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Figure 7. The Foch Sequence (12)(23)(12)(13). After the (23)
collision at B, particle 3 has to “get around” particle 2 in order to
collide with particle 1 in the fourth collision. The distance particle
2 moves between B and C has been exaggerated in the figure.
(partial caption from [MC2])

4. Lines Intersection Collision Subspaces

4.1. Results in RN
. Motivated by the results in section 2, we aim to bound the

number of times a billiard trajectory can intersect a collision subspace more gener-
ally. In this section, we treat the billiard trajectory as a line in E, not a piecewise
linear trajectory. To start, we bound the number of times a line can intersect arbi-
trary subspaces of codimension d. We also make the assumption that the line does
not lie within any of the codimension d subspaces.

Lemma 4. In RN there are N mutually orthogonal hyperplanes. The N � 1 prin-
cipal angles between any two such (distinct) hyperplanes are all 0 except the last
angle which is ⇡

2
.

Note: We use the word “orthogonal” throughout to mean that the only nonzero
principal angles are ⇡

2
(which is di↵erent than the orthogonal complement of the

subspaces).


