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Abstract. We discuss the generalized Yang Poisson models. We construct generaliza-
tions of the Yang Poisson algebra related to o(1,5) algebra discussed by Meljanac and
Mignemi (2023). The exact realizations of this generalized algebra on canonical phase space
are presented and the corresponding differential equations are solved in simple cases. Fur-
thermore, we discuss the Poisson algebras related to 0(3,3) and 0(2,4) algebras.
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1 Yang Poisson model

The Yang model of noncommutative geometry on a curved background spacetime was proposed
in [18] and is a generalization of the noncommutative geometry first introduced by Snyder [17].
This model is defined in terms of a 15-parameter algebra isomorphic to 0(1,5) containing the
generators of the Lorentz algebra with the coordinates of phase spaces, and was generalized
in [4]. Later, Snyder—de Sitter or triply special relativity model, where this symmetry is realized
nonlinearly, was proposed in [1, 3, 5, 14]. Realizations of the Yang model have been discussed in
[6, 8, 10, 11, 13]. They cannot be obtained in closed analytic form, but only as power series in
coupling constants. In the classical limit, where quantum commutators are replaced by Poisson
brackets, the algebra has a simpler structure and no ordering problems arise. The corresponding
realizations of this Yang Poisson model can be obtained in an exact form [12].

The Yang Poisson model is generated by a Poisson algebra containing the usual Lorentz
algebra of generators M,,,, with its standard action on phase space parametrized by %, and p,,

{My, Mpo } = (npMyo — Mo Myp — 1y Myo + 1o Myp), (1.1)
{ My, 8x} = (nuriy — nuaiy), { M. D2} = (MurDv — MrDy) (1.2)
{Zu, 80} = B My, {Duiv} = &” My, (1.3)
{jmﬁu} = Nuh, (1.4)
{h,2,} = B*Pp, {h,p.} = —a*2,, (1.5)
{M,h} =0, (1.6)
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where {,} are classical Poisson brackets, u,v = 0,...,n — 1, n,, = diag(—1,1,...,1) is the
Minkowski metric and « and § are real parameters. Generators denoted by A, B, C of this
Poisson algebra satisfy Jacobi relations of type

{A,{B,C}} + {B,{C, A}} + {C,{A,B}} = 0.

In the limit when o — 0 the algebra (1.1)-(1.6) becomes the Snyder Poisson algebra and in
the limit when 5 — 0, it becomes the dual Snyder Poisson algebra related to the de Sitter
algebra o(1,5), for n =4, and pu,v =0,1,2,3.

We look for realizations of %, and p, on a phase space with coordinates x,, and momenta p,,
satisfying the canonical algebra

{ZL"u,l‘y} = {puvpl/} =0, {x,unpu} = Nuv-

Realizations of the Yang Poisson algebra on a canonical phase space of coordinates x, and p,,
with the Lorentz algebra generators realized as M,,, = x,p, — z,p,, were analyzed and discussed
n [12]. Special solution for realizations of Z, and p, are given by

ju = xu\/l - 521)2 + ¢1(Z)a (1'7)
P = ppV/1 = a22% + 6o (2), (1.8)

where

P12 + 1 + g = 2%, z = af(zp),

b=/ (1= 5202 + 61(2) (1 — 0222 + 62(2)). (1.9)
Generally, it holds that in terms of original variables &, and p,,
232
h = \/1 _ 232 — B2p2 %M? (1.10)

This result for h is universal and generally valid in the Yang Poisson model [12]. The most general
realizations are obtained using the group of automorphisms applied to the special solution defined
with ¢a(z) =0 [12].

In the present paper, we shall consider generalized Yang Poisson models and their related
models, as well as their exact realizations. In Section 2, we define generalizations of the Yang
Poisson algebra (1.1)—(1.6) and construct realizations of this algebra solving the corresponding
differential equations, presenting the general results in Section 3. Furthermore, we discuss the
related Poisson algebras in Section 4.

2 Generalized Yang Poisson models

The most general new generators linear in z,, p, and M,, are

Xu = A(cos P, + gsin (pﬁu> + pa, M, (2.1)
]5H =B <cos PP, + %sin w':%/i> +ab,M,,, (2.2)

where M, = x,p, — x,p, is unchanged and A, B, ¢, 1, a,, b, are dimensionless parameters
with AB # 0.
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The inverse transformations are

B Ao cos¢()~(u - ﬁa,,MW) — B~ 'Bsin go(PM — ozb,,MW)

~

g o cos(p + ) ’
. B~ 1B cos 90(15# — abl,MW) — A la sinz/;()z'u - Bal,Mm,)
b= Beos(p+9) '

The new generators X u and ]E’M generate a new class of Poisson algebras isomorphic to the initial
Yang Poisson algebra. The new algebra generated by X,,, P, M,, and h is given by

{X,, X} = (B2AM,, + B(a, X, — a,X,)), (2.3)
{P,,P,} = (a*BM,,, + a(b,P, — b,P,)), (2.4)
{X,, B} = (uwh + ab, X, — Ba, P, + aBABGM,,), (2.5)
{M/.Ll/u X)\} = (nuAXV — A Xy + /B(a,uM)\u - auMAu))a (2'6>
{ M, P\} = (nunDPy — Py + a(bu My, — by M)y,)), (2.7)
(M, h} = a(b, X, — b, X,) — B(a, Py — a,P,), (2.8)
{h,X,} = B*AP, — aBABpX, — Ba,h, (2.9)
{h,P,} = —(a*BX,, — afABjP, — ab,h), (2.10)
where
h = ABcos(¢ + ¥)h + BaP — abX — afa,b,M,,, (2.11)
ﬁ:sin(go—i—w)—i—a—b, A=A%+4? and B = B + b2 (2.12)

AB

The algebra (2.3)~(2.12) is invariant under Born duality [2], a < 8, a; — —b;, bi — a;, A < B,
p <> —py Xy — =Py, Py — Xy, My, <> My, h 4 h

In the following, we consider the case where a, = b, = 0. In this case, the Poisson alge-
bra (2.3)—(2.12) corresponds to the classical limit of the Khruschev—Leznov algebra [4], where
quantum commutators are replaced by Poisson brackets. Let us denote &2 = o?B and 32 = B2A.
Then we have

- .. S 5232
h—ABcos(go—l—w)\/l—d2X2—62P2+255¢BXP— a’p

M2
2A2B2°
where

p=sin(p+1v), A=A%? and B=B%

Using the realizations (1.7) and (1.8) of &, and p,,, We can write realization of X, ]5“ in terms
of x,, and p,,

; p? B a2
X, =z Acos(p)y/1— Epz + ¢1(2) + 5puB sin(p)y/1 — ?aﬂ + p2(2), (2.13)
_ a2 a 5
P, =puBcos(y)1/1— ﬁmQ + @a(2) + EmHA sin(p)4 /1 — EPQ + p1(2). (2.14)

Generalizing (2.13) and (2.14), we get the general ansatz for X, and P,

B
Xy=x,f+ ~Pug (2.15)
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and
. - &
Pp :puf+ Ex,uga

2.9 a8

where f, g, f, § are functions of u, v, z, with v = 52p?, v = a222, z = a5 (@p).

From {XM,X,,} = BQMW, we get

of 99 9fdg 0fdg 9fdg 9f9g
) § A Y AP A A R W e A e
f(“)u T 9v * z((% Oou Oudv e Oovdz 0z0v
0709 070\, 9y Of
+2u<8z6u ou 0z +f3z+gaz_1

and from {]5,“ p,,} = a*M v it follows

Ooudv Ovou

-Of o <afag afag>+2v<afag afag)
0z0v Ovdz

—2f=L —25=2 44
f(% g8u+ “

0f95 _0f9g\ , 95  .0f _
+2u<8u8z 9z du +f8,z+g<92_1'

The relation {f( 1) ]51,} = nwﬁ +ap pM,,, yields following five equations:

s0f 0g <8f8§ 8f8§)+2v(8f8§ 8f8§)

2 5 "%, * ¥\ 5090 " Budn 900:  9-90

+2u<8f6§ 8f8§> +f@_~8f B

O0z0u Ou0dz

02 7o =0,

of 00 (900 00\ , (0705 0idy
2f6u 2g8u+4z<8u80 Ov Ou 2 0z 0v Ov 0z

+2u<8f@g_0f(9g> +f%—gaf =0

Oudz 0z 0u 0z ’
_of of of of ofof ofdf ofof
298u 293v+4z(8v8u 8u8@>+2v<8v 0z 8231})

ofof ofof\  ,of _of
+2u(8z6u_8u8z>+f8z+f82_p’

008 | 0709 (0905 0903\ ., (9905 0g0j
ou v

Jvou Ouodv ovdz 0z0v
(0905 0903\ 05 oy
“\oz0u " ouo 992 0. "

Note that comparing (2.13) and (2.14) with (2.15) and (2.16), it follows that

u

F=Acoslen[1-dgti(e), 9= Bsineh [1- 5 + (e

and

f:Bcos(w)\/l—gQ—HoQ(z), §:Asin(<p)\/1—;;2+g01(z).

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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We have checked that functions f, g, f, § in (2.24) and (2.25) are solutions of the seven differential
equations (2.17)—(2.23). Also, it is easy to verify that the special solutions (1.7) and (1.8) satisfy
the differential equations (2.17)—(2.23).

In particular, for f = /T —v, §j = 0 and g = g(v), from equations (2.17)-(2.23) we find that

f:\/(lfﬁQ)(lfquzQ), g=pV1—u, h = \/17 (1—u—v+uv+ 22— vz?).

In the case, where h = 7@, we have
ABcos(p+ 1) =1 and 1-p% = ——

which implies that

3 - . 1_2 -
h:\/1_@2X2—52P2+25075XP—2” a232M?2.

In the case when p = 1, we find that cos(p +1) = 0, which implies h = 0 and then from (2.9)
and (2.10) we have XM = ~P Similarly, in the case when p = —1, we have h = 0 and

X,=-2p,.

Qx\hx

3 General solution

Proposition 3.1. If L is an operator acting on the deformed phase space spanned by &,
and p,, as

A4 1 -, ﬁA AN 1 . «
E(en) = {Oéﬁh’ x“} P L(pu) = {aﬁh’p“} =g
where h is defined in (1.9) and (1.10), then it holds

(e‘pﬁ) (Z,) = &y cosp + éﬁﬂ sin @, (3.1)
(e_wﬁ) (13#) Py cos P + 6.%"“ sin 1. (3.2)

Proof. First, we have that
@) @) =aut Slnad+ 5 (5 > [ i)+
+n!<aﬁ> {h,....{h{h.&u}} ..} 4+ . (3.3)

n times

By induction on n and using (1.5), we prove the relations

{h,.... {h{h,2,}} ...} = (-D)Fa® B3,  k=12,..., (3.4)
n=2k times
{h,.... {h{h,2,}} ...} = (=D)Fa® B2, k=0,1,.... (3.5)

n=2k+1 times

For the case when n = 2k, it is easy to see, using (1.5) that for k = 1, we get

(h b i)} = —a26%,
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Assume that the relation (3.4) holds for some k& > 1. Then by the induction assumption and
using (1.5), we have

(oo A {1} = (1R (b {5, = (1A )

n=2k+2 times

Similarly, by induction on n and using (1.5), we prove that relation (3.5) holds. Now, inserting
relations (3.4) and (3.5) in (3.3), we finally prove that (3.1) holds. Also, in a similar way, we
prove (3.2). [

Let us now define an operator L¢ acting on a canonical phase space spanned by z,, and p, as

Lo(f) ={G, [},

where G(x,p) and f(x,p) are functions on classical phase space. Furthermore, we define

HO = T T, 0 =T,
and then construct an operator O such that

{0@ED).500} = nuwh, (3.6)
~(0) .

where h is given in (1.9). The general structure of an operator O acting on &, is

O(#") = (e5o) (7)) = 2 + {G.a;"} + !{Gv {G.a0})

{GLG (G oo

Solving perturbatively (3.6), a unique solution was found for G in [12],

G= Zoz%ﬁ%ggn, (3.7)

n=1
where

(_1)n . (a}p)2n+1
2n-(2n+1)

9o2n =

The summation of the equation (3.7) for G gives an exact result,

G = 0415 <z<1 — %ln(l + z2)> — arctanz).

If we fix P( ) = A(O) = V1 — a?2?p,, then we obtain the corresponding

X/SI) = A(e‘pﬂ oek ) (& (0)) A(e“’ﬁ o e’CG) (mxﬂ),

WO = /(T = 532 + 9 (1 - a%a?)

with the property

(X, PO} = 1, A cos(p)h M) + Asin(p)aB M.

The composition of mappings e?L 0 L6 can be calculated perturbatively applying the BCH
formula.
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Proposition 3.2. Application of the BCH formula to a Poisson algebra with the classical Pois-
son brackets gives

¢4 0P = efe, (3.8)
where C = A+ B + %{A,B} + %{A,{AB}} - le{B,{A,B}}+---,
Proof. From the BCH formula, we have

ola gels — e(ﬁA+£B+%[EAJ:BHTIQ[5A7[13A7£BH*%[53,[£A,EBH+“')7

which implies that in order to prove (3.8) is sufficient to prove that the relation

[Lays- o [La,_1 [Lan, LB -] = L{Ar,. {An_1,{An,B}}..}) (3.9)
holds. We prove (3.9) by induction on n. For n = 1, using the Jacobi identity, we get

([[’AN‘CB])(F($ap)) = (LAIL"B - ,CB[,AI)(F(LL‘,p)) = {A17{BvF}} - {B’ {AlvF}}
= {41, B}, F} = L,y (F(z,p))-

Let us assume that the relation (3.9) holds for some n > 1. Then by the induction assumption
and using the Jacobi identity, we have

([EAN cee [‘CAn7 [‘CAn+1’£BH .- ])(F(.T,p))
= (A1[Lays- - [Lans [Lan s LB -] = [Lag, - [Lan, [Lan., LB]] - JA)(F(z,p))
={A,{{Aq,.. {An,{Ans1,B}}...}, F}}—{{Aq,.. . {An,{Ans1,B}} ...}, {A1, F}}
= {{A1, {42, .. {An, {An+1, Bt} .. I F = Loy, (A fAn,8)). ) (F(z,p). B
Let us denote e£¢ = e£0efc. Then in the first order we get L5 = ¢ﬁ+ﬁg+%¢{ﬁ, Lot
The most general realizations of X,,, P, and h are obtained using the group of automorphisms
applied to the special solution Xﬁl), ]5,50) and h(1% namely Xu =0Op (Xftl)), P, =0p (Plso)) and

h=O0Op (h(l’o)), where Op = e£F and F is arbitrary function of o222, 32p? and z. Alternatively,
we can write

Ry = A(e5 0 55 (i1D) = A(e 0 o) (1~ B9 + 7).
]5# = B(efwf: o eLF) (ﬁflo)) = B(eﬂm o eLF) (mpu).
These solutions satisfy the above seven differential equations (2.17)—(2.23).
Remark 3.3. Note that the Poisson brackets are covariant under the action of €“F i.e. they
satisfy
{“) (D, () @)} = (=) ({f.91)
for any function F, f, g. Also (eEF) (Mw/) = M,, if {F, MW} =0 and (eEF) (77#1/) = Nuw-

Remark 3.4. Using realizations of the Snyder model [7], we can write the corresponding real-
izations of the Snyder Poisson model. From the results that were found in [7], we get

B = (e59) (zu + B2z - p)pp) = zpp1(u) + B2(z - p)puspa(u),

h = (efc - L
Pp = ( )(pﬂ) pu(,Ol(U)7

where

6= pF), ol = A SR g g
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4 Related Poisson models

In this section, we introduce related Poisson algebras generalizing (1.3), (1.4) and (1.5):

{i‘yaju} = 61/82M,um {ﬁmﬁu} = 52042Muuy {i'mﬁu} = 77/Jl/h7
{h)‘%u} = 6152]§M’ {h’aﬁu} = —62&256’“

where €2 = €3 = 1. The Yang Poisson model in Section 1 corresponds to the €; = €2 = 1 case

which is related to o(1,5) algebra.
Now, let us consider the case when € = eo = —1. A special solution for realizations of %,
and p, in this case is given as

Gy =,/ 1+ B2+ 61(2),  Pu=puV/1+a22% + da(z),

where

D109 + b1 + pg = 22, z = af(xp), h = \/(1+52P2+¢1(Z))(1+O‘2352+¢2(Z))~

The new generators X , and ]E’M, linear in 2, p, and My, are given in (2.1) and (2.2). Also,
a new algebra, related to o(3, 3) algebra, generated by X, P,, M, and h is given in (2.3)-(2.11),
where

b ~ .
ﬁ:—sin(w—i—zp)—i—Z—B, A=—A%2+4? and B=-B%+1?.

In the case when e =1 and e = —1, a special solution is given by

Gy =21 = B2+ ¢1(2),  Pu=pu/1+ 222 + da(2),

where

Do+ o+ da= =22 z=aBap),  h=/(1- B2+ 61(2) (1 + 022 + 6o(2).

The new generators X n and ]5M are given by

Xﬂ = A(cosh PT, + gsinh @ﬁy) + Bay, My, (4.1)
P,=B <cosh Wpy + %sinh w;#) + ab, M, (4.2)

where My, = z,p, — xypy and A, B, ¢, ¥, ay, by, are dimensionless parameters with AB # 0.
New generators X, and P, together with M, and h generate a new algebra, isomorphic to the
initial Yang Poisson algebra, which is given in (2.3)—(2.10), where

h = AB cosh(y) — @)h + faP — abX — afa,b, M,
ab

ﬁ:sinh(d)—ga)—&—ﬁ, A= A% 442 and B=-B%+1b%
Finally, in the last case when ¢ = —1 and ex = 1 a special solution is given by
By =,/ 1+ 0202+ 01(2),  Bu=puV/1 - a?a? + ia(2),

where

P12 + P1 + P2 = —27, z = af(zp), h = \/(1+52p2+¢1(Z))(1—042$2+¢2(2))-
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The new generators X n and {5“ are given in (4.1) and (4.2) and a new algebra generated by
them together with My, and h is given in (2.3)—(2.10), where

h = AB cosh(y) — ¢)h + faP — abX — afaub, M,

b ~ -
ﬁ:—sinh(z/)—cp)—l—j—B, A=—A%44? and B =DB?+1°.
Note that the algebras generated with cases when €; =1, €2 = —1 and €; = —1, e = 1 are

related to 0(2,4) algebra.

5 Discussion

The generalized Yang models are examples of noncommutative geometry on a background space-
time of constant curvature that display a duality between position and momentum manifolds.

In this paper, we have obtained the exact realizations of a generalized Yang Poisson algebra
on a canonical phase space related to the o(1,5) algebra. These realizations are simpler than in
the quantum case. The results we have obtained can be considered as a limit of the quantum
formalism for & — 0, presenting a classical approximation of the quantum realizations.

Moreover, we have discussed the Poisson algebras related to 0(3,3) and 0(2,4) algebras.
These models correspond to different physical settings, namely, the case e = —1 is related to the
symmetries of anti-de Sitter spacetime, while ¢; = —1 corresponds to the so-called anti-Snyder
algebra [15]. We recall that the anti-Snyder algebra enjoys rather different properties from the
Snyder algebra, in particular concerning the existence of a maximum allowable momentum.

Possible applications of our results are in cosmology, since the present model could be useful
in describing effects of noncommutativity in early stages of inflation, and in the investigation of
modifications of the dynamics of simple mechanical systems caused by the deformed symplectic
structure. The most elementary example is the harmonic oscillator, that has been studied in [12]
in the o(1,5) case, exhibiting a modification with respect to the canonical solution, with the
period that becomes energy dependent. In the 0(3,3) and 0(2,4) cases, one expect similar
modifications, analogous to those found in [16] for the related TSR setting.

In the present paper, a canonical phase space is defined with coordinates x,, momenta p,
and Lorentz generators M,, = x,p, — x,p,. However, it is possible to define the extended
coordinates w,,, with corresponding momenta p,, and to interpret the Lorentz generators M,
as extended coordinates x,, and h as an additional scalar coordinate. In this framework, the
algebra (2.3)-(2.12) is generated by 15 coordinates. The corresponding realizations can be
obtained from the quantum realizations of the generalized Yang models, presented in [6, 9].
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