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4 Classifications

Let FΘ be a flag manifold associated to a non-compact simple real Lie algebra g. Theo-
rems 2.4, 3.8 and 3.11 imply that the second homology group of FΘ is determined by the simple
roots in Σsplit and Σ2.

The multiplicities (and hence the ranks) of the restricted roots for the simple real Lie algebras
can be read from the classification table of the real forms (see, e.g., [13, pp. 30–32]). If for a Lie
algebra g the sets Σsplit and Σ2 are empty (that is, if rankα ≥ 3 for every α ∈ Σ) then the
second homology of any flag manifold associated to g is zero. The Lie algebras having roots
with rankα ≤ 2 are listed in Table 1 below. The homology of the flag manifolds associated to
the Lie algebras in the list is given in the following theorem that summarizes Theorems 2.4, 3.8
and 3.11.

Theorem 4.1. Let FΘ be the flag manifold associated to a non-compact simple real Lie algebra g
and to the subset Θ ⊂ Σ of restricted simple roots. If charR 6= 2 then

• H2(FΘ, R) = 0 if and only if g is of type G2 for any Θ or if g is not of type G2 and both
Σsplit and Σ2 are contained in Θ. This is the case if g does not appear in Table 1.

• H2(FΘ, R) is non-zero and has only torsion components R/2R if and only if g is not of
type G2, Σ2 ⊂ Θ and Σsplit is not contained in Θ. In particular, if g is a split real form,
not of type G2.

• H2(FΘ, R) contains a free R module if and only if Σ2∩(Σ\Θ) 6= ∅. The rank of the module
equals the cardinality of this intersection.

Notation. In Table 1, the simple roots of Bl, Cl and F4 are labelled according to the following
diagrams
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5 De Rham cohomology

The computation of the second de Rham cohomology group of real flag manifolds was the first
motivation of this work. This cohomology group can be obtained from the homology groups
studied along this paper. In fact, by the Universal Coefficient Theorem (see for instance [3]) we
have, for a real flag manifold FΘ, H2

dR(FΘ,R) ' Rs where s is the rank of the free Z-module
in H2(FΘ,Z). Therefore the description of the homologies of the flag manifolds of Theorem 4.1
combined with Table 1 yield the following.

Theorem 5.1. Let FΘ be the flag manifold associated to a non-compact simple real Lie algebra g
and to the subset Θ ⊂ Σ of restricted simple roots. Then H2

dR(FΘ,R) = 0 unless g is of types
AIII1, AIII2, DI2, EII and Σ2∩(Σ\Θ) 6= ∅. In that case H2

dR(FΘ,R) ' Rs with s = |Σ2∩(Σ\Θ)|.

As particular cases, one obtains that H2
dR(FΘ,R) = 0 for any flag manifold FΘ of a split real

form.

The objective now is to get invariant differential forms that represent the 2-cohomologies
of the flag manifolds of the Lie algebras AIII1, AIII2, DI2 and EII. These 2-forms will be
obtained by the Weil construction that provides closed differential forms as characteristic forms
of principal bundles. In the next theorem we recall this construction for differential 2-forms


