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Figure 4.6. The phase portrait of the system (4.4) for µ = 2. The curves K2,a for a 6= 0 are the

equilateral hyperbolas x2 = ay + y2.

the ordinate y = [a(1− µ)]µ/(2µ−2),
— the curves Kµ,a∩{x < 0} and Kµ,a∩{x > 0} for a ≥ 0; note that the curves Kµ,a∩{x < 0}

come from infinity and are forward asymptotic to O while the curves Kµ,a∩{x > 0} are backward
asymptotic to O and go to infinity; for a = 0 these curves are straight rays.

It is clear that the phase portraits of the system (4.4) for 0 < µ ≤ 1 and for µ > 1 are
topologically equivalent neither globally nor locally. Indeed, for µ > 1, there are infinitely many
phase curves forward asymptotic to O and infinitely many phase curves backward asymptotic
to O whereas for 0 < µ ≤ 1, such phase curves in the domain {y > 0} are absent.

Of course, Examples 4.1 and 4.2 can be seen as two variations of the same example. Note that
for all µ, the systems (4.3) and (4.4) are reversible with respect to the involution (x, y) 7→ (−x, y).
Note also that since the right-hand sides of the systems (4.3) and (4.4) are quadratic forms, the
phase portraits of these systems are invariant under the homotheties Hk : (x, y) 7→ (kx, ky)
(k > 0). Indeed, HkIµ,a = Iµ,κa, HkKµ,a = Kµ,κa with κ = k(2µ−2)/µ and HkJa = Ja+2 ln k,
HkLa = La−2 lnk.

One more remark is that the vector fields in both Examples 4.1 and 4.2 are incomplete. To
see this, it suffices to notice that in both the examples, the induced dynamics in the invariant
line {y = 0} is described by the equation ẋ = x2 (x2∂x is a “prototype” of incomplete vector
fields in the real line R). To obtain complete examples, it is sufficient to divide the right-hand
sides of the systems (4.3) and (4.4) by, e.g., 1+x2+y2. This would not alter the phase portraits,
but we would get equations (4.1) with |f(x, y)| ≤ 1 and |g(x, y)| ≤ 1/2 for any x and y. The
corresponding vector fields would obviously be complete.

In fact, the difficulty in searching for families of systems like those in Examples 4.1 and 4.2
comes from two requirements: that the phase space has a boundary and the vector fields are
tangent to it and that the vector fields are analytic. Without these restrictions, examples would
be straightforward to construct (see the discussions at the beginning of this section and in the
post [8] where a C∞ example is presented).
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