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Abstract. In a recent paper, we proved that solutions to linear wave equations in a subex-
tremal Kerr—de Sitter spacetime have asymptotic expansions in quasinormal modes up
to a decay order given by the normally hyperbolic trapping, extending the results of
Vasy (2013). One central ingredient in the argument was a new definition of quasinor-
mal modes, where a non-standard choice of stationary Killing vector field had to be used
in order for the Fredholm theory to be applicable. In this paper, we show that there is in
fact a variety of allowed choices of stationary Killing vector fields. In particular, the horizon
Killing vector fields work for the analysis, in which case one of the corresponding ergoregions
is completely removed.
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1 Introduction

Kerr—de Sitter spacetimes model stationary rotating black holes in an otherwise empty expanding
universe. They solve Einstein’s vacuum equation Ric(g) = Ag with a positive cosmological
constant A > 0. The mass of the black hole is denoted m > 0 and the angular momentum of
the black hole is denoted a € R. The Kerr—de Sitter black hole admits two horizons, called
the event horizon, located at radius r., and the cosmological horizon, located at radius 7.
If a future directed causal curve is ever at a radius smaller than r. (resp. larger than r¢), it
will never be able to reach a radius larger than r, (resp. smaller than r.), meaning that it
is stuck forever beyond the event horizon (resp. beyond the cosmological horizon). Thus, the
cosmological horizon has very similar role as the event horizon (which is the boundary of the
black hole) both from a physics and a mathematics perspective. The radii r, and r. are the two
largest roots of a certain quartic polynomial p, given in terms of A, a and m in equation (1.1)
below. We say that the Kerr—de Sitter black hole is subextremal if p has four distinct real roots.

Just like the closely related Kerr spacetime, which can be seen as the limit when A — 0,
the Kerr—de Sitter spacetime has a rotational symmetry, given in the standard Boyer—Lindquist
coordinates (see Definition 1.1) by the Killing vector field 0y, and a stationarity symmetry,
given in the same coordinates by for example the Killing vector field 0;. However, there is an
ambiguity in what precise symmetry should describe the stationarity of the black hole. Indeed,
c10; + €20, is a Killing vector field, for any constants cy,co € R. Moreover, one can check that
no such Killing vector field is timelike everywhere between the horizons (cf. Remark 1.7). In the
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Kerr spacetime, there is on the other hand a canonical choice of Killing vector field to describe
the stationarity, 0; namely is the only one which is timelike at large distances from the black
hole. In the Kerr—de Sitter spacetime, there is no such analogue, and it is a priori not clear what
Killing vector field should be modeling the stationarity.

The purpose of this paper is to illustrate that, in the Kerr—de Sitter spacetime, many natural
properties are satisfied if we choose

T::8t+ 8¢

r3 + a?
to be the stationary Killing vector field, where we may choose any ry € [re, 7], where ¢ is
the radius to the event horizon and r. is the radius to the cosmological horizon. Note that
as A — 0, then r. — oo, so in the limit, an allowed choice for T is indeed the standard choice 0
in the Kerr spacetime. The main new observation in this paper is that there are no trapped
lightlike geodesics with trajectories orthogonal to T. In fact, the geodesic flow of the lightlike
geodesics with trajectories orthogonal to T is very similar to the much easier case when a = 0
(where indeed T = 0;). However, it was observed in [8, p. 486] that this is not the case if
we consider the lightlike geodesics with trajectories orthogonal to 0; instead. Our results in
this paper generalize the main results of [6], where the same statements were proven for T,
when 7 € (e, r.) was the unique point such that p/(ro) = 0.

Besides using the computations in [6], this paper relies heavily on the microlocal analysis
developed in [8], in particular on the radial point estimates and the Fredholm theory for non-
elliptic operators. For our application to wave equations, we rely on microlocal estimates near
normally hyperbolic trapping in the sense of Wunsch and Zworski in [9], see also the improved
results by Dyatlov in [1, 2, 3]. For more references on results related to this paper, we refer to
the introductions in [6, 7].

1.1 Kerr—de Sitter spacetimes

The geometry of the Kerr—de Sitter spacetimes depends on a certain polynomial, given by

Art Aa?
Ty <1 - ;) r2 — 2mr + a®. (1.1)

Definition 1.1. Assume that p has four distinct real roots r— < r¢ < 7o < r.. The manifold
M =Ry X (TeyTe)r X S(%’@,

with real analytic metric

dr? de? c(6) sin®(0
qg= (r2 + a? 0032(0)) (M(T) + 0(9)) + 72 (7“2(4-) — cO(s2)(9)) (adt - (7«2 + a2)d¢)2
-
where
b::1+A§2, c(0) ::1+A§2<:osz(0)7

is called the domain of outer communication in a subextremal Kerr-de Sitter spacetime (in
Boyer—Lindquist coordinates).

One easily verifies that this metric extends real analytically to the north and south poles
0=0,r.
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Remark 1.2. Note that J; and J,4 are Killing vector fields of g.

The Boyer—Lindquist coordinates used above become singular at the roots of p(r). As a phys-
ical model of a rotating black hole in an expanding spacetime, however, the two largest roots
of u(r) are supposed to point out the position of the event and cosmological horizons. We extend
the coordinates over the future event horizon and future cosmological horizon with the following
coordinate change: t, : =t — ®(r), ¢, := ¢ — V(r), where ® and U satisfy

2, 2
+a a
&' (r) = b- f(r), U'(r)y=»b fr
1) =b ), V) = b )
and
fi: (re—0,rc+9) =R
is a real analytic function, for a small enough 6 > 0 such that f(re) = —1, f(rc) = 1. The new
form of the metric is
_ 2
g = (r* + a* cos*(0)) Wdﬁ — % f(r)(dts — asin®(0)de,)dr
p(r) .2 2
— dt, — 0)d s
b2 (r? + a2 cos?(6)) ( asin®(6)de.)
c(0) sin*(0) 2, .2 2 2, 202 do?
R0 + 2ot (0)) (adt, — (r* + a®)d¢s)” + (r° + a” cos (9))@7

which extends real analytically to
M, =Ry, X (re —d,1¢+9), X 53)*79.

Now the coordinates are not anymore singular at r, and r. and we get two new real analytic
lightlike hypersurfaces

HT =Ry, x {re} x Si*’g, HT =Ry, x {rc} x Sé*ﬂ,
which are called the future event horizon and the future cosmological horizon, respectively.

Remark 1.3. The Killing vector fields 0; and 0 extend to Killing vector fields 0y, and 0y, over
the horizons.

1.2 The first main result

The main novel observation in this paper is that there are no trapped lightlike geodesics in the
domain of outer communication of a subextremal Kerr—de Sitter spacetime, with trajectories
orthogonal to a certain Killing vector field.

Theorem 1.4 (no orthogonal trapping). Let rg € [re,7c]. All lightlike geodesics in the domain
of outer communication (M, g) of a subextremal Kerr—de Sitter spacetime, with trajectories or-
thogonal to the Killing vector field

a
T:=0+ =———=0s4,
t r8+a2 ¢

eventually leave the region

Ry, X [re + €,7¢ — €]y x S*

*

for any € > 0. Moreover, there is an open subset U C (re,7c), with 1o € U and such that no such
lightlike geodesic intersects

Ry, x U x S2. (1.2)
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Remark 1.5. A special case of Theorem 1.13, namely when 7y was the unique rg € (re,r.) such
that p/(rg) = 0, was proven in [6, Lemma 2.4] and was one of the two key observations in that

paper.
Remark 1.6 (the second assertion in Theorem 1.4). The second assertion in Theorem 1.4 is

an immediate consequence of the fact that T is timelike in a region of the form (1.2). To check
this, we compute

(o) (rg + a? cos?(6))

G (T, T)p=rg = —
o b2 (r2 + a2)

which is negative if rg € (re,7c) and vanishes if rg = re or r¢. If 7o € (re,7¢), it follows that T is
timelike at

Ry, x {ro} x S?, (1.3)

and it is therefore timelike in an open neighborhood of (1.3). In this region, there can therefore
be no lighlike geodesics with trajectories orthogonal to T, proving the second assertion in The-
orem 1.4 in this special case. If instead 79 = . or r., then T is lighlike at (1.3), and we cannot
immediately deduce that T will be causal in a neighborhood. We therefore compute

—1 (rese) (72 + a® cos®(0))
arg*(T7 T) |T:Te/c = b2 (TQ —+ a2)2 '
e/c

If now r¢9 = e, then the right hand side is negative, which implies that T is timelike in a subset
of the form

Rt X (Tevre +’Y) X SQ,

*

for some ~ > 0. Similarly, if 7o = 7¢, then T is timelike in a subset of the form

Ry, X (re —7,7c) X 52,

*

for some v > 0. This completes the proof of the second assertion in Theorem 1.4.

Remark 1.7 (the new ergoregions). The computations in the previous remark raise the question
whether we can choose ¢ € [re,r.] such that T is timelike everywhere in the domain of outer
communication in the Kerr—de Sitter spacetime, and lightlike at the horizons. Let us compute
the Lorentzian length of T at the horizons:

a?c(0) sin%(0 rg—r2 ?
9(T, T)lp=r. = b2( 5_212008(2()9)) ( 0 > ’

a’c(f) sin 73 —r? 2
9T, T)lr=r. = b2 (r? —(Fiﬁ cos(Q()G)) ( g+a2> '

In the Schwarzschild—de Sitter spacetime, when a = 0, both expressions actually vanish at the
horizons and one can easily check that T is timelike at any r € (re, 7). However, if a # 0, then
these expressions only vanish if rg = r, or rg = r¢, respectively. If rog € (7, 7¢), then both values
are positive. This shows that T is spacelike at least at one of the horizons. By analogy with
the classical terminology, we call the regions in the domain of outer communication, where T
is spacelike, the ergoregions with respect to T. These computations show that there are two
ergoregions if 79 € (re,7¢), which are non-intersecting by the results in Remark 1.6, and only
one ergoregion if rg = r. or r.. As a comparison, with the classical choice 0; as the stationary
Killing vector field, the two ergoregions intersect for large a which is undesirable for the analysis.
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1.3 The second and third main results
We begin with our assumptions:
Assumption 1.8.

o Let (M, g«) be a subextremal Kerr—de Sitter spacetime, extended over the future event
horizon and the future cosmological horizon, where

M* = Rt* X (T‘e — 6, Te + 5)7« X S(Qb*,97
with & > 0 small enough so that the boundary hypersurfaces

Ry, x {re — 4} x Sé*,e’ Ry, x{re 46} % S;*ﬁ

*

are spacelike and with f chosen as in [6, Remark 1.1] so that the hypersurfaces
{ts = ¢} X (1re — 0,7¢ +0)y X S(%*,g

are spacelike, for all c € R.

e Let A be a smooth complex function on M, such that 0y, A = 04, A = 0. We let P be the
linear wave operator given by P = O + A, where O denotes the d’Alembert operator on
scalar functions on M,.

For any subset U C M., we use the notation C*°(U/) for the smooth complex functions on U.
As in Theorem 1.4, we let

a
T:=0 —0,
(. + Tg+a2 (oMg)

for any fixed ¢ € [re, 7]

1.3.1 Quasinormal modes

One of the novelties in [6] was a new definition of quasinormal modes with respect to the Killing
vector field T, with ro € (re,r.) uniquely determined by the condition p'(rg) = 0, instead of
the standard choice of Killing vector field 0;,. In this paper, we show that the analogous result
holds as in [6], if we choose to define our quasinormal modes with respect to T, for any choice
of 7o € [re, 7]

Definition 1.9 (quasinormal mode). Let 79 € [re,7c]. A complex function v € C*°(M,) is
called a quasinormal mode, with quasinormal mode frequency o € C, if Tu = —icu and Pu = 0.

Remark 1.10. Quasinormal modes and mode frequencies are also called resonant states and
resonances.

Remark 1.11. Note that we can write any quasinormal mode as u = e~ “*v,,, where Tv, = 0.
Our second main result is the following:

Theorem 1.12 (discrete set of quasinormal modes). Let (M, g.) and P be as in Assumption 1.8.
Then there is a discrete set A C C such that o € A if and only if there is a quasinormal
mode u € C*°(M,) with mode frequency o. Moreover, for each o € A, the space of quasinormal
modes is finite dimensional. If the coefficients of P are real analytic, then the quasinormal modes
are real analytic.

This result generalizes [6, Theorem 1.5] by allowing us to choose any rg € [re, rc] in the definition
of quasinormal modes, instead of only the unique one such that p'(rg) = 0. For more comments
on the statement of Theorem 1.12, we therefore refer to the discussion following [6, Theorem 1.5].
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1.3.2 Asymptotic expansion

The last main result concerns the asymptotics of solutions to linear wave equations when t, — co.
We formulate the statement using the standard Sobolev spaces on

M* = Rt* X (Te — 5, Te + 5)1” X S;*’97

i.e., the ones associated with the Riemannian metric dt2 4 dr? + gg2, where gg2 is the round
metric on the 2-sphere. For non-negative integers s, a Sobolev norm (unique up to equivalence)
is given by

lullf = > (087 (Ase + 12 ull 12
i+j+k<s

The bar over H corresponds to Hérmander’s notation for extendible distributions, see [5]. We
have the following statement.

Theorem 1.13 (the asymptotic expansion of waves). Let (M, g«) and P be as in Assump-
tion 1.8 and let tg € R. There are C,§ > 0 such that for 0 < e < C and s > % + Be, where

2 2
B :=2b max (W) ,
refrere) \ [1/(7)]

any solution to Pu = f with f € e~ H*~149(M,) and with supp(u) Usupp(f) C {t. > to} has
an asymptotic expansion

N kj
k —iojt« —etx ITS
u— tie v € e H*(M,y),
j=1 k=0

where o1, ...,0N are the (finitely many) quasinormal mode frequencies with Imo; > —e and k;
1s their multiplicity, and where e_i"it*vjk are the C*° (generalized) quasinormal modes with
frequency o; which are real analytic if the coefficients of P are such.

Analogously to above, this result generalizes [6, Theorem 1.6] by allowing us to choose
any 7o € [re,7¢] in the definition of quasinormal modes, instead of only the unique one such
that u/(ro) = 0. For more comments on the statement of Theorem 1.13, we therefore refer to
the discussion following [6, Theorem 1.6].

Theorem 1.13 is naturally combined with mode stability results, i.e. statements saying that
under suitable assumptions there cannot be any modes with Im (o) > 0, except certain geometric
modes where 0 = 0. Indeed, in view of Theorem 1.13, mode stability would imply exponential
decay to the zero mode. One such statement, for the standard d’Alembert wave operator O,
was recently proven by Hintz in [4]. Combining [4, Theorem 1.1] with Theorem 1.13 gives the
following decay statement for a certain range of Kerr—de Sitter parameters A, a and m:

Corollary 1.14. Let (M, g«) be as in Assumption 1.8 and let tg € R. Assume that % < 1.
Then there is a v > 0 such that if Am? < =, then there are C,§ > 0 such that for 0 < ¢ < C
and s > % + Be, where

2, .2
£ :=2b max <r/—|—a> ,
refrere) \ [1/(7)]

any solution to Ou = f with f € e~ H*"19(M,) and with supp(u) U supp(f) C {t. > to}
satisfies

u—c€e U H(M,),

for some constant c € C.
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2 The T-orthogonal lightlike geodesics

The goal of this section is to prove Theorem 1.4. For this, let 79 € [re, 7] and

a
T =0+
t r%—l—cﬂ ¢

throughout the section. When computing properties of lightlike geodesics, we are going to use
the Hamiltonian formalism. The Hamiltonian for geodesics is the metric G dual to g, considered
as a function on the cotangent bundle of M:

G: T"M — T"M, &= G(&8).

The dual metric G of g is given in Boyer—Lindquist coordinates by
(r? + a” cos(0)) G(£,€)

= u(r)& + L(asinzw)f +¢ )2 - 72

P (0 sin?(0) T T

where & = (&, &, &4,&p) are the dual coordinates to (t,r, ¢,6). Since the bicharacteristic flow is
invariant under conformal changes, we study from now on the Hamiltonian

a(é) = (r* + a® cos*(6)) G(€,6),

((r + a®)& + aty)? + c(0)€2, (2.1)

given in (2.1). Since 0; and 0, are Killing vector fields, the dual variables & and &, will be
constant along the Hamiltonian flow. Note that a vector v € T M is orthogonal to T if and only
if the metric dual vector & := g(v, -) satisfies

0=g(v,T)=&T)=&+ £s- (2.2)

a
2 + a?
We may now prove Theorem 1.4.

Proof of Theorem 1.4. The main step in the proof is to show a convexity property for the
radial function r along the bicharacteristic flow in the domain of outer communication. More
precisely, we want to prove that

Hyr=0 = sgn (Hir) = sgn(r — ro) (2.3)

at all points in the characteristic set in the domain of outer communication. Here, the Hamil-
tonian vector field is given by

4
Z 853 J q) 85]
7=1

We compute Hyr = 24u(r)&,. Assuming that Hyr = 0 at some r € (7¢, r¢), we conclude that & =0
there. The second derivative along the Hamiltonian flow at such a point is given by

2
Hirle.~o = 2p(r)Ho&rle,—0 = —241(r)0; (—;27“)((7‘2 +a’)& + a€¢)2>

((7'2 + CL2)& + a§¢)2
p(r) '

201(r)b%0, (2.4)
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Recall that p(r) > 0 at all points in the domain of outer communication. By [6, Theorem 3.2 (a)],
the function

((T‘2 + a2)§t + a§¢)2
p(r)
either vanishes at r, or 7. and has no critical point in (7e,7c) or has precisely one critical point
in (re,rc). Since F' is a non-negative function and vanishes at rg by (2.2), F' can have no other
critical points than rg. It follows that F’(r), and therefore the right hand side of (2.4), has the
signs claimed in (2.3).
We now define an escape function £ := eC(T*"O)QHqu for any C' > 0 and note that

F(r) =

Hy, & = 00 (20(r — o) (Hq, )% + H2 7).

Since the characteristic set is disjoint from {r = ¢}, by Remark 1.6, and since ng has the same
sign as r — 19 whenever Hqr vanishes, by the implication (2.3), and since the Hamiltonian flow
is invariant under translations in R;,, we can choose the constant C large enough to make sure
that Hg, & is nowhere vanishing on

*

Ry, X [re +€,7c — € x §2

and has the same sign as r — rg. Hence £ gives an escape function for all bicharacteristics
satisfying (2.2). This finishes the proof of Theorem 1.4. [

3 Fredholm theory

The purpose of this section is to prove Theorems 1.12 and 1.13. For this, let again r¢ € [re, rc]
and

a
T=0, +——=0
b 3 + a? ¢

*

throughout the section. The theory of wave equations in [8] is based on first Fourier transforming
the wave operator in the variable t,. We thus want to consider the induced operator

PUU — eiat*P(e_iUt*’U),

for a fixed ¢ € C, where Tv = 0. This latter condition can be interpreted as v being only
dependent on a certain set of coordinates, cf. [6, equation (11)], but this viewpoint is not
necessary for the discussion here. Since T is a Killing vector field, and the coefficients of P are
invariant under T (cf. Assumption 1.8), we can think of P, as a differential operator

P,: C*(L.) — C*(Ly),
where
L, := t;l(O) C M,

is a spacelike hypersurface. Now, since o € C is fixed, the bicharacteristic flow of P, is canonically
identified with the lightlike geodesics in M, with trajectories orthogonal to T. Thus, we already
know by Theorem 1.4 that the bicharacteristic flow of P, is non-trapping in the domain of
outer communication. Following [8], we want to show that P, is in fact a Fredholm operator
between appropriate Sobolev spaces. For any s € R, we write H® := H*(L,), for the space
of extendible Sobolev distributions on Ly, in the sense of Hormander [5], of degree s. The
following is an improvement over [6, Lemma 2.1] and [8, Theorem 1.1], where we allow to choose
any 1o € [re, 7] in the definition of T.
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Theorem 3.1. Define
2 2
B :=2b max <r/+a> ,
refrerey \ [1/(r)]
and let s > % The operator
P,: {u € H* | Pue FIS_l} — g5 1

1—2s
28

is an analytic family of Fredholm operator of index 0 for all o € C such that Imo >
Moreover, Py is invertible for Im (o) > 1.

The proof of Theorem 3.1 relies on the Fredholm theory for non-elliptic operators developed
in [8], which requires refined understanding of the behavior of the bicharacteristics. The num-
ber 8 > 0 in Theorem 3.1 is related to the surface gravity of the horizons and corresponds to
a threshold in the radial point estimates in [8]. Note that there is a canonical identification

Char(P,) C Char(P) C T*M,.
We may therefore define
Y1 ={¢ € Char(P,) | £G.(dts, &) > 0},

and note that ¥_ N ¥, = &, which in particular implies that ¥_ and ¥ are invariant under
the bicharacteristic flow. Moreover, since L, is spacelike by Assumption 1.8, it follows that dt,
is timelike along L, and hence

Char(P,) =X_U3X,.
Analogously to [6, Lemma 2.5] and [8, Section 6], we have the following.

Proposition 3.2. Let & := £(0,), for any & € Char(P,). The conormal bundles N*{r = rq}
and N*{r = r.} are contained in the characteristic set of P, and the bicharacteristic flow is
radial in the generalized sense as in [8] at these. All other bicharacteristics of P, in ¥ either
start at fiber infinity of

N*{T = 7”e} N {57’ > O}
and end at r =re — 0 or start at the fiber infinity of
N{r=r.}n{& <0}

and end at r = re.+ 0. All other bicharacteristics of P, in ¥_ either start at r = ro — 0 and end
at fiber infinity of

N*{r=re} N{& <0}
or start at r =1, + 9 and end at the fiber infinity of
N*{r = r} 01 {& > 0}.
Moreover, the fiber infinity of
N*{r=re} N{£& > 0} and N*{r =r.} N {F > 0}

are generalized normal source/sink manifolds of the bicharacteristic flow, respectively, in the
sense of [8]. Furthermore, if ro = re, then no bicharacteristics between the fiber infinities
of N*{r = r¢} and {r = ro — &} intersect the domain of outer communication M and

N*{r=re} Nn{£& >0}

is a stable radial point source/sink, in the sense of [8]. If ro = r¢, then the corresponding holds
at the cosmological horizon.
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Proof. As explained above, Theorem 1.4 implies that no bicharacteristics of P, are trapped
in L, N M. Moreover, it implies that no bicharacteristics of P, can approach the event horizon
to the past/future and the cosmological horizon to the future/past.

Following the argument in the proof of [6, Lemma 2.5|, the first two statements in the
proposition would follow by combining Theorem 1.4 with the semiclassical considerations in [§]
near the horizons. However, just like in the proof of [6, Lemma 2.5], we choose here to present
the details for the convenience of the reader. In the proof of [6, Lemma 2.5], the special case
when ro € (re,7c) with p/(ro) = 0 was considered. The exact same argument as written there
goes through, line by line, in the case when rg € (re,7¢), using Theorem 1.4. Only the cases
when rg = 7. or rg = 7. require some extra care. Let us only discuss the case when rg = 7,
since the other case is similar. For the bicharacteristics starting or ending at r = r. + 4§, the
same analysis as in the proof of [6, Lemma 2.5] applies. The bicharacteristic flow at the event
horizon is, however, slightly different. Though a similar computation was already done in the
proof of [7, Theorem 1.7], let us explicitly compute the Hamiltonian vector field at N*{r = r.}
in case rg = r.. The principal symbol p, of P, is given by

(7“2 + a? COSQ(Q))pJ €39}
2,2

= W(r)E} — 2abf(r) 5o & + c(0)

2 2
N b2 (7"2 +a? 0082(9)> T 1— f(r)? (arg — r2> 2
c(#) sin(0) r2 4+ a? u(r) r2 + a? P’
It immediately follows that N*{r = r.} C Char(P,) and the Hamiltonian vector field at
N*{r =rq} is given by

H,, = (r*+a? 0082(9))_1M/(7‘e)fr28§w

It follows that the bicharacteristic flow at the conormal bundle of {r = r.} is exactly radial, as
opposed to radial in the generalized sense. The stability of the source/sink can be show, for ex-
ample, as in the proof of [6, Lemma 2.5]. The fact that no bicharacteristics between {r = r, — J}
and the fiber infinities of N*{r = r.} intersect the domain of outer communication M is an im-
mediate consequence of Remark 1.6. The analogous computations at » = r. when rog = r,
complete the proof. [ ]

Proof of Theorem 3.1. By Proposition 3.2, the dynamics of the bicharacteristics of P, in L,
precisely analogous as in [8, Section 6.1]. The proof of Theorem 3.1 therefore follows the same
lines as the proof of [8, Theorem 1.4]. [ |

Proof of Theorem 1.12. We again consider the analytic Fredholm family
P, {u € H* | Puc P_Isfl} — H!

from Theorem 3.1. A standard energy estimate shows that P, is invertible for Im (o) > 1.
Analytic Fredholm theory therefore implies that P, has a meromorphic extension to the open

set
Q= {Im (o) > ! ;;S} :

In particular, P, is invertible everywhere in {25 apart form a discrete set. Moreover, since P,
has index zero, P, is invertible if and only if the kernel of P, is trivial. Since

(C:UQS,

seR
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we conclude that ker(P,) is non-trivial precisely on a discrete set A C C. Following the ar-
guments in the proof of [7, Theorem 1.2] line by line, using Theorem 3.1 in place of the [8,
Theorem 1.1], it follows that the elements in ker(P,) are real analytic if the coefficients of P are
real analytic. |

Proof of Theorem 1.13. We again consider the analytic Fredholm family
P, {u € H°| P,uc FIS_I} — q51

from Theorem 3.1. The semi-classical trapping is corresponding to the trapping of bicharacter-
istics of the full wave operator P. Since [6, Theorem 3.2] implies that the trapping of bicharac-
teristics of P is normally hyperbolic, the proof of the semi-classical estimates and consequently
the proof of Theorem 1.13 proceeds completely analogous to the proof of [8, Theorem 1.4]. W
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