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Introduction

Noncommutative geometry (see for the example the book [1]) can play some role in fundamental physics. When considering field theory on noncommutative Moyal space, the Grosse–
Wulkenhaar model [2] was a first proposition for a renormalizable scalar model. Let us also
mention the absence of the Landau ghost in this model [3] (in contrast to commutative φ4
theory). Nevertheless, the Grosse–Wulkenhaar model has an important drawback: it is not
translation-invariant.
Recently, a translation-invariant scalar model was proposed and also proved renormalizable
on Moyal space [4]. The main idea is to consider the model modified by its own quantum
corrections (which are translation-invariant, unlike the Grosse–Wulkenhaar harmonic oscillator
term).
On a general basis, let us emphasize that noncommutative quantum field theories (for a general review, see for example [5]) can be interpreted as limits of matrix models or of string theory
models. The first use of noncommutative geometry in string theory was in the formulation of
open string theory [6]. Noncommutativity is here natural just because an open string has two
ends and an interaction which involves two strings joining at their end points shares all the
formal similarities to noncommutative matrix multiplication. In this context, one also has the
Seiberg–Witten map [7], which maps the noncommutative vector potential to a conventional
Yang–Mills vector potential, explicitly exhibiting the equivalence between these two classes of
theories.
But probably the simplest context in which noncommutativity arises is in a limit in which
a large background antisymmetric tensor potential dominates the background metric. In this
?

This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is
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limit, the world-volume theories of Dirichlet branes become noncommutative [8, 9]. Noncommutativity was also recently proved to arise as some limit of loop quantum gravity models. There,
the effective dynamics of matter fields coupled to 3-dimensional quantum gravity is described
after integration over the gravitational degrees of freedom by some noncommutative quantum
field theory [10]. In a different context, some 3-dimensional noncommutative space emerging in
the context of 3-dimensional Euclidean quantum gravity was also studied in [11].
In condensed matter physics, noncommutative theories can be of particular interest when
describing effective nonlocal interactions, as is the case, for example, of the fractional quantum
Hall effect. Different authors proposed that a good description of this phenomenon can be
obtained using noncommutative rank 1 Chern–Simons theory [12].
This review presents the translation-invariant model [4] as well as some general ideas behind
this nonlocal renormalizability. The review is structured as follows. In the next section the
mathematical setting, namely the Moyal space, is presented. The third section exposes the
issue of the UV/IR mixing. The fourth section presents the translation-invariant model and
some general considerations on the associated Feynman rules and perturbative renormalizability.
The fifth section shows some explicit calculation of Feynman integrals. A rough sketch of the
renormalization proof and some details on a possible mechanism for taking the commutative
limit are also given. Some further field theoretical implementations are then briefly listed in the
sixth section. The last section presents perspectives for generalizing these nonlocal techniques
for quantum group field theory, a new attempt for writing a quantum theory of gravitation.

2

Mathematical framework – the Moyal space;
implementation of f ield theory

The Moyal algebra is the linear space of smooth and rapidly decreasing functions S(RD ) equipped
with the Moyal product
Z
(φ ? ψ)(x) =



dD k D
1
d
y
φ
x
+
Θ
·
k
ψ(x + y)eik·y ,
(2π)D
2

∀ φ, ψ,

(2.1)

where the noncommutative matrix Θ has the block-diagonal form


Θ2 0 . . .


0 −θ


.
..
Θ=
Θ2 =
.
,
θ 0
0 . . . Θ2
Let us remark that this product is manifestly nonlocal, noncommutative but associative.
Taking the limit θ → 0, the integral on k in the definition (2.1) leads to a δ-distribution of y
and one obtains the commutative product of the respective functions.
One can extend by duality (considering the product of a tempered distribution with
a Schwartz-class function) the algebra defined above to contain amongst others, the identity, the
polynomials, the δ-distribution and its derivatives. In this larger space, the following identity
holds:
[xµ , xν ]? = xµ ? xν − xν ? xµ = iΘµν .
This relation is sometimes given as the defining relation of the Moyal space.
When implementing field theories on such a noncommutative space, the most common way
is to simply replace the usual multiplication of fields by the noncommutative Moyal multiplication (2.1). Nevertheless, let us emphasize that this is equivalent to the implementation of
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noncommutativity through the use of ordinary products in the noncommutative C? -algebra of
Weyl operators (see for example [5]).
To end this section we briefly address the question of the choice of Moyal noncommutative
geometry. This particular product has the advantage of being a simple one (given by a constant parameter θ, a deformation of the product of the commutative C? -algebra of functions on
space-time). Involved calculation can thus be explicitly performed. Moreover, when considering
noncommutativity as a limit of string theory in a large background antisymmetric tensor, it is
a Moyal-like geometry that is obtained.
The action for the Euclidean φ4 model on the Moyal space thus writes (in position space):
Z
S[φ] =


1
1 2 ?2 λ ?4
µ
.
d x ∂µ φ ? ∂ φ + m φ + φ
2
2
4!
4



(2.2)

In momentum space, this action becomes


Z
1
1 2 ?2 λ ?
4
µ
S[φ] = d p pµ φ ? p φ + m φ + V [φ] ,
2
2
4!
where V [φ] is the corresponding potential.
Let us now investigate what the consequences are of the use of the Moyal product (2.1) in
the action above. At the level of the kinetic part, using the definition (2.1), one obtains the
following general identity:
Z
Z
4
d x(φ ? ψ)(x) = d4 xφ(x)ψ(x),
∀ φ, ψ.
This means that the propagation of the theory (2.2) is not affected by noncommutativity: it
remains identical to the one of the corresponding commutative model. This affirmation is true
on an Euclidean space (which is the case treated here). Let us note that, when considering
Minkowskian theories with noncommutative time, the concept of time-ordering has to be generalized (see for example [13]).
Nevertheless, at the level of the interaction term, things change in a crucial manner. Thus,
again through a direct use of the definition (2.1) of the Moyal product, one can prove
Z

4

?4

d xφ (x) =

Z Y
4

d4 xi φ(xi )δ(x1 − x2 + x3 − x4 )ei(x1 −x2 )∧(x3 −x4 ) ,

(2.3)

i=1

where x ∧ y = 2xΘ−1 y.
One thus has a manifestly nonlocal, parallelogram-shaped interaction. The oscillation factor
above is proportional to the area of the respective parallelogram. Another important consequence of the utilization of the Moyal product is that, if in a commutative model the interaction
is symmetric under permutation of the incoming/outgoing fields, now the interaction is symmetric only under cyclical permutation.
For the sake of completeness, we end this section by stating that some notions of noncommutative ε-graded connections were introduced and applied to Moyal space in [14].

3

The UV/IR mixing

When doing perturbation theory, the action (2.2) leads to the appearance of a new type of
divergence – the UV/IR mixing [16]. This can be understood when computing the planar
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Figure 1. A tadpole graph in noncommutative quantum field theory.

irregular1 tadpole (see Fig. 1) amplitude:
Z
λ

µν

eıqµ Θ pν
d q 2
.
q + m2
4

(3.1)

Because of the presence of the Moyal oscillating factor, this amplitude is now convergent. It
computes to
s
p

λ
m2
2 (Θ · p)2 .
K
m
1
4π 2 (Θ · p)2
In the IR regime of the momentum p, this behaves like
1
θ 2 p2

.

The same type of behavior was proved at any order in perturbation theory in [15], for a planar
irregular 2-point graph.
When inserting such a graph into some “bigger” graph, the resulting graph will be nonplanar.
The external momentum p becomes internal and one has to integrate on. This leads to the
appearance of a divergence in the IR regime of p – the UV/IR mixing. This name is a translation
of the fact that one has an IR divergence in p after one has integrated over the UV regime of k.
Such a divergence is manifestly nonlocal and it appears at the level of the 2-point function.
If the theory was renormalizable, it should be absorbed in a redefinition of the parameters of
the quadratic part of the action (i.e. the mass or the wave function). But, as already stated
above, the quadratic part of the action is local and such a redefinition cannot be achieved; this
leads to the non-renormalizability of the model (2.2)! Furthermore, this is not a peculiarity of
scalar models, but rather a general feature for field theories on Moyal space (see again [16]).
The same type of divergence appears for quantum field theories implemented with other type
of translation-invariant ?-products as well (like for example the Wick–Voros product) [17].
Let us end this section by stating that the issue of UV/IR mixing has also been studied from
a different point of view, in terms of (emergent) gravity, see for example [18].

4

Translation-invariant renormalizable model;
consideration on renormalizability

4.1

The model; Feynman rules

As already stated in the Introduction, the first model proved renormalizable on Moyal space was
the Grosse–Wulkenhaar model [2], whose propagator is modified by a harmonic oscillator term.
1

We denote by irregular the graphs for which the external legs “break” more then just one of the faces of the
graph, see for example [4] for details.
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This additional term restores at the level of the whole action the symmetry between position
and momentum – the Langmann–Szabo invariance [19]:
Z
1 Ω2 2 2
∆SGW [Φ(x)] = d4 x
x Φ .
(4.1)
2 θ2
This formalism can be extended to scalar field theories defined on noncommutative Minkowski
space [20].
Symmetries of the Euclidean theory above were extensively investigated in [21]. The classical
action is invariant under the orthogonal group if this group acts also on the symplectic structure.
It was found that the invariance under the orthogonal group can be restored also at the quantum
level by restricting the symplectic structures to a particular orbit.
Another model of this type is the Langmann–Szabo–Zarembo model [22], a model of a noncommutative scalar in an external background magnetic field. Several field theoretical or algebraic geometrical tools have then been implemented for these types of model (see [23, 24, 25, 26,
27, 28, 29, 30] and references within).
As already stated above, a different proposition for a renormalizable model was recently made
in [4]. The main idea behind this proposition is to write an action where the propagation is
modified to take into account its own quantum corrections; thus, the action writes (in momentum
space)


Z
1
1 2
1 1
λ ?
4
µ
Sθ [φ] = d p
pµ φp φ + m φφ + a 2 2 φφ + V
.
(4.2)
2
2
2 θ p
4!
where a is some dimensionless parameter, which is free to flow under renormalization group
(just as the parameter Ω in (4.1) was). The propagator is
C(p, m, θ) =

1
p 2 + m2 +

a
θ2 p2

.

(4.3)

Let us also specify that the vertex contribution in an arbitrary Feynman amplitude is the
usual Moyal one; in momentum space this writes:
δ(p1 + · · · + p4 )e−ı

P

i<j

ν
pµ
i Θµν pj

.

The δ function corresponds to the usual momentum conservation at the vertex (supposing here
that all momenta are incoming), while the oscillating phase above is a pure consequence of the
presence of noncommutativity. This formula represents the Fourier transform of the positionspace vertex contribution (2.3).
Let us end this subsection by emphasizing that the proposed model thus changes only the
propagator but not the vertex contribution to an arbitrary Feynman amplitude. This characteristic is also present in the Grosse–Wulkenhaar model.

4.2

Mixing of scales – key of noncommutative renormalization

The key of noncommutative renormalization (in the Grosse–Wulkenhaar case or in the case of
the model (4.2)) is the mixing of scales. The renormalization group scales are given by the
inverse of the propagator. Thus, in a commutative theory, this inverse is simply p2 and for high
values of p2 one speaks of the UV regime, while for small values of p2 one speaks of the IR
regime.
In renormalizable theories on Moyal space, these scales are not so easy to define because they
are mixed. Thus, the inverse of the propagator (4.3) is p2 + θ2ap2 and this function is big for both
big and small values of the momentum p. The value of p which minimizes this expression is
r
a
p=
.
θ2
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One can thus speak in this sense of some kind of mixing of the UV and IR scales, just as
it happens when computing Feynman amplitudes (see the previous section). Furthermore, this
could be interpreted as some kind of RG flow from the extremum (big or small) to the “medium”.
A similar phenomena happens also for the Grosse–Wulkenhaar model, where, as already
stated above, instead of the 1/p2 term one has some harmonic oscillator term. From the point
of view of the scale decomposition discussed here, the two terms are similar, since x2 is big/small
for small/big value of p.
We thus conclude that, even if locality is lost when uplifting to a noncommutative setting,
renormalizability can still be achieved. A new type of principle which underlies this, is the socalled principle of “Moyality”. This can be understood by the fact that nonlocal (but however
Moyal-like) counterterms (of the same form as the terms in the bare action) are required to cure
the perturbative divergences
Let us give some further explanation of the principle of “Moyality” in position space. In
commutative theories the divergences are local; this is consistent to the fact that the terms in
the bare action are local as well – the physical principle of locality. In Moyal field theories the
divergences are nonlocal, but they appear however when the external positions form a parallelogram. This is again consistent with the form of the bare interaction (2.3). Thus the physical
principle of locality described above is generalized in a natural manner to the one of “Moyality”.
The interested reader may report himself to [31] or [32] for a more general discussion on this
generalization.
For the sake of completeness, let us also state that comments on nonlocality versus Wilsonian
renormalization were made in [33].

5

Feynman calculations; insights on the renormalizability proof
and on the commutative limit

In this section we give some calculational details, using the example of the planar irregular
tadpole graph of Fig. 1 and a more involved example which illustrates the way in which the
UV/IR mixing is cured.
Let us first notice that the propagator (4.3) decomposes for a < θ2 m4 /4 as
1
1
a
− 2
2
2
2
2
2
+m
p + m θ p (p + m2 ) + a
1
1
a
= 2
−
,
p + m2 p2 + m2 θ2 (p2 + m21 )(p2 + m22 )

C(p, m, θ) =

p2

where −m21 and −m22 are the roots of the denominator of the second term in the first line of the
RHS, considered as a second order equation in p2 , namely
√
−θ2 m2 ± θ4 m4 − 4θ2 a
< 0.
2θ2
Thus the Feynman amplitude of the tadpole graph of Fig. 1 writes
!
Z
1
a
1
µν
λ d4 qeıqµ Θ pν
−
.
Q
q 2 + m2 θ2 (q 2 + m2 ) 2i=1 (q 2 + m2i )

(5.1)

The first term above is nothing but the one of (3.1) thus leading to a behavior of type p12 . By
a simple power counting argument, one can prove that the second term in (5.1) is convergent.
Thus, this tadpole has the same type of divergence as in the case of the model (2.2). Nevertheless,
in the case of the theory (4.2), this divergence can now be a priori absorbed in a redefinition of
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q
K

k
Figure 2. A nonplanar graph obtained from the insertions of several planar irregular tadpole graphs
like the one of Fig. 1. In the model (2.2) this graph is IR divergent, while in the modified model (4.2),
this graph is IR convergent, because of the presence of the 1/p2 term in the propagator.

the parameter a; this was not the case for the theory (2.2). Note the same type of result can be
obtained for any value of the parameter a (see for example [4]).
Let us now investigate the behavior of the Feynman amplitude of the more general graph
obtained from inserting a chain of N planar irregular tadpoles in the 1-loop 4-point planar
regular graph (see Fig. 2). We denote the internal momenta circulating the N tadpole graphs
by pi , i = 1, . . . , N . The integral to investigate writes
Z

µ

N
Y

ν

eıpi Θµν q
d4 q
d 4 pi 2
pi + m2 + θ2ap2
i=1

1
2
q + m2 +

i

!N +1
a
θ2 q2

(q −

K)2

1
+ m2 +

a
θ2 (q−K)2

.

(5.2)

Let us now have a closer look at the structure of the divergences of this general integral. When
performing the integrations in the momenta pi (i = 1, . . . , N ) and placing ourselves in the IR
regime of the momentum q, each of these integrals leads to a 1/(θ2 q 2 ) behavior (as proved
above). The integral (5.2) thus becomes
Z

4



d q

1
θ2 q2

N

1
q 2 + m2 +

!N +1
a
θ2 q2

1
(q − K)2 + m2 +

a
θ2 (q−K)2

.

Note that if a = 0 this integral is IR divergent for N > 1 (for N = 1 the mass m prevents the
divergence to appear). Nevertheless, if a 6= 0, in the IR regime of q the dominant term is the
a/θ2 q 2 in the propagators and the integral leads to an IR finite behavior.
After these examples, let us now give a rough sketch of the renormalizability proof. The
method used in [4] to prove this is the multi-scale analysis within the BPHZ renormalization
scheme.
Let us recall here the following table summarizing the renormalization of the model compared
to the “one” of the model (2.2) (which is not renormalizable):

planar reg
planar irreg

model (2.2)
2P
4P
ren
ren
UV/IR
log UV/IR

Grosse–Wulkenhaar model
2P
4P
ren
ren
conv
conv

nonplanar

IR div

conv

IR div

conv

model (4.2)
2P
4P
ren
ren
finite
conv
ren
conv
conv

where “ren” means renormalizable, “conv” (resp. “div”) means convergent (resp. divergent),
“reg” (resp. “irreg”) means regular (resp. irregular). Furthermore, “2P” and resp. “4P” mean
2-point and resp. 4-point Feynman graphs. We deal with them here because these are the graphs
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indicated to be primitively divergent by the power counting theorem proved in [4]. A similar
power counting result was proved by a different method – the parametric representation – in [34].
Let us now present the main idea of the mechanism presented in [15] for obtaining the
commutative limit of the model (4.2). Note that the new term in the action has a divergent,
“naive” limit when θ → 0. This feature is also present in the Grosse–Wulkenhaar model.
The strength of the mechanism proposed in [15] comes from the fact that the new term is
directly dictated by the quantum correction of the propagator (at any loop order, as proved
in [15]). When letting θ → 0 in this type of Feynman amplitude, one obtains the usual wave
function and mass renormalization of commutative φ4 theory. Hence, when θ is turned off, the
1/(θ2 p2 ) must not be present. One splits the usual mass and wave function counterterms (in the
commutative φ4 theory) into two parts. The first is again a mass and wave function counterterm
corresponding to the planar irregular graphs (present when θ → 0) and the second part is the a
counterterm (present only when θ 6= 0). Taking all this into account, in [15] was proposed the
following action with ultraviolet cutoff Λ

Z
1
1
λ
1
1
4
SΛ,θ [φ] = d p η −1 (p/Λ)p2 φ2 + m2 φ2 + Vθ + δZ 0 p2 φ2 + δZ 00 (1 − T (Λ, θ))p2 φ2
2
2
4!
2
2
1
1
1
1
1 1
+ δm0 φ2 + δm00 φ2 (1 − T (Λ, θ)) + δa 2 2 φ2 T (Λ, θ) + a 2 2 φ2 T (Λ, θ)
2
2
2 θ p
2 θ p

1
δλ0
δλ00
+ δm000 φ2 (1 − T (Λ, θ)) +
(1 − T (Λ, θ))Vθ +
T (Λ, θ)Vθ ,
2
4!
4!
where we have written the counterterms associated to (4.2). The cutoff Λ is some ultraviolet
scale with the dimension of a momentum. The function η −1 (p/Λ) is a standard momentum-space
ultraviolet cutoff which truncates momenta higher than Λ in the propagator (4.3). For that η(p)
could be a fixed smooth function with compact support interpolating smoothly between value 1
for |p/µ| ≤ 1/2 and 0 for |p/µ| ≥ 1. Furthermore T (Λ, θ) is some smooth function satisfying the
following conditions:
lim T (Λ, θ)

θ→0

1
= 0,
θ2

lim T (Λ, θ) = 1.

Λ→∞

There are of course infinitely many functions which satisfy these conditions, for instance a possibility is
6 θ3

T (Λ, θ) = 1 − e−Λ

(where the factor in the exponential has been chosen to be dimensionless). The interested reader
may report himself to [15] for details.

6

Further f ield theoretical developments

The model presented in the previous sections is the first model on Moyal space which is both
renormalizable and translation-invariant. Moreover, the modified propagator (4.3) appears independently in recent work on non-Abelian gauge theory in the context of the Gribov–Zwanziger
result [35]. Within a different framework, the same type of noncommutative propagator was
studied from a phenomenological point of view in relation to the CMB [36]. The static potential
in such a framework was also computed in [37].
The beta-functions of the noncommutative model (4.2) were calculated in [31]. Moreover,
as already stated above, the parametric representation of this model was implemented in [34].
Using this method, the explicit dependence of the superficial degree of divergence on the graph
genus can be computed.
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The combinatorial properties of the polynomials of the parametric representation of the
model (4.2) were extensively investigated in [38]. A proof of the connection between these
polynomials and polynomials known by mathematicians in graph theory (the Bollobás–Riordan
polynomial) was given.
The combinatorial aspects of the Dyson–Schwinger equations within this noncommutative
Moyal framework were also analyzed [32]. This equation is written as a series of powers of
some operators which inserts primitively divergent graphs into primitively divergent graphs.
These operators are, from a mathematical point of view, Hochschild 1-cocycles on the Hopf
algebra underlying Moyal renormalization. Applying the renormalized Feynman rules to these
combinatorial equations allows one to write down, in a recursive manner, the Dyson–Schwinger
equations used when doing non-perturbative physics. These combinatorial techniques have then
been generalized to the different framework of the spin-foam formalism of loop quantum gravity [39].
The same kind of recipe for curing the UV/IR mixing was then extended to field theories
based on translation-invariant ?-products other then the Moyal product (like for example the
Wick–Voros product) [40].
The idea behind the model (4.2) was extended to propose a modified U (1) gauge model on
the Moyal space [41]. This type of gauge theory has a trivial vacuum; this a crucial difference
with respect to gauge theories based on a Grosse–Wulkenhaar-like modification, which were
proved to have a highly nontrivial vacuum state [42].

7

Perspectives – from noncommutative f ield theory
to quantum gravity (group f ield theory)

An important perspective of the quantum field theoretical approaches presented here is their extension for the study of the renormalizability properties of quantum gravity models. The group
field theory formalism of quantum gravity (see for example the reviews of [43]) is the most
adapted one for such a study, since it is formulated in a field theoretical setting. These models
were developed as a generalization of 2-dimensional matrix models to the 3- and 4-dimensional
cases. Thus, group field theoretical models are duals to the Ponzano-Regge model, when considering the 3-dimensional gravity, or to the Ooguri model, when considering the topological
4-dimensional one.
The natural candidates for generalizations of matrix models in higher dimensions (> 2) are
tensor models. The elementary cells that, by gluing together form the space itself, are the Dsimplices (D being the dimension of space). Since a D-simplex has (D+1) facets on its boundary,
the backbone of group field theoretical models in D-dimension should be some abstract φ(D+1)
interaction on rank D tensor fields φ.
Group field theoretical models can be seen today not only as a technical tool but as a proposition for a quantum formulation of gravitation. Behind this lies the general idea that group
field theories are theories of space-time, while quantum field theories are theories on space-time.
Let us also emphasize that the fields of the models are written not as functions of space-time
(as is done in quantum field theories) but of group elements of some non-Abelian group (like
for example SU (2) or SO(4)). If in the case of noncommutative field theories, the space-time
itself is noncommutative, in the case of group field theories noncommutativity is now given by
the non-Abelianity of the group one writes the model on. This group depends of course of the
dimensionality of the space but also on the Euclidean or Minkowskian signature one works with.
The main perspectives are, as already stated above, related to the investigation of the renormalizability properties of different group field theoretical models proposed as candidates for
a quantum theory of gravity. This can be achieved by an appropriate generalization of the
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Figure 3. Renormalizability is used an an Ariadne’s thread to guide us in the labyrinth of proposed
physical models. In commutative field theory, renormalizability is based on the principle of locality.
When going to field theories on the Moyal space, locality is lost. Nevertheless, it can be replaced by
a new principle, of “Moyality”. The perspective suggested in this section is to investigate whether or not
a generalization to some kind of principle of “triangularity” or “simpliciality” exists.

techniques reviewed here for the study of the renormalizability of nonlocal theories. One can
investigate the generalization of the principle of “Moyality” to a new one, of “triangularity”
or “simpliciality” (since one deals in these models with triangulation of space-time, generalized
then by the Ponzano–Regge and Ooguri models). This can be illustrating in Fig. 3.
A first such perspective is given by the study of the renormalizability of topological group
field theoretical models. Promising results have been obtained recently for 3- and 4-dimensional
models [44]. The next step is thus the generalization of these techniques to non-topological
quantum gravity models, like for example the ones proposed, in a spin-foam formalism however,
in [45] and [46].
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