C(f), so that the curve L¢g)(lg) is also a geodesic curve with
curvature 2. Then the union of all these curves Y¢ = Uch(g) (lp) constitutes a constant p-mean
curvature surface with a parametrization

Y (s,6) = (z1(8) + (z(s) cos @ — y(s) sin ), x2(0) + (x(s) sin 6 + y(s) cosb),

(
z3(0) 4+ t(s) + z2(0)(z(s) cos @ — y(s) sin )
—21(0)(z(s)sin€ + y(s) cosf)). (4.1)
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By a straightforward computation, and notice that

2'(s) cos§ — y/(s) sin @ = cos (2As + ), 2'(s)sinf + y/(s) cos @ = sin (2\s + ),

1
x(s)cos — y(s)sinf = —ﬁ(sinﬁ —sin (2As + 0)),
x(s)sin € + y(s) cos§ = %(0059 —cos (2As + 6)), 22(s) + y2(s) = 2—1\2(1 — cos 2)s),
we have

Yy = (2/(s) cos @ — ¢/ (s) sin0)é1 + (2(s) sinf + 3/ (s) cos ) é2|y (s 0)
= cos (2As + 0)é1 + sin (2As + 0)éq,
Yy = (21(8) — x(s)sinf — y(s) cos0)é; + (z5(6) + x( )cosf — y(s)sinf)és + (©(C'())
+ 2a%(6) (2(s) cos 0 — y(s) sin ) — 22 (6) (z(s) sin 6 + y( ) cos 0) + z2(s) + yQ(s))T

= (z'l(G) 21>\ (cosf — cos (2As + 6)) > é1+ (az — — smH —sin (2As + 9)))
+ (@(C’(G)) - x’z(ﬁ)/l\(smé —sin (2As +0)) — (0 ) (cos@ —cos (2As + 6))

1
+ﬁ(1 — cos 2)\3)> T.

Therefore,

sin 2\s
2

+ [cos (2As + 0) (Y, TH]é1 AT + [sin (2As + 0)(Yy, T)]éa AT

Y AYp = |2h(0) cos (2As + 0) — 27 (0) sin (2As + 0) +

:|é1/\ég

= |A() cos2As + (21)\ — B(9)> sin 2)\8] é1 N ég

+ [cos (2As + 0)(Yp, T)]é1 AT + [sin (2As + 0)(Yp, T)]éa A T, (4.2)

A(0) = 25(0) cos § — 2 (0) sin 0, B(0) = 25(0) sin @ + 2 (0) cos 0,

Yy, T = % KB(Q) ;A) cos 2\s + A(0) sin 2\s + D(H)} ,

D(0) = XO(C'(0)) + (;A — B(a)) : (4.3)

From (4.2), we conclude that Y is an immersion if and only if either
1
[A(G) cos 2\s + (2A - B(H)) sin 2)4 #0 or (Y, T)#0.

For the constructed surface Y in (4.1), we always assume it is defined on a region such that Y is
an immersion and Y¢ is the constant p-mean curvature surface defined by such an immersion Y.
A point p € ¥¢ is a singular point if and only if <Y}9, T> = 0. Thus at a singular point, we must
have

[A(H) cos 2As + (2& _ B(@)) sin 2)\3} £0.
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Now, we proceed to compute the invariants for Y. From the construction of Y, we see
that (s,0) is a compatible coordinate system and we are able to choose the characteristic direc-
tion e; = Yy, and hence

= Je; = —sin (2As + 0)é; + cos (2As + 0)é2
The a-function is a function defined on the regular part that satisfies
aes + T = aV/1+a?Y; + v/ 1+ a2Yy = av/1+ a2e; +bV1 + 0%V
for some functions a and b. This is equivalent to, comparing the alike terms,
—asin (2As +60) = av/1+ a2 cos (2As + 0)
b/1tal (
acos (2As + 0) = a1+ a?sin (2As + 0)
+bV1+ a2 (x;(e) -
1=0bv1+a2(Yp,T).
We thus have

—2X (2 (0) cos(2As + 0) + 24(6) sin(2As + 6)) — (1 — cos 2As)
221+ a2(Yy, T) ’

1
2)\ (cos @ — cos (2As + 0)))

%(sin& — sin (2As + 9))) ,

a =

1
= 7 +7a2<}/07 T> )
5(0) cos (2As + 0) — ' (0) sin (2As + 0) + S22
(3.1
A(0) cos 2)s + (55 — B(0)) sin2)s
(B(8) — 55) cos2As + A(f) sin2s + D(6)

=A

(4.4)

Let V = (A(8), 5 — B(9)) and [V = \/[A(6)]2 + [ — B(6)]%. ItV = 0, thena = 0. TtV #0,

then we can write ﬁ = (sin (), cos ((0)), for some function (). The functions «, a, and b
can be further written as
sin ¢(0) cos 2As + cos ((0) sin 2As sin (2Xs + ¢(0))
o = =A )
—cos((0) cos2As + sin ((0) sin 2As + % G(0) — cos (2Xs + ¢(0))
—2)\[sinC( ) sin(2As) — cos ((0) cos 2As] — ﬁ
‘T 1+a2[m—0052/\3+f( )]
2NV || cos(2As + ((0)) —
2HVH\/1 + a2[G(0) — cos(2)s + C(G))]’
b 4] _ 14
VIt a2[) — cos(2hs +¢(0))]  VI+a[G(6) —cos(2As + ((9))]
where
G(0) = D6) _ D(6) (4.5)

VI + (5 - Be)”
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Next, we normalize the three invariants «, a, and b. Firstly, we choose another compatible
coordinates (5 = s +I'(0), & = ¥(0)), for some I'(#) and ¥(6). From the transformation law of
the induced metric a = a + bI'' (), b = b¥’(h), this can be chosen so that

=2\|[V(@)|GO)+1 1

r'(9) = o =5y ~ D),

or equivalently,

() = % - /D(a)de.

If we further choose ¥ such that 0 = W(0) = 2) [||[V(0)|df, then in terms of the compatible
coordinates (§, 0), the three invariants read

) Y ) 2\
TV T VIR @G (0)) - eos[2As - 2AL(0 1 (3) + (¥ (3)])
. sin(2)5 — 2AT(8) + ¢ (¥~ ()))

G(T=1(0)) — cos[2X8 — 2AT(T-1(0)) + ¢(T-1(0))]

where D and G are defined in (4.3) and (4.5), respectively.
We summarize the above discussion as a theorem in the following.

Theorem 4.1. The coordinate system (s,0) for Y in (4.1) is compatible. If V' =0, then a = 0.
If V # 0, then the new coordinate system (§, 9), where § = s+ 1'(0), 0 = V(0), with

_/D(e)de, v (0) —2)\/|]V(9)Hd9,

is normal. In terms of the normal coordinates, the invariants of Y are given by
G(0) = (U (B) ~20(81B)). () = G (7). (45)

Particularly, in order to have constant (i (é) and nonzero constant (o (é), Theorem 4.1 sug-
gests the constant p-mean curvature surfaces deformed by curves

C(0) = (21(0), 22(0), z3(0)) = (; sinf, — § coso, T(lv ) 9) , (4.7)

where r # % More precisely, we have the following proposition.

Proposition 4.2. For any curve C(0) defined as (4.7), the deformed surface Y (s,0) has both
constant tnvariants (q (0) and Cg( ) #0.

Proof. We argue by assuming (» (0) =(isa constant r1(0) = §sinf , and x9(0) = —5 cos
for any r # 3. Then (4.3) implies A(f) = 0, B(¢) = %, which leads to HVH ‘1 2T| . The second
equation of (4.6) shows that D(#) = (2||V||, and hence

¢1(0) =sin™! (ﬁ) —2) (;A - /D(Q)d@) =0 +/<21 — 2r|df

= ((2|1 — 2r| — 1)0 + const.

In order to have Cl( ) being constant, we must have C2|1 —2r| = 1. It is clear to see that (2 # 0
and r # 0. The system (4.6) immediately shows D(#) = 3, which gives 2(6) = T(l ) , by (4.3).
Namely, z3(0) = T(l 726 + const.

Moreover, the new coordinates can be obtained by

0 =U(0) =|1—2r|0+ const and '),

up to a constant. |
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5 Examples

It is easy to see that the Pansu sphere can be obtained by deforming the following curves

C1(0) = (0,0, const) or Ce(0) = (1\

1
—sind, DY cos 6, const> .
Using a similar idea as Theorem 4.1 and Proposition 4.2, we obtain curves C(¢) that result
in constant p-mean curvature surfaces with constant (o and linear (; (9) in Sections 5.1 and 5.3.

We collect C(6) in Tables 1 and 2 as follows.

Table 1. Examples of C(0) for constant p-mean curvature surfaces.

C(0) constant ¢y linear ¢4
(5 sinf, —% cos b, T(l)\;r) 0)
G>1 O<r<lr#s3 m # 1: (z1(0),z2(0), z3(6))
sin sin((m—1)60
G2 = |1—127“| x1(0) = 2,\9 - M
1‘2(9) _ _cosf _ cos((m—1)6)
=1 Pansu sphere 22 2Ak(m—1)

_ 1+k%2(m—1) sin(m#)
z3(0) = DRm=1)0 ~ DZhm=1)
(% Sin@,—%cos@, T(I_T)Q) m=1: (sinG 0 cos @ k0796059)

A2 2X T 22k’ 23 4Nk
0<G<1 r<Oorr>1 ¢1 =mb + const and (o =k >0
_ 1
<2_|1—27~|
(%’O’g_&) ( 0. sin 6 (9+ 0))
cos#,sinf, — 55T
(=0 B =1In|secf + tan 6| 207
=0 (1 = —0 + const
1:

Table 2. Examples of C(6) for p-minimal surfaces.

c() constant ¢y linear (3
(rsinf, —rcosf, z(0))
G2>0 type I 2(0) + 12> 0
(1 =-—rb
(rsinf, —rcosf, z(0))
(2<0 type II, I1I 20)+12 <0
G =-—rb
degenerate case: (—0, 0, W)
special type I or
entire graph: v =0
special type 11 u=xzy+ g(y)

5.1 Examples of constant p-mean curvature surfaces

Proposition 5.1. Given any curve

1 . 1 k—1
CH) = ()\ sin 6, —, eos 0, WH + const> ,
the deformed surface Y (s,0) has the invariants ¢y (9) = (k — 1)0 + const and (o (5) = k,
where k € R.
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Remark 5.2. It is easy to see that the surfaces obtained by curves given in Proposition 5.1 are
not rotationally symmetric since (; =k — 1 < (2 by (3.21).

Proposition 5.3. For any constant k > 0 and m, there exist constant p-mean curvature sur-

faces Y (s,0) defined as (4.1) with invariants (1(6) = mb + const and (3 = k.

Proof. It suffices to solve the system (4.6). In order to obtain a surface with linear ¢; () = m#é
for any given nonzero constant (; = k, we assume
1 1 1
A(0) = E sin(m#) and o~ B(9) = % cos(m@). (5.1)

It results in ||V = 5, and

¢1(f) =sin! <m> — 2\ <;A — /D(e) d0> =mb — 0 + 2)\/C2(0)\|V|] de

1
—mb— 6 +2 _dh = .
mb — 6 + )\k/2)\k df = mb + const
Next we solve for 2 (0) and z4(0) from (4.3), that is,
1 1 1
Nk sin(mf) = x4(0) cos§ — z(0) sin 0, X cos(mb) = x4 (0) sin 6 + z (6) cos 6.
It is easy to see that
1(6) = = cos(8) — —~—cos((m — 1)), 2h(8) = — sin(6) + —— sin((m — 1)6)
T 9 ok o o TR T P gy !
and hence for m # 1,
1 1
I (0) = ﬁ Sln(@) — m Sin((m — 1)0) + COHSt,
1
x2(0) = ~3x cos(f) — 1) cos((m — 1)8) + const. (5.2)
The equation (4.3) also suggests
(0 = 1+ k%(m—1) __mcos(mb)
3 AN2k2(m — 1) 4X2Kk(m — 1)’
and then we have
1+ k*(m—1 in(mé
x3(0) = + k- (m — 1) sin(mé) + const. (5.3)

T ANE2(m—1) 4X2k(m — 1)

Therefore, deforming such curves C(6) = (z1(0),z2(0),z3(0)) defined by (5.2) and (5.3) gives
surfaces with nonzero (o = k and linear (;(0) = m# + const for all m # 1.
When m = 1, direct computations from (5.1) imply

1 1
x1(0) = ) sin(f) — % + const, x2(0) = BTN cos(6) + const,
k6 — 6 cos 6
0= "pe "

Example 5.4. If
C(0) = (x1(0), 22(0), x3(0))

1 Cs 1
=(-=1 —1 0 ——0
<4/\ n|sec€+tan0|+63,04,4)\ n |sec6 + tan 6| e —|—C6>,

then ¢; (0) = 0, ((f) = 0.
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5.2 Basic properties of surfaces of special type I

For p-minimal surfaces of special type I, we have the first fundamental form, in terms of normal
coordinates (z,y),

1 2
I=de®ds+ (T) dy @ dy,
(0

so that I degenerates along the curve where o blows up. Recall that the parametrization of the
surface Y is
Y(r,0) = (x(0) +rcosb,y(0) + rsinb, z(6) + ry(0) cosd — rz(f) sin 6).
We have
Y, = (cos@,sin 6, y(f) cosd — x(0) sin ), Yy = (2/(0) — rsind,y'(0) + rcos b, *),
where

x = 2'(0) + ry'(0) cos @ — y(0) sin @ — 2’ (#) sin§ — x(0) cos .

Then
i j k
Y, x Yy = cos 0 sin 0 y(0) cos @ — z(0) sin 6
2'(0) —rsin® o' (0) + rcosb *

= p(sind(y'(9) cos§ — z'(6) sinf) — y(6),
—cosB(y'(0) cos — 2’ (0) sin ) + z(6),1),
where p =7+ (y/(6) cos§ — 2/(f) sin ). For p-minimal surfaces of special type I, we have
1
Tt (y/(6) cos @ — a/(#) sin )
Therefore, Y, and Yy are linearly dependent along the curve when a blows up.

For constant p-mean curvature surfaces of special type I, (4.2) and (4.3) immediately imply
that Ys; A Yy = 0 if and only if

1
0= A(f) cos2As + (2/\ - B(9)> sin 2)s,

_D() = — <21A - B(9)> cos 2\s + A(6) sin 225,

that is,

cos2As  sin2)\s AG)/|V]] B 0

sin2As  —cos2Xs) \ (gx — B(9))/IIVIl) ~ \-G(H))"
This implies that Y A Yy = 0 holds if and only if G(f) = £1, namely, it happens only on the
surface Y of special type I at points where the function a blows up.

5.3 Examples of p-minimal surfaces

In what follows, we give some p-minimal surfaces of special type II (i.e., (o < 0 and linear (7).
We first recall in [5] that C(6) = (z(0),y(0), z(0)) satisfying

¢1(0) = —T'(0) + v/ (0) cos § — 2’ sin b,
(2(0) = 2/(0) + 2(0)y/(6) — y(0)'(8) — ((6) cos 0 — /(6) sin6)?,
where T'(0) = [2/(0)cosd + y'(#) sin §dg, will result in a p-minimal surface. For any nonzero

r € R, if x(0) = rsin€ and y(f) = —rcos@, then I'(0) = rf (up to a constant), (1(0) = —r6,
and (2(6) = 2/(0) + r2. We choose z(f) such that z'(6) + r? < 0 to have negative (o.
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