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Figure 7. The diagram on the left shows two curves in F2, one of them is the curve C∞, while the

other one is a section of the ruling with multiplicity two (denoted by σ). Thick (red) lines provide one

of the curves, while the thin (blue) segment defines the other curve. The fibration defined by the pencil

contains two I∗0 fibers. The two degree-3 curves in CP 2 on the right generate a pencil which gives rise to

a fibration admitting two I∗0 fibers.

We can construct curves in F2 disjoint from the section σ∞ at infinity and intersecting the
fiber of the ruling twice (possibly once, with multiplicity two) in the following way. Since the
curve is disjoint from σ∞, it is a double section of the bundle O(2) → CP 1. Such double sections
can be given by sections of O(4) → CP 1: for a given section σ of O(4), use the identification
O(2)⊗O(2) ∼= O(4) and get a double section of O(2): over P ∈ CP 1 take those points ζ ∈ O(2)
which satisfy ζ ⊗ ζ = σP , see (2.3) with the notational change of denoting Gθ by σ. There are
two such points (ζ and −ζ) if σP ̸= 0 and there is a single one if σP = 0. (Indeed, this is the
classical construction of double branched covers.) In turn, sections of O(4) → CP 1 can be given
by homogeneous degree-4 polynomials in the homogeneous coordinates [u : v] on CP 1.

Here are some instructive examples of this phenomenon:

• The polynomial u4 (as a section of O(4)) provides two sections in O(2) which are tangent
to each other over the point [0 : 1] ∈ CP 1.

• The polynomial u2v2 gives rise to two sections of O(2), intersecting each other transversally
in two points over [0 : 1] and [1 : 0] ∈ CP 1.

• The polynomial u2v(u+v) defines a double section in O(2) which has a node over [0 : 1] ∈
CP 1, and is tangent to the fibers of the ruling at [1 : 0] and [−1 : 1] ∈ CP 1.

• The polynomial u3v will define a cuspidal curve which is a double section in F2 – the cusp
point is over [0 : 1] and the fiber over [1 : 0] is tangent to the cuspidal curve.

We will start our examples with configurations admitting sections.

Example 6.2 (fibration with another I∗0 ). If C0 is a section of the ruling F2 → CP 1 with square 2
and we take it with multiplicity 2, the pencil generated by (C0, C∞) provides a fibration with two
singular fibers, both of type I∗0 , cf. Fig. 7. In a similar fashion, by taking two lines L1, L2 ⊂ CP 2

such that L1 passes through the fixed point P while L2 avoids it, and defining S0 as the union
of L1 and L2 (with L1 of multiplicity 1 and L2 of multiplicity 2) we get a pencil on CP 2 induced
by (S0, S∞) so that the resulting elliptic fibration has two I∗0 fibers (cf. Example 4.5 and Fig. 7).

Example 6.3 (fibration with an I4 fiber). A fibration with an I4 fiber (next to the I∗0 coming
from C∞) can be given in F2 by considering two sections σ1, σ2 of the ruling (each with multi-
plicity 1) intersecting each other once on F1 and once on F4, as shown by the left diagram of
Fig. 8. A similar pencil in CP 2 can be given by taking S0 = L1 ∪ L2 ∪ L3, where Li are three
distinct lines, L1 passes through P , while L2, L3 do not, and moreover the intersection point
L2 ∩L3 is on one of the ℓi; the configuration is shown by the right diagram of Fig. 8. Note that


