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Figure 6. The symmetric curve configuration in F0 = CP 1 × CP 1 providing a elliptic fibration with

two I∗0 fibers.

up each basepoints twice, we get the desired elliptic fibration with two singular fibers, each of
the type of I∗0 , originated from the curves C0 and C∞.

5 The proofs

In this section we give the proofs of Theorems 1.1–1.6 described in Section 1. For sake of
completeness and in order to have a uniform treatment, we include and provide references to
our previously obtained results whenever applicable.

5.1 The case of one pole

Proof of Theorems 1.1 and 1.2. These theorems are special cases of [13, Theorem 1.1] and
[13, Theorem 1.3], respectively; hence we do not give any further details here. �

5.2 The case of two poles

This case has been extensively studied in [14]. Recall that in this case we have two subcases
depending on the multiplicities of the poles: these multiplicities can be (a) 2 and 2 or (b) 3
and 1.

If the two multiplicities are 2 and 2, then the fiber at infinity is either of type I∗2 , I
∗
3 or I∗4 .

According to Corollary 4.2, elliptic fibrations with those singular fibers on a rational elliptic
surface have at least two further singular fibers, hence they do not occur in the cases under the
current investigation. (For the complete picture in this case see [14, Theorems 2.1, 2.2, 2.3],
depending on whether the polar parts are twisted or untwisted. See also [14, Table 1].)

Proof of Theorems 1.3 and 1.4. Suppose now that the two multiplicities are 3 and 1. By
examining [14, Theorems 2.4, 2.5, 2.6, 2.7], we see that there are two cases with single singular
fibers in the Hitchin fibration, as given in the two theorems. �
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