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Abstract. We present the explicit form of a family of Liouville integrable maps in 3 variab-
les, the so-called triad family of maps and we propose a multi-field generalisation of the latter.
We show that by imposing separability of variables to the invariants of this family of maps,
the Hi, Hip and Hﬁ‘l Yang—Baxter maps in general position of singularities emerge. Two
different methods to obtain entwining Yang—Baxter maps are also presented. The outcomes
of the first method are entwining maps associated with the Hy, Hy; and Hf?l Yang—Baxter
maps, whereas by the second method we obtain non-periodic entwining maps associated
with the whole F' and H-list of quadrirational Yang—Baxter maps. Finally, we show how
the transfer maps associated with the H-list of Yang—Baxter maps can be considered as the
(k — 1)-iteration of some maps of simpler form. We refer to these maps as extended transfer
maps and in turn they lead to k-point alternating recurrences which can be considered as
alternating versions of some hierarchies of discrete Painlevé equations.
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1 Introduction

The quantum Yang—Baxter equation originates from the theory of exactly solvable models in
statistical mechanics [11, 73]. It reads

RiaR13R23 = RazR13R12, (1.1)

where R: V®V — V ®V a linear operator and Ry, [ # m € {1,2,3} the operators that acts
as R on the [-th and m-th factors of the tensor product V® V ® V. For the history of the
latter and for the early developments on the theory see [36]. Replacing the vector space V' with
any set X and the tensor product with the cartesian product, Drinfeld [21] introduced the set
theoretical version of (1.1). Solutions of the latter appeared under the name of set theoretical
solutions of the quantum Yang—Bazter equation. The first instance of such solutions, appeared
in [24, 65]. The term Yang-Baxter maps was proposed by Veselov [69] as an alternative name to
the Drinfeld’s one. Early results on the context of Yang—Baxter maps were provided in [1, 40, 57].
In the recent years, many results arose in the interplay between studies on Yang—Baxter maps
and the theory of discrete integrable systems [8, 9, 10, 12, 18, 19, 20, 31].

In [23] it was considered a special type of set theoretical solutions of the quantum Yang—
Baxter equation, the so called non degenerate rational maps. Nowadays, this type of solutions
is referred to as quadrirational Yang—Baxter maps. Note that the notion of quadrirational
maps, was extended in [46] to the notion of 2"-rational maps, where highly symmetric higher
dimensional maps were considered. Under the assumption of quadrirationality and modulo
conjugation (see Definition 3.1), in [5, 59] a list of ten families of maps was obtained. Five
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of them were given in [5], which constitute the so-called F-list of quadrirational Yang-Baxter
maps and five more in [59], which constitute the so-called H-list of quadrirational Yang-Baxter
maps. For their explicit form see Appendix A. The Yang—Baxter maps of the F-list and the
H-list can also be obtained from some of the integrable lattice equations in the classification
scheme of [4], by using the invariants of the generators of the Lie point symmetry group of the
latter [60]. In the series of papers [44, 45, 56], from the Yang—Baxter maps of the F-list and
of the H-list, integrable lattice equations and correspondences (relations) were systematically
constructed. Invariant, under the maps, functions where the variables appeared in separated
form, played an important role to this construction. The cornerstone of this manuscript are
invariant functions where the variables appear in separated form.

In [3], it was introduced a family rational of maps in 3 variables that preserves two rational
functions the so-called the triad map. The triad map serves as a generalisation of the QRT
map [61] (cf. [22]). In Section 2 we present an explicit formula for Adler’s triad map as well as
we prove the Liouville integrability of the latter. We also propose an extension of the triad map
in k > 3 number of variables. If one imposes separability to the variables of the invariants of the
triad map, the Hi, the Hyp and the H{I‘I Yang—Baxter maps in general positions of singularities,
emerge. This is presented in Section 3 together with the explicit formulae for these maps.

In Section 4, we develop two methods to obtain non-equivalent entwining maps [51], i.e.,
maps R, S, T that satisfy the relation

R12513T23 = 123513 R12.

The first method gives us entwining maps associated with the Hy, Hyr and the Hﬁ‘l members of
the H-list of Yang—Baxter maps. The second one produces entwining maps for the whole F-list
and the H-list. In this manuscript we present the entwining maps associated with the H-list of
quadrirational Yang-Baxter maps only.

In Section 5, we re-factorise the transfer maps [69] associated with the H-list of Yang—Baxter
maps. We show that the transfer maps coincide with the (k—1)-iteration of some maps of simpler
form that we refer to as extended transfer maps. Moreover, we show that the extended transfer
maps, after an integration followed by a change of variables, are written as k-point recurrences,
which some of them can be considered as alternating versions of discrete Painlevé hierarchies
[16, 32, 57]. In Section 6 we end this manuscript with some conclusions and perspectives.

2 The Adler’s triad family of maps

In [3], Adler proposed the so-called triad family of maps. The triad map is a family of maps in
3 variables that consists of the composition of involutions which preserve two rational invariants
of a specific form. In what follows we present the explicit form of the latter in terms of its
invariants.

Consider the polynomials

1 1
nt = Z aéyk,lmi_]‘m%_kxé_l, d = Z Bj’k’lﬁ_jaz%_kmé_l, 1=1,2,
J:k,1=0 4,k 1=0
where 1, 19, 3 are considered as variables and a;'-’k’l, ﬁ;}hl as parameters. We consider also 3
maps R;j, 1 < j, 4,j € {1,2,3}. These maps can be build out of the polynomials n’, d* and they
read R;j: (21,22, 23) — (X1(21, 22, 23), Xo(x1, 22, 23), X3(x1, 2, 23)), where
D, n!-d' Dyn?-d?
Dgﬁjn1 o dt Dgﬁjn2 - d?
D, n!-d D, n? . d?
(%lijnl d + 8ij$in1 dt 85,;lian Sd? + 8ijxl.n2 - d?

Xi:a:i—2
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D, n'-d! Dgn?-d?
ijnl d! ijnQ - d?

X; =z, +2 :
7 D, n - dl D, n?-d
(%;lijnl dh + 8ijzin1 dt (‘)MijnQ ~d? + 8ijxin2 - d?
Xk = Tk for k #i,j, (2.1)

with 0, we denote the partial derivative operator w.r.t. to z, i.e., ,h = %. D, is the Hirota’s

bilinear operator, i.e., D h -k = (0,h)k — ho.k.
Proposition 2.1. The following holds:

1. Mappings R;; depend on 32 parameters O‘j’,k,lr 5§,k,lf i=1,2, j,k,l € {0,1}. Only 15 of
them are essential.

2. The functions Hy = n'/d', Hy = n?/d? are invariant under the action of R;j, i.e., Hj o
Rij=H;, 1=1,2.

3. Mappings R;; are involutions, i.e., Rfj = id.
4. Mappings R;; are anti-measure preserving' with densities my = n'd?, mo = n2d'.

5. Mappings R;; satisfy the relation RiaR13R23 = RazRi3R12.

Proof. 1. The invariants H1, Hs depend on 3 variables and they include 32 parameters. Acting
with a different M6bius transformation to each of the variables, 9 parameters can be removed.
A Mobius transformation of an invariant remains an invariant, since we have 2 invariants, 6 more
parameters can be removed. Finally, since any multiple of an invariant remains an invariant,
2 more parameters can be removed. That leaves us with 32 —9 —6 — 2 = 15 essential parameters
for the invariants Hy, Hs and hence for the maps R;;.

2. The functions Hy = n'/d', Hy = n?/d?, reads

ar1x9 +bx1 +cxo +d
arz1z2 + bixy +cizo +di’

kxixo + lx1 + maxs +n
kizize + lizy + mize +nq’

Hi(x1,20,23) =

Hy(x1,20,23) =

where a,a1,b,b1,k, ki, ... are linear functions of z3 (note we have suppressed the dependency
on x3 of the functions Hy, H2). From the set of equations

Hy (X4, Xo,23) = Hi(21, 22, 73), Hy(X1, Xo,w3) = Ha(z1, 72, 73), (2.2)
by eliminating X5 or by eliminating X the resulting equations respectively factorize as
(Xl —xl)AIO, (XQ-&ZQ)B:O.

The factor A is linear in X; and the factor B is linear in X». By solving these equations (we
omit the trivial solution X; = x1, Xy = z2) we obtain

o vixd + (V35 + i) w2 + 31 + (V73 + (V35 + 135 m2 + 733) =
a3 + (i3 + v”’)%z +1d + (323 + (V3 +i3) w2 +aig)
x, — Y2+ (0 + o) e+ 31+ (naad + (s + 1)@ £ 930z 03
2= 7122 34 12,2 (2.3)
vaaxt 4+ (V35 +a3) w1 + it + (vEat 4 (33 +i8) w1 + 3w

A map ¢: (z,y) — (X,Y) is called measure preserving map with density m(z, ), if its Jacobian determinant
ALY (e to MmEKY) m(X,Y)
a(zy) 4 m(@,y) e
anti-measure preserving map with density m(z,y).

. If the Jacobian determinant of the map ¢ equals to —

then the map ¢ is called
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ol Uk i the determinants of a matrix generated by the i*" and j** column

where ’yfjl =
of the matrix

" — a b ¢ d
o aq bl C1 dl
and vy the determinants of a matrix generated by the k™M and

(k1 m n
v= (]{1 ll ma n1> )
Now it is a matter of long and tedious calculation to prove that the map ¢: (z1,x2,23) —
(X1, X9, x3), where X1, X5 are given by (2.3) coincides with the map Rjs of (2.1). Similarly we
can work on Rq3 and Ras.
3. Since the map Ri2: (z1,22,23) — (X1, X2, x3) satisfies (2.2), the proof of involutivity
follows.

4. It is enough to prove that the map Rjo anti-preserves the measure with density m; = n'd>?,
i.e., the Jacobian determinant

ox, ox
6(X17X2) L 0xq 0o

8(1‘1,1‘2) T 8X2 8X2

I*" column of the matrix

83:1 8m2
equals
o(X1,Xa) n! (X1, Xo, 23)d* (X1, Xo, z3)
0(z1,22) nl(x1, x, x3)d?(x1, w2, 23)

Since the functions H; = n’/d’, i = 1,2 are invariant under the action of the map Rjia, it holds

n'(X1, Xy, x3) = k(21 22, w3)n' (21, 22, 73),
dY (X1, Xy, x3) = K(z1, 2, x3)d (21, T2, 23),
n? (X1, Xo,x3) = M1, zo, £3)n% (21, T2, T3),
d?(X1, Xo, 23) = N1, 20, 23)d> (21, 22, 23), (2.4)

where k, A are rational functions of z1, x2, 3. So,

n' (X1, Xy, x3)d* (X1, Xo,23)
nl(z1, v, x3)d% (21, w0, 73)

k(x1, T2, x3)N(21, 2, 3). (2.5)

We differentiate equations (2.4) with respect to z1 and we eliminate

8/6(901;0127303) and OA(z1,22,23)

ox1
to obtain
Lont ont\_ 1 (i oat
nt \ 0z Ox1) d'\ Or ox1 |’
1 ~2 2 1 72 2
1 (on” yom7\ 1 (0d”  0d° ’ (2.6)
n?2 \ Oz 0z d? \ 0z, 0z

here we have suppressed the dependency of s, A, n’, d* on x1, T2, x3. By 7' we denote f' :=
n*(X1, Xo,23), i = 1,2, and similarly for d°. Also if we differentiate the equations (2.4) with
respect to x9 and ehmlnate and 6)‘ we obtain

Lo o\ 1 (s oo
n! \ Oxa ,i@xg —dl\ Ozs ﬁ@:pg ’
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1 /02 on? 1 [ od> dd?
m(a@”ax)—d?(axz”a@)‘ 27)

Due to the form of n’, d’, i = 1,2, equations (2.6), (2.7) are linear in 0Xy 0Xz ;— 1,2. Hence

ox; > Ox;
we obtain %, %, i = 1,2, in terms of X1, Xo, 1, x2, 3, £, A and by using (2.3), the Jacobian

determinant reads % = —kA. Using (2.5) we have
o1, Xo) G
(w1, 29) T plg?’

that completes the proof. Note that the same holds true for the remaining maps R;;.
5. In [3] Adler presented a computational proof based on the fact that the maps R;; map
points that lie on the invariant curve

nt(z1, 29, 23) — C1d* (21, w2, v3) = 0, n?(x1, xe, x3) — Cod*(x1, w2, v3) = 0, (2.8)

that is the intersection of two surfaces of the form A: N(z1,z2,23) = 0, where N is polynomial
with degree at most one on each variable z1, x9 and x3. In [3], it was proven that any surface
of the form A that passes through the following five points

.~ 2\ Ri: .\ Ro: R o R A
(331,962,1‘3) et (901,962,353) = (71,2, 23) — (71, T2, 23) == (71,22, 23)

passes as well through the point (571, Y, 573), that is the point of intersection of the straight line
L:(X,Z)= (:%1,:%'3) and the surface A, ie., LNA = (il,Y,::cg). Since the invariant curve (2.8)
is the intersection of two surfaces of the form A, it also passes through the point (fvl, Y, %3) and
there is zo = Y. So the values of Zo obtained in two different ways coincide and this is sufficient
for the proof.

Alternatively, one can show by direct computation that the maps T3 = Ri3Ri2 and Th =
R15Ro3, commute, i.e., 7115 = T5T;. So there is

Ri3Ro3 = RiaRo3R13R12

and due to the fact that the maps R;; are involutions, Rfj = id, from the equation above we
obtain

Ry R13Ra3 = RozRi3Ro. u
Among all the maps that can be constructed by the involutions R;;, the following maps
T1 = Ri3Ro, T> = Ry2Ro3, T3 = RaosRu3
are of special interest since they are not periodic and moreover they satisfy [3]
ThToT5 = id, T =151, i,7 € {1,2,3}.
Proposition 2.2. For the maps T;, i = 1,2,3 it holds:
1) they preserve the functions Hy, Ha,

2) they are measure-preserving with densities my, ma,
3) they preserve the following degenerate Poisson tensors,
; 0H; 0 0 0H; 0 0 0H; 0 0
Q) = m; P A — = A — LA i,j €{1,2
¢ M (83:3 81‘1 81‘2 8{[}2 81'1 81‘3 + 6m1 61'2 81'3 ’ b { }’
where it holds

0= VH], QJVH, = —Q)VH, QVH, =0, j=1,2,
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4) they are Liouville integrable maps.

Proof. The statements (1), (2) follows from Proposition 2.1. To prove the statement (3), (4),
first note that since the maps T; are measure preserving, they preserve the following polyvector
fields

0 0 0

Viemj— A=A .
mJ@ml 81’2 8:03

Hence, the contractions V7 |dH;, i,j € {1,2} (see [29, 55]) are degenerate Poisson tensors.
Namely,

; 0 0 0
j_ , A2 :
Q= <mj e A 025 A 8:L"3>JdHZ
<8H¢ 0 0 O0H; 0O 0 0H; 0O 0 >
= m; A A A :

Or3 v Oxy  Owxo Oz Oxz | Ory Oro  Ouas

where i, j € {1,2}. ‘
(5) The maps T; preserve the Poisson tensors 2 and the 2 invariants Hy, Ha, so they are
Liouville integrable maps [14, 52, 68]. [

Note that on the level surfaces Ha(x1,x2,23) = ¢, maps 11, T, T3 reduce to pair-wise
commuting maps on the plane which preserve the function Hj(x1,x2;¢). One of these reduced
maps is the associated with the invariant Hj(x1, x2;¢) QRT map. Examples of commuting maps

with specific members of the QRT family of maps were also constructed in [30].
ax%—&-ba:l—i-c

. . . _ _ _ —_n _ OTLTC
The involution Rj2 under the reduction xo = x1, Ho = Hy = H, so H = § = e Eup——

reads

Dyn-d
R122 (Il,iﬂg)*—) <3312 1 )

8w1Dxln-d’x3

that coincides with the QRT involution i, that preserves the invariant H. This formulae for the
QRT involution i, was firstly given in [37], where an elegant presentation of the QRT map was
considered.

2.1 A generalisation of the triad family of maps

Following the same generalisation procedures introduced for the QRT family of maps [15, 29,
35, 62, 67], the triad family of maps can be generalised in similar manners. Here, in order to
generalise the triad family of maps, we mimic the generalisation of the QRT family of maps
introduced in [67].

Consider the following polynomials

1

i= i 1=y l=da 1
n= Z Q1 g2yl T T2 T ™
J15325++536=0
1
i i 1—j1 _1—jo 1—jg -

d= >, Bipg w7 i=1,2k = 3, (2.9)
J15325++,Jk=0

where 1, x2,...,z) are considered as variables and of ; .. B} ; ., as parameters. We

consider the (g) maps R;j, i < j, 4,7 € {1,2,...,k}. These maps can be build out of the

polynomials n', d* and they read: Ry;: (z1,22,...,25) — (X1,X2,...,Xy), where X; = x;

V1 +#i,j and X;, X; are given by the formulae (2.1), where n’, d’, i = 1,2 are given by (2.9).
Proposition 2.1 is straight forward extended to the k-variables case.
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Proposition 2.3. The following holds:
1. Mappings R;; depend on 4 - 2F parameters aém%_“,jk, B;17j27---7jk’ 1=1,2, 51,72, .,Jk €
{0,1}. Only 4-2% — 3k — 8 of them are essential.

2. The functions Hy = n'/d', Hy = n?/d* are invariant under the action of R;j, i.e., Hyo
Ri]’ =H;, =12

3. Mappings R;; are involutions, i.e., Rfj = id.
4. Mappings R;; are anti-measure preserving with densities mi = ntd?, my = nd".

5. Mappings Rypn, m <n, m,n € {1,2,...,k} satisfy the relations R;; RyRj = Rj R R;j.

Proof. 1. The invariants H;, Ho depend on k > 3 variables and they include 4 - 2F parameters.
Acting with a different M6bius transformation to each of the variables, 3k parameters can
be removed. A Mobius transformation of an invariant remains an invariant, since we have
2 invariants, 6 more parameters can be removed. Finally, since any multiple of an invariant
remains an invariant, 2 more parameters can be removed. That leaves us with 4.2 —3k—6—2 =
4.2k — 3k — 8 essential parameters for the invariants H;, Ho and hence for the maps R;;.

The proof of the remaining statements of this Proposition follows directly from the fact that
for any 3 indices p < ¢ <7 € {1,2,...,k}, the maps Ry, Ry and Ry, coincide with the maps
R12, Rq3 and Rog respectively of Proposition 2.1. [ |

We take a stand here to comment that for £ = 3 the construction above coincides with
the Adler’s triad family of maps hence we have Liouville integrability. For k > 3 we have
a generalisation of the latter and since always we will have maps in k variables with 2 invariants,
Liouville integrability is not expected for generic choice of the parameters a;'-h oo ﬁ}l e
For a specific but quite general choice of the parameters though, one can associate a Lax pair to
these maps and recover the additional integrals which are required for the Liouville integrability
to emerge.

We also have to note that the case k = 4 was firstly introduced in [43]. Although for k£ =4
we have mappings in 4 variables with 2 invariants, Liouville integrability is not apparent unless
we specify the parameters. A specific choice of the parameters which leads to integrability is
presented to the following example.

Example 2.4 (the Adler—Yamilov map [7]). Consider the following special form of the func-
tions n’, d*

d'=d? = 1, n' = zy29 + T3T4, n? = T1T9X3L4 + T124 + Xox3 + ax1T2 + br3xy.

Then the functions H; = n'/d’, i = 1,2 are preserved by construction by the maps R;; as well
as by the following elementary involutions

it (@1, 72,23, 24) = (T2, 1, T4, T3), ¢: (z1,72,73,74) — (T172/3, T3, T2, T374/T2).
The Adler—Yamilov map (§) is considered by the following composition

, (a —b)x; (a —b)xy
=R : ) ) ) = - ) ) ) .
3 1udi: (z1,2,73,74) ($3 [T ogm, 0™ 22+ 7 e
The Adler—Yamilov map is Liouville integrable since it preserves, and the invariants Hy, Hs
are in involution with respect to the canonical Poisson bracket. For further discussions on the
Adler—Yamilov map see [30, 48].
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3 Invariants in separated variables and Yang—Baxter maps

Mappings Rym, m <n € {1,2,...,k}, presented in Section 2.1, satisfy the identities R;; Ry R;; =
Rj;R; R;j, nevertheless as they stand they are not Yang-Baxter. Take for example the map
Rio: (1,29, x3,...,2%) — (X1, Xo,23,...,2). The formulae for X; is fraction linear in x;
with coefficients that depend on all the remaining variables and X5 is fraction linear in xo with
coefficients that depend on all the remaining variables. In order for Rjs to be a Yang-Baxter
map the coefficients of x1 in the formulae of X7 should depend only on xo and the coefficients
of x9 in the formulae of X5 should depend only on x;. This “separability” requirement can
be easily achieved by requiring separability of variables on the level of the invariants of the
map Ri2. We have two invariants H; = n' / d', Hy =n? / d?, so we can have three different kinds
of separability. (I) Both H; and Hs to be multiplicative separable on the variables z1 and xs.
(IT) H; to be multiplicative and Hs to be additive separable and finally (III) both H; and Ho
to be additive separable on the variables x1 and z2. In what follows we explicitly present these
three different kinds of separability in all variables of the invariants H; and Hs.

(I) Multiplicative/multiplicative separability of variables:
ba — bz A; — Bix;
H., — eI Cidd o e 3.1
! il;[lci—diwi7 HC sz ( )

(IT) Multiplicative/additive separability of variables:

k
a; — b;x; A; — Bix;
= H ¢ —dizg’ Z C; — Djx;’ (3.2)

=1

(ITT) Additive/additive separability of variables:

k
a; — bix; A; — Bx;
H, = _ —_—. 3.3
' ;Ci—diﬂ?i’ ZCz‘—Dixi (3:3)
In the formulas above, a;, b;, ¢;, d;, A;, B;, C;, D;, i = 1,...,k are parameters, 8k in total.

In all three cases above, the number of essential parameters is 3k — 6. This argument can be
proven by the following reasoning. Since the invariants H;, Hy depends on k variables, by
a Mobius transformation on each of the k variables 3k parameters can be removed. Also any
Mobius transformation of an invariant remains an invariant so since we have two invariants 2 x 3
more parameters can be removed. Finally, for each one of the 2k functions 2:322’ é::gziz,
1,..., k, one non-zero parameter can be absorbed simply by dividing with it (and reparametrise),
so 2k more parameters can be removed. In total we have 8k — 3k — 2 x 3 — 2k = 3k — 6 essential

parameters.

3.1 Multiplicative/multiplicative separability of variables

Let us first introduce some definitions.

Definition 3.1. The maps R, R: CP' x CP' — CP' x CP' are (M&b)? equivalent if there exists
bijections ¢,1: CP! — CP! such that the following conjugation relation holds

R=¢"'x ¢ 'Rop x 1.
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Definition 3.2. The map R: CP! x CP' 3 (u,v) — (U, V) € CP! x CP!, where

a1 + asu B b1 + bov
 as + agu’ by + by’
with a;, b;, ¢ = 1,...,4 known polynomials of v and u respectively, will be said to be of subclass

[y : 6], if the highest degree that appears in the polynomials a; is v and the higher degree that
appears in the polynomials b; is 9.

Clearly, maps that belong to different subclasses are not (Méb)2 equivalent.

Proposition 3.3. Consider the multiplicative/multiplicative separability of variables of the in-
variants Hy and Ho (see (3.1)). Consider also the following sets of parameters

Pij := Pi UP; where pi := {a;, bi, ¢i, di, A;, By, Ci, Dy}, i<je{l,2,...,k}
and the functions

-— ai - R p—
fZ L . ) gl * Cl _ szz7

=1,....k.
¢ — dix; ! Y

The following holds:
k k
1. The invariants Hy = [ fi, Ha = ][ ¢; depend on 8k parameters. Only 3k — 6 of them
i=1 i=1

are essential.

2. Mappings R;; explicitly read
Rij: (z1,29,. . 2p) = (X1, Xo, ..o, Xi),
where X; = x; V1 # 4,7 and X;, X are given by the formulae

£1f fif!
995 9i9;

Xi=wi =2 / / ! / / ! 1\
go (L5 LI L f S o, il 9|, 9ile: g
97 / 7 1N J / 1 N
! ], fj fj f, Ii 1 ; 9; 9; 9,,' 9; Y;
£ty 5,
> T
Xj = l‘g + 2 , gzg] glg] , s
i G +£ fi ff i il 9|, 9ile: g
JIt f/ f]/ f// f/ fz/ f// i j 99 g;/ gl{ gg gZ(/
— 0fi 1 — Ogq 0?

where f| = o 9= Ba g = W;’ etc. Note that in the expressions of X;, X, appears
l
only the coordinates x;, x; and the parameters p;;. From further on we denote the maps R;;
as RZ” , in order to stress this separability feature.
3. Mappings RZ-” are anti-measure preserving with densities my = n'd?, mo = n%d', where
n', d* the numerators and the denominators respectively, of the invariants H;, i = 1, 2.

4. Mappings Rfjij satisfy the Yang—Baaxter identity

RPZJ Rpm R;’Jk RPJk Rgij RZ‘ij'
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5. Mappings Rzpjij are involutions with the sets of singularities

- -{(2) (05) (5-5) (6:8))

and the sets of fixed points

(I)l = ngQZQaQ?va} :{<%7%>a<6276]>7<133>3(2aJ>}7
5= 1@y @ Qi @i} b b; d;’ d; B;’ Bj D;’ D;

where in the formulae for P and QU ,m=1,...,4, we have suppressed the dependency on
. 1 o a; C; a;
the remaining variables. For e:mmple, with P;; = (b—;, é) we denote ($1, o Tin1, B Tt
S T—1, %, Tjtl,--- ,mk) and similarly for the remaining P and Q;J”

6. Fach one of the maps Rp” 18 (Méb)2 equivalent to the Hy Yang—-Bazter map.

Proof. (1) See at the end of the previous subsection.

(2) Mappings (2.1) written in terms of the functions f;, g; get exactly the desired form.

(3) See Proposition 2.1.

(4) See Proposition 2.1.

(5) Because mappings Rl] , for generic parameter sets p;;, belong to the [2 : 2] subclass, we
expect at most 8 singular points, 4 singular points from the first fraction of the map and 4 from
the second. By direct calculation we show that the singular points of the first and the second
fraction of Rlpj coincide. Moreover, P, m = 1,...,4 are the singular points of the maps R

’L] ? 1] ’
ie.,

Pij. pm 0 0
Rl] . Pz] — (xla"'a:pi1707xi+17"')xj1707$j+17"'axk: :

Note that the values of the invariants Hl- at the singular points P/ are undetermined, i.e.,
Hl(PZm) = 9 =1,2, HQ(Pm) = 9 = 3,4. For the fixed points sz7 =1,...,4it holds
RZ”: .—> Qm Note also that Hl( ) =0, Hl( ZQJ) = 00, HQ( 13]) =0, Hg( fj) = 00.

(6) Introducmg the new variables y;, y;, i # j = 1,..., k though

CR[l‘i,ai/bi,Ci/di,Ai/Bi] = CR[yi,O, 1,00],
CR[zj, c;/dj, a;/bj, Cj/Dj] = CRy;,00,1,0],

after a re-parametrization mappings R;; gets exactly the form of the H; map. Here, with
CRla, b, ¢, d] we denote the cross-ratio of 4 points, namely

(a—c)(b—d)
CRla, b, c,d] := m. [ |
Each one of the maps R;; has a set of singularities which consists of 4 distinct points. With
appropriate limits we are allowed to merge some of the singularities and obtain Yang—Baxter
maps which are not (Méb)? equivalent with the original one.
By setting C; = €A;, D; = eB;, Aj = €C}, B; = eD; and letting € — 0 the singular points P4
and P3 merge. The resulting maps, under a re-parametrization, coincide with the ones obtalned

in the mult1phcat1ve/ additive case (see Section 3.2), hence are (M6b)? equivalent with the Hy
Yang—Baxter map. The same result can be obtained by merging P2 and P1 Note that mer-
ging P4 with P2 or P4 with Plb is not of interest since the resultlng maps are trivial.

By further settlng cl = ea;, d; = €b;, aj = ecj, bj = ed; and letting € — 0 the singular
points Pfj and Pé merge as well. The resulting maps, under a re-parametrization, coincide with
the ones obtained in the additive/additive case (see Section 3.3), hence are (Mob)? equivalent
with the Hfﬂ Yang—Baxter map. Any further merging of singularities leads to trivial maps.
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Remark 3.4. An interesting observation is that if we impose that the fixed points ij of the
maps [7;; coincide with the singular points Pfj or the fixed points ij coincide with Pll]7 we
obtain maps which belong to the [1 : 1] subclass of maps. The same is true if we demand that
the fixed points Q}j coincide with the singular points Pf; or if the fixed points Qilj coincide with
the singular points P;;,

Remark 3.5. For generic sets of parameters p;j, each one of the (g) maps Rzpjij, is (Méb)2
equivalent to the Hy Yang-Baxter map. For degenerate choices of the sets p;;, this is no longer
the case. Hence, in that respect, mappings RZ” are more general than the H; map since they
include degenerate cases as well. In the same respect Qv [72], the rational version of the discrete

Krichever—Novikov equation @4 [2], is more general.

Example 3.6 (k = 3). For k = 3, the invariants Hy = fi fofs, Ho = g1g293 are functions of 3
variables with 24 parameters, 3 of them are essential. Without loss of generality, after removing
the redundancy of the parameters, the invariants Hy, Hs can be cast into the form

L1 —P1xL2 — P23 — P3

Hy = 22923, Hy = .
1 —1 290—1 x3—1

Then each of the mappings R;j, i # j € {1,2,3} is exactly the H; Yang-Baxter map. The H;
Yang-Baxter map explicitly reads Hy: (u,v) — (U, V) where
_ —Duv+ (8 — a)u+a(l - 5)

U =v0Q, V =uQ !, :(a . 3.4
@ @ = B Dt (e =B+ Al —a) (34)

By the identifications v = x;, u = xj, o = p; and = pj;, from (3.4) we recover the maps R;;.
The maps ¢;: (z1,z2,x3) — (X1, X2, X3) where X; =2 VI # i and X; = %, t=1,2,3 and
the maps v¥;: (x1, 22, x3) — (X1, X2, X3) where X; = x; VI # i and X; = 2L § = 1,2, 3 satisfy

x;—1"7

Hy192¢03 = plﬁpg, Hyp19203 = p1?2p37 Hyyrpotp3 = Ho, Hovynpotps = Hy.

The maps ¢; and v; have a special role in [59] since though them the H; map was derived out
of the F; Yang—Baxter map. We will discuss more about these maps in the next Section. We
just quickly recall that ¢ R12¢5 is exactly the F1 Yang—Baxter map.

Remark 3.7. We have to remark that with loss of generality, mappings R;; can belong on
a different subclasses than the [2 : 2] subclass of maps that the H; map belongs to. For example,
for

1 —p1 22 x3
)
Ty T2 —pox3z—1

Hy = (x1 — p1)(x2 — p2)(x3 — p3), Hy =

R12 is the Hirota’s KAV map (see [44]) that belongs on the subclass [1 : 1] and Ri3, Ras are
maps which belong to the subclass [2 : 1]. Explicitly the maps read

p1{(p2x1 + p1x2 — x1T2) p2(P2T1 + P1T2 — X122
R12. (131,1}2,!1)3) — < ( )a ( )7$3>a

D211 P12
p1(—1+ x3)(p3x1 + pra3 — x123) o P31 P1s — $1$3>

)

Riz = S13: (71,72, 23) = ( ;
( ) —p3T1 — p1X3 + P1P3T3 + 173 p1x3

pax3(—p2 + p3xe + pax3 — xox3) z2(—p3 + $3)>

Roz =Thz: (21,72,73) — (3?17 )
( ) —pap3 + paxe + papsxs — xaxy  pa(—1+ x3)

The Hirota’s KAV map entwines with Si3 and Th3, since R19513153 = T53513R12 holds.
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Example 3.8 (k > 4). For k = 4 the invariants depend on 32 parameters and only 6 of them
are essential. Without loss of generality they can be cast into the form

— D1 X2 — P2 X3 — P3 4 — BaTy

H1 = T1T92X3%4, H2 = .
r1—1 29 —1 23 -1 B4 —yamy

For k > 4 the invariants depend on 8k parameters and only 3k —6 of them are essential. Without
loss of generality they can be cast into the form

1 —1 29—1 z3—1 — Yix;

k
1 — Pl Ty — P2 T3 — T
HlZH%‘, = P1 T2 — P2 T3 p3H — Biz;

3.2 Multiplicative/additive separability of variables

Proposition 3.9. Consider the multiplicative/additive separability of variables of the inva-
riants Hy and Hy (see (3.2)). Consider also the following sets of parameters

Pi; ‘= Pi Upj, where pPi := {ai,bi,ci,di,Ai,Bi,CZ’,D@'}, 1< j € {1,2,...,]{3}
and the functions

a; — bl-xz- Az‘ — Bixi
fi=——, Gi =
C; — dil’i

The following holds:

1. The invariants Hy = H fi, Ho = Z gi depend on 8k parameters. Only 3k — 6 of them
=1
are essential.

2. Mappings R;; explicitly read
Rij: (.1‘1,.%2, ce ,xk) —> (Xl, Xg, ce ,Xk),
where X; = x; V1 # 1,5 and X;, X; are given by the formulae

L1

/ !
Xz‘ =T; — 2 7 g] 9 7 )
ff] , g;
!
// "n_ ol g] " 9i n
f/flf f/fjf fzf] glgl + gl gj
7 J
fifj f{fj’
/ !
B 9; 9;
Xj = ﬂjj + 2 f’f f )
i 9;
// "o / g] " gz "
/flf /fjf 2f f /gz + /g]
I3 f; 9i 9j

where f] = ga{i’ g = ggi g = 8—”, etc. Note that in the expressions of X;, X; appears
l

only the coordinates x;, x; and the parameters p;;. From further on we denote the maps R;;

as RZ” , in order to stress this separability feature.

3. Mappings Rf)j” are anti-measure preserving with densities my = n'd?, mg = n?d', where
n', d* the numerators and the denominators respectively, of the invariants H;, i = 1,2.
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4. Mappings Rzpjij satisfy the Yang—Baaxter identity
Ry RE*RY = RYFRYT R
5. Mappings RZ” are involutions with the sets of singularities

2
_fpl p2 p31 _ ai Cj G 4 G G
Eij_{‘Pij’Pij’Pij}_{<bi7dj>7(dz”bj>7<D’i’Dj> }

where the superscript 2 in P;; denotes that these singular points appears with multiplicity 2.

In the formulae for PZT, m=1,...,3, we have suppressed the dependency on the remaining
variables. For example, with Pilj = (‘;—:, %) we denote (a:l, e X1, %:,.’1}'1‘4_1, Ce X1, 2—;,
Tjil,. - ,xk) and similarly for the remaining P}

6. Fach one of the maps RZ” 18 (M(’jb)2 equivalent to the Hyp Yang—Baxter map.
Proof. The proof follows similarly to the proof of Proposition 3.3. |

Example 3.10 (k > 3). For k = 3, the invariants Hy = fi fofs, H2 = g1 + g2 + g3 are functions

of 3 variables with 24 parameters, 3 of them are essential. Without loss of generality, after

removing the redundancy of the parameters, the invariants Hy, Ho can be cast into the form
Tl —p1T2 — P23 —P3

Hy = , Hy =21 4+ x2 + z3.
X1 €2 T3

Then each of the mappings R;;, i # j € {1,2,3} is exactly the Hy Yang-Baxter map.
For k > 3 the invariants depend on 8k parameters and only 3k — 6 of them are essential.
Without loss of generality they can be cast into the form

k k

g, — FLTP1T2— P23 —Ps o — Biz; I

1= H y 2 = E Xj.
T T2 r3 i Bi— vt P

3.3 Additive/additive separability of variables

Proposition 3.11. Consider the additive/additive separability of variables of the invariants Hy
and Hy (see (3.3)). Consider also the following sets of parameters

pij :=pP:Upj,  where p;:={a;bi,ci di, Ai, B, Ci, Di}, i#j<je{l,2,...,k}
and the functions

fiom a; — bjx; _Ai — Bz,
i

_ b Lo STy
¢ — diz; 97 G~ Dia

The following holds:

gi depend on 8k parameters. Only 3k — 6 of them
1

k k
1. The invariants Hy = [] fi, Ha =
i=1 i=

are essential.
2. Mappings R;; explicitly read

Riji (331,.%2, . ,l‘k) — (Xl,XQ, . ,Xk),
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where X; = x; V1 # 1,5 and X;, Xj are given by the formulae

£ A
9; 9
fl g ’

/ / !

J el 1 £l ] /! i I
T A 93 7
7o
9; 9
5 9;

! / g’ g

J e 1 £ .7 // v

B g 9,7

Xj:l'j+2

where f] = gg, g = ggi, g = ?9121, etc. Note that in the expressions of X;, X; appears
l
only the coordinates x;, x; and the parameters p;j. From further on we denote the maps R;;
as RZ” , in order to stress this separability feature.
3. Mappings Rlpjij are anti-measure preserving with densities mi1 = n'd?, mg = n’d', where
n’, d* the numerators and the denominators respectively, of the invariants H;, i = 1,2.

4. Mappings Rg»” satisfy the Yang—Baxter identity

Pij pPik ka Pjk pPij pPij
RYY RO RS = REMREY REY.

5. Mappings RZ»” are involutions with the sets of singularities

2 2
- C. O
= P17P2 (627]> 7<Zaj> )
o=t ={(32) (55
where the superscript 2 in Pllj and Pfj denotes that these singular points appears with multi-
plicity 2. In the formulae for P U ,m=1,...,2, we have suppressed the dependency on the
<

remaining variables. For example, wz’th P1 = (ﬁ —) we denote (a:l, ..

c:
di7dj '7xi—17d727$i+17"'7

xj_1, ;—;, Tjgl,. - ,:vk) and similarly for P2
6. Fach one of the maps Rfjij 18 (Méb) equivalent to the Hﬁ‘l Yang—Bazxter map.

Proof. The proof follows similarly to the proof of Proposition 3.3. |

Example 3.12 (k > 3). For k = 3, the invariants H; = f1 + fo + f3, Hy = g1 + g2 + g3 are
functions of 3 variables with 24 parameters, 3 of them are essential. Without loss of generality,

after removing the redundancy of the parameters, the invariants Hi, Hy can be cast into the
form:

H=—+—+—, Hy = p1x1 + poxo + psxs.
Then each of the mappings R;j;, i # j € {1,2,3} is exactly the Hf‘llI Yang-Baxter map.

For £ > 3 the invariants depend on 8k parameters and only 3k — 6 of them are essential.
Without loss of generality they can be cast into the form

1 — Bix;
Hy :Zf, Hy = p1x1 + paxo +p3$3+z B ,lel
7 (2ad(2
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4 Entwining Yang—Baxter maps

Following [51], three different maps S, T, U are called entwining Yang-Bazter maps if they
satisfy

S12T13U23 = Ua3T13512.

We consider two maps to be different if they are not (Mf)b)2 equivalent. Hence, in order to
ensure that we have different maps we require that at least one of the maps S, T, U either
belongs to a different subclass than the remaining ones or it has different singularity pattern
(even if it belongs to the same subclass with the remaining ones) or it has different periodicity.
In what follows we present two methods to obtain entwining maps. The first one is based on
degeneracy, i.e., we construct maps which belong to different subclasses and we obtain entwining
maps associated with the Hi, Hyr and Hf?l families of maps. The second one is based on the

symmetries of the H-list of Yang—Baxter maps and we obtain entwining maps for all members
of the H-list.

4.1 Degeneracy and entwining Yang—Baxter maps

In Section 3.1 it was shown that for £ = 3 and for the multiplicative/multiplicative case, the
invariants Hy, Hs depend on 3 essential parameters. Without loss of generality they read

T1 —P1T2 —P2T3 — P3
.’L‘l—l 1‘2—1 1’3—1‘

Hy = z12913, Hy =

The associated maps R12, Ri3 and Ros which preserve the invariants have exactly the form of
the Hy map. In order to obtain entwining maps associated with the H; map, we consider

T1 —p1 T2 — P2 a3 — [B373
r1—1 29 —1 3 — 373

Hi = z12913, Hy =
For these invariants, Rjs is exactly the Hp map and for generic as, (3, 3 mappings Ri3
and Ro3 are (Méb)2 equivalent to the Hi. In order to obtain entwining maps we need to
violate this (Méb)2 equivalency of the maps R13 and Re3 with the H; map. This is achieved
by violating the generality, e.g., setting a3 = 0 or 83 = 0, the maps Rj3 and Ra3, belongs to
different subclasses than the Hy map does. Working similarly for the Hy; map we find 1 family
of maps which entwine with the latter without being (Mob)? equivalent. Finally, for H{; we find
also 1 family of entwining maps which are not (ijb)2 equivalent with the latter. Our results
are presented in Propositions 4.1-4.3.

Table 1. Entwining maps associated with the H; Yang-Baxter map through degeneracy.

map (u,v) — (U, V) subclass

" ol —u)+Bla—Tuv wv(a — u) '

Hr| U= a—u 7v_oz(l—u)%—ﬁ(oz—l)uv [1:2]

o0 Hy gty wkol [0: 2]
u—1 U — o

Proposition 4.1. The Hy Yang-Bazter map entwines with the maps e*Hy and e®Hy of Table 1

according to the entwining relation

S12T13T53 = To3T13512,

where Si9 is the Hy map acting on the (1,2)-coordinates, Tis and Tas are e*Hy acting on (1,3)
and (2,3) coordinates respectively, or e’Hy acting on (1,3) and (2,3) coordinates respectively.
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Proof. Starting with the invariants

T1 —p1 T2 —p2a—bxs
z1—1 29 —1 b—cx3’

Hy = 212923, Hy =

the map Rps is exactly the Hy map. By setting a = 0, R13 and Ro3 takes the form of e®Hy of
Table 1 (where 8 = ¢/b). The map e®Hj is of subclass [1 : 2] so clearly non-(Mob)? equivalent
to Hy. By setting b = 0, Ry3 and Ry takes the form of e®Hj of Table 1 (where 8 = a/c). The
map e’Hj is of subclass [0 : 1] so clearly non—(Méb)2 equivalent to Hy or to e*Hy. Finally, by
setting ¢ = 0, mappings Ri3 and Rag3 are (M('jb)2 equivalent to e®Hf. |

Proposition 4.2. The Hyp Yang—Bazter map entwines with the map of Table 2 according to the
entwining relation

S12T13T53 = To3T13512,

where Sio is the Hyp map acting on the (1,2)-coordinates, Ti3 and Th3 are e Hyy acting on (1,3)
and (2,3) coordinates respectively.

Table 2. Entwining maps associated with the Hy; Yang—Baxter map though degeneracy.
map (u,v) — (U, V) subclass

av ,V:uw [1:1]

o —U a—Uu

ebHH U=

Proof. Starting with the invariants

1 —p1 T2 — p2 a— brs

Hy =21 + 22 + 23, Hy = ;
T o b—cx3

the map Rjs is exactly the Hyr map. By setting a = 0, R;3 and Ro3 are (Mt')b)2 equivalent to
the Hyr map. By setting b = 0, R13 and Ro3 takes the form of ¢® Hyp of Table 2. The map e?Hiy
is of subclass [1 : 1] so clearly non—(Méb)2 equivalent to the Hy map. Finally, by setting ¢ = 0,
mappings Ri3 and Rag3 are (Méb)2 equivalent to e®Hir. |

Proposition 4.3. The Hf‘I‘I Yang—Baxter map entwines with the map of Table 3 according to
the entwining relation

S12T13T23 = To3T13512,
where Sy is the H{j, map acting on the (1,2)-coordinates, T13 and Tas are e® H{j; acting on (1,3)

and (2,3) coordinates respectively.

Table 3. Entwining maps associated with the Hf}‘I Yang-Baxter map though degeneracy.

map (u,v) — (U, V) subclass
b = p = Puv 12
<Hi | U ol v Blu+v) — auv [0:2]
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Proof. Starting with the invariants

a — bxs

Hy =1 + 22 + 3, Hy = prz1 + poxa + ;
b—cxs

the map Rjs is exactly the H{j; map. By setting a = 0, Ri3 and Ra3 are (Méb)? equivalent to
the H{I‘I map. By setting b = 0 and Rj3 and Ra3 takes the form of ebHﬁ‘I of Table 3 (where
B =a/c). The map e’ H7Y, is of subclass [0 : 2] so clearly non-(Mab)? equivalent to the Hii; map.
Finally, by setting ¢ = 0, mappings R13 and Ra3 are (Méb)2 equivalent to the H{I‘I map. |

In the following subsection we are using the notion of symmetry of Yang—Baxter maps in
order to generate entwining maps

4.2 Symmetries of Yang—Baxter maps and the entwining property

The notion of symmetry in the context of Yang-Baxter maps was introduced in [59].

Definition 4.4. An involution ¢: CP! — CP! is a symmetry of the Yang Baxter map R: CP! x
CP! s CP' x CP! if it holds

P12 R12 = Riad1 02,

where ¢ is the involution that acts as ¢ to the first factor of the cartesian product CP' x CP!
and ¢o is the involution that acts as ¢ to the second factor of the cartesian product.

Let m <n € {1,...,k}, k> 3 fixed. A direct consequence of the previous definition is that
if ¢ is a symmetry of the Yang—Baxter map R, then the map ¢, Rmnn¢y is a new Yang—Baxter
map since it is not (Méb)2 equivalent with R,,,. By finding the symmetries of the F-list of
Yang—Baxter maps, the authors of [59] derived the H-list of Yang-Baxter maps. Clearly the
symmetries of the F-list are symmetries of the H-list and vice versa.

Theorem 4.5. Let ¢ a symmetry of a Yang—Bazter map R and let ¢g the identity map, i.e.,

bo: (w1,...,2) = (21,...,2). Out of the possible 43 entwining relations of the form
R12¢;R13¢; Ro3dr, = Rz R13¢; R12¢;, i,j,k € {0,1,2,3}, (4.1)

apart the Yang—Baxter relation that holds, only the following three entwining relations holds
Ri2R1301 Ra3p2 = RazdaRi3¢1 Ria, (4.2)
Ri2¢aR1303R23 = RagRi3¢3R1202, (4.3)
Ri2¢2R1302 Rogda = Rospa Ri3pa R12¢2. (4.4)

Proof. To show that only the entwining relations (4.2), (4.3), (4.4) holds, we start with
Ri2¢; R13¢; Ra3r, = RazorRi3¢; Ri2¢;, i,j,k €{0,1,2,3}.

By direct calculations, we prove that if the Yang Baxter relation holds out of the 4% different
relations (4.1), only (4.2), (4.3), (4.4) holds.
For example let us show that (4.2) holds. We have

RiaRi3¢1 Ro3p2 = Ri2R13R23p102 = RosRi3Ri2¢0102, (4.5)

since ¢1 commutes with Rop3 and the Yang—Baxter relation RioR13R23 = Ro3R13R12 holds. But
due to the symmetry we have Ri2¢1¢2 = ¢1¢p2R12 so (4.5) reads

RosR13R120102 = RogRi30192R12 = RozpaR13¢1 R1o

and that completes the proof that (4.2) holds. For the remaining relations we work similarly for
their proof. |
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Note that any of the entwining relations (4.2), (4.3) and (4.4), is uniquely described by the
symmetries ¢;, ¢;, ¢ that take part in this relation. For example in (4.2) the symmetries ¢o,
®1, ¢2 appear in this order, hence we refer to (4.2) as relation of entwining type (¢o, p1,P2) or
by using just the subscripts, relation of entwining type (0,1, 2).

In Table 4, we present the entwining maps S, T', U that correspond to the entwining relations
(4.2)—(4.4), where R is any Yang—Baxter map. In what follows, we specify R to be any member
of the H-list? of quadrirational Yang-Baxter maps.

Table 4. Entwining maps S, T, U associated with a Yang—Baxter map R.

entwining type S T3 Uss
(0,1,2) Ry2 | Ri3g1 | Rozgo
(2,3,0) Ri2¢2 | R13¢3 Ros
(2,2,2) Riopo | Ri3 | ¢2R2302

4.2.1 Entwining maps associated with the Hy Yang—Baxter map
The involutions ¢, ¥

u—a
u—1"

¢ ur> g, P ou—
U
where a a complex parameter, are symmetries for the H; map (see [59]), since it holds
P1p2R12 = Riap1 62, Y192 R12 = Ri2v112,
where Rio is the Hy map acting on the 12-coordinates and

¢1: (w1, 72) = (p1/21,72), $2: (w1,72) = (T1,p2/72),
Y1 (z1,72) = (71 —p1)/(21 — 1),22),  Y2: (w1,22) = (21, (¥2 — p2) /(22 — 1)).

Note that the symmetries ¢ and 7 can be derived from our considerations (see Example 3.6)
since for k = 3 it holds

DP1p2p3 1
H = H = —
1010203 H, 2010203 H,
Hl’gblﬂ)g(/}g = Hg, H2¢1’¢21/}3 = Hl.

Remark 4.6. By using similar arguments as in the proof of the Theorem 4.5, entwining relations
where the symmetries ¢ and ¢ of the Hy map interlace do not exist, i.e., it does not exists for
example any relation of entwining type (¢, ¢, ¥r).

In Table 5 we present the entwining maps associated with the H; map which are generated
by using the symmetries ¢ and . In Table 5 it appears the H; map, the companion of the Hj
map that is denoted as c¢Hj, as well as ¢F which is the companion map of the map F} that was
derived in [59]. We also have four novel maps which are not (Méb)? equivalent to Hy, which we
refer to as ®f, @?, U{ and \II?. In the proposition that follows we present their explicit form.

2Tt is easy to show that the entwining maps associated with the F-list of quadrirational Yang-Baxter maps
are (M('jb)2 equivalent to the corresponding to the H-list entwining maps. This is the reason that we present the
entwining maps associated with the H-list only.
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Table 5. Left table: Entwining maps S, T, U associated with H; Yang-Baxter map using the symmet-
ry ¢. Right table: Entwining maps S, T, U associated with H; Yang—Baxter map using the symmetry 1.

entwining type | S12 | 113 | Uss entwining type | S12 | 113 | Uss
(0,1,2) Hy | @ | ®f (0,1,2) Hy | U¢ | we
(2,3,0) b | @Y | Hy (2,3,0) v v | H
(2,2,2) b | Hy | cHy (2,2,2) vb | Hy | cFy

Proposition 4.7. The following non-periodic® maps (u,v) — (U, V), where

B-atuld-p)+uv(a—1)
Bl —a)u—a(l—pB)v+ (a—B)uv’
i __ B-atu(l=ftr(a-1) ,
U_UQ ’ V= b, Bl —a)u—a(l—pB)v+ (a—B)uv’ (1)
a(l —v) — fu+ww
(

U = av@, V=-0Q, Q=

(1)

_ _ -1 _ a
U=vQ, V_u—lQ ’ Q_Bl—u)—ﬁv—l—uv’ (1)
v—f o ol —u—wv)+uw b
U_v—lQ’ Vi=u@, Q_B(l—u)—av—l—uv’ (71)

entwine with the Hy Yang—Baxter map according to the entwining relations of Table 5.

4.2.2 Entwining maps associated with the Hy; Yang—Baxter map
The invariants

1 —P1T2 — P23 —P3
Hy =21 + 22 + 3, Hy = ;
r1 X2 x3

generate the maps R;j, i < j € {1,2,3} which are exactly the Hj; map acting on the (ij)-
coordinates. Explicitly the Hy map reads
(a — Buv

VSt utav—ap VT

(a = B)uv

" Butav—ap )

A symmetry of the Hyy map is ¢: u +— «a — u, since it holds ¢1¢9R12 = Ri2¢102, where Rys is
the Hyp map acting on the (12)-coordinates and

¢1: (w1,72) = (p1 — 71, 22), ¢2: (w1,72) = (T1,p2 — T2).

Table 6. Entwining maps S, T, U associated with Hy; Yang—-Baxter map using the symmetry ¢.

entwining type | Sio | Tis | Uss
(0,1,2) Hy | ©f | %
(27 3, 0) (I)?I ‘I’?I Hip
(2,2,2) @Y | Hy | cHi

3 A non-periodic map cannot be equivalent by conjugation ((M('jb)2 equivalent) to a periodic map. Since the Hy
map is involutive, the maps presented in this proposition are not (M'db)2 to the H1 map.
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Proposition 4.8. The following non-periodic maps (u,v) — (U, V'), where

 (B=v)(u—w) L u—v+f-a b
U= a—ﬁu Ep— V= Bu—ﬁu “av (®1p)

entwine with the Hyy Yang—Bazter map according to the entwining relations of Table 6.

The map cHy; denotes the companion map of the Hyp map.

4.2.3 Entwining maps associated with the HI“}I Yang—Baxter map

The invariants

1 1 1
H=—+—+—, Hy = p1x1 + pawa + p3xs,
I i) T3
generate the maps R;;, ¢ < j € {1,2,3} which are exactly the Hﬁ‘l map acting on the (ij)-
coordinates. Explicitly the H{I‘I map reads

v au + Pu u au + Pu A
=" =z . (Hinp)
a u+v B u+t+wv
Two symmetries of the Hﬁ‘l map are
1
¢ U —, v u— —u
ou
since it holds
P192R12 = R129102, Y11PaR1o = Rio9112,
where Rjs is the H{j; map acting on the (12)-coordinates and
1 1
¢1: (w1,22) = | ——, 22|, ¢2: (w1,22) = (21, —— |,
p1xy P22
1o (x1,22) = (—21,22), Yor (w1,22) = (71, —T2).
Note that the map ¢ R12¢9 is exactly the HI% Yang-Baxter map.
Proposition 4.9. The following non-periodic maps (u,v) — (U, V) where
14 Buv 1 14 Buv
U=v—— V=—-o-— ok
T+ aw’ ful+ auv’ ( IHA)
1 14+ auv 1+ auv
_ — ol
av 1+ Buv’ ul—l—ﬁuv’ ( IHA)
v au — fu u au — [
U= ——-— V= e
a u—v ' B v—u’ ( IIIA)
v au — Bu u au — [
a v—u '’ B u—v '’ ( IIIA)

entwine with the Hﬁ‘l Yang-Bazter map according to the entwining relations of Table 7.

The map CHI“I‘I denotes the companion map of the Hﬁ‘l map and with I:If‘I‘I we denote a (Méb)2
equivalent map to the Hﬁ‘l.
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Table 7. Left table: Entwining maps S, T', U associated with Hﬁ‘l Yang—Baxter map using the symmet-
ry ¢. Right table: Entwining maps S, T', U associated with H, f‘I‘I Yang-Baxter map using the symmetry .

entwining type | Sis T3 Uss entwining type | Sis T3 Uss
(0,1,2) Hijy | ®fa (0,1,2) Hiyy A | YA
(2,3,0) ‘I)i’HA ‘I)?HA Hf?l (2,3,0) \II?HA ‘IJII)IIA Hﬁ‘l
(2,2,2) CI’?HA Hijy ﬁﬁ‘l (2,2,2) \Ili)HA Hity | cHiiy

4.2.4 Entwining maps associated with the HI% Yang—Baxter map

The invariants that were derived in [44, 45, 47, 56],

1 1 1
Hy = z120m3, Hy = piz1 + pawo + pszg + — + — + —,
I X9 I3
generate the maps R;;, ¢ < j € {1,2,3} which are exactly the HI% map acting on the (ij)-
coordinates. Explicitly the HIEI;I map reads

1+ Buv 1+ auv
U= (HI%)

v————— =u—,
1+ auv 1+ Buv
The symmetries ¢, ¥ of the Hﬁ‘l map are symmetries of HI% as well.

Proposition 4.10. The following non-periodic maps (u,v) — (U, V'), where

1
U= Ve i)
1
U:vazj—t;v’ V:Zw ((I)?IIB)
U= v%, V= u_ll——i_og;), (\II?IIB)
U= U—ll_—folf;}v’ V= ut;zz, (\II?IIB)

entwine with the HI% Yang-Bazter map according to the entwining relations of Table 8.

Table 8. Left table: Entwining maps S, T, U associated with H{; Yang-Baxter map using the symmet-
ry ¢. Right table: Entwining maps S, T, U associated with HZ; Yang—Baxter map using the symmetry .

entwining type | Sio T3 Uss entwining type | Sio T3 Uss
B B
(07 1, 2) HIH ?HB ?HB (07 17 2) HHI lIzHB (IZHB
b b B b b B
(2,3,0) Pls | Plys I—{HI (2,3,0) Ve | Vs I?IH
(2,2,2) <D?IIB HIEI;I HI]%I (2,2,2) \II?HB HI% HIEﬁ

The maps ﬁl%, ﬁIEfI that appear in Table 8, are (M(’jb)2 equivalent to the map Hf,. The
map CHI]:EI denotes the companion map of the HI% map.

4.2.5 Entwining maps associated with the Hv Yang—Baxter map

The invariants that were derived in [44, 45, 47, 56],

Hi =21+ 29 + x3, Ho :xi’+3p1x1+x%+3p2x2+x§+3p3x3,
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generate the maps R;j, i« < j € {1,2,3} which are exactly the Hy map acting on the (ij)-
coordinates. Explicitly the Hy; map reads

a—p3 a—p3
V= . H
u+uv’ u+u+v (Hv)

U=v-

The involution % : v — —u is a symmetry of the Hy map.

Proposition 4.11. The following non-periodic maps (u,v) — (U, V'), where

U:U—l—a_ﬁ V:—u—a_ﬁ (\I/%/)

9 )
u—v u—v

Ue v "0y, 028 (¥%)

u—uv’ uU—v

entwine with the Hy Yang—-Bazter map according to the entwining relations of Table 9.

Table 9. Entwining maps S, T, U associated with Hy Yang—Baxter map using the symmetry .

entwining type | Sio | Ti3 | Uss
0,1,2) Hy | we | wg
(2,3,0) wh | ¥b | Hy
(2,2,2) % | Hy | cHy

The map cHy denotes the companion map of the Hy map.

5 Transfer maps

The notion of transfer maps associated with Yang-Baxter maps was introduced by Veselov
in [69]. In [70] dynamical aspects of the latter were discussed. The transfer maps associated
with any reversible Yang—-Baxter map are defined as

T(k) = Riiip_1Riisk—2 - Riiy1, ie{l,...,k},

(2

where the indices are considered modulo k. There is:

TOT® O pE® L 7® g

For example for £k = 4 we have T1(4) = R14R13R12, T2(4) = R12R24R23, T3(4) = R23R13R34 and
T = RyyRouR
4 3441244114

Proposition 5.1. For the transfer maps Ti(k) associated with the maps RZ»” of the Proposi-
tions 3.3, 3.9, 3.11, it holds:

1) they preserve the invariants Hy, Ho, presented in the Propositions 3.3, 3.9, 3.11,

2) for k =2n+ 1 they preserve the measures given in the Propositions 3.3, 3.9, 3.11,

4

5) for generic values of the parameter sets p;j, are equivalent by conjugation to the transfer
maps associated with Hy, Hy and Hﬁ‘l Yang—Bazxter maps respectively,

)
)
3) for k = 2n they anti-preserve the measures given in the Propositions 3.3, 3.9, 3.11,
) they possess Lax pairs,

)
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6) for non-generic values of the parameter sets p;j, we have novel transfer maps.

Proof. The statements (1)—(3) have already been proven (see Propositions 2.1, 3.3, 3.9, 3.11).
As for the statement (4), one can construct a Lax matrix for the Yang-Baxter map R follo-

wing [66]. Then the Lax equations associated with the transfer maps Tl-(k), correspond to certain
factorizations of the monodromy matrix (see [69]).

We will show the statement (5) for the transfer maps associated with Rfjij of Proposition 3.3
and for k = 4. The proof for arbitrary k follows by induction. In Proposition 3.3 it was shown
that these maps are (Mt')b)2 equivalent to the Hy map. Let us denote as v; the maps defined by
the cross-ratios

CR[zy, a1/by, c1/dy, Ai/ By] = CRy, 0,1, 00], l=1,...,4,
and as y; the maps defined by

CR[l‘l,Cl/dl,al/bl,Cl/Dl] = CR[yl,OO, 1,0], l=1,...,4.

Then the maps RZ-“, where Rfjij = uj_lui_lRZ.” pip; are exactly the Hy map acting on the

(ij)-coordinates (see Proposition 3.3). For the transfer map T1(4) associated with RZ“ , there is
~(4) & 55 1 - 1 - R
Tl( ) = RiyRisRi2 = (1] i IR141/1,LL4) (v s 1113131/1113) (v s 1}3131/1/@)
111 — 11 1 14
= piy g g oy P R R Ry pops s = iy g gty 1T1( )V1M2M3M4. (5.1)

Note that we have omitted the parameter sets p;; that the maps depends on for simplicity.
(6). For non-generic choice of the parameter sets p;;, the conjugation equivalence (5.1) does
not holds. |

5.1 On a re-factorisation of the transfer maps

First, let us introduce some maps. With m;; we denote the transpositions

TG4+ (xla"'axk;ph'"?pk) = (le"'an‘;Pla"‘ka)v
X =y, Pi=p Vi#i,j, Xi = zj, X =y, P; = pj, P; =p;.

and with my we denote the following k-periodic map

7o : (xla"',xk;pla"'vpk‘) = (le"'vXk;Pl?"'7Pk)a
X =141, P; =pit1, Vie {1, .. .,k}, modulo k.

Remark 5.2. Note that mg = miami3 - -7 and the maps mg, m; Vi,5 € {1,...,k}, preserve
the invariants H;, Hs of the Propositions 3.3, 3.9, 3.11. Moreover, the maps S; := mj;+1 Riit1,
i€ {1,...,k}, also preserve the invariants Hy, Hy. The following relations holds

52 = (8;5;41)% =k =1id, (S:8;)% = id, li—j|>1,  Simo = mSit1.

The group g = (mg, S1,S2, ..., Sk) generated by these maps provides a bi-rational realization of
(1)

the extended Weyl group of type A, ;.

Proposition 5.3. The transfer maps Tl-(k) of a Yang—Bazter map R, coincide with the (k—1)-
iteration of the maps

+(k)

Piit+1
i ;

= moTi+1 Ry, = TS

We refer to the maps tz(»k) as the extended transfer maps associated with the Yang—Bazter map R.
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Proof. It is enough to show that the (k — 1)-iteration of the map tgk) coincides with Tl(k). For
small values of k, this can be proven by direct calculation. In-order to complete the proof, it is

(k)

enough to show that for arbitrary k the maps Tl(k) and (tl )ki1 share the same Lax equation.

Let L(z,p;A) the Lax matrix associated with the Yang—Baxter map R. The Lax equation

associated with the transfer map Tl(k) = RV RV RPA? reads

Lz, pr; A) L(Tp—1, Pr—1; A) - - - L(22, p2; A) L(21, P15 A)
= L(X1,P1; A) L(Xk, Pr; A) L(Xp—1, Pr—13 A) - - - L(X2, p2; A).

Since

TRy L(@k, Pr; A) L(@k—1, Pk—1; A) - - - L(z2, p2; A) L(z1, p1; A)
= L(xg, Pr; AN) L(zk—1, Pk—1; A) - - - L(x2, p2; A) L(z1, P1; A),

and

70: L(k, Pei AN) L(2k—1,Pr—1;A) - - - L(w2, p2; A) L(x1, P15 A)
— L(.Tl, P1; A)L(.’L’k7 Pk; A) T L(.’L’3, Ps3; A)L('CUQv P2; A)?

there is

tgk) : L(ﬂ% Pk; }‘)L(:Ek—lv Pk—1; A) T L(9327 P2; A)L(‘/Ela P1; )\)
= L(z1, p1; A) L(Tk, Pr; A) - - - L(23, p3; A) L(w2, p2; A).

)

So the map tgk has the following Lax equation

L(zk, Pr; A)L(Tk—1,Pr—1; A) - - - L(22, P2; A) L(z1, p1; A)
= L(X1,Pi; A) L(Xp, Pr; A) L(Xg—1, Pr—1; A) - - - L(X2, Pas A).

But the map tgk) acts on the parameter sets p; as follows
t: (p1,...,pr) = (Pr,..., Py,
where
Py =p1, Pr=p2 and Vi#1l,k  P;=pi,

that is periodic with period k — 1, so the Lax equation of the map (t1
the Lax equation of Tl(k).

Theorem 5.4. The maps tz(.k) satisfy the relations

(D)2 g, BB i, ko even,
B S N e T

Proof. Let us first prove that tgk)tgk) . ~t§€k)

t§2m)t(2m) o t(2m)

5 om = T0S1T0S2 * + * T0S2m,

(k))k—l

(5.2)

is exactly (5.2), i.e.,
[ |

= 1id for £ = 2m even. There is
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where we have the composition of m expressions of the form m0S;m05i+1, and for each one of
them (using Remark 5.2) it holds 7 S;7Si+1 = 7T(]S Ty = 7[‘0 So

(2m) (2m) @m) _ 2.2 2_ 2m_;
_,_/
m-times

Let us now prove that (tik)t(k) )k/2 = id. We have

(1040

"7 = ()

i i+l)m = (WOSWOSiH)m = (WOSZH) = ma™ =id.

For k = 2m + 1 odd, we have

z+1 L) = (7 251+1)2m+1 = (ng+1)2 =id.

Also,

(t§2m+1)t(2m+1) B t(2m+1))2 _ (tg2m+1)t§2m+1) t(2m+1)

2
2 “lom+t1 77052m+1)

= (T2 Sypi1) = 340 = id,
where we have used the fact that
t§2m+1)t(22m+1) t(2m+1) W%WS 7T(2) _ ﬂ_gm. [ ]

m-times

Remark 5.5. Note that for k& odd, it holds the more general condition
(PN =id, i

5.2 k-point recurrences associated with the transfer maps
of the H-list of quadrirational Yang—Baxter maps

We refer to the extended transfer maps t(k) that correspond to the Hy, Hi, H{I‘I, HI% and Hy
Hl(k) tHH(k) t III(k) t III(k) d tHV(k)

(k) tHII() 4 Hi}y (k) t Hif(k )and tHV(k),

Yang-Baxter maps respectively as ¢,

Here, we associate k-point recurrences with the maps ¢,
Let us first introduce the shift operator 1" as follows

T°: z(n) — z(n), T': z(n)— z(n+1), T 2(n) — z(n+1),
T z(n) — z(n—1), n,l € Z.

Hiyy (k) Hif (k)

Hi(k) tfll() ty ty 111
9 b

The maps ¢, and tf‘/(k), explicitly read

(xla" 3Tk P1y - - - 7pk) = (Tl'l,.. . 7T33k§Tp17~- 7Tpk)7

where
p3(1 —p2) + (p2 — p3)x3 + (p3 — 1)z223
T = 2 ( )+ ( ) ( ) , Tp1 = p3, Tr; = 41,
p2(1 —p3) + (p3 — p2)xe + (P2 — 1)x223
P (1 —p3) + (p3 — p2)x2 + (p2 — 1)x223 Hi(k)
Tl'g ; Tp2:p27 Tp:p 1, t
p3(1 —p2) + (p2 — p3)z3 + (p3 — 1)z2x3 ‘ s (f2 )
T2 + X3 — P2
Txy = p3xa P Tp1 = p3, Tr; = i1,

P3T2 + pa3 — paps3’
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To +x3 — Pp3

P3T2 + pat3 — paps’
_ T2 p2%2 + P33

Hy(k
Txy = pax3 Tpa = po, Tp; = pit1, (ts u ))

Ty ; Tp1 = ps, Tx; = Tit1,
p3s T2+ 73
T3 pax2 + P3x3 HA (k
Try = ———7, Tpy = po, Tpi = pit1, (t3 il ))
P2 X2+ X3
1+ poxoxs
To) = x9—"" "2, Tp1 = ps, Tr; =21,
1 + p3xoxs
1+ p3xoxs HE, (k)
Tx =1 _— T = s T L= 7). , t IIT
2 31 ¥ prages P2 = P2 Di = Pi+1 ( 2 )
p3 — p2
Tx) =x9 — "2, Tp1 = pa, Tx; = xiq1,
T2 + X3
p3 — p2 Hv (k
Ty = x3 + —"—, Tpa = po, Tpi = pit1, (t2 v ))
T2 + X3

with ¢ = 3,4,...,k and Tz = x1, Tpr = p1- Moreover, not just ték), but all the maps tz(k), 1=

1,2,...,k, preserve the invariants in separated variables (see Table 10)* and they anti-preserve
the measures m; = n'd"*! where n’, d’ the numerator and the denominator respectively of the
invariants H;, ¢ = 1,2. Additional invariant can be constructed though the Lax formulation (see
the proof of Proposition 5.3).

A B
Table 10. Invariants in separated variables for the maps ¢/ (k) Hin(k) - Hin®) ), q 4oy,

map Hy Hy
k k
20 e | (A8
l z‘:1ll i T el
(k) - oy P
Hiy i —Pi
t. i + i -
k k
HA (k) 1 1
AN D SR I
K3 . .
i:lkx‘ Pi .=
HB (k) 1 1
t; le-xi Z — DT + —
i=1 =1 i pi
k k
th(k) Z Ti + pi Z } + 3pixi + p}
i=1 i=1

Now we show how a k-point recurrence can be associated with the map tf"(k). Recall that
(k)

the map 5 V") reads
tQ . (xla“'vxkupla"'apk)H( Tlyeoey LTy L PLye- pk)7
where
Txl:m_w’ T$2:x3+u Ta; = Tis1,
T + T3

Ty + x3’
Tp1 = ps, Tpa = pa, Tp; = pit1, i=3,...,k,

4The invariants in separated variables that appear in Table 10, were firstly introduced, in a different context,

A
Hi (k)

in [44, 45, 47, 56]. Note that the invariants Hy, H> for t; were also given in [50].
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and the indices are considered modulo k. Clearly we have, z3 =T 2=k g1, p3 = TQ_kpl. So we
obtain

T°Fp1 — ps T° % p1 — ps

Try = a9 — ——s—rm Txy =T?F

= xo + T2 kgy’ w2 e xo+ T% kay’

T 'p1 =pr, T'py = pa. (5.3)

Adding the first two equations from above we get the following invariance condition®

(7" = T* M)y = (T° — T") s (5.4)
So it is guaranteed the existence of a potential function f such that

r1=c+ (TO — Tl)f, To =c+ (T1 — T2_k)f, where ¢ = const.
In terms of f, (5.3) becomes the following (k + 1)-point recurrence

—pa + 1% Fpy
2e+ (T —T3-F) f’

(T -1 k)f T 'p1 = p1, Tpy = po. (5.5)

In terms of a new variable h defined as h := \ + (T T TO) f, there is,

1 0

(T2 —T* ") f =Xk + > T'h, (T-T>F)f=X2-k)+ Y T'h,

i=2—k i=3-k
o (5.5) becomes the k-point recurrence
1
2ck —po +T?Fp _
e Y Th= 2 TMp—p, Tp=p
1=2—k Z Tih

1=3—k

where we chose A = % to simplify the formulae.

Table 11. The invariance conditions (5.4) and the potential functions f for the maps tHI(k) tH”(k)

té_IIII(k)’ tflll(k) d tzHV(k).

map invariance condition potential function f
tHI(k) Ty = T0x2 T = C*Tof T2 =cC rf
T2_k5L‘1 T:UQ Tf ’ T2_kf
(T = T2 Ry = (T =Ty | a1 =c+ (TO=T)f, wa = c+ (T —T>F)f
HA 1 1 1 1 1 1
£y 1 (T-T"F)—=(1"=T)— | —=—+(1°=T)f, —=—+(T-T*")f
1 2 1 2

tHﬁI(k) Tz, = T, T = C*Tof T2 = cin

2 T2_k$1 T.’L‘Q Tf ’ T2_kf
V(T = T2 Ry = (TO = T)wy | 21 =c+ (TO=T)f, 2o = c+ (T —T>F)f

Hv (k)

5This condition is a consequence of the fact that the ¢; preserves the invariant H; = Z z;. Such a condition

exists for the remammg extended transfer maps associated with the Yang-Baxter maps of the H-list. The latter
enable us to write t( ) maps as k-point recurrences.
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Proposition 5.6. The following (k + 1)-point recurrences corresponds to the extended transfer

map tgk) associated with Hy, Hip, Hﬁ‘l, HI% and Hy Yang-Baxter maps respectively. We refer

to these (k + 1)-point recurrences respectively as 1ty Hi(k) rtHI(k), Tty Hiy (k) rtfﬁl(k) and rtHV(k)
T! T!

2 p2(=1+T%"p1) +c(p2 — T**p1) Tsz +c?(1 - P2)T3}ff ®
T2kf T2k T (Tt2 )
(T2=*p1)(p2 — 1) + ¢(—p2 + T%Fp1) eI A (1 =T Fpy) T5F7

c+ (TH—=T%)f
c+ (Tl _ T2—k)f

_ (20 p + (11 = T4) )T, (i)

—p2T? 7y + c(pa + T2~ Fpy) + (T2 Fpy) (TH — T2F) f + po T2k — T3K) 74 2

c+ (T -T2 f 2c + (T1 T3 k) f (rtHf‘I‘I(k))
cH(TH=T20)F e (11— 120 f 4 Foo (e (T2 = T3 ) ’ ’

T2f T3—kf + 02 (T2—kp1)T1f Hﬁl(k)
Tokhf Tk 2Tl f (rty ™)
(T T2 k)f _p2 + T2_kp1 (,rtHV(k))

2c+ (T —T37kf)

For each recurrence presented above we have that the parameters vary as follows: Tps = po,
T+=1p, = p1. So py is constant and py is periodic with period k — 1.

Hy (k)

N Hi(k) HE (k) .
ote that the recurrences rt, and 7ty are bilinear. Some members of rt, and

HE (k . . .
7ty i ), for specific choices of the parameters ¢, po and of the function pi, are expected to

exhibit the Laurent property [26, 27, 28].

Table 12. Definition of the variables h associated with the recurrences of Proposition 5.6.
recurrence variable h a choice for A
Hi(k) _ f 1
2
iy h= A (=10 F | A= 5
2
Pt (T - 10 f A=
ffi (k) rf 1
t Higp h = \—— A= —
" TO0f c
2
rtfVE e A (T =T f | A=
k—2
A B
Corollary 5.7. The (k4 1)-point recurrences rt, (k) rtfn( ), rtfm(k), rtfm(k) and rtHV(k), in

terms of the corresponding variables h defined in Table 12, get the form of the following k-point

recurrences

cikpg (TZikpl - 1) +

(p2 _T2 k‘

%

1]

0
T'h+(1-ps) [ T'n
k i=3—k

1
H T'h =

i=3—k

T *p1 — po + T2 % (py —

0
DT Fh 4 F (1 -1 py) [ T'n

)

1=3—k
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ck ck _ _
pg(k_2—Th> <k_2—T2 kpr — T2 kh)

& 0
= T2 Fp, (kc -y T%) (—i—m— > T ) (g ™)
1=2—k i=3—k
ck ck 9k
pg(k_Q_T;Q (k_2—T h>
T . EO: rin ) (E - i Tih (pektim(h)y
"\k—2 k—2 ’
i=2—k i=3—k
0
. R TRy, H Th
H T’Lh: 01'237’“ 7 (f’tfﬁl(k))
=2k 1—|—ckp2 H T'h
i=3—k
1 2
2ck i —po+ T "p R k
st 2 Th= X , 1 (#)
i=2—k Z Tzh
i=3—k

and for each recurrence presented above we have that the parameters vary as follows: Tps = pa,
T+=1p, = p1. So py is constant and py is periodic with period k — 1.

Note that the (k41)-point recurrences of Proposition 5.6, as well as the corresponding k-point
ones introduced in Corollary 5.7 are non-autonomous. This is due to the fact that p; varies pe-
riodically (7% 'p; = p1). The non-autonomous terms that will be introduced by integrating the

k)

relation 7%~ 1p; = p; are periodic though. Proper de-autonomization for the recurrences f’th(

fir (k)

and ftf I will be introduced in what follows.

5.2.1 The recurrences f'tiHV(k) and discrete Painlevé equations

The dressing chain for the KdV equation [71], reads

(i1 + gi)t = 91’2-1-1 - 91'2 + Di+1 — Di- (5.6)
Hy (k)

The recurrences 7t; V", serve as its discretisations. Actually they are exactly the (k — 1)-roots

of the discretisations presented in [1]. So, fthV(k) corresponds to Liouville integrable maps.

Since the dressing chain (5.6) leads to Painlevé equations Py and Py and their higher order
analogues [71], the recurrences ftiHV(k) (after proper de-autonomisation) can be considered as
their discrete counter-parts and/or the Béacklund transformations of the higher order Py and Py
Painlevé equations.

A proper de-autonomisation of 7, Iv(k) s achieved by breaking the periodicity of the p;
assuming that T 'p; = p; + (k — 1)a, where a constant. This de-autonomisation is proper
since the resulting non—autonomous discrete system preserves the same Poisson structure® as

the autonomous one. So we obtain the following hierarchy of discrete Painlevé equations

1
2ck + 12k _
5+ > T'h= o= O 5 B Tp=p, T pi=pit(k-la (5.7)

k-
i=2—k Z Tih,
1=3—k

5The Poisson structures associated with the dressing chain for the KdV equation were first derived in [71], see
also [25].
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For k =3, (5.7) reads

—p2+T'p
h )
So pg is constant and p; = by+b1(—1)"+an, with bg, b1, a constants. We can choose —pa+by = b

constant, hence we obtain the following discrete Painlevé equation which serves as Bécklund
transformation of Pry [57]

—6c+Th+h+T h= Tpy =p2,  T?p1 =p1+2a.

b+b1(—1)" +an

—6c+Th+h+T th= ; ,

nez. (5.8)

For k =4, (5.7) reads

P2+ T

Tpy = T3p, = 3a.
hT-1h p2 = p2, p1=p1+9oa

—de+T*h+h+T 'h+h+Th=
If we define a new variable w as w := h + T~'h, then we obtain the following discrete Painlevé
equation which serves as Backlund transformation of Py

_ T2 .
e+ T 'w+Tw = M, Tp2 = p2, T3p1 = p1 + 3a.
w
So for k odd (5.7) serves as Bicklund transformation for the higher order analogues of Pry and
for k even (5.7) serves as Backlund transformation for the higher order analogues of Py. Note
that in [57], Béacklund transformation for the higher order analogues of Py and Py were given in
terms of continued fractions. We can recover the form of discrete Painlevé equations introduced
in [57] by making use of the alternating terms that appear in (5.7). For example for k = 3,
the term (1) that appears in (5.8), suggests the introduction of the variables y(m) := h(2n),
z(m) := h(2n +1). Then (5.8) takes to form of the second discrete Painlevé equation dP
bo + b1 + am bo — b1 +am

Hify (k)
tz III

5.2.2 The recurrences 7 and discrete Painlevé equations

f11(k)

. L H
As we plan to show in our future work, the recurrences 7t; '
discretisations of the following chain introduced in [6]

serves as Liouville integrable

(9 + git1)t = 2(pi cosh g; — pit1 coshgiy1).
. L HB (k) . . ) o .
A proper de-autonomisation of 7t, """ is achieved by breaking the periodicity of the p; in
a way that the non-autonomous system preserves the same Poisson structure as the autonomous
one. This is achieved by imposing that T%*~1p; = pa®~!, where a constant. So we obtain the
following hierarchy of discrete Painlevé equations

0
c_k—i—TQ_kpl H T'h

1
; i=3—k _ _
[1 'n= X , Tpa=pa, T lpy=pa" . (5.9)
i=3—k
For k =3, (5.9) reads
1e¢ 34+ hT!
Thrh == M P T2 = prd

h 1+ c3pgh
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So pg is constant and p; = bpa" + bi(—a)", with by, b1, a constants. Hence we obtain the

q— P (Aél)) discrete Painlevé equation (see [63]). For k = 4, (5.9) reads

¢+ T 'hT2p,
1+ ctpohT-1h

ThT KT~ hT~2h = Tpa =p2,  T°p1 = pia®.

If we define a new variable w as w := KT~ 'h, then we obtain the ¢ — Py (Agl)) discrete Painlevé
equation (see [63])

4+ wT?p

TwT tw =
wew 1+ ctpow

) Tpa = pa, T3py = pra®.

The Lax pair associated with the hierarchy (5.9) first appeared in [32].

A
Remark 5.8. As for the recurrences ftflm(k), f’tflﬂ(k), one could consider 7% p; = py+(k—1)a
and for ftiHI(k) T+=1p; = p1a®~1, in order to de-autonomise them. We anticipate that this is

a proper de-autonomisation, although we have no proof yet. The finding of the Poisson structures
that the latter recurrences we anticipate that preserve, will sort this issue out.

Remark 5.9. As a final remark, we note that the k-point recurrences associated with the
extended transfer maps of the Yang—Baxter map Fy, are exactly the same as the k-point recur-
rences associated with the extended transfer maps of the Yang-Baxter map Hy which (one of
them) were presented in Corollary 5.7. Since the (k — 1)-iteration of the extended transfer maps
of any Yang—Baxter map coincides with its transfer maps, we conclude that the dynamics of
the transfer maps of the Yang—Baxter maps Fy and Hvy, are the same. The same holds true for
the transfer maps associated with the Yang—Baxter maps Fiip and H{I‘I. As for the remaining
members of the F' and the H lists of Yang—Baxter maps, further investigation is required in
order to prove the equivalence of their transfer dynamics.

6 Conclusions

In Section 2 we have presented a family of maps in k variables which preserve 2 rational invariants
of a specific form. One could mimic the procedures introduced in [29] to obtain rational maps
in k variables which preserve m rational invariants where m < k. For example, there are (215)
rational maps (x1,..., Tk, Y1, ..., Yx) — (X1,..., X, Y1,...,Yy) which preserve k invariants of
the form:

QTiTip1 + BiTi + ViTit1 + 0

H, = . i=1,2,... .k (6.1)
KiZiTit1 + N + iTip1 + 4

where the indices are considered modulo k and «;, B;, ki, A;, etc. are given functions of the
variables y;, yit1-

If separability of variables on the invariants is imposed, then higher rank analogues of the
Yang-Baxter maps of Propositions 3.3, 3.9 and 3.11 are expected. Moreover, solutions of the
functional tetrahedron equation [41, 42, 49, 64], or even of higher simplex equations [17, 53,
54] are anticipated. For example if we consider the following, different than (6.1), choice of
invariants:

6
T1T4T6

H, = E x;, Hy = , H3 = xox3747s5,

i=1

x3
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then the involutions Rj93, Ri45, Ro46, and Rs3sg, preserve H;, i = 1,2, 3 and satisfy the functional
tetrahedron equation

Ri123R145 Ro46 R356 = R356246 145 R123.

They are exactly the Hirota’s map [41, 42, 64], i.e., the map R: (u,v,w) — (U, V, W), where

uv vw

U= V=u+w, W =

u—+w’ u—+w’

acting on (123), (145), (246) and (356) coordinates respectively. For the involution ¢: u — —u,
it holds ¢10203R123 = Ri23P102¢3. So ¢ is a symmetry of the Hirota’s map R and it can be
easily proven that the following entwining relation holds

Ri2303R14505Ro46P6 R356 = R356R246 06 R14505R123¢03.

Hence we have obtained a solution of the following entwining functional tetrahedron relation

512351455246 1356 = 1356.524651455123,

where T is the Hirota’s map acting on the (356) coordinates and S: (u,v,w) — (U, V,W)
a non-periodic map where

U= u , V=u—w, W=-— vt

U — w u—w

The complete set of entwining relations and maps associated with the Hirota’s map as well as
with the Hirota—Miwa’s map, will be considered elsewhere.

In Section 4, we considered two methods to obtain entwining maps. The first method uses
degeneracy arguments and produces entwining maps associated with the Hy, Hi; and Hﬁ‘l Yang—
Baxter maps. The entwining maps of this method belongs to different subclasses than the [2 : 2]
subclass of maps that the Hy, Hip and H{I‘I Yang—Baxter maps belongs to so they are not (1\/[6b)2
equivalent to the latter. The outcomes of the second method are non-periodic’ entwining maps
of subclass [2 : 2] associated with the whole H-list. The fact that the entwining maps which were
presented in this Section preserve two invariants in separated variables, enable us to introduce
appropriate potentials (as shown in [44, 45, 56]) to obtain integrable lattice equations. Actually
we obtain integrable triplets of lattice equations (in some cases even correspondences). Note
that integrable triplets of lattice equations were systematically derived in [13] and more recently
n [33]. We plan to consider the integrable triplets of lattice equations derived from entwining
maps, elsewhere.

In Section 6, we have proved that the transfer maps associated with the H list of Yang—
Baxter maps can be considered as the (k — 1)-iteration of some maps of simpler form. As
a consequence of this re-factorisation we have obtained (k+ 1)-point (see Proposition 5.6) and k-
point (see Corollary 5.7) alternating recurrences which can be considered as alternating versions
of some hierarchies of discrete Painlevé equations. Moreover, the autonomous versions of some
of the k-point recurrences presented in Corollary 5.7, can be obtained by periodic reductions [58]
(cf. [34]) of integrable lattice equations. Here we have obtained alternating k-point recurrences
from Yang-Baxter maps without performing periodic reductions. Hence, our results might be
compared/extended to the novel and independent frameworks introduced in [8, 10] and [38, 39],
where by using symmetry arguments, integrable lattice equations and discrete Painlevé equations
of 2nd order were linked.

"The non-periodicity assures that these entwining maps are not (M('jb)2 equivalent with the corresponding
maps of the H-list.
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A The F-list and the H-list
of quadrirational Yang—Baxter maps

The Yang-Baxter maps R of the F' and the H-list, explicitly read

R: CP! x CP! 5 (u,v) — (U, V) € CP! x CP',
1-pu+pB—a+(a—1
B —a)u+ (a— Bluv + a8 —1)v’

U=avP, V = BuP, P =

U=avP, V=pup, p=i—vtP-a (Fin)
Bu — av
v U au — fu
U:&P’ V:BR P:ﬁ’ (F1m1)
U=vP, V=uP, P—1+§:j, (Fiv)
U=v+P, V=u+P, P—z:f, (Fv)
_ el _ (a=Nuww+ (B-a)ut+a(l —p)
U=vQ, V=@, Q= (G p s A ) (Hr)
_ o _ (a=Bluw
U=v+Q, V=u-Q Q=g-—"0 (Hir)
+ 8
U=1Q V=50  Q="~ (Hiy)
_ 1+
U:UQv V:UQ 17 Q:HT/ZZ’ (Hﬁl)
_ _ _a-Fp
U—U—Q, V—U+Q, Q_U—FU. (Hv>

The maps above are depending on 2 complex parameters o, 8. The parameter « is associated
with the first factor of the cartesian product CP! x CP', whereas the parameter 3 with the second
factor.
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