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Abstract. We study classical scalar field theories on noncommutative curved spacetimes.
Following the approach of Wess et al. [Classical Quantum Gravity 22 (2005), 3511 and
Classical Quantum Gravity 23 (2006), 1883], we describe noncommutative spacetimes by
using (Abelian) Drinfel’d twists and the associated ?-products and ?-differential geometry.
In particular, we allow for position dependent noncommutativity and do not restrict ourselves to the Moyal–Weyl deformation. We construct action functionals for real scalar fields
on noncommutative curved spacetimes, and derive the corresponding deformed wave equations. We provide explicit examples of deformed Klein–Gordon operators for noncommutative Minkowski, de Sitter, Schwarzschild and Randall–Sundrum spacetimes, which solve the
noncommutative Einstein equations. We study the construction of deformed Green’s functions and provide a diagrammatic approach for their perturbative calculation. The leading
noncommutative corrections to the Green’s functions for our examples are derived.
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Introduction

Noncommutative (NC) geometry [1] is a very rich framework for modifying the kinematical
structures of low-energy theories. In this approach the ingredients for a classical description
of spacetime (manifolds, vector bundles, . . . ) are generalized to suitable quantum objects (algebras, projective modules, . . . ). For an introduction to NC geometry see also [2]. Replacing
classical spacetime by NC spaces has been motivated from different perspectives. There are
Gedanken experiments indicating that the precise localization of an event in spacetime can induce NC [3], as well as indications showing that NC geometry can emerge from string theory [4]
and quantum gravity [5]. Another motivation for studying NC spacetimes is the hope that replacing all classical spaces (including spacetime) by appropriate quantum spaces could improve
the mathematical description of physics, e.g. concerning the UV divergences in quantum field
theory or the curvature singularities in general relativity.
A natural possibility to describe NC gravity is to employ a NC metric field [6, 7, 8], but there
are also other well motivated approaches based on hermitian metrics [9, 10] or gauge formulations
with or without Seiberg–Witten maps using different gauge groups [11, 12, 13, 14, 15]. See
also [16] for a collection of approaches towards NC gravity. In addition to the formulations
which are deformations of the classical framework using metrics (or similar ingredients), NC
geometry also offers a natural mechanism for emergent gravity within NC gauge theory and
matrix models [17, 18, 19].
?

This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is
available at http://www.emis.de/journals/SIGMA/noncommutative.html
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In this work we follow the formulation proposed by Julius Wess and his group [6, 7] to
describe NC gravity and field theories. As ingredients we use ?-products instead of abstract
operator algebras. This approach is called deformation quantization [20] and has the advantage that the quantum theory is formulated in terms of the classical objects, thus allowing us
to study deviations (perturbations) from the classical situation at every step. Obviously, formal deformation quantization has the disadvantage that we may miss interesting examples,
where NC is very strong. An interesting feature of the formulation [6, 7] is that the NC
spaces obey “quantum symmetry” properties, since the ?-products are constructed by Drinfel’d twists [21]. This is an advantage compared to generic NC spaces, since symmetries
are an important guiding principle for constructing field theories, in particular gravity theories.
Recently, there has been considerable progress towards applications of the NC gravity theory
of Wess et al. to physical situations. Symmetry reduction, the basic tool for studying symmetric
configurations in gravity, has been investigated in [22] in theories obeying quantum symmetries.
Furthermore, pioneered by Schupp and Solodukhin [23], exact solutions of the NC Einstein
equations have been found in [23, 24, 25, 26, 27], providing, in particular, explicit models for
NC cosmology and NC black hole physics. For a collection of other approaches towards NC
cosmology see [28], and for NC black holes see [29].
The natural next step is to consider (quantum) field theory on these recently obtained curved
NC spacetimes in order to make contact to physics, like e.g. the cosmic microwave background
or Hawking radiation. (Quantum) field theory on NC spacetimes is a very active subject,
see [30] for a collection of different approaches. However, most of these studies are restricted
to the Moyal–Weyl or κ-deformed Minkowski spacetime. In [31] we attempt to fill this gap and
proposed a mathematical framework for quantum field theory (QFT) on curved NC spacetimes
within the algebraic approach to QFT [32, 33]. We have shown that for a large class of Drinfel’d
twist deformations one can construct deformed algebras of observables for a free real scalar
field. However, the construction of suitable quantum states and the physical application of this
formalism still have to be investigated.
The purpose of this article is to review the formalism of [31] in a rather nontechnical language
and apply it to study explicit examples of classical field theories on curved NC spacetimes. The
outline of this paper is as follows: In Section 2 we review the NC geometry from Drinfel’d
twists, restricting ourselves to the class of Abelian (also called RJS-type) twists. Using these
methods we show in Section 3 how to construct deformed action functionals for scalar fields on
NC curved spacetimes, also allowing for position dependent NC. Additionally to the abstract
geometric formulation of [31] we also present the construction of deformed actions and equations
of motion using a local basis, which is the language typically used in the physics literature. In
Section 4 we study examples of the deformed Klein–Gordon operators derived in Section 3 using
different NC Minkowski spaces, de Sitter universes, a Schwarzschild black hole and a Randall–
Sundrum spacetime. We provide a convenient formalism to study NC corrections to the Green’s
functions of the deformed equations of motion in Section 5 and apply it to examples in Section 6.
We conclude in Section 7.

2

NC geometry from Drinfel’d twists

In this section we provide the required background on ?-products and NC geometry from Drinfel’d twists. We omit mathematical details as much as possible and use simple examples to
explain the formalism. Mathematical details on NC geometry (and gravity) from Drinfel’d
twists can be found in [6, 7]. Furthermore, we frequently write expressions in local coordinates
and use local bases of vector fields and one-forms, as it is typically done in the physics literature.
For a global and coordinate independent formulation see [7].
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Instead of providing the abstract definition of a ?-product, let us study the simple example of
the Moyal–Weyl product and emphasize the basic features. Assume spacetime to be M = RD .
At this point we do not require a metric field on M. Let h, k ∈ C ∞ (M) be two smooth,
complex-valued functions on M. We replace the classical point-wise multiplication of functions
by the Moyal–Weyl product


− µν −
→
iλ ←
(h ? k)(x) := h(x) exp
∂µ Θ ∂ν k(x)
2

∞ 
X


iλ n 1 µ1 ν1
(2.1)
=
Θ
· · · Θµn νn ∂µ1 · · · ∂µn h(x) ∂ν1 · · · ∂νn k(x) ,
2
n!
n=0

Θµν

where
is a constant and antisymmetric matrix, λ is the deformation parameter and ∂µ are
the partial derivatives with respect to the coordinate directions xµ . It can be checked easily
that the ?-product is associative, i.e. that h ? (k ? l) = (h ? k) ? l for all h, k, l ∈ C ∞ (M), but
noncommutative h ? k 6= k ? h. Applying the ?-product to the coordinate functions xµ we obtain
the commutation relations
[xµ ?, xν ] := xµ ? xν − xν ? xµ = iλΘµν .

(2.2)

Thus, using the Moyal–Weyl product, we obtain a NC space similar to the NC phasespace of
quantum mechanics. However, in this case spacetime itself is NC.
Before generalizing the ?-product (2.1) to include position dependent NC, i.e. position dependent commutation relations (2.2), we note that the ?-product can be written using the
bi-differential operator


iλ µν
−1
FMW := exp
Θ ∂µ ⊗ ∂ν ,
(2.3)
2
−1
to h ⊗ k and then multiplying the result using the point-wise multiplicaby first applying FMW
tion. The object FMW is a particular example of a Drinfel’d twist [21].
We now generalize the Moyal–Weyl product (2.1) to a class of (possibly position dependent)
?-products on a general manifold M. Consider a set of commuting (w.r.t. the Lie bracket)
vector fields {Xα }, where α is a label, not a spacetime index. In local coordinates we have
Xα = Xαµ (x)∂µ . The vector fields Xα are defined to act on functions as (Lie) derivatives, i.e. in
local coordinates we have Xα h = Xαµ (x)∂µ h(x). Using {Xα } and a constant and antisymmetric
matrix Θαβ we can define the following ?-product


iλ ←− αβ −→
(h ? k)(x) := h(x) exp
Xα Θ Xβ k(x).
(2.4)
2

Associativity of this product is easily shown using [Xα , Xβ ] = 0. Furthermore, we can analogously to (2.3) associate a Drinfel’d twist to the ?-product (2.4), namely


iλ αβ
−1
F := exp
Θ Xα ⊗ Xβ .
(2.5)
2
These twists are called Abelian or of Reshetikhin–Jambor–Sykora (RJS) type [34, 35]. In the
following we restrict ourselves to real vector fields Xα (i.e. unitary and real twists), leading to
hermitian ?-products (h ? k)∗ = k ∗ ? h∗ . Furthermore, we can without loss of generality assume
Θαβ to be of the canonical (Darboux) form


0 1 0 0 ···
−1 0 0 0 · · ·




Θαβ =  0 0 0 1 · · · .
 0 0 −1 0 · · ·


..
..
..
.. . .
.
.
.
.
.
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Let us briefly discuss two simple examples of non-Moyal–Weyl twists and ?-products. Let
M = RD . Consider X1 = ∂t and X2 = xi ∂i , where t, xi , i = 1, . . . , D − 1, are global coordinates
on RD . It is easy to check that [X1 , X2 ] = 0, thus we obtain a ?-product of RJS type. The
commutation relations of the coordinate functions are given by [t ?, xi ] = iλxi and [xi ?, xj ] = 0.
These are the commutation relations of a κ-deformed spacetime [36]. For the second example
consider M = R2 and X1 = x∂x , X2 = y∂y , where x, y are global coordinates. We obtain the
commutation relation of the quantum plane x ? y = qy ? x, where q = eiλ .
Since our aim is to describe field theory on the NC spacetimes (C ∞ (M), ?)1 , we have to
introduce a few more ingredients, such as derivatives, metrics and integrals, to the NC setting.
The notion of a derivative is described by a differential calculus over the algebra (C ∞ (M), ?). In
our particular example of deformations using Drinfel’d twists, the differential calculus is given by
the differential forms on the manifold Ω• , the deformed wedge product ∧? and the undeformed

exterior derivative d. The deformed wedge product is defined by ω ∧? ω 0 := ∧ F −1 ω ⊗ ω 0 ,
i.e. first acting with the inverse twist via the Lie derivative on ω ⊗ ω 0 and then multiplying by
the standard wedge product. We also give the explicit expression for ∧? in presence of an RJS
twist (2.5)

∞ 
X


iλ n 1 α1 β1
Θ
· · · Θαn βn LXα1 · · · LXαn ω ∧ LXβ1 · · · LXβn ω 0 ,
ω ∧? ω =
2
n!
0

(2.6)

n=0

where LX denotes the Lie derivative along the vector field X. Using that Lie derivatives commute
with the exterior derivative d, one finds that
d(ω ∧? ω 0 ) = (dω) ∧? ω 0 + (−1)deg(ω) ω ∧? (dω 0 ),
for all differential forms ω, ω 0 ∈ Ω• .
Having introduced vector fields Ξ and one-forms Ω (co-vector fields), we can consider the
pairing (index contraction) in the NC setting. We define in the canonical way hω, vi? :=
h·, ·i F −1 ω ⊗ v , where h·, ·i ω ⊗ v = hω, vi is the commutative pairing, given in a local coordinate basis v = v µ ∂µ , ω = dxµ ωµ by hω, vi = ωµ v µ . Again, we provide the explicit expression

∞ 
X
iλ n 1 α1 β1
hω, vi? =
Θ
· · · Θαn βn hLXα1 · · · LXαn ω, LXβ1 · · · LXβn vi.
2
n!
n=0

The pairing hv, ωi? with the vector field on the left is defined analogously.
Another ingredient for formulating NC field theories is a background spacetime metric field g.
To define it we introduce the ?-tensor product ⊗? , which can be constructed in the canonical
way [7] by first acting with the twist (2.5) and then applying the usual tensor product. For the
RJS-twist (2.5) we have the following explicit form

∞ 
X


iλ n 1 α1 β1
τ ⊗? τ :=
Θ
· · · Θαn βn LXα1 · · · LXαn τ ⊗ LXβ1 · · · LXβn τ 0 ,
2
n!
0

n=0

where τ , τ 0 are either vector fields or one-forms. The extension of ⊗? to higher tensor fields is
straightforward and one obtains an associative tensor algebra (T , ⊗? ) generated by Ξ and Ω [7].
We use a minor generalization of the formalism of [7] and define the metric g ∈ Ω ⊗? Ω to
be a hermitian and nondegenerate tensor. Note that the case of real and symmetric metric
fields g is included in our definition, thus every classical metric field is also a NC metric. The
inverse metric field g −1 = g −1α ⊗? gα−1 ∈ Ξ ⊗? Ξ (sum over α understood) is also nondegenerate
The mathematically precise definition of the algebra is (C ∞ (M)[[λ]], ?). We suppress the brackets [[λ]]
indicating formal power series for better readability.
1
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and hermitian. We use the inverse metric field to contract two one-forms ω, ω 0 ∈ Ω to obtain
a scalar function. This contraction is used later to define a kinetic term in the action. The
metric contraction is called hermitian structure and is defined by
H? (ω, ω 0 ) := hhω ∗ , g −1 i? , ω 0 i? := hω ∗ , g −1α i? ? hgα−1 , ω 0 i? ,
where ∗ denotes conjugation on one-forms. The hermitian structure is nondegenerate, hermitian
and fulfils ?-sesquilinearity
H? (ω, ω 0 ) = 0
0 ∗

for all ω 0

⇐⇒

ω = 0,

0

H? (ω, ω ) = H? (ω , ω),
0

∗

(2.7a)
(2.7b)

0

H? (ω ? h, ω ? k) = h ? H? (ω, ω ) ? k,

(2.7c)

for all ω, ω 0 ∈ Ω and h, k ∈ C ∞ (M).
R
The last ingredient we require in the following is the integral over the manifold M. In
a geometrical language, the integral over spacetime
associates to a top-form, i.e. a differential
R
form τ with deg(τ ) = dim(M), a number τ ∈ C. The integral is evaluated locally using the
coordinate charts. Note that, since NC and commutative differential forms are as vector spaces
the same (up to the formal power series), we can use the commutative integral also in the NC
case. Furthermore, one explicitly observes using (2.6) and integration by parts that
Z
Z
Z
0
deg(ω)deg(ω 0 )
0
ω ∧? ω = (−1)
ω ∧? ω = ω ∧ ω 0 ,
(2.8)
for all ω, ω 0 ∈ Ω• with deg(ω) + deg(ω 0 ) = dim(M) and supp(ω) ∩ supp(ω 0 ) compact (in order to
avoid boundary terms). This property, called graded cyclicity, simplifies the derivation of the
equations of motion. Note that, although graded cyclicity is fulfilled for all RJS-twists (2.5), for
the most general twists it is not. Whether graded cyclicity is necessary, or just convenient, for
the construction of the NC scalar field theory presented in the next sections is an interesting
question left for the future.

3

NC scalar f ield action and equation of motion

The formulation of classical and quantum field theories on NC spacetimes has been a very active subject over the last few years, see e.g. [30]. Most of these approaches focus on free or
interacting QFTs on the Moyal–Weyl deformed or κ-deformed Minkowski spacetime. In order
to address physical applications like QFT in a NC early universe or on a NC black hole background, a formulation which can be extended to curved spaces has to be developed. For globally
hyperbolic spacetimes deformed by a large class of Drinfel’d twists (in particular including the
RJS twists (2.5)) we gave a proposal [31] of how to construct the QFT of a free real scalar field
using the algebraic approach to QFT [32, 33]. In our approach we have treated the deformation
parameter λ as a formal parameter, thus obtaining a perturbative framework, which nevertheless could be solved formally to all orders in the deformation parameter. The advantage of our
approach is that we can apply it to study free quantum fields on curved spacetimes with an
in general position dependent NC. The obvious disadvantage is that we treat the deformation
parameter as a formal parameter, thus we might not be able to capture nonperturbative NC
effects, such as a possible causality violation.
In the first part of this section we use the formalism of [31] to define actions and derive
equations of motion for a real scalar field on curved NC spacetimes using a geometric language.
In the second part, we use local bases of vector fields and one-forms in order to rewrite the
formalism using “indices”. This is important for constructing examples lateron, since, despite
the elegance of the geometrical approach, practical calculations are performed in a local basis.
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Basis free formulation

We start by showing how to construct an action for a real scalar field Φ on NC curved spacetimes.
We are in particular interested in the deformation of the “canonical action”
Z

1
S=−
∂µ Φg µν ∂ν Φ + m2 Φ2 volg ,
2
p
where volg = |g|dD x is the metric volume element (a D-form) and D is the dimension of
spacetime. Using the tools of Section 2 we can deform this action leading to the global expression
Z

1
S? := −
H? (dΦ, dΦ) + m2 Φ ? Φ ? vol? ,
(3.1)
2
where vol? is a nondegenerate and real D-form2 . The action (3.1) is real, as seen by the following
small calculation
Z

1
∗
S? = −
vol∗? ? H? (dΦ, dΦ)∗ + m2 Φ∗ ? Φ∗
2
Z
∗

1
vol? =vol? , Φ∗ =Φ, (2.7b)
=
−
vol? ? H? (dΦ, dΦ) + m2 Φ ? Φ
2
Z

1
(2.8)
= −
H? (dΦ, dΦ) + m2 Φ ? Φ ? vol? = S? .
2
Interactions can be introduced to the free action (3.1) by defining
Z
S?int := − V? [Φ] ? vol? ,
V? [Φ]∗ = V? [Φ],
where V? [Φ] is a ?-deformed potential, e.g. V? [Φ] = λ4!4 Φ ? Φ ? Φ ? Φ.
We calculate the equation of motion by demanding that the variation of the action vanishes,
i.e. δS? = 0. We define the d’Alembert operator ? by
Z
Z
∗
ψ ? ? [ϕ] ? vol? := − H? (dψ, dϕ) ? vol? ,
for all ψ, ϕ ∈ C ∞ (M) with supp(ψ) ∩ supp(ϕ) compact. The equation of motion obtained by
δS? = 0 is top-form valued and given by

∗
1
P̃? [Φ] :=
? [Φ] ? vol? + vol? ? ? [Φ∗ ] − m2 Φ ? vol? − m2 vol? ? Φ = 0.
(3.2)
2
Note that the equation of motion operator P̃? is real.
Resembling standard formulations, we might extract the volume form to the right and define
the scalar-valued equation of motion operator P? by P̃? [Φ] =: P? [Φ] ? vol? . It can be shown that
the map C ∞ (M) → ΩD (M), ϕ 7→ ϕ?vol? is an isomorphism3 . Its inverse is the right-extraction
of vol? , which we have used to define the scalar-valued equation of motion operator P? . As an
aside, the operator P? can be shown to be formally self-adjoint with respect to the deformed
scalar product
Z
(ψ, ϕ)? := ψ ∗ ? ϕ ? vol? ,
i.e. (ψ, P? [ϕ])? = (P? [ψ], ϕ) for all ψ, ϕ ∈ C ∞ (M) with compact overlap. This property is of
particular importance for the construction of a QFT.
2
For general twist deformations there is, to ourp
knowledge, no ?-covariant construction principle for a metric
1
volume form. One reasonable choice is vol? =
|detgµν | D!
µ1 ...µD dxµ1 ∧ · · · ∧ dxµD , constructed from the
µ
ν
expression for g in the commutative basis g = gµν dx ⊗ dx . It is nondegenerate, real and has the correct classical
limit. In this section we keep vol? general, demanding only these three basic properties.
3
The generalization to isomorphisms Ωn → ΩD−n , and thus the construction of a NC Hodge operator, is to
our knowledge still an open problem, which, however, does not alter our construction of deformed scalar field
theories.
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Formulation in the coordinate and nice basis

Let us now do the same construction as before in two different “preferred” bases of vector fields.
In physics, one typically uses a basis ∂µ of derivatives along some coordinates xµ . The inverse
metric field in this basis reads
g −1 = ∂µ∗ ⊗? g µν ? ∂ν ,

(g µν )∗ = g νµ .

Note that we used the conjugated basis vector field ∂µ∗ = −∂µ in the left slot of the tensor
f µ defined
product in order to avoid a minus sign in (3.3). We furthermore use the dual basis dx
f µ i? = δνµ . Note that, due to the deformed pairing, the commutative dual basis dxµ
by h∂ν , dx
f µ . We express
defined by h∂ν , dxµ i = δνµ is not necessarily equal to the deformed dual basis dx
f µ ? ∂?µ Φ in terms of the NC basis. The deformed derivatives ∂?µ are in general
dΦ =: dx
higher derivative operators obtained order by order in the deformation parameter by solving
f µ ? ∂?µ Φ. The hermitian structure in indices reads
dΦ = dxµ ∂µ Φ ≡ dx

(2.7c)
f µ , dx
f ν ? ∂?ν Φ = (∂?µ Φ)∗ ? g µν ? ∂?ν Φ.
H? (dΦ, dΦ) = (∂?µ Φ)∗ ? H? dx
We find for the action (3.1)
Z

1
S? = −
(∂?µ Φ)∗ ? g µν ? ∂?ν Φ + m2 Φ ? Φ ? vol? ,
2

(3.3)

(3.4)

0
1
D−1 , with some function γ satisfying
where
pwe could also write vol? = γ ? dx ∧? dx ∧? · · · ∧? dx
γ = |g|+O(λ) to have a good classical limit. Note that even though the action (3.4) looks quite
familiar and simple, it contains firstly the metric in a nontrivial basis (including ?-products) and
the deformed derivatives ∂?µ , which are higher differential operators. The equation of motion
can be obtained using integration by parts order by order in the deformation parameter. We
do not derive it in detail, since – as we show now – there is a more convenient choice of basis,
leading to a simpler form of the action.
As it was argued in [24] and proven in detail in [25], there is an almost everywhere defined
basis of vector fields {ea } and one-forms {θa } satisfying [ea , eb ] = 0, on which the RJStwist (2.5) acts trivially. By acting trivially we mean that the Lie derivatives along all Xα
vanish, i.e. LXα ea = 0 and LXα θa = 0. This basis is called the natural or nice basis. A similar notion of central bases, called “frames” or “Stehbeins”, has already occurred in [37]. For
the nice basis NC duality is equal to commutative duality, since hea , θb i? = hea , θb i = δab . We
express the metric field in the nice basis g −1 = e∗a ⊗? g ab ? eb = e∗a ⊗ g ab eb and obtain that all
?-products drop out. Furthermore, we can write the derivative of Φ in this basis and obtain
dΦ = θa ?ea (Φ) = θa ea (Φ), where ea (Φ) denotes the vector field action (Lie derivative) on Φ. We
also use the nice basis to write the volume form as vol? = γ?θ1 ∧? θ2 ∧? · · ·∧? θD = γθ1 ∧θ2 ∧· · ·∧θD .
Note that the differential form cnt := θ1 ∧ θ2 ∧ · · · ∧ θD is central, i.e. it ?-commutes with every
function. Assuming the vector fields ea to be real (this is typically the case), the action (3.1)
reads
Z

1 
S? = −
ea (Φ) ? g ab ? eb (Φ) + m2 Φ ? Φ ? γ ? cnt.
2

The obvious advantage of the nice basis compared to (3.4) is that no higher differential operators (such as ∂?µ above) occur. The equation of motion can be calculated by using graded
cyclicity (2.8), integration by parts and that the vector fields ea act trivially on cnt. We obtain
P̃? [Φ] =


1
ea (g ab ? eb (Φ) ? γ) + ea (γ ? eb (Φ) ? g ba ) − m2 (Φ ? γ + γ ? Φ) ? cnt = 0.
2
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We again extract the volume form to the right and obtain the scalar-valued equation of motion

1
P? [Φ] =
ea (g ab ? eb (Φ) ? γ) + ea (γ ? eb (Φ) ? g ba ) − m2 (Φ ? γ + γ ? Φ) ? γ −1? = 0, (3.5)
2
−1?
where γ
is the ?-inverse of γ defined by γ ? γ −1? = γ −1? ? γ = 1.

4

Examples I: Deformed Klein–Gordon operators

In this section we provide examples of deformed Klein–Gordon operators on NC spacetimes,
which solve the NC Einstein equations. For details on solutions of the NC Einstein equations
see [23, 24, 25] and also [26, 27] for related approaches. One of the main results of these papers
is that the NC Einstein equations are solved by the classical metric field, if the twist obeys
certain properties. A sufficient condition is given by
Θαβ Xα ⊗ Xβ ∈ Ξ ⊗ g + g ⊗ Ξ,
where g is the Lie algebra of Killing vector fields of the metric and Ξ are general vector fields.

4.1

Deformed Minkowski spacetime

The simplest model we can consider is the Minkowski spacetime deformed by the Moyal–Weyl
twist (2.3). In this case the nice basis defined above coincides with the coordinate basis in which
the metric takes the form g −1 = ∂µ∗ ⊗ η µν ∂ν , where η µν = diag(−1, 1, 1, 1)µν . The volume form
is given by vol? = dt ∧ dx1 ∧ dx2 ∧ dx3 = cnt and is central. In the language above, the function
relating the volume form to the central form is γ ≡ 1. Evaluating the equation of motion (3.5)
using {ea } = {∂µ } we find
P? [Φ] = η µν ∂µ ∂ν Φ − m2 Φ = 0.
This result agrees with other approaches and shows that the free field on the Moyal–Weyl
deformed Minkowski spacetime is not affected by the deformation.
Let us now consider a model leading to a deformed equation of motion. Consider the RJS
twist (2.5) constructed from the vector fields X1 = ∂t and X2 = xi ∂i , where t is time and xi
are spatial coordinates. This is an example of a Lie algebraic deformation [t ?, xi ] = iλxi . One
possible choice of a nice basis is given by
e1 = ∂t ,

e2 = r∂r ,

e3 = ∂ζ ,

e4 = ∂φ ,

(4.1)

where we introduced spherical coordinates (r, ζ, φ). Note the additional r in e2 and that in
spherical coordinates X2 = r∂r . We have [ea , eb ] = 0 and LXα ea = 0, thus {ea } indeed is a nice
basis as defined in Section 3.2. The dual basis is given by
dr
θ1 = dt,
θ2 = ,
θ3 = dζ,
θ4 = dφ,
(4.2)
r
and is nice, too, i.e. LXα θa = 0. In this basis the inverse metric field is given by g −1 = e∗a ⊗g ab eb ,
ab
where g ab = diag −1, r−2 , r−2 , (r sin ζ)−2 . We express the volume form as vol? = r2 sin ζ dt ∧
dr ∧ dζ ∧ dφ = r3 sin ζ cnt, i.e. γ = r3 sin ζ. Note the additional r in γ arising due to the form
of θ2 . Evaluating all ?-products, the equation of motion (3.5) reads

 1

1
P? [Φ] = − 1 + e−i3λ∂t ∂t2 Φ + m2 Φ + eiλ∂t + e−i4λ∂t 4Φ = 0,
(4.3)
2
2
where 4 = ∂ i ∂i is the spatial Laplacian. For deriving this equation one uses that sin ζ is central
and that for an arbitrary function h ∈ C ∞ (M) and n ∈ Z the following identities hold true
(rn ) ? h = rn e−

inλ
∂t
2

h,

h ? (rn ) = rn e

inλ
∂t
2

h.

(4.4)

We thus obtain a nontrivial scalar field propagation on this deformed Minkowski spacetime.
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Deformed FRW spacetime

In [24] we have studied NC (spatially flat) FRW universes in presence of various twists. Here
we take two simple examples for illustration. We again choose X1 = ∂t and X2 = xi ∂i , leading
to the same nice basis as above (4.1), (4.2). The inverse metric field in this basis is given
ab
by g −1 = e∗a ⊗ g ab eb , where g ab = diag −1, r−2 a(t)−2 , r−2 a(t)−2 , (r sin ζ)−2 a(t)−2
and a(t)
−2
is the scale factor of the universe. Note again the additional r in the “radial” part of the
metric, which arises due to the choice of basis. The volume form reads vol? = a(t)3 r2 sin ζ dt ∧
dr ∧ dζ ∧ dφ = a(t)3 r3 sin ζ cnt, i.e. γ = a(t)3 r3 sin ζ. In the following we restrict ourselves to
a universe which is a slice of de Sitter space, where a(t) = eHt and H is the Hubble constant.
This drastically simplifies the computation of the ?-products and thus of the equation of motion.
However, there are no obstructions in allowing a general scale factor a(t). After a straightforward
calculation we obtain for the equation of motion (3.5)
P? [Φ] = −




1
1
1 + e−i3λD ∂t2 + 3H∂t + m2 Φ + eiλD + e−i4λD e−2Ht 4Φ = 0,
2
2

(4.5)

where D := ∂t − Hr∂r . The following identities are used for deriving this expression
h ? (ar)n = (ar)n e

inλ
D
2

h,

(ar)n ? h = (ar)n e−

inλ
D
2

h,

D(ar)n = 0 ,

which hold for all functions h ∈ C ∞ (M) and n ∈ Z in case a = eHt . Again, the free scalar field
propagating on this spacetime is affected by the NC. Note that for λ = 0 we obtain the usual
equation of motion of a scalar field on de Sitter space and in the limit H → 0 we obtain the
equation of motion on the deformed Minkowski spacetime (4.3).
Next, we consider a model with nontrivial angle-time commutation relations. We choose
X1 = ∂t and X2 = L3 = ∂φ , where L3 denotes the angular momentum generator. As nice basis
for this twist we can simply use the spherical coordinate basis
e1 = ∂t ,

e2 = ∂r ,

e3 = ∂ζ ,

e4 = ∂φ ,

θ2 = dr,

θ3 = dζ,

θ4 = dφ.

and its dual
θ1 = dt,

ab
The inverse metric is g −1 = e∗a ⊗g ab eb , where g ab = diag −1, a(t)−2 , r−2 a(t)−2 , (r sin ζ)−2 a(t)−2 .
The volume form is given by vol? = a(t)3 r2 sin ζ dt ∧ dr ∧ dζ ∧ dφ = a(t)3 r2 sin ζ cnt, i.e. γ =
a(t)3 r2 sin ζ. After a straightforward calculation we obtain for the equation of motion (3.5)
P? [Φ] = −




1
1
1 + ei3λH∂φ ∂t2 + 3H∂t + m2 Φ + e−iλH∂φ + ei4λH∂φ e−2Ht 4Φ = 0. (4.6)
2
2

Again, the free field propagation is deformed. The reason why these models lead to a deformed
propagation, while the Moyal–Weyl deformation of the Minkowski spacetime does not, is the
fact that not all vector fields occurring in the twist are Killing vector fields.

4.3

Deformed Schwarzschild black hole

We briefly study the equation of motion (3.5) on one of the NC Schwarzschild solutions found
in [24]. The choice of vector fields X1 = ∂t and X2 = xi ∂i is particularly interesting for the black
hole, since the corresponding twist (2.5) is then invariant under all classical symmetries, namely
the spatial rotations and time translations. Furthermore, since X2 is not a Killing vector field,
we expect a deformed wave equation. We again use the nice basis (4.1) and its dual (4.2), and
ab
find for the inverse metric field in this basis g ab = diag −Q(r)−1 , Q(r)r−2 , r−2 , (r sin ζ)−2 ,

10

A. Schenkel and C.F. Uhlemann

where Q(r) = 1 − rrs and rs is the Schwarzschild radius. The volume form is vol? = r2 sin ζ dt ∧
dr ∧ dζ ∧ dφ = r3 sin ζ cnt, i.e. γ = r3 sin ζ. Evaluating the equation of motion (3.5) using (4.4)
we find



1
0 = P? [Φ] = − Q−1 ? ∂t2 Φ + e−i3λ∂t ∂t2 Φ ? Q−1 −
2
h


i
1
+ 2 ∂r r2 Q ? (∂r eiλ∂t Φ + ∂r e−i4λ∂t Φ ? Q +
2r


m2
1 + e−i3λ∂t Φ
2

1 iλ∂t
e
+ e−i4λ∂t ∆S 2 Φ,
2
2r

(4.7)

where ∆S 2 = sin ζ −1 ∂ζ sin ζ∂ζ +sin ζ −2 ∂φ2 is the Laplacian on the unit two-sphere S 2 . In addition
to the exponentials of time derivatives, which we also found in the previous examples, there are
the ?-products involving either Q(r) or Q(r)−1 . While the former are easily evaluated, since
Q(r) is a sum of eigenfunctions of the dilation operator r∂r , this is not the case for the latter.
Nevertheless, we can evaluate these products up to the desired order in the deformation parameter λ by using the explicit form of the ?-product (2.4) and calculating the scale derivatives r∂r
of Q−1 .

4.4

Deformed Randall–Sundrum spacetime

We now consider a deformation of the Randall–Sundrum (RS) spacetime, which is a slice of fivedimensional Anti de Sitter space AdS5 , and is obtained as a solution of the classical Einstein
equations with topology R4 × S 1 /Z2 and two branes localized at the orbifold fixed points. For
an attempt to model building utilizing a NC RS spacetime and a discussion of the orbifold
symmetry in the deformed case, see [38]. We employ 5D-coordinates xM = (xµ , y), where xµ
are global coordinates on R4 and y ∈ [0, π], in which the inverse metric is given by
∗
g −1 = ∂M
⊗ g M N ∂N = ∂µ∗ ⊗ e2kRy η µν ∂ν + ∂y∗ ⊗

1
∂y .
R2

Here η µν = diag(−1, 1, 1, 1)µν is the flat metric, R the radius of the extradimension and k
is related to the curvature of the AdS space. The deformation we consider is given by 2N
commuting vector fields Xα defined as follows
µ
X2j−1 = T2j−1
∂µ ,

X2j = ϑ(y)T2jµ ∂µ ,

for j = 1, . . . , N,

(4.8)

where Tαµ are constant and ϑ(y) is a general smooth function. Note that X2j−1 are Killing
vector fields of the RS metric for all j, and therefore the NC Einstein equations are solved for
this model. The RJS-twist (2.5) generated by the vector fields (4.8) leads to the commutation
relations
[xµ ?, xν ] = iϑ(y)Θαβ Tαµ Tβ ν =: iϑ(y)ω µν ,

[xµ ?, y] = 0.

By a suitable choice of Tαµ we can realize the most general constant antisymmetric matrix ω µν .
Let us now move on to field theory on that NC RS background. It turns out that, in contrast
to previous examples, the calculation of the action and equation of motion in the coordinate
basis (3.4) is very simple. Thus, we do not use the nice basis here. The reason is that the
metric coefficients g M N are annihilated by all vector fields Xα , since g M N does not depend
∗ ⊗ g M N ∂ = ∂ ∗ ⊗ g M N ? ∂ . Furthermore, for the volume form
on xµ . This leads to g −1 = ∂M
N
N
M ?
−4kRy
0
1
vol? = e
R dx ∧ dx ∧ dx2 ∧ dx3 ∧ dy we find LXα vol? = 0, for all α. Using this and graded
cyclicity of the integral, we obtain for the NC action (3.4)

Z 
1
1
S? = −
(∂?µ Φ)∗ e2kRy η µν ∂?ν Φ + (∂?y Φ)∗ 2 ∂?y Φ e−4kRy R d4 x dy.
(4.9)
2
R
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We have set the “bulk mass” m2 = 0 for simplicity, and obtain effective mass terms via KaluzaKlein reduction later. The deformed derivatives are calculated by comparing both sides of
dxM ∂M Φ = dxM ? ∂?M Φ and read
∂?µ = ∂µ ,

∂?y

N
X

iλ 0
iλ
µ
= ∂y + ϑ (y)
T2j−1
T2jν ∂µ ∂ν =: ∂y + ϑ0 (y)T ,
2
2

(4.10)

j=1

where ϑ0 denotes the derivative of ϑ. Note that this result is exact, i.e. it holds to all orders
in λ. Inserting (4.10) into (4.9) we obtain

Z 
1
1
λ2 0 2
∂µ Φ e2kRy η µν ∂ν Φ + 2 ∂y Φ∂y Φ +
S? = −
ϑ
(y)
T
Φ
T
Φ
e−4kRy R d4 x dy .
2
R
4R2
We now turn to the Kaluza–Klein (KK) reduction of this action. We make the KK-ansatz
∞
P
Φ(xµ , y) =
Φn (xµ ) tn (y), where Φn are the effective four-dimensional fields and {tn } is
n=0

a complete set of eigenfunctions of the mass operator Ô = −R−2 e2kRy ∂y e−4kRy ∂y satisfying
Neumann or Dirichlet boundary conditions.R The eigenfunctions {tn } are orthonormal with
π
respect to the standard scalar product, i.e. 0 dy R e−2kRy tn tm = δnm . We obtain for the KK
reduced action
!
∞ Z
∞
X
1X
S? = −
∂µ Φn η µν ∂ν Φn + Mn2 Φ2n + λ2
Cnm T Φn T Φm d4 x,
(4.11)
2
n=0

m=0

where the masses Mn2 and the couplings Cnm are given by
Ôtn =

Mn2 tn ,

Zπ
Cnm =

dy

ϑ0 (y)2 −4kRy
e
tn (y)tm (y).
4R

0

Thus, for the NC RS spacetime we find the standard effective 4D theory as obtained in the
RS scenario, but with additional Lorentz violating operators. As an aside, note that in case
ϑ(y) ∼ ekRy , which is one of the choices motivated in [38] from a different perspective, the
Lorentz violating operators are diagonal in the KK number. The corresponding equations of
motion for the Φn are derived easily from (4.11), so we do not provide them explicitly.
An interesting observation [39] is that we can, as a special case of (4.8), obtain a deformation
which yields a z = 2 anisotropic propagator (in the sense of [40]) for the scalar field and does
µ
= δjµ , T2jµ = δjµ ,
not affect local potentials. To this end, we specialize (4.8) to N = 3 and T2j−1
resulting in T = ∂ i ∂i = 4. Choosing ϑ(y) such that Cnm = Cn δnm is diagonal, we obtain
propagator denominators of the form
E 2 − k2 − λ2 Cn k4 − Mn2 ,

(4.12)

for all individual KK-modes. It is known that propagators of this kind improve the quantum
behavior of interacting field theories, see e.g. [40, 39]. The problem of unitary ghosts, which
typically arises in Lorentz invariant higher derivative theories, is not present in our model since
there time derivatives remain quadratic and only higher spatial derivatives occur.

5

Perturbative approach to deformed Green’s functions

In this section we provide an explicit formula for the retarded and advanced Green’s functions
of the deformed equation of motion (3.2), see also (3.5) for an expression in terms of the nice
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basis. We always assume the classical spacetime obtained by setting λ = 0 to be “well-behaved”
(mathematically speaking this means globally hyperbolic, time oriented and connected). Green’s
functions are not only of interest in classical field theory, but they also enter the definition of
the canonical commutator
function of QFT, which in commutative QFT reads [Φ(x), Φ(y)] =

˜ + (x, y) − ∆
˜ − (x, y) , where ∆
˜ ± (x, y) denotes the retarded/advanced Green’s function.
i ∆
To introduce a convenient notation, we consider a classical equation of motion operator P ,
e.g. a d’Alembert or Klein–Gordon operator. In physics literature, the Green’s functions of P are
˜ ± (x, y) =
˜ ± (x, y) = δ(x, y) and Py ∆
˜ ± (x, y) satisfying Px ∆
typically defined as bi-distributions ∆
δ(x, y), where the labels x and y denoteR the coordinates P acts on and δ(x, y) is the (covariant) Dirac delta-function satisfying voly δ(x, y)h(y) = h(x), for all test-functions h ∈
C0∞ (M). Furthermore, causality is used to distinguish between advanced and retarded. The
retarded/advanced solution ψ± of the inhomogeneous problem P [ψ± ] = ϕ, where ϕ denotes a
source of compact support, is
R then obtained as the convolution of the Green’s function and the
˜ ± (x, y)ϕ(y). In NC geometry it is convenient to work with
source, i.e. ψ± = ∆± [ϕ] := voly ∆
˜ ± (x, y). The defining
the Green’s operators ∆± defined above, instead of their integral kernels ∆
˜ ± (x, y) = δ(x, y) and Py ∆
˜ ± (x, y) = δ(x, y) of the Green’s functions translate for
conditions Px ∆
the Green’s operators to P [∆± [ϕ]] = ϕ and ∆± [P [ϕ]] = ϕ, for all ϕ ∈ C0∞ (M).
∞
P
In the NC case, we demand the deformed Green’s operators ∆?± =
λn ∆(n)± to fulfil
n=0

P? [∆?± [ϕ]] = ∆?± [P? [ϕ]] = ϕ,
for all functions ϕ with compact support. We have proven in [31] that the deformed Green’s
operators exist and also satisfy the following causality condition
supp(∆(n)± [ϕ]) ⊆ J± (supp(ϕ)),

(5.1)

for all n and functions ϕ with compact support, where J± (A) is the causal future/past of
a spacetime region A w.r.t. the classical metric g|λ=0 . Note that (5.1) implies that the deformed
propagation is compatible with classical causality as determined by g|λ=0 . For mathematical
details we refer to the original work.
Additionally to the existence and uniqueness of the Green’s operators, we have provided an
explicit formula for calculating the NC corrections ∆(n)± for n > 0 in terms of the classical
∞
P
λn P(n) .
Green’s operators ∆± := ∆(0)± and the deformed equation of motion operator P? =
n=0

Similar to standard perturbation theory, the NC corrections are given by composing the classical
Green’s operators with the NC corrections of the equation of motion, precisely:
∆(n)± =

n X
n
X
k=1 j1 =1

···

n
X

(−1)k δj1 +···+jk ,n ∆± ◦ P(j1 ) ◦ ∆± ◦ P(j2 ) ◦ · · · ◦ P(jk ) ◦ ∆± ,

(5.2)

jk =1

where δn,m is the Kronecker-delta and ◦ denotes the composition of operators, i.e. (A ◦ B)[ϕ] :=
A[B[ϕ]] for two operators A, B (maps from functions to functions). Note that the composition
of operators (5.2) might require an infrared regularization in order to be mathematically well
defined. This can be achieved for example by introducing cutoff functions c(n) ∈ C0∞ (M) of
compact support and replacing P(n) by the regularized operators c(n) P(n) , or by regularizing
the twist (2.5) by choosing vector fields of compact support. This is very similar to standard
perturbative QFT, where all “coupling constants” have to be introduced as functions of compact
support in order to formulate a well defined perturbation theory. After the calculation of physical
observables, one has to prove that the adiabatic limit c(n) → 1 exists, at least for all physical
quantities.
The expression (5.2) for the NC corrections to the Green’s operators can be reformulated in
a diagrammatic language as follows:
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• to the classical retarded/advanced Green’s operator there corresponds a line
• to each NC correction of the equation of motion operator P(n) , n > 0, there corresponds
a vertex labeled by n
The NC retarded/advanced Green’s operator can then be represented graphically as shown in
Fig. 1.

=

− λ
−λ

3



3

1
−

− λ
1

2



2

−

2
−

2

1

1
+



1
1

1

1



+ O(λ4 )

Figure 1. Diagrammatic representation of the NC retarded/advanced Green’s operator (double line) in
terms of the commutative retarded/advanced Green’s operator (single line) and the NC corrections to
the equation of motion P(n) (vertices labeled by n).

6

Examples II: Deformed Green’s functions

In this section we derive the leading NC corrections to the Green’s operators of the NC Klein–
Gordon operators studied in Section 4. For the deformed Randall–Sundrum spacetime, the
derivation of the Green’s functions from (4.11) is straightforward, see (4.12) for a particular
choice of deformation. We study the remaining examples in this section. The focus is on the
illustration of the formalism, but the results of this section can also be useful for phenomenological studies of (quantum) field theories on curved NC spacetimes, e.g. for NC cosmology or
black hole physics.

6.1

Deformed Minkowski spacetime

We start with the simplest nontrivial example given by the equation of motion operator (4.3)
on the κ-type deformed Minkowski spacetime. Even though this equation of motion operator
can be diagonalized using plane waves, we use the perturbative expansion (see Fig. 1) in order
to illustrate the formalism.
The leading NC corrections of the equation of motion operator (4.3) are given by

3i
3i
∂t ∂t2 − 4 + m2 = − ∂t ◦ P(0) ,
2
2
9 2
2
= − ∂t ◦ P(0) − 2 ∂t ◦ 4.
4

P(1) =
P(2)

Note that the order λ1 correction is imaginary. This does not violate the reality of our field
theory since the equation of motion operator resulting from the action P̃? [Φ] = P? [Φ] ? vol? is
indeed real, but regarded as a top-form. It has been shown in [31] how to construct the space
of real solutions of such deformed wave operators.
We calculate the corrections to the Green’s operators using Fig. 1, and find
∆(1)± = −∆± ◦ P(1) ◦ ∆± =
∆(2)± = 2∆± ◦ ∂t2 ◦ 4 ◦ ∆± ,

3i
3i
∆± ◦ ∂t ◦ P(0) ◦ ∆± = ∆± ◦ ∂t ,
2
2

(6.1a)
(6.1b)

where we have used P(0) ◦∆± = id, which results from the very definition of the Green’s operator.
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˜ ?± (x, y), i.e. the integral kernels of the operators
Next, we extract the NC Green’s functions ∆
∆?± defined by
Z
˜ ?± (x, y)ϕ(y)voly ,
∆?± [ϕ](x) =: ∆
for all functions ϕ of compact support. Using (6.1) and integration by parts we find
Z
3iλ
2
˜
˜
˜
˜ ± (x, z)∂t2 4z ∆
˜ ± (z, y)d4 z + O(λ3 ). (6.2)
∆?± (x, y) = ∆± (x, y) −
∂t ∆± (x, y) + 2λ ∆
z
2 y
˜ (2)± , can be evaluated explicitly using the momentum space
The integral in the order-λ2 part, ∆
representation of the classical Green’s functions4 . It turns out that this integral does not require
an infrared regularization and we obtain


Z
sin(Ep tz )
d3 p −ipz 2
˜
e
p tz cos(Ep tz ) +
,
∆(2)± (x, y) = ∓Θ (±tz )
(2π)3
Ep
p
where Ep = p2 + m2 , tz = tx − ty , z = x − y and Θ is the Heaviside step-function. For
a massless field the remaining Fourier transformation is easily performed and one finds that the
˜ (2)± is, as expected, on the forward/backward lightcone. Since the
support of the correction ∆
explicit formula is not very instructive we do not include it here.
˜ ?± (x, y) are not real. This can be understood
Note that the deformed Green’s functions ∆
from the fact that the scalar-valued wave operator is not real, thus leading to complex Green’s
functions. The sources to be considered physical are those leading to real solutions of the
inhomogeneous problem P? [ψ] = ϕ. Multiplying both sides with the volume form vol? from the
right we find P̃? [ψ] = P? [ψ] ? vol? = ϕ ? vol? . Thus, the physical sources ϕ have to obey the
top-form reality condition (ϕ ? vol? )∗ = ϕ ? vol? , which in general implies ϕ∗ 6= ϕ if the volume
form is not central.
Applying the Green’s operators to physicalPsources we find no nontrivial corrections at order λ1 . This is because a physical source ϕ = λn ϕ(n) has to fulfil (ϕ ? vol? )∗ = ϕ ? vol? , which
implies in our particular model ϕ∗(0) = ϕ(0) and Im(ϕ(1) ) = − 32 ∂t ϕ(0) . Thus, we obtain


3iλ
∆?± [ϕ] = ∆± ϕ(0) + λϕ(1) +
∂t ϕ(0) + O(λ2 ) = ∆± [ϕ(0) + λRe(ϕ(1) )] + O(λ2 ).
2

6.2

Deformed FRW spacetime

We derive the second-order corrections to the Green’s operators for the NC de Sitter universes
discussed in Section 4.2. Since the wave operators of both models are quite similar in their
structure, see (4.5) and (4.6), we derive the corrections for the first model and can obtain the
corrections for the second model by replacing D → −H∂φ . Similar to the Minkowski model
discussed before, the first nontrivial NC correction to the Green’s operators acting on physical
sources is of order λ2 . The leading NC corrections of the wave operator (4.5) read
P(1) = −

3i
D ◦ P(0) ,
2


9
P(2) = − D2 ◦ P(0) − 2D2 ◦ e−2Ht 4 .
4

Via Fig. 1 this leads to the following NC corrections to the Green’s operators
∆(1)± =
4

3i
∆± ◦ D,
2


∆(2)± = 2∆± ◦ D2 ◦ e−2Ht 4 ◦ ∆± .

˜ ± (x, y) = lim
We use the standard convention ∆

→0+

R

d4 p −ip(x−y)
e
(2π)4

(p0 ± i)2 − p2 − m2

−1

.
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˜ ?± (x, y) can be obtained by integration by parts and reads
The NC integral kernel ∆
˜ ?± (x, y) = ∆
˜ ± (x, y) − 3iλ Dy ∆
˜ ± (x, y)
∆
2
Z
2
˜ ± (z, y)volz + O(λ3 ).
˜ ± (x, z)Dz2 e−2Htz 4z ∆
∆
+ 2λ
This shows that the corrections have a similar structure to the Minkowski case (6.2). The
explicit evaluation of the integral in the order-λ2 part and the investigation of its IR regulator
(in)dependence is beyond the scope of this work.

6.3

Deformed Schwarzschild black hole

We derive for completeness the second-order corrections to the Green’s operators for the NC
Schwarzschild spacetime discussed in Section 4.3. The leading NC corrections of the equation
of motion operator (4.7) read
3i
∂t ◦ P(0) ,
2
9
9
= − ∂t2 ◦ P(0) − 2∂t2 ◦ 4bh + B1 + B2 =: − ∂t2 ◦ P(0) + Pb(2) ,
4
4

P(1) = −
P(2)

where the spatial Laplacian 4bh and the differential operators B1 and B2 are defined by

1
1
∂r r2 Q(r)∂r ϕ + 2 4S 2 ϕ,
2
r
r
1 rs 
rs  4
B1 [ϕ] :=
7
−
5
∂t ϕ,
8Q(r)3 r
r

11rs
B2 [ϕ] :=
∂r r∂r ∂t2 ϕ .
2
8r
4bh [ϕ] :=

Via Fig. 1 this leads to the following NC corrections to the Green’s operators
3i
∆± ◦ ∂t ,
2

= ∆± ◦ 2∂t2 ◦ 4bh − B1 − B2 ◦ ∆± = −∆± ◦ Pb(2) ◦ ∆± .

∆(1)± =
∆(2)±

˜ ?± (x, y) can be obtained by integration by parts and reads
The NC integral kernel ∆
Z
3iλ
2
˜
˜ ± (x, z)Pb(2)z ∆
˜ ± (z, y)volz + O(λ3 ).
˜
˜
∆?± (x, y) = ∆± (x, y) −
∂t ∆± (x, y) − λ
∆
2 y
Again, we do not evaluate the integral in the order-λ2 part explicitly. The calculation might
be simplified drastically if one considers a two-dimensional reduction of the black hole by only
taking into account the isotropic modes (with spherical harmonic Y00 (ζ, φ)).

7

Conclusions and outlook

In this article we have investigated classical scalar field theories on curved NC spacetimes,
with the NC deformations given by a large class of Drinfel’d twists. Our models in particular include position dependent NC. We have shown how to construct a deformed action for
a real scalar field and how to derive the corresponding equation of motion in both, a geometric (global) and a coordinate-based (local) approach. Subsequently, we have provided explicit
examples of deformed Klein–Gordon operators on NC Minkowski, de Sitter, Schwarzschild and
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Randall–Sundrum spacetimes. Our deformed background spacetimes are chosen such that the
NC Einstein equations of Wess et al. [6, 7] are solved exactly. We have then discussed the
construction of the deformed Green’s operators corresponding to the deformed wave operators
and provided a diagrammatic formalism for their perturbative calculation. The formalism has
been applied to field theory on NC Minkowski, de Sitter and Schwarzschild spacetimes in order
to study the second-order correction to the advanced and retarded Green’s functions.
This work is restricted to the level of classical field theory, since the construction of physical
quantum states in the formalism [31] has not been achieved yet. Nevertheless, the perturbative
construction of Green’s functions discussed in the present paper can be used to construct the
algebras of the corresponding QFT, since the canonical commutation relations are determined
by the Green’s functions [31]. Once the construction of quantum states in our NC QFT is
understood, the results obtained here can be applied in order to study NC effects in primordial
power-spectra of scalar fields and NC effects in the vicinity of Schwarzschild black holes. For
the construction of quantum states the approach of [41] might prove to be helpful.
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