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Remark 28. As vector spaces, mI and mP sit in a class of subspaces of g parametrized by subsets of
incomplete bipartitions with one block (besides the translucent block). To an incomplete word on random
variables w ∈W, we associate the incomplete bipartition πw = {[w]1} with translucent block [w]0.

Pick a subset U of one-block incomplete bipartitions. At the moment, we do not assume anything on U .
We set

mU ∶= {` ∈ g ∶ `(w) = 0 if πw /∈ U and `(w) = `(w↾[w]1) if πw ∈ U}

for the space mI, the corresponding set U is the set I of incomplete interval bipartitions with only an opaque
block (or, what is the same, shaded noncrossing bipartitions with only one opaque block) while for mP the
corresponding set is P, the set of all incomplete bipartition with only one opaque block. A natural question

Figure 21: Shaded noncrossing partitions πw and words w.

would then address the complete classification of preLie algebras arising as mU and meaningful to the theory
of probability. We leave such general considerations for future work.

Proposition 12. The restriction of the preLie product ⊲ to mP is trivial,

f ⊲ g = 0, f, g ∈ mP.

In particular, mP is a sub preLie algebra.

Proof. Pick two linear forms f, g ∈ mP and a word w ∈W(t). We have

(f ⊲ g)(w) = (f ≺ g − g ≻ f)(w) = ∑
I⊂[t]1
�[t]1∈I

f(w↾I)g(wI↝0) − ∑
I⊂[t]1
�[t]1/∈I

g(w↾I)f(wI↝0)

The result is obtained upon changing the summation variable of the second sum to [t]1 ∖ I in the above
equality. ∎

Theorem 19. Pick a linear form k ∈ mP. For any word w ∈W(t), t ∈ TW, the following formula holds:

exp⋆(k)(w) = exp≻(k)(w) = exp≺(k)(w) = ∑
π∈P(t)

∏
V ∈π

k(w↾V ). (45)

Proof. Pick a linear form k ∈ mP. The equality between the left and right half-shuffle exponentials and the
full shuffle exponential is a corollary of Proposition 12. This is a direct application of Theorem 18 in [EFP19]
: Ω′ = id.

We prove next the last equality in (45) by using the left half-shuffle fixed point equation. To that end,
denote by G the linear functional on CW whose values are prescribed by the rightmost terms in (45). The
proof proceeds from the same lines of arguments we used to prove Theorem 16 and Theorem 17. The result
trivially holds for incomplete words w with ∣[w]1∣ = 1. Pick an integer N ≥ 1 and assume that the result
holds for incomplete words w with ∣[w]1∣ ≤ N . Pick a translucent word t ∈ TW and a word w ∈ W(t) with
∣[w]1∣ = N + 1 then

(k ≺ G)(w) = ∑
I⊂[t]1
�[t]1∈I

k(w↾I)G(wÎ↝0) = ∑
I⊂[t]1
�[t]1∈I

k(w↾I) ∑
π∈P(tÎ↝0)

∏
V ∈π

G(w↾V ) (46)


