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Figure 10. The diagram depicts two pencils (one in F2 and the other one in CP 2) giving fibrations with

an I∗0 fiber and an I3 fiber. The conventions are the same as earlier.

through P and L2, L3 intersecting each other in a generic point P ′ (which is not on L1 and on
any ℓi); see Fig. 10. Fibrations admitting an I∗0 - and an I3 fiber on the rational elliptic surface
have further singular fibers; the possibilities are: either a cusp and a fishtail, or three fishtails.
The second case is the generic one. Let us see how to construct such a fibration explicitly. For
this purpose, we take

σ1 = (u+ v)2v(u− v), σ2 = u2v2. (6.1)

Then σ1 is not a complete square, but has two equal zeroes, so the equation ζ ⊗ ζ = σ1 defines
a double section with a nodal point over [u : v] = [−1 : 1], giving rise to a fiber of type I1. On
the other hand, σ2 is a complete square with zeroes at [u : v] = [0 : 1] and [u : v] = [1 : 0]. The
basepoints are determined by the equation

(u+ v)2v(u− v) = u2v2,

which has roots [u : v] = [1 : 0] and [u : v] = [ui : 1] where u1, u2, u3 are the roots of

(u+ 1)2(u− 1)− u2 = 0.

As one of the roots [1 : 0] of σ2 is at the same time a basepoint while its other root [0 : 1]
is not, σ2 gives rise to a fiber of type I3. Now, let the parameter of the pencil be denoted
λ = [λ1 : λ2] ∈ CP 1. Then, the curve corresponding to λ in the pencil has equation

(λ1 + λ2)ζ ⊗ ζ = σλ

where

σλ = λ1σ1 + λ2σ2.

The parameter value λ = [−1 : 1] corresponds to a degenerate curve consisting of the fibers
containing the basepoints (and the section at infinity in F2 with multiplicity 2), and gives rise
to the fiber of type I∗0 . From now on we assume that λ ̸= [−1 : 1], and the equation of the
corresponding curve can be written as

ζ ⊗ ζ =
σλ

λ1 + λ2
.

Expressing the right hand side of this equation using equation (6.1), and taking v = 1 we get

λ1u
3 + (λ1 + λ2)u

2 − λ1u− λ1.


