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Abstract. The Ooguri—Vafa space is a 4-dimensional incomplete hyperkahler manifold,
defined on the total space of a singular torus fibration with one singular nodal fiber. It has
been proposed that the Ooguri—Vafa hyperkahler metric should be part of the local model of
the hyperkéhler metric of the Hitchin moduli spaces, near the most generic kind of singular
locus of the Hitchin fibration. In order to relate the Ooguri—Vafa space with the Hitchin
moduli spaces, we show that the Ooguri—Vafa space can be interpreted as a set of rank 2,
framed wild harmonic bundles over CP!, with one irregular singularity. Along the way we
show that a certain twistor family of holomorphic Darboux coordinates, which describes the
hyperkahler geometry of the Ooguri—Vafa space, has an interpretation in terms of Stokes
data associated to our framed wild harmonic bundles.
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1 Introduction

This work originated as an effort to understand, in an explicit way, the hyperkahler metric of the
Hitchin moduli spaces My;; associated to a (possibly punctured) compact Riemann surface C'
[2, 17, 20, 30]. See also the foundational work [7, 8, 36, 37]. Roughly speaking, My, parametrizes
equivalence classes of harmonic bundles. The latter are tuples (E ,0R, 0, h), where (E , EE) - C
is a holomorphic bundle, # is an endomorphism valued (1,0)-form 6 € Q19 (C, End(E)) known
as the Higgs field, and h is a hermitian metric on F — C such that the Hitchin equations are
satisfied

F(D(0g,h))+[0,0™] =0,  9g(0) =0. (1.1)

In the above equation, F (D(EEJL)) is the curvature of the Chern connection D(EE,h) on
(E ,0R, h) — C, and tj, denotes the adjoint with respect to h. Furthermore, if C' is has punctures,
then appropriate boundary conditions should be imposed at the punctures. In the original work
of Hitchin [17], the equations (1.1) were obtained by dimensional reduction to 2 dimensions of
the self-dual solutions of the Yang-Mills equations over R*. The hyperkéhler structure was then
obtained by interpreting My as a hyperkéhler quotient of an infinite-dimensional hyperkéhler
affine space by the action of an infinite-dimensional gauge group, where the hyperkahler moment
map is determined by the left hand side of the two equations in (1.1).

The moduli space Myt also carries the structure of a complex integrable system 7: Mpyg;; —
Brit, known as the Hitchin integrable system. Namely, with respect to one of the complex
structures of the hyperkahler structure of My, m: Muyx — Bgiy is a holomorphic fibration,
Mt is holomorphic symplectic, and the generic fibers of 7 are compact Lagrangian tori. There
is a divisor Bsing C Bmhit, where the fibers become singular.
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Besides their purely mathematical interest, the Hitchin moduli spaces arise in several contexts
in the physics literature (see, for example, the references mentioned at the beginning of [32]).
Of special interest to us is its appearance in a certain class of 4d A/ = 2 supersymmetric
field theories, called theories of class S [13, 14, 32]. More precisely, they arise as moduli spaces
associated to theories of class S compactified on a circle S'. From this picture several conjectures
about the behaviour of the hyperkahler metric on Mpy;; arise:

e One one hand, it is expected that away from 7! (Bsing) C MHit, the metric can be asymp-
totically approximated by a certain explicit and simpler semiflat’ hyperkéhler metric, up to
exponentially suppressed corrections. For a more precise statement of the conjecture and
works where this has been proved in certain cases, see [9, 10, 11, 23, 29]. If Byeg := B—Bging,
then the semiflat metric is defined on w_l(Breg) and it is purely determined by the affine
special Kéhler geometry on Bieg [10].

e On the other hand, near the most generic singular locus of Wﬁl(Bsing) C Myt it is con-
jectured that the Ooguri—Vafa hyperkéhler metric should be part of the local model for
its approximate description. The Ooguri—Vafa metric is a 4-dimensional incomplete hy-
perkdher manifold, defined on the total space of a singular torus fibration with a single
nodal fiber. A more precise statement of the conjecture is given in [31, Section 7|, while
in [13, 16, 33] the Ooguri—Vafa metric is discussed in detail.

We remark that this proposed picture of the hyperkéhler metric is very similar to the one
given by Gross—Wilson for the hyperkahler metric of K3 surfaces (see [16]). In the picture of [16],
we have a generic elliptic fibration of a K3 surface f: X — CP' with 24 singular nodal fibers;
the hyperkahler metric of X is then approximated by taking the semiflat metric away from the
singular fibers, and gluing in the Ooguri—Vafa metric in a neighborhood of each singular fiber.

Motivated by these facts, our goal in this paper is to relate the Ooguri—Vafa space with the
objects present in My, namely harmonic bundles (E , 0,0, h). We will find an interpretation
of the Ooguri-Vafa space in terms of a set X of equivalence classes of certain framed wild
harmonic bundles (E,EE, 0,h, g). Roughly speaking, the connection between the two is done as
follows:

e On one hand, the hyperkahler structure of the Ooguri—Vafa space M° can be encoded in
its associated twistor space Z° = M x CP! [18]. In particular, M’ has an associated
twistor family of holomorphic symplectic forms Q°V(¢), &€ € CPL. In [13], the twistor fam-
ily Q°V(€) is encoded via a twistor family of holomorphic Darboux coordinates log(X°V(£))
and log(X9V(€)). The family of complex coordinates X2V (£) and X2V (&) are referred to as
the “electric” and “magnetic” twistor coordinates, and encode the hyperkahler structure

of M°V.

e On the other hand, given a framed wild harmonic bundle (E ,0p,0,h, g) we will associate
a twistor family of framed flat bundles, which in turn has an associated twistor family
of Stokes data (or “generalized monodromy data”). From the Stokes data, we will define
analogous coordinates X,(¢) and X,,(€) for our set of framed wild harmonic bundles X,
and show that X (&) = X2V(§) and &, (§) = X0(£) under an appropriate correspon-
dence of parameters. This last fact was anticipated in [14, Section 9.4.3], and will let us
interpret M°" as a moduli space of framed wild harmonic bundles.

Our main result is the following.

'Here by semiflat we mean that the metric restricted to the fibers of m becomes flat. It is also known as the
rigid c-map metric [12].
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Theorem 1.1. Let M® be the Ooguri—Vafa space with cut-off A = 4i, and let B C C be the
base of the singular torus fibration M® — B. Fizing an affine coordinate z € C C CP?, let

X%(B) .= {[E,05,0,h,g] € X"|Det(0) = —(2* + 2m)dz* with — 2im € B},

and let X(B) ¢ X (B) be the subset of elements with m # 0. Then there is a one-to-one
correspondence between X% (B) and M such that X, = X2 and X,, = X2'. Under this cor-
respondence X% (B) gets an induced hyperkihler structure, whose twistor family of holomorphic
symplectic forms Q(€) restricted to X (B) is described by

CAX(E) | dA(©)
U =300 " En®

Since our identification will use framed wild harmonic bundles, we remark that this set does
not match any of the usual wild moduli spaces Mpyj;. In the usual story of moduli spaces of wild
harmonic bundles over a punctured compact Riemann surface, one fixes the singular part of the
Higgs field and the parabolic structure at the punctures. Under certain stability conditions, one
obtains moduli spaces of these objects, with the natural hyperkdhler metric [2]. On the other
hand, in our set of wild harmonic bundles we will allow the simple pole of the Higgs field and
the parabolic structure to vary. Furthermore, we will have the additional data of a “framing”.
Hence our moduli space must a priori be different from the usual moduli spaces of wild harmonic
bundles. We remark that the moduli space of logarithmic connections equipped with framings
on an n-pointed Riemann surface has been constructed in [3] as a Deligne-Mumford stack, so
an extension of their results to the irregular case should be useful for the present case.

We hope that our interpretation of the Ooguri—Vafa space in terms of wild harmonic bundles
serves as a first step to establish part of the conjectural picture of [13, 14] and [31, Section 7]
mentioned above. For now, we leave the question of the specific relation between the Ooguri—Vafa
metric and the hyperkéhler metric of the Hitchin moduli spaces for future work. Independently
of this problem, we also hope that our construction and methods can be generalized to produce
hyperkahler structures for similar sets of wild harmonic bundles.

for £eC”.

1.1 Summary and strategy of the paper

We start Section 2 by defining the Ooguri—Vafa hyperkéhler space [33] and describe its hy-
perkéhler structure following [13]. This space is built using the so called “Gibbons-Hawking
ansatz” [15]. This ansatz takes a positive harmonic function on an open set U C R? and,
provided some integrality condition is satisfied, produces a principal U(1)-bundle X — U with
connection, whose total space carries a hyperkahler metric. In our particular case, this principal
U(1)-bundle will have an extra Z-shift symmetry. Upon dividing by this symmetry, we obtain
a principal U(1)-bundle of the form 7: X — (B x S') \ ({0}? x {1}), where B is an open subset
of C containing the origin. By adding a point to X, its hyperkdhler structure extends over
{0}2 x {1}, and we call such a space the OQoguri-Vafa space M°". Strictly speaking, the defi-
nition of M°®V also depends on a choice of “cut-off parameter” A € C*, but we omit this point
until Section 2.

From the above discussion, we can also think of M°" as having a projection p: M°Y — B C C,
making it a (singular) torus fibration. More precisely, for points z € BNC* we have that p~!(z)
is a torus, while p~1(0) is a torus with a node (see Figure 1).

Since M°® is hyperkahler, it comes with a twistor family of holomorphic symplectic forms
QOV(¢) for ¢ € C C CPL. In [13], this family is described away from the central fiber p~1(0) via

2

2In more global terms, let Z = M x CP! be the associated twistor space, m: Z — CP! the canonical
projection into the second factor, and Tr = Ker(dw) vertical bundle of 7. Then the family of holomorphic
symplectic forms Q°" gives a holomorphic section of the vector bundle A*Th ® 7*O(2) — Z (see [18]).
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Figure 1. M°" as a singular torus fibration over B C C. The central fiber at 0 € B degenerates to
a torus with a node.

the “electric” and “magnetic” twistor coordinates X2V (§) and X0V (€), satisfying

e dX(E)  dX ()
YO = o) " ame

where d does not differentiate in the twistor parameter {. The coordinates X2V(¢) and X9V (&) en-
code the hyperkéhler structure of M°". In particular, log(X2¥(¢)) and log(X,2Y(£)) are a twistor
family of holomorphic Darboux coordinates for the twistor family of holomorphic symplectic
forms.

While X2Y(¢) is holomorphic in £ € C*, X9¥(&) is only holomorphic in & away from certain
rays that depend on z € B\ {0}. More precisely, if we fix z € B\ {0} and let

for ¢ e C¥, (1.2)

li(z) = {feC*]iz <o},

we then have that X°'(&) is holomorphic in £ away from [4(z), and furthermore it has the
following jumps

()T =X ()71 - X))~ along €€ ly(2),
O =07 (1- AT along £l (2),

where the £+ denotes the fact that we approach l4(z) clockwise or anticlockwise, respectively.
Notice that even though X2V (£) jumps along I+ (z), the form of the jumps implies that Q°V(&)
given by (1.2) is continuous in £ € C*.

Looking forward, we remark that the jumps of X2V () together with the asymptotics with
respect to the twistor parameter as £ — 0 and as £ — oo, will form our guiding principle for
building the corresponding coordinate X,,(§) in the context of framed wild harmonic bundles.
The plan is to set up a Riemann—Hilbert problem like the one in [13], and use the uniqueness of
solutions of such a problem to claim that &;,,(§) = X27(£), under an appropriate correspondence
of parameters between the framed wild harmonic bundles and the Ooguri—Vafa space. The
coordinate X.(£) analogous to X2V(£) will be easier to reproduce, and no Riemann-Hilbert
problem will be necessary.

Once we finish with the necessary details of the Ooguri—Vafa space, we start Section 3 by
recalling the notions of unramified filtered Higgs bundles, unramified filtered flat bundles, un-
ramified wild harmonic bundles, and the main results relating them. The notion of filtered
bundle goes back to C. Simpson [36], and is equivalent to the notion of parabolic bundle due
to Seshadri [24, 34]. Many of the notations and conventions that we will use are the same as
in [26].

After recalling the basic definitions, we will define our set of “framed” wild harmonic bundles.
Roughly speaking our set consists of tuples (E,dg, 0, h, g), where (E, h) — CP' is an SU(2) bun-
dle, (E]C,EE, 0, h) — C C CP'is a wild harmonic bundle, and g is a unitary frame at co € CP".
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The strategy will then be the following;:

e To each (E,EE,Q,h,g) and £ € C*, we will associate a “framed filtered flat bundle”
that we will denote by (Pfé’f,vf,ng) — ((CPl,oo). We will give a more precise defi-
nition of this object later in Section 3. For now, it should be thought as a collection
(P;‘Ef,vf,rg) — ((CPl,oo) indexed by a € R, where P'£¢ — CP! is a holomorphic
bundle, V¢ is a meromorphic (and hence flat) connection with a pole at co given by

V¢ =D(9g,h) + 10+ 0™,

and 75 is a certain frame of P"EE| (see (3.10)).

e To each such (Pfé’f,vfﬁf) — ((CPl,oo), we will associate its Stokes data. Roughly
speaking, the Stokes data will consist of transition functions between certain sectorial flat
frames of V¢ near the singularity (also known as the Stokes matrices), and the “formal
monodromy” of V¢ around the singularity (i.e., the monodromy of the formal diagonaliza-
tion near co). We remark that Stokes data in this sense is usually associated to “compatibly
framed meromorphic flat bundles” as in [4]. We will show that in our case, the Stokes data
can be actually associated to the framed filtered flat bundles that we consider. A reference
for the subject of Stokes data can be found in the classical book [39]. We will follow
mainly [1, 4, 5].

e We will then construct the analog X (&) of X2V(§) by taking the formal monodromy of the
associated framed filtered flat bundle. Furthermore, we will construct the analog A, (&)
of XV () in terms of the non-trivial entries of certain Stokes matrices. We will define X, (§)
in such a way that we get the same jumping behaviour as X;2'(£). The quantities X, ()
and X, (&) will later be shown to be coordinates on X',

As we can see from the description so far, there is a heavy emphasis on the fact that all
of our objects are framed. One of the reasons for taking framed objects, is to achieve that
the non-trivial Stokes matrix entries are actual coordinates on the isomorphism classes of our
objects. Without the framing, only the Stokes data up to conjugation by diagonal matrices is
well defined on isomorphism classes. We should also remark that the idea of using these types of
framed wild harmonic bundles, and using Stokes data to build the twistor coordinates, is heavily
inspired by the observations made in [14, Section 9.4.3].

The rest of Section 3 is concerned with the holomorphic dependence, the asymptotics, and
jumping behavior of X, and A}, which will be needed to match them with X2 and &). More
precisely,

e First, we must show that the coordinates X,(§) and X, (§) that we built out of Stokes
data depend holomorphically on the twistor parameter £. This will be clear for X.(§) due
to the holomorphic dependence of the formal monodromy on ¢ see (3.12). However, since
the formal type of V¢ with respect to the frame T§ has anti-holomorphic dependence in &
(see (3.13)), a more involved argument will be needed to show holomorphic dependence
of X,,,(€). We will require to do a “deformation of irregular values” before being able to glue
the family of framed filtered flat bundles into a meromorphic family in £ € C*. Roughly
speaking, the procedure of deformation of irregular values varies the compatibly framed
flat bundle, while keeping the Stokes data the same (and hence also goes by the name of
isomonodromy). The idea of “deformation of irregular values” goes back to Jimbo—Miwa—
Ueno [19]. A reference where this is applied to the twistor family of meromorphic bundles
associated to a wild harmonic bundle can be found in [26, Chapter 9].

e Second, we compute the asymptotics of X () and X,,,(§) as £ — 0 and as & — oo. While
this computation does not require fancy machinery, it will require some results about
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asymptotic formulas of solutions to the parallel transport equation corresponding to V&.
For this part, we mainly use techniques that can be found in [22, 38, 39].

Finally, in Section 4, we explain the correspondence between the isomorphism classes of our
set of framed wild harmonic bundles and the Ooguri—Vafa space. We will give here a brief
description of how this correspondence works.

We will denote the set of isomorphism classes of our set of framed wild harmonic bundles
by X, For these classes, there is the parameter m € C specifying the simple pole term of the
Higgs field at co € CP?', and a parameter m(3) e (—%, %] C R specifying the parabolic structure
of the associated filtered Higgs bundles. If X' (m, m(?’)) C X' denotes the set of isomorphism
classes with associated parameters m and m(®), then in Proposition 4.4 and Lemma 4.13 we show
that X (m, m(3)) is a U(1) torsor as long as m and m®) are not both 0. When m = m®) =0,
we show that X' (m, m(3)) reduces to a point. The U(1) torsor structure basically comes from
the framing of our objects.

Focusing on the case m # 0, the asymptotics of X, (§) will then give us a natural way to
locally trivialize the torsors. These local trivializations will have, after an appropriate corre-
spondence of parameters, the same transition functions as the U(1) principal bundle appearing
in the construction of the Ooguri—Vafa space. By “appropriate correspondence of parameters”
we mean the following: if (z =zl 422, e%ixg) denotes the canonical coordinates on B x S!, then
we have that z corresponds to —2im and 3 corresponds to m®). The reason for this correspon-
dence of parameters will arise naturally from the specific formulas of the twistor coordinates.
Furthermore, we will see that in the case m = 0 we have the same picture as the singular fiber
of M from Figure 1: %o (O, m(g)) is a U(1) torsor for m®) # 0, and degenerates into a point
for m® = 0. Hence, we are able to identify M with the subset of the elements of X% having
associated parameter m satisfying the condition —2im € B. Our main Theorem 1.1 will then
follow.

2 The Ooguri—Vafa space

In this section, we define the Ooguri—Vafa space [33] and give a description of its twistor coor-
dinates. Most of what we say in this section can be found in [13] or [16], so we will try to be
concise in explaining what we need about the Ooguri—Vafa space.

2.1 The Gibbons—Hawking ansatz

The Ooguri—Vafa space can be constructed using the Gibbons-Hawking ansatz [15]. We start

with an open set U C R3 and a positive harmonic function V: U — R. We let F = 2ri+dV €

O2(U,iR), where x denotes the Hodge star in R3 with the canonical Euclidean metric. We

further assume that the cohomology class [ﬁF | € Im(H?*(U,Z) — H?*(U,R)). Hence we can

find a principal U(1)-bundle 7: X — U with connection © € Q!(X,iR), such that 7*F = d©.
We now define for j = 1,2, 3, the following 2-forms on X:

w; = (;ﬂ@) Am*da? + 7*(V x da?), (2.1)
where 27 denotes the canonical coordinates of R?. The non-degeneracy is easy to check, and
the fact that they are closed follows from the fact that %d@ = iﬂ*F = —71*(xdV), so they
define symplectic forms on X. The three symplectic forms w; correspond to the Kéhler forms
of a hyperkéhler structure (X,g,I1, 2, I3), where g is the metric, I; are complex structures
satisfying the imaginary quaternion relations, and w;(—,—) = ¢g(l;—, —). The metric can be
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written explicitly as

g=V"1 (1®> ® (1@> +Vr* (dx1 ®dz! 4 d2? @ d2? + d2® ® dx?’). (2.2)
27 2

Hence, from the data of a positive harmonic function V: U C R3> — R such that [xdV] €

Im(H 2(U,7) — H*(U, R)), the Gibbons-Hawking ansatz produces a hyperkédhler manifold

(X,9,11,12,13), where m: X — U is a principal U(1)-bundle admitting a connection © with

curvature d© = 7* (2w x dV).

2.2 Construction of the Ooguri—Vafa space

We now construct the Ooguri—Vafa space by using the Gibbons-Hawking ansatz. This is a hy-
perkéhler space that we denote by M° (A), depending on a parameter A € C*. Furthermore,
for some open subset B C C containing the origin, we will get a torus fibration M°(A) — B
with a singular fiber at 0 € B.

We start by taking the harmonic function on R3\ {0}? x Z defined by?>

1 1
V(xl,;r2,:v3) = e Z —Cn |,

w5 \\/(21) 4 (22)% + (9 + n)”

where ¢, € R>g are certain regularization constants making the sum converge [33]. After doing
Poisson resummation, one obtains the following expression for V:

1 z 1 .
V(xl,xQ,:p?’) = —%Log (”AD + 7 Z 62”1”$3K0(27T|nz|),
n#0,n€Z

where z = 2! +iz?, |A| € Rsg is a constant related to the choice of the ¢,, and Kj is the 0-th
modified Bessel function of the second kind. Following [13], we will denote the logarithm term
of V by Vs (the “semiflat” part), and the term with the series by V™! (the “instanton” part).

Now we would like to apply the Gibbons—Hawking ansatz to V. We have that V is positive in
an open subset of the form U := Bx R\ {0}? x Z, where B C R? is a neighborhood of the origin.
Furthermore, it is also easy to check that the integrality condition for [xdV] is satisfied. Hence,
the Gibbons Hawking ansatz produces a principal U(1)-bundle 7: X — U with connection O,
such that X carries a hyperkahler metric of the form given by (2.2). We remark that, because of
the topology of U, all possible pairs (7: X — U, ©) with d© = 7*(27ixdV) are gauge equivalent
(see, for example, [21, Theorem 2.5.1]), so they give isometric hyperkéhler spaces.

The pair (7: X — U, 0) actually admits an extra piece of structure, coming from the fact
that V (and hence F' = 27i x dV) is invariant under shifts 23> — 23 + n with n € Z. This
extra piece of structure is a lift of the Z-action to the total space X, preserving ©. There is
a U(1)-worth of ways of lifting the Z-action, and we record this choice in the phase of A € C*.
By taking the quotient by the lift of the Z-action we obtain a U(1) principal bundle 7: XU
with connection ©, where ﬁ = (Bx S')\ ({0}* x {1}). Furthermore, the hyperkéhler structure
of X clearly descends to X.

Finally, one can show that by adding a point X , the map 7: XU smoothly extends to
amap 7: M (A) — Bx S [16, Proposition 3.2], where M°¥(A) denotes X with the extra point.
The hyperkihler structure of X also smoothly extends to M°V(A), which is what we call the
Ooguri—Vafa space [13, Section 4.1]. Furthermore, by composing 7 with the projection into the

3V can be though as the electro-magnetic potential of a Z-worth of point unit charges, evenly distributed along
the z3-axis (see [33]).
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first factor, we can think of M (A) as a singular torus fibration p: M (A) — B, with p~1(2)
a torus for z € BN C*, and p~1(0) a torus with a node (see Figure 1 from the introduction).

We will now give a more explicit coordinate description of M°¥(A), following [13, Section 4.1].
We start by writing an explicit solution to the equation dA = xdV. Let B* = B\ {0}. In the
coordinates (z =zl 4 iz?, w?’) for B* x R, a solution to dA = xdV is given by

47 A A

ins 1 rine dz dz
A t = _E (ngn<n>62 |2’K1(2ﬂ"n2”)> (Z - > ) (23>

z
n#0

A Aty gimst gt L (Log (3) ~ Log (Z)) da?,

for some fixed A € C*. Here K7 denotes the first modified Bessel function of the second kind,
sgn(n) = %, and Log(z) uses the principal branch, so that Im(Log(z)) = Arg(z) € (—m, ).
Consider the open cover of B* x R given by the open sets

D:={(z,2%) € B* xR | e*/* ¢ Rep}, D:={(z,2%) € B* xR | e”/* ¢ R0}
We further have DN D = U; UU_, where
U, = {(2,24%) € B* xR | Im(e*/*) > 0}, U_ = {(2,4°%) € B* x R | Im(e*/") < 0}.

Over D consider the trivial principal U(1)-bundle with connection © := id#f,,, + 27iA, where 6,,
is an angle coordinate for the U(1)-fiber (called the magnetic angle in [13]). Similarly, consider
on D the trivial U(1)-bundle with connection © := idf,, + 27iA, where A is given by the
same formula from (2.3) but with the branch of Log(z) such that Im(Log(z)) € (0,27). By the
Gibbons-Hawking ansatz, (D x U(1),0) and (f) x U(1), é) define HK metrics on their total
space, with metric and Kéhler forms given by (2.2) and (2.1). On the other hand, note that

A=A on Uy, A=A—dz® on U.. (2.4)

To obtain M°¥(A)|g~, one identifies D x U(1) (with coordinates (z,23,e%")) and D x U(1)
(with coordinates (z,23,e%")) by ¢: (Uy UU-) x U(1) = (U4 UU-) x U(1) given by

3 ,if . 3
3 o ) (z2%e0m) if (z,2%) € Uy,
d?(Z,J:‘ € ) - {(z,x3yeit9m+2ﬂ'ix3i7r) if (Z,.leg) c U_,

3

and then one performs a quotient by translations 2® — x® + n, n € Z. In particular, note that

on U_ we have
O = Opy + 212> — 7 (mod 27). (2.5)

Both (2.4) and (2.5) imply that the corresponding expressions (2.2) and (2.1) on D x U(1)
and D x U(1) give a well defined global expression on M° (A)|g+, since

d6,, ~ df
Mg ="C
27 + 2

+A on Uy xU(1),

and both A and A are periodic in #®. The shift by — in (2.5) is justified in [13, Section 4.1] as
the choice that allows the above HK structure to extend over z = 0 and match the Ooguri—Vafa
hyperkahler structure constructed at the beginning of the section.
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2.3 Twistor coordinates

We now recall the description of the hyperkéahler structure of M° (A) using the twistor coor-
dinates from [13]. These coordinates are used to describe the twistor family of holomorphic
symplectic forms Q°V(§), ¢ € CP!, encoding the hyperkihler structure of M°(A). We use the
conventions of [13], so in particular we have the following formulas for the CP!-worth of complex
structures and holomorphic symplectic forms associated to M°V(A)

(=648 e+E 1—[¢]?
e N E A B e
Q¢ = —%f‘l(wl +iwsy) + wg — %{(wl — iwsg) for & e C*.

Ir + I3 for §€(CC(CP1,

To obtain the holomorphic symplectic forms corresponding to £ = 0 and £ = oo from the above
formula, we consider £Q°(£)|¢—o for £ = 0, and £ 1Q%(§)|¢=no for £ = .
Using (2.1) and (2.3), we find that the Kéhler forms w; of M°(A) are given by

-~ /d6,, .
w; =da' A <2 + A> + V xda". (2.6)
7r

Plugging (2.6) into the expression of Q°V(¢), we have that, away from z = 0 € B, Q°V(¢§) =
#&n A &, where

1
¢, = 2mida + %dz fredz, & =miV <€dz - §dz) 1 idb,, + 2miA.

From the fact that (M°V(A), I(£),Q2°V(§)) is a holomorphic symplectic manifold, we conclude
that &.(£) and &,,(€) must be of type (1,0) in holomorphic structure I().

Now we define the twistor coordinates from [13]. Denoting 6, := 2723 (the “electric angle”),
we have that & = dX2V/X2", where

X2¥(€) = exp <7gz +i6, + 7r€Z> . (2.7)
We will call X2 the electric twistor coordinate. Since & () is a (1,0) form is complex struc-
ture 1(§), we conclude that X2V (§) defines a holomorphic function on M°"(A) in complex struc-
ture I(§).

Now we define the magnetic twistor coordinate X’. This coordinate satisfies

L dx(e) |, dX(©)
dm? X&) A(E)

Q(E) = (2.8)

so XV(&) also gives a holomorphic function on M (A) in holomorphic structure (). To define
this coordinate we first write X9 = XSx10st The first factor X3! is defined by
1(zL A) — zLog(z/A) — =
X)) i= exp ( (Z og(z/. )=2) C og(z/. ) z)) . (2.9)

£ 2i F0m =& 2i

On the other hand, XI5t is given by

i) ey [ EERE
X5 (€) = exp<4w /z+(z) ¢ 5,_£Log(1 X2V (€)
i g’ £+ ¢ v 1

_E li(z)?g/_gLOg(l_(Xe (‘S)) ))7 (2_10)
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where the integration contours Iy (z) are the rays

li(z) = {5 cC* | ig < 0} (2.11)

oriented from 0 to oo.
In [13], it is verified that X°V(£) and XY(§) indeed satisfy (2.8), so that Log(X2V(€))
and Log (XY (§)) give twistor holomorphic Darboux coordinates.

2.4 Some properties of the magnetic twistor coordinate

Here we state some of the properties satisfied by the magnetic twistor coordinate X5 (£). These
will serve as guiding principles to construct an analog in the wild harmonic bundle setting. As
before, the main reference and proof of the statements can be found in [13].

Proposition 2.1 (jumps of the twistor coordinate). For z € B\ {0}, consider the rays l+(z) de-
fined in (2.11). We then have that X2 (§) is holomorphic in & away from 1+ (z), and furthermore
it has the following jumps along the rays

XX =X (1 -x7©)" along € li(2),
XX =X (1-x()7")  along el (2),
where the £ denotes the fact that we approach 1. (z) clockwise or anticlockwise, respectively.

Proposition 2.2 (asymptotics of the twistor coordinate). X°¥(€) has the following asymptotics:

i 1 1.
——(zL A) — 0, + — ) —el*fc Ky (2
exp 2§(z og(z/A) — z) +10,, + 5 g Se o0(2m|sz])
ov as & —0,
X (&) ~ c (2.12)
i€, = _ . 1 1 isOe
exp g(zLog(z/A) —Z) 4 il — 5 Z ¢ Ky(27|sz])
s#£0
\ as & — oo.
Proposition 2.3 (reality condition). X2V(&) satisfies the following reality condition:
7771
X (6) = X (-1/¢) . (2.13)

3 Framed wild harmonic bundles

We now go to the subject of wild harmonic bundles. This section is roughly divided into two
big parts:

e In the first part, consisting of Sections 3.1-3.3, we start by recalling the notions of filtered
Higgs bundles, filtered flat bundles, and wild harmonic bundles. We then define what we
mean by “framed wild harmonic bundles”, and specify which type of framed wild harmonic
bundles we will consider for our moduli space.

e In the second part, consisting of Sections 3.4-3.7, we start by recalling some facts about
Stokes data, and then define the analogs of X2V(§) and X5 (£) for our set of framed
wild harmonic bundles, which we denote by X.(§) and X;,(£). The rest of the section is
devoted to showing holomorphic dependence of X,(§) and X, (§) with respect to £ € C*,
and computing the asymptotics of X, (§) and X, (§) as £ — 0 and £ — oo. These properties
will be crucial for the identification with the Ooguri—Vafa space in Section 4.
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3.1 Filtered bundles on curves

We start by recalling the notions of filtered [35, 36] and parabolic bundles [24, 34] of finite rank,
and parabolic degree. Most of what we say in this section and the notations that we use are
based on [26, 27, 28].

Let X be a Riemann surface and D C X a discrete set of points. We will denote by R the
set of maps D — R, and its elements by a.

Definition 3.1. A filtered bundle P.€ := (€, {Pa€ | a € RP}) over (X, D) consists of the
following data:

e £ — (X,D)isalocally free Ox(*D)-module over X with finite rank, i.e., £ is a meromor-
phic bundle over X with poles along D.
e Each P,€ is a locally free Ox-submodule of &, i.e., a holomorphic subbundle of £ over X.

This data must satisfy the following conditions:

¢ Po ®0, Ox(xD) = & for a € RP. In particular, Pallx\p = €|x\D-

e If p € D, the stalk Pg&|, depends only on a, := a(p) € R. Hence, we will sometimes
write Py, E|p := Pallp.

e For p € D, we have P,€|, C Po€|, if a, < by. Furthermore, for any @ € R, there is € > 0
such that Py, E|p = PaytcElp-

e For n € Z and p € D, we have that Py, 1n€|p = Pa,Elp R0y, Ox p(np).

Let ¢ € RP, and consider the filtration F of P.€ indexed by {d € R” | d(p) € (¢,—1,¢,]} and
defined by Fg(Pe€) := Uy« g Paf, where a < dif and only if a(p) < d(p) for all p € D. Then the
filtration is parabolic in the sense that for each p € D, the set {d € (¢, —1,¢,] | Gr] (Pc€|p) # 0}
is finite, where Gr} (Pe€lp) := Fa(Pellp)/F<a(Peflp). The data of this filtration is called the
c-truncation of the filtered bundle P.E — (X, D).

Definition 3.2. Given ¢ € R”, a c-parabolic bundle £ over (X, D) consists of the following
data:

e £ — X is a holomorphic bundle.

e For each p € D, we have an increasing filtration F4(c€|,) of the fiber .£|, indexed
by d € (¢p — 1,¢p).

This data must satisfy the following conditions:

e Forp e D, fa(cg|p) = ﬂa<d~7:d(cg’p)-
e Forp e D, cglp = Ud}—d(cg‘p)-

The set of d € (¢, — 1, ¢,] such that Gr} (c€lp) := Falc&lp)/F<a(cElp) # 0 is called the parabolic
weights at p of the e-parabolic bundle.

It is easy to see that given a filtered bundle P,£ — (X, D) and ¢ € RP | its c-truncation gives
rise to a c-parabolic bundle (& — (X, D), F). Conversely, given a c-parabolic bundle (&€, F),
one can obtain a filtered bundle by taking £ := £ ®p, Ox(xD), and {Paé' |a € IR{D} induced
from F. Since one can reconstruct a filtered bundle from any of its c-truncations, the data
of P,£ is equivalent to the data of .£.

With this terminology, if ¢ = 0, where 0(p) = 0 for all p € D, we have that a 0-parabolic
bundle is what is usually called a parabolic bundle.
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Definition 3.3. Let X be a compact Riemann surface and D C X a finite subset of points.
Given a c-parabolic bundle .E — (X, D), we define its parabolic degree pdeg(.£) as follows:

pdeg(c€) = deg(c€) = > Y d-dime <fd<<‘3|>>

PED de(cp—1,cp) F<a(c€lp)

where deg(—) is the usual degree of a vector bundle.
If P.& — (X, D) is a filtered bundle, we define its parabolic degree by pdeg(P.E) := pdeg(.E),
where & is any c-truncation of P,E. It is easy to check that this is well defined.

3.2 Wild harmonic bundles and their associated filtered objects

Let X be a compact Riemann surface and D C X a finite subset.
Definition 3.4. A harmonic bundle over X \ D is a tuple (E,EE, 0, h) such that

e (E,0g) — (X \ D) is a holomorphic bundle with hermitian metric h.

e 0c Qg;’\oﬁ(End(E)) and Op(f) = 0. This endomorphism valued 1-form is known as the

Higgs field.

e The connection V = D@E,h) + 60 + 6™ is flat,* where D@E,h) denotes the Chern
connection, and Gih is the adjoint of § with respect to h. Equivalently, the Hitchin equation
is satisfied F(D(@E, h)) + [9,0“} = 0, where F(D (8E, h)) denotes the curvature of the

Chern connection.

We say that the harmonic bundle (E ,0R, 0, h) — X \ D is unramified and wild over (X, D),
if for every p € D there is a holomorphic coordinate neighborhood (Up, z) with z(p) = 0, and
a finite set of (non-zero) irregular values Irr(6), C 2~ *C[27!] such that

(E75E79)|Up\{p}: @ (Enguaea)a

aclrr(6),
and 0, — da - Idg, has at most a simple pole at p, where Idg, denotes the identity map of E,.
Definition 3.5. An unramified filtered Higgs bundle over (X, D) is a pair (P.€,0), where

o P.& = (&,{Pa€ | a € RP}) is a filtered bundle over (X, D).
e 0 QY (End(&)) and g = 0.

The pair (P&, 0) must satisfy the following condition:

e For every p € D and every @ € R”, there is a holomorphic coordinate neighborhood (Up, 2)
with z(p) = 0 and a finite set of irregular values Irr(d), C 2~ 'C[z™!] such that

(PagaeﬂUp: @ (Pagaaea)v (3.1)

a€lrr(0),

where 0, — da - Idp, g, has at most a simple pole at p as a meromorphic endomorphism
of Pa&s.

iGiven E — (X \ D) as above and a flat smooth connection V on E, we will frequently equip E with the
holomorphic structure given by the (0, 1) part of V. The connection V then induces a holomorphic connection on
the holomorphic bundle (E , V(O’l)), which we will also denote by V. We hope that this abuse of notation does
not cause confusion.
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e Given any p € D and a € RP, we assume that the irregular decomposition (3.1) is
compatible with the parabolic filtration on Pg&|,.

By taking the c-truncation of the filtered bundle, we also have the corresponding notion of
unramified e-parabolic Higgs bundle.

The notion of unramified filtered flat bundle is similar to the notion of unramified filtered
Higgs bundle, but it differs in the condition that we put on the splitting near the points p € D.

Definition 3.6. An unramified filtered flat bundle over (X, D) is a pair (P&, V), where

o P.& = (£ {Pa€ | a € RP}) is a filtered bundle over (X, D).

e V:E&— Q}( ® & is a flat meromorphic connection.
The pair (P.&, V) satisfies the following condition:

e For every p € D and every a € RY| there is a holomorphic coordinate neighborhood (U, 2)
with z(p) = 0 and a finite set of irregular values Irr(V), C 2~ *C[z™!] such that

(Pa. V)lv, o, Cllll = D (Paka, Va), (3.2)
a€lrr(V)p

where Pol, are free C[[z]]-modules with formal meromorphic connection Va: Pala —
Pala @o(U,) Q%]p(*p), and Vg _da.:[dlp/a?a has at most a simple pole at p.> In other
words, the holomorphic bundle with flat meromorphic connection (Pg€, V) can be “block
diagonalized” by a formal gauge transformation near p.

e Given any p € D and a € R”, we assume that the irregular decomposition (3.2) is
compatible with the filtration of the parabolic structure on Pg&|,,.

By taking the c-truncation of the filtered bundle, we also have the corresponding notion of
unramified c-parabolic flat bundle.

Remark 3.7. Since all the objects we will consider are unramified, we will drop the adjective
from now on.

We now explain how to obtain a filtered Higgs bundle and a filtered flat bundle from a wild
harmonic bundle. The main idea is that the filtered structure comes from the growth of certain
sections with respect to the harmonic metric.

Definition 3.8. Let (E,EE,H,h) be a wild harmonic bundle over X \ D, and consider the
holomorphic bundle £¢ := (E,EE + 69“) — X\ D, where ¢ € C. Given a € RP, we define the
holomorphic bundle P2&¢ — X as follows:

e If U C X is an open subset with U N D = &, we let the holomorphic sections over U
be PheS(U) = E4(U).

e IfUND # @ and s € E£(U — D), we say that s € PLES(U) if for every p € DN U we
have |s|p, = O(|z|~%~€) for every € > 0, where z is a holomorphic coordinate vanishing
at p.

We denote PIES = (PLES ®o Ox(xD), {PLES | a € RPY).

SIf in a holomorphic trivialization near p we have that V = d + Ay j—,f + lower order terms, for some k > 1 and
with A € End(Crank(P“‘g)); then a sufficient condition for (3.2) to hold is to have A; diagonalizable with distinct
eigenvalues (see, for example, [5, Lemma 1]).
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Theorem 3.9 ([26, Theorems 7.4.3 and 7.4.5, Sections 8.1.2 and 8.1.3]). (P!EY,0) — (X, D)
is a filtered Higgs bundle. Furthermore, if € € C* and we denote V¢ = D(EE, h) + &1+ gotn,
then (PhES,VE) — (X, D) is a filtered flat bundle with

Irr, (V*) = {1+£|£|2a lae Irrp(e)} .

We now want to state the main results that give the required conditions to go from a filtered
Higgs bundle or filtered meromorphic flat bundle to a wild harmonic bundle. To do this, we
need to introduce the appropriate stability notions.

Definition 3.10. Let (.£,6) — (X, D) be a c-parabolic Higgs bundle. Any subbundle H C £
gets an induced c-parabolic structure H, given by Fy(cH|p) = Hlp N FalcElp). We say
that (.&,0) is stable (resp. semistable), if for every proper non-trivial subbundle H with 0(#H) C
H @ QL% (xD) we have that

pdeg(c#) _ pdeg(cf) resn, Pdes(cH)
rank(.H) — rank(.E) © rank(.H)

< pdeg(cﬁ)) '

rank(.€)

Furthermore, we say that (€, ) is polystable if it is semistable, and (€, 8) = @, (i, 0;) with
each (.&;,0;) stable and satisfying

pdeg(c€i) _ pdeg(c€)
rank(.&;)  rank(.E)

Similarly, we have the definitions of stable, semistable, and polystable for a c-parabolic flat
bundle (£, V). We say that a filtered Higgs bundle or filtered flat bundle is stable/semistable
/polystable if any of its c-truncations is stable/semistable/polystable. This is well defined (i.e.,
it does not depend on ¢).

Now we can state the following known results due to Biquard and Boalch [2].

Theorem 3.11. Let (P.€,V) — (X, D) be a filtered flat bundle, and let (£|x\p, V) — X\ D be
its restriction to X\ D. Then there is a harmonic metric h for (| x\p, V) adapted to the filtration
(i.e., Pf(S|X\D) = 73*5) if and only if (P.€,V) — (X, D) is polystable with pdeg(P.E) = 0.
The harmonic metric is unique up to multiplication by positive constants.

Remark 3.12. A harmonic metric h for a flat bundle (E, V) is a hermitian metric for £ such that
the decomposition V = D + @ into a unitary connection D and a self adjoint endomorphism ®
satisfies that (E,D(O’l), <I>(1’U)) is a Higgs bundle, where D©:1) (resp. <I>(1’0)) denotes the (0,1)
(resp. (1,0) part) of D (resp. ).

We also have the Higgs bundle version of the previous theorem.

Theorem 3.13. Let (P.€,0) — (X, D) be a filtered Higgs bundle and let (£|x\p,0) — X\ D be
its restriction to X\ D. Then there is a harmonic metric h for (€| x\p,0) adapted to the filtration
(i.e., Pf(5|X\D) = 73*5) if and only if (P«€,0) — (X, D) is polystable with pdeg(P.E) = 0. The
harmonic metric is unique up to multiplication by positive constants.

3.3 Definition of our set of framed wild harmonic bundles

Now we focus on the case of interest to us. For the rest of the paper, we take X = CP!, we fix
a holomorphic coordinate z on C C CP!, and we take D = {oc}.

Definition 3.14. We denote by H the set of rank 2, wild harmonic bundles (E,EE,O, h) —
(CP*\ {oo}), such that Tr(f) = 0 and Det(d) = —(2* + 2m)dz? for some m € C.
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To illustrate some examples, we show the following lemma.

Lemma 3.15. For every m € C*, there is an element of H such that Det(0) = —(22 + 2m)dz2.

Furthermore, if m®) e (—%, %] , we can find an element of H whose associated %—pambolic Higgs

bundle has parabolic weights +m®) if m®) £ %, and with parabolic weights equal to % ifmB) = %

Proof. Let m € C*, and consider the trivial bundle V := (CP!\ {oc0}) x C* = (CP' \ {o0})

with canonical global frame (e1, e3) and holomorphic structure dy := 9. Let § be given in this
frame by

0 1
0= [22 +2m 0] dz.

The plan is to extend V to a %—parabolic Higgs bundle on ((CPI, oo) in such a way that we can
apply Theorem 3.13.

Since the eigenvalues of # near oo are different and unramified, we can find a punctured
neighborhood U% := Us \ {o0} such that there is a holomorphic eigenframe (171, 72) of §. We can
furthermore assume that we pick the holomorphic eigenframe (71, 72) such that e; Aea = n1 Ana.

Let E — CP! be the holomorphic vector bundle defined by extending V using the frame
(m1,m2) near co. Explicitly, this means that holomorphic sections of E in a neighborhood U
of 0o are of the form fln; + f2n2, where f* are holomorphic functions on U,,. Because of the
construction, e; A ea on CP!\ {oc} and 71 A n2 on U, glue together to give a global frame
of Det(E), so deg(E) = 0.

Now we explain how to put several possible parabolic structures on E. On a punctured
neighborhood UZ, of oo, we know that E|yx = L1 ® Lo, where L; are the eigenlines of § near oo.
These bundles extend to line bundles over Uy, and we denote them by L; as before. First let us
consider the filtration of E given by attaching the parabolic weight m®) (—%, %) to Liloo
and the parabolic weight —m®) to Ls|oo. With these choices, E acquires a %—parabolic structure
with

pdeg(E) = deg(E) —m® +m® =0,

If we let w be the holomorphic coordinate related to z by w = % and let Irr(0) s = {i%},
then we clearly have a splitting

(E75E79)|Uoo = @ (Ea,gaaea)

a€lrr(0)oo

with 6, — da - Idg, having at most a simple pole at z = oo (and where the (Ea,ga) correspond
to the L;, in some order). We then conclude that (E,EE, 9) — ((CPI, oo) is a %—parabolic Higgs
bundle, and that the parabolic structure is compatible with the irregular decomposition.

The parabolic Higgs bundle (E,EE, 0) is clearly stable, since there are no global eigenlines
preserved by 6: if there were, this would imply that there is a global branch over C ¢ CP!
of V22 + 2m when m # 0. Hence, by Theorem 3.13 we get a harmonic metric h.

Now let us consider another possible extension of V' with a parabolic structure that allows for
a harmonic metric. We now extend V' by eigenframes (1, 72) satisfying ze; Aea = n1 Ane. With
this extension, we get deg(FE) = 1. We choose the trivial filtration of E., with weight m(3) = %
With these choices, we get

1
pdeg(E) = deg(F) — 52 = 0.

By the same argument from before, we get a harmonic metric for the %-parabolic Higgs
bundle (E, 8E,9). |
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It is also possible to explicitly build wild harmonic bundles in H in the case m = 0. This is
explained in Appendix E.
We now define the main set of wild harmonic bundles that we will consider.

Definition 3.16. We will denote by A the set of tuples (E,EE, 0,h, g), where
e (E,h) — CP! is an SU(2)-vector bundle, so in particular comes with a natural volume
form w trivializing Det(FE).
e (E,05,0,h) — CP'\ {oo} is an element of H, and it is compatible with the SU(2)

structure of (F,h,w) in the sense that D@E,h) (w) = 0, where D@E,h) denotes the
Chern connection.

e gis an SU(2)-frame of Fw, such that it extends to an SU(2)-frame in a neighborhood of co
where § and O have the following form:

d d

0= —H—zg —mH 4 regular terms, (3.3)
w w

- @) dw 11

Op=0— mTH%w + regular terms for some m® e <—2, 2] , (3.4)

where w = % and H = [} % ]. We will call such a frame g at co a compatible frame for

the wild harmonic bundle.

Notice that the parameter m appearing in equation (3.3) is the same as the m parameter
appearing in the condition Det(6) = —(22 + 2m)d22. On the other hand, the parameter m()
in (3.4) should be though as parametrizing the parabolic structures constructed in the proof
of Lemma 3.15. Finally, note that the bundles E in the elements of H are actually bundles
over CP!, while the bundles E in elements of H are only bundles over CP! \ {co}.

Definition 3.17. An isomorphism between two elements (Ei,gEi, 0;, hi,gi) eHT i=1,2 isan
isomorphism f: F; — E5 of vector bundles over CP! such that g, o f = fodp,, f20f = fob,
f*ha = hq, f takes g; to g2, and f*ws = wi. The set of isomorphism classes of HT will be
denoted by X',

Remark 3.18. Later we will consider the set X of isomorphism classes of H. It is worth
mentioning at this point how the points of M®" are going to correspond to point in X%, First, it is
not hard to see that m and m(®) are isomorphism invariants of elements of H (see, for example,
Lemma 4.1 below). Furthermore, we will later show that for equivalence classes with fixed m # 0
and m®) are a U(1)-torsor for a certain U(1)-action acting on the framing (see Proposition 4.42.
The reader should then think of m as being the analog of the base parameter z of M°Y, e2mim)
as being the analog of €2™*” and the U(1)-torsor as being the analog of the U(1)-fiber of the
principal U(1)-bundle used in the construction of M. This interpretation will come naturally
after we construct certain complex coordinates X, and X}, on XM in terms of Stokes data, and
compare them with the Ooguri—Vafa twistor coordinates XYY and X"

Example 3.19. Let us give an explicit (although trivial) example of such a compatibly framed
wild harmonic bundle in the case, where m = m® = 0. We take E — CP! to be the
trivial bundle E = CP' x C2. If (e1,e2) denotes the canonical global frame of E, we give
an SU(2) structure to £ by considering the hermitian metric h(e;,e;) = J;; and the volume
form w = e; A e3. Furthermore, in the canonical frame (ej, e2) consider the trivial holomorphic
structure O = 0, the Higgs field § = zHdz, and the framing at infinity g = (e1, €2)|so. We then
have that D(EE, h) = d, so Hitchin equations are clearly satisfied, and w is parallel with respect
to the Chern connection. On the other hand, the frame g extends to the global frame (eq, e2),
where O = 0, and 6 = —ﬁH dw. Hence, we get an element of H.
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Example 3.20. We now give examples of isomorphisms: let (E,0g,0,h, (f1, f2)) € H". Then
it is easy to check that for ¢ > 0 we have that (E,8p,0,c-h, (V' fi,Velfa)) € H%. These
two elements are clearly isomorphic by the bundle map V¢! -Idg, where Idg is the identity
map on FE.

In the following, we will explain how to get an element of H® from an element in #. To
show this, we will require the following two results on wild harmonic bundles. The two result
are stated with respect to our particular case, the more general statements are in the given
references.

Theorem 3.21 (wild version of Simpson’s main estimate [26, Theorem 7.2.1]). Let (E, 0,0, h)
€ H, and consider the decomposition into eigenlines near oo

(E,EE,Q)‘UOO\{OO} - @ (Eaagmeu)?

a€lrr(6) oo

where Irr(0)|0o = {:i:ﬁ} Let vy be a section of (Ea,gEu) near co. Then for a # b, we have
that |h(va, vp)| < Clvaln|ve|n exp(—€lw|2), where e > 0 and w = 1 is a holomorphic coordinate
vanishing at w = 0. In particular, if v, and v, are sections of 73!}50 for some ¢ € R, then vq

and vy are asymptotically exponentially orthogonal near w = 0.

Theorem 3.22 ([26, Proposition 8.1.1]). Let (E,EE,H, h) € H and let (73250,9) be the associ-
ated c-parabolic Higgs bundle. Furthermore, let v = (v1,v2) be a frame of 73250 in a neighbor-
hood Uss of 0o, compatible with the c-parabolic structure. Let a(v;) denote the parabolic weight
corresponding to v;, and define the following hermitian metric on PME|y_

ho(vi, vj) = 65]w] 70,

Furthermore, let v; = vi|w]a(”i). Then h is mutually bounded with respect to hg in the sense that
there are positive constants Cy, Co such that Cy < |H(v)| < Cy, where H(v) is the matriz with
entries h(v;, ;).

Now we can prove the following proposition.
Proposition 3.23. Given (E,EE, 0, h) € H, there is an extension of (E,h) to an SU(2)-vector

bundle over CP', and a compatible framing g of E~ such that (E,EE, 0, h, g) e H. Furthermo-
re, if g = (e1,e2), €Y € U(1) and we let € . g := (eieel,e_ieeg), then (E,gE, 0,h,e? - g) e 1.

Proof. Consider the associated filtered Higgs bundle (Pfé'o, 9) (recall Theorem 3.9). We work
with the associated 1/2-parabolic bundle 77{” 5€ 9 and pick a holomorphic eigenframe (vy,vs) of 6
near oo, compatible with its parabolic structure. The fact that we can do this follows from the

compatibility of the irregular decomposition of (P{Lﬂc‘fo, 6?) at z = oo and the parabolic structure

(recall the last point of Definition 3.5). We order this frame in such a way that

d d
0=—-H —I;) —mH™Y + diagonal holomorphic terms.
w w

On the other hand, we claim the following.
Lemma 3.24. In the frame (vi,ve) the Chern connection D(EE, h) has the following form:
D(gE, h) = Dy + regular terms,
where Dy = D(EE, ho) is the Chern connection of the metric hg from Theorem 3.22

dw
D i) = — i)V —.
ofi) = —a(wi)ui"
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Proof. To see this, we follow a similar argument to [26, Proposition 10.3.3], but modified for
our special, simpler situation.

If we denote by h and ho the matrices corresponding to h and hg in the frame (v1,v2), we
then have h = hy - g for some matrix valued g. Since (v1,v2) is a holomorphic frame and D
and Dy are Chern connections for the same holomorphic structure O, the connection matrix A
of D in the frame (vq, v2) (resp Ay of Dy) is given by A = h=19h (resp. Ag = h Y9ho). A quick
computation then shows that h= hog implies that

A= Ao+ g (99 + [Ao, g]).

Hence, D and Dy are related by the equation D = Do + g~ 10,(g), where 0y, (g) = dg + [Ao, g]-
The off-diagonal terms of g~'d,(g) are exponentially decreasing near w = 0 by [26, Lem-
ma 10.1.3], so we only need to show that the diagonal terms of g~'d,(g) are regular at w = 0.

Because the frame (v1,vy) is asymptotically exponentially orthogonal, it is easy to conclude
that [0, 9“] is regular at z = co. Hence, by the Hitchin equation we get that F(D (gE, h)) is
regular at co. On the other hand, since Dy is flat, we have that F(D) = 9(g~'9,(g)). This lets
us conclude that we can write g =19y, (g) = p+ X, where p is regular near oo and  is holomorphic
and defined in a punctured neighborhood of oc.

By the argument in [26, Proposition 10.3.3], we get that g =19, (g) is square integrable relative
to hg. Using this, and the fact that the off-diagonal entries of g~'9y,(g) are exponentially
decreasing near w = 0, it follows that the diagonal elements of g~10y,(g) are square integrable.
Since p is regular near oo, we conclude that the diagonal elements of x are also square integrable.
Furthermore, since the diagonal elements of x are holomorphic functions on Uy \ {00}, we then
conclude that they must extend to holomorphic functions on Us. This shows the regularity
at w = 0 of the diagonal terms of =19, (g). |

Now we go back to the proof of Proposition 3.23. By the wild version of Simpson’s main
estimate (see Theorem 3.21), (v1, v2) are asymptotically exponentially orthogonal near w = 0, so
it is easy to check that if we orthonormalize the frame (v1,v2) and obtain the (non-holomorphic)
orthonormal frame (ej, e2), then in this frame we get

d
0 = —H—w — de— + regular terms, (3.5)

where the regular terms are no longer holomorphic. Similarly, using Theorem 3.21 and Lem-
ma 3.24, one can show that in the frame (e, e2), the Chern connection acquires the following
form:

D=d-— % [“(81) a(gQ)] (dlzu - ‘Z") + regular. (3.6)

We prove this statement in Appendix A.

Since we are picking the weights in (—%, %} and the parabolic degree must be 0 (and hence
an integer), we have the following possibilities for a(v;): we either have a(vi) = —a(vy), or
1
a(vi) = a(v2) = 5.
If a(v1) = —a(v2), let m® := a(vy), so that we can rewrite (3.6) as
d dw
D=d-m®ng (¥ ) regular terms. (3.7)
2w 2w
In the case, where a(vi) = a(vs) = %, let m®) = %, consider the eigenframe (vi,wvs),

and then consider the associated orthonormal frame. We abuse notation and also denote it
by (e1,e2). In this frame, we now get again the expressions (3.5) and (3.7).
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We now use the framing (e1, e2) to do a unitary extension of the hermitian bundle (E, h) —
CP'\ {co} to a hermitian bundle (£, h) — CP!, where (e, e2) gives a unitary trivialization on
a neighborhood Uy, of co. We denote the extended frame over Uy, induced by (e1,ez) by the
same notation. By construction, g = (e1, €2)|s extends to a unitary frame where 6 and dg have
the appropriate forms (3.3) and (3.4).

To finish the proof of Proposition 3.23, we need to show that we can reduce the structure
group of (E, h) — CP' to SU(2) and that the induced volume form w satisfies D(dg, h)(w) = 0.
We start with the following lemma.

Lemma 3.25. D(dg,h) induces a flat connection on Det(E) — CP!.

Proof. Notice that by taking the trace of the Hitchin equation, we get that Tr(F(D)) = 0, so
that the connection Det(D) on Det(E) — CP!\ {co} induced by D(0g, h) is flat. On the other
hand, since the singularity of D in the frame (e, e2) is traceless (recall (3.7)), we get that the
connection form of Det(D) in the frame e; A ez is actually smooth at w = 0, and hence defines
a flat connection on Det(E) — CP!. [

If D = d+ A in the frame (eq, e2), then Det(D) = d + Tr(A) in the frame e; A eg, with Tr(A)
a well defined and closed form (since Det(D) is flat) on a neighborhood of co. Furthermore,
since the frame (ej,e2) is unitary and D is the Chern connection, we get that A is valued
in u(2), and hence Tr(A) is valued in u(1) = iR. We now perform the unitary (and non-singular)
diagonal gauge transformation e; — e 2% Tr(A)e, := ¢;, where the integral is performed along
any path from z = oo to p in Usx. The local frame €1 A ez of Det(E) — Uy is then flat
with respect to Det(D), and by performing parallel transport, we get a global flat frame w
of Det(E) — CP!. Hence we can reduce the structure group of (E,h) — CP! to SU(2). Notice
that in our SU(2)-frame (€1, ¢€2), we have that § and O still have the required form. Hence,
g = (e1,€2)|00 = (€1,€2)|c0 satisfies our condition for a compatible frame. We then conclude
that given (E,EE,Q,h) € H, we can produce (E,EE,G, h,g) e Hf.

The remaining last statement that (E,EE,H, h,el? . g) e 1 where € - g := (eiael,e_ieeg)
and el € U(1) follows easily. [

3.4 Twistor coordinates Part 1: Preliminaries and definition

We now begin with the construction of the twistor coordinates for . Roughly speaking, to each
element of H™ we can associate a “compatibly framed” filtered flat bundle, and to this object
we can associate “generalized monodromy data” (more commonly known as Stokes data). The
twistor coordinates for X will be built from Stokes data.

3.4.1 Stokes data

In this section, we recall the definition of Stokes data, following mostly [1, 4, 5, 39, 40]. We
assume that X = CP! and D C CP! is a point, although the definitions and results hold in more
general settings (see, for example, the aforementioned references). We also fix a holomorphic
bundle E — CP! of rank(E) = n, with a meromorphic connection V with poles along D.
Since X is a curve and V is meromorphic, it is automatically flat.

If we choose a local holomorphic coordinate w such that D is given by w = 0, and a local
holomorphic trivialization of the bundle FE near D, then the connection V has the form V = d+ A,
where

d d d
A= Ak—lz + Ak,l% + ot Al—w + holomorphic (1,0) terms, (3.8)
w w w
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Figure 2. We illustrate the case where we put ¢ = —q2 = —ﬁ. The bold rays denote the anti-Stokes
rays, while the dotted rays denote the Stokes rays.

and A; € End(C") for i = 1,2,..., k. We will assume that k£ > 1 and that Ay is generic in the
sense that it is diagonalizable with distinct eigenvalues.

We will say that (E, V) is generic if the leading coefficient Ay, of the connection is generic
in some holomorphic coordinate vanishing at D and some holomorphic trivialization. It is easy
to check that the order of the pole and the fact that the leading coefficient is generic does not
depend on the holomorphic coordinate vanishing at D and the holomorphic trivialization.

Definition 3.26. A compatible framing at D for a generic (E,V) — (X, D) is a frame g for Ep,
such that in some (and hence any) extension of g to a local holomorphic trivialization, we have
that the leading coefficient Ay of the singularity of V is diagonal.

Lemma 3.27 ([5, Lemma 1]). Let (E,V,g9) — (X,D) be a compatibly framed connection,
and consider a local holomorphic trivialization T extending g. In the local frame T, let Ag
be the leading coefficient of V, as in (3.8). Then there is a unique formal gauge transforma-
tion F € GL(n,C)[[w]] and unique diagonal elements A? € End(C"), such that F(0) = 1, and
such that in the formal frame T - F, the connection looks like

d d d
0w+ w odw

d+A:=d+ A AV k71+---+A1?,

with Ag = Ag. The AQ only depend on the compatible framing g and not on the extension T.

Definition 3.28. We will call the AO appearing in the lemma above the formal type of (E, V, g),
and we will call A := A the exponent of formal monodromy. If we write the formal type
as AY = dQ(w) + Adu?)“, with Q(w) a diagonal matrix with entries in w™'C[w™!], we will say
that (Q, A) specifies the formal type.

Definition 3.29. Fix a formal type (Q,A). Let ¢;(w) denote the i-th diagonal component of
the leading term = 1) 2k of —Q(w), and let g;;(w) == gi(w) — gj(w). Now let e € S and ry
the ray going from w = 0 to €. We will say that ry is an anti-Stokes ray if ¢ij(w) < 0 on gy for
some ordered pair (¢,7). Furthermore, we will say r¢ is a Stokes ray if Re(g;;(w)) = 0 on ry for
some ¢ and j.

For simplicity, and because it will be the case of interest to us, we will further restrict to
the case where rank(E) = 2. Notice that in this case, if @ has a pole of order k — 1, then
there are 2k — 2 anti-Stokes rays (k — 1 associated to the ordered pair (1,2) and the other k —1
associated to (2,1)) and 2k — 2 Stokes rays. In Figure 2, we illustrate a specific case for k = 3,
which will be of interest for us in our application to wild harmonic bundles.

Now choose one of the anti-Stokes rays as the first anti-Stokes ray, and let ry, be the anti-
Stokes rays for ¢ = 1,2,...,2k — 2, numbered in a counterclockwise manner. With this choice,



The Ooguri—Vafa Space as a Moduli Space of Framed Wild Harmonic Bundles 21

we let Sect; be the sector from ry, to rg,,,. Furthermore, let S/e\cti be the extended sector from
the ray through 6; — 57— to the ray through ;11 + 57—. Notice that while the sectors Sect;
are determined by anti-Stokes rays, the extended sectors Sect; are determined by Stokes rays.

Theorem 3.30 ([4, Theorem 3.1]). Let (E,V,g) — (X, D) be a compatibly framed connection
with formal type given by A = dQ + A%”. Furthermore, let T be an extension of g to a local
holomorphic framing near D, and F the formal gauge transformation from Lemma 3.27. Then
for each i = 1,2,...,2k — 2 and for a sufficiently small disk B centered at w = 0, there is
a unique invertible matriz 3 (ﬁ) of holomorphic functions defined on B N Sect;, such that in
the sectorial frame T /&(F) we have that V =d+dQ + A%". Each %; (F) is asymptotic® to F
as w — 0 along B N Sect;.

Now let (E,V,g) — (X,D) be a compatibly framed connection. If w is a holomorphic
coordinate vanishing at D, then g extends to a holomorphic frame 7 near D where V has the
form

d
V=d4+A=d+dQ + Ay + regular holomorphic terms,
w

and @ and A specify the formal type of (E,V, g). Strictly speaking, we only know that g has an
extension where the leading coefficient of d() is diagonal; however, under our assumption that
the leading coefficient is generic, it is easy to see that we can extend the frame g to one where
the whole singular part of V is diagonal. This diagonalized singular part must coincide with the
formal type d@Q + A%" (see the proof of [5, Lemma 1]).

Let F be the formal gauge transformation such that in the frame 7 - F' the connection has
the form V = d+dQ—|—A%".

With 3; (ﬁ) we can define sectorial frames of flat sections of V in the following way: fix
a branch of the logarithm with branch cut along one of the anti-Stokes rays determined by
the leading term of —(). We will call that anti-Stokes ray 7p,, and we will number the rest in
a counterclockwise manner. With these choices, we get a frame of flat sections for V.=d + A
on Sect; by writing ®; = 7-%; (ﬁ)w*Ae*Q. We will use the following convention for the w it
uses the choice of the branch of the logarithm if i # 1,2k — 2; it uses the analytically continued
branch from Sectq to Sector_o for ®1; and it uses the analytically continued branch from Sectog_o
to Sectq for ®op_s.

Definition 3.31. For i # 2k — 2, we will denote the transition function between the flat
frame ®; to the flat frame ®;,; on Sect; N Sect;41 by S;; and for ¢ = 2k — 2 We/w\ill denote/t\he
transition function between the flat frame ®9;_5 to the flat frame &1 - My on Sector_9 N Secty
by S9k_o, where My = e 2mMA ig the formal monodromy in the counterclockwise manner.
Hence, for i # 2k — 2, we have 5; = eQwAZi(F\)flEiH (ﬁ)w*Ae*Q, and for ¢ = 2k — 2, we
have So_o = eQuwSgs_o (F)_lZl (F)w_Ae_QMO. We will call the matrices S; the Stokes ma-
trices.

Remark 3.32. In the last expression for Sy;_», we are abusing notation: the w™ on the left is
analytically continued from Sector_o to Secty, while the one appearing on the right is analytically
continued from Sect; to Sectop_o.

The following proposition is a well-known property of Stokes data.

Proposition 3.33. The Stokes matrices S; are constant and unipotent.

51f F = Z;io Fjw! with F; € End(CQ), then the statement that ; (13) is asymptotic to F as w — 0 means
that for each n € N, we have !Ei (F)(w) — >0 Fiw’| = O(Jw™*).
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Furthermore, since we are working with a meromorphic connection V on £ — CP! with
poles along D = oo, monodromy of a V along a loop around D = oo must be trivial, which
implies the following:

Proposition 3.34. The Stokes matrices satisfy the relation S1S2 - - - Sgk_QMo_l =1.

3.4.2 Associated compatibly framed flat bundles

In this section, we will associate a C*-family of “compatibly framed, filtered flat bundles” to an
element of #%. By this we mean a tuple (77*8‘5, V‘f,Tf) for each & € C*, where (P*Eg, V’S) —
((CPl, oo) is a filtered flat bundle,” and Sisa compatible frame for the bundle with meromorphic
flat connection (P,E%, V¢) for each a € R.

Let (E,@,G,h,g) € H™, let @ € R, and let w be a holomorphic coordinate related to z
1

by w = 7. By following the argument given in [2, Sections 7 and 8], for £ € C* we can find
a holomorphic frame 8 of E€ in a neighborhood of z = oo of the following form:
8) 4 ogmm EH ¢H
750 = e, e2) - gelw)uf " 2N ey (£ 8. 39
where

e (e1,e9) is an extension of the frame given by g, to an SU(2) framing in neighborhood of oo,
satisfying the properties of Definition 3.16.

o g¢e(w) is a gauge transformation defined in a neighborhood of w = 0 that gauges away the
regular (0, 1) part of O + £0T+, and such that g¢(0) = 1.

e N(a):= ["1(§a) n;za)] with n;(a) € Z. This term will ensure that the parabolic weight as-

sociated to Tfa lies in (a — 1,a]. Here n;(a) is the unique integer such that (—1)"+! [m(?’) +
2Re(¢m)] + ni(a) € (a—1,a] for i = 1,2.

We now use the holomorphic frame Tg to perform a holomorphic extension of the bun-
dle £5 — CP'\ {c0}, to a holomorphic bundle over CP'. This holomorphic bundle acquires
an a-parabolic structure at oo, given by the growth conditions of the holomorphic framing 7S
It is easy to check that this bundle is precisely PP£¢ — CP! from Definition 3.8. Furthermore,

we have the following:

Proposition 3.35. In the frame 5 the connection V¢ acquires the following form:

VE=d-— (5_1 + E)H% + A(&)%ﬂ + holomorphic (1,0) terms, (3.10)
where
[=T'm A mB) - gm + ny(a) 0
A(§) = 0 1 — m® — &7 + na(a) (3.11)

In particular, (ngé,vé) — (CPl, oo) is an a-parabolic flat bundle, and Tﬁym is a compatible
frame in the sense of the previous section.

Proof. Basically the same argument as [2, Sections 7 and 8]. The idea is that the estimates
of the entries of g¢ from [2], and the fact that the terms of the connection form A of V¢ in the
frame 7, ¢ must satisfy 0A = 0, force the singular part of V¢ to be the one written above. W

"Given £ € C* and (E,EE, 0, h,g) € H™ with corresponding parameters m € C and m® € (f%, %] as in (3.3)
and (3.4), we will see that the induced a-parabolic flat bundle (P,fé"ﬁ, Vé) has a parabolic structure that depends
on the choices of m, m® and £. Since we will vary these parameters in the sequel, it will be more convenient to

consider filtered flat bundles (Pfé‘&, VE), rather than a specific a-truncation.
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From the compatibly framed a-parabolic flat bundle (77355, Ve, 7'5), we get the filtered bun-
dle (PfE'E VA ,Tf), where as (Pfeﬁ,vﬁ) is obtained as explained in Section 3.1, while 75 for
each a € R is determined by (3.9).

Notice that while the exponent of formal monodromy A(£) of V¢ depends on a € R, the
formal monodromy does not

exp (27?1(—5_1771 +m®) + gm)) 0

exp(2mif) = 0 exp(27ri(£*1m —m® — 5%))

The expression of the diagonal entries greatly resembles the formula of the electric twistor
coordinate of the Ooguri—Vafa space (see (2.7)). In the next sections, we will see which one of
the two diagonal entries is the “right one” to pick.

3.4.3 Stokes data of the associated compatibly framed flat bundles

We will now study the Stokes data of the C*-family of compatibly framed filtered flat bun-
dles (73555, V¢, Tf) for € € C*. Strictly speaking, so far it only makes sense to associate Stokes
data to (77355, Ve, 7'5) for some fixed a € R. In the last section, we saw that while the expo-
nent of formal monodromy depends on a, it does in such a way that the formal monodromy
does not depend on a. Hence, it makes sense to talk about the formal monodromy associated
o} (Pfsﬁ,vf,ff) — ((CPl,oo). The following proposition says that the same holds for the
Stokes matrices:

Proposition 3.36. The Stokes matrices associated to (PQEE,VE,Tg) — ((CPl,oo) do not de-
pend on the choice of a € R.

Before proving the proposition, we first prove the following lemmas.

Lemma 3.37. Let (E,gg,ﬁ,h, (61,62)|oo) e H and let (ngf,vf,nf) — ((CPl,oo) be as
before. Consider the holomorphic coordinate w related to z by w = %, and fix a branch of the
logarithm in the w-plane. Using this fized branch of the logarithm, let ®; i(w, &) denote the frame
of flat sections of V¢ defined on the extended sector Sectz, as in Section 3.4.1. Furthermore,
consider the matriz function e?WE)  where Q is a 2 x 2 diagonal matriz with entries

@u(0.€) = =€ (0~ mLog(w) ) — im® Arg(o) — € (5 - mLog(u) )

1 1 -
Qu(,€) 1= €1 (03~ mLog(w)) +im® Arg(u) +. (525~ mLog(w) )
If ®i(w, &) = (e1,e2) - Ai(w,§), then the matriz A;j(w,§) satisfies Aj(w,§) ceQwE) 51 gs
w—0,we Sectz, where Q(w, &) uses the same branch of the Log and Arg as ®;.

Proof. The formal type of the connection V¢ is given is this case by — ({ + §)H dw 4 Adw
where

A= —¢'m 4+ mB) 4+ &m + ny(a) 0
N 0 E'm —mB) — &m + no(a)]

By following the recipe from Section 3.4.1, we find that
~ - H
i(w, &) = 75 Si(F(©)w ™ exp (—(s—1 + g)w) .
On the other hand, we have that

m® 426m)H . N(a EH ¢H
e (w) = (e1, e2) - ge(w) o] "N exp (w—w ’
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so that

Ag(w, €) = ge(w)w| (™ TAEH N @) ey <§H - fH) i (F)w™©

X exp < (5 —|—§) 2w2>
Since g¢(w) — 1 as w — 0, it is enough to prove that Bi(w,£)e Q) 5 1 as w — 0,
w € Sect;. A simple computation shows that the diagonal entries of B; are the following;:

B; (’LU, é)jj =2 (ﬁ)jjer (w,f)’

while the off-diagonal terms have the form
Bi(w, &), = % (F)jk(wn(au) n(a,k)|w|(2( m!3) —2¢m) Hyy,) exp ((_52 + 52) Hkk> eQr(w,€)

On the other hand, by the proof of [5, Lemma 1], we have the following estimates:
zi(ﬁ)jj —1=0(w|) and zi(ﬁ)j,c = O(Jw]) for j # k.
We also have the following:
In(a, j) —n(a, k) + (2(—m(3) — 2Re(ém)) Hir)| < 1,

since that quantity is the difference of the two parabolic weights in the range (a — 1, a]. Hence
find that

Bi(w,ﬁ)jje’Qj(w’f) — 1, Bi(w@)jkeka(w,&) -0,
so we get what we wanted. n

Lemma 3.38. The asymptotics of the Lemma 3.37 uniquely characterize the frame of flat sec-
tions ®;(w, §).

Proof. Suppose that we have two frames of flat sections ®;(w,§) = (e1,e2) - A(w,§) and
®;(w, &) = (e1,e2) - A(w, &) defined on Sect;, and satisfying the asymptotics of the previous
lemma.
We then have that A(w, ) = A(w,€)S for some constant matrix S, since S is the transition
function between flat sections. From the asymptotic conditions, we then have that

A(w, &)e” = Ae~ Q)R go=QwE) _, g as w—0, w e Sect;,
Ae QW) 4 1 as w — 0, wGS/e\cti,

so we conclude that
e@1—Q2 S19

eQwE) go—Qw,E) _ 511

@-Qigy —1 as w— 0, w € Sect;.

522
On the sector S/eai, there are two subsectors separated by a Stokes ray. This in particular
implies that if in one of the subsectors Re(Q; — ;) > 0, then on the other subsector we

have Re(Q; — Q;) < 0. Hence, the limit above forces sp; = s12 = 0 and s11 = s22 = 1. It then
follows that ®; = ®;. [ |

Proof of Proposition 3.36. By the previous two lemmas, we see that the frames of flat sec-
tions ®; satisfy the same asymptotics of the first lemma independently of the choice of @ € R; and
these asymptotics uniquely characterize them. Hence, the frames ®; do not depend on a € R,
so we conclude that the Stokes matrices also do not depend on a € R. |
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3.4.4 Definition of the twistor coordinates

In the following, we will assume the fact that the Stokes data associated to (Pfé'f AV ,Tf) —
((CPI, oo) depends holomorphically on the parameter £ € C*. This will be proved later in the
next section. We will also assume throughout the section that m € C*, where m is the parameter
appearing in (3.3).

We will study how the Stokes matrices and formal monodromy associated to (Pfé’ £ V¢, 7¢ ) —
((CPl, oo) varies when we vary the parameter £ € C*. The behavior of the Stokes matrices with
respect to the twistor parameter will motivate the definition of the twistor coordinates for framed
wild harmonic bundles.

Let us recall the setting of Section 3.4.1 in the specific case we are working with. We now have
a compatibly framed rank 2 flat vector bundle (73385 VA ,75) — (CPl, oo). The compatible
frame 7,¢ extends to a local holomorphic frame near z = oo, where V¢ has the following form
(with respect to the holomorphic coordinate w = %)

VE=d-— (5_1 +E)Hi—1§ + A(&)%U + holomorphic (1,0) terms,
where
A(€) = —& M m 4+ m®) + m 4 ny(a) » (3)0 B (3.12)
0 Em —m'Y — &m+ na(a)
The formal type of the connection is given in our case by
e+ T AO (3.13)

so that in the notation of Section 3.4.1 we have that —Q(w,§) = —(5_1 + E)% = diag(q1, ¢2)
determines the Stokes and anti-Stokes rays. In this case, we have 2 anti-Stokes rays where
q12 = —(5_1 + E)ﬁ < 0 and 2 anti-Stokes rays where o1 = (5_1 + E)ﬁ < 0. Similarly, we
have 4 Stokes rays corresponding to Re(gi2) = 0 (see Figure 2 from Section 3.4.1).

For the definition of Stokes data, we need to fix a branch of the Log and a labeling of
the sectors determined by anti-Stokes rays. The reason for the choices made below will become
apparent in subsequent sections, where we start comparing and matching the twistor coordinates
for harmonic bundles with the twistor coordinates of the Ooguri—Vafa space. The choices of

branch and labeling will depend on the value of m € C* in the following way:

o Let Arg(w) denote the argument function with values in [0,27). Given m € C*, we
denote by Arg,,(w) the argument function with values in [—3 Arg(m), —3 Arg(m) + 2).
Furthermore, we denote by Log,, (w) the branch of the logarithm that uses Arg,, (w).

e For £ = m, the ray from 0 to e~ 31A%8(M) i5 one of the anti-Stokes lines. We will denote
this anti-Stokes line by 74, (§ = m) and denote the others by rg,(§ = m) for i = 2,3,4 in
a counterclockwise manner. As before, we let Sect;({ = m) be the sector going from 7y,

to 7¢,,, and denote by Sect; (£ = m) the extended sectors (see Figure 3).

e When ¢ varies from £ = m, the anti-Stokes rays move continuously. Given a fixed m € C*,
we will denote by Sect;(£) the sector obtained by varying ¢ starting from £ = m and
with £ € C*\ {€ € C* | =¢"1im > 0}. We will denote the corresponding extended sectors
by Sect;(§) (see Figure 4).

Now we set our conventions for the sectorial frames of flat sections ®;(¢) of V¢ used to define
the Stokes matrices:
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Figure 3. How the labeling of the sectors varies with m while keeping m = £. The wavy red line denotes
the place of the branch cut of Arg,,.

[N}

N ot

RN

Figure 4. How the labeling of the sectors change with m = 1 fixed, while we vary & from £ = 1 in
a counterclockwise manner. The wavy red line denotes the place of the branch cut of Arg,,.

e To define the sectorial flat frames ®;(§), we must first fix a branch of the logarithm. For
a fixed m € C* and & = m, we will use Log,,, and the convention explained in the paragraph
before Definition 3.31 (i.e., it uses Log,,(w) if i # 1,4; it uses the analytically continued
branch of Log,,, (w) from Sect; (§) to Sect4(£) if ¢ = 1; and it uses the analytically continued
branch of Log,, (w) from Sects to Secty for i = 4). The branch that we use to define ®;(§)
for & # m varies continuously with the sector Sect;(§). For example, for m = 1, ®1(&) uses
the branch with argument taking values in [—% Arg(§) -7, —% Arg(&)+ %’r) (see Figure 4).

e With the above choice of branch, ®;(£) denotes the flat frame on S/e\cti(ﬁ) specified by the
asymptotics from Lemma 3.37 (which uniquely characterizes the ®;(£) by Lemma 3.38).

e We define the Stokes matrices S;(£) using the ®;(€) as in Definition 3.31.

Having defined the required Stokes matrices, recall that by Proposition 3.34, we have the
following relation for the Stokes data:

S1(€)S2(€)S3(€)Sa(€) My L (€) =1, (3.14)

where My(£) = e~ 2mA &),

We denote by a, b, ¢ and d, the nontrivial off-diagonal elements of the 2 x 2 unipotent
matrices S1, S3, S3 and S4, respectively, and My = diag(,u, ;Fl). With our conventions Sp
turns out to be lower triangular (and hence so is S3, while S and Sy are upper triangular), and
we get the following relations among the Stokes matrices elements from the matrix relation of
equation (3.14):

1+ be = p, pud+b=0, a+pte=0, ab+1=p"t. (3.15)

For now, we will consider a(§), b(§), c¢(£), d(§) as analytic functions on the half plane H,,,
where Hy,, := {£ € C* | Re(§ 'm) > 0} (recall the assumption made at the beginning of the
section).
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Hy,

l+(—2im) l—(—2im)

H_m

Figure 5. Given m € C*, the figure above shows the configuration of the half-planes H.,, and the
rays [ (—2im).

If we denote by s; the flat section of the frame ®; that is exponentially decreasing on
Sect;_1 N Sect; (with i taken mod 4), we have that s; = ®;-(1,0)! fori = 1,3 and s; = ®;-(0,1)"
for ¢ = 2,4. They satisfy the following relations among themselves, obtained by using the Stokes
matrices and how they relate the flat frames ®; for i = 1,2, 3, 4,

83 = 81 + aS2 on S/e\ctlﬂs/e\ctg,

S4 = S9 + bsg on S/e\ctgﬂs/e(;g,

Us1 = 83 + sy on S/ech,ﬂS/e(El,

sy = s4 + dus; on S/ec?zl N S/e\ctl. (3.16)

Now consider the rays in the £ plane determined by

—2im
+ <05;.
3 }

Note that these rays, together with 0, form the boundary of the half planes H,,, and H_,, (while
we could write l4(—im) instead of [ (—2im), the reason we write —2im instead of just —im is
because —2im will be identified with the base parameter of the Ooguri—Vafa space). If we start
at H,, and move counterclockwise, we cross [4(—2im) into H_,,, and then we cross [_(—2im)
into H,, (see Figure 5).

We can analytically continue the Stokes matrices elements from H,, to H_,, through
I+ (—2im), while still maintaining the same relations (3.15) as before.® The Stokes matrix
elements are then holomorphic functions on C* — [_(—2im). Now suppose that we further
analytically continue from H_,, to H,, by going through I_(— 21m) Notice that in the process
of doing this, the labeling of our sectors experience monodromy: Sect1 gets interchanged with
Sectg, and Sect2 gets interchanged with Sect4 (see Flgure 4). We will denote the Stokes matrix
elements on C* — [ (—2im) obtained this way by a, b c, d. On H_,, they coincide with the
previous ones. However, if we denote by </I\>Z the corresponding fundamental solutions on the
corresponding sector, we have the following relations for £ € H,,

ls(—2im) = {g ecC

O =B3- Myl Dy=94 My, By=0;, Dy= Dy (3.17)

Now we finally define the electric and magnetic twistor coordinates. We will verify that the
magnetic coordinate has the appropriate jumps on [y (—2im), matching with the corresponding

8From the arguments in the next section, where we show the holomorphic dependence of the flat frames D;(&)
in &; it will be clear that given any & € C*, there is a small sector centered at the ray from 0 to & where ®;(§)
is holomorphic for £ in the sector. The opening of this sector will be uniform in & € C*, so we can perform the
analytic continuations of Stokes data mentioned above.
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jumps of the Ooguri—Vafa coordinates (see Proposition 2.1). For the definition of the magnetic
coordinate, we will need to assume for now that the Stokes matrix element given by b(¢) does
not vanish for £ € H_,, (this will be shown in Section 3.7).

Definition 3.39. Let (E,EE, 0, h,g) € H" with parameters m and m®) describing the corre-
sponding singularities. For £ € C*, the electric twistor coordinate is then defined by

Xe((E,gE, 0, h,g),g) = l(E) = exp(—27ri(§_1m —m® — mg)). (3.18)

Definition 3.40. Let (E,@,H,h,g) € H"™ with parameters m # 0 and m) describing the
corresponding singularities. The magnetic twistor coordinate is defined by
a(§)  for £ € Hy,

1
—@ for g S H_m,

where a(§) and b(§) are the corresponding Stokes matrix elements of the associated compatibly
framed filtered flat bundle (P"ES, V¢, Tf) — (CP',00) (holomorphic on C* \ I_(—2im)).

X ((E,0E,0,h,9),€) =

Remark 3.41. Notice that the subscript m of X, refers to “magnetic”, and not to the complex
parameter m. We hope this notation does not cause confusion.

Lemma 3.42. Xe((E,@,H, h,g),{) and Xm((E,@,H, h,g),f) descend to functions on X%

Proof. If we have an isomorphism ¢: (E1,5E1,91,h1,gl) — (E2,5E2,92, hg,gg), it is easy to
check that it induces an isomorphism between the associated compatibly framed filtered flat
bundles (Pf "55 , Ve, s ) — ((CPl, oo) for ¢ = 1,2. It then follows that both compatibly framed

RENE )
filtered flat bundles have the same Stokes matrices and formal monodromy. Hence, the twistor

coordinates descend to X', [ |

We will often just write X (§) and X,,(§), with the understanding that they depend on
elements of X'
We now prove the following analog of Proposition 2.1.

Theorem 3.43. For a fixed (E,EE,Q,h,g) e HEY with m # 0, the magnetic twistor coordi-
nate X, (&) has the following jumps when we vary the twistor parameter &

Xn(€)F = X (1= Xe(€))™ along € € 14 (~2im),
Xn(©)F = Xn(©) (1= X()7Y)  along € € 1_(~2im),

where the + or — on the coordinate denotes the clockwise or counterclockwise limit to the ray,
respectively.

Proof. Because of the relations (3.15) and the analytic continuation that we chose, we auto-
matically have the relation a(l — /fl)fl = —% along & € 14 (—2im).
Hence, we have the following relation:

()T = X0(&) (1= ™) = 20(O) (1= Xu(€))™" along € € Ly (—2im).

To check the other jump, notice that by (3.17) we have that on H,,: s; = S3, s2 = 3y,
53 = ps1, and s4 = '8y, so that along I_(—2im)

v (ssAst\T (usias\T (usiAs\ T siAs3\
a = —_— = —_— = —_— = = C .
S9N\ 81 S4 N\ S3 S4 N\ S3 'u84/\83
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On the other hand, from (3.15) we see that ¢ = —}(1 — ), so that a™ = ¢~ = —b%(l — 1)
along & € [_(—2im).
Hence, we get the following jump:

X ()T =Xn() (1 —p) = Xm(g)_(l — Xe(f)_l) along & €1l_(—2im).
This shows what we wanted. |

We then conclude that the magnetic coordinate has the same jumps as the magnetic coordi-
nate of the Ooguri—Vafa space.

3.5 Twistor coordinates Part 2:
Holomorphic dependence in the twistor parameter

In this section, we prove the holomorphic dependence of the Stokes data with respect to
the twistor parameter ¢ € C*. This will show that A, () depends holomorphically on £ €
C* — 14(—2im). We will use the procedure of deformation of irregular values, which varies the
compatibly framed flat bundle, while keeping the Stokes data the same. The idea of “defor-
mation of irregular values” goes back to Jimbo-Miwa—Ueno [19]. Some other references can be
found in [4] and [25]; while a reference where this is applied to the twistor family of meromorphic
bundles associated to a wild harmonic bundle can be found in [26, Chapters 3, 4, 9 and 11].

3.5.1 Deformation of irregular values

One of the main challenges in trying to show that Stokes data depends holomorphically on the
twistor parameter, is the fact that we are looking at Stokes data associated to meromorphic flat
bundles (’Pfllgf, V&, 8 ), with formal type given by
dw

w

1 2 Hd
_ +§!£| w3w+A(§)

(3.19)

The cubic pole term has non-holomorphic dependence in &, so it is not clear that Stokes data is
going to depend holomorphically on £. One first step to solve this is the following construction
of “deformation of irregular values”. We will follow the reference [26, Section 4.5].%

This procedure of deformation of irregular values will take the data of (”Pgé’f, Vf,Tg), and
produce a new compatibly framed flat bundle (Qa55 , V¢, VS) such that

e The new framing at oo extends to a holomorphic framing where V¢ has the form

d d
T MO

e The Stokes data associated to (QGSE, Ve, 1/5) is the same as the Stokes data of (73255, Ve,
$
7).

We will explain how the construction works in our setting:
To start, let Us denote a neighborhood of oo in CP!, and consider the covering of U, by
the extended Stokes sectors S; := Sect; (with ¢ = 1,2,3,4). On each such sector, we have the

holomorphic frames o > (ﬁ (5)), where the connection V¢ has the form
AL,
w

Vé=d-— + holomorphic (1,0) terms.

w

1+ |¢? Hdw
& w?
9The procedure of deformation of irregular values explained in [26] is actually more general than what we will

explain here. In our particular case, the leading term of equation (3.19) fails to be holomorphic in £ by the real
factor 1 + |¢€|?, so our deformation will not change the Stokes sectors.

Ve =d

(3.20)
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Here we recall that ( ) is the formal gauge transformation that takes the connection to the
form (3.20) and F(w =0)=1.
Now let v; := Ta (F) exp( H ) In this new sectorial frame the connection has the
form
Hdw dw
f=d- A(E)—.

With these sectorial frames we cannot a priori define an extension of the holomorphic flat bun-
dle (£5,V%) — CP'\ {co} to a meromorphic flat bundle over CP!. However, if 7: CP'(c0) —
CP' denotes the real blowup of CP! at oo, we have the following.

Proposition 3.44. Using the sectorial frames v;, we can extend the holomorphic flat bun-
dle (€5, V) — CP\ {oo} to a meromorphic flat bundle (85 Vf) (CPY(00), w1 (00)).

Proof. Away from oo the holomorphic sections of the bundle and the connection are the same
as before. On the other hand, on the sectorial neighborhoods S; in the blowup, we have the
following transition functions between the frames vg, and vg,_, .10
A—A H

1 cw™ eXp(_W):| or |: /\2—/&11 H ) ’

0 1 eXP(W) 1
depending on whether exp( _g%) or exp( gH ) is exponentially decreasing on §;NS;4+1. Here “¢”
denotes the non-trivial Stokes matrix element of the Stokes matrix associated to S; N S;41.

The transition functions are holomorphic functions on S; N'S;41 (in the sense of being holo-

morphic in the real blowup, see [26, Section 3.1.3]) and hence defines a holomorphic bundle
over CP1(00). The connection V¢ clearly extends to a meromorphic connection on CP1(c0)
with poles along m!(c0). [

Now we will explain how to actually get a meromorphic flat bundle over CP!. Let y; be
a partition of unity subordinate to the extended Stokes sectors ;. We will furthermore pick
them such that for any differential operator D, we have that Dx; = O(|w|") for some natural
number N (depending on the differential operator). We define a C*° frame on Uy, \ {o0}
by v =), vixi.

The fact that this actually turns out to be a frame follows from the form of the transition
functions between the v;, and the fact that the y; are non-negative.

We have the following lemmas concerning the smooth frame v.

Lemma 3.45 ([26, Lemma 3.1.15]). Let C; be the matriz such that v = v; - (1 + C;). Then
if Z=38; Nn~1(c0), we have that C; goes to 0 faster than any polynomial as we get near to Z.

Lemma 3.46 ([26, Lemma 3.1.16]). If A is such that Ogev = v - A, then for each sector S as
before and Z = SN~ (00), we have that A goes to 0 faster than any polynomial as we get near
to Z.

In particular, the last lemma implies the following.

Corollary 3.47. A descends to give a smooth matrix of functions over a meighborhood of oo
that vanishes faster than any polynomial as z — oo.

We are now ready to define the deformed compatibly framed flat meromorphic bundle

(Qus, VE,15).

0T his follogs from the fact that the vs, differ from the flat frames defining Stokes data by the fac-
tor wA®e 267
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Proposition 3.48. Let Q,E¢ — CP! denote the C™® bundle defined by extending the bun-
dle £¢ — CP\ {co} to a bundle over CP' by using the v frame. Then

e The holomorphic structure of £¢ — CP'\{oo} extends to a holomorphic structure on Q,E¢.
e The connection V¢ becomes a meromorphic connection on Q,E, with poles at co.

e The frame v used to define the extension gives a compatible framing at co. The compatible
framing extends to a local holomorphic framing where the connection has the form

H
gdg] + A(f)d—w + holomorphic (1,0) terms. (3.21)
w

We denote the compatibly framed meromorphic flat bundle that we obtained by (Qaé'f, V¢, ué)

vE=—d-—

Proof. The fact that the holomorphic structure of £ extends to a holomorphic structure
on Q,E&¢ follows from Corollary 3.47.
On the other hand, it is easy to check that because of our conditions on the x;, we have that
in the frame v
Hdw
fw?
Since v is holomorphic only up to terms that decrease faster than any polynomial (see Corol-
lary 3.47), one also easily checks that we can find a gauge transformation g such that g(w =
0) =1d, v - g is holomorphic, and in the holomorphic frame v - g we get the expresswn (3.21).
Hence, we obtain the required compatibly framed meromorphic bundle (Qaé’ AV Z/a) Notice
that the compatible frame is specified by either v, v - g, or the v;. |

vé=d-—

+ A(ﬁ)—w + regular terms.
w

Proposition 3.49. The Stokes data associated to (Qaé'f, Vé, uﬁ) is the same as the Stokes data
of (Phes, Ve, 3).

In the statement of the proposition, it is assumed that we are using the holomorphic coor-
dinate w = % vanishing at z = oo, and the same branch of the Log to the define the Stokes
data.

Proof It is clear that the Stokes sectors defined by —¢&~ 1@ agree with the ones defined
(5 + 6) w2
To construct the associated Stokes data of (Qaé‘f AV ua) we would first extend 1/5 to a local
holomorphic framing 7 around w = 0, where the connection has the form in (3.21). Then we
would consider the frames of flat sections 51 on the extended Stokes sectors S;, where

~ ~ H
(IDi:V-Ei(G)w A©) exp< & 12w2>

and where G and > (@) satisfy the required properties given in Section 3.4.1.
On the other hand, we have the frames of flat sections ®; on S; defined by

CIDi:Tg-Ei(ﬁ)wA(g)eXp< & +£ )zyi-w A©) exp< ¢! H)

e 2uw? 2uw?

We claim that ®; = ®;. In order to see this, let C' be the (constant) matrix relating both
frames of flat sections (i.e., ®; = ®; - C') and notice that both v; and v go to the compatible
framing V5 as w — 0. Using this and that fact that ¥; (@) — 1 as w — 0, we conclude that we
must have

H
w A exp< & 1 >Cexp (5_12w2> wh® 1 as w—0, wes,.

The same argument at the end of Lemma 3.38 then let us conclude that C' = 1, so that ®; = :IS,
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Since the frames of flat sections ®; define the Stokes matrices of (77!;55 VA ,7'5), and the
frames ®; define the Stokes matrices of (Qaf,f, V¢, 1/5), we conclude what we want. |

3.5.2 Gluing together the deformed flat meromorphic bundles

Now we would like to address the issue of how the deformed meromorphic flat bundles (Qaé' 5, Vf)
glue together as a family parametrized by £ € C*.

Given the holomorphic bundle £ = (E,dg + £0'*) over CP'\ {co} and given the canonical
projection p: CP! x C* — CP!, we can form the holomorphic bundle & = (p*E,gE + £6Tn —1—55)
over (CP'\ {oo}) x C*. Let & € C*, and U(&) a small neighborhood of &. We would
like to perform an extension of (£,V) — (CP'\ {oco}) x U(&) to a filtered flat meromorphic
bundle over CP' x U (&), with poles along {oo} xU(&y). Here V: €& — £ @ Q.

. . . L . o .=~ (CPI\{oo}) xU(£0) /U (£0)
is considered as a relative connection (it does not differentiate in the £ direction), and V¢ = V|g¢.

Theorem 3.50. For U(&y) small enough, the holomorphic bundle with relative flat connec-
tion (£,V) — (CP'\ {(oo}) x U(&) extends to a filtered bundle with a (relative) flat mero-
morphic connection (Q*SO)S,V) — (CP! x U(&), {oo} x U(&)). Furthermore, we have that
(QE, V) lepiugey = (Qué, VE).

Proof. This follows from [26, Proposition 9.2.1, Corollary 9.2.5, and Theorem 11.1.2]. |
Theorem 3.51. Let v be a holomorphic section of Q((IEO)E']{OO}XU@O) such that v(§) is a compati-

ble framing for (Qaé’g, Vg). Then the sectorial frames of flat sections ®; used to build the Stokes
data associated to (Qaé'g, V&, 1/(5)) vary holomorphically in £&. Hence the Stokes data itself also
varies holomorphically in &.

Proof. Given v(£), we can extend it to a holomorphic local trivialization of 0% such that in
that local frame we have

Hd d
VE—d— 21715 n A(f)% + A(w, €)duw,

where A(w, €) is holomorphic in both variables. The result now follows from [5, Lemma 7 and
Corollary 8]. [

This does not prove the holomorphic dependence of X,,(§) in &, since we do not know that
the compatible frames V5 from Section 3.5.1 glue together holomorphically in £.

3.5.3 Proof of the holomorphic dependence

Pick &y € C* and let ( ggO)E,V) be as before. We also fix some i = 1,2,3,4 and pick U(&p)
small enough so that there is a sector 5; centered at z = co such that

o S; C Sect; (&) for £ € U(&).

e S; contains the Stokes ray and two anti-Stokes rays in the interior of S;e?ci(f).

Furthermore, let v(§) be a holomorphic frame of ol |[{oo}xU(¢o) Such that v(§) is a com-
patible frame for (Q,&¢, V¢) for each £ € U(&) (the fact that such a frame exists follows from
the third and fourth statement of [26, Theorem 11.1.2]). Then (after a possible reordering of
the elements of the frame) (&) extends to a holomorphic local frame of Qégo &, where

VE—d— ij;g +A(§)%U + Afw, &)dw
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as in Theorem 3.51. We can then construct for & € U(&) the frame of flat sections ®;(€) on S
used to build the Stokes data of (Qa€5 V¢, (5)) On the other hand, we have the frame of flat
sections ®;(¢) of (Qa55 V¢, I/a) used to build the magnetic twistor coordinate. We clearly have
that ®;(€) = ®;(€) - C;(€) for some matrix C;(¢) that depends only on & € U(&p).

Lemma 3.52. The matriz C;(§) is diagonal.

Proof. For each & € U(&), the frames v§ and v(€) are compatible frames for the same mero-
morphic flat bundle (QGSS,VS), with associated irregular type —%d—“’ + A% dw - Hence, we
must have that v(£)|e = V§|C>O - D(§) for some diagonal matrix D(§) depending only on &.

By applying an argument like the one found in Lemma 3.38, we have that

H H
—A(¢) e ULl e -1 1 ) A
w exp < £ 2w2> C; (&) exp (5 2w2> w — D(§) as w—0, weS.

By the choice of sector S containing a Stokes ray for each & € U(§y), we have that the off-
diagonal entries of C;(§) must be 0, and the diagonal entries must match the diagonal entries
of D(§). Hence, we conclude what we want. [

Next, we will need the following lemma.

Lemma 3.53. The asymptotics in Lemma 3.37 of the frames of flat sections ®;(§) used in the
definition of X, (&) hold uniformly in & € U(&y) for U(&) small enough and bounded.

Proof. The proof of this is in Appendix B. |
Theorem 3.54. The coordinate X,,,(§) depends holomorphically on &.

Proof. It is enough to prove that the frames of flat sections ®;(§) depend holomorphically on &.

We know by Lemma 3.52 that Cfl({) = P;(§) - Ci(¢) for C;(§) diagonal. Furthermore, we have
that 55&),-(6) =0, so if we show that 9¢C;(§) = 0, then we would be able to conclude what we
want.

In the following, we will use the same notation of Lemma 3.37. By Lemma 3.53, we then
have that A;(w,§) - e~ Q&) — 1 uniformly in &€ € U(&) as w — 0, w € S, where ®; = (eq, ea) -

g (’U), f) .

Since ®;(¢) is holomorphic in ¢ and the frame (e, e2) is also holomorphic in & (since it does
not depend on &), we conclude that the matrix A;(w,§) - C;(§) is holomorphic in £. Further-
more, e?©) is diagonal and also holomorphic in &, so we have that A;(w,¢) - C;(€) - e~ @Ew) =

Aj(w, €) - e~ QEW) . 0(€) and e (Ai(w, &) - Ci(§) 'e_Q(f’w)) =0.

By shrinking U(&y) if necessary, we can assume that C;(£) is a bounded function of &.
Hence we get that A;(w,€) - e~ @E) . C;(&) — Ci(€) uniformly in € € U(&) as w — 0 along S;.
Since A;(w, €) - e=@E . C;(€) is holomorphic in &, we conclude that C;(€) must be a holomorphic
function in &, so ®;(§) must depend holomorphically on §. |

3.6 Twistor coordinates Part 3: Asymptotics in the twistor parameter

In this section, we compute the asymptotics of X,,,(§) as £ — 0 and £ — oco. More precisely, we
will verify the asymptotics have a formula similar to (2.12). Along the way, we also show that

the reality condition for &, (£) holds (see (2.13)).
The plan for computing the asymptotics will be the following:

e First, we express the sectorial flat sections used in the definition of Stokes data, in a con-
venient way for studying the asymptotics as & — 0. This is done in Lemma 3.58.
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e Then, we apply Lemma 3.58 to the actual computation of the asymptotics of X, (&)
as £ — 0 in Theorem 3.59.

e Finally, we prove the reality condition for X, (£), and use it to compute the asymptotics
as & — oco. This is Theorem 3.64 (resp. Corollary 3.65).

Notation 3.55. For the rest of this section, we will use the following notation: Arg(w), Arg,,(w)
and Log,, (w) are defined as in Definition 3.4.4; Argp(w) and Logp(w) are the principal branches
(i-e., with Argp(w) € (—m,7]). When we switch coordinates to z = 1/w, we denote by Log,(2)
and Arg,(z) the branches with [—m, 7). We then have the relations Log,(2) = — Logp(w)
and Arg,(2) = — Argp(w).

3.6.1 Preliminaries for the asymptotic computation

Here we develop some of the preliminary notation and computations that we will need for the
main asymptotic computation of the twistor magnetic coordinate.

We first start with some results that will help us understand the asymptotic behaviour of the
exponentially decreasing flat sections of V¢ along certain special curves.

Definition 3.56. We fix the quadratic differential ¢ := (22 + 2m) dz? over CP!, with m € C*.
Given a phase ¢ € S, a WKB curve!! with phase e is a parametrized curve v in CP! such
that its velocity vector 4 satisfies () = .

For the rest of the section, we fix:

e me C".

o An element (E,dg,0,h, (e1,e2)) € HT with Det(d) = — (22 + 2m)dz2.
e A WKB curve ~ with phase ¢! 4*8(™) not running into the zeroes of ¢.

e A frame (11, 72) of eigenvectors of 6 along the curve «y, with growth near w = % = 0 of the

form |n;|p = O(lw|*) for some a; € R. For example, we could take the frame compatible
with the parabolic structure, or a normalized frame.

With this data fixed, we consider the flatness equation of the pullback connection v*V*

d
GO AT e =0,

where A denotes the connection form of D(EE, h) in the frame (11, 12).

Proposition 3.57. Let a,ap € R and let M(t) := exp(— f; ’y*Adiag) denote the diagonal gauge
transformation that gauges away the diagonal part of v* A2 Furthermore, let

Nilt, €) = €710, — ¥,

and assume that either Re(A(t,€)) > Re(Xa(t,€)) or Re(Ai(t,€)) < Re(Aa2(t,€)) holds for
all t € R and for small enough & € H,,. Then there is a neighborhood Uy of & = 0 such that
for € € UyNH,,, we can write an exponentially decreasing flat section of v*V¢ for t € (ag, 00)
with the following form.:

e In the case Re(A\1(t,€)) > Re(Xa(t,€)), we have

S(1,€) = oxp ( / A2<T,s>d7) (Ex (1,6 + (Maa(t) + Ba(t, €))me).

"This terminology comes from [14]; a more common terminology is that of horizontal trajectory for e=%%¢.
2Namely, if 7* Adiag denotes the diagonal components of v*A in the frame (11,72), then one can check that in
the new frame (11, 72) - M(t) the connection form M (t)™'y*AM(t) + M~'dM(t) is off-diagonal.
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e And in the case Re(Ai(t,€)) < Re(A2(t,€)),
S(1,€) = exp ( JRuE f)dT> (Mus (1) + Er(4,€))m + Ba(t, €)ma).

In both cases E;(t,€) satisfies

e For fixred t € (ag,00) we have that E;(t,§) — 0 as { — 0.
e E;(t,&) = 0 as t — oo uniformly in & € H,, N Uy.

Proof. In Appendix C. The proof of this uses classical techniques in the theory of ordinary
differential equations depending of parameters. |

Let us now state the setting for our asymptotic computation:

e Let A\ := /22 + 2mdz be the square root of ¢ with branch cut given by the line segment
between z = £1/—2m. A has power series expansion centered at z = oo given by (z +
m/z+ - )dz = (=1/w® —m/w+ - )dw.

e We let v(t) be a WKB curve with phase e!2'8(™) such that A(¥) = e!A8(™) Notice that
we can take, and will take, v(t) of the form ~(t) = g(t)e'A™8(™)/2 where g(t) is a certain
real valued function satisfying g(t) — £oo (or Foo) as t — +oo. With this choice, v(t)
crosses the branch cut of A (see Figure 6).'3

Figure 6. The crosses denote +1/—2m, the wavy red line denotes the branch cut of A\, and the horizontal
black line the WKB path.

e For § € H,;, and for sufficiently big ¢, y(¢) lies either cgl\S/eEtl(g) N 373&4(5) or in S/e\ctg(g) N
Sects(§). We orient « such that it lies in Secty(£) N Secty (&) for sufficiently big ¢.

o Let X be a branch of a square root of ¢ defined in a neighborhood of v, such that
A(¥) = A(¥) for big enough ¢t. With our choices, we then have that Re(%)\("y)) > 0
for ¢ € H,,.

e We pick a frame (11, 72) of SL(2, C) eigenvectors of 6 along ~, such that (n1,72) — (e1, e2)

as t — oo, and (n1,1m2) — (e, —e1) as t — —oo. In the frame (11, 72) we have 6 = [8‘ PX]'

e We pick tg < t1, such that ¢y is a time before the crossing with the branch cut of A, and #;
is a time after the crossing with the branch cut of .

We now state the lemma that will allow us to compute the asymptotics of the magnetic
twistor coordinate:

13The trajectory structure of the WKB curves decomposes the sphere into four half-planes and one stripe, and
here we are taking one particular WKB curve lying in the stripe.
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Lemma 3.58. In the previous setting, let s;(z,&) be the flat sections from Section 3.4.4. They
satisfy the following:
For small enough & € H,y,

$3((1),€) = exp ( / (()) < 2 0(5))

x (MB (1(8) + B (4(8),€))me + B (4(2), ©)m ) B (v(to), €).-

For small enough &€ € H_,,,

$2(7(1),€) = exp ( / (()) ( 2 oos)))

x (MS' (1) + EL (4(t), )ma + EP (v(2), )m) B2 (v(11), €),

(t) -
sa((t),€) = exp (/Z ) (—1A+O )
¥(to
< (M (1) + ED (4(1), )y + B (4(8), )ma) Ba(v(to), €).-

In the above, Bi((t;),&) are normalization constants that ensure that the flat sections have the
correct_asymptotics as t — oo (resp. t — —o0) for i = 1,2 (resp. i = 3,4), and where Mj@(t)
and Ej(-z)(t,ﬁ) have the same role and properties as in Proposition 3.57.

Proof. We will give a proof for s1(y(t),&), since the others follow similarly.
By Proposition 3.57 and the setting of our computation, we can write an exponentially
decreasing flat section for v*V¢ by

) ~
S(tag) = exp (/7:151) <_§)‘ + O(£)>> ((Mll(t) + El(tvg))nl + EQ(t7£)T72))

where we are denoting O(§) = —59 Note that because of Theorem 3.21, we have that
91’11 = 911t + ¢, where ¢ is exponentlally decreasing as z — oo.

By our definition of (t), when t — oo we have that ~(¢) lies in Sectl(g) N Se/?m(f). Since
exponentially decreasing flat sections along such sectors are uniquely determined up to scaling,
we have that s1(v(t),&) = c(&,v(t1))s(t, &) for some number ¢(&,y(t1)).

On the other hand, it is not hard to check that Arg,,(v(t)) = Arg,,(vV—m~1) — % as t — oo,
where v/—m~1 uses the principal branch in the w-coordinate. Furthermore, because of our
conventions, the following holds (see Figure 7) Arg,, (vV—m~1) = Argp(v—m1).

Let F(w) be the antiderivative of —\ = (ﬁ + m/w + O(w))dw of the form —ﬁ +
mLog,,(w) + O(w). Furthermore, let F(w) be the antiderivative of the O(£) term of the
form —ﬁ + mLog,, (w) + O(Jw|). Now define the following;:

sermon(tr(id))

Breo(tr) == exp <—im(3) (ArgP( V-m=l) - g) + /00 7*A11> :

t1
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KK K

m—7 mf—l mf
Algm w) € [0 2) Arg,,(w) € [-7m/4,7n/4)  Arg,,(w) € [-7/2,37/2) Arg,,( 377/4 5m/4)

Figure 7. The pictures show that Arg,, (\/ 7m71) = Argp(\/ 7m71) for m € {1,i,—1, —i}, but similar
pictures hold for any m. The red dot in the pictures denotes vV—m~=!, where /w uses the principal
branch. The wavy red line denotes the branch cut of Arg,,.

Bre(t1) :=exp (51,5 <,y(11)>> ; Bi(t1,8) = Bre-1(t1)Bre0(t1)Bre(tr)-
It is then easy to check that 51(t1,£)s(t, &) has the same asymptotics as t — oo as s1(7(1), &)
(see Lemma 3.37). So s1(y(%),&) = Bi1(t1,£)s(t,€). [

For completeness, and because we will need it in the asymptotic computation for the magnetic
twistor coordinate, we write the other normalization constants f;(t;,€). These are

Ba(t1,€) := exp (—2F (7(11)) +im® (Argp( —m~T1) - g)

[ ()

B3(to, §) := exp (;F <7é0)> —im® (Argp(m) + %) +im

bR (56))

)= o (g (55) 10 (V=0 )

#f e (560))

where the extra im in f3 comes because of the fact that e — —e; instead of e; as t — —o0.
We should justify why the integrals of the form

+oo
/ ’Y*Aii (3.22)
t

J

are finite. Let w = re'?, and write A;; = Ay pdr + Aj; pdf. By our choice of y(t), we have
that df(5) = 0. On the other hand, A;;, is regular at w = 0 and dr(§) ~ t=3/2 as t — oo0.
Hence, the integrals of the above form converge.

3.6.2 Computing the asymptotics when £ — 0

We are finally ready to start computing the asymptotics of the magnetic twistor coordinate.

Theorem 3.59. Consider the magnetic twistor coordinate X, (§) associated to [(E,EE,G,h,
(e, 62))] € X, Then with the setting and notations of the previous section, we have

X (§) ~emo0 A(E),
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where
1 m o
A(§) :=exp < gm Log, ( 26) +im™” Arg,(—-m) +ir + /_Oo'y A11> .

Proof. First assume that £ € H,,,. We pick £ to be small enough so that the intervals where the
expressions for s; and s3 of Lemma 3.58 hold, overlap for some t € (g, t1). By using Lemma 3.58,
we have that

v(t1)

¥(to)
(D + EOYME + )~ OB e

535(7(0),€) A 51 (7(8),€) = exp < / ( P+ 0@)) Bu(y(t1), €)B3(x(t0), €)

It is then easy to see that the following asymptotic computation holds

s3(7(£),€) A s1(v(2), )
s2(Y(t),€) A s1(v(t), §)

3 exp(L [70) X) Bre-1 (t1) B0 (11) B¢ (f0) Ba 0 (t0) MY ((1))
¢708cHn S92 (7(”7 é) AN (V(t)a f)
X M3 (1(t))mo A .

A (&) = a(§) =

To continue the computation, we use the following lemma.

Lemma 3.60. The following holds:

1 () 1
exp (5 / A) B () (1) = exp (—gmLog, (<50 ).

to)

Proof. By deforming the path v to a path from ~(¢y) to v(¢1) passing through z = /—2m
(where v/—2m uses Arg,(z)), we get that

1 ) 1 () 1 [v—2m
exp / A =exp / A — / Al (3.23)
£ ¥(to) N £ v(to)
To compute this quantity, we use the following antiderivative A(z) of A = V22 + 2mdz

m
=-V/22 4 2m+mLog,(z + V22 + 2m) — 5 m Log,,(2)

+mL0gp<z>+@<Z>_

A(z

N\NMM‘N

Notice that with our conventions, Logp(1/v(t;)) = Log,,(1/v(t;)), so that is easy to check

that F(1/7(t;)) = —A(y(t;)). Hence, B; ¢-1(t;) = exp(—¢~ A(v(t5)))-
Applying this to (3.23), we get

1 )
exp §/y(t0) A | Brg-1(t1)Bs ¢-1(to) = exp <_ A( —2m)>
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Using Lemma 3.60, we get the following asymptotics as € — 0, £ € H,,

s3(7(t),€) A s1(v(1), )

s2(7(t),6) A s1(v(1), )

N exp(—%m Log, (—%) — 2im® Argp (vV—m~T) +ir) exp ([ An)
et 52(7(8), &) As1(7(8), €)

— 00
X eXp(/ v*Ag2)m2 Am
t

exp(—%m Logp(—gme) +im® Arg,(—m) + i7r) exp(ftOO 7*A11)
52(7@)7 6) A 81(’)/(t), f)

— 00
X exp (/ 7*A22> n2 A1
t

The last expression might seem to depend on ¢, but it actually does not. To show this, notice
that since (n1,72) is an SL(2,C) frame and D = d + A preserves the volume form, we have
that Tr(y*A) = 0. This implies that exp ([ v*A11) exp(f, ~" 7" A22) = exp([7 7*411). On
the other hand, we have that ss A s1 is a flat section of Det (W*Vf), which in the SL(2,C) frame
given by m; A 12 along the WKB curve has the form

a(§) =

Det(y"V¢) = %dt + & (4 0) + Te(v"A) + ETr(y*0™) = %dt,

This tells us that we can write sa(v(t), &) As1(y(t),&) = em Ane for some constant c. In fact,
because of the asymptotics of the flat sections, we see that ¢ = —1. Hence, putting the results
together we get the following asymptotics:

s3(7(t), &) A s1(v(8),€)
s2(7(t), &) A s1(v(8),€)

1
Z¢—0,£€H,, XD <—£m Logp<—;n—e> +im® Arg,(—m) +ir —|—/

—00

[e.e]

’Y*A11> .

So far we have computed the asymptotics as ¢ — 0 with £ € H,,. Let us compute the
asymptotics when £ — 0 with £ € H_,,,, and see that they match with the previous asymptotics.
Now we need to compute the asymptotics of

_ 1 _ _53(7(75)75) A 82(7(75)’5) where £ € H_,,.

b(&)  sa(v(t),§) A s2(v(1),6)

Following a similar computation from before using the relevant expressions for the s; and ;
for i = 2,4, we get the following:

-1
exp(%mLogp(—%) —im®) Arg,(—m) — [0 v*An)

X (&) Zemso,6eH_ = A(¢).

Hence, the asymptotics agree on H,,, and H_,,, and we proved what we want. |

3.6.3 The reality condition and the asymptotics as £ — oo

In this section, we prove the reality condition for the magnetic twistor coordinate (recall (2.13)).
Once we have the reality condition, the asymptotics when £ — oo automatically follow from the
asymptotics when & — 0.
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The reality condition states that the following equality must hold:

X&) = X (<1/)7 for £ € C*/lL(—2im).

Let (E ,0E,0,h, g) € H' be a compatibly framed wild harmonic bundle. We will denote by
(e1, e2) an extension of g to a SU(2) frame in a neighborhood Uy, of z = oo, where the singularity
of the associated flat connection V¢ = ¢716 + D(gE,h) + £6' has the appropriate form. We
write in this frame V& = d 4 A(&).

We can consider the conjugate bundle E — CP!, with the induced connection VE. In the
induced frame {el} the connection has the form V¢ = d + A(§) Furthermore, we can consider
the dual bundle E* — CPT with the induced connection V¢ . In the dual frame {e;}, the
connection V¢ takes the form d — A(ﬁ)t =d+ A(-1/¢).

Consider now the associated compatibly framed meromorphic flat bundle (7753, V¢, Ta) and
a fundamental solution (y1,12) = ®;(£) of V¢ on Sect;, with the corresponding asymptotics
determined by the compatible frame. If we denote by e?®) = diag (te(f), eQ2(§)), where

@) — exp <_§—1 (2;2 - mLog(w)) —im®) Arg(w) — & <2i}2 — mLOg(w)>> ;
¢@2(6) = oxp (5—1 (21w2 - mLog(w)> +im® Arg(w) + € (30 — mLog(w )>> :

then we know that by Theorem 3.37 that (y1,12) e~ 9® — (e1,e3) as w — 0 along Sect;. Here,
the Q;(€) are defined using the same branch of the logarithm and argument as the one used to
define the flat frames ®;(£) in Section 3.4.4. We then have the following lemma.

Lemma 3.61. If (61,62) B = ®; = (y1,y2), then (€7,€5) - (B_I)Jr =0, = (1,95) is a flat
frame for (7355 Ve ) Furthermore, (7, 73) - e Q18 — (€5,85) as w — 0 along Sect;(€).

Proof. Since ®; is a flat frame, and in the frame (ej, e2) we have that V¢ =d+ A(€), then B
must satisfy B~'dB+ B 'AB =0. It then follows that —BT AT (B 1) + ijd(B 1)Jr = 0. Since
in the frame (€],€3), we have that VE =d— A" and conclude that (e7,e5) - (Bfl)T must be
a flat frame for V¢ .

To check the asymptotics, just notice that (y1,y2)-e "2 — (e1, e5) implies that Be=@©) — 1.
On the other hand, we have that

T, 75) - e Q(-1/8) _ = (&,e) - (Bfl) Q(-1/¢) _ = (@,e) - (B )T Q&)
= (&.,8) - (29BN = (ef,7) - ((BeO) )T,

so we conclude that (77,75) - e~ Q18 (e7,€3) as w — 0 along Secti(g). [

We will need two more easy lemmas in order to show the reality condition of the magnetic
coordinate.

Lemma 3.62. If on S/e\ctiﬁS/e\ctiH, we have ;1 =;-5;, then we have that 5;1 :6: . (Si_l)T.

Proof. If we write (eq, 622 -B; = ®; and (e, e2) - Bi11 = ®;11, then we have that B;S; = B;1.
Hence, we get that (B;l) (S-*l)T = (Bi;ll)T, and then by the previous lemma

2

= @ e) - (B = @e) - () (7)) = (s7) .

3 7 3

Lemma,3.63. The local bundle map defined by e; — €;*, gives an isomorphism (PEfL*, Vﬁ*) U
= (736’@ ‘E,V_E)]Uoo, where Uy, is a small neighborhood of z = oo where the frame (ey,eq) is
defined. In particular, we have the following correspondence between flat frames: for i = 1,2
and & € H,,, the flat frame 5?(5) goes to the flat frame <1>1-+1(—1/E) of V¢ on S/e&iﬂ (—1/2) ;
and for i = 2,3 and £ € H_,,, to the flat frame @i_l(—l/g) of V-V¢ on S/e\cti_l (—1/5)
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Proof. For the first statement, just notice that in the frame (e1,€3), the induced connection
looks like V& =d + A(—1/€). On the other hand, the flat frame ®;(—1/¢) on Sect; (—=1/¢) is
uniquely characterized by the asymptotic condition ®; (-1/ @/e\Q -1/ 5)/\(61, e2) when w — 0
along Sect; (— 1/%) If i =1,2 and § € Hp,, we have that Sect; (&) = Secti+1(—1/€) and that
the flat frame (ID of V&' goes to a flat frame of V € satisfying the corresponding asymptotlc
condition on SectHl( 1/€). We then conclude that for i = 1,2 and & € H,, we have D (£) =
®;11(—1/€). The other case similarly follows. [ |

Theorem 3.64. The magnetic twistor coordinate satisfies the following reality condition:

X&) = X (<1/) ™" for €€ C*/lu(—2im).

Proof. Assume first that £ € H,,. We then want to relate b(—1/¢) and a(¢).
By the previous two lemmas, we have that

@2(~1/8) - S2(~1/8) = @3(~1/8) = B3(€) = B1(©) - ($1(6) ")’
= 05(-1/8) - ($71(©)".
From this, we conclude that So(—1/€) = (ST (5))T, so that the Stokes matrix elements are
related by b(—1/¢) = —a(€). Hence, we have that for £ € Hy,

Xn(€) = a(§) = —b(~1/€) = X (-1/€)

Similarly, if £ € H_,,, we need to compare b(§) and a(—l /E) By the above two lemmas, we
have that

®(~1/8) - S1(~1/8) = o (—1/E) = 3(6) = By (&) - (S2(6) )"
— &, (~1/8) - (51(&)T,

so that 5 (—17/5) =55 L(©)t and hence the relation among the Stokes matrix elements is
a(—1/€) = —b(&). We then conclude that for £ € H_,,

1 1

_ _ _ . -\ —1
An(6) = 35 = =g = (1)

This proves the reality condition. |

Corollary 3.65. Using the same notation from Section 3.6.2, we have that

Xn (&) ~eso0 A(—1/€) o

Proof. By the_reality condition, we have that the asymptotics of X,(&) as & — oo match the
asymptotics of Xm(—l/f)_l as £ — 0o. But by Proposition 3.59, we have that

Xm(*l/g)_l ~E—o0 A(*l/g)_lv
so the result follows. [ |

3.7 Non-vanishing of Stokes data

In this section, we show that given (E,EE, 0, h, g) e H& with m # 0, the coordinate Xm((E,gE,
0, h,g),f) is actually well defined for £ € C* — 1L (—2im) (i.e., that b(¢) # 0 for £ € H_,,).
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3.7.1 The case of trivial Stokes data

We begin with the following lemma dealing with the case of trivial Stokes data.

Lemma 3.66. Consider (E,EE,G, h,g) € H™ and its associated compatibly framed filtered flat
bundle (Pfé’f,vf,Tf) for & € C*. Suppose that the Stokes data associated to (Pfé’f,véﬁf)
is trivial (i.e., S; = 1 for i = 1,2,3,4 and My = 1). Then the parameter m specifying the
singularity of the Higgs field of (E,EE, 0, h,g) must be 0.
Proof. We divide the proof into two cases:
e Suppose first that the parabolic weights of (73{”/25 Ve ,71/2) lie in ( 5, ;) C R. Con-
sider the framed wild harmonic bundle (Eo, 0E,, b0, ho, go) € M given in Example 3.19.
Let us give a description of the associated filtered bundle (Phé'g,vo, *0) To give
a descrlptlon of this filtered bundle, it is enough to specify the parabolic flat bundle
(771 /25§ , VO, 1/2, 0) Since m) = m = 0, the parabolic ﬁltratlon is trivial in this case,
with the holomorphic frames describing the extension of £¢ to 735 given by

Furthermore, go exp((g — ﬁ)H ) gives a global holomorphic trivialization of 73 172 5§ ,
so that 771 /250 =2 0@ 0. In this global trivialization, the connection has the following
form:

Vi=d— (671 + g)Hd—w

This connection has a frame of flat sections defined over C C CP!, given by go-exp (( Z 252_1
— Z—S)H ) satisfying the appropriate asymptotics with respect to 7'5 (and go). From this
fact, we see that the formal monodromy and the associated Stokes matrices are trivial.
Now going back to (Ph FAAVAS )Ty 2) the fact that it comes from a harmonic bundle im-
plies that pdeg(P{l/Qé'{S = 0, while the assumption on the parabolic weights imply that
deg(P1 /255) = 0. Since it also has trivial Stokes data, the Riemananilbert correspon-
dence for framed ﬂat bundles presented in [2] implies that (P{L/ZS Ve ST 2) is isomorphic

(731 /QEO,VO, /9 0) (as compatibly framed flat bundles). In particular, (771 /255 \Y% )
is isomorphic wit (P1/28§,V€), so that (E O, 0, h) is isomorphic to (Eg,@Eo,Go,ho)
Hence,

— (2% +2m)dz? = Det(0) = Det(fy) = —2°d2?,

which implies that m = 0.

e The parabolic weights of (P{L/285, V¢, Tf/2) are both equal to 1/2: in this case, the condition
on the parabolic weights and the fact that pdeg (73{1/25 ) =0 1Inphes that deg (73{”/255) =1
Hence, the exponent of formal monodromy A(¢) of (Pf/QE Ve, T /2) must satisfy Tr(A(€))
= —1 (see [4]), which together with the fact that the formal monodromy is trivial implies
that

n 0
for some n € Z. Now consider the degree 1 bundle O(—n) @ O(n + 1) — CP!. In the z
coordinate of C C CP', and the usual trivialization over that neighborhood, we consider
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the connection V = d+ (£ + {)Hzdz. In the neighborhood CP! \ {0} with coordinate
w = % and its usual trivialization, we have that
— .d d
V=d- (¢ +OH= + [” 0 } .
w

0 —n—1| w

So V is a meromorphic connection with the appropriate irregular part. The trivialization
over CP! \ {0} clearly gives a compatible framing 7 over z = oo, so we get a compati-
bly framed meromorphic flat bundle (O(—n) & O(n + 1), V, 7). It is easy to check that
the Stokes matrices and formal monodromy associated to (O(—n) ® O(n + 1),V, 1) are
trivial. Hence, since (O(—n) & O(n + 1),V,7) and (P],E°, VS,TIE/Q) have the same for-
mal type and same Stokes data, we get that (73{1/255, \Y ,71/2) is isomorphic to (O(—n) ®
O(n+1),V,7) as framed flat bundles (the proof of this fact follows part of the argu-
ment of the proof of Lemma D.2, for example). On the other hand, (Pf/zé'é,vfﬁf/z)
has the trivial filtration as a parabolic bundle with parabolic weights both equal to %, SO
(O(—n) ® O(n+1),V, 1) also gets this parabolic structure. Now notice that V preserves
the line bundles O(—n) and O(n + 1), and with the induced parabolic structures on the

line bundles we have that

1 1 1
pdeg(O(—n)) = —n — 2’ pdeg(O(n+1))=n+1-— 5 =" + 3
This shows that no matter what n € Z is, we have that (77{1/25 £ vﬁ) is unstable. But
(731h/255 AV ) comes from a harmonic bundle, so it must also be polystable by Theorem 3.11.
This contradiction shows that (Pf/Qé’f , V¢, Tf /2) cannot have parabolic weights equal to 1/2
if it has trivial monodromy data. We conclude that the only case that occurs is the previous
case.

Hence, we conclude that if (E,EE, 0, h, g) has trivial Stokes data, we must necessarily have
m = 0. |

3.7.2 Proof of the non-vanishing of Stokes data when m # 0

Recall that our Stokes data is made out of the 2 x 2 unipotent Stokes matrices S;(§) for ¢ =
1,2, 3,4 and formal monodromy My = e~ 2mMA©) that must satisfy the relation 515’25354M61 = 1.
We will label the off-diagonal non-trivial complex numbers of S7, S, S3 and Sy by a, b, ¢ and d,
respectively, as in Section 3.4.4. Hence, X, (§) is defined using a(§) and —1/b(¢) using the
conventions from Section 3.4.4.

Because of the reality condition satisfied by the Stokes data, we have that for £ € H_,, the
equality —a(—l /E) = b(&) holds. Hence, if we want to show that A;,(§) is well defined, it is
enough to show that a(§) does not vanish for & € H,,. To show this, we will need the following
lemma, whose proof is easy:

Lemma 3.67. Let Uy be the set of upper (lower, respectively) unipotent 2 x 2 matrices, and
T C SL(2,C) the subset of diagonal matrices. Then the set

M = {(S1, 52, 83,54, My) € (U- x Uy)? x T'| 51928354 My ' = 1}
18 a complex 2-dimensional manifold. Furthermore, if we denote by S the subset of M defined by
S= {(51,52,53,54,M0) S ./\/l | Sl 75 52 and either 51 =1 or SQ = 1},

then S is a complex 1-dimensional submanifold with 2 components. The components are deter-
mined by whether S1 =1 (i.e., a=0) or Sy =1 (i.e., b=0).
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Proposition 3.68. Let (E,EE, 0,h, g) € H with associated parameters m®) and m # 0. Then
for € € H,, we have that a([(E,gE,G,h,g)],f) # 0.

Proof. Let us first see what condition we get if a(§) = 0 for £ € H,,. If a(§) = 0, then by the
relation 1 + a(£)b(€) = p~1(€) from (3.15) we conclude that p~! = 1. In particular, by (3.18)
we must have £~ 'm — m®) — m¢ = k for some k € Z.

Solving for &, we get two solutions f,f for each k € Z given by

—(k+m® :l:\/k—i—m —i—4|m!2

2|m?

& =

The values f,:gt are the only possible values of the twistor parameter for which we could have
a(§) =0 (for our fixed (E, 0g, 0, h,g) € %fr). In particular, the solutions contained in H,, are
given by

—(k+m®) + \/(m(3> + k) + 4jmf?

k= 2|m|?

m,

and from the formula we see that f,j — 0as k — oo, and that flj — oo as k — —oo. Furthermore,
all f,j are contained in the ray determined by 0 and m.

Because of the asymptotic behavior of a(§) as £ — 0 from Section 3.6.2, we see that a({lj)
cannot be 0 for all k, otherwise the asymptotics would not hold. Hence, a(f,j) = 0 for some k
sufficiently big. Similarly, we get from the asymptotics as £ — oo that a({,j) = 0 for some k
sufficiently negative.

We will now show that the fact that a(f,j) # 0 for at least one k € Z implies that a(;}) # 0
for all n € Z. To show this, we will need the following lemma:

Lemma 3.69. Let (E,EE, 0,h, g) e H™ with associated parameters m®) and m # 0, and consider
the curve {(m®): R — H,, given by

— k+m )+ +4|m|2
f(m(g)) - \2/|m]2

Furthermore, let (Pfé’f,vf,ﬂf) denote the associated compatibly framed flat bundle of (E Ok,
0,h, g) for& € C*, and S, M be as in Lemma 3.67. Then we can ﬁnd a continuous map T(g)R

S C M such that T(m(?’) + n) is the Stokes data associated (77355( +”), Vé(m<3)+n) g(m +n))
for alln € Z.

of lemma: Let (PfSO,Q) be the associated filtered Higgs bundle to (E,EE,H,h), and let
(E,0) = (Pfé'o,ﬁ)\@pl\{oo}. Near z = oo, we choose a splitting of (E,0) in eigenlines, such
that 6 has the form (3.3). We then have that m(®) specifies the filtered/parabolic structure
of (731}50, 0) (see, for example, the construction of Lemma 3.15). By varying m®) in R, we thus
vary the parabolic structure and hence the filtered Higgs bundle of parabolic degree 0 we obtain
from (FE,0) by following Lemma 3.15. We will denote by (73350 (m(3)),0) the filtered Higgs
bundles of parabolic degree 0 that we obtain from (F,#) with parabolic structure specified by
m) € R. . .

Notice that the filtered /parabolic structure only depends on m(3) mod 1, so if h(m3) denotes
a curve of harmonic metrics adapted tg\LPfE'O (m(3)) ) 9), we get by the uniqueness of harmonic
metrics that for all n € Z, we have h(m®) + n) = ¢(n)h(m(3)) for some constant c(n) > 0.



The Ooguri—Vafa Space as a Moduli Space of Framed Wild Harmonic Bundles 45

We denote by (E,EE, 0, h(nfl(v?’))) the corresponding curve of wild harmonic bundles, and by

o (m®) = [(B(m®),8,, 5 0.h(m®),g(m))]

the corresponding curve of equivalence classes of framed wild harmonic bundles obtained by
applying the construction of Proposition 3.23. Notice that g(m(%)) satisfies that g(m®) +n) =

g(m®) - /c(n)~! and that

(Em®). 0y,

) = (E(m(3) + n), 8E(n/{(§)+n))
for all n € Z. Hence, by Example 3.20 we have that U(T;L\(g)) = U@) + n) for all n € Z.

Now consider the continuous map T(m3) : R — M, where T(m(3)) is the Stokes data of the
associated compatibly framed flat bundle

(P Dedm) gD D] ot g ().

By Lemma 3.66, we have that 7 does not go through (1,1,1,1,1) € M. Hence, by the choice
of £(m®)) we have that 7 lands in S C M. Furthermore, since o(m®) + n) = o(m®) for all
n € Z, we see that the same holds for 7. We conclude that 7 satisfies the required properties. W

Going back to the proof of Proposition 3.68, let 7 be a curve like in the previous lemma,
associated to our chosen (E,EE, 0, h, g) € H. This curve must then be contained in one of the
two components of S, and it goes through all the points where a(§) could be 0 (i.e., through the
points T(m(3) + n) with n € Z). Since the components of S are determined by whether a # 0
or b # 0, and we know that a([(E,gE,H, h,g)],ff{) = a([(E,gE,H, h,g)],f(m(B) + n)) = 0 for
at least one n, we conclude that a( [(E,EE, 0, h, g)] , 5;[) # 0 for all n € Z. Since these are all the
points in Hl,,, where a( [(E,EE, 0, h, g)] , §) could be 0, we then have that a( [(E,EE, 0, h, g)] , f) #*
0 for all & € H,,. |

By the remark at the beginning of the section, we then conclude.

Corollary 3.70. Given [(E,EE,H,h,g)] e X with parameter m # 0, the magnetic twistor
coordinate Xm([(E,gE,H,h,g)],ﬁ) is well defined for & € C* — I3 (—2im) and it takes values
in C*.

4 %™ and the Ooguri—Vafa space

In this section, we show that there is a natural one-to-one correspondence between a subset
of 27 and the Ooguri-Vafa space M. The correspondence is such that the coordinates X, (&)
and X, (€) for X built on the last section match the twistor coordinates X°V(¢) and X9 (€)
of M°V.

4.1 Matching parameters with the Ooguri—Vafa space
We start by comparing the electric twistor coordinates
X2V(€) = exp[r€ 'z + 10, + m€Z),
Xe (&) = exp[—27ri(§71m —m® - m{)]
= exp [775_1(—2im) + i(27rm(3)) + m&(—2im)]. (4.1)

The above formulas suggest that z = —2im, while 6, = 2rm® (mod 2x).
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To find the analog of the magnetic angle, we will use the asymptotics of A, (&) from Propo-
sition 3.59

1 my . . < .
Xn(§) ~e—s0 exp <—§m Log, <—%) +im® Arg,(—m) +imr +/ v An) ;

— 00

which we can rewrite as

X (&) ~e—oexp ( 2§ (( 2im) Log, < T) — (—21m)>
+im® Arg,(—m) + i + / h V*AH) : (4.2)

Comparing the last expression with the asymptotics of XY (&) from Proposition 2.2

X2V (€) ~e0 exp< % (zLogp (A) — Z) +i0,, + % Z ieiseEKO(27r‘szD> (4.3)

$#£0,s€Z

we see that if z = —2im, the £~! term matches if we pick A = 4i. On the other hand, when
comparing the ¢ term, we see that by matching the imaginary part (notice that the term with
the sum of Bessel functions is real), we get that 6,, should correspond to

m®) Arg,(—m) + 7+ Im </

—0o0

o0

'y*AH) (mod2).

4.1.1 The magnetic angle on Xf*

The matching of parameters from above will let us define an analog of the Ooguri—Vafa magnetic
angle on X, Before defining it, we will need the following lemmas.

Lemma 4.1. Suppose that (Ei,gEi,Hi, hi,gi) e HT for i = 1,2 have parameters m; and mgg)

describing the singularity of 6; and Og, at z = oo (as in (3.3) and (3.4)). If there is an
isomorphism between these two elements, then m1 = mao and m;”’ =my . In particular, it
makes sense to associate m and m® to elements of Xt

Proof. If the two elements of H are isomorphic, then
— (2% +2m1)dz? = Det(61) = Det(2) = — (22 + 2ma)d2?,

so that m1 = mg. On the other hand, if we denote the compatible frames (and their extensions
to local frames around z = oo) by g1 = (e1,e2), g2 = (f1, f2), and the isomorphism by T', we
then have

m$) f1 = D, (= 200) (/1) |weo = T'(D, (—200) (e1)[wmo) = T(m{Per) = m{P fy,

so that mg ) — mgg). [ |

Definition 4.2. Let m € C and m® e (—5, 5] We will denote by X (m m(3)) C X the set
of equivalence classes whose singularity with respect to the compatible framing is described by

m and m®).
For the following proposition, we will need the next lemma;:

Lemma 4.3. Let m € C and m® ¢ (—5, ﬂ CR. Then up to equivalence, there is a unique

polystable filtered Higgs bundle (&,,6) with Tr(#) = 0, Det(f) = — (22 + 2m)dz?, and parabolic
weights determined by m®) as follows:



The Ooguri—Vafa Space as a Moduli Space of Framed Wild Harmonic Bundles 47

o ifm® e (—%, %), then for the eigenline decomposition near oo of the induced %—pambolic
Higgs bundle (51/2, 0), we have that +m®) is the weight associated to the line corresponding
to the eigenvalue +(z + 2 + ---)dz.

o ifm® = % then the parabolic structure of the induced %-pambolie structure (£y,0) is the
trivial filtration with weight %

Proof. In Appendix D. |
Proposition 4.4. We have a U(1)-action on X given by
eiol [(E75E767hvg)] = [(E75E797h7ei0/2 g)]7 (44>

where if g = (e1,e2), then elf/2. (e1,e2) = (e19/2el,e*19/262). Furthermore, for m # 0 we have
that X' (m, m®) is a U(1)-torsor under this action.

Proof. First notice that (E,gE, 0, h, g) € H™ is isomorphic to (E,gE, 0, h, ei”-g) by the isomor-
phism —Idg (where Idg: E — E denotes the identity map), so that the map U(1) x H — xfr
given by

eie : (E,EE,H,h,g) = [(E35E79ahaew/2'g)]

is well defined.

On the other hand, if T is an isomorphism between (E1,5E1,61,h1,g1) and (EQ,EEQ,GQ,
ho, gg), then clearly T also gives an isomorphism between (E1,5E1 .01, hy, €92 gl) and (Eg, Op,,
02, ha,e%/2 - go). Hence we get an U(1)-action U(1) x X — X, defined by (4.4).

Now let X (m,m(3)) C X' be as in Definition 4.2. Clearly, the U(1)-action on X restricts
to an action on Xf (m, m(3)). Let us now check that this action is freely transitive:

e The action is free. Let €l # 1. From the way Stokes data transforms under changes of
compatible framing, it is easy to check that

X (&) ([(E, 08,0, N, 9)]) = Xn(€) (e - [(E, 08,0, h,9)]), (4.5)

i.e., X, (&) is equivariant with respect to the U(1)-action on X% and the natural U(1)-action
on C. On the other hand, since X, (&) is valued in C*, equation (4.5) and the fact that
¢l # 1 implies that Xm(g)([(E,gE, 0, h,g)]) #* Xm(f)(eie- [(E,EE, 0, h,g)]). Since Stokes
data is an isomorphism invariant, we must have [(E,EE, 0, h,g)] £ el [(E,EE,H, h,g)].
e The action is transitive: Let [(Ei,gEi,Hi,hi,gi)] € %fr(m, m(3)) for i = 1,2. By Lem-
ma 4.3, we have that the underlying filtered Higgs bundles (Pi”é'io, Hi) are isomorphic. But
then we must have that (E1,5E1,91, hl) is isomorphic to (E2,5E2,927 hg). Following the
construction of Proposition 3.23, we then find an isomorphism between (El, 01,01, h, gl)
and (EQ,?Q, 92,h2,§2) for some compatible frame gs. Now go and g2 must be SU(2)
eigenframes of 65 (w38w) lw=0 with the corresponding fixed order of the eigenvalues given
by the form of the singularity, so we must have go = €' - Go for some €'’ € U(1). Hence,

eQie . [(El,ail, 91,h1791)] = 6210 . [(E278727 02,h2,§2)] == [(E278727927h2792)j|' .

Recall that for m # 0 we have the correspondence

(e}

O — m® Arg,(—m) + 7+ Im (/

—0o0

’y*AH) (mod27). (4.6)

Because of the equivariance of X}, (§) under the U(1)-actions on X and C*, we see that acting
on [(E,0p,0,h,9)] € xfr (m, m(3)) by e'? shifts the quantity to the right of equation (4.6) by 6.
This motivates the following definitions:
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Definition 4.5. Let m # 0. The marked point of the U(1)-torsor X (m,m(3)) is the unique
element [(E,EE,Q,h,go)] € %fr(m,m(g)) such that

exp <im(3) Arg,(—m) +ir +ilm </ fy*AH)) =1.
Definition 4.6. For m # 0, the magnetic angle 6,,, of [(E,EE, 0,h, g)] e xfr (m, m(3)) is defined
to be the unique real number mod 27 such that [(E,EE,H,h,g)] = ¢lfm . [(E,EE,Q,h,go)],
where [(E,EE, 0, h,gg)] is the marked point of X' (m, m(3)).

Notice that our definition of marked point uses a branch of the Arg function (with Arg(z) €
[—7, 7)), so the magnetic angle is not a priori a global continuous function of m. In the following,
we will compute how the magnetic angle jumps when we go around a loop in the m parameter.
We will see that it will match the jump of the magnetic angle of the Ooguri—Vafa space.

Definition 4.7. We will say that a map ~: [0,1] — HY is a continuous path, if the ele-
ments (t) := (Ey, O, , 0, ht, g¢) satisfy:

e The vector bundles E; — CP! fit into a continuous vector bundle E — [0, 1] x CP!, with
E|gyxcpt = Et, and with trivializations having transition functions depending smoothly
on the points of CP! and continuously on t € [0, 1].

e In the above trivializations, the structures EE“ 0; and h; vary continuously in t.

e The elements of the frames g; give a continuous section of F |[0,1]x{oo}-

Furthermore, we will say that a map v: [0,1] — X is a continuous path if there is a lift to
a continuous path 7: [0,1] — HT.

Remark 4.8. A way to construct such paths is, for example, by employing [28, Proposition 4.9]
and the constructions of Lemma 3.15 and Proposition 3.23.

Proposition 4.9. Let [ := {m € C | m € Rsg}, and let v: [0,1] — X be a loop in X such that
the associated curve m((t)) of m parameters of y(t) gives a counterclockwise loop around m =0
with m(y(0)) € I. Then

1 0 (7(1)) = 0 (1(0)) + 27m® — .

Proof. We will use our usual notations for Stokes data as in Section 3.4.4.

The magnetic angle is defined in terms of the ¢° term of the asymptotics of the Stokes
data a(v(t),€) as & — 0 along & € H,,(y(1)), or by the €0 term of the asymptotics of the Stokes
data —1/b(y(t),§) as & — 0 along £ € H_,(y(;)). We will look at the monodromy of a(y(t),§),
but a similar argument holds if we use —1/b(y(t),&).

As in Section 3.4.4, we denote by ®; the frame of flat sections of V¢ defined on the extended
sector Sect;(£). As we move around the loop 7(t), the labelings of the sectors move in a clockwise
manner (recall the conventions of the m dependence of the labelings of Section 3.4.4). After
going around the loop, we get that the labelings moved in such a way that the following sectors
are interchanged: Sect;(§) <= Sect3(£) and Secta(§) <= Secty(§). If we denote by ®; the
frame of flat sections obtained after going around the loop, it is easy to see that we get the
following relations:

O =d3- Myl  Dy=0y My, D3 =d), Dy= by (4.7)

Now recall the relations that we have among the entries of the Stokes matrices (3.15) and
among the flat sections (3.16). Using these relations and (4.7), we find that
~ S3 A\ 51 _151 A\ Ss3 _9 1

a = < — = _— = C = — a.
S9N\ 81 S4 N 83 . H
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Since —p ! (7(0), &) = exp(m&~H(—2im) + i(27rm(3) — 1) + n§(—2im)), from the asymptotics
of —pu=t(y ( ),€)a(v(0),€) as & — 0 along H,, we conclude what we want. [

Hence, we see that the magnetic angle has the same monodromy as the usual Ooguri—Vafa
magnetic angle.

4.2 Matching the twistor coordinates

By taking z = —2im and 0, = 2rm(®), we clearly have that for [(E,EE, 0,h, g)] e xfr (m, m(?’)),
the following holds (recall (4.1)) X.(¢)([(E, 0,0,k 9)]) = X>(£)(2,60:). So the remaining
question is whether the magnetic twistor coordinate &, (¢) on X matches X9"(¢), under the
appropriate matching of parameters.

Theorem 4.10. Fix [(E,EE,G,MQ)] € %fr(m,m(?’)) and let X°V(&) be the magnetic twistor
coordinate of the Ooguri-Vafa space with A = 4i. Then by taking z = —2im, 0, = 27m®)
and 0, = Gm([(E,gE’,G,h,g)]), we have that Xm(f)([(E,gg,H,h,g)]) = XV (&)(z,0e,0y,) for
all £ € C* — 14 (—2im).

Proof. We will abbreviate the notation and just write X,,(§) and X2(£). We consider the
quotient X, (£)/ X2 (€) as a function of £ € C* — [ (—2im). Because both functions have the
same jumping behavior along 4 (—2im), we have that X,,(§)/X> () extends to a continuous
function on C* that is holomorphic in £ € C*—[4(—2im). Furthermore, because of our matching
of parameters and the asymptotics (4.2) and (4.3) of both functions, we have that

oy (O
€0 V()

(4.8)

where
& 1
r = exp <Re (/ 7*A11> - — Z ‘SQeK 27T|82|)> eR.
o 27 iy

The fact that r is real can be easily checked by noticing that Ky(27|sz|) € R and that the sum
is over s € Z \ {0}, which is invariant under s — —s.
Using the reality condition of both coordinates, we also get that

Xm(g) . anl (_1/5) _1.

hmiz hm::T

§=00 ARV(€) €00 X1 (—1/8)

Hence, we can extend X;,,(£)/X2"(€) to a continuous function on CP! which is holomorphic
on C*—[4(—2im). An application of Morera’s theorem then shows that X, (£)/X2(€) is a holo-
morphic function on CP', and hence constant. In particular, we conclude that Xg@ © == r— 1
so that r = £1 and &,,,(§) = £X27(§). To fix the sign, notice that r is an exponential of a real
number (recall equation (4.8)), so that we conclude that » = 1 and then X,,(§) = X5 (&) for
all £ € C* — [4.(—2im). [

4.3 The Hyperkihler structure on X

Consider the Ooguri—Vafa space M together with its torus fibration M — B. Throughout
this section, we fix the cut-off parameter specifying M° to be A = 4i.
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Definition 4.11. We denote
X*(B) .= {[(F,05,0,h,g)] € X | Det(0) = —(z* + 2m)dz* with —2im € B},
%f(B) = {[(E,&;,G,h,g)] e xh | Det(6) = —(z2 + Zm)d22 with m # 0 and —2im € B}.

Here z € C ¢ CP! denotes the fixed holomorphic coordinate from Section 3.3. Furthermore, we
denote B, = B\ {0} and M$¥ C M® the points of the Ooguri-Vafa space over B,.

The results of Sections 4.1 and 4.2 then allow us to show the following.

Theorem 4.12. There is a one-to-one correspondence between XT(B) and MY such that
X, = X and X, = X2 Under this correspondence XIF(B) acquires the structure of a hy-
perkéihler manifold. For & € C*, the twistor family Q(&) of holomorphic symplectic forms
on XI'(B) is given by

L AX(E) | dX()
U0 =T " e

Proof. Consider the open cover of B, x U(1) given by (compare with the end of Section 2.2)

(4.9)

Ur = {(=¢"") € B x U(1) | /" ¢ Reo},
Uz = {(2.€""") € B x U(1) | /% & Roo}.

We then can write Uy N Uy = V7 U Va, where

Vi = {(z,e%ix?)) € B, xU() | Im(ez/4i) >0},
U_ = {(z,e%iw?’) € B, xU®1) | Im(ez/4i) < 0}.

Furthermore, let m: X%(B) — B, x 8! be defined by 7([(E,dg,0,h,g)]) = (—2im, ™),
where m and m®) are the associated parameters of [(E ,0E,0,h, g)] specifying the singularity.
We then have that (—Qim, e27Tim(3),ei9m)7 where 6, is the magnetic angle from Definition 4.6,
gives coordinates for 7T_1(U1 X Sl) C %fo(B). Similarly, Proposition 4.9 implies that we can
find another magnetic angle coordinate 6, over Us x S' such that (—2im,e2“im(3>,eiem) gives
coordinates for 771 (U x S1), and such that the change of coordinates map ¢: (V;UVz) x U(1) —

(V1 UVa) x U(1) is given by

: im®3) . . @)

¢>(—21m e27rim(3) ei@m) = (_21m,e27r1m 7619m) if (_21m7e2mm ) c ‘/1’
= . . 3 . N 3) - . ) . 5

’ ’ (—21m,e2mm( )’e16’m+2mm( )fm) if (_21m’e2mm( )) eV

This matches the description of MS¥ given at the end of Section 2.2, and hence gives a one-to-one
correspondence between X7 (B) and M9 such that X, = X°¥ and &,,, = X%. The identification
induces a hyperkihler structure on XI(B), and by Theorem 4.10 and (2.8), the twistor family
of holomorphic symplectic forms is given by the formula (4.9). |

However, this is not the end of the story, since the hyperkéhler structure of M9V actually
extends to the points over 0 € B (see, for example, [16] or [13, Section 4.1]). The fiber over
0 € B of M® — B is a torus with a node (recall Figure 1). In the following, we show that under
our identification of parameters, we get the same picture for the elements of ¥ over m = 0.
We remark that while X, (&) clearly extends to the elements of X™(B) with m = 0 (recall (4.1)),
it is not clear whether X,,(§) does, since the condition m # 0 is heavily used in the definition
and its properties. This issue already appears for X°Y(&), since (2.9) and (2.10) are ill-defined
over 0 € B.
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4.3.1 The central fiber of xfr

Recall that given m € C and m® e (—l l} , we denote by X' (m, m(S)) the subset of equivalence

272
classes of X with corresponding parameters m and m®) describing the singularities. We have

only shown that X (m, m(3)) is not empty when m # 0 (see Lemma 3.15 and Proposition 3.23).
In Appendix E, we show that X (0, m(g)) is also not empty for every m) e (—%, %]
We now prove the following Lemma, which is analogous to Proposition 4.4.

Lemma 4.13. For m® # 0, we have that XT (O,m(3)) is a U(1)-torsor under the U(1)-action
defined on Proposition 4.4.

Proof. Let [(E,gE, 0,h, g)} e xfr (0, m(?’)) for m®) # 0. Let us now show that the U(1)-action
is freely transitive:

e The action is free: by the taking the associated Stokes data, we see that the formal
monodromy of the flat connection V¢ turns out to be e2rim® # 1 (notice that it does not
depend on ¢ € C*). Using the notation from Section 3.4.1, we then see that the relation
1+ a()b(€) = p1(€) = 2™ implies that a(¢) # 0 and b(¢) # 0 for all £ € C*. On the
other hand, let €l # 1. It is then easy to check that

a(¢,e? - [(E,0p,0,h,.9)]) = e?a(&, [(B,0E,0,h,9)]),

and since a(§) # 0, we must have that

a(&e” - [(E,0p,0,h,9)]) # a (¢, [(B, 98,0, h.g)])-

Since Stokes data is an isomorphism invariant, we conclude that

[(BE,08,0,h,9)] #¢°-[(E,08,0,h,9)],

so the action is free.

e The action is transitive: the same proof as Proposition 4.4. |
Lemma 4.14. X7(0,0) is just a point.

Proof. Let [(EO,EE(L7 0y, ho, go)] € fff]“(O7 0) be the framed wild harmonic bundle from Exam-
ple 3.19, and let [(E, 0g,0,h, g)] € X(0,0) be any other framed wild harmonic bundle. By the
same proof of the transitivity of the U(1)-action of Proposition 4.4, we have that

[(E>5E797hag)] = ei9 : [(E(];ganeOahOagO)}

for some el € U(1).

But from the description of [(EO,EEO,GO,hO,go)] in Example 3.19 it is easy to see that
[(EO,EEO,HO,hO,gO)] =elf. [(EO,EEO,GO,hO,go)] for every e’ € U(1), the isomorphism being
the map T': Ey — Ey described in the global canonical frame (e1, e2) by

Hence, [(Eo,gEo,eo,ho,g())] = [(E,EE,H,h,g)] and X7(0,0) is just a point. |

Corollary 4.15. The hyperkihler structure of X¥(B) extends to X (B).



52 I. Tulli

Proof. In Theorem 4.12, we established a one-to-one correspondence between XI'(B) and M2
such that X.(€) = X°¥(€) and X, (&) = X2(€), and z = —2im, 6, = 2rm3). On the other
hand, we know that the fiber of M — B over 0 € B is a singular torus with a node (see
Figure 1) and that the node corresponds to z = . = 0. Lemmas 4.13 and 4.14 then imply that
our one-to-one correspondence XI'(B) = M$" naturally extends to X¥(B) = M°". Since the
hyperkéahler structure of M9V extends over the singular fiber [16] to MY, and the hyperkahler
structure on XI'(B) is induced from the one-to-one correspondence of Theorem 4.12, we conclude
that the hyperkéhler structure of X (B) extends to X (B). [

Overall, joining Theorems 4.10 and 4.12, and Corollary 4.15, we obtain our main result stated
at the beginning in Theorem 1.1.

A Estimates for the connection form

We use the setting and notation of the beginning of the proof of Proposition 3.23. We want to
prove the following.

Lemma A.1. In the orthonormal frame (e1,e3), the Chern connection is expressed as

1 d dw
D=d- 3 [a(gl) a(?)g)] (;}U — w> + regular terms at w = 0.

Proof. The gauge transformation g that satisfies (v1,v2) - g = (e1, e2) is given by

1 _ h(v1,v2)
g |U1|h |'U1|%L|'U2*h('011,112)|111‘}:2U1|}L
0

[ve—h(v1,v2)|v1 ]}, *vi s

Furthermore, we know that |v;|? = |w| =299 f;(w), where f;(w) is a positive real function that
is bounded near w = 0 (this is a consequence of Theorem 3.22). If A denotes the connection
matrix of D in the frame (ej, ez), then we have that

— 0 dw
A=g g+ g (|70 — lar ) g.
g dg+g ([ 0 —a(w)| w + regular | g
By using the fact that the off-diagonal terms of g and the off-diagonal terms of the regular terms
of the connection matrix of D in the frame (v1,v2) go to 0 exponentially as w — 0, it is easy to
check that

(A R S

On the other hand, the fact that in the frame (v1,v2) we have that
D = Dy + regular = d + H '0H,

where H is the matrix of the hermitian metric in the frame (v1,v2), implies that the func-
tions fi_l(?z fi are regular at w = 0. Since the f; are real, we get that fi_lﬁg fi is also regular, so
that fi_ld fi=—fid fi_l is regular at w = 0. From this fact, we conclude that

_ 1{a(vy) O dw dw
1 = 1
g dg 2 [ 0 a(@)} < w * w > - regular.

Hence, in the frame (e, e2), we get that

B B 1{a(vy) O dw dw
D=d+A=d 2[ 0 aw)|\w T T + regular. |

w w
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B Proof of Lemma 3.53

The goal of this appendix is to show that the asymptotics of Lemma 3.37 hold uniformly
in & € U(&), where & € C* and U (§p) is some small bounded neighborhood of §,. Because of the
expression of the flat frames ®;(£) in terms of extensions of the compatible frames g = (e, e2)
of the harmonic bundles, it is easy to check that it is enough to show that

) El(ﬁ(g)) — 1 uniformly in £ € U(&) as w — 0 with w € S; C Sect;(¢). Here S; is the
sector defined at the beginning of Section 3.5.3.

e g¢(w) — 1 uniformly in £ € U(&) as w — 0.

We will only prove the second statement, since the first one follows from the proof of [5,
Theorem 7]. For the proof of the second statement, we will follow similar arguments and
notations as those found in [2], where they construct g¢(w) for £ = 1.

We will denote by D € CP! the unit disc centered at w = % = 0 with radial coordinate r. We
also denote by E the vector bundle corresponding to an element (E ,0g,0,h, g) e H trivialized
over D by an extension of the compatible framing at w = 0 to a local SU(2) framing. Finally,
we denote by I'(D,End(FE)) the set of sections (with no regularity assumed) of End(E) — D.
For § > 0, we then define the weighted Sobolev spaces, as in [2]

- {f e I'(D,End(E)) ‘ r5+f2/p € LP(D,End(E))} ;

D(9g,h)’ f;
Lg’k:{fEF(D,End(E)))WGLg fori:0,3,0§j§k},
IR

where derivatives are considered in the weak sense, and where fy and f3 denote the diagonal
and off-diagonal components of f € End(E). The reason for the strange indexing notation for
the diagonal and off-diagonal part is so that our notation agrees with [2]. The highest order
pole of the singularity (cubic order in our case) acts non-trivially via the adjoint action on the
off-diagonal part of a section f € I'(D,End(E)) (hence the “3” subscript), while the whole
singular part acts trivially on the diagonal part of f (hence the “0” subscript).

Similarly, we have the Banach spaces Cf; defined by

{feFDEnd ‘—ECkDEnd( ))}

The gauge transformation g¢ is built as a solution to the following problem: with respect to
an extension of the compatible framing, we have the expression

m®

01 _ 5 dw 7 dw
(Vg) :8—£st—<£m+2>H+areg+£greg?

where a?éé and GIé‘g denote the regular parts of D@E, h) ©1) and 9, respectively. The gauge

transformation g¢ then satisfies

_ dw om0 dw
gg.(vﬁ)o’lzawa?)Ger > )H ge(w=0) =1,

geo — 1 € Clges € CY s for some 4§ > 0. (B.1)

In order to show the existence of such a g, we slightly extend some of the results in [2, Section 7]
in order to get statements for families in &.
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Lemma B.1. Take 6 € R —7Z and p > 2. On the unit disk, the problem

af
o _, (B.2)

has a solution f = T(g) such that \f\cgl+5 < C|9|L{2 ;- Furthermore, if A(§) is a continu-
ous function of & € U(&y), then the same is true if 6 — ﬁe()\(é)) € R —Z for the problem

of  AE)

of _ . B.3

ow 2w g (B.3)
By picking U(&o) small enough, we have !Ts(g)\cgl+5 < C|9|L112+6 forall & € U(&), for a uniform
constant c.

Proof. We will only show the last two statements of the lemma, since the first is the same as [2,
Lemma 7.2].

By the same argument given in [2, Lemma 7.2], we can assume for our problem that § —
Re(\(€)) € (0,1) for £ € U(&). By shrinking U(&y) further if necessary, we can assume
that 0 — Re(A(§)) € (do,61) for 0 < 69 < 91 < 1 and & € U(&p). If T' denotes the solution opera-
tor for the first inhomogeneous Cauchy-Riemann problem (B.2), then T¢(g) := r)‘(f)T(r*/\(g) 9)
is the solution operator for (B.3).

Now notice that by applying Holder’s inequality, we get

A€
P& /D|“|w ‘d2u‘

p—1
dQu‘ P
< Re | . .
=T |g|L_2+5 (/ ‘ | (6—Re(N(€ )))p€1|wu’pil) (B 4)

We will denote §(§) = 6 — Re(A(§)). By our conditions on 6(£) and p, we have

/ ‘dQU‘ -
%)
C |u\2 o= 1]w—u]1> ’

so if Dy |, denotes the disk centered at the origin of radius 1/|wl[, we can write

/ ’d2u’ B 1 / |d2u’
D uf* O — a7 oo T Sy PO

- 1 / |d2u| B 1 (©)
- ’w‘(1—5(€))ppj C ‘u’2—5(6)ﬁ|1 _u’p% N ‘w’(1—5(5))ﬁ ’

where ¢(§): U(&p) — R is defined by

() / 4%
c(§) = > .
C |u* @51 — )T

Now it is easy to check that ¢(§) depends continuously on . To show this, consider the
function h(u) defined in the following way

Te(9)(w)] =

1
h(u) = if  Ju| <1,
) .
h(u) 1 i > 1
u) = 1 u .
-
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Then we get that h € L'(C) and furthermore

1
W= G | < h(u) for every £ € U(&) and for almost every wu € C.
p—1

1-— u]P 1
From this fact, it follows that ¢(£) must be a continuous function of £ € U(§y). In partic-
ular, by further restricting U(§p) if necessary, we can find a constant C' such that ¢(§) < C
for £ € U(&y). Hence, by going back (B.4), we conclude that

p—1 p—1
lw[ReOE)C 5 Ccr
Te@)w)l < lgler,,, —omse = 9l s
so we finally get that |T£(9)’CO_1+5 < ’9’L‘12+5O% for all £ € U(&). [ |

Lemma B.2. Let

Us := {u € T(D,End(E)) | ug € C9,5, up € C2},
As = {a € I(D,End(E)) | a3 € L}, ag € L§_}.

Furthermore, let Oy = 0 — (5 + C”)H%. Then for some &' < & there is a continuous map
Te: Ay — Us such that 9(Te(c)) = c. If we pick U(&y) sufficiently small, the family of solution
maps Te has a uniform bound in &.

Proof. This follows from the beginning of the proof of [2, Lemma 7.1] and our previous Lem-
ma B.1. |

Theorem B.3. For a sufficiently small disk Dy centered at w = 0 and U(&y) bounded and
sufficiently small, we have a solution g¢(w) of the problem described in (B.1) that is defined on
Dy x U(&) and depends continuously on &. Furthermore, ge(w) — 1 uniformly in § as w — 0.

Proof. We will follow mostly the same argument as in the proof of [2, Lemma 7.1]. We put
it here just to emphasize the behavior in families parametrized by &, which is not done in the
aforementioned paper. B

For A > 0, let hy be the homothety ha(w) = Aw, and let ¢(w,§) —exp((2L - 2%)H)
Furthermore, we denote c(w,§) = —areg( ) — £9reg( ).

If we write g¢e(w) = 1+u(w, ), the problem (B.1) that we are trying to solve can be rephrased
as the problem of finding u(w, ) such that

Bo(u(w.) = |€Hg u(w, O] +e(w. O +u(w. ), u(0.9) =

ug € CY, us € Cg+5/ for &' >0 as before.

The last two equations can be satisfied if u € Uy. On the other hand, as in the proof of 2,
Lemma 7.1], to solve the first equation is enough to find a fixed point of the map T¢: Uy — Uy
given by

T * * -1 *
Te(u) = h3(0) - Te((h3(9) - [hA(e(€)) (1 + u)]),
where “” denotes the action by conjugation. Indeed, we have that if v is a fixed point, then

00lv) = Bu(Te(0)) = |€H o o] + 301 +0)
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Now since 9y is invariant under rescaling, if we put @ = Aw, then u(w, &) = v(w/\, €) satisfies

Bolu(@.£)) = [ngj?u(w,@

w

+c(w, &) (1 + u(w,§)),

and hence 1 + u is the solution we seek. Now to find the fixed point, we need to show that fg
is a contraction. We have

| Te (1) = Te(v) |, < Clu = vl [B3(e(€)] 4,
< Clu = vlu, ([P (areg)™ | 1, + DI (012)]1,):

where C' does not depend on &; and since U (&) is bounded, we have the last bound with D inde-
pendent of { € U(&). Furthermore, by the proof of [2, Lemma 7.1], we have that ‘hj(a?éé

ay =
Nlapsg| 5, and b3 (00) | ,, = A[0lkg] ., so that w

‘TE(U) - TE(U)‘US < )‘60|U — |y, (|a9{}g As + D‘G;rehg As)’
Hence, for A small enough fg becomes a contraction, so we can find a fixed point.

Since 7, ¢(u) is a continuous function of w and &, and the rightmost term in the last inequality
does not depend on &, we actually get that the fixed point must be a continuous function of
both variables defined on Dy x U(&p).

Finally, by shrinking U(&y) and D) if necessary, we have that our solution g¢(w) = 14+u(w, §)
to problem (B.1) is uniformly continuous on DyxU (&). Hence, given € > 0, we can find 6, 52 > 0
such that |ge(w) —ger(w')| < € as long as [w—w'| < d; and [§ —&'| < 2. In particular, if |w| < d1,
we have that |ge(w) —1| = |ge(w) —ge(0)] < e for all £ € U(&p), so ge(w) — 1 as w — 0 uniformly
in £ € U(fg) |

C Proof of Proposition 3.57

Here we prove the first case of Proposition 3.57, where Re(\1(t,£)) > Re(X2(t,&)), since the
other case is similar. We will use the following notation

)\z(t7 g) = _5_17*92'72 - 5’7*92‘?7 )\Z] (t7 g) = )\z(ta g) - )‘] (ta 5)7 R= _’Y*A - 57*9237

where Hl’é denotes the off-diagonal part of 6T, If v* A, denotes the diagonal part of v*A, then
after doing a diagonal gauge transformation of the form (n1,n2) — (m1,72) - exp(— f; 'y*Ad), we
can gauge away the diagonal part of v*A, so we will assume from the beginning that we are in
this gauge. We then have that R only has off-diagonal elements, while \;(¢, &) is still the same
as before.

The first thing we want to show is that there is a continuous solution to the following integral
equation

i(t,€) = Biz exp ( / t A2(T,£>d7> [ e ( / t Ms,s)ds) Ry(r,&)y(r&)dr  (C.1)

for i,7 = 1,2, ¢ # j, on any interval (ag,0), as long as ¢ is restricted to lie in a small enough

neighborhood of 0. It is easy to check that a solution of (C.1), gives a solution to the original

flatness equation in our chosen gauge. More explicitly, if we denote M (t) = exp(— fcf fy*Ad), then

in the frame (771, 72) = (n1,m2) - M we have a solution of the form s(t,&) = y1(¢, €)M + y2(t, &) 2.
If we perform the change

yi(t, ) = 24(t, &) exp ( / ol §>d7> ,
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we obtain the following integral equation for the z;(t, §):

21 €) = Gis — / " exp ( / t Aiz(s,f)d8> Riy(r,€)2(r, €)dr (C.2)

fori,j =1,2,1# j.
If we use the integral relation twice and change the order of integration, we get the following
integral equations for the z;(t,&):

At ) = — /too exp (/; >\21> Rua(r)dr
+ /too (/tsexp ([ )\21> Rm(T)dT) Roy(5)21(s)ds

=0t &) + /too e1(t, s,€)z1(s,€)ds

ot €) =1+ /too (/t Rox () exp </ >\21> d7> Rus(s)2s(s)ds

= 1+/t ea(t, s,&)za(s, &)ds, (C.3)

where we have defined

5(t,€) = — /t " exp ( /t ’ )\21> Rus(r)dr,
e1(t, s, &) == </ts exp </tT )\21> Rlz(T)dT> Ro1(s),
es(t, 5,€) = ( /t Cexp ( / ) Agl) Rgl(T)dT) Rus(s).

Before showing that there is a solution z;(¢, &) for the integral equations obtained above, we
will say a few things about the functions (¢, £) and €;(t, s,£). We will use the following notation:
Ao1(t,€) = € hg1 g-1 + EXar g, Where Agp g1 = 7" (=022 + 011) and Ay e = 7* (—9;’5 + 91’1)

Notice that by our choice of gauge and WKB path, the term Ag; (-1 is constant. Hence, after
integration by parts, we find the following expression for §(¢,&):

Agpg—1ds | —
A217§—1 /\2176—1 t P t 5 218 1as dr

6(t,€) = Ria(t, &) +
X (exp ( /t T{)\leg(s)d(s) Rlz(f,g)) dr, (C.4)

where we used the fact that the elements of R go to 0 (exponentially fast) as ¢ — oco. Hence,
using this exponential decrease of the terms of R, we conclude that |6(¢,&)| < |€|f(t,€), where
f(t,€) — 0 as t — oo uniformly in & for small enough £ (restricted to the corresponding half-
plane H,,). Furthermore, for fixed ¢, we have §(¢,£) — 0 as £ — 0 with & € H,,.

Similarly, we have the following expressions for ¢; after integration by parts:

el(t,s,f) = fexp </tT )\21) M Rgl(s,f)

Aop g—1
21,670 | _,

R (s, €) /S /T 1 d
5)\21’571 t exp tf Ag1¢-1ds I

T=s
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X (exp </tT f)\glyg(s)ds> R12(7,5)> dr

a.06) = o ([ ) B2

Aoret | _,

Ria(s,8) [° S d
+ §7A21,£_1 /t exp (/T £ >\217£_1ds> e
X (exp </ f)\glé(s)dS) R21(T,§)) dr. (C.5)

In the expressions above, we always assume t < s, since this is the range of interest for the
problem. We can conclude that |€;(¢,s,&)| < [£|gi(t,&), where g;(t,£) — 0 as t — oo uniformly
in ¢ for small enough £. For this statement we use again the fact that the components of R
go to 0 exponentially fast as ¢ — oo. Furthermore, for fixed ¢, we have ¢;(¢,§) — 0 as & — 0
with & € H,,.

Now we are ready to prove that the integral equation (C.3) has a continuous solution on the
interval [ag,00). Because of the expressions given above for ¢;, by restricting the £ € H,, to lie
in a small neighborhood Uy of £ = 0, we can ensure that for some c € (0, 1)

Ria(s,§)

/ lei(t,s,&)|lds < e <1 for all ¢ € [ap,00) and £ € Up.
¢
Now let
)4 &) . O ey 56— — [ ’
Z2 (tvf) T 17 zl (t7£) i (t)g) - exp( )\21)R12(7—7£)d7
t ¢

We define z(m) recursively by plugging z(mfl) into the right side of the integral equation (C.3);
at each step we get a continuous and bounded function for (¢,§) € [ag, 00) x Up.

For some M > 0, we clearly have ‘z } co < M, where | [co denotes the umform norm
on C°([tg, o) x Up). Furthermore, assume inductively that we have shown that ‘z z(m 2
< M. We then have that

0 = < | [letts ]

oo

}zi(m) — zi(m_l)’Co <M.

(m)

From this, we see that z; ~ converges uniformly in (¢,£) € [ap,00) x Uy to a function z; €
C%([ap, 00) x Up) N L>([ag, o) x Up). The z; clearly satisfy the integral equation (C.3). We
claim that it is also a solution of the integral equation (C.2).

We are trying to find a solution of an integral equation of the form z = e + T'(z) where
e; = ;2 and T is the linear integral operator part of the integral equation (C.2). We have found
a solution to the integral equation z = e+T'(e) +T2(z). This last solution must be unique, since
if z and 2’ are solutions, then |z — 2’|co = |T?(2 — 2')|co < 6|z — 2/|co, which implies that z = 2.
Now notice that

e+T(e)+T*(e+T(z)) =e+ T(e+T(e) + T2(Z)) =e+T(2),

so e + T'(z) is also a solution of (C.3). By the uniqueness, we conclude that z = e + T'(z), so
that z also solves (C.2).

With the same notation from above, notice that (C.3), (C.4) and (C.5) allow us to conclude
that for fixed ¢ € [ag, 00) we have T'(z) — 0 as £ — 0; and furthermore, we have that T'(z) — 0
as t — oo uniformly in & € Uy.
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Finally, recalling the statement and notations of Proposition 3.57. Setting
Ey(t,§) == Mu(t)z1(t,§)  and  Ea(t,§) := Mao(t)(22(¢,6) — 1)

and using that M(t) is bounded in ¢ € [ag, 00) (see (3.22)), we conclude the result of Proposition
3.57.

D Proof of Lemma 4.3

In this appendix, we prove the following lemma.

Lemma D.1. Let m € C and m® ¢ (—%, %} C R. Then up to equivalence, there is a unique

polystable filtered Higgs bundle (E,,0) — (CP',00) with Tr(f) = 0, Det(#) = — (22 + 2m)dz?,
pdeg(&x) = 0, and parabolic weights determined by m®) as follows:

o ifm® e (—%, %), then for the eigenline decomposition near co of the induced %—pambolic
Higgs bundle (&, 2, 0), we have that +m®) is the weight associated to the line corresponding

to the eigenvalue :l:(z + 2+ )

o ifm® = % then the parabolic structure of the induced %—pambolic structure (€} 2,0) is the

trivial filtration with weight %

Before we give the proof, we will need some notation and another lemma.

Recall that a compatibly framed connection (F,V,7) — ((CPl,oo) determines uniquely
a formal type (@, A) (recall Definition 3.28 and Lemma 3.27). If we denote by Uy C GL(2,C)
the upper (resp. lower) unipotent matrices, and we fix a formal type (@, A), we will denote

S(Q,A) = {(S1,52,85,84) € (U~ x Uy)? |
Stokes matrices of (E, V, ) with formal type (Q,A)}.

Now if (E,V,7) = (CP?,00) has formal type (Q, A), notice that if T C GL(2,C) denotes the
set of diagonal matrices, then the set of possible compatible frames 7’ for (E,V,7") — ((CPl, oo)
with formal type (Q,A) is a T-torsor, where ¢t € T acts on the framing in the obvious way.
Furthermore, if (E,V,7) — ((CPl, oo) has formal type (Q,A) and we act on 7 by ¢t € T, then
the corresponding Stokes matrices in S(Q, A) get conjugated by t. Hence, we get a T-action
on §(Q,A), and we will denote the orbits by S(Q, A)/T. We then have the following lemma.

Lemma D.2. For any m € C and m® e g—%, %] , consider [(Ei,gEi,Hi, hi,gi)] e xfr (m,m(?’))
for i =1,2. Furthermore, let (Pfgf,Vf,chi) — ((CPl, oo) be the associated compatibly frczzmed
c-parabolic bundles for some fized & € C* and some fized ¢ € R. If we denote Q(§) := 1+€|£‘ %

and let A(€,c) be as in (3.11), then

o The (phg§ veé, 7t ) = (CP',00) fori=1,2 have Stokes data in S(Q(§), A(¢, a)).

c™i Viirlea
e The (Pfsf,vzé,fgi) — ((CPl,oo) for i = 1,2 are isomorphic as compatibly framed c-

parabolic flat bundles if and only they have the same Stokes matrices.

o The (77?55, Vf) — ((CPI, oo) fori=1,2 are isomorphic as c-parabolic flat bundles if and

only if, after taking some compatible framings specifying the formal type (Q(§),A(&,a)),
their Stokes data lies in the same T-orbit of S(Q(§), A(&, ¢)).

Proof. The fact that the Stokes matrices of (Phsﬁ,vﬁ,rﬁ

E; c’i) lie in S(Q(§),A(,c)) follows
from (3.10).
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Now suppose that (Pélé’f ,Vf,Téi) have the same Stokes matrices, which we denote by S;
for j = 1,2,3,4, following the conventions of Section 3.4.4. Let ®;; denote the correspond-
ing sectorial frames of flat sections for (Pfé’f , Vf,ré 1) — ((CPI, oo) defined on Sect;(§), and
define 7} Pché'ﬂs/e\ctj({ — Pé‘5§|s/e\ctj(€) by T;(®j,1) = ®;2. The fact that the Stokes matrices
and the formal monodromy are the same implies that the 7} glue into a covariantly constant
morphism 7" over a punctured neighborhood UZ, of oo, and by parallel transport, we get a co-
variantly constant morphism 7: Pfé'ﬂ(cpl\{oo} — Pfgglcpl\{oo}. Furthermore, by the expres-
sions ®,; = T(ii Y (Fi)w_A(f)e_Q(f) (Where we abuse notation and denote by oy any local

a,i
extension of the framing at oo given by Tii), we see that for any j =1,2,3,4

~ 1 —

T(Tél) = 752 -3 (ﬁg)Ej (Fl)_ on Sect;(§),

so the ¥; (ﬁg)Ej (}?1)71 glue together in UZ . Since 3; (F\Z) —lasw — 0forall j =1,2,3,4

and i=1, 2, we see that T extends over the puncture to a morphism satisfying T’ (Tf 1 \Oo) = f 9loo-
Finally, since the parabolic structures of (Pfé'f , V?, Té z) are compatible with their irregular

decompositions (see equation (3.2)), it is easy to check that T" preserves the parabolic structures.
Hence, T gives an isomorphism between (Pfé’f ,Vf,Tfi) for ¢ = 1,2 as compatibly framed c-
parabolic flat bundles. The other implication is trivial.

Going now to the last statement, assume that after picking compatible frames, (73(’}55 , Vf, Tf Z)
have Stokes matrices in the same T-orbit of S(Q(§),A(&,¢)). Then by the previous result, for
some t € T, we have that (Pfé'f,ViTél) is isomorphic to (PQS§,V§,¢§2 . t). Hence, by the
previous argument, we get that they are isomorphic as c-parabolic flat bundles (after forgetting

about the framing). The other implication also follows trivially. |
Now we use the previous lemma to prove Lemma D.1.

Proof of Lemma D.1. We divide the proof in three cases.

m # 0: We start by picking ¢ € H,,. Notice that in the case m # 0, we have that (&, 6)
must be stable (by the same argument given in Lemma 3.15), so by the wild non-abelian Hodge
correspondence from [2], we get a bijective correspondence between equivalence classes of the
filtered Higgs bundles (&, 6) we wish to count, and equivalence classes of the associated filtered
flat bundles (Pfé’g, Vg) for some fixed £ € C*. By taking the associated c-parabolic flat bundles
and applying Lemma D.2, we can then obtain an injection of the set we wish to count into the
orbits S(Q(§),A(§,¢))/T. Now let a(§) and b(§) be the non-trivial off-diagonal elements of the
unipotent matrices S1, Ss, respectively. For m # 0 and £ € H,,, we know that after taking the
compatible framings 78, a(§) # 0 for any of our (P?EE,Vg) (see Proposition 3.68). Since all
the points of S(Q(§),A(, ¢)) with a(§) # 0 lie in the same T-orbit (recall the Stokes relations
in (3.15)), we conclude that there is only one (772155, Vf) up to equivalence, and hence only one
of the original (&, 0) we started with, up to equivalence.

m = 0, m® # 0: Let first check that we cannot have a strictly polystable filtered Higgs
bundle in this case. If (&,,6) is strictly polystable, then (&,0) = (E1,01) & (Ex2,02), with
pdeg(&s1) = pdeg(&x2) = 0, and it is easy to check that this cannot occur unless m®) = 0.
Hence, if m®) # 0, all our corresponding (&,,6) are stable, and by [2], they are in bijective
correspondence with equivalence classes of the associated flat filtered bundles (Pf€5 VA ) (for
some fixed £ € C*). Notice that in this case, the formal monodromy of all of our elements turns
out to be given by My = exp(—27im) H) # 1, so by the Stokes relations (3.15) we conclude
that S(Q(§),A(&,¢))/T is just a point, so we are done by Lemma D.2.

m = m®) = 0: in this case, we have My = 1, so by the relations 3.15 we have that
S(Q(&),A(&,¢))/T consists of 3 points, depending on whether a # 0 and b =0, b # 0 and a = 0,
or a = b= 0. The case a = b = 0 corresponds to trivial Stokes data, and it is easy to check that
the filtered Higgs bundle induced from Example 3.19 gives rise to this case. Furthermore, it is
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also easy to check that this is the only possible strictly polystable filtered Higgs bundle with
m = m® = 0. Hence, the problem reduces to showing that there are no stable filtered Higgs
bundles with m = m(®) = 0, giving rise to either the case with a # 0 and b = 0, or the case
a =0 and b # 0. Again by the Stokes relations (3.15), the case a = 0 and b # 0 (resp. a # 0 and
b = 0) gives rise to purely upper-triangular (resp. lower triangular) Stokes matrices, and hence
to non-stable “Stokes representations” (see [6]). By the remarks in [6, p. 50], we conclude that
these upper-triangular (resp. lower-triangular) cases cannot correspond to stable filtered Higgs
bundles with m = m(® = 0. Hence, there is only one polystable filtered Higgs bundle with
m=m® =0. |

E Constructing polystable parabolic Higgs bundles
in the case m = 0

Here we explain how to construct polystable O-parabolic Higgs bundles whose Higgs field 6
satisfies Tr(f) = 0 and Det(0) = —2z2d22.

The case where the parabolic structure consists of the trivial filtration with parabolic weights
equal to 0 is already explained in Example 3.19. In this case, the parabolic Higgs bundle that
we find is polystable.

The next proposition deals with the rest of the possible parabolic structures.

Proposition E.1. Let m®) € (=1,0). There is a stable 0-parabolic Higgs bundle ( m(3),9) —
((CPI, oo) with pdeg(Em( )) =0, ambolzc weights specified by m® and —1 —m®, Tr(6) = 0,

and Det(6) = —z2dz2.

Proof. We start by considering E = O @ O(—1) — CP!. We denote by e; and ey the usual
frames over C C CP! of O and O(—1), respectively. We have that e; gives a global trivilization
of O, while the usual frame of O(—1) over CP!\ {0} will be denoted by fo. Hence, if z denotes
the coordinate of C C CP!, then z ey = fo.

In the frame (e, e2) over C C CP!, we define

z 0
9—[2 _Z]dz.

Over C, we can write eigenvectors corresponding to the eigenvalues z and —z, respectively
by v, = ze1 + ez and v_, = ez. On the other hand, over CP!\ {z = 0} we can write U, = e; + f»
and U_, = fy. These are eigenvectors of § for z € C* C CP!, with eigenvalues z and —z,
respectively.

We put a parabolic structure at oo by putting the weight m) e (—1,0) to the line generated
by €1 + fa|oo and the weight —1 —m(®) € (=1,0) to the line generated by fa|s. Denote E with
this parabolic structure by E™? . Notice that with this parabolic structure, we have that

pdeg(Em<3)) = deg(F) — m) — (—1 — m(g)) =0
We claim that (Em(s) , 9) — ((CPl, oo) is a stable O-parabolic Higgs bundle. To check this, notice
that on C* € CP!, we have the following relations:

2, =7, o, =7,
Hence, v, and v, define a holomorphic line L, =2 O(—1) while v_, and v_, define L_, = O(-1)
(L_, is the same O(—1) summand from the splitting in the definition of F). These line bundles
are of course preserved by 6, and they are the only line bundles that can be preserved by 6. We
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m®

denote by L,
have that

the line bundles L, with the induced parabolic structure from E™® . We then

pdeg (Z”) = deg(L:) — m® = —1 —m® <0,
peg (L) = deg(L.) — (-1 —m®) =m® <o,

so we conclude that (Em(S) , 9) is a stable 0-parabolic Higgs bundle with parabolic degree 0. W

Finally, recalling that the role of m® in determining the filtered structure of the Higgs
bundles is periodic mod 1, we conclude:

Corollary E.2. For every m®® e (—%, %], the set Xt (O,m(g)) s not empty.

Proof. The case with m) = 0 is true by Example 3.19. For the rest of the cases, consider the
filtered Higgs bundles associated to the O-parabolic Higgs bundles constructed in Proposition E.1.
By applying Theorem 3.13, we obtain an adapted harmonic metric for them. Then after applying
the construction of Proposition 3.23 we obtain elements of H® that define equivalence classes

on %fr(o,m(g)) for m® € (_%’ %] \ {0} "
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