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Figure 12. The pencils give rise to fibrations with an I∗0 fiber and an I2 fiber.

Each of these pairs of sections then give rise to different curves of type I2 in the fibration coming
from the pencil defined by the corresponding set of basepoints, and by an Euler characteristic
computation this fibration has no other singular fibers.

A necessary and sufficient condition for the existence of such a pair of sections can be found
as follows. In the trivialization of KCP 1(D) over U discussed in (2.6) for 1 ≤ j ≤ 2 the section
σj of F2 is of the form

σj(u) = αju
2 + βju+ γj

for some αj , βj , γj ∈ C. For simplicity assume that t = −1. Then, σ1 passes through the
basepoints if and only if the following equations hold

γ1 = a+

α1 + β1 + γ1 = b+

α1 − β1 + γ1 = c+

α1 = d+,

where a±, b±, c± are the w-coordinates of the basepoints over 0, 1, t = −1 respectively and d±
are the z coordinates over ∞. This linear system in three variables α1, β1, γ1 has a solution if
and only if

2(a+ + d+) = b+ + c+.

Similarly, the existence of σ2 is equivalent to

2(a− + d−) = b− + c−.

We may repeat the above argument to find conditions for the existence of σ3, σ4, σ5, σ6. These
conditions, together with the ones found above for σ1, σ2, form a system of 6 homogeneous linear
equations in the 8 variables a±, b±, c±, d±. Completing this system with the degree formula

a+ + b+ + c+ + d+ + a− + b− + c− + d− = 0 (6.2)


